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  Real Number System Hierarchy


In math, numbers can be grouped into different sets. A set is just a collection of things that belong together. The real number system is the collection of all numbers that can be placed on a number line.


Some number sets are small and fit inside bigger number sets. This is called a hierarchy. Learning this hierarchy helps you classify numbers correctly and understand how the number system is organized.


In this lesson, you will learn about these number sets:


	Natural numbers

	Whole numbers

	Integers

	Rational numbers

	Irrational numbers

	Real numbers




1. Natural Numbers


Natural numbers are the counting numbers you use when you count objects.


Examples: 1,2,3,4,5,…


These numbers do not include 0 or negative numbers.


2. Whole Numbers


Whole numbers are the natural numbers plus zero.


Examples: 0,1,2,3,4,5,…


So every natural number is a whole number, but 0 is a whole number that is not a natural number.


3. Integers


Integers include all whole numbers and their opposites.


Examples: …,−3,−2,−1,0,1,2,3,…


Integers do not include fractions or decimals.


4. Rational Numbers


Rational numbers are numbers that can be written as a fraction of two integers, where the denominator is not zero.


In other words, a rational number can be written in the form

ab

where a and b are integers and b≠0.


Examples of rational numbers:


	12

	−34

	5, because 5=51

	0, because 0=01

	0.75, because 0.75=34




A decimal is rational if it ends or repeats.


Examples:


	0.2 ends, so it is rational.

	0.125 ends, so it is rational.

	0.333… repeats, so it is rational.

	1.272727… repeats, so it is rational.




5. Irrational Numbers


Irrational numbers are real numbers that cannot be written as a fraction of two integers.


Their decimals do not end and do not repeat.


Examples of irrational numbers:


	π

	2

	3




For example, π=3.14159265… goes on forever without a repeating pattern.


6. Real Numbers


Real numbers include all rational numbers and all irrational numbers. If a number can be placed on the number line, it is a real number.


That means natural numbers, whole numbers, integers, rational numbers, and irrational numbers are all part of the real number system.


The Hierarchy of the Real Number System


Here is the nesting, from smallest sets to larger sets:


	Natural numbers are inside whole numbers.

	Whole numbers are inside integers.

	Integers are inside rational numbers.

	Rational numbers and irrational numbers together make up real numbers.




You can think of it like this:

Natural⊂Whole⊂Integers⊂Rational⊂Real


Also, irrational numbers are part of the real numbers, but they are separate from rational numbers.


So the real numbers are split into two big parts:

Real Numbers=Rational Numbers∪Irrational Numbers


Visualizing with a Venn Diagram


A Venn diagram helps show how sets fit inside each other.


Imagine one large rectangle labeled Real Numbers. Inside it are two regions:


	one region for Rational Numbers

	one separate region for Irrational Numbers




Inside the rational numbers region, you would place smaller nested circles:


	Integers

	inside integers: Whole Numbers

	inside whole numbers: Natural Numbers




This shows that every natural number is also a whole number, integer, rational number, and real number.


Important Ideas to Remember


	A number can belong to more than one set.

	When classifying a number, it is often best to name the smallest set it belongs to.

	All integers are rational because they can be written as fractions with denominator 1.

	Not all rational numbers are integers.

	Irrational numbers are real, but they are not rational.




Worked Example 1: Classify 4


Step 1: Is 4 a natural number? Yes, because it is a counting number.


Step 2: Since it is natural, it is also in all the larger sets that contain natural numbers.


So 4 is:


	natural

	whole

	integer

	rational, because 4=41

	real




The smallest set it belongs to is natural numbers.


Worked Example 2: Classify 0


Step 1: Is 0 a natural number? No, not in this lesson’s definition.


Step 2: Is 0 a whole number? Yes.


Step 3: Since whole numbers are also integers, rational numbers, and real numbers, 0 belongs to those sets too.


So 0 is:


	whole

	integer

	rational, because 0=01

	real




The smallest set it belongs to is whole numbers.


Worked Example 3: Classify −7


Step 1: Is −7 a natural number or a whole number? No, because those sets do not include negative numbers.


Step 2: Is −7 an integer? Yes.


Step 3: It is also rational because

−7=−71


Step 4: All rational numbers are real numbers.


So −7 is:


	integer

	rational

	real




The smallest set it belongs to is integers.


Worked Example 4: Classify 2


Step 1: 2 cannot be written as a simple fraction of integers.


Step 2: Its decimal goes on forever and does not repeat.


So 2 is irrational.


Since all irrational numbers are real numbers, 2 is also real.


The smallest set it belongs to is irrational numbers.


How to Classify Any Number


	Ask: Is it a counting number? If yes, it is natural.

	If not, ask: Is it 0? If yes, it is whole.

	If not, ask: Is it a negative or positive number with no fraction or decimal? If yes, it is an integer.

	If not, ask: Can it be written as a fraction of integers? If yes, it is rational.

	If it cannot be written as a fraction and its decimal does not end or repeat, it is irrational.

	Finally, remember that all of these are real numbers.




More Quick Examples


	12: natural, whole, integer, rational, real

	−2: integer, rational, real

	58: rational, real

	0.4: rational, real

	0.121212…: rational, real

	π: irrational, real




Common Mistakes


	Mistake: Thinking all decimals are irrational.
Some decimals are rational if they end or repeat.

	Mistake: Forgetting that integers are rational.
Any integer can be written over 1.

	Mistake: Saying irrational numbers are not real.
Irrational numbers are part of the real number system.

	Mistake: Putting 0 in the natural numbers in this lesson.
Here, 0 is classified as a whole number, not a natural number.




[image: 📋]   Summary


The real number system is organized like a set of nested groups. Natural numbers are inside whole numbers, whole numbers are inside integers, and integers are inside rational numbers. Rational numbers and irrational numbers together make up all real numbers.


If you can decide whether a number is counting, whole, integer, rational, or irrational, then you can place it correctly in the real number system hierarchy.


  
  Put what you read to the test

  You've worked through Real Number System Hierarchy. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/581
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  Rational Numbers as Division


In math, a fraction does more than show a part of a whole. A fraction can also show a division problem.


For example, the fraction 34 means 3 divided by 4. We can write that as:


34=3÷4

This idea is very important because it helps us understand rational numbers.


A rational number is any number that can be written as a fraction in the form ab, where a and b are integers and b≠0.


Since a fraction is really division, every rational number can be thought of as a quotient, which is the answer to a division problem.


Here is the main idea:



  	The numerator is the number being divided.

  	The denominator is the number you divide by.

  	The denominator can never be 0, because division by 0 is not possible.




So if we see ab, we can read it as:


a÷b

This means fractions, decimals, and some whole numbers can all be different ways to show the same rational number.


For example:



  	12

  	1÷2

  	0.5




These all represent the same value.


Why is this useful?


When you understand fractions as division, you can:



  	change fractions into decimals,

  	understand where rational numbers belong on a number line,

  	see that whole numbers can also be written as fractions,

  	compare numbers in different forms.




Fractions, division, and decimals


When you divide the numerator by the denominator, you get a decimal. Sometimes the decimal ends, and sometimes it repeats.


Examples:



  	35=3÷5=0.6

  	14=1÷4=0.25

  	13=1÷3=0.333…




All of these are rational numbers because they can be written as fractions.


Whole numbers as division


Whole numbers are also rational numbers because they can be written as fractions.


For example:


5=51=5÷1

This shows that rational numbers include more than just fractions like 23. They also include integers and whole numbers.


Negative rational numbers


Rational numbers can be negative too. A negative fraction is still division.


For example:


−34=−3÷4=−0.75

You can also write it as:


−34or3−4

These forms all mean the same negative rational number.


Worked Example 1: Simple fraction as division


Write 63 as a division problem and find the value.


Step 1: Rewrite the fraction as division.


63=6÷3

Step 2: Divide.


6÷3=2

Answer: 63=2


This fraction is a rational number, and its value is a whole number.


Worked Example 2: Fraction to decimal


Write 38 as division and find its decimal form.


Step 1: Rewrite as division.


38=3÷8

Step 2: Divide.


3÷8=0.375

Answer: 38=0.375


This shows that a fraction and a decimal can name the same rational number.


Worked Example 3: A repeating decimal


Write 23 as division and describe the result.


Step 1: Rewrite as division.


23=2÷3

Step 2: Divide.


2÷3=0.666…

The 6 repeats forever, so this is a repeating decimal.


Answer: 23=0.666…


Even though the decimal does not end, it is still rational because it comes from a fraction.


Worked Example 4: Negative rational number


Write −52 as division and find the value.


Step 1: Rewrite as division.


−52=−5÷2

Step 2: Divide.


−5÷2=−2.5

Answer: −52=−2.5


This is a rational number because it can be written as a fraction of two integers.


Connecting to the number line


Because fractions are division, they have exact locations on the number line.


For example:



  	12=0.5, so it is halfway between 0 and 1.

  	32=1.5, so it is halfway between 1 and 2.

  	−14=−0.25, so it is between 0 and −1.




This helps us see that rational numbers fill many points on the number line, not just whole-number points.


Important rules to remember



  	A fraction means division.

  	ab=a÷b

  	The denominator cannot be 0.

  	Rational numbers can be written as fractions, decimals, or integers.

  	Decimals from rational numbers either end or repeat.




Common mistakes to avoid



  	Mixing up numerator and denominator: 25 means 2÷5, not 5÷2.

  	Using 0 in the denominator: 40 is not allowed.

  	Thinking only ending decimals are rational: repeating decimals like 0.333… are also rational.




Quick check



  	What division problem does 74 represent?

  	What decimal do you get from 15?

  	Is −3 a rational number? Why?




Answers:



  	7÷4

  	0.2

  	Yes. It can be written as −31.




[image: 📋]   Summary


A fraction is another way to write division. When you see ab, it means a÷b, as long as b≠0.


This idea helps us understand rational numbers in different forms, such as fractions, decimals, and integers. Rational numbers can be positive, negative, ending decimals, or repeating decimals, but they can all be written as a quotient of two integers.


  
  Put what you read to the test

  You've worked through Rational Numbers as Division. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/582
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  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/624




  Coordinate and Number Line Representations help us show where numbers belong and how far apart they are.
In 7th grade, you will work with positive numbers, negative numbers, fractions, and decimals. You will place them on a number line and on axes, which are the lines used in a coordinate plane.
This lesson will show you how to locate numbers, compare their positions, and find distance on both horizontal and vertical lines.
1. Understanding the number line
A number line is a straight line with numbers placed in order. The numbers increase as you move to the right and decrease as you move to the left.
The center point is usually 0. Numbers to the right of 0 are positive, and numbers to the left of 0 are negative.
For example:
−4−3−2−101234
Important ideas to remember:
	A number farther right is always greater.
	A number farther left is always less.
	Negative numbers are less than 0.
	Positive numbers are greater than 0.

2. Plotting integers on a number line
Integers are whole numbers and their opposites, including 0.
Examples of integers are −5, 0, and 8.
To plot an integer:
	Find 0 on the number line.
	Count equal spaces.
	Move right for positive numbers.
	Move left for negative numbers.

If you want to plot −3, start at 0 and move 3 units left. If you want to plot 4, start at 0 and move 4 units right.
3. Plotting fractions and decimals
Fractions and decimals fit between integers. A number line is not only for whole numbers. It represents all points between the numbers too.
To place a fraction or decimal correctly, first look at the interval it belongs in.
For example:
	12 is between 0 and 1.
	2.7 is between 2 and 3.
	−1.5 is between −1 and −2.

Notice that −1.5 is halfway between −1 and −2. On the negative side, numbers become smaller as you move left.
Here are some helpful fraction-decimal matches:
	12=0.5
	14=0.25
	34=0.75
	110=0.1

4. Comparing numbers by location
You can compare numbers by looking at their positions on the number line.
If one number is to the right of another, it is greater. If it is to the left, it is less.
Examples:
	−2<1 because −2 is left of 1.
	0.6>0.4 because 0.6 is right of 0.4.
	−3.2<−3 because −3.2 is a little left of −3.

5. Distance on a number line
Distance tells how far apart two numbers are. Distance is always positive because it measures space, not direction.
To find distance on a number line, count the units between the numbers.
Examples:
	The distance between 2 and 5 is 3.
	The distance between −4 and −1 is 3.
	The distance between −2 and 3 is 5.

You can think of it as the number of units from one point to the other.
6. Horizontal and vertical axes
In addition to a number line, numbers can be shown on axes.
A horizontal axis goes left and right, just like a regular number line. A vertical axis goes up and down.
On both types of axes:
	Positive numbers are on the positive direction of the axis.
	Negative numbers are on the opposite side of 0.
	The spaces must be equal.

For a horizontal axis:
	Right is positive.
	Left is negative.

For a vertical axis:
	Up is positive.
	Down is negative.

7. The coordinate plane
A coordinate plane is made by crossing a horizontal axis and a vertical axis.
The horizontal axis is called the x-axis. The vertical axis is called the y-axis.
The point where they cross is called the origin, and its coordinates are (0,0).
A point on the coordinate plane is written as an ordered pair:
(x,y)
The first number tells how far to move left or right on the x-axis. The second number tells how far to move up or down on the y-axis.
For example, the point (3,−2) means:
	Move 3 units right.
	Then move 2 units down.

8. How to plot a point on a coordinate plane
	Start at the origin, (0,0).
	Look at the first number, the x-value.
	Move right if it is positive or left if it is negative.
	Look at the second number, the y-value.
	Move up if it is positive or down if it is negative.
	Mark the point.

Examples:
	(2,4): right 2, up 4
	(−3,1): left 3, up 1
	(1.5,−2): right 1.5, down 2

9. Reading a point from a graph
To name a plotted point, first read the horizontal position, then the vertical position.
Always write coordinates in the order (x,y), not (y,x).
If a point is 4 units left and 2 units up from the origin, its coordinates are (−4,2).
Worked Example 1: Plotting integers on a number line
Plot −5, 0, and 3 on a number line.
Step 1: Find 0.
Step 2: For −5, move 5 units left of 0.
Step 3: For 0, mark the center point.
Step 4: For 3, move 3 units right of 0.
Answer: The points appear in this order from left to right: −5, 0, 3.
Worked Example 2: Plotting fractions and decimals
Place 32, 0.25, and −1.5 on a number line.
Step 1: Rewrite what you can in a familiar form.
32=1.5
Step 2: Place each number.
	0.25 is one-fourth of the way from 0 to 1.
	1.5 is halfway between 1 and 2.
	−1.5 is halfway between −1 and −2.

Answer: From left to right, the numbers are −1.5, 0.25, and 1.5.
Worked Example 3: Finding distance on a number line
What is the distance between −3 and 4?
Step 1: Locate both numbers on the number line.
Step 2: Count the units from −3 to 4.
From −3 to 0 is 3 units. From 0 to 4 is 4 units.
Step 3: Add the distances.
3+4=7
Answer: The distance is 7 units.
Worked Example 4: Plotting points on axes
Plot the point (−2,3) on a coordinate plane.
Step 1: Start at the origin, (0,0).
Step 2: The x-value is −2, so move 2 units left.
Step 3: The y-value is 3, so move 3 units up.
Answer: The point is 2 units left and 3 units up from the origin.
Common mistakes to avoid
	Mixing up left and right: Positive is right on a horizontal axis, negative is left.
	Mixing up up and down: Positive is up on a vertical axis, negative is down.
	Forgetting the order of coordinates: Always read and write (x,y).
	Placing fractions unevenly: Make sure intervals are divided into equal parts.
	Thinking distance can be negative: Distance is always positive.

Quick check
	Which number is farther right: −1 or 2?
	Where is 0.75 located between 0 and 1?
	What is the distance between −2 and 2?
	How would you plot (4,−1)?

Answers:
	2
	Three-fourths of the way from 0 to 1
	4 units
	Move 4 units right and 1 unit down from the origin

[image: 📋]   Summary
A number line shows numbers in order from left to right. Negative numbers are left of 0, positive numbers are right of 0, and fractions and decimals fit between whole numbers.
Distance on a number line tells how far apart two numbers are and is always positive.
On a coordinate plane, points are written as (x,y). The x-value tells left or right movement, and the y-value tells up or down movement.
When you understand number lines and axes, you can locate and compare all kinds of real numbers more easily.


  
  Put what you read to the test

  You've worked through Coordinate and Number Line Representations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/583
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  Absolute Value and Distance


In math, numbers can show both how much and which direction. For example, on a number line, positive numbers are to the right of 0 and negative numbers are to the left of 0.


Sometimes, we only care about how far a number is from 0, not whether it is left or right. That idea is called absolute value.


The absolute value of a number is its distance from 0 on the number line. Because distance is never negative, absolute value is always 0 or positive.


We write absolute value using vertical bars. For example, the absolute value of 5 is written as ∣5∣, and the absolute value of negative 5 is written as ∣−5∣.


Here are some basic facts:


  	∣5∣=5 because 5 is 5 units from 0.

  	∣−5∣=5 because -5 is also 5 units from 0.

  	∣0∣=0 because 0 is 0 units from 0.




You can think of absolute value as asking: “How far is this number from 0?”


On a number line, numbers that are the same distance from 0 but on opposite sides are called opposites. For example, 4 and -4 are opposites. They have the same absolute value:


∣4∣=4∣−4∣=4


This shows that absolute value does not tell direction. It only tells distance.


Absolute Value and Distance Between Two Numbers


Absolute value can also help us find the distance between any two numbers on a number line.


To find the distance between two numbers, subtract them and take the absolute value:


Distance between a and b=∣a−b∣


This works because distance must always be positive or 0.


For example, the distance between 2 and 7 is:


∣2−7∣=∣−5∣=5


The distance between 7 and 2 is:


∣7−2∣=∣5∣=5


Notice that the distance is the same either way, because distance does not depend on order.


Important Ideas to Remember


  	Absolute value means distance from 0.

  	Distance is never negative.

  	A positive number and its opposite have the same absolute value.

  	To find the distance between two numbers, use absolute value.




Worked Examples


Example 1: Find the absolute value of a positive number

Find ∣8∣.

8 is 8 units from 0, so:

∣8∣=8


Example 2: Find the absolute value of a negative number

Find ∣−11∣.

-11 is 11 units from 0, so:

∣−11∣=11


Even though the number is negative, its absolute value is positive because distance cannot be negative.


Example 3: Find the distance between two numbers

What is the distance between -3 and 5?

Use the distance formula:

∣−3−5∣=∣−8∣=8

So the distance between -3 and 5 is 8 units.


You can also see this on the number line: from -3 to 0 is 3 units, and from 0 to 5 is 5 units. Altogether, that is 8 units.


Example 4: Find a missing number using absolute value

Solve ∣x∣=6.

This means the distance from x to 0 is 6.

There are two numbers that are 6 units from 0:


  	6

  	-6



So the solutions are:

x=6 or x=−6


A Common Mistake

Some students think a negative number stays negative inside absolute value bars. That is not correct.


For example:

∣−9∣=9


The answer is not −9, because absolute value is distance, and distance cannot be negative.


Try These Questions


  	Find ∣12∣.

  	Find ∣−7∣.

  	Find the distance between 4 and -2.

  	Solve ∣x∣=3.




Answers


  	∣12∣=12

  	∣−7∣=7

  	∣4−(−2)∣=∣6∣=6 so the distance is 6.

  	x=3 or x=−3




[image: 📋]   Summary

Absolute value tells how far a number is from 0 on the number line. It does not show direction, so the answer is never negative. You can also use absolute value to find the distance between any two numbers.


  
  Put what you read to the test

  You've worked through Absolute Value and Distance. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/584
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  Rational Number Density is the idea that between any two rational numbers, there is always another rational number.
This means rational numbers are packed very closely together on the number line. No matter how near two rational numbers seem, you can always find one more rational number between them.
In this lesson, you will learn what rational number density means, how to find a rational number between two rational numbers, and why this is always possible.
First, remember: a rational number is any number that can be written as a fraction of two integers, where the denominator is not 0. Examples include \, 12, −3, 0.75, and 74.
Integers and terminating or repeating decimals are all rational numbers because they can be written as fractions.
Main Idea: If you have two rational numbers, you can find a number between them by finding their midpoint.
The midpoint of two numbers is the number exactly halfway between them. To find it, add the two numbers and divide by 2:
midpoint=a+b2If a and b are rational numbers, then a+b is rational, and dividing by 2 still gives a rational number. So the midpoint is also rational.
This shows that between any two rational numbers, there is at least one more rational number.
And it does not stop there. Once you find one rational number between them, you can repeat the process again and again. So there are actually infinitely many rational numbers between any two rational numbers.
Let us look at this on the number line.
Suppose you have 1 and 2. A number between them is 1.5, or 32.
But there are many others too, such as 1.1, 1.25, 43, and 1.75. All of these are rational and lie between 1 and 2.
This is what makes rational numbers dense on the number line.
Important Note: Dense does not mean every point on the number line is rational. It means that no matter which two rational numbers you choose, there is always another rational number between them.
Method 1: Find the midpoint
	Add the two numbers.
	Divide the sum by 2.
	The result is a rational number between them.

Method 2: Rewrite the numbers with a common denominator
This method is helpful when the numbers are fractions.
If you can rewrite two fractions so there is space between their numerators, you may be able to choose a new fraction between them.
For example, between 13 and 23, you can rewrite them as:
13=26,23=46Now 36=12 is between them.
Let us work through some examples.
Worked Example 1: Between two whole numbers
Find a rational number between 4 and 10.
Use the midpoint formula:
4+102=142=7So, 7 is a rational number between 4 and 10.
Check: 4<7<10, so it works.
Worked Example 2: Between two fractions
Find a rational number between 14 and 34.
Use the midpoint:
14+342=442=12So, 12 is between 14 and 34.
Check: 14<12<34.
Worked Example 3: Between decimals
Find a rational number between 2.3 and 2.5.
Use the midpoint:
2.3+2.52=4.82=2.4So, 2.4 is a rational number between 2.3 and 2.5.
Since terminating decimals are rational, 2.4 is rational.
Worked Example 4: Between negative rational numbers
Find a rational number between −52 and −12.
Use the midpoint:
−52+(−12)2=−622=−32So, −32 is a rational number between −52 and −12.
Check in decimal form:
−52=−2.5,−32=−1.5,−12=−0.5And indeed, −2.5<−1.5<−0.5.
Why are there infinitely many rational numbers between two rational numbers?
Suppose you start with two rational numbers, such as 0 and 1.
The midpoint is 12.
Now look between 0 and 12. The midpoint there is 14.
Now look between 12 and 1. The midpoint there is 34.
You can keep doing this forever:
12,14,34,18,38,58,78,…This shows there is never just one number between two rational numbers. There are always more.
A useful shortcut: Sometimes you do not need the exact midpoint. You only need a rational number between the two given numbers.
For example, between 25 and 45, you might quickly notice that 35 is between them.
Between 1.2 and 1.3, you could choose 1.25.
As long as the number is rational and lies between the two numbers, it is correct.
Common Mistakes to Avoid
	Forgetting to divide by 2 when finding the midpoint.
	Choosing an endpoint instead of a number between them. The answer must be greater than the smaller number and less than the larger number.
	Mixing up negative numbers. On the number line, numbers farther left are smaller.
	Thinking there is only one answer. There are many possible rational numbers between two rational numbers.

Try these ideas on your own:
	Between 3 and 4, you could choose 3.5, 134, or 3.1.
	Between −1 and 0, you could choose −12 or −0.25.
	Between 23 and 56, you could use the midpoint or rewrite with common denominators.

[image: 📋]   Summary
Rational number density means that between any two rational numbers, there is always another rational number.
A simple way to find one is to use the midpoint formula:
a+b2Because rational numbers stay rational when you add them and divide by 2, the midpoint will also be rational.
This can be repeated again and again, so there are infinitely many rational numbers between any two rational numbers on the number line.


  
  Put what you read to the test

  You've worked through Rational Number Density. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/585
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  Terminating and Repeating Decimals are two important kinds of decimal numbers. In this lesson, you will learn how to tell the difference between them, how they connect to fractions, and how to decide whether a fraction will have a terminating decimal or a repeating decimal.


This topic is part of the real number system. Both terminating and repeating decimals are rational numbers, which means they can be written as fractions.


Understanding this idea helps you move between fractions and decimals with confidence. It also helps you see patterns in the number system.


What is a terminating decimal?


A terminating decimal is a decimal that ends. It has a last digit.



	

0.5



	

1.25



	

3.875






These decimals stop, so they are terminating decimals.


What is a repeating decimal?


A repeating decimal is a decimal in which one digit or a group of digits repeats forever.



	

0.3333… where the 3 repeats



	

0.121212… where the block 12 repeats



	

2.1666… where the 6 repeats






A repeating decimal does not end, but it follows a pattern.


Sometimes a bar is written over the repeating digits. For example:



	

0.3‾=0.3333…



	

0.12‾=0.121212…



	

2.16‾=2.1666…






How are fractions connected to terminating and repeating decimals?


Every rational number can be written as a fraction ab, where a and b are integers and b≠0.


When you change a fraction into a decimal, one of two things happens:



	The decimal terminates, or


	The decimal repeats.





For example:



	14=0.25, which terminates


	13=0.3333…, which repeats





How can you predict whether a fraction will terminate or repeat?


This is where prime factorization of the denominator helps.


First, write the fraction in simplest form. Then look at the denominator.


A fraction has a terminating decimal if the denominator in simplest form has only the prime factors 2 and/or 5.


Why? Because our decimal system is based on powers of 10, and


10=2×5

So denominators made from only 2's and 5's can be turned into tenths, hundredths, thousandths, and so on.


Examples of denominators that give terminating decimals:



	2


	4=2×2


	5


	8=2×2×2


	10=2×5


	20=2×2×5


	25=5×5





If the denominator in simplest form has any prime factor other than 2 or 5, then the decimal will repeat.


Examples of denominators that give repeating decimals:



	3


	6=2×3


	7


	9=3×3


	12=2×2×3





Even if a denominator has a 2 or a 5, the decimal will still repeat if there is also a different prime factor, like 3 or 7.


For example, 16 repeats because


6=2×3

The factor 3 causes the decimal to repeat.


Worked Example 1: Decide whether 38 terminates or repeats


Step 1: Check whether the fraction is in simplest form.


38 is already in simplest form.


Step 2: Prime factorize the denominator.


8=2×2×2

Step 3: Look at the prime factors.


The denominator has only 2's, so the decimal terminates.


Step 4: Convert to a decimal if needed.


38=0.375

So, 38 is a terminating decimal.


Worked Example 2: Decide whether 512 terminates or repeats


Step 1: Check simplest form.


512 is in simplest form.


Step 2: Prime factorize the denominator.


12=2×2×3

Step 3: Look at the prime factors.


The denominator has a 3. Since it has a prime factor other than 2 or 5, the decimal repeats.


If you divide, you get


512=0.41666…

So, 512 is a repeating decimal.


Important reminder: Always simplify first


You must look at the denominator after the fraction is simplified.


For example, consider 615.


If you only look at 15, you might notice


15=3×5

That suggests the decimal repeats. But let us simplify first:


615=25

Now the denominator is 5, which has only the prime factor 5.


So the decimal actually terminates:


25=0.4

Worked Example 3: Simplify first, then decide for 615


Step 1: Simplify.


615=25

Step 2: Factor the denominator.


5=5

Step 3: Decide.


Since the denominator has only 5, the decimal terminates.


Step 4: Write the decimal.


25=0.4

How to convert a repeating decimal into a fraction


Repeating decimals are rational numbers, so they can be written as fractions.


A helpful method is to use a variable and subtraction.


Worked Example 4: Convert 0.3‾ to a fraction


Let


x=0.3‾

That means


x=0.3333…

Since one digit repeats, multiply both sides by 10.


10x=3.3333…

Now subtract the original equation from the new equation.


10x−x=3.3333…−0.3333…

9x=3

Now divide both sides by 9.


x=39=13

So,


0.3‾=13

Another repeating decimal example


Convert 0.12‾ to a fraction.


Let


x=0.121212…

Now two digits repeat, so multiply by 100.


100x=12.121212…

Subtract the original equation.


100x−x=12.121212…−0.121212…

99x=12

Divide by 99.


x=1299

Simplify the fraction.


1299=433

So,


0.12‾=433

Quick pattern to notice



	If 1 digit repeats, the denominator is often a form of 9: 9, 18, 27, and so on before simplifying.


	If 2 digits repeat, the denominator is often a form of 99 before simplifying.


	If 3 digits repeat, the denominator is often a form of 999 before simplifying.





For example:



	0.7‾=79


	0.45‾=4599=511





Terminating decimals can also be written as fractions


This is usually easier. Use place value.


For example,


0.25=25100=14

Another example:


1.6=1610=85

How this fits into the real number system


Terminating decimals and repeating decimals are both rational numbers.


They can all be placed on the number line, and they can all be written as fractions.


This is different from irrational numbers, which have decimals that do not end and do not repeat.


For example, numbers like π and 2 are irrational.


So remember:



	Terminating decimal: ends


	Repeating decimal: has a repeating pattern forever


	Both are rational numbers





Common mistakes to avoid



	Do not forget to simplify first. The denominator in simplest form is what matters.


	Do not think every long decimal repeats. A decimal is repeating only if there is a clear repeating pattern.


	Do not confuse repeating with terminating. A terminating decimal stops. A repeating decimal continues forever.


	When converting repeating decimals to fractions, multiply by the correct power of 10. Use 10 for 1 repeating digit, 100 for 2 repeating digits, and so on.





[image: 📋]   Summary


A decimal can either terminate or repeat if it comes from a rational number. To predict which one a fraction will have, simplify the fraction and prime factorize the denominator.


If the denominator has only 2 and/or 5 as prime factors, the decimal terminates. If it has any other prime factor, the decimal repeats.


You also learned that repeating decimals can be changed into fractions by using a variable, multiplying by a power of 10, and subtracting.


When you understand these patterns, fractions and decimals become much easier to connect.


  
  Put what you read to the test

  You've worked through Terminating and Repeating Decimals. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/586
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  Irrational Number Intuition
In math, all the numbers you usually work with belong to a big family called the real numbers. Real numbers include whole numbers, negative numbers, fractions, decimals, and some special numbers that cannot be written as simple fractions.
In this lesson, you will learn what irrational numbers are, how they are different from rational numbers, and how to estimate where irrational numbers belong on a number line.
1. Rational vs. Irrational Numbers
A rational number is any number that can be written as a fraction of two integers, like 12, 34, −5, or 2.
Rational numbers include:
	Integers, such as −3, 0, and 7
	Fractions, such as 23 and 95
	Decimals that stop, such as 0.6 and 4.25
	Decimals that repeat, such as 0.333… and 1.272727…

An irrational number is a number that cannot be written as a fraction of two integers. Its decimal form goes on forever without repeating in a pattern.
Examples of irrational numbers include:
	π≈3.14
	2≈1.41
	3≈1.73
	5≈2.24

2. Why Some Square Roots Are Irrational
Some square roots are easy because they come from perfect squares.
For example:
	1=1
	4=2
	9=3
	16=4

These are rational numbers because they are whole numbers.
But what about 2? There is no whole number that squares to make 2. Also, 2 cannot be written exactly as a fraction. Its decimal keeps going forever without repeating:
2≈1.41421356…
That means 2 is irrational.
In general, the square root of a number that is not a perfect square is irrational. For 7th grade, this is a very useful rule.
3. Understanding Decimal Clues
You can often tell whether a number is rational or irrational by looking at its decimal form.
	If the decimal ends, it is rational.
	If the decimal repeats, it is rational.
	If the decimal goes on forever and does not repeat, it is irrational.

Examples:
	0.75 is rational because it ends.
	0.4444… is rational because it repeats.
	3.14159265… is irrational because it does not end and does not repeat.

4. Estimating Irrational Numbers
Even though irrational numbers cannot be written exactly as simple fractions or neat decimals, we can still estimate them.
To estimate a square root, find the two perfect squares it is between.
For example, to estimate 10:
	9<10<16
	So, 9<10<16
	That means 3<10<4

So 10 is between 3 and 4.
Since 10 is closer to 9 than to 16, 10 is closer to 3 than to 4. A good estimate is:
10≈3.16
5. Placing Irrational Numbers on a Number Line
To place an irrational number on a number line, first figure out which two whole numbers it lies between. Then estimate its decimal value.
For example, 7:
	4<7<9
	So, 2<7<3

This tells us 7 belongs between 2 and 3 on the number line.
Since 7≈2.65, it should be placed a little past 2.6.
For π, we use its common estimate:
π≈3.14
So on a number line, π is between 3 and 4, just a little to the right of 3.1.
Worked Example 1: Is the number rational or irrational?
Classify 0.125.
Step 1: Check the decimal.
The decimal ends.
Step 2: Decide the type of number.
A decimal that ends is rational.
Answer: 0.125 is rational.
Worked Example 2: Is the square root rational or irrational?
Classify 36 and 11.
For 36:
Since 36 is a perfect square,
36=6
So 36 is rational.
For 11:
11 is not a perfect square, so 11 is irrational.
Answer:
	36 is rational
	11 is irrational

Worked Example 3: Estimate an irrational number
Estimate 15 to decide where it belongs on the number line.
Step 1: Find nearby perfect squares.
9<15<16
Step 2: Take square roots.
3<15<4
Step 3: Decide where it is between 3 and 4.
Since 15 is very close to 16, 15 is very close to 4.
A good estimate is:
15≈3.87
Answer: 15 is irrational and should be placed between 3 and 4, close to 4.
Worked Example 4: Compare and place numbers
Order these numbers from least to greatest: 3, 8, π, 3.2.
Step 1: Estimate the irrational numbers.
	8≈2.83
	π≈3.14

Step 2: Compare all values.
	8≈2.83
	3=3.00
	π≈3.14
	3.2=3.20

Answer:
8<3<π<3.2
6. Quick Tips to Remember
	Rational numbers can be written as fractions.
	Irrational numbers cannot be written as fractions.
	Decimals that end or repeat are rational.
	Decimals that never end and never repeat are irrational.
	The square root of a perfect square is rational.
	The square root of a number that is not a perfect square is irrational.

7. Common Mistakes to Avoid
	Do not assume every decimal is irrational. Many decimals are rational.
	Do not think an irrational number cannot be placed on a number line. It can be placed by estimating.
	Do not confuse 9 with 10. 9=3 is rational, but 10 is irrational.
	Do not use 3.14 as the exact value of π. It is only an estimate.

[image: 📋]   Summary
Irrational numbers are real numbers that cannot be written as fractions, and their decimals go on forever without repeating. Common examples are π and square roots of numbers that are not perfect squares, like 2 and 7. You can still work with irrational numbers by estimating their values and placing them on a number line between nearby whole numbers.


  
  Put what you read to the test

  You've worked through Irrational Number Intuition. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/587
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  Magnitude and Scientific Notation Foundations


Sometimes numbers in math and science are very large, like the number of stars in a galaxy. Other times they are very small, like the size of a tiny particle. Writing all the zeros in these numbers can be hard to read and easy to mess up.


That is why we use powers of ten and scientific notation. These tools help us write very large and very small numbers in a shorter, clearer way.


In this lesson, you will learn how to:


  	understand magnitude, or how big or small a number is,

  	use powers of ten to describe place value,

  	write numbers in scientific notation,

  	turn scientific notation back into standard form,

  	compare numbers by their size.




1. Understanding Magnitude


Magnitude means the size of a number. A number with greater magnitude is farther from zero on the number line.


For this lesson, we will focus on positive numbers, so magnitude is the same as asking, “Which number is bigger?”


For example:


  	
    1000 has greater magnitude than 100.
  

  	
    0.001 has smaller magnitude than 0.1.
  




When numbers get extremely large or extremely small, it helps to notice how many places the decimal point would move. This is connected to powers of ten.


2. Powers of Ten and Place Value


Our number system is based on ten. Each place value is 10 times greater than the place to its right.


Here are some powers of ten:


  	100=1

  	101=10

  	102=100

  	103=1000

  	104=10000




The exponent tells how many times to multiply by 10.


For example:

103=10×10×10=1000

Powers of ten also help describe small decimals:


  	10−1=0.1

  	10−2=0.01

  	10−3=0.001

  	10−4=0.0001




A negative exponent means the number is less than 1. Each step to the right of the decimal point is another power of ten smaller.


For example:

10−3=1103=11000=0.001

3. What Is Scientific Notation?


Scientific notation is a short way to write numbers using a number between 1 and 10 multiplied by a power of ten.


The form looks like this:

a×10n

where:


  	a is at least 1 but less than 10,

  	n is an integer exponent.




Examples of scientific notation:


  	3.2×104

  	7.5×10−3

  	1.09×106




Not scientific notation:


  	12.4×103 because 12.4 is not between 1 and 10

  	0.6×105 because 0.6 is less than 1




4. Writing Large Numbers in Scientific Notation


To write a large number in scientific notation:


  	Move the decimal point so the number becomes a value between 1 and 10.

  	Count how many places you moved the decimal.

  	Use that count as a positive exponent on 10.




Why is the exponent positive? Because large numbers are made by multiplying by powers of ten.


Worked Example 1

Write 45,000 in scientific notation.


Step 1: Move the decimal so the first number is between 1 and 10.

45,000→4.5


Step 2: Count the moves. The decimal moved 4 places to the left.


Step 3: Write the answer.

45,000=4.5×104

5. Writing Small Numbers in Scientific Notation


To write a very small decimal in scientific notation:


  	Move the decimal point so the number becomes a value between 1 and 10.

  	Count how many places you moved the decimal.

  	Use that count as a negative exponent on 10.




Why is the exponent negative? Because the original number is less than 1.


Worked Example 2

Write 0.00072 in scientific notation.


Step 1: Move the decimal to make a number between 1 and 10.

0.00072→7.2


Step 2: Count the moves. The decimal moved 4 places to the right.


Step 3: Write the answer using a negative exponent.

0.00072=7.2×10−4

6. Changing Scientific Notation Back to Standard Form


To turn scientific notation back into a regular number, use the exponent to decide which way to move the decimal point:


  	If the exponent is positive, move the decimal to the right.

  	If the exponent is negative, move the decimal to the left.




Worked Example 3

Write 6.3×105 in standard form.


The exponent is 5, so move the decimal 5 places to the right.

6.3→630000


So,

6.3×105=630,000

Worked Example 4

Write 8.91×10−3 in standard form.


The exponent is −3, so move the decimal 3 places to the left.

8.91→0.00891


So,

8.91×10−3=0.00891

7. Comparing Magnitudes with Powers of Ten


Scientific notation also makes it easier to compare very large or very small numbers.


First compare the exponents:


  	For large numbers, the greater positive exponent usually means the greater number.

  	For small numbers with negative exponents, the exponent closer to zero usually means the greater number.




Examples:


  	3×106 is greater than 3×105 because 106 is 10 times larger than 105.

  	4×10−2 is greater than 4×10−5 because 0.04 is greater than 0.00004.




If the exponents are the same, compare the first numbers.


Example:


  	7.1×104 is greater than 2.9×104 because 7.1>2.9.




8. Helpful Patterns to Remember


  	Moving the decimal left makes the number smaller in appearance, but it represents a large original number when paired with a positive exponent.

  	Moving the decimal right gives a number between 1 and 10 for tiny decimals, and this uses a negative exponent.

  	Positive exponents mean a number greater than or equal to 10.

  	Negative exponents mean a number between 0 and 1.

  	In scientific notation, the first factor must always be at least 1 and less than 10.




9. Common Mistakes to Avoid


  	Forgetting the sign of the exponent: Large numbers use positive exponents, and small decimals use negative exponents.

  	Not making the first number between 1 and 10: 23×104 is not correct scientific notation.

  	Moving the decimal the wrong direction: When changing from scientific notation to standard form, positive means right and negative means left.

  	Miscounting decimal places: Count carefully one place at a time.




10. Quick Check Ideas

You can ask yourself these questions:


  	Is my first number between 1 and 10?

  	Does the exponent match whether the number is large or small?

  	If I change it back to standard form, do I get the original number?




[image: 📋]   Summary


Magnitude tells how large or small a number is. Powers of ten help show how numbers grow larger or smaller in our base-ten system.


Scientific notation writes numbers as a×10n where a is at least 1 and less than 10. Large numbers use positive exponents, and small numbers use negative exponents.


By learning to move the decimal point correctly and count places carefully, you can read, write, and compare very large and very small numbers with confidence.


  
  Put what you read to the test

  You've worked through Magnitude and Scientific Notation Foundations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/588






  
    
  [image: 📖]   Chapter 2

  Arithmetic Operations with Rational Numbers
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  Integer Addition and the Zero Pair Model


When we add positive and negative integers, it helps to see what is happening. Two useful models are the number line and the zero pair model.


A positive integer is a whole number greater than 0, such as 1, 2, or 7. A negative integer is a whole number less than 0, such as , , or .


In this lesson, you will learn how to add integers by using:


  	vector movements on a number line, and

  	two-color counters to make zero pairs.




These models help explain why the rules for integer addition work.


1. Review: opposites and additive inverses


Every integer has an opposite. The opposite of 5 is . The opposite of  is 3.


Opposites are also called additive inverses because when you add a number and its opposite, the sum is 0.


For example:

5+(−5)=0

−3+3=0


2. What is a zero pair?


In the zero pair model, we use two kinds of counters:


  	one color for +1

  	another color for 1




One positive counter and one negative counter make a zero pair, because together they are worth 0.


+1+(−1)=0


So any time you see one positive counter matched with one negative counter, you can remove both without changing the total value.


3. Integer addition with counters


To add integers using counters:


  	Show the first integer with counters.

  	Show the second integer with counters.

  	Combine all the counters.

  	Remove all the zero pairs.

  	Count what is left.




If more positive counters are left, the sum is positive. If more negative counters are left, the sum is negative.


4. Integer addition on a number line


A number line also helps us model addition.



  	Start at the first number.

  	If you add a positive number, move right.

  	If you add a negative number, move left.




You can think of each addend as a movement, or vector, on the number line.


For example, to find  + 5:


  	start at 

  	move 5 units right

  	land on 3




So, −2+5=3


5. Important patterns in integer addition


There are some patterns you will notice:


  	Adding a positive integer moves the value up.

  	Adding a negative integer moves the value down.

  	Adding opposites gives 0.

  	When signs are different, the counters cancel in zero pairs.




You do not have to memorize rules first. The models show the rules naturally.


6. Worked Examples


Example 1: Add two positive integers

Find 3+2


Using counters: Show 3 positive counters, then 2 more positive counters. There are 5 positive counters total.


No zero pairs can be made because there are no negative counters.


So, 3+2=5


Using the number line: Start at 3. Move 2 units right. You land on 5.


Example 2: Add a positive and a negative integer

Find 4+(−3)


Using counters: Show 4 positive counters and 3 negative counters.


Match 3 positive counters with 3 negative counters to make 3 zero pairs.


After removing the zero pairs, 1 positive counter is left.


So, 4+(−3)=1


Using the number line: Start at 4. Adding  means move 3 units left. You land on 1.


Example 3: Add a negative and a positive integer

Find −6+2


Using counters: Show 6 negative counters and 2 positive counters.


Make 2 zero pairs. Remove them.


There are 4 negative counters left.


So, −6+2=−4


Using the number line: Start at . Move 2 units right because you are adding 2. You land on .


Example 4: Add two negative integers

Find −3+(−4)


Using counters: Show 3 negative counters and 4 more negative counters.


Now there are 7 negative counters total. There are no positive counters, so no zero pairs can be removed.


So, −3+(−4)=−7


Using the number line: Start at . Then move 4 units left because you are adding . You land on .


7. What if the sum is zero?


Sometimes all the counters cancel out.


For example, find −5+5


Show 5 negative counters and 5 positive counters. Every negative counter matches with a positive counter to make a zero pair.


After removing all 5 zero pairs, nothing is left. The value is 0.


So, −5+5=0


8. How to decide the sign of the answer


When both integers have the same sign:


  	add the numbers

  	keep the common sign




Examples:

2+6=8

−2+(−6)=−8


When the integers have different signs:


  	make zero pairs

  	subtract the smaller absolute value from the larger absolute value

  	use the sign of the number with the larger absolute value




Remember: absolute value means distance from 0.


Example:

−8+3

The absolute values are 8 and 3. Since 8 is larger, more negative counters remain after making zero pairs.

−8+3=−5


9. Common mistakes to avoid


  	Do not always add the numbers and keep a positive sign. The signs matter.

  	Do not forget direction on the number line. Positive means right, negative means left.

  	Do not remove counters unless they form a zero pair. A zero pair must be one positive and one negative.

  	Do not confuse subtraction with adding a negative. In this lesson, focus on what the second addend tells you: move right for positive, left for negative.




10. Try these on your own


  	5+(−2)

  	−7+4

  	−3+(−2)

  	6+(−6)




Think about each one using counters or a number line. Ask yourself:


  	Can I make zero pairs?

  	Which direction do I move on the number line?

  	What counters are left after canceling?




11. Brief Summary


Integer addition can be understood with models, not just rules. On a number line, adding a positive means move right and adding a negative means move left.


In the zero pair model, one positive counter and one negative counter make 0. When adding integers with different signs, zero pairs cancel, and the counters left show the answer.


These models help you see why sums like 4+(−3)=1 and −6+2=−4 are true.


  
  Put what you read to the test

  You've worked through Integer Addition and the Zero Pair Model. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/589
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  Integer subtraction as additive inverse means that when you subtract an integer, you can rewrite the subtraction as adding the opposite.


This is one of the most important ideas for working with positive and negative numbers. It helps you solve subtraction problems correctly and understand what is happening on a number line.


The key rule is:


a−b=a+(−b)


This says: subtracting a number is the same as adding its opposite.


For example, subtracting 5 is the same as adding  5. Subtracting  3 is the same as adding 3.


Opposites are numbers the same distance from 0 on the number line, but on different sides.



  	The opposite of 4 is  4

  	The opposite of  7 is 7

  	The opposite of 0 is 0




So when you see subtraction, you can think:



  	Keep the first number the same.

  	Change subtraction to addition.

  	Change the second number to its opposite.




This is sometimes called Keep, Change, Change.


Example pattern:


6−(−2)=6+2


We kept 6, changed subtraction to addition, and changed  2 to its opposite, 2.


Why does this work? Think about what subtraction means. Subtraction can mean finding the difference or distance between two numbers, and it can also mean removing a value. With integers, using adding the opposite gives a clear and reliable method every time.


On a number line, adding a positive number moves you to the right. Adding a negative number moves you to the left.



  	 Adding 3 means move 3 units right.

  	 Adding  3 means move 3 units left.




Because subtraction becomes adding the opposite, a subtraction problem tells you which direction to move after changing it to addition.


For example:


5−2=5+(−2)


Start at 5. Add  2, so move 2 units left. You land on 3.


And:


5−(−2)=5+2


Start at 5. Add 2, so move 2 units right. You land on 7.


This helps explain an important idea:



  	Subtracting a positive moves left.

  	Subtracting a negative moves right.




Now lets work through some examples from easier to harder.


Worked Example 1


Solve:


8−3


Use adding the opposite:


8−3=8+(−3)


Now add:


8+(−3)=5


Answer: 5


Number line thinking: start at 8 and move 3 units left.


Worked Example 2


Solve:


4−(−6)


Change subtraction to addition and change the second number to its opposite:


4−(−6)=4+6


Now add:


4+6=10


Answer: 10


Number line thinking: start at 4. Since subtracting  6 becomes adding 6, move 6 units right.


Worked Example 3


Solve:


−3−5


Rewrite using the opposite:


−3−5=−3+(−5)


Now add two negative numbers. Move 5 units left from  3:


−3+(−5)=−8


Answer:  8


Worked Example 4


Solve:


−7−(−4)


Use adding the opposite:


−7−(−4)=−7+4


Now add 4 to  7:


−7+4=−3


Answer:  3


Number line thinking: start at  7 and move 4 units right.


Subtraction as distance on a number line is another useful way to understand integer subtraction.


For example, in the problem


3−(−2)


you can also think about the distance from  2 to 3 on the number line. From  2 to 3 is 5 units, so the answer is 5.


This matches the additive inverse method:


3−(−2)=3+2=5


Here is another one:


−1−4=−1+(−4)=−5


Starting at  1 and moving 4 units left lands at  5.


Common mistakes to avoid



  	Do not keep the subtraction sign. After rewriting, subtraction changes to addition.

  	Do not forget to change the second number to its opposite. In 6−(−2), the opposite of  2 is 2.

  	Watch double negatives carefully. A problem like −4−(−3) becomes −4+3.

  	Start at the first number. The first number tells where you begin on the number line.




Helpful reminders



  	 Subtract positive  add negative

  	 Subtract negative  add positive

  	 Adding a negative moves left

  	 Adding a positive moves right




Lets compare a few problems:



  	6−2=6+(−2)=4

  	6−(−2)=6+2=8

  	−6−2=−6+(−2)=−8

  	−6−(−2)=−6+2=−4




Notice how changing the sign of the second number changes the direction and the result.


How to solve any integer subtraction problem



  	Look at the subtraction problem.

  	Keep the first integer.

  	Change subtraction to addition.

  	Change the second integer to its opposite.

  	Add.




For example:


9−(−7)


becomes


9+7=16


And


−2−8


becomes


−2+(−8)=−10


[image: 📋]   Summary


Integer subtraction can always be rewritten as adding the opposite. This means:


a−b=a+(−b)


Using this rule makes subtraction with positive and negative numbers much easier. It also matches what happens on a number line: adding positive numbers moves right, and adding negative numbers moves left.


When you remember Keep, Change, Change, you have a reliable way to solve integer subtraction problems correctly.


  
  Put what you read to the test

  You've worked through Integer Subtraction as Additive Inverse. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/590
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  Multiplicative Sign Patterns help us figure out the sign of a product when multiplying positive and negative integers. This lesson will show why the sign rules work, not just what to memorize.


When we multiply integers, there are two parts to think about:


  	the sign of the answer: positive or negative

  	the value of the answer: the product of the number parts




For example, in (−3)×4, the value part is 3×4=12. The sign part tells us whether the answer is 12 or −12.


Let’s start with patterns you may already know.


If we multiply a positive number by positive numbers, we get positive answers:


3×4=12

3×3=9

3×2=6

Notice what happens as the second factor goes down by 1 each time. The products go down by 3 each time:



  	3×4=12

  	3×3=9

  	3×2=6

  	3×1=3

  	3×0=0




If we keep the pattern going, we subtract 3 again:



  	3×(−1)=−3

  	3×(−2)=−6

  	3×(−3)=−9




This pattern shows that a positive times a negative is negative.


We can also think about multiplication as repeated addition when the second number is positive.


For example:


(−4)×3=(−4)+(−4)+(−4)=−12

This means negative times positive is negative.


So far we have learned:


  	positive × positive = positive

  	positive × negative = negative

  	negative × positive = negative




Now let’s discover the last rule: what happens with negative × negative?


Look at this pattern:



  	(−2)×3=−6

  	(−2)×2=−4

  	(−2)×1=−2

  	(−2)×0=0




Again, the second factor goes down by 1 each time. The products must keep going up by 2 each time:



  	(−2)×(−1)=2

  	(−2)×(−2)=4

  	(−2)×(−3)=6




This pattern suggests that negative times negative is positive.


We can also use the distributive property to check this idea. The distributive property says:


a(b+c)=ab+ac

Let’s use it with (−3)×(2+(−2)). Since 2+(−2)=0, we know:


(−3)×0=0

Now distribute:


(−3)×(2+(−2))=(−3)×2+(−3)×(−2)

Substitute what we know:


0=−6+(−3)×(−2)

To make the total equal 0, the missing product must be 6:


(−3)×(−2)=6

So the rule is confirmed: a negative times a negative is positive.


Here are the multiplication sign rules all together:



  	Same signs → positive answer

  	Different signs → negative answer




You can also write them like this:



  	(+)×(+)=(+)

  	(+)×(−)=(−)

  	(−)×(+)=(−)

  	(−)×(−)=(+)




After deciding the sign, multiply the number parts as usual.


Worked Example 1

Find 5×(−7).

The signs are different, so the answer is negative.

Multiply the number parts: 5×7=35.

So,


5×(−7)=−35

Worked Example 2

Find (−6)×4.

The signs are different, so the answer is negative.

Multiply the number parts: 6×4=24.

So,


(−6)×4=−24

Worked Example 3

Find (−8)×(−3).

The signs are the same, so the answer is positive.

Multiply the number parts: 8×3=24.

So,


(−8)×(−3)=24

Worked Example 4

Find (−2)×(−5)×3.

Multiply step by step.

First, (−2)×(−5). The signs are the same, so the result is positive:


(−2)×(−5)=10

Now multiply by 3:


10×3=30

So,


(−2)×(−5)×3=30

A helpful strategy is:


  	Look at the signs.

  	Decide whether the answer will be positive or negative.

  	Multiply the number parts.




Be careful about a common mistake: some students think any problem with a negative number has a negative answer. That is not true. If both factors are negative, the product is positive.


For example:


(−4)×(−2)=8

Another important idea is that multiplying by 0 always gives 0, no matter what the sign is:


7×0=0n

(−9)×0=0

[image: 📋]   Summary

Multiplicative sign patterns show us how signs behave in multiplication. By using number patterns, repeated addition, and the distributive property, we can understand the rules instead of just memorizing them.



  	same signs → positive product

  	different signs → negative product




Once you know the sign rule, multiply the number parts to get the final answer.


  
  Put what you read to the test

  You've worked through Multiplicative Sign Patterns. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/591
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  Division Involving Zero and Signed Quotients


When we divide rational numbers, we need to pay close attention to signs and to the special role of zero.


In this lesson, you will learn how to divide positive and negative numbers, what happens when zero is involved, and why dividing by zero is undefined.


1. What is a quotient?


The answer to a division problem is called the quotient.


For example, in 12÷3=4, the quotient is 4.


When rational numbers are positive or negative, the quotient can also be positive or negative.


2. Rules for signed quotients


To divide signed numbers, first decide whether the answer will be positive or negative. Then divide the absolute values.



  	Same signs [image: →] positive quotient

  	Different signs [image: →] negative quotient




These sign rules are the same for integers, fractions, and decimals.


Here is the pattern:


(+)÷(+)=(+)

(−)÷(−)=(+)

(+)÷(−)=(−)

(−)÷(+)=(−)

3. How to divide signed numbers



  	Look at the signs.

  	Use the sign rules to decide whether the quotient is positive or negative.

  	Divide the numbers as usual.




Example: (−20)÷5



  	The signs are different, so the answer is negative.

  	20÷5=4

  	So, (−20)÷5=−4




4. Division when zero is the dividend


The dividend is the number being divided. In a÷b, the dividend is a.


If the dividend is zero, and the divisor is not zero, the quotient is always zero.


0÷5=0

0÷(−8)=0

Why? Because we ask, “How many groups of 5 are in 0?” There are no groups, so the answer is 0.


Another way to think about it is with multiplication. Since


5⋅0=0

it makes sense that


0÷5=0

This works for any nonzero divisor:


0÷a=0for any a≠0

5. Division when zero is the divisor


The divisor is the number you divide by. In a÷b, the divisor is b.


If the divisor is zero, the expression is undefined.


That means it does not have a value in ordinary arithmetic.


For example:


6÷0is undefined

−12÷0is undefined

0÷0is undefined

Why can’t we divide by zero?


Remember that division can be checked with multiplication.


If 6÷0 had an answer, then there would have to be some number n such that


0⋅n=6

But multiplying any number by zero always gives zero, never 6.


So there is no number that works, which means 6÷0 is undefined.


Now think about 0÷0. If it had just one answer, then we would need a number n such that


0⋅n=0

But this is true for every number. For example, 0⋅1=0, 0⋅5=0, and 0⋅(−3)=0.


Since there is not one single answer, 0÷0 is also undefined.


6. Important zero facts to remember



  	0÷a=0 for any nonzero number a

  	a÷0 is undefined for any number a

  	0÷0 is undefined




7. Worked examples


Example 1: Divide signed integers


Find (−18)÷(−3).


Step 1: The signs are the same, so the quotient is positive.


Step 2: Divide the absolute values: 18÷3=6.


Answer:


(−18)÷(−3)=6

Example 2: Divide numbers with different signs


Find 24÷(−6).


Step 1: The signs are different, so the quotient is negative.


Step 2: Divide the absolute values: 24÷6=4.


Answer:


24÷(−6)=−4

Example 3: Zero as the dividend


Find 0÷(−7).


Zero divided by any nonzero number is zero.


Answer:


0÷(−7)=0

Example 4: Zero as the divisor


Find (−15)÷0.


Division by zero is undefined.


Answer:


(−15)÷0 is undefined

8. Common mistakes to avoid



  	Mistake: Thinking a÷0=0
That is not true. Division by zero is undefined.

  	Mistake: Forgetting the sign rule
Always check whether the signs are the same or different.

  	Mistake: Thinking 0÷a is undefined
If a≠0, then the answer is 0.




9. Quick check


Try these on your own:



  	(−32)÷8

  	(−45)÷(−9)

  	0÷12

  	7÷0




Answers:



  	−4

  	5

  	0

  	undefined




10. Summary


When dividing signed numbers, use the signs to decide whether the quotient is positive or negative. Same signs give a positive quotient, and different signs give a negative quotient.


Zero divided by any nonzero number is zero. But any number divided by zero is undefined, because no number can make the multiplication check work.


  
  Put what you read to the test

  You've worked through Division Involving Zero and Signed Quotients. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/592
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  Fraction Addition and Subtraction Algorithms


Fractions are numbers that name parts of a whole. When we add or subtract fractions, we are combining or comparing parts.


The most important rule is this: you can only add or subtract fractions easily when they refer to the same-sized parts. In math, that means the fractions must have the same denominator.


For example, eighths can be added to eighths, and fifths can be subtracted from fifths. But you cannot directly combine thirds and fourths until you rewrite them as equal-sized parts.


Key Idea: The denominator tells the size of the parts. The numerator tells how many parts you have.


So when adding or subtracting fractions:


  	Keep the denominator the same only after the fractions have a common denominator.

  	Add or subtract the numerators.

  	Simplify if possible.




1. Adding and subtracting fractions with the same denominator


If two fractions already have the same denominator, the job is simple. Add or subtract the numerators and keep the denominator.


In general:


ab+cb=a+cb

ab−cb=a−cb

Example 1: Same denominator


Find:


310+410

The denominators are already the same, so add the numerators:


310+410=710

Answer: 710


Now try subtraction:


912−512=412

Simplify 412 by dividing top and bottom by 4:


412=13

Answer: 13


2. Fractions with different denominators


If the denominators are different, first find a common denominator. A very efficient choice is the least common multiple (LCM) of the denominators.


The LCM is the smallest number that both denominators divide into evenly.


For example:


  	Multiples of 3: 3, 6, 9, 12, 15, 18, ...

  	Multiples of 4: 4, 8, 12, 16, 20, ...




The least common multiple of 3 and 4 is 12, so 12 is the least common denominator.


Algorithm for adding or subtracting fractions with different denominators


  	Find the LCM of the denominators.

  	Rewrite each fraction as an equivalent fraction with that denominator.

  	Add or subtract the numerators.

  	Keep the common denominator.

  	Simplify, and change to a mixed number if needed.




Example 2: Add fractions with different denominators


Find:


23+14

Step 1: Find the LCM of 3 and 4.


The LCM is 12.


Step 2: Rewrite each fraction with denominator 12.


To change 23 into twelfths, multiply top and bottom by 4:


23=812

To change 14 into twelfths, multiply top and bottom by 3:


14=312

Step 3: Add the numerators.


812+312=1112

Answer: 1112


Example 3: Subtract fractions with different denominators


Find:


56−18

Step 1: Find the LCM of 6 and 8.


Multiples of 6: 6, 12, 18, 24, ...

Multiples of 8: 8, 16, 24, ...

So the LCM is 24.


Step 2: Rewrite each fraction with denominator 24.


56=2024

because 6×4=24, so multiply the numerator by 4 too.


18=324

because 8×3=24, so multiply the numerator by 3 too.


Step 3: Subtract the numerators.


2024−324=1724

Answer: 1724


3. Why equivalent fractions matter


Equivalent fractions name the same amount in different ways. For example:


12=24=36

When we rewrite fractions to have a common denominator, we are not changing their value. We are only changing the size of the pieces so both fractions use the same-sized parts.


This is why the algorithm works.


4. Adding and subtracting mixed numbers


A mixed number has a whole number and a fraction, like 213.


There are two common ways to work with mixed numbers:


  	Rewrite them as improper fractions.

  	Or add/subtract the whole numbers and fractions separately when possible.




Using improper fractions is a reliable method, especially when denominators are different.


Example 4: Add mixed numbers


Find:


125+213

Step 1: Rewrite as improper fractions.


125=75

213=73

Step 2: Find the LCM of 5 and 3.


The LCM is 15.


Step 3: Rewrite each fraction with denominator 15.


75=2115

73=3515

Step 4: Add.


2115+3515=5615

Step 5: Write as a mixed number.


5615=31115

Answer: 31115


5. Subtracting mixed numbers carefully


When subtracting mixed numbers, rewriting as improper fractions helps avoid mistakes.


For example, in a problem like 314−123, the fraction parts have different denominators, so improper fractions make the work clearer.


Let’s solve it.


Example 5: Subtract mixed numbers


314−123

Step 1: Rewrite as improper fractions.


314=134

123=53

Step 2: Find the LCM of 4 and 3.


The LCM is 12.


Step 3: Rewrite each fraction with denominator 12.


134=3912

53=2012

Step 4: Subtract.


3912−2012=1912

Step 5: Write as a mixed number.


1912=1712

Answer: 1712


6. Common mistakes to avoid


  	Do not add the denominators. For example, 14+14≠28. The correct answer is 24=12.

  	Do not subtract the denominators. Only the numerators change after you have a common denominator.

  	Do not forget to use equivalent fractions. If denominators are different, rewrite first.

  	Always simplify your final answer if possible.

  	Check mixed numbers by converting back if needed.




7. Quick checklist for every problem


  	Are the denominators the same?

  	If not, what is the LCM?

  	Did I rewrite each fraction correctly?

  	Did I add or subtract only the numerators?

  	Did I simplify the answer?

  	If needed, did I write the answer as a mixed number?




[image: 📋]   Summary


To add or subtract fractions, the fractions must have a common denominator. The best choice is often the least common multiple of the denominators.


Once the fractions are rewritten as equivalent fractions with the same denominator, add or subtract the numerators, keep the denominator, and simplify. The same idea works for mixed numbers, especially when you first rewrite them as improper fractions.


  
  Put what you read to the test

  You've worked through Fraction Addition and Subtraction Algorithms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/593
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  Fraction Multiplication and Scaling


Fractions can be multiplied just like whole numbers, but they also have an important meaning: scaling.


When you multiply by a fraction, you are often finding part of a part or changing the size of something. For example, finding \\frac{1}{2}\ of \\frac{3}{4}\ means taking half of three-fourths.


In this lesson, you will learn how to multiply fractions and mixed numbers, and how to understand multiplication as a way to shrink or stretch a quantity.


1. What does fraction multiplication mean?


There are two big ways to think about multiplying fractions:



  	Part of a part: For example, \\frac{2}{3} \times \frac{3}{5}\ means two-thirds of three-fifths.

  	Scaling: For example, multiplying by \\frac{1}{2}\ makes a number half as large, while multiplying by \\frac{3}{2}\ makes it larger.




If you multiply by a fraction less than 1, the answer gets smaller. If you multiply by a fraction greater than 1, the answer gets larger.



  	If \0 < \text{fraction} < 1\, the product is smaller.

  	If the fraction equals 1, the number stays the same.

  	If the fraction is greater than 1, the product is larger.




2. How to multiply fractions


To multiply two fractions, multiply the numerators and multiply the denominators.


ab×cd=acbd


Steps:



  	Multiply the top numbers (numerators).

  	Multiply the bottom numbers (denominators).

  	Simplify the answer if possible.




Example pattern:


23×45=2×43×5=815


3. Why this works: area model


One way to understand fraction multiplication is with an area model. Imagine a rectangle.


If you shade \\frac{3}{4}\ of the rectangle in one direction and then shade \\frac{2}{3}\ of it in the other direction, the overlapping part shows \\frac{2}{3} \times \frac{3}{4}\.


The overlap covers:


2×33×4=612=12


So \\frac{2}{3} \times \frac{3}{4} = \frac{1}{2}\.


This shows that multiplying fractions finds the area of the overlapping part, or the part of a part.


4. Multiplying whole numbers and fractions


A whole number can be written as a fraction with denominator 1.


For example, \3 = \frac{3}{1}\.


So if you multiply a whole number by a fraction, use the same rule.


3×25=31×25=65=115


This also makes sense as scaling: 3 groups of \\frac{2}{5}\ equals \\frac{6}{5}\.


5. Multiplying mixed numbers


A mixed number must be changed into an improper fraction before multiplying.


For example:


112=32


Then multiply as usual.


Steps for mixed numbers:



  	Convert each mixed number to an improper fraction.

  	Multiply the numerators.

  	Multiply the denominators.

  	Simplify.

  	Change back to a mixed number if needed.




6. Simplifying before multiplying


Sometimes you can simplify before multiplying. This is called cross-canceling.


If a numerator and a denominator have a common factor, divide them before multiplying. This keeps the numbers smaller and easier to work with.


Example:


23×910


The 9 and 3 can be simplified:


23×9310=21×310=610=35


7. Multiplication as scaling


Scaling means changing the size of a number by a factor.


Here is how multiplication changes a number:



  	Multiplying by \\frac{1}{2}\ makes it half as big.

  	Multiplying by \\frac{3}{4}\ makes it three-fourths as big.

  	Multiplying by \\frac{5}{4}\ makes it bigger, because \\frac{5}{4} > 1\.




Examples:



  	\8 \times \frac{1}{2} = 4\, so the number is smaller.

  	\8 \times \frac{3}{2} = 12\, so the number is larger.




This helps you check if your answer makes sense.


If you multiply 6 by \\frac{2}{3}\, your answer should be less than 6, because \\frac{2}{3}\ is less than 1.


Worked Example 1: Multiply two simple fractions


Find \\frac{3}{5} \times \frac{2}{7}\.


Step 1: Multiply the numerators.


3×2=6


Step 2: Multiply the denominators.


5×7=35


Step 3: Write the product.


35×27=635


Answer: \\frac{6}{35}\


Worked Example 2: Multiply a whole number and a fraction


Find \4 \times \frac{3}{8}\.


Write 4 as a fraction:


4=41


Now multiply:


41×38=128


Simplify:


128=32=112


Answer: \1\frac{1}{2}\


Notice that multiplying by \\frac{3}{8}\ makes 4 smaller, because \\frac{3}{8} < 1\.


Worked Example 3: Multiply mixed numbers


Find \1\frac{1}{2} \times 2\frac{1}{3}\.


Step 1: Convert to improper fractions.


112=32,213=73


Step 2: Multiply.


32×73=216


Step 3: Simplify.


216=72=312


Answer: \3\frac{1}{2}\


You can also notice that one factor, \2\frac{1}{3}\, is greater than 1, so the answer should be greater than \1\frac{1}{2}\.


Worked Example 4: Scaling in a word problem


A ribbon is 12 inches long. You use \\frac{3}{4}\ of it. How many inches of ribbon do you use?


This means find \\frac{3}{4}\ of 12:


12×34=121×34=364=9


Answer: 9 inches


This is scaling because \\frac{3}{4}\ makes 12 smaller.


8. Common mistakes to avoid



  	Adding instead of multiplying: \\frac{1}{2} \times \frac{1}{3}\ is not \\frac{2}{5}\. Multiply tops and bottoms.

  	Forgetting to simplify: Always reduce your final answer if possible.

  	Not converting mixed numbers: Change mixed numbers to improper fractions before multiplying.

  	Ignoring size: If you multiply by a fraction less than 1, the answer should be smaller than the starting number.




9. Quick check ideas


Ask yourself:



  	Did I multiply numerator by numerator and denominator by denominator?

  	Did I simplify my answer?

  	If I multiplied by a fraction less than 1, is my answer smaller?

  	If I multiplied by a number greater than 1, is my answer larger?




[image: 📋]   Summary


To multiply fractions, multiply the numerators and multiply the denominators. Mixed numbers must be changed to improper fractions first.


Fraction multiplication can mean part of a part, and it can also mean scaling. Multiplying by a fraction less than 1 makes a quantity smaller, while multiplying by a fraction greater than 1 makes it larger.


Understanding both the rule and the meaning helps you solve problems correctly and check whether your answer makes sense.


  
  Put what you read to the test

  You've worked through Fraction Multiplication and Scaling. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/594






  [image: 📝]   Lesson 15: Fraction Division and Reciprocals

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/636




  Fraction Division and Reciprocals


Fractions can be added, subtracted, multiplied, and divided. In this lesson, we will focus on dividing fractions and understanding reciprocals.


This is an important skill because division with fractions shows up in many math problems and real-life situations, like sharing food, measuring ingredients, or figuring out how many groups can be made.


By the end of this lesson, you should be able to:


  	Explain what a reciprocal is.

  	Divide fractions by multiplying by the reciprocal.

  	Divide positive and negative rational numbers written as fractions.

  	Understand why the rule works using simple fraction reasoning.




1. What is a reciprocal?


A reciprocal of a number is what you get when you flip the fraction.


If a fraction is ab, its reciprocal is ba, as long as the number is not 0.


Examples:


  	The reciprocal of 34 is 43.

  	The reciprocal of 72 is 27.

  	The reciprocal of 5 is 15, because 5=51.

  	The reciprocal of −23 is −32.




A number times its reciprocal equals 1.


For example:

34×43=1

This is why reciprocals are also called multiplicative inverses.


Important: 0 does not have a reciprocal, because no number multiplied by 0 can equal 1.


2. What does fraction division mean?


Division asks, "How many groups?" or "How much is in each group?"


For example, consider:

12÷14

This asks, “How many 14 pieces fit into 12?”


If you picture a whole split into 4 equal parts, then 12 is the same as 24. There are 2 one-fourths in 24.


So:

12÷14=2

This makes sense because two fourths fit into one half.


3. The rule for dividing fractions


To divide by a fraction, multiply by its reciprocal.


In symbols:

ab÷cd=ab×dc

This is often called "Keep, Change, Flip":


  	Keep the first fraction the same.

  	Change division to multiplication.

  	Flip the second fraction to its reciprocal.




Example of the rule:

23÷57=23×75

Then multiply straight across:

2×73×5=1415

4. Why does this rule work?


Let’s think about a simpler division problem with whole numbers:

6÷2=3

This works because 3×2=6.


Division can be thought of as finding a missing number:

x÷34=8

This means:

8×34=x

So division and multiplication are connected.


Now look at:

23÷45

Dividing by 45 is the same as multiplying by the number that turns 45 into 1. That number is its reciprocal, 54, because:

45×54=1

So:

23÷45=23×54

Another way to see this is with a complex fraction, which is a fraction inside a fraction:

2345

We want to make the bottom equal to 1. Multiply the top and bottom by 54:

2345×5454=23×5445×54

The denominator becomes 1, so we get:

23×541=23×54

That is why dividing by a fraction is the same as multiplying by its reciprocal.


5. Steps for dividing fractions



  	Write the problem clearly.

  	Keep the first fraction.

  	Change division to multiplication.

  	Flip the second fraction.

  	Multiply the numerators and denominators.

  	Simplify the answer.




6. Worked Examples


Example 1: Basic fraction division

Find 35÷12.


Step 1: Keep the first fraction, change to multiplication, and flip the second fraction.

35÷12=35×21

Step 2: Multiply.

3×25×1=65

Step 3: Write as a mixed number if needed.

65=115

Answer: 65 or 115


Example 2: Divide a whole number by a fraction

Find 4÷23.


Step 1: Write 4 as a fraction.

4=41

Step 2: Change division to multiplication and flip the second fraction.

41÷23=41×32

Step 3: Multiply.

4×31×2=122=6

Answer: 6


This makes sense: if each group is 23, then 6 groups make 4 wholes.


Example 3: Divide fractions with negatives

Find −38÷14.


Step 1: Keep, change, flip.

−38÷14=−38×41

Step 2: Multiply.

−3×48×1=−128

Step 3: Simplify.

−128=−32

Answer: −32 or −112


Example 4: Negative divided by negative

Find −56÷−109.


Step 1: Keep, change, flip.

−56÷−109=−56×−910

Step 2: Notice that a negative times a negative is positive.

56×910

Step 3: Multiply.

5×96×10=4560

Step 4: Simplify.

4560=34

Answer: 34


7. Tips for simplifying


Sometimes you can simplify before multiplying. This makes the numbers smaller and the work easier.


For example:

29÷415=29×154

Before multiplying, simplify across:


  	2 and 4 both divide by 2

  	15 and 9 both divide by 3




So the problem becomes:

13×52=56

This is the same answer, but with easier multiplication.


8. Common mistakes to avoid


  	Do not flip the first fraction. Only flip the second fraction.

  	Do not forget to change division to multiplication.

  	Do not forget signs. A negative divided by a positive is negative. A negative divided by a negative is positive.

  	Always simplify at the end if needed.

  	Never try to take the reciprocal of 0. Zero has no reciprocal.




9. Quick check for understanding


  	What is the reciprocal of 79? 97

  	What is the reciprocal of −4? −14

  	What is 13÷25?




Use the rule:

13÷25=13×52=56

10. Summary


A reciprocal is the flipped form of a fraction. When you divide by a fraction, you multiply by its reciprocal.


The rule is:

ab÷cd=ab×dc

This works because multiplying a fraction by its reciprocal gives 1. Once the division problem is turned into multiplication, multiply straight across and simplify.


Remember: Keep, Change, Flip — and watch your signs when working with negative rational numbers.


  
  Put what you read to the test

  You've worked through Fraction Division and Reciprocals. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/595






  [image: 📝]   Lesson 16: Complex Fractions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/637




  Complex Fractions are fractions where the numerator, the denominator, or both already contain fractions.


For example, 1234 is a complex fraction because it is a fraction divided by another fraction.


This lesson will show you how to simplify complex fractions by using what you already know about dividing fractions. Once you understand the pattern, complex fractions become much easier.


Main idea: A fraction bar means division. So a complex fraction is really a division problem.


For example,


2356=23÷56

To divide fractions, keep the first fraction, change division to multiplication, and flip the second fraction.


23÷56=23×65

Then multiply straight across and simplify if needed.


Steps for simplifying a complex fraction:



	Rewrite the complex fraction as a division problem.


	Change division to multiplication by the reciprocal of the second fraction.


	Multiply the numerators and multiply the denominators.


	Simplify the answer.





Important reminder: The reciprocal of a fraction is the fraction turned upside down.



	The reciprocal of 35 is 53.


	The reciprocal of 72 is 27.





If there are whole numbers mixed in, rewrite them as fractions first.



	2=21


	3=31





Let’s look at some examples, starting easy and building up.


Example 1: Simplify 3412


Step 1: Rewrite as division.


3412=34÷12

Step 2: Multiply by the reciprocal of 12.


34÷12=34×21

Step 3: Multiply.


3×24×1=64

Step 4: Simplify.


64=32

So, the simplified answer is 32.


Example 2: Simplify 56109


Rewrite as division:


56÷109

Change to multiplication by flipping the second fraction:


56×910

Multiply:


5×96×10=4560

Simplify:


4560=34

So, 56109=34.


Example 3: Simplify −2345


This example includes a negative fraction. The steps are the same.


Rewrite as division:


−23÷45

Multiply by the reciprocal:


−23×54

Multiply:


−2×53×4=−1012

Simplify:


−1012=−56

So, the simplified answer is −56.


Example 4: Simplify 382


The denominator is a whole number, so rewrite it as a fraction.


2=21

Now rewrite the complex fraction:


382=38÷21

Change division to multiplication:


38×12

Multiply:


3×18×2=316

So, the simplified answer is 316.


A useful shortcut: If the top and bottom are each just one fraction, you can think of the fraction bar as division right away.


For example,


7923=79÷23=79×32=2118=76

Watch out for these common mistakes:



	Forgetting to flip the second fraction. In division, only the second fraction gets flipped.


	Flipping the first fraction by mistake. Keep the first fraction the same.


	Not simplifying at the end. Always check whether the fraction can be reduced.


	Ignoring negative signs. A negative divided by a positive is negative.





Quick check: Try to think through these on your own.



	1325


	−4723


	593





If you solve them, remember to rewrite as division, multiply by the reciprocal, and simplify.


Summary: A complex fraction is just a fraction that contains fractions. The fraction bar means division, so simplify by rewriting it as a division problem. Then use the fraction division rule: keep the first fraction, change to multiplication, flip the second fraction, multiply, and simplify.


  
  Put what you read to the test

  You've worked through Complex Fractions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/596






  [image: 📝]   Lesson 17: Signed Decimal Operations
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  Signed Decimal Operations means working with decimals that can be positive or negative.
In this lesson, you will learn how to add, subtract, multiply, and divide signed decimals. You will also learn how to keep track of place value and how to decide whether your answer should be positive or negative.
These skills are important because decimals and negative numbers appear in real life all the time, such as in money, temperature, elevation, and measurements.
First, remember what a signed number is:
	A positive number is greater than 0, like 3.5.
	A negative number is less than 0, like −3.5.

You can think of positive and negative numbers as showing direction on a number line. Positive numbers go to the right of 0, and negative numbers go to the left of 0.
Rule 1: Adding signed decimals
When adding signed decimals, use the same ideas as adding signed integers. The decimal part does not change the sign rules.
	If the signs are the same, add the numbers and keep the sign.
	If the signs are different, subtract the smaller absolute value from the larger absolute value, and keep the sign of the number with the larger absolute value.

Absolute value means how far a number is from 0. For example, ∣−4.2∣=4.2.
When adding decimals, it is very important to line up the decimal points.
Example:
−2.4+(−1.35)
Both numbers are negative, so add their absolute values:
2.40+1.35=3.75
Since both numbers were negative, the answer is:
−3.75
Rule 2: Subtracting signed decimals
Subtracting a signed decimal can be turned into an addition problem.
Use this rule:
a−b=a+(−b)
In words, subtracting a number is the same as adding its opposite.
Examples of opposites:
	The opposite of 2.7 is −2.7.
	The opposite of −2.7 is 2.7.

So if you see:
4.8−(−1.2)
Change it to:
4.8+1.2
Then add:
6.0
Rule 3: Multiplying signed decimals
To multiply signed decimals, follow two steps:
	Multiply the numbers as if they were whole numbers.
	Place the decimal point correctly.
	Use the sign rules to decide whether the answer is positive or negative.

Sign rules for multiplication:
	Positive × Positive = Positive
	Negative × Negative = Positive
	Positive × Negative = Negative
	Negative × Positive = Negative

Decimal rule for multiplication:
Count the total number of decimal places in both factors. The product must have that many decimal places.
For example:
1.2×0.3
Ignore decimals first:
12×3=36
There are 2 decimal places total: 1 in 1.2 and 1 in 0.3. So place the decimal in the product:
0.36
Rule 4: Dividing signed decimals
To divide signed decimals, first use the sign rules, then make the divisor a whole number.
Sign rules for division:
	Positive ÷ Positive = Positive
	Negative ÷ Negative = Positive
	Positive ÷ Negative = Negative
	Negative ÷ Positive = Negative

Decimal rule for division:
Move the decimal point in the divisor to the right until the divisor becomes a whole number. Move the decimal point in the dividend the same number of places.
For example:
−4.8÷0.6
The divisor is 0.6, so move the decimal 1 place right:
0.6→6
Move the decimal in −4.8 one place right too:
−4.8→−48
Now divide:
−48÷6=−8
The answer is:
−8
Important place value ideas
	When adding or subtracting, line up the decimal points.
	When multiplying, multiply first, then count decimal places.
	When dividing, shift decimals to make the divisor a whole number.

Worked Example 1: Adding signed decimals
Find:
3.7+(−5.2)
The signs are different, so subtract the smaller absolute value from the larger absolute value:
5.2−3.7=1.5
Since −5.2 has the larger absolute value, the answer is negative:
−1.5
Worked Example 2: Subtracting signed decimals
Find:
−6.4−2.75
Rewrite as addition:
−6.4+(−2.75)
Line up decimals:
−6.40+(−2.75)
Add the absolute values:
6.40+2.75=9.15
Both numbers are negative, so the answer is:
−9.15
Worked Example 3: Multiplying signed decimals
Find:
−1.5×2.4
First decide the sign:
Negative × Positive = Negative
Now multiply ignoring decimals:
15×24=360
Count decimal places: 1.5 has 1 decimal place and 2.4 has 1 decimal place, for a total of 2.
Place the decimal in the product:
3.60=3.6
Apply the sign:
−3.6
Worked Example 4: Dividing signed decimals
Find:
7.56÷(−0.9)
First decide the sign:
Positive ÷ Negative = Negative
Make the divisor a whole number by moving the decimal 1 place right:
−0.9→−9
Move the decimal in the dividend 1 place right too:
7.56→75.6
Now divide:
75.6÷9=8.4
Apply the sign:
−8.4
Common mistakes to avoid
	Do not forget the sign rules. A correct decimal answer with the wrong sign is still incorrect.
	Do not line up digits by the left side when adding or subtracting. Always line up decimal points.
	Do not count decimal places when dividing. That rule is for multiplication, not division.
	Be careful when subtracting negatives. Subtracting a negative becomes adding a positive.

Helpful check
After solving, ask yourself:
	Does the sign make sense?
	Is the decimal point in a reasonable place?
	Did I use the correct operation rule?

[image: 📋]   Summary
Signed decimal operations use the same sign rules as signed integers. For addition and subtraction, focus on signs and line up decimal points. For multiplication, multiply first and then place the decimal based on total decimal places. For division, make the divisor a whole number and then divide, using sign rules to decide whether the final answer is positive or negative.


  
  Put what you read to the test

  You've worked through Signed Decimal Operations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/597
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  Evaluating Complex Fractions


A complex fraction is a fraction that has a fraction in the numerator, the denominator, or both.


For example, these are complex fractions:



  	342

  	513

  	2356




The most important idea is this: the main fraction bar means division.


So when you see a complex fraction, you can read it as one number divided by another number.


For example,


2356=23÷56

Once you rewrite it as division, you can use the rule for dividing fractions:


ab÷cd=ab×dc

In words: keep the first fraction, change division to multiplication, and flip the second fraction.


This is sometimes called multiply by the reciprocal. The reciprocal of a fraction is the fraction turned upside down.



  	The reciprocal of 23 is 32.

  	The reciprocal of 56 is 65.

  	The reciprocal of 3 is 13, because 3=31.




Steps for evaluating a complex fraction



  	Identify the numerator and denominator of the large fraction.

  	Rewrite the complex fraction as a division problem.

  	Change division to multiplication by using the reciprocal of the second number.

  	Multiply the fractions.

  	Simplify your answer.




Let’s work through some examples.


Example 1: Fraction in the numerator only


Evaluate:


342

Step 1: Rewrite as division.


34÷2

Remember that 2=21.


34÷21

Step 2: Multiply by the reciprocal of 21.


34×12

Step 3: Multiply.


3×14×2=38

Answer: 38


This makes sense because dividing 34 into 2 equal parts gives a smaller number.


Example 2: Fraction in the denominator only


Evaluate:


513

Step 1: Rewrite as division.


5÷13

Write 5 as a fraction:


51÷13

Step 2: Multiply by the reciprocal of 13.


51×31

Step 3: Multiply.


5×31×1=151=15

Answer: 15


This also makes sense. The question asks, “How many one-thirds are in 5?” There are 15 one-thirds in 5.


Example 3: Fractions in both numerator and denominator


Evaluate:


2356

Step 1: Rewrite as division.


23÷56

Step 2: Multiply by the reciprocal of the second fraction.


23×65

Step 3: Multiply.


2×63×5=1215

Step 4: Simplify.


1215=45

Answer: 45


Example 4: Simplify carefully


Evaluate:


78143

Step 1: Rewrite as division.


78÷143

Step 2: Multiply by the reciprocal of the second fraction.


78×314

Step 3: Multiply.


7×38×14=21112

Step 4: Simplify.


21112=316

Answer: 316


Helpful tips



  	Always treat the big fraction bar as division.

  	Turn whole numbers into fractions by putting them over 1.

  	Flip only the second fraction when changing division to multiplication.

  	Simplify at the end.




Common mistakes to avoid



  	Mistake: Flipping the first fraction.
Instead, keep the first fraction the same and flip the second one.

  	Mistake: Forgetting to write a whole number as a fraction.
For example, write 2 as 21.

  	Mistake: Multiplying straight across before changing division to multiplication.
First rewrite the complex fraction as division.

  	Mistake: Forgetting to simplify the final answer.




Quick check


Try these on your own:



  	124

  	335

  	4923




Answers:



  	124=12÷4=12÷41=12×14=18

  	335=3÷35=31×53=5

  	4923=49÷23=49×32=1218=23




[image: 📋]   Summary


A complex fraction is a fraction with a fraction inside it.


To evaluate a complex fraction, read the main fraction bar as division. Then keep the first fraction, change division to multiplication, flip the second fraction, multiply, and simplify.


If you follow those steps carefully, you can solve complex fractions with confidence.


  
  Put what you read to the test

  You've worked through Evaluating Complex Fractions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2153






  [image: 📝]   Lesson 19: Order of Operations with Nested Grouping

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/639




  Order of Operations with Nested Grouping helps us evaluate expressions correctly when there are many operations and different kinds of grouping symbols.


When an expression has nested grouping, it means one group is inside another group, such as brackets around parentheses, or a fraction bar around a grouped expression. We must work carefully from the innermost group outward.


This is especially important when working with rational numbers, which include positive and negative fractions, decimals, and integers. A small mistake with signs or grouping can change the entire answer.


To evaluate expressions correctly, we follow the order of operations.


Order of Operations Rules


  	Step 1: Simplify expressions inside grouping symbols first.
Grouping symbols include parentheses \( ) \, brackets \[ ] \, braces \\{ \} \, and fraction bars.

  	Step 2: If there are groups inside groups, do the innermost group first.

  	Step 3: Evaluate exponents.

  	Step 4: Multiply and divide from left to right.

  	Step 5: Add and subtract from left to right.




A helpful way to think about it is:


  	Go inside the smallest grouping.

  	Work outward one layer at a time.

  	At each layer, use exponents, multiplication/division, then addition/subtraction.




Important note about fraction bars: A fraction bar acts like a grouping symbol. In the expression


4+23−1

you must simplify the numerator \4+2\ and the denominator \3-1\ before dividing.


Important note about negative numbers: Be careful when a negative sign is next to grouping symbols.


For example, in


−(3−5)

you first evaluate the parentheses: \3-5=-2\. Then apply the negative sign outside:


−(−2)=2

The sign outside the group affects the value of the whole group.


Worked Example 1: Parentheses inside brackets


Evaluate:


[8−(3+2)]÷5

Step 1: Simplify the innermost grouping, \3+2\.


[8−5]÷5

Step 2: Simplify the bracket.


3÷5

Step 3: Divide.


35

Answer: \\frac{3}{5}\


This example shows that we do not subtract 8 and 3 first. The parentheses must be completed before the brackets are finished.


Worked Example 2: Negative rational numbers with nested grouping


Evaluate:


−[6+(−2⋅3)]

Step 1: Work inside the parentheses first.


−[6+(−6)]

Step 2: Simplify inside the brackets.


−[0]

Step 3: Apply the negative sign outside.


0

Answer: \0\


Notice that the negative sign outside the bracket affects the whole bracket. But since the bracket equals 0, the result is still 0.


Worked Example 3: Nested grouping with fractions


Evaluate:


[12+(34−14)]2

Step 1: Simplify the innermost parentheses.


[12+24]2

Since \\frac{2}{4}=\frac{1}{2}\, rewrite:


[12+12]2

Step 2: Simplify the bracket.


12

Why? Because \\frac{1}{2}+\frac{1}{2}=1\, so the expression becomes


12

Answer: \\frac{1}{2}\


This example shows that the entire numerator is grouped by the fraction bar, so we must finish the numerator before dividing by 2.


Worked Example 4: Exponents and nested grouping


Evaluate:


[2+(3−5)2]÷3

Step 1: Simplify the innermost parentheses.


[2+(−2)2]÷3

Step 2: Evaluate the exponent.


[2+4]÷3

Step 3: Simplify the bracket.


6÷3

Step 4: Divide.


2

Answer: \2\


This example is a good reminder that exponents come after grouping is simplified. First find \3-5\, then square the result.


Common Mistakes to Avoid


  	Ignoring the innermost grouping: Always start with the smallest group first.

  	Forgetting that a fraction bar is grouping: Simplify the numerator and denominator before dividing.

  	Mixing up signs: Negative numbers can change the result, especially when a negative sign is outside parentheses or brackets.

  	Doing addition before multiplication: After grouping and exponents, multiply and divide before add and subtract.

  	Forgetting left to right: For multiplication and division, or addition and subtraction, work from left to right.




Helpful Strategy


  	Rewrite the expression neatly.

  	Circle or identify the innermost grouping.

  	Simplify one step at a time.

  	Keep track of negative signs carefully.

  	Check whether the result makes sense.




For example, if a bracket becomes 0, then multiplying or adding with that group may become much simpler. Looking for these simplifications can help you avoid mistakes.


[image: 📋]   Summary

When evaluating expressions with nested grouping, always begin with the innermost grouping symbols and work outward. At each level, follow the order of operations: grouping, exponents, multiplication and division, then addition and subtraction. Remember that fraction bars also act as grouping symbols, and be extra careful with negative numbers.


  
  Put what you read to the test

  You've worked through Order of Operations with Nested Grouping. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/598






  
    
  [image: 📖]   Chapter 3

  Number Theory and Exponents
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  Divisibility Algorithms are quick rules that help you decide whether one whole number can be divided evenly by another number without doing long division.


If a number is divisible by another number, it means the division has no remainder. For example, since 24÷6=4, we say that 24 is divisible by 6.


These rules are helpful when you need to work with large numbers, find factors, identify prime numbers, or break numbers into smaller parts.


In this lesson, you will learn simple divisibility tests for several single-digit numbers and how to use them step by step.


Why divisibility rules work


Every whole number is built from digits. Divisibility algorithms use patterns in those digits to tell us whether a number can be divided evenly.


For example, numbers ending in 0, 2, 4, 6, or 8 are even, so they are divisible by 2. Numbers ending in 0 or 5 are divisible by 5. Some rules use the last digit, while others use the sum of the digits.


Main divisibility rules



  	Divisible by 2: The last digit is 0, 2, 4, 6, or 8.

  	Divisible by 3: Add the digits. If the sum is divisible by 3, then the number is divisible by 3.

  	Divisible by 4: Look at the last two digits. If that two-digit number is divisible by 4, then the whole number is divisible by 4.

  	Divisible by 5: The last digit is 0 or 5.

  	Divisible by 6: The number must be divisible by both 2 and 3.

  	Divisible by 8: Look at the last three digits. If that three-digit number is divisible by 8, then the whole number is divisible by 8.

  	Divisible by 9: Add the digits. If the sum is divisible by 9, then the number is divisible by 9.

  	Divisible by 10: The last digit is 0.




Important idea: Some divisibility tests are based on other tests. For example, divisibility by 6 depends on divisibility by 2 and 3.


How to use a divisibility algorithm



  	Choose the divisor you are testing, such as 2, 3, 4, 5, 6, 8, 9, or 10.

  	Use the matching divisibility rule.

  	Check whether the number fits the rule.

  	Decide whether the number is divisible or not divisible.




Worked Example 1: Testing divisibility by 2 and 5


Is 3,470 divisible by 2? Is it divisible by 5?


For 2, check the last digit. The last digit is 0, and 0 is an even digit. So 3,470 is divisible by 2.


For 5, check the last digit again. A number is divisible by 5 if it ends in 0 or 5. Since 3,470 ends in 0, it is divisible by 5.


We can write:


3,470 is divisible by 2 and 5.


Worked Example 2: Testing divisibility by 3 and 9


Is 5,328 divisible by 3? Is it divisible by 9?


Add the digits:


5+3+2+8=18


Since 18 is divisible by 3, the number 5,328 is divisible by 3.


Since 18 is also divisible by 9, the number 5,328 is divisible by 9 too.


So:


5,328÷3 has no remainder, and 5,328÷9 has no remainder.


Worked Example 3: Testing divisibility by 4 and 8


Is 7,416 divisible by 4? Is it divisible by 8?


For 4, look at the last two digits. The last two digits are 16.


Since 16÷4=4, 16 is divisible by 4. So 7,416 is divisible by 4.


For 8, look at the last three digits. The last three digits are 416.


Check whether 416 is divisible by 8:


416÷8=52


Since the division is exact, 7,416 is divisible by 8.


Worked Example 4: Testing divisibility by 6


Is 2,154 divisible by 6?


To be divisible by 6, a number must be divisible by both 2 and 3.


First, test divisibility by 2. The last digit is 4, so the number is divisible by 2.


Next, test divisibility by 3. Add the digits:


2+1+5+4=12


Since 12 is divisible by 3, 2,154 is divisible by 3.


Because 2,154 is divisible by both 2 and 3, it is divisible by 6.


Using divisibility rules to break apart numbers


Divisibility algorithms can help you decompose, or break apart, a number into factors.


Suppose you want to break apart 180.



  	It ends in 0, so it is divisible by 10.

  	Its last digit is 0, so it is divisible by 2 and 5.

  	The digit sum is 1+8+0=9, so it is divisible by 3 and 9.

  	The last two digits are 80, so it is divisible by 4.




This tells us that 180 has many factors. For example:


180=18×10=36×5=9×20


Divisibility rules help you find these factor pairs much faster.


Common mistakes to avoid



  	Mixing up the rules for 3 and 9: Both use the sum of the digits, but make sure you check whether the sum is divisible by 3 or by 9.

  	Using only one part of the rule for 6: A number must pass both tests, for 2 and for 3.

  	Looking at the whole number instead of the ending digits: For 4, check the last two digits. For 8, check the last three digits.

  	Forgetting what divisible means: It means there is no remainder.




Quick check examples



  	246: divisible by 2 because it ends in 6.

  	246: divisible by 3 because 2+4+6=12, and 12 is divisible by 3.

  	246: not divisible by 9 because 12 is not divisible by 9.

  	1,235: divisible by 5 because it ends in 5.

  	1,232: divisible by 4 because the last two digits, 32, are divisible by 4.




[image: 📋]   Summary


Divisibility algorithms are fast methods for deciding whether a number can be divided evenly by another number.


You can often check just the last digit, the last two or three digits, or the sum of the digits. Learning these patterns makes it easier to find factors, simplify number problems, and work with larger numbers confidently.


  
  Put what you read to the test

  You've worked through Divisibility Algorithms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/599






  [image: 📝]   Lesson 21: Fundamental Theorem of Arithmetic
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  Fundamental Theorem of Arithmetic is a big name for an important idea about whole numbers.
It says that every whole number greater than 1 is either:
	a prime number, or
	can be written as a product of prime numbers.

It also says this prime factorization is unique. That means there is only one correct list of prime factors for a number, except for the order they are written in.
For example, the number 12 can be written as:
12=2×2×3
You could also write it as:
12=3×2×2
These are not different factorizations, because they use the same prime factors. The order does not matter.
1. Review: Prime and Composite Numbers
To understand this theorem, you need to know the difference between prime and composite numbers.
A prime number is a whole number greater than 1 that has exactly two factors: 1 and itself.
Examples of prime numbers are:
	2
	3
	5
	7
	11

A composite number is a whole number greater than 1 that has more than two factors.
Examples of composite numbers are:
	4
	6
	8
	9
	12

The number 1 is neither prime nor composite.
2. What Does “Product of Prime Numbers” Mean?
A product is the answer to a multiplication problem. So a product of prime numbers means multiplying primes together.
For example:
18=2×3×3
Here, 18 is written as a product of prime numbers because 2 and 3 are both prime.
This is called the prime factorization of 18.
3. Statement of the Fundamental Theorem of Arithmetic
Here is the theorem in simple words:
Every integer greater than 1 is either prime or can be broken into prime factors in exactly one way, not counting order.
This theorem has two main parts:
	Existence: Every number greater than 1 can be written using primes.
	Uniqueness: The prime factorization is the same every time, except for the order.

This means prime numbers are like the building blocks of whole numbers.
4. How to Find Prime Factorization
One common way is to use a factor tree.
Start with the number. Break it into factors. If a factor is composite, keep breaking it apart. Stop when every branch ends in a prime number.
Then multiply the prime numbers together.
You can also use division by prime numbers, starting with the smallest prime.
5. Worked Examples
Example 1: Prime number
Write 13 as a product of prime numbers.
First, ask: Is 13 prime?
Yes. Its only factors are 1 and 13.
So 13 is already prime. Its prime factorization is simply:
13=13
This matches the theorem because numbers greater than 1 can be prime.
Example 2: A small composite number
Find the prime factorization of 24.
Start breaking 24 into factors:
24=2×12
Now factor 12:
12=2×6
Now factor 6:
6=2×3
Now all the factors are prime. So:
24=2×2×2×3
You can also write this using exponents:
24=23×3
This means there are three 2s multiplied together.
Example 3: Showing uniqueness
Let’s look at the number 30.
One way to factor it is:
30=5×6=5×2×3
Another way is:
30=10×3=2×5×3
These may look different at first, but both give the same prime factors:
30=2×3×5
The order changed, but the prime factors did not. That is the uniqueness part of the theorem.
Example 4: A larger number with exponents
Find the prime factorization of 84.
Start with a factor pair:
84=2×42
Factor 42:
42=2×21
Factor 21:
21=3×7
Now every factor is prime, so:
84=2×2×3×7
Using exponents, this is:
84=22×3×7
6. Why This Theorem Matters
The Fundamental Theorem of Arithmetic helps us understand how numbers are built.
It is useful when we:
	find all the factors of a number,
	find the greatest common factor (GCF),
	find the least common multiple (LCM),
	simplify fractions,
	work with exponents.

For example, if you know:
36=22×32
and
60=22×3×5
it becomes easier to compare the numbers and find common factors.
7. Important Ideas to Remember
	Every number greater than 1 is either prime or composite.
	Every composite number can be written as a product of primes.
	This prime factorization is unique, except for order.
	Prime numbers are the basic building blocks of whole numbers.
	Exponents help write repeated prime factors more clearly.

8. Common Mistakes
Mistake 1: Using non-prime factors in the final answer
For example, writing:
18=2×9
is not a prime factorization, because 9 is not prime.
The correct prime factorization is:
18=2×3×3=2×32
Mistake 2: Thinking different orders mean different factorizations
These are the same:
2×3×5
and
5×2×3
The order does not matter in multiplication.
Mistake 3: Calling 1 a prime number
The number 1 is not prime. A prime number must have exactly two factors. The number 1 has only one factor.
9. Quick Practice to Think About
Try these on your own:
	Is 17 prime or composite?
	Write 20 as a product of prime numbers.
	Write 45 as a product of prime numbers.
	Explain why 2×2×5 and 5×2×2 are the same prime factorization.

Answers:
	17 is prime.
	20=2×2×5=22×5
	45=3×3×5=32×5
	They use the same prime factors; only the order is different.

10. Brief Summary
The Fundamental Theorem of Arithmetic says that every whole number greater than 1 is either prime or can be written as a product of prime numbers.
It also says this factorization is unique, except for the order of the factors.
When you break a number into prime factors, you are finding its most basic multiplication form.
This idea is a foundation for many other number skills in math.


  
  Put what you read to the test

  You've worked through Fundamental Theorem of Arithmetic. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/600
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  Prime factorization means writing a number as a product of prime numbers. A prime number has exactly two factors: 1 and itself.
This lesson will show you how to find prime factorizations using factor trees and repeated division. You will also learn how to write repeated prime factors using exponents.
Prime factorization is useful because it helps us understand how numbers are built. It can also help later with topics like finding common factors, least common multiples, and simplifying problems with large numbers.
First, remember these two types of numbers:
	Prime numbers: 2, 3, 5, 7, 11, 13, ...
	Composite numbers: numbers that have more than two factors, like 4, 6, 8, 9, 10, and 12

The number 1 is not prime and not composite.
Important idea: Every composite number can be written as a product of prime numbers in only one way, aside from the order of the factors. This is why prime factorization is so powerful.
Method 1: Using a factor tree
A factor tree starts with the number you want to factor. Then you break it into two factors. If one of those factors is composite, keep breaking it apart until all the branches end in prime numbers.
	Start with the number.
	Split it into any two factors.
	Keep factoring composite numbers.
	Stop when every branch ends in a prime number.
	Multiply the prime factors together to check your work.

Method 2: Using repeated division
In repeated division, you divide the number by prime numbers one step at a time.
	Start with the smallest prime number, 2.
	If the number is divisible by 2, divide.
	Keep dividing by prime numbers: 2, 3, 5, 7, and so on.
	Stop when the quotient is 1.
	The prime numbers you divided by are the prime factorization.

Helpful divisibility rules
	A number is divisible by 2 if it ends in 0, 2, 4, 6, or 8.
	A number is divisible by 3 if the sum of its digits is divisible by 3.
	A number is divisible by 5 if it ends in 0 or 5.
	A number is divisible by 10 if it ends in 0.

Writing prime factorization with exponents
If the same prime factor appears more than once, you can write it with an exponent.
For example,
2×2×2=23
and
3×3=32
So if a number has prime factorization
2×2×2×3×3
you can write it as
23×32
This form is shorter and easier to read.
Worked Example 1: Prime factorization of 18 using a factor tree
Start with 18. One way to split it is
18=2×9
The number 2 is prime, but 9 is composite. Factor 9:
9=3×3
Now all the factors are prime:
18=2×3×3
Using exponents, this is
18=2×32
Check: 2×3×3=18
Worked Example 2: Prime factorization of 48 using repeated division
Start dividing by the smallest prime number possible.
48÷2=24
24÷2=12
12÷2=6
6÷2=3
3÷3=1
The prime factors are
2×2×2×2×3
Using exponents,
48=24×3
Worked Example 3: Different factor tree, same answer
Find the prime factorization of 60.
You might start with
60=6×10
Then factor each part:
6=2×3
10=2×5
So
60=2×3×2×5
Reorder the primes:
60=2×2×3×5
Using exponents,
60=22×3×5
You could have started with different factors, like 4×15, and you would still get the same prime factorization.
Worked Example 4: Using prime factorization to understand a number
Find the prime factorization of 72 and write it with exponents.
Use a factor tree:
72=8×9
Now factor each part:
8=2×2×2
9=3×3
So
72=2×2×2×3×3
Using exponents,
72=23×32
This tells us that 72 is made from three 2s and two 3s multiplied together.
How prime factorization is applied
Prime factorization helps you see the building blocks of a number.
	It shows exactly which prime numbers make the number.
	It helps organize repeated multiplication.
	It makes large products easier to write with exponents.
	It helps compare numbers by their prime factors.

For example, compare 36 and 54.
36=22×32
54=2×33
Both numbers have 2 and 3 as prime factors, but the exponents are different. This helps us understand how the numbers are alike and how they are different.
Tips for success
	Always stop only when all factors are prime.
	If you see the same prime factor many times, use an exponent.
	Check your answer by multiplying the prime factors back together.
	Order the prime factors from least to greatest to keep your work neat.

Common mistakes to avoid
	Stopping too early, such as writing 12=3×4. This is not a prime factorization because 4 is not prime.
	Using 1 as a prime factor. The number 1 is not prime.
	Forgetting repeated factors. For example, 24 is not 2×3×4; its prime factorization is 23×3.
	Writing the wrong exponent. For example, 2×2×2 is 23, not 22.

Quick practice questions
	Write the prime factorization of 20.
	Write the prime factorization of 45 using exponents.
	Write the prime factorization of 84 using any method.

Answers
	20=2×2×5=22×5
	45=3×3×5=32×5
	84=2×2×3×7=22×3×7

[image: 📋]   Summary
Prime factorization means writing a number as a product of prime numbers. You can find it by using a factor tree or by repeated division. When a prime factor repeats, use an exponent to write it more simply, such as 2×2×2=23.
As you practice, remember to keep factoring until every factor is prime. Then check by multiplying your prime factors to make sure you get the original number.


  
  Put what you read to the test

  You've worked through Prime Factorization Applications. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/601
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  Greatest Common Factor (GCF) and the Euclidean Algorithm


When we compare two whole numbers, we sometimes want to know the largest number that divides both of them exactly. That number is called the Greatest Common Factor, or GCF.


For example, the factors of 12 are 1, 2, 3, 4, 6, and 12. The factors of 18 are 1, 2, 3, 6, 9, and 18. The biggest factor they share is 6, so the GCF of 12 and 18 is 6.


We write this as GCF(12,18)=6.


Knowing the GCF helps us in many math problems. We use it to simplify fractions, to factor expressions, and to solve word problems involving equal groups.


What is a factor?


A factor of a number is a whole number that divides it with no remainder. For example, 5 is a factor of 20 because 20÷5=4.


A common factor is a factor that two or more numbers share. The greatest common factor is the largest one.


Three ways to find the GCF


There are several ways to find the GCF. In this lesson, we will use these methods:



  	Listing factors

  	Prime factorization

  	The Euclidean Algorithm




Each method can help, depending on the numbers you are working with.


Method 1: Listing factors


In this method, list all the factors of each number. Then find the largest factor that appears in both lists.


This method works well for smaller numbers.


Worked Example 1: Find GCF(24,36) by listing factors


First, list the factors of 24:


24:1,2,3,4,6,8,12,24


Now list the factors of 36:


36:1,2,3,4,6,9,12,18,36


The common factors are 1, 2, 3, 4, 6, and 12.


The greatest common factor is 12.


So, GCF(24,36)=12.


Method 2: Prime factorization


A prime number has exactly two factors: 1 and itself. Examples are 2, 3, 5, 7, and 11.


Prime factorization means writing a number as a product of prime numbers.


For example,


12=2×2×3=22×3

To find the GCF using prime factorization:



  	Write each number as a product of prime factors.

  	Circle or identify the prime factors the numbers have in common.

  	Multiply the common prime factors.




If a prime appears more than once in both numbers, use only the number of times it appears in both.


Worked Example 2: Find GCF(48,60) using prime factorization


First, factor each number into primes:


48=2×2×2×2×3=24×3

60=2×2×3×5=22×3×5

Now find the prime factors they share:



  	Both have two 2s

  	Both have one 3




So the common prime factors are:


22×3

Multiply:


22×3=4×3=12

So, GCF(48,60)=12.


Why the GCF is useful


One common use of the GCF is simplifying fractions. To simplify a fraction, divide the numerator and denominator by their GCF.


For example, simplify 1824.


The GCF of 18 and 24 is 6. Divide both by 6:


1824=18÷624÷6=34

Method 3: The Euclidean Algorithm


The Euclidean Algorithm is a fast way to find the GCF of larger numbers. It uses division and remainders.


The main idea is this:


If one number does not divide the other evenly, divide and look at the remainder. Then replace the larger number with the smaller number, and replace the smaller number with the remainder. Keep going until the remainder is 0. The last nonzero remainder is the GCF.


This may sound tricky at first, but the steps are very organized.


Steps for the Euclidean Algorithm



  	Divide the larger number by the smaller number.

  	Write the quotient and remainder.

  	Replace the pair of numbers with the smaller number and the remainder.

  	Repeat until the remainder is 0.

  	The last nonzero remainder is the GCF.




Worked Example 3: Find GCF(84,30) using the Euclidean Algorithm


Start by dividing 84 by 30:


84÷30=2 remainder 24

This means:


84=30×2+24

Now use 30 and 24.


30÷24=1 remainder 6

This means:


30=24×1+6

Now use 24 and 6.


24÷6=4 remainder 0

Since the remainder is now 0, stop. The last nonzero remainder was 6.


So, GCF(84,30)=6.


Worked Example 4: Find GCF(252,198) using the Euclidean Algorithm


These numbers are larger, so the Euclidean Algorithm is very helpful.


First divide 252 by 198:


252÷198=1 remainder 54

So,


252=198×1+54

Now divide 198 by 54:


198÷54=3 remainder 36

So,


198=54×3+36

Now divide 54 by 36:


54÷36=1 remainder 18

So,


54=36×1+18

Now divide 36 by 18:


36÷18=2 remainder 0

Stop here. The last nonzero remainder is 18.


So, GCF(252,198)=18.


How do you know which method to use?



  	Use listing factors for small numbers.

  	Use prime factorization when the numbers factor nicely into primes.

  	Use the Euclidean Algorithm for larger numbers or when listing factors would take too long.




Important idea: The GCF always divides both numbers


If d is the GCF of two numbers, then both numbers can be written as multiples of d.


For example, if GCF(48,60)=12, then:


48=12×4

60=12×5

This is why the GCF is useful for making equal groups and simplifying.


Common mistakes to avoid



  	Mixing up GCF and LCM: The GCF is the greatest factor shared by the numbers, not the smallest common multiple.

  	Missing factors: When listing factors, be careful not to leave any out.

  	Using too many prime factors: In prime factorization, only use the primes both numbers share.

  	Stopping too early in the Euclidean Algorithm: Keep going until the remainder is 0.




Quick check


Try these on your own:



  	Find GCF(16,24).

  	Find GCF(45,75).

  	Find GCF(91,65) using the Euclidean Algorithm.




Answers:



  	GCF(16,24)=8

  	GCF(45,75)=15

  	91÷65=1 remainder 26, then 65÷26=2 remainder 13, then 26÷13=2 remainder 0, so GCF(91,65)=13




[image: 📋]   Summary


The Greatest Common Factor is the largest whole number that divides two or more numbers exactly. You can find it by listing factors, using prime factorization, or using the Euclidean Algorithm.


The Euclidean Algorithm is especially useful for larger numbers because it uses repeated division with remainders. Once you understand these methods, you can choose the one that fits the problem best.


  
  Put what you read to the test

  You've worked through Greatest Common Factor (GCF) and the Euclidean Algorithm. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/602
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  Least Common Multiple (LCM) helps us find the smallest number that two or more numbers can all divide into evenly.
This is useful in real life when events repeat in cycles. For example, if one light flashes every 4 seconds and another flashes every 6 seconds, the LCM tells us when they will flash together again.
LCM is also important in fractions. When we add or compare fractions, we often need a common denominator. The least common denominator is based on the LCM of the denominators.
What does “multiple” mean?
A multiple of a number is the result of multiplying that number by whole numbers.
	Multiples of 3: 3,6,9,12,15,18,…
	Multiples of 5: 5,10,15,20,25,30,…

A common multiple is a number that appears in both lists.
For 3 and 5, common multiples include 15,30,45,…
The least common multiple is the smallest of these common multiples. So the LCM of 3 and 5 is 15.
How to find the LCM
There are two main methods you can use in 7th Grade:
	List the multiples
	Use prime factorization

Method 1: List the multiples
Write the multiples of each number until you find the first one they have in common.
This method works well when the numbers are small.
Worked Example 1: Find the LCM of 4 and 6
List the multiples:
	Multiples of 4: 4,8,12,16,20,…
	Multiples of 6: 6,12,18,24,…

The first number in both lists is 12.
So, LCM(4,6)=12
Method 2: Use prime factorization
Prime factorization means writing each number as a product of prime numbers.
Then take each prime factor that appears, using the greatest number of times it appears in any one factorization.
This method is very helpful for larger numbers or more than two numbers.
Worked Example 2: Find the LCM of 12 and 18
First, write each number in prime factor form:
12=2×2×3=22×3
18=2×3×3=2×32
Now choose the greatest power of each prime:
	For 2: greatest power is 22
	For 3: greatest power is 32

Multiply them:
LCM(12,18)=22×32=4×9=36
So the LCM is 36.
Why do we use the greatest powers?
The LCM must be a multiple of both numbers. That means it must include all the prime factors needed to build each number.
If one number needs 22, then the LCM must include 22. If one number needs 32, then the LCM must include 32.
That is why we take the greatest number of each prime factor.
Worked Example 3: Find the LCM of 8, 12, and 15
Prime factorize each number:
8=23
12=22×3
15=3×5
Now take the greatest power of each prime that appears:
	For 2: 23
	For 3: 3
	For 5: 5

Multiply:
LCM(8,12,15)=23×3×5=8×3×5=120
So the LCM is 120.
Using LCM in a real-life situation
Suppose one bus arrives every 10 minutes and another bus arrives every 15 minutes. If they both arrive now, when will they arrive together again?
We need the LCM of 10 and 15.
Prime factorize:
10=2×5
15=3×5
Take the greatest powers:
LCM(10,15)=2×3×5=30
So the buses will arrive together again in 30 minutes.
LCM and fractions
When adding fractions with different denominators, we often need the least common denominator. This is the LCM of the denominators.
For example, to add 14 and 16, we find the LCM of 4 and 6.
From earlier, LCM(4,6)=12
So 12 is the least common denominator.
Then rewrite the fractions:
14=31216=212
Now add:
312+212=512
Tips for finding the LCM
	The LCM must be a multiple of each number.
	The LCM is always at least as large as the greatest number in the set.
	If one number is already a multiple of the other, the larger number is the LCM.

For example, with 5 and 20, since 20 is a multiple of 5, LCM(5,20)=20
Common mistakes to avoid
	Mixing up LCM and GCF: The LCM is the smallest common multiple, while the GCF is the greatest common factor.
	Stopping too early when listing multiples: Keep going until you find the first common one.
	Using all prime factors too many times: In prime factorization, use the greatest power of each prime, not every copy from every number added together.

Quick check
Try these on your own:
	Find the LCM of 3 and 8.
	Find the LCM of 9 and 12.
	Find the LCM of 6, 8, and 10.

Answers:
	24
	36
	120

[image: 📋]   Summary
The least common multiple is the smallest number that two or more numbers divide into evenly.
You can find it by listing multiples or by using prime factorization.
LCM is helpful for solving cycle problems and finding common denominators in fractions.
When using prime factorization, remember to choose the greatest power of each prime factor.


  
  Put what you read to the test

  You've worked through Least Common Multiple (LCM). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/603
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  Coprime Integers are two whole numbers that have only one common factor: 1.
This means the numbers do not share any factor bigger than 1. Even if each number has several factors, they are coprime as long as 1 is the only factor they both have.
For example, 8 and 15 are coprime.
	The factors of 8 are: 1, 2, 4, 8
	The factors of 15 are: 1, 3, 5, 15

The only factor they share is 1, so 8 and 15 are coprime.
It is important to know that coprime does not mean both numbers are prime.
For example, 8 is not prime and 15 is not prime, but they are still coprime because they share no common factor other than 1.
Main Idea: To decide if two numbers are coprime, check whether they have any common factors besides 1.
You can do this in a few ways:
	List the factors of both numbers and compare them.
	Think about divisibility: do both numbers divide by 2, 3, 5, or another number?
	Find the greatest common factor (GCF). If the GCF is 1, the numbers are coprime.

Why coprime integers matter:
	They help us understand number relationships.
	They are important when simplifying fractions.
	A fraction is in simplest form when its numerator and denominator are coprime.

For example, consider the fraction 635.
	Factors of 6: 1, 2, 3, 6
	Factors of 35: 1, 5, 7, 35

Since the only common factor is 1, 6 and 35 are coprime. So 635 is already in simplest form.
Now let’s look at some worked examples.
Example 1: Are 9 and 28 coprime?
Step 1: List the factors.
	Factors of 9: 1, 3, 9
	Factors of 28: 1, 2, 4, 7, 14, 28

Step 2: Find the common factors.
The only common factor is 1.
Answer: Yes, 9 and 28 are coprime.
Example 2: Are 14 and 21 coprime?
Step 1: List the factors.
	Factors of 14: 1, 2, 7, 14
	Factors of 21: 1, 3, 7, 21

Step 2: Find the common factors.
They share 1 and 7.
Because they share a factor greater than 1, they are not coprime.
Answer: No, 14 and 21 are not coprime.
Example 3: Use coprime integers to simplify a fraction.
Simplify 1218.
Step 1: Find a common factor of 12 and 18.
Both numbers are divisible by 6.
Step 2: Divide numerator and denominator by 6.
1218=12÷618÷6=23Step 3: Check if 2 and 3 are coprime.
	Factors of 2: 1, 2
	Factors of 3: 1, 3

The only common factor is 1, so 2 and 3 are coprime.
Answer: 1218 simplifies to 23, and this is simplest form.
Example 4: Decide whether a fraction is already simplified.
Look at 720.
Check whether 7 and 20 are coprime.
	Factors of 7: 1, 7
	Factors of 20: 1, 2, 4, 5, 10, 20

The only common factor is 1.
Answer: 7 and 20 are coprime, so 720 is already in simplest form.
Helpful Tips:
	If two numbers are both even, they are not coprime because they both have 2 as a factor.
	If two numbers both divide by 5, they are not coprime.
	Consecutive numbers, like 11 and 12, are always coprime.

Here is why consecutive numbers are coprime: if one number is 1 more than the other, they cannot both be divided evenly by the same whole number greater than 1.
Quick Check:
	Are 5 and 12 coprime?
	Are 18 and 27 coprime?
	Is 916 in simplest form?

Answers:
	Yes. Factors of 5 are 1, 5; factors of 12 are 1, 2, 3, 4, 6, 12. Only 1 is common.
	No. Both share 9 and 3.
	Yes. 9 and 16 share only 1, so the fraction is in simplest form.

Summary: Two integers are coprime if their only common factor is 1. To check, compare factors or find the greatest common factor. Coprime integers are especially useful when deciding whether a fraction is fully simplified.


  
  Put what you read to the test

  You've worked through Coprime Integers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/604
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  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/646




  Perfect Squares and Square Roots


In this lesson, you will learn what perfect squares are and how to find square roots. These ideas are important in number theory and exponents, and they also connect to geometry because squares have equal side lengths.


A square number, also called a perfect square, is a number made by multiplying a whole number by itself.


For example:


	

1×1=1, so 1 is a perfect square.



	

2×2=4, so 4 is a perfect square.



	

3×3=9, so 9 is a perfect square.



	

4×4=16, so 16 is a perfect square.






We can also write perfect squares using exponents. For example, 5×5 can be written as 52. The exponent 2 means “multiply the number by itself once.”


Here are some common perfect squares you should know:


	12=1


	22=4


	32=9


	42=16


	52=25


	62=36


	72=49


	82=64


	92=81


	102=100


	112=121


	122=144





Notice that not every number is a perfect square. For example, 10 is not a perfect square because there is no whole number that multiplies by itself to make 10.


A square root does the opposite of squaring a number. If squaring means multiplying a number by itself, then finding a square root means asking, “What number times itself equals this number?”


The square root symbol is x.


For example:


	9=3 because 3×3=9


	25=5 because 5×5=25


	64=8 because 8×8=64





This is why we say square roots are the inverse of squaring. They undo each other.


Here is that idea written both ways:

62=36
36=6

Perfect squares and square roots also connect to the area of a square. If a square has side length 4, then its area is:

4×4=16

So a square with area 16 has side length 16=4.


This is a helpful way to think about square roots: the square root of an area tells you the side length of the square.


Main Ideas to Remember


	A perfect square is the product of a whole number times itself.


	Squaring a number means raising it to the power of 2.


	A square root asks for the number that was multiplied by itself.


	Only some numbers are perfect squares.


	If a2=b, then b=a.





How to Tell if a Number is a Perfect Square

You can use one of these strategies:


	Think of square facts you know. For example, if you know 72=49, then 49 is a perfect square.


	Check nearby squares. For example, to test 50, notice that 72=49 and 82=64. Since 50 is between them, it is not a perfect square.


	Use arrays or square shapes. If objects can be arranged in a square with the same number of rows and columns, the total is a perfect square.





Worked Example 1: Find a Perfect Square

Is 81 a perfect square?

Ask: what whole number multiplied by itself equals 81?

9×9=81
So, 81 is a perfect square, and:

81=9

Worked Example 2: Find a Square Root

Find 49.

We need the number that times itself equals 49.

7×7=49
So:

49=7

Worked Example 3: Decide if a Number is a Perfect Square

Is 30 a perfect square?

Let’s look at nearby perfect squares:

52=25
62=36
The number 30 is between 25 and 36, but it is not equal to either one.

So, 30 is not a perfect square.


Worked Example 4: Use Area to Find a Side Length

A square has area 121 square units. What is the side length?

For a square, area equals side length times side length. So we need:

121
Since:

11×11=121
the side length is:

121=11
So the square’s side length is 11 units.


Common Mistakes to Avoid


	Do not confuse n2 with 2n. For example, 32=9, but 2×3=6.


	Do not assume every number has a whole-number square root. For example, 20 is not a whole number.


	Be careful to remember square facts correctly. For example, 82=64, not 16.





Helpful Square Root Facts


	1=1


	4=2


	9=3


	16=4


	25=5


	36=6


	49=7


	64=8


	81=9


	100=10





Quick Check


	Is 36 a perfect square? Yes, because 62=36.


	What is 100? 10


	Is 18 a perfect square? No, because it is between 42=16 and 52=25.


	A square has area 64 square units. What is its side length? 8 units





[image: 📋]   Summary

A perfect square is a number you get when you multiply a whole number by itself. A square root is the opposite operation: it tells you what number was squared.


Learning square facts like 12 through 122 will help you quickly recognize perfect squares and find square roots. You can also use square roots to find the side length of a square when you know its area.


  
  Put what you read to the test

  You've worked through Perfect Squares and Square Roots. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/605






  [image: 📝]   Lesson 27: Perfect Cubes and Cube Roots
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  Perfect Cubes and Cube Roots are about multiplying a number by itself three times, and then undoing that multiplication.


This idea connects to real life because cubes are 3-dimensional shapes. If a cube has side length 4 units, then its volume is found by multiplying the side length three times: 4×4×4=64. So, 64 is called a perfect cube.


In this lesson, you will learn what perfect cubes are, how to find them, and how to find cube roots.


1. What is a perfect cube?


A perfect cube is a number that can be written as a number multiplied by itself three times.


In math, we write this using an exponent of 3:


a3=a×a×a

Some examples are:



  	13=1×1×1=1

  	23=2×2×2=8

  	33=3×3×3=27

  	43=4×4×4=64

  	53=5×5×5=125

  	63=6×6×6=216




So the numbers 1,8,27,64,125,216 are all perfect cubes.


2. What is a cube root?


A cube root asks: “What number was multiplied by itself three times to make this number?”


The symbol for cube root is x3.


For example:


273=3

because


33=3×3×3=27

Cube roots and cubes are opposite operations.



  	If 43=64, then 643=4

  	If 23=8, then 83=2




3. Perfect cubes and volume


A cube has length, width, and height that are all the same. To find the volume of a cube, use:


V=s3

where V is volume and s is the side length.


Example: If a cube has side length 3 cm, then


V=33=27 cm3

If you know the volume and want the side length, use the cube root.


Example: If the volume is 125 cm3, then the side length is


1253=5 cm

4. How to recognize perfect cubes


To check if a number is a perfect cube, ask whether it matches one of the cube values of whole numbers.


It helps to memorize the first few perfect cubes:



  	13=1

  	23=8

  	33=27

  	43=64

  	53=125

  	63=216

  	73=343

  	83=512

  	93=729

  	103=1000




If a number is in this pattern, it is a perfect cube. If not, then it is not a perfect cube of a whole number.


For example:



  	64 is a perfect cube because 43=64

  	30 is not a perfect cube because no whole number multiplied three times gives 30




5. Worked examples


Example 1: Find the perfect cube


Find 33.


Multiply 3 by itself three times:


33=3×3×3=9×3=27

Answer: 27


Example 2: Find the cube root


Find 2163.


Ask: what number multiplied by itself three times equals 216?


We know:


63=6×6×6=216

So,


2163=6

Answer: 6


Example 3: Decide whether a number is a perfect cube


Is 100 a perfect cube?


Look at the nearby perfect cubes:



  	43=64

  	53=125




Since 100 is between 64 and 125, and it is not equal to either one, it is not a perfect cube.


Answer: No, 100 is not a perfect cube.


Example 4: Use cube root with volume


A cube has a volume of 343 cm3. What is its side length?


Use the cube root:


s=3433

Since


73=343

the side length is 7 cm.


Answer: 7 cm


6. Common mistakes to avoid



  	Do not confuse squaring and cubing. 42=16, but 43=64.

  	Remember that cubing means multiplying three equal factors. For example, 23=2×2×2, not 2×3.

  	Cube root means undoing a cube. If x3=125, then x=5.

  	Check the exact value. A number close to a perfect cube is not the same as being a perfect cube.




7. Quick practice ideas


Try asking yourself these questions:



  	What is 23?

  	What is 53?

  	What is 643?

  	Is 50 a perfect cube?

  	A cube has volume 512 cm3. What is its side length?




8. Summary


A perfect cube is a number made by multiplying the same whole number three times. A cube root tells you what number was multiplied by itself three times.


Perfect cubes include 1,8,27,64,125,216, and more. Cube roots are useful in number patterns and in finding the side length of a cube when you know its volume.


  
  Put what you read to the test

  You've worked through Perfect Cubes and Cube Roots. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/606
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  Properties of Integer Exponents help us simplify expressions with powers. An exponent tells how many times a base is multiplied by itself. For example, in 24, the base is 2 and the exponent is 4, so 24=2⋅2⋅2⋅2=16.


When we work with exponents, there are several important rules. These rules make it much easier to simplify expressions without writing out every multiplication.


1. Product of Powers Rule

If the bases are the same and we multiply, we add the exponents:

am⋅an=am+n
This works because we are combining repeated multiplication of the same base.

Example:

32⋅34=32+4=36=729
Check by expanding:

32=3⋅3,34=3⋅3⋅3⋅3
32⋅34=3⋅3⋅3⋅3⋅3⋅3=36

2. Quotient of Powers Rule

If the bases are the same and we divide, we subtract the exponents:

aman=am−n
This rule works when a≠0.

Example:

5652=56−2=54=625
Check by expanding:

5⋅5⋅5⋅5⋅5⋅55⋅5=5⋅5⋅5⋅5=54

3. Power of a Power Rule

When a power is raised to another power, multiply the exponents:

(am)n=am⋅n
Example:

(23)4=23⋅4=212=4096
This means 23 is being multiplied by itself 4 times:

(23)4=23⋅23⋅23⋅23=212

4. Power of a Product Rule

If a product is raised to a power, raise each factor to that power:

(ab)n=anbn
Example:

(2⋅5)3=23⋅53=8⋅125=1000

5. Power of a Quotient Rule

If a quotient is raised to a power, raise the numerator and denominator to that power:

(ab)n=anbn
Example:

(34)2=3242=916

6. Zero Exponent Rule

Any nonzero number raised to the 0 power equals 1:

a0=1for a≠0
Examples:


	70=1

	(−3)0=1

	1000=1



This can be understood using the quotient rule:

a3a3=a3−3=a0
But any number divided by itself is 1, so a0=1.


7. Negative Exponent Rule

A negative exponent does not mean the answer is negative. It means take the reciprocal:

a−n=1anfor a≠0
Examples:


	2−3=123=18

	10−2=1102=1100



If the negative exponent is in the denominator, it can move to the numerator and become positive:

1x−4=x4

Important Notes to Remember


	These rules work best when the bases are the same.

	23+22 cannot be combined using exponent rules because it is addition, not multiplication.

	Be careful with negative numbers and parentheses.




For example, compare these two expressions:


	−22=−(22)=−4

	(−2)2=4



The parentheses change the meaning.


Worked Example 1: Multiply powers with the same base

Simplify 43⋅42.

Use the product of powers rule:

43⋅42=43+2=45
Now evaluate:

45=1024
Answer: 1024


Worked Example 2: Divide powers with the same base

Simplify 7573.

Use the quotient of powers rule:

7573=75−3=72
Now evaluate:

72=49
Answer: 49


Worked Example 3: Power of a power and zero exponent

Simplify (32)3⋅50.

First use the power of a power rule:

(32)3=32⋅3=36
Next use the zero exponent rule:

50=1
Now multiply:

36⋅1=729
Answer: 729


Worked Example 4: Negative exponents

Simplify 2325.

Use the quotient of powers rule:

2325=23−5=2−2
A negative exponent means reciprocal:

2−2=122=14
Answer: 14


Common Mistakes


	Mistake: am+an=am+n
This is false. Exponent rules do not work with addition.

	Mistake: Thinking a−n is negative.
It really means the reciprocal: a−n=1an.

	Mistake: Forgetting that a0=1 for any nonzero a.

	Mistake: Ignoring parentheses with negative numbers.




Quick Rule List


	Product of powers: am⋅an=am+n

	Quotient of powers: aman=am−n, a≠0

	Power of a power: (am)n=amn

	Power of a product: (ab)n=anbn

	Power of a quotient: (ab)n=anbn, b≠0

	Zero exponent: a0=1, a≠0

	Negative exponent: a−n=1an, a≠0




[image: 📋]   Summary

Exponent rules help us rewrite and simplify expressions quickly. When multiplying powers with the same base, add exponents. When dividing, subtract exponents. When raising a power to a power, multiply exponents.

Also remember that any nonzero number to the 0 power is 1, and a negative exponent means take the reciprocal. If you watch for same bases and use parentheses carefully, exponent problems become much easier.


  
  Put what you read to the test

  You've worked through Properties of Integer Exponents. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/607
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  Operations with Scientific Notation help us work with very large numbers and very small numbers in a neat, organized way.


Scientific notation writes a number as:


a×10n


where (a) is at least 1 but less than 10, and (n) is an integer.


For example:


	(3.2 \times 10^4 = 32{,}000)

	(5.7 \times 10^{-3} = 0.0057)




In this lesson, you will learn how to multiply, divide, add, and subtract numbers written in scientific notation.


First, remember the basic rule for proper scientific notation:


	The first factor must be a number from 1 up to, but not including, 10.

	The second factor is a power of 10.




So these are in scientific notation:


	(4.5 \times 10^6)

	(9.01 \times 10^{-2})




But these are not in correct scientific notation:


	(12.3 \times 10^4) because 12.3 is too large

	(0.4 \times 10^7) because 0.4 is too small




1. Multiplying in Scientific Notation


To multiply numbers in scientific notation, do two things:


	Multiply the decimal parts.

	Add the exponents.




This works because of the exponent rule:

10a×10b=10a+b


After multiplying, check whether your answer is still in proper scientific notation. If not, adjust it.


Worked Example 1

Multiply:

(2×103)(4×105)


Step 1: Multiply the decimal parts.

2×4=8


Step 2: Add the exponents.

103×105=103+5=108


Answer:

8×108


This is already in correct scientific notation because 8 is between 1 and 10.


Worked Example 2

Multiply:

(6×102)(3×104)


Step 1: Multiply the decimal parts.

6×3=18


Step 2: Add the exponents.

102×104=106


So we get:

18×106


But 18 is not between 1 and 10, so we must rewrite it.

18=1.8×101


Now combine that extra power of 10:

18×106=1.8×101×106=1.8×107


Final answer:

1.8×107


2. Dividing in Scientific Notation


To divide numbers in scientific notation, do two things:


	Divide the decimal parts.

	Subtract the exponents.




This works because:

10a10b=10a−b


Then check whether the answer is in proper scientific notation.


Worked Example 3

Divide:

8×1072×103


Step 1: Divide the decimal parts.

8÷2=4


Step 2: Subtract the exponents.

107÷103=107−3=104


Answer:

4×104


3. Adding and Subtracting in Scientific Notation


Adding and subtracting are different from multiplying and dividing.


You cannot just add or subtract the exponents right away.


Before adding or subtracting, the powers of 10 must be the same.


This is like adding like terms. For example, you can add 3 tens and 5 tens, but not 3 tens and 5 hundreds without rewriting one of them first.


Steps for adding or subtracting:


	Rewrite the numbers so they have the same power of 10.

	Add or subtract the decimal parts.

	Keep the power of 10.

	Rewrite if needed so the answer is in proper scientific notation.




Worked Example 4

Add:

3.2×105+4.5×105


The powers of 10 are already the same, so add the decimal parts:

3.2+4.5=7.7


Keep the power of 10:

7.7×105


Answer:

7.7×105


Now look at a subtraction example where the powers of 10 are different.


Worked Example 5

Subtract:

5.6×106−2.1×105


The powers of 10 are not the same, so rewrite one number.


Since:

2.1×105=0.21×106


Now the expression becomes:

5.6×106−0.21×106


Subtract the decimal parts:

5.6−0.21=5.39


Keep the power of 10:

5.39×106


Final answer:

5.39×106


4. How to Rewrite Numbers to Match Powers of 10


When you move the decimal one place to the left, the exponent increases by 1.

When you move the decimal one place to the right, the exponent decreases by 1.


For example:


	4.2×103=0.42×104

	7.8×105=78×104




These names represent the same value, just written in different ways.


5. About Significant Figures


When working in scientific notation, people often use scientific notation to show how precise a measurement is.


Significant figures are the digits that show the amount of detail in a number.


For 7th Grade, the most important idea is this: keep the digits given in the problem unless your teacher tells you to round.


For example:


	(3.20 \times 10^4) has three significant figures.

	(3.2 \times 10^4) has two significant figures.




If you are told to round, round only at the end unless your teacher says otherwise.


Common Mistakes to Avoid


	Do not add exponents when adding numbers. You only add exponents when multiplying.

	Do not subtract exponents when subtracting numbers. You subtract exponents when dividing.

	Make sure the first factor is between 1 and 10 in the final answer.

	Match powers of 10 before adding or subtracting.




Quick Check


	Multiply: (2 \times 10^3)(5 \times 10^2) = 10 \times 10^5 = 1 \times 10^6

	Divide: ((9 \times 10^8) \div (3 \times 10^2) = 3 \times 10^6)

	Add: (1.5 \times 10^4 + 2.5 \times 10^4 = 4.0 \times 10^4)

	Subtract: (7 \times 10^3 - 2 \times 10^3 = 5 \times 10^3)




[image: 📋]   Summary



	To multiply in scientific notation, multiply the decimal parts and add the exponents.

	To divide, divide the decimal parts and subtract the exponents.

	To add or subtract, first rewrite the numbers so they have the same power of 10.

	Always make sure your final answer is in proper scientific notation.




Scientific notation makes very large and very small numbers easier to read and calculate. Once you know which operation rule to use, the problems become much simpler.


  
  Put what you read to the test

  You've worked through Operations with Scientific Notation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/608






  
    
  [image: 📖]   Chapter 4

  Algebraic Expressions and Properties
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  Anatomy of an Algebraic Expression


When you first learn algebra, expressions can look like a new language. The good news is that algebraic expressions are built from a few important parts. Once you know the parts, the whole expression becomes much easier to understand.


In this lesson, you will learn how to identify the variables, constants, coefficients, and terms in an algebraic expression. These are the basic building blocks of algebra.


What is an algebraic expression?


An algebraic expression is a math phrase that can include numbers, variables, and operation symbols such as addition, subtraction, multiplication, and division. An expression does not have an equals sign.


Examples of algebraic expressions are:



	3x+5

	7n−2

	4a+3b

	12−y




Notice that none of these have an equals sign. If there were an equals sign, it would be an equation instead of just an expression.


Main parts of an algebraic expression


Let’s look at the expression 5x+3. This expression has several parts, and each part has a name.



	Variable




A variable is a letter that stands for a number. The value of the variable can change.


In 5x+3, the variable is x.



	Coefficient




A coefficient is the number multiplied by a variable.


In 5x+3, the coefficient of x is 5, because 5x means 5×x.


If a variable appears by itself, like x, its coefficient is 1, because x=1x.



	Constant




A constant is a number all by itself. It does not have a variable attached to it.


In 5x+3, the constant is 3.



	Term




A term is one part of an expression. Terms are separated by addition or subtraction signs.


In 5x+3, the terms are 5x and 3.


This means:



	Variable: x

	Coefficient: 5

	Constant: 3

	Terms: 5x, 3




How to spot terms


Terms are separated by plus or minus signs. This is very important.


For example, in the expression


8m−4+2n

the terms are:



	8m

	−4

	2n




The minus sign belongs with the term after it, so −4 is one term.


More than one variable


Some expressions have more than one variable. For example:


3a+2b−7

In this expression:



	The variables are a and b.

	The coefficient of a is 3.

	The coefficient of b is 2.

	The constant is −7.

	The terms are 3a, 2b, and −7.




Important note about subtraction


In algebra, subtraction can make a term negative. For example, in x−6, the terms are x and −6, not just 6.


In 4p−9q+2, the terms are:



	4p

	−9q

	2




That means the coefficient of q is −9, not 9.


Worked Example 1


Find the variables, coefficients, constant, and terms in:


6x+10

Step 1: Identify the terms.


The terms are separated by the plus sign, so the terms are 6x and 10.


Step 2: Find the variable.


The variable is x.


Step 3: Find the coefficient.


The coefficient is the number multiplying the variable. In 6x, the coefficient is 6.


Step 4: Find the constant.


The constant is the number without a variable, so it is 10.


Answer:



	Variable: x

	Coefficient: 6

	Constant: 10

	Terms: 6x, 10




Worked Example 2


Find the variables, coefficients, constant, and terms in:


9y−4

Step 1: Identify the terms.


The terms are 9y and −4.


Step 2: Find the variable.


The variable is y.


Step 3: Find the coefficient.


The coefficient of y is 9.


Step 4: Find the constant.


The constant is −4.


Answer:



	Variable: y

	Coefficient: 9

	Constant: −4

	Terms: 9y, −4




Worked Example 3


Find the variables, coefficients, constant, and terms in:


3a+5b−12

Step 1: Identify the terms.


The terms are 3a, 5b, and −12.


Step 2: Find the variables.


The variables are a and b.


Step 3: Find the coefficients.


The coefficient of a is 3, and the coefficient of b is 5.


Step 4: Find the constant.


The constant is −12.


Answer:



	Variables: a, b

	Coefficients: 3 for a, 5 for b

	Constant: −12

	Terms: 3a, 5b, −12




Worked Example 4


Find the variables, coefficients, constant, and terms in:


x−7+4z

Step 1: Identify the terms.


The terms are x, −7, and 4z.


Step 2: Find the variables.


The variables are x and z.


Step 3: Find the coefficients.


The coefficient of x is 1, because x=1x. The coefficient of z is 4.


Step 4: Find the constant.


The constant is −7.


Answer:



	Variables: x, z

	Coefficients: 1 for x, 4 for z

	Constant: −7

	Terms: x, −7, 4z




Common mistakes to avoid



	Forgetting that subtraction creates a negative term: In 5x−2, the constant is −2, not 2.

	Forgetting the invisible 1: In n+8, the coefficient of n is 1.

	Mixing up terms and factors: In 4x, this is one term, not two terms. The number 4 and the variable x are multiplied together.

	Calling every number a constant: A number attached to a variable, like the 5 in 5x, is a coefficient, not a constant.




Quick check


Try identifying the parts of this expression:


7m+2n−5

You should find:



	Variables: m, n

	Coefficients: 7 and 2

	Constant: −5

	Terms: 7m, 2n, −5




[image: 📋]   Summary


An algebraic expression is made of different parts. A variable is a letter that stands for a number. A coefficient is the number multiplying a variable. A constant is a number by itself. Terms are the parts of the expression separated by plus or minus signs.


If you can break an expression into terms and then look for variables, coefficients, and constants, you can understand the anatomy of almost any algebraic expression.


  
  Put what you read to the test

  You've worked through Anatomy of an Algebraic Expression. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/609






  [image: 📝]   Lesson 31: Translating Real-World Constraints into Algebra

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/651




  Translating Real-World Constraints into Algebra


In math, a constraint is a rule or condition that must be true.


In real life, we hear constraints in sentences like:


  	"You can spend at most $20."

  	"The total number of players is 15."

  	"The length is 3 more than the width."

  	"You must read at least 30 pages."




Algebra helps us turn these words into math symbols. This is called translating real-world constraints into algebra.


When we translate words into algebra, we often use:


  	Variables to stand for unknown numbers

  	Expressions to show relationships

  	Equations to show that two amounts are equal

  	Inequalities to show limits like greater than, less than, at least, or at most




Learning this skill helps you understand word problems and model real situations with math.


Step 1: Choose a variable


A variable is a letter that stands for a number we do not know yet.


For example:


  	Let x = number of notebooks

  	Let m = number of miles walked

  	Let w = width of a rectangle




Always decide what your variable means before writing an equation or inequality.


Step 2: Look for clue words


Word problems often contain clue words that tell you which operation or symbol to use.



  	Sum, total, more than usually mean addition

  	Difference, less than, fewer than usually mean subtraction

  	Times, product, twice, of usually mean multiplication

  	Per, each, quotient usually mean division




Some clue words tell you about a limit:


  	At least means greater than or equal to: ≥

  	At most means less than or equal to: ≤

  	More than means >

  	Less than means <

  	Exactly means equal to: =




Important: Be careful with phrases like less than. The order can matter.


For example:


  	"5 less than a number" means x−5

  	"A number is less than 5" means x<5




Step 3: Decide whether you need an expression, equation, or inequality


Use an expression when you are only describing a quantity.

Example: "Three more than a number" becomes x+3.


Use an equation when two amounts are equal.

Example: "The total cost is 18 dollars" becomes something like 3x=18.


Use an inequality when there is a limit or boundary.

Example: "You can spend at most 18 dollars" becomes something like 3x≤18.


Main idea 1: Translating totals and combinations


Many real-world problems combine two or more parts into one total.


Words like total, combined, and altogether often lead to addition.


If one amount depends on another, use a variable and write each part carefully.


Worked Example 1: Total number of tickets


An event sold child tickets and adult tickets. Let c be the number of child tickets sold. The number of adult tickets sold was 12 more than the number of child tickets. Write an expression for the total number of tickets sold.


Step A: Define the variable.

Let c = number of child tickets.


Step B: Write the other amount.

Adult tickets = c+12.


Step C: Add to find the total.

c+(c+12)

Simplify:

2c+12

Answer: The total number of tickets sold is 2c+12.


Main idea 2: Translating rate situations


A rate compares two different kinds of quantities, such as dollars per hour, miles per hour, or cost per item.


In many rate problems:


  	Cost = price per item × number of items

  	Distance = speed × time

  	Pay = hourly rate × number of hours




If there is a starting fee, add it after multiplying.


Worked Example 2: Budget with a rate


A bike rental shop charges $6 per hour. Mia has no more than $24 to spend. Let h be the number of hours she can rent the bike. Write an inequality.


Step A: Define the variable.

Let h = number of hours.


Step B: Write the cost expression.

Since the bike costs $6 per hour, the total cost is 6h.


Step C: Translate the constraint.

"No more than $24" means at most 24, so use ≤.


6h≤24

Answer: The inequality is 6h≤24.


This inequality shows that the cost must stay at or below 24 dollars.


Main idea 3: Translating geometric constraints


Geometry problems often describe lengths, widths, perimeters, and areas using words.


You can translate these descriptions into algebra by writing each measurement with a variable.


Common geometry facts for 7th Grade include:


  	Perimeter of a rectangle: P=2l+2w

  	Area of a rectangle: A=lw




If one side depends on another, write that relationship first.


Worked Example 3: Rectangle perimeter


The length of a rectangle is 4 units more than its width. The perimeter is 28 units. Write an equation.


Step A: Choose a variable.

Let w = width.


Step B: Write the length.

Length = w+4.


Step C: Use the perimeter formula.

P=2l+2w

Substitute the expressions:

2(w+4)+2w=28

Answer: The equation is 2(w+4)+2w=28


This equation represents the geometric constraint in algebra form.


Main idea 4: Translating “at least” and “at most” situations


Many real-world constraints are not exact totals. Instead, they set a minimum or maximum.


These are modeled with inequalities.



  	"At least 10" means x≥10

  	"At most 10" means x≤10

  	"More than 10" means x>10

  	"Less than 10" means x<10




Worked Example 4: Reading goal


Jordan wants to read at least 150 pages this week. He has already read 42 pages. Let p be the number of pages he still needs to read. Write an inequality.


Step A: Define the variable.

Let p = pages Jordan still needs to read.


Step B: Write the total pages read by the end of the week.

He already read 42 pages, and he will read p more pages, so the total is 42+p.


Step C: Translate "at least 150".

"At least" means ≥.


42+p≥150

Answer: The inequality is 42+p≥150.


How to check your translation


After writing algebra from words, check your work by asking:


  	Did I define my variable clearly?

  	Did I use the correct operation: add, subtract, multiply, or divide?

  	Did I choose equation or inequality correctly?

  	Do words like "at least" or "at most" match my symbol?

  	Does my algebra make sense in the real situation?




Common mistakes to avoid



  	Forgetting to define the variable. Always say what the letter means.

  	Using the wrong inequality symbol. Remember: at least ≥, at most ≤.

  	Mixing up word order. "3 less than a number" is x−3, not 3−x.

  	Leaving out part of the total. If there is a starting amount and an added amount, include both.

  	Confusing an expression with an equation. An expression has no equal sign. An equation does.




Try thinking through these quick translations



  	"A number increased by 9"
Expression: x+9


  	"The total cost for n movie tickets at $8 each is no more than $40"
Inequality: 8n≤40


  	"The length of a garden is 5 feet longer than its width"
If width is w, then length is w+5


  	"A runner jogs 3 miles per day for d days"
Expression: 3d





[image: 📋]   Summary


Translating real-world constraints into algebra means turning words into math symbols.


Start by choosing a variable. Then look for clue words that tell you what operations or symbols to use. Decide whether the situation needs an expression, an equation, or an inequality.


Remember that real-world constraints often include totals, rates, and limits. With practice, you can model these situations clearly and correctly in algebra.


  
  Put what you read to the test

  You've worked through Translating Real-World Constraints into Algebra. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/610






  [image: 📝]   Lesson 32: Evaluating Algebraic Expressions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/652




  Evaluating Algebraic Expressions means finding the value of an expression when you know what the variables stand for.


For example, in the expression x+5, if x=3, then you replace x with 3. The expression becomes 3+5, which equals 8.


This is an important algebra skill because variables can stand for different numbers. Once you know the value of the variable, you can calculate the value of the whole expression.


What is a variable?


A variable is a letter that stands for a number. Common variables are x, y, and n.



  	In x+4, the variable is x.

  	In 3m−2, the variable is m.

  	In a+b, the variables are a and b.




What is an algebraic expression?


An algebraic expression is a math phrase that includes numbers, variables, and operations such as addition, subtraction, multiplication, and division.



  	x+7

  	4n

  	2a−3b

  	m5+1




How to evaluate an algebraic expression


To evaluate an expression, follow these steps:



  	Substitute the given value for each variable.

  	Use parentheses around substituted numbers, especially if a number is negative.

  	Simplify using the order of operations.




Order of operations tells us the correct order to solve a math expression:



  	Parentheses

  	Exponents if there are any

  	Multiplication and division from left to right

  	Addition and subtraction from left to right




Even if there are no exponents, it is still important to multiply or divide before adding or subtracting.


Important note about multiplication


In algebra, writing a number right next to a variable means multiplication.



  	3x means 3×x

  	ab means a×b

  	2(y+4) means 2×(y+4)




Worked Example 1: One variable, one operation


Evaluate x+9 when x=4.


Step 1: Substitute.


x+9=4+9

Step 2: Simplify.


4+9=13

Answer: 13


Worked Example 2: One variable, multiplication and subtraction


Evaluate 5n−6 when n=3.


Step 1: Substitute.


5n−6=5(3)−6

Step 2: Multiply first.


5(3)=15

Now the expression is:


15−6

Step 3: Subtract.


15−6=9

Answer: 9


Worked Example 3: Two variables


Evaluate 2a+3b when a=4 and b=2.


Step 1: Substitute both values.


2a+3b=2(4)+3(2)

Step 2: Multiply.


2(4)=8and3(2)=6

Now the expression is:


8+6

Step 3: Add.


8+6=14

Answer: 14


Worked Example 4: Using parentheses and order of operations


Evaluate 3(x+2) when x=5.


Step 1: Substitute.


3(x+2)=3(5+2)

Step 2: Solve inside the parentheses first.


5+2=7

Now the expression is:


3(7)

Step 3: Multiply.


3(7)=21

Answer: 21


Be careful with negative numbers


If a variable equals a negative number, always put the number in parentheses when you substitute.


For example, evaluate 4−y when y=−2.


Substitute carefully:


4−y=4−(−2)

Subtracting a negative is the same as adding:


4−(−2)=4+2=6

If you forget the parentheses, it is easy to make a mistake.


Common mistakes to avoid



  	Forgetting to substitute every variable. If an expression has two variables, replace both.

  	Ignoring order of operations. Multiply and divide before adding and subtracting.

  	Forgetting that a number next to a variable means multiply. For example, 4x means 4×x, not 4+x.

  	Leaving out parentheses for negative numbers. Write (−3), not just −3, when substituting into an expression.




Quick check


Try these on your own:



  	Evaluate m+8 when m=7.

  	Evaluate 6p when p=4.

  	Evaluate 2x+y when x=3 and y=5.

  	Evaluate 2(n−1) when n=6.




Answers



  	7+8=15

  	6(4)=24

  	2(3)+5=6+5=11

  	2(6−1)=2(5)=10




[image: 📋]   Summary


To evaluate an algebraic expression, replace each variable with its given value and then simplify. Use parentheses when substituting, especially for negative numbers. Finally, follow the order of operations carefully to find the correct value.


  
  Put what you read to the test

  You've worked through Evaluating Algebraic Expressions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/611






  [image: 📝]   Lesson 33: Properties of Real Numbers

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/653




  Properties of Real Numbers help us understand how numbers behave when we add, subtract, multiply, and divide. These properties are important in algebra because they let us rewrite expressions in easier ways without changing their value.


When you start working with variables like x and y, these properties become very useful. They help you reorder numbers, group numbers, and recognize what does or does not change an expression.


In this lesson, you will learn the commutative property, associative property, identity property, zero property, and inverse property. You will also see how to use them in numerical and algebraic expressions.


1. Commutative Property


The word commutative means that numbers can change places, and the answer stays the same.


This property works for addition and multiplication.



	Addition: a+b=b+a

	Multiplication: a⋅b=b⋅a




Examples:


	3+5=5+3

	4⋅7=7⋅4

	x+9=9+x

	2y=y⋅2




Important: The commutative property does not work for subtraction or division.



	8−3≠3−8

	12÷4≠4÷12




2. Associative Property


The word associative means that numbers can be grouped in different ways, and the answer stays the same.


This property also works for addition and multiplication.



	Addition: (a+b)+c=a+(b+c)

	Multiplication: (a⋅b)⋅c=a⋅(b⋅c)




Examples:


	(2+6)+4=2+(6+4)

	(3⋅5)⋅2=3⋅(5⋅2)

	(x+3)+7=x+(3+7)




Important: The associative property does not work for subtraction or division.


For example,


(10−4)−2=6−2=4

10−(4−2)=10−2=8

Since 4≠8, subtraction is not associative.


3. Identity Property


An identity number is a number that keeps another number the same.


There are two identity properties:



	Additive Identity: Adding zero does not change a number.

	Multiplicative Identity: Multiplying by one does not change a number.




Formulas:


	a+0=a

	a⋅1=a




Examples:


	12+0=12

	x+0=x

	9⋅1=9

	1⋅y=y




4. Zero Property


The zero property of multiplication tells us that any number multiplied by zero equals zero.


Formula:


a⋅0=0

Examples:


	7⋅0=0

	0⋅15=0

	x⋅0=0




This is different from the additive identity. With addition, adding zero keeps the number the same. With multiplication, multiplying by zero makes the result zero.


5. Inverse Property


An inverse “undoes” a number.


There are two common inverse ideas:



	Additive Inverse: A number plus its opposite equals zero.

	Multiplicative Inverse: A number times its reciprocal equals one.




Formulas:


	a+(−a)=0

	a⋅1a=1, for a≠0




Examples:


	5+(−5)=0

	−8+8=0

	4⋅14=1

	35⋅53=1




In 7th Grade, you will often use the additive inverse when combining integers, such as 9+(−9)=0.


Why These Properties Matter in Algebra


In algebra, expressions can look complicated. Properties help you rewrite expressions in smarter ways.


For example, in 5+x, you can switch the order to write x+5 using the commutative property of addition. This can make expressions easier to read or compare.


You can also regroup terms to make mental math easier. For example, in (8+2)+7, it is helpful to regroup as 8+(2+7) so you can quickly add 2+7=9.


Worked Example 1: Using the Commutative Property


Rewrite 6+a with the variable first.


Step 1: Notice that this is addition.

Step 2: Use the commutative property to switch the order.


6+a=a+6

Answer: a+6


Worked Example 2: Using the Associative Property


Rewrite (4+9)+1 in a different grouping, then find the sum.


Step 1: Use the associative property of addition.


(4+9)+1=4+(9+1)

Step 2: Add inside the parentheses.


4+(9+1)=4+10=14

Answer: 14


Worked Example 3: Identifying a Property


What property is shown by this statement?


x⋅1=x

Step 1: Multiplying by 1 keeps the value the same.

Step 2: This matches the multiplicative identity property.


Answer: Identity Property of Multiplication


Worked Example 4: Combining Properties


Simplify and name the properties used:


(3+7)+(−10)

Step 1: Regroup using the associative property.


(3+7)+(−10)=3+(7+(−10))

Step 2: Add inside the parentheses.


7+(−10)=−3

So,


3+(−3)=0

Step 3: Recognize that a number and its opposite make zero.


Answer: The expression simplifies to 0. This uses the associative property and the inverse property.


How to Tell the Properties Apart



	Commutative: changes the order

	Associative: changes the grouping

	Identity: keeps the number the same

	Zero Property: multiplying by zero gives zero

	Inverse: combines a number with its opposite or reciprocal to make 0 or 1




Common Mistakes to Avoid



	Do not use the commutative property with subtraction or division.

	Do not use the associative property with subtraction or division.

	Remember that a+0=a, but a⋅0=0.

	Do not confuse identity with inverse. Identity keeps a number the same, but inverse combines with a number to make 0 or 1.




Quick Check



	Name the property: 9+m=m+9

	Name the property: (2⋅5)⋅x=2⋅(5⋅x)

	Name the property: y+0=y

	Name the property: 8⋅0=0

	Name the property: 11+(−11)=0




Answers:


	Commutative Property of Addition

	Associative Property of Multiplication

	Identity Property of Addition

	Zero Property of Multiplication

	Inverse Property of Addition




[image: 📋]   Summary


The properties of real numbers help you work with numbers and variables more easily. The commutative property changes order, the associative property changes grouping, the identity property keeps a number the same, the zero property tells what happens when multiplying by zero, and the inverse property shows how numbers can undo each other.


When solving algebra problems, these properties help you rewrite expressions in ways that are simpler and easier to understand. Learning to recognize them will make you stronger in both arithmetic and algebra.


  
  Put what you read to the test

  You've worked through Properties of Real Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/612






  [image: 📝]   Lesson 34: Combining Like Terms

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/654




  Combining Like Terms is a way to simplify an algebraic expression. When we simplify, we rewrite the expression so it is easier to read and work with, but it still means the same thing.
Before learning how to combine like terms, it helps to understand what a term is. A term is a number, a variable, or a number multiplied by a variable. In the expression 3x+5−2x+7, the terms are 3x, 5, −2x, and 7.
A like term has the same variable part. That means the same letters raised to the same powers. For example, 4x and −9x are like terms because they both have x. Also, 3y2 and 10y2 are like terms because they both have y2.
Terms that do not have the same variable part are unlike terms. For example, 5x and 5y are not like terms. Also, 2x and 2x2 are not like terms because x and x2 are different.
Think of like terms as objects of the same type. You can add 3 apples and 2 apples to get 5 apples. But you cannot combine 3 apples and 2 oranges into 5 of the same thing. In algebra, 3x+2x=5x, but 3x+2y cannot be combined.
When you combine like terms, you only add or subtract the coefficients. The coefficient is the number in front of the variable. In 6x, the coefficient is 6. In −3y, the coefficient is −3.
Here is the basic idea:
	2x+5x=7x
	9a−4a=5a
	3m+2n cannot be combined because m and n are different variables.

Constants are also like terms with each other. A constant is a number with no variable. For example, 4 and −9 are like terms, so they can be combined.
For example:
8+3−5=6Now let’s look at a step-by-step method for combining like terms.
	Find the terms. Look at the parts separated by plus or minus signs.
	Group like terms. Put terms with the same variable part together.
	Add or subtract the coefficients.
	Write the simplified expression.

Worked Example 1
Simplify 4x+3x.
Both terms have x, so they are like terms. Add the coefficients:
4+3=7So,
4x+3x=7xWorked Example 2
Simplify 6y−2y+5.
The terms are 6y, −2y, and 5.
6y and −2y are like terms, so combine them:
6y−2y=4yThe constant 5 stays the same.
So the simplified expression is:
4y+5Worked Example 3
Simplify 3a+7−5a+2.
First, group like terms:
	Variable terms: 3a and −5a
	Constants: 7 and 2

Now combine each group:
3a−5a=−2a 7+2=9So the simplified expression is:
−2a+9Worked Example 4
Simplify 2x+4+5x−3+x.
First, identify the like terms.
	2x, 5x, and x are like terms.
	4 and −3 are like terms.

Remember that x means 1x.
Now combine the x-terms:
2x+5x+x=2x+5x+1x=8xCombine the constants:
4−3=1So the simplified expression is:
8x+1Here are some important reminders:
	Only combine like terms. The variable part must match exactly.
	Keep the variable part the same. For example, 3x+2x=5x, not 5x2.
	Watch the signs. A minus sign belongs to the term after it. For example, 7k−10k=−3k.
	Remember invisible 1s. If you see x, it means 1x.

Let’s look at what cannot be combined:
	2x+3y cannot be combined because x and y are different.
	4x+6x2 cannot be combined because x and x2 are different.
	5ab+2a cannot be combined because ab and a are different variable parts.

A good way to check yourself is to ask: Do these terms have exactly the same variable part? If yes, combine them. If not, leave them separate.
You can also use combining like terms to rewrite expressions in a cleaner order. Usually, variable terms are written first, followed by constants. For example, instead of 5+3x, we often write 3x+5.
Let’s try a few quick practice ideas:
	7m+2m=9m
	10p−p=9p
	4+8−1=11
	3x+2+4x+6=7x+8

[image: 📋]   Summary
Combining like terms means adding or subtracting terms that have the same variable part. You combine the coefficients and keep the variable part unchanged. Constants can be combined with other constants. If the variable parts do not match exactly, the terms cannot be combined.


  
  Put what you read to the test

  You've worked through Combining Like Terms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/613






  [image: 📝]   Lesson 35: Distributive Property Expansion

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/655




  Distributive Property Expansion is a way to multiply one term by everything inside parentheses.
This is an important algebra skill because it helps us rewrite expressions in a simpler form. When we expand an expression, we remove the parentheses by multiplying correctly.
The distributive property says:
a(b+c)=ab+ac
This means the number or variable outside the parentheses must be multiplied by each term inside the parentheses.
If there is subtraction inside the parentheses, the rule is very similar:
a(b−c)=ab−ac
So the outside term still goes to every term inside.
Main idea: Multiply the outside factor by every term inside the parentheses.
	Multiply coefficients.
	Multiply variables when needed.
	Keep track of positive and negative signs.
	Then write the new expression without parentheses.

Here is a simple example of the pattern:
3(x+4)=3⋅x+3⋅4=3x+12
The 3 is distributed to both the 52 and the 4.
It can help to draw arrows from the outside term to each term inside the parentheses. This reminds you not to miss any term.
Why this works: If you think of parentheses as a grouped amount, then multiplying by the group means multiplying every part of the group.
For example, if you have 2 groups of 5	d + 3	d, then you really have:
2(d+3)=d+3+d+3=2d+6
This matches the distributive property.
Worked Example 1: Positive whole number outside parentheses
Expand:
4(x+5)
Step 1: Multiply 4 by each term inside the parentheses.
4⋅x+4⋅5
Step 2: Simplify each product.
4x+20
Answer: 4(x+5)=4x+20
Worked Example 2: Subtraction inside parentheses
Expand:
6(y−2)
Step 1: Distribute 6 to both terms.
6⋅y+6⋅(−2)
Step 2: Multiply carefully.
6y−12
Answer: 6(y−2)=6y−12
Notice that subtracting 2 means the second term is negative. That is why the result is 56y-1252, not 56y+1252.
Worked Example 3: Negative coefficient outside parentheses
Expand:
−3(2m+7)
Step 1: Multiply 5-352 by each term.
(−3)⋅2m+(−3)⋅7
Step 2: Multiply.
−6m−21
Answer: −3(2m+7)=−6m−21
When the outside number is negative, each product may change sign. Be extra careful with signs.
Worked Example 4: Fractional coefficient
Expand:
12(8n−6)
Step 1: Distribute 12 to each term.
12⋅8n+12⋅(−6)
Step 2: Multiply.
4n−3
Answer: 12(8n−6)=4n−3
Fractions work the same way as whole numbers. The outside factor still multiplies every term inside.
How to multiply variables
If the outside factor and inside term both have variables, multiply the numbers and then the variables.
Example:
2x(3x+4)
Distribute 2x:
2x⋅3x+2x⋅4
Now simplify:
6x2+8x
You may see this type of problem as you practice more. The same distributive idea still works.
Common mistakes to avoid
	Forgetting a term: Every term inside the parentheses must be multiplied.
	Sign mistakes: A negative outside the parentheses changes signs when multiplied.
	Only multiplying the first term: For example, 5(a+2)≠5a+2. The correct expansion is 5a+10.
	Rushing with fractions: Multiply the fraction by each term carefully.

Helpful sign reminders
	Positive times positive = positive
	Positive times negative = negative
	Negative times positive = negative
	Negative times negative = positive

Quick check examples
Try to think through these:
	2(a+9)=2a+18
	5(k−1)=5k−5
	−4(p−3)=−4p+12
	34(8x+12)=6x+9

Steps you can follow every time
	Look at the factor outside the parentheses.
	Multiply it by the first term inside.
	Multiply it by the second term inside.
	If there are more terms, keep going until every term is used.
	Simplify the products.
	Check your signs.

[image: 📋]   Summary
The distributive property helps you expand expressions by multiplying the outside factor by every term inside the parentheses.
Remember the patterns:
a(b+c)=ab+ac
a(b−c)=ab−ac
If the outside factor is negative or a fraction, the rule stays the same. The most important thing is to multiply every term and watch the signs carefully.


  
  Put what you read to the test

  You've worked through Distributive Property Expansion. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/614






  [image: 📝]   Lesson 36: Factoring Linear Expressions
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  Factoring Linear Expressions means rewriting an expression as a product. In 7th grade, this usually means finding the Greatest Common Factor (GCF) of all the terms and pulling it out.


Factoring is the reverse of the distributive property. For example, if you know that


3(x+2)=3x+6,


then factoring goes backward:


3x+6=3(x+2).


In this lesson, you will learn how to factor linear expressions by finding the GCF and using the distributive property in reverse.


Why do we factor?


  	It helps us rewrite expressions in a simpler, more organized form.

  	It shows the parts that are being multiplied.

  	It helps later when solving equations and working with algebra.




Step 1: Find the greatest common factor.


The GCF is the largest factor that every term has in common.


For numbers, look for the biggest number that divides each term. For example, in 8x and 12, the GCF of 8 and 12 is 4.


If the terms have the same variable, that variable can also be part of the GCF. For example, in 6x and 9x, both terms have x, so the GCF is 3x.


Step 2: Divide each term by the GCF.


After you find the GCF, divide each term by it. The answers go inside parentheses.


For example, to factor 10x+15:


  	The GCF of 10 and 15 is 5.

  	Divide each term by 5: 10x÷5=2x and 15÷5=3.

  	So, 10x+15=5(2x+3).




Step 3: Check by distributing.


A great way to check your factoring is to distribute and see if you get the original expression back.


For example:

5(2x+3)=10x+15


Since it matches the original expression, the factoring is correct.


Important idea: Every term must be divided by the GCF.


If an expression has two or three terms, the factor you pull out must be common to all of them.


For example, in 12x+18−6, the numbers 12, 18, and 6 all share a GCF of 6. So 6 can be factored out of every term.


Worked Example 1


Factor:

8x+12


Step A: Find the GCF of 8 and 12. It is 4.

Step B: Divide each term by 4.


  	8x÷4=2x

  	12÷4=3



Answer:

8x+12=4(2x+3)


Check:

4(2x+3)=8x+12


Worked Example 2


Factor:

6x+9x


Both terms have a number factor and a variable factor in common.


Step A: The GCF of 6 and 9 is 3. Both terms also have x. So the GCF is 3x.

Step B: Divide each term by 3x.


  	6x÷3x=2

  	9x÷3x=3



Answer:

6x+9x=3x(2+3)


This is a correct factored form because distributing gives the original expression back.


Check:

3x(2+3)=6x+9x


Worked Example 3


Factor:

15x+20


Step A: The GCF of 15 and 20 is 5.

Step B: Divide each term by 5.


  	15x÷5=3x

  	20÷5=4



Answer:

15x+20=5(3x+4)


Check:

5(3x+4)=15x+20


Worked Example 4


Factor:

12x+18−6


This expression has three terms, so we need a factor common to all three.


Step A: The GCF of 12, 18, and 6 is 6.

Step B: Divide each term by 6.


  	12x÷6=2x

  	18÷6=3

  	−6÷6=−1



Answer:

12x+18−6=6(2x+3−1)


Check:

6(2x+3−1)=12x+18−6


How to know if an expression is fully factored


An expression is fully factored when there is no greater common factor left inside and outside the parentheses.


For example, 12x+16 can be factored as 2(6x+8), but it is not fully factored because 6 and 8 still share a factor of 2.


The best factored form is:

12x+16=4(3x+4)


Common mistakes to avoid


  	Not using the greatest common factor. Always look for the largest one.

  	Forgetting a term. Every term must be divided by the factor you pull out.

  	Dropping the sign. If a term is negative, keep the negative sign when dividing.

  	Not checking your work. Distribute to make sure your factored form matches the original expression.




Helpful strategy


  	Circle the terms in the expression.

  	Find the biggest factor all terms share.

  	Write that factor outside parentheses.

  	Divide each term by the factor and write the results inside parentheses.

  	Check by distributing.




Try thinking through these on your own:


  	14x+21=7(2x+3)

  	9x+3=3(3x+1)

  	20x+10−5=5(4x+2−1)




[image: 📋]   Summary


Factoring linear expressions means using the distributive property backward. You find the greatest common factor of all the terms, pull it out, and place what is left inside parentheses.


Always make sure every term is divided by the GCF, and check your answer by distributing. With practice, factoring becomes a quick way to rewrite expressions clearly and correctly.


  
  Put what you read to the test

  You've worked through Factoring Linear Expressions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/615
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  Proving Expression Equivalence means deciding whether two algebraic expressions always have the same value.
Two expressions are equivalent if they match for every value of the variable. If they only match sometimes, then they are not equivalent.
For example, the expressions 2(x+3) and 2x+6 are equivalent because no matter what number you use for x, both expressions give the same result.
This idea is important because in algebra, expressions can look different but still mean the same thing. Your job is to learn how to prove when that is true and when it is not.
There are two main ways to check expression equivalence:
	Simplify or rewrite the expressions using algebra rules.
	Test values for the variable. This can help disprove equivalence if you find a value that gives different results.

Important: Testing values can show that two expressions are not equivalent if you find even one counterexample. But testing a few values does not fully prove that two expressions are equivalent for all values. To prove equivalence, it is best to use algebra rules.
Useful algebra rules for proving equivalence:
	Distributive property: a(b+c)=ab+ac
	Combine like terms: 3x+2x=5x
	Commutative property: order can change in addition or multiplication, such as x+5=5+x
	Associative property: grouping can change in addition or multiplication, such as (x+2)+3=x+(2+3)

When working with expressions, always look for ways to rewrite them into a simpler form. If both expressions simplify to the same result, then they are equivalent.
Step-by-step method
	Look at both expressions carefully.
	Simplify each one by distributing, combining like terms, or rearranging terms.
	Compare the simplified forms.
	If the simplified forms are the same, the expressions are equivalent.
	If they are different, try a test value. If one value gives different answers, they are not equivalent.

Worked Example 1: A basic equivalence
Are 3(x+4) and 3x+12 equivalent?
Step 1: Simplify the first expression.
Use the distributive property:
3(x+4)=3x+12
Step 2: Compare.
The second expression is already 3x+12.
So both expressions are the same after simplifying.
Conclusion: 3(x+4) and 3x+12 are equivalent.
Worked Example 2: Combining like terms
Are 5x+2+x and 6x+2 equivalent?
Step 1: Combine like terms in the first expression.
5x+2+x=5x+x+2=6x+2
Step 2: Compare.
The second expression is 6x+2.
Conclusion: 5x+2+x and 6x+2 are equivalent.
Worked Example 3: Expressions that are not equivalent
Are 2(x+5) and 2x+5 equivalent?
Step 1: Simplify the first expression.
2(x+5)=2x+10
Step 2: Compare.
We get 2x+10, but the second expression is 2x+5.
These are not the same.
Step 3: Use a test value to confirm.
Let x=1.
	First expression: 2(1+5)=2(6)=12
	Second expression: 2(1)+5=7

The values are different.
Conclusion: 2(x+5) and 2x+5 are not equivalent.
This test value is called a counterexample. A counterexample is one value that shows two expressions are not always equal.
Worked Example 4: More than one step
Are 4(y+2)−3y and y+8 equivalent?
Step 1: Distribute.
4(y+2)−3y=4y+8−3y
Step 2: Combine like terms.
4y+8−3y=y+8
Step 3: Compare.
The second expression is y+8.
Conclusion: 4(y+2)−3y and y+8 are equivalent.
How to disprove equivalence
Sometimes two expressions look similar, but they are not the same. If simplifying does not make them match, you can disprove equivalence by finding a counterexample.
For example, compare x+x and x2.
If x=2:
	x+x=2+2=4
	x2=22=4

These match for x=2, but that does not prove they are equivalent.
Try x=3:
	x+x=3+3=6
	x2=32=9

Now they are different.
Conclusion: x+x and x2 are not equivalent.
This is a good reminder: one matching value is not enough. Equivalent expressions must match for all values.
Common mistakes to avoid
	Forgetting to distribute to every term. For example, 3(x+2) is 3x+6, not 3x+2.
	Combining unlike terms. For example, 3x+2 cannot become 5x.
	Thinking one test value proves equivalence. A few test values can suggest a pattern, but algebraic rewriting is the best proof.
	Mixing up x+x and x2. These are different expressions.

Quick practice ideas
Try deciding whether each pair is equivalent:
	2a+3a and 5a
	5(m+1) and 5m+1
	7+n+2 and n+9
	3(k+4)−k and 2k+12

As you work, simplify both sides and compare. If they do not match, test a value to find a counterexample.
[image: 📋]   Summary
To prove two expressions are equivalent, rewrite them using algebra rules like the distributive property and combining like terms. If both expressions simplify to the same form, they are equivalent.
To disprove equivalence, find a counterexample: one value of the variable that makes the expressions give different answers. Remember, equivalent expressions must be equal for every value, not just one or two.


  
  Put what you read to the test

  You've worked through Proving Expression Equivalence. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/616






  
    
  [image: 📖]   Chapter 5

  Linear Equations and Inequalities
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  Equality and the Balance Model


In maths, an equation is a number sentence that uses the equals sign, =. The equals sign means that the value on the left side is exactly the same as the value on the right side.


For example, in 7+3=10, both sides have the same value. The left side equals 10, and the right side also equals 10. That is why the equation is true.


A helpful way to understand equality is the balance model. Imagine a balance scale. If both sides weigh the same, the scale stays level. If one side changes and the other side does not, the scale tips. Equations work the same way.


When we solve equations, our goal is to keep the equation balanced while finding the value of the unknown number, called the variable. A variable is usually shown with a letter such as x, n, or y.


Key idea: If you do the same operation to both sides of an equation, the equation stays equal.


This idea is called the Properties of Equality. In 7th Grade, the most important ones are:



  	Addition Property of Equality: You can add the same number to both sides.

  	Subtraction Property of Equality: You can subtract the same number from both sides.

  	Multiplication Property of Equality: You can multiply both sides by the same number.

  	Division Property of Equality: You can divide both sides by the same nonzero number.




These properties help us keep the balance while we isolate the variable. To isolate the variable means to get the variable by itself on one side of the equation.


Let us connect this to the balance model.


If a scale shows:


x+4=9

you can think of the left side as a box with unknown weight x and 4 extra units, and the right side as 9 units. To keep the scale balanced, if you remove 4 from the left side, you must also remove 4 from the right side.


x+4−4=9−4
x=5

The equation stays balanced, and now we know that x=5.


Why inverse operations matter


An inverse operation undoes another operation.



  	Addition and subtraction are inverses.

  	Multiplication and division are inverses.




When solving an equation, we use inverse operations to undo what is happening to the variable.


For example:



  	If the equation is x+6=14, subtract 6 from both sides.

  	If the equation is x−3=8, add 3 to both sides.

  	If the equation is 5x=20, divide both sides by 5.

  	If the equation is x4=7, multiply both sides by 4.




Important rule: Never do something to only one side of the equation. That would break the balance.


For example, if you start with x+2=10 and subtract 2 from only the left side, you would get x=10, which is not true. The correct step is:


x+2−2=10−2
x=8

Now the equation is still balanced.


Worked Example 1: One-step equation using subtraction


Solve:


x+7=15

The variable has 7 added to it. To undo that, subtract 7 from both sides.


x+7−7=15−7
x=8

Check: Substitute 8 for x.


8+7=15

This is true, so the solution is correct.


Worked Example 2: One-step equation using addition


Solve:


y−5=12

The variable has 5 subtracted from it. Use the inverse operation, so add 5 to both sides.


y−5+5=12+5
y=17

Check:


17−5=12

This is true.


Worked Example 3: One-step equation using division


Solve:


6n=30

The variable is multiplied by 6. Undo that by dividing both sides by 6.


6n6=306
n=5

Check:


6(5)=30
30=30

The solution is correct.


Worked Example 4: A two-step equation


Solve:


2x+3=11

We want to isolate x. Follow the order of operations backward.


First, undo the +3 by subtracting 3 from both sides.


2x+3−3=11−3
2x=8

Next, undo the multiplication by 2 by dividing both sides by 2.


2x2=82
x=4

Check:


2(4)+3=11
8+3=11

This is true, so x=4.


How to solve equations with the balance model



  	Look at the variable and decide what is being done to it.

  	Use the inverse operation to undo it.

  	Do the same operation to both sides.

  	Keep going until the variable is alone.

  	Check your answer by substituting it back into the original equation.




Common mistakes to avoid



  	Only changing one side: Always do the same thing to both sides.

  	Using the wrong inverse operation: If you see addition, use subtraction. If you see multiplication, use division.

  	Forgetting to check: Substituting your answer back into the equation helps catch mistakes.




Equality and true equations


An equation is true when both sides have the same value. It is false when they do not.


For example:



  	4+6=10 is true.

  	9=3+5 is false, because 3+5=8, not 9.

  	x+2=7 is true only when x=5.




Why this matters


The balance model is one of the most important ideas in algebra. It helps you solve equations in a fair and organized way. As equations get harder, the same idea still works: keep both sides balanced and use inverse operations.


Brief Summary


Equality means both sides of an equation have the same value. The balance model shows that equations stay true only when we do the same operation to both sides. We use the Properties of Equality and inverse operations to isolate the variable and solve equations correctly.


  
  Put what you read to the test

  You've worked through Equality and the Balance Model. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/617
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  Solving One- and Two-Step Equations means finding the value of a variable that makes an equation true.


An equation is a math sentence with an equals sign, like x+5=12. A variable is a letter that stands for an unknown number.


A helpful way to think about equations is the balance model. Imagine a balance scale. If both sides are equal, the scale stays balanced. If you do the same thing to both sides, it stays balanced.


That idea is the key to solving equations: whatever you do to one side, you must do to the other side.


When solving equations, we use inverse operations. Inverse operations undo each other:



  	Addition and subtraction are inverses.

  	Multiplication and division are inverses.




Our goal is to isolate the variable, which means get the variable by itself on one side of the equation.


One-step equations need only one inverse operation to solve. Two-step equations need two inverse operations.


For two-step equations, work in reverse order of operations. Since order of operations says multiply/divide before add/subtract, solving usually goes the other way: undo addition or subtraction first, then undo multiplication or division.


Main idea: Keep the equation balanced and undo operations step by step until the variable is alone.


How to solve a one-step equation



  	Look at what is happening to the variable.

  	Use the inverse operation to undo it.

  	Do the same thing to both sides.

  	Check your answer by substituting it back into the equation.




Worked Example 1: One-step addition equation


Solve x+7=19.


The variable x has 7 added to it. To undo that, subtract 7 from both sides.


x+7=19

x+7−7=19−7

x=12

Check:


12+7=19

This is true, so the solution is x=12.


Worked Example 2: One-step multiplication equation


Solve 5y=35.


The variable y is being multiplied by 5. To undo that, divide both sides by 5.


5y=35

5y5=355

y=7

Check:


5(7)=35

This is true, so the solution is y=7.


How to solve a two-step equation



  	Find the operations attached to the variable.

  	Undo the addition or subtraction first.

  	Then undo the multiplication or division.

  	Do each step to both sides.

  	Check your answer.




Worked Example 3: Two-step equation with addition and multiplication


Solve 3x+4=19.


Here, x is multiplied by 3, then 4 is added. Undo the 4 first by subtracting 4 from both sides.


3x+4=19

3x+4−4=19−4

3x=15

Now undo the multiplication by 3 by dividing both sides by 3.


3x3=153

x=5

Check:


3(5)+4=15+4=19

This is true, so the solution is x=5.


Worked Example 4: Two-step equation with subtraction and division


Solve m4−2=6


The variable m is divided by 4, then 2 is subtracted. Undo the subtraction first by adding 2 to both sides.


m4−2=6

m4−2+2=6+2

m4=8

Now undo the division by 4 by multiplying both sides by 4.


4⋅m4=8⋅4

m=32

Check:


324−2=8−2=6

This is true, so the solution is m=32.


Tips for success



  	Keep the equation balanced: Always do the same operation to both sides.

  	Use inverse operations: Subtract to undo addition, add to undo subtraction, divide to undo multiplication, and multiply to undo division.

  	Work step by step: Do not try to do too much at once.

  	Solve in reverse order: For two-step equations, undo the last thing done to the variable first.

  	Check your answer: Put the value back into the original equation.




Common mistakes to avoid



  	Only changing one side of the equation.

  	Using the wrong inverse operation.

  	Not following reverse order when solving two-step equations.

  	Forgetting to check the answer.




Quick review


If you see x+9=14, subtract 9 from both sides.


If you see 6x=42, divide both sides by 6.


If you see 2x−3=11, add 3 first, then divide by 2.


If you see x5+1=7, subtract 1 first, then multiply by 5.


[image: 📋]   Summary


To solve one- and two-step equations, isolate the variable by using inverse operations. Keep the equation balanced by doing the same thing to both sides. For two-step equations, undo operations in reverse order, and always check your solution at the end.


  
  Put what you read to the test

  You've worked through Solving One- and Two-Step Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/618
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  Equations with Rational Coefficients


Sometimes an equation has a number in front of the variable that is a fraction or a decimal. These are called rational coefficients.


For example, in the equation 34x=12, the coefficient of x is 34. In the equation 0.6y=9, the coefficient of y is 0.6.


The goal is still the same as in all one-step and two-step equations: isolate the variable. That means get the variable by itself.


A helpful way to think about solving equations is the balance model. An equation is like a balanced scale. Whatever you do to one side, you must also do to the other side to keep it balanced.


There are two common ways to solve equations with rational coefficients:



  	Use the reciprocal to undo a fraction coefficient.

  	Clear the denominators by multiplying every term by the same number.




Let’s learn each method.


1. Using reciprocals


A reciprocal is the “flip” of a fraction. The reciprocal of 34 is 43. When you multiply a fraction by its reciprocal, the result is 1.


For example,


34⋅43=1

That is useful because multiplying by 1 leaves just the variable:


34x⋅43=1x=x

So if a variable has a fraction coefficient, you can multiply both sides of the equation by the reciprocal of that fraction.


2. Clearing denominators


Sometimes an equation has fractions in more than one place, such as


12x+34=52

In a case like this, it can be easier to get rid of all the fractions first. To do that, multiply every term by a common denominator.


The denominators here are 2, 4, and 2. A common denominator is 4. Multiplying every term by 4 removes the fractions and gives an easier equation to solve.


3. What about decimals?


Decimals are also rational numbers. You can solve decimal equations by dividing or multiplying, just like with whole numbers.


Sometimes it helps to turn the decimal into a fraction. For example, 0.5=12 and 1.2=1210=65. Other times, it is easier to keep the decimal and use inverse operations.


Important solving steps



  	Look at the equation carefully.

  	Decide whether using a reciprocal or clearing denominators will be easier.

  	Do the same operation to both sides.

  	Simplify step by step.

  	Check your answer by substituting it back into the original equation.




Worked Example 1: One-step equation with a fraction coefficient


Solve:


25x=8

The coefficient of x is 25. Its reciprocal is 52.


Multiply both sides by 52:


52⋅25x=8⋅52

Simplify:


x=402=20

Check:


25(20)=8

The answer is correct, so


x=20

Worked Example 2: One-step equation with a decimal coefficient


Solve:


0.4y=6

To undo multiplying by 0.4, divide both sides by 0.4:


y=60.4

y=15

Check:


0.4(15)=6

So the solution is


y=15

Worked Example 3: Two-step equation with fractions


Solve:


34x+2=11

First, subtract 2 from both sides:


34x=9

Now undo 34 by multiplying both sides by its reciprocal, 43:


x=9⋅43

x=363=12

Check:


34(12)+2=9+2=11

So,


x=12

Worked Example 4: Clearing denominators


Solve:


13x+16=56

The denominators are 3, 6, and 6. A common denominator is 6.


Multiply every term by 6:


6(13x)+6(16)=6(56)

Simplify each term:


2x+1=5

Now solve the simpler equation.


Subtract 1 from both sides:


2x=4

Divide both sides by 2:


x=2

Check:


13(2)+16=26+16=36=12

56≠12

That means we need to look back. Let’s check the solving steps again.


Starting from


13x+16=56

Multiply every term by 6:


2x+1=5

Subtract 1:


2x=4

Divide by 2:


x=2

Now check carefully in the original equation:


13(2)+16=23+16

Write 23 as sixths:


23=46

So,


46+16=56

The answer is correct. Therefore,


x=2

Tips for success



  	If the coefficient is a fraction, think: multiply by the reciprocal.

  	If there are several fractions, think: clear the denominators.

  	If the coefficient is a decimal, you can often divide by that decimal.

  	Always do the same thing to both sides of the equation.

  	Always check your solution.




Common mistakes to avoid



  	Multiplying only one term when clearing denominators. You must multiply every term.

  	Forgetting to use the reciprocal of a fraction coefficient.

  	Making errors when adding fractions during the check.

  	Stopping too early before the variable is by itself.




Quick practice ideas



  	Solve 56x=10

  	Solve 1.5m=12

  	Solve 23n−1=7

  	Solve 14p+38=78




[image: 📋]   Summary


Equations with rational coefficients can be solved using the same balance idea as other equations. When the coefficient is a fraction, multiply both sides by the reciprocal. When an equation has several fractions, multiply every term by a common denominator to clear the fractions. When the coefficient is a decimal, use inverse operations like division. Then always check your answer in the original equation.


  
  Put what you read to the test

  You've worked through Equations with Rational Coefficients. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/619
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  Lesson: Multi-Step Equations and Combining Terms


When you solve an equation, your goal is to find the value of the variable that makes the equation true. In this lesson, you will learn how to solve multi-step equations, especially equations that require you to distribute and combine like terms before solving.


These equations may look more complicated at first, but they follow the same big idea as simpler equations: keep the equation balanced and undo operations step by step.


What is a multi-step equation?


A multi-step equation is an equation that takes more than one step to solve. You may need to:


  	Use the distributive property,

  	Combine like terms,

  	Add or subtract terms from both sides,

  	Multiply or divide to isolate the variable.




What are like terms?


Like terms are terms that have the same variable part. For example, 3x and −5x are like terms because they both have x. Also, 7 and −2 are like terms because they are both constants.


These are like terms:


  	4x and 9x

  	−2y and 5y

  	8 and −3




These are not like terms:


  	3x and 3y

  	4x and 4x2

  	2a and 2




How do you combine like terms?


To combine like terms, add or subtract their coefficients.


Example:

3x+5x=8x

10−4=6

7y−2y+3=5y+3


What is the distributive property?


The distributive property means multiplying a number outside parentheses by every term inside the parentheses.


a(b+c)=ab+ac


For example:

3(x+4)=3x+12

−2(x−5)=−2x+10


Be very careful with negative signs. A negative number distributed across parentheses can change the signs of the terms inside.


Steps for solving multi-step equations



  	Use the distributive property if there are parentheses.

  	Combine like terms on each side of the equation.

  	Move variable terms to one side and constants to the other side.

  	Use inverse operations to isolate the variable.

  	Check your answer by substituting it back into the original equation.




Think of solving equations like cleaning up a messy room. First, simplify what you can. Then solve what is left.


Worked Example 1: Combine like terms first


Solve:

3x+4+2x=19


Step 1: Combine like terms.

3x and 2x are like terms.

5x+4=19


Step 2: Subtract 4 from both sides.

5x=15


Step 3: Divide both sides by 5.

x=3


Check:

Substitute x=3 into the original equation:

3(3)+4+2(3)=9+4+6=19

The answer is correct.


Worked Example 2: Use distribution


Solve:

4(x+2)=20


Step 1: Distribute the 4.

4x+8=20


Step 2: Subtract 8 from both sides.

4x=12


Step 3: Divide both sides by 4.

x=3


Check:

4(3+2)=4(5)=20

The answer is correct.


Worked Example 3: Distribute and combine like terms


Solve:

2(x+3)+4x=18


Step 1: Distribute.

2x+6+4x=18


Step 2: Combine like terms.

2x+4x=6x

6x+6=18


Step 3: Subtract 6 from both sides.

6x=12


Step 4: Divide by 6.

x=2


Check:

2(2+3)+4(2)=2(5)+8=10+8=18

The answer is correct.


Worked Example 4: Variables on both sides


Solve:

3(x+1)+2x=x+14


Step 1: Distribute.

3x+3+2x=x+14


Step 2: Combine like terms on the left side.

5x+3=x+14


Step 3: Subtract x from both sides.

4x+3=14


Step 4: Subtract 3 from both sides.

4x=11


Step 5: Divide by 4.

x=114


You can also write this as 234.


Check:

Substitute x=114 into the original equation.

Left side:

3(114+1)+2(114)

3(154)+224=454+224=674

Right side:

114+14=114+564=674

Both sides are equal, so the answer is correct.


Tips for success


  	Distribute carefully. Multiply the number outside the parentheses by every term inside.

  	Watch negative signs. They can change the signs of terms when you distribute.

  	Combine only like terms. Terms must have the same variable part.

  	Keep the equation balanced. Whatever you do to one side, do to the other side.

  	Check your solution. Put your answer back into the original equation.




Common mistakes to avoid


  	Forgetting to distribute to every term inside parentheses.

  	Combining terms that are not like terms.

  	Making sign mistakes with subtraction or negative numbers.

  	Solving before simplifying the equation.




Quick practice ideas

Try solving these on your own:


  	5(x+1)=25

  	2x+7+3x=22

  	3(x−2)+x=10

  	4(x+3)=2x+18




[image: 📋]   Summary


Multi-step equations often need you to simplify before solving. Start by using the distributive property, then combine like terms. After that, use inverse operations to isolate the variable. If you work carefully and keep both sides balanced, you can solve even complicated equations step by step.


  
  Put what you read to the test

  You've worked through Multi-Step Equations and Combining Terms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/620
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  Variables on Both Sides means solving an equation where the variable appears on the left side and the right side of the equals sign.
For example, in the equation 3x+5=x+17, the variable x is on both sides. Our job is to move the variable terms to one side, move the number terms to the other side, and then solve.
A helpful way to think about equations is the balance model. The equals sign means both sides are equal, like two sides of a balanced scale. If you do the same thing to both sides, the equation stays balanced.
The goal: get all the variable terms on one side and all the constant terms on the other side.
Here is the basic plan:
	Choose which side will keep the variable. Usually, it is easiest to keep the variable positive.
	Add or subtract to move variable terms to one side.
	Add or subtract to move number terms to the other side.
	Divide or multiply if needed to get the variable alone.
	Check your answer by substituting it back into the original equation.

Important words:
	Variable: a letter that stands for an unknown number, like x.
	Constant: a number without a variable, like 7 or −3.
	Coefficient: the number in front of a variable, like the 4 in 4x.

When solving equations with variables on both sides, it helps to group like terms carefully:
	Variable terms go together: 3x, −2x, x
	Constant terms go together: 5, −8, 12

Let’s look at some examples.
Example 1: A basic equation with variables on both sides
Solve:
3x+5=x+17
Step 1: Move the variable terms to one side. Subtract x from both sides.
3x−x+5=x−x+17
2x+5=17
Step 2: Move the constant term away from the variable. Subtract 5 from both sides.
2x+5−5=17−5
2x=12
Step 3: Divide both sides by 2.
x=6
Check:
Left side: 3(6)+5=18+5=23
Right side: 6+17=23
Both sides are equal, so x=6 is correct.
Example 2: Keep the variable positive if possible
Solve:
2x+9=5x−6
Here, we can move the smaller variable term, 2x, to the right by subtracting 2x from both sides.
2x−2x+9=5x−2x−6
9=3x−6
Now move the constant term. Add 6 to both sides.
9+6=3x−6+6
15=3x
Divide both sides by 3.
5=x
So,
x=5
Check:
Left side: 2(5)+9=10+9=19
Right side: 5(5)−6=25−6=19
The answer is correct.
Example 3: Variables and negative numbers
Solve:
4x−7=2x+9
Subtract 2x from both sides to move variables to one side.
4x−2x−7=2x−2x+9
2x−7=9
Add 7 to both sides.
2x−7+7=9+7
2x=16
Divide by 2.
x=8
Check:
Left side: 4(8)−7=32−7=25
Right side: 2(8)+9=16+9=25
Correct.
Example 4: Variables on both sides with distribution first
Sometimes you must simplify before moving terms.
Solve:
2(x+3)=x+11
Step 1: Use the distributive property.
2x+6=x+11
Step 2: Subtract x from both sides.
2x−x+6=x−x+11
x+6=11
Step 3: Subtract 6 from both sides.
x=5
Check:
Original equation: 2(x+3)=x+11
Left side: 2(5+3)=2(8)=16
Right side: 5+11=16
So x=5 is correct.
Tips for success
	Do the same thing to both sides. This keeps the equation balanced.
	Move variable terms together. Add or subtract to collect them on one side.
	Move constants together. Put plain numbers on the other side.
	Work one step at a time. Don’t try to do too much at once.
	Watch negative signs carefully. A small sign mistake can change the answer.
	Always check your answer. Substitute your value back into the original equation.

What if the variable disappears?
Sometimes, after moving variables, you may get an equation like:
5=5
This means the equation is true for all values of the variable.
Other times, you may get something like:
5=9
This is never true, so the equation has no solution.
Here is a quick example of each:
	2x+4=2x+4 leads to 4=4, so there are infinitely many solutions.
	3x+1=3x+8 leads to 1=8, so there is no solution.

Common mistakes to avoid
	Forgetting to do the same operation to both sides.
	Combining unlike terms, such as trying to combine 3x and 5.
	Making sign errors with negatives.
	Stopping too early before the variable is fully isolated.
	Not checking the answer in the original equation.

Let’s review the big idea.
To solve equations with variables on both sides, first collect the variable terms on one side and the constants on the other. Then use inverse operations to get the variable alone. Finally, check your solution to make sure both sides are equal.


  
  Put what you read to the test

  You've worked through Variables on Both Sides. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/621
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  Special Case Solutions happen when an equation does not have just one answer. Sometimes an equation is true for every value of the variable, and sometimes it is never true at all.
In this lesson, you will learn how to recognize these special cases when solving linear equations. This is important because not every equation ends with one number like x=5.
Most of the time, when we solve an equation, we get one solution. For example, in x+3=7, we subtract 3 from both sides and get x=4.
But some equations behave differently after we simplify both sides. These are called special case solutions.
1. The three possible results when solving an equation
	One solution: the equation is true for only one value of the variable.
	Infinite solutions: the equation is true for every value of the variable.
	No solution: the equation is not true for any value of the variable.

Let’s look more closely at the last two, because they are the special cases.
2. Infinite solutions
An equation has infinite solutions when both sides of the equation are really the same expression.
After you simplify, the variable terms may cancel out and leave a true statement, such as:
5=5
or
0=0
This means the equation is always true, no matter what number you choose for the variable.
Another name for this kind of equation is an identity. For 7th Grade, you can think of an identity as an equation that is always true.
3. No solution
An equation has no solution when the variable terms cancel out but the numbers left behind make a false statement, such as:
5=8
or
0=3
These statements are never true. That means there is no value of the variable that can make the original equation true.
Another name for this kind of equation is a contradiction. For 7th Grade, you can think of a contradiction as an equation that is never true.
4. How to tell which special case you have
When solving a linear equation, follow the usual steps:
	Simplify both sides if needed.
	Use inverse operations to move variable terms and number terms.
	Watch carefully for what happens when the variable disappears.

If the variable disappears and you get a true statement, the equation has infinite solutions.
If the variable disappears and you get a false statement, the equation has no solution.
If the variable does not disappear and you end with something like x=2, then the equation has one solution.
5. Why this happens
Special cases often happen when there are variable terms on both sides of the equation.
If both sides match perfectly after simplifying, then every value works. If the variable parts match but the number parts do not, then nothing works.
Here is the idea:
	Same variable part and same number part \(\) infinite solutions
	Same variable part but different number part \(\) no solution

6. Worked examples
Example 1: Infinite solutions
Solve:
3x+4=x+2x+4
Step 1: Simplify both sides.
On the right side, x+2x=3x. So the equation becomes:
3x+4=3x+4
Step 2: Subtract 3x from both sides.
4=4
Step 3: Interpret the result.
The statement 4=4 is always true.
So this equation has infinite solutions.
Answer: Infinite solutions.
Example 2: No solution
Solve:
2x+7=2x+1
Step 1: Subtract 2x from both sides.
7=1
Step 2: Interpret the result.
The statement 7=1 is false.
There is no value of x that can make the equation true.
Answer: No solution.
Example 3: One solution
Solve:
4x−5=11
Step 1: Add 5 to both sides.
4x=16
Step 2: Divide both sides by 4.
x=4
This equation has one solution.
Answer: x=4
This example is not a special case, but it helps you compare normal equations with special-case equations.
Example 4: Special case with parentheses
Solve:
3(x+2)=3x+9
Step 1: Distribute on the left side.
3x+6=3x+9
Step 2: Subtract 3x from both sides.
6=9
Step 3: Interpret the result.
The statement 6=9 is false.
So the equation has no solution.
Answer: No solution.
7. Quick ways to check your thinking
Ask yourself these questions after solving:
	Did the variable disappear completely?
	If yes, is the result true or false?
	True statement \(\) infinite solutions
	False statement \(\) no solution

You can also test a value to make sense of the answer.
For an equation with infinite solutions, try any number for the variable. Both sides should match.
For example, in 3x+4=x+2x+4:
	If x=1, then left side =3(1)+4=7, right side =1+2(1)+4=7
	If x=5, then left side =3(5)+4=19, right side =5+10+4=19

Every value works.
For an equation with no solution, no matter what value you try, the two sides will not match.
For example, in 2x+7=2x+1:
	If x=0, then left side =7, right side =1
	If x=3, then left side =13, right side =7

The sides are never equal.
8. Common mistakes to avoid
	Mistake: Thinking 4=4 means the answer is x=4.
Fix: 4=4 is a true statement, so the answer is infinite solutions, not x=4.
	Mistake: Thinking 7=1 means x=1.
Fix: 7=1 is false, so the answer is no solution.
	Mistake: Forgetting to simplify both sides first.
Fix: Combine like terms and distribute before deciding what kind of solution you have.

9. Practice thinking
Try to decide what type of answer each equation has:
	5x+2=5x+2
	7x−1=7x+6
	2x+8=18

Answers:
	5x+2=5x+2 \(\) infinite solutions
	7x−1=7x+6 \(\) no solution
	2x+8=18 \(\) one solution

10. Summary
When solving linear equations, you may get one solution, infinite solutions, or no solution.
If the variable disappears and you get a true statement like 0=0 or 4=4, the equation has infinite solutions.
If the variable disappears and you get a false statement like 0=5 or 6=9, the equation has no solution.
Always simplify carefully, then look at the final statement to decide what kind of solution the equation has.


  
  Put what you read to the test

  You've worked through Special Case Solutions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/622
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  Literal Equations and Formulas


In math, a literal equation is an equation that has more than one variable. Many formulas you already know are literal equations.


For example, the formula for the area of a rectangle is A=lw. This equation has three variables: A, l, and w.


Sometimes you are given a formula and asked to solve for a different variable. This means you need to rearrange the equation so the requested variable is alone on one side.


This is just like solving a regular equation. You use the balance model: whatever you do to one side, you must do to the other side.


Why this matters: formulas are used in geometry, science, and everyday life. If you know how to rearrange a formula, you can find missing information in many situations.


Main idea: To solve a literal equation, isolate the variable you want by using inverse operations.



  	Add and subtract are inverse operations.

  	Multiply and divide are inverse operations.




Steps for solving a literal equation



  	Find the variable you are asked to solve for.

  	Look at what is being done to that variable.

  	Use inverse operations to undo those operations.

  	Do the same thing to both sides of the equation.

  	Check that the variable is alone.




Important note: In formulas, letters usually stand for numbers. They are variables, not labels. Your job is to move them the same way you would move numbers in an equation.


Example 1: Solve for a variable being multiplied


Formula: A=lw

Solve for w.


In this formula, w is being multiplied by l.

To undo multiplication by l, divide both sides by l.


A=lw

Al=lwl

Al=w

So the formula solved for w is:


w=Al

This means if you know the area and the length, you can find the width.


Example 2: Solve for a variable with addition


Formula: P=2l+2w

Solve for w.


First, move the part that does not include w. The term 2l is added, so subtract 2l from both sides.


P=2l+2w

P−2l=2w

Now w is still being multiplied by 2, so divide both sides by 2.


P−2l2=w

So the formula solved for w is:


w=P−2l2

Tip: When there is more than one step attached to the variable, undo them one at a time.


Example 3: Solve for a variable in a temperature formula


Formula: F=95C+32

Solve for C.


First, subtract 32 from both sides because 32 is added to the C-part.


F=95C+32

F−32=95C

Now C is multiplied by 95. To undo that, multiply both sides by the reciprocal, 59.


59(F−32)=C

So the formula solved for C is:


C=59(F−32)

This is the formula used to convert Fahrenheit to Celsius.


Example 4: Solve for a variable in a formula with division


Formula: d=rt

Solve for t.


Here, t is multiplied by r. Divide both sides by r.


d=rt

dr=rtr

dr=t

So the formula solved for t is:


t=dr

This formula can help you find time if you know distance and rate.


What to watch out for



  	Do not move letters by themselves unless you use an operation on both sides.

  	Undo addition or subtraction first, then undo multiplication or division.

  	Be careful with fractions. Multiplying by the reciprocal can help.

  	Keep the variable you want on one side alone.




Quick check


Try thinking through these:



  	If A=bh, then solving for h gives h=Ab.

  	If y=mx+b, then solving for x gives x=y−bm.




How to check your answer


One good way to check is to look back at the original formula and make sure your new equation is reasonable.


For example, if A=lw, then solving for w as w=Al makes sense because width should equal area divided by length.


[image: 📋]   Summary


Literal equations are formulas with more than one variable. To solve for a specific variable, use inverse operations and keep the equation balanced.


Start by removing terms added or subtracted, then undo multiplication or division. With practice, you can rearrange formulas to find any variable you need.


  
  Put what you read to the test

  You've worked through Literal Equations and Formulas. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/623
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  Inequality Notation and Constraints


In math, we do not always need an exact answer. Sometimes we only know that a value must be more than, less than, at least, or at most a certain number. In these cases, we use inequalities.


An inequality compares two amounts that are not always equal. Inequalities are very useful for describing constraints, which are limits or rules a situation must follow.


For example, if a bus can hold no more than 40 students, the number of students is not exactly 40 every time. It could be 25, 32, or 40. This kind of rule is best shown with an inequality.


Inequality Symbols


Here are the main symbols you need to know:



  	Less than: <

  	Greater than: >

  	Less than or equal to: ≤

  	Greater than or equal to: ≥




These symbols help us describe number ranges.



  	x<5 means x is any number less than 5.

  	x>5 means x is any number greater than 5.

  	x≤5 means x is less than 5 or equal to 5.

  	x≥5 means x is greater than 5 or equal to 5.




Understanding Key Words


Word problems often include clue words that tell you which inequality symbol to use.



  	Less than means <

  	More than or greater than means >

  	At most means ≤

  	No more than means ≤

  	At least means ≥

  	No less than means ≥




It is very important to notice whether the number itself is included.



  	If the value can equal the number, use ≤ or ≥.

  	If the value cannot equal the number, use < or >.




What Is a Constraint?


A constraint is a limit or condition in a real-world problem. It tells what values are allowed.


For example:


  	A ride may require a height of at least 48 inches.

  	A backpack may hold no more than 12 pounds.

  	You may spend less than 20 dollars.




Each of these statements can be written as an inequality.


Writing Inequalities from Real Situations


To write an inequality, follow these steps:



  	Choose a variable for the unknown amount.

  	Decide what the situation is saying about that amount.

  	Pick the correct inequality symbol.

  	Write the inequality.




Worked Example 1: Less Than


A student wants to buy a game that costs less than 30 dollars. Let p be the price of the game.


The words less than 30 dollars mean the price must be below 30, but not equal to 30.


So the inequality is:


p<30

This means any price under 30 dollars will work.


Worked Example 2: At Most


A box can weigh at most 15 pounds. Let w be the weight of the box.


The phrase at most 15 pounds means the weight can be 15 or any number less than 15.


So the inequality is:


w≤15

This includes 15, because at most means the number is allowed to equal 15.


Worked Example 3: At Least


You must score at least 70 points to pass a test. Let s be the test score.


The words at least 70 mean 70 or more.


So the inequality is:


s≥70

This means 70, 71, 85, and 100 are all possible passing scores.


Worked Example 4: Combining a Real-World Constraint with a Number Line


A theater has 120 seats. The number of tickets sold cannot be more than 120. Let t be the number of tickets sold.


The phrase cannot be more than 120 means no more than 120.


So the inequality is:


t≤120

To graph this on a number line:



  	Put a closed circle at 120, because 120 is included.

  	Shade to the left, because numbers less than 120 also work.




Graphing Inequalities on a Number Line


A number line helps you show all possible solutions to an inequality.


There are two important parts:



  	Open circle: use this when the endpoint is not included. This happens with < or >.

  	Closed circle: use this when the endpoint is included. This happens with ≤ or ≥.




You also need to know which direction to shade:



  	Shade left for numbers less than a value.

  	Shade right for numbers greater than a value.




Examples:



  	x<4: open circle at 4, shade left

  	x≤4: closed circle at 4, shade left

  	x>4: open circle at 4, shade right

  	x≥4: closed circle at 4, shade right




Matching Words, Symbols, and Graphs


Here is a helpful way to connect them:



  	More than 8 →x>8 → open circle at 8, shade right

  	At least 8 →x≥8 → closed circle at 8, shade right

  	Less than 8 →x<8 → open circle at 8, shade left

  	At most 8 →x≤8 → closed circle at 8, shade left




Common Mistakes to Avoid



  	Mixing up < and ≤. Ask yourself: is the number included?

  	Mixing up > and ≥. Again, check whether the number can be equal.

  	Shading the wrong direction on a number line. Less than goes left. Greater than goes right.

  	Using the wrong clue words. For example, at least does not mean less than. It means greater than or equal to.




Quick Practice Thinking


Try to decide which inequality matches each statement:



  	The temperature is no more than 10 degrees: t≤10

  	A runner trains more than 5 miles: m>5

  	You need at least 3 tickets: n≥3

  	A jar holds less than 2 liters: j<2




Why Inequalities Matter


Inequalities help us describe real-life limits. We use them when talking about budgets, time limits, weight limits, height requirements, scores, and many other situations.


Instead of showing just one answer, inequalities show a whole set of possible answers that follow the rule.


[image: 📋]   Summary


An inequality compares values that may not be equal. The symbols <, >, ≤, and ≥ help describe limits and constraints in real-world situations.


When writing an inequality, pay close attention to clue words like less than, more than, at most, and at least. On a number line, use an open circle if the endpoint is not included and a closed circle if it is included.


  
  Put what you read to the test

  You've worked through Inequality Notation and Constraints. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/624
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  Solving Multi-Step Inequalities


Sometimes in math, we do not need an exact value. Instead, we need to know which values are greater than, less than, at least, or at most a number. That is what inequalities help us show.


A multi-step inequality is an inequality that takes more than one step to solve. You may need to combine like terms, use the distributive property, and then use inverse operations to get the variable by itself.


Solving inequalities is a lot like solving equations, but there is one very important extra rule: if you multiply or divide both sides by a negative number, you must reverse the inequality symbol.


Inequality symbols


  	 means less than

  	 means greater than

  	= means less than or equal to

  	= means greater than or equal to




For example:


  	
    x>4 means x is any number greater than 4.
  

  	
    x≤7 means x is any number less than or equal to 7.
  




How solving inequalities is like solving equations

You can do the same operation to both sides of an inequality and keep it balanced.



  	Add the same number to both sides.

  	Subtract the same number from both sides.

  	Multiply both sides by the same positive number.

  	Divide both sides by the same positive number.




These actions keep the inequality true.


The special rule

If you multiply or divide both sides by a negative number, the inequality symbol must flip.


For example:

Start with

−2x>10

Divide both sides by −2:

x<−5

The symbol changed from > to < because we divided by a negative number.


Why does the sign flip?

Think about these numbers:

3<5

Now multiply both sides by −1:

−3>−5

The order changes, so the symbol must reverse.


Steps for solving multi-step inequalities


  	Simplify each side if needed.

  	Use the distributive property if needed.

  	Combine like terms.

  	Use inverse operations to get the variable alone.

  	If you multiply or divide by a negative number, reverse the inequality sign.

  	Check your answer by testing a value.




Worked Example 1: Two-step inequality

Solve:

x+5>12

Subtract 5 from both sides:

x>7

Answer: x>7


Check with a number greater than 7, like 8:

8+5=13

Since 13>12, the solution makes sense.


Worked Example 2: More than one step

Solve:

3x−4≤11

Add 4 to both sides:

3x≤15

Divide both sides by 3:

x≤5

We do not reverse the sign because we divided by a positive number.

Answer: x≤5


Check with x=5:

3(5)−4=15−4=11

Since 11≤11, the answer is correct.


Worked Example 3: Distributive property

Solve:

2(x+3)>14

Distribute the 2:

2x+6>14

Subtract 6 from both sides:

2x>8

Divide both sides by 2:

x>4

Answer: x>4


Check with x=5:

2(5+3)=2(8)=16

Since 16>14, the solution works.


Worked Example 4: Dividing by a negative number

Solve:

−3x+2≥14

Subtract 2 from both sides:

−3x≥12

Now divide both sides by −3. Since we are dividing by a negative number, we must reverse the inequality sign:

x≤−4

Answer: x≤−4


Check with x=−4:

−3(−4)+2=12+2=14

Since 14≥14, the solution is correct.


Example with variables on both sides

Solve:

4x−1<2x+9

Subtract 2x from both sides:

2x−1<9

Add 1 to both sides:

2x<10

Divide both sides by 2:

x<5

Answer: x<5


Writing solutions in words


  	x>7: all numbers greater than 7

  	x≤5: all numbers less than or equal to 5

  	x<5: all numbers less than 5

  	x≥−4: all numbers greater than or equal to −4




Common mistakes to avoid


  	Forgetting to flip the sign when multiplying or dividing by a negative number.

  	Not distributing correctly in expressions like 3(x−2).

  	Combining unlike terms, such as trying to combine 2x and 3.

  	Only doing an operation on one side instead of both sides.




Quick tip

If you see a negative number attached to the variable right before your last step, pause and ask: Am I dividing by a negative? If the answer is yes, flip the inequality sign.


Practice ideas

Try solving these on your own:


  	x−7<2

  	5x+1≥16

  	3(x+2)≤18

  	−2x+4>10




[image: 📋]   Summary

To solve a multi-step inequality, simplify both sides, use inverse operations, and isolate the variable. The most important rule to remember is this: when you multiply or divide both sides by a negative number, reverse the inequality symbol.


Just like equations, inequalities can be checked by substituting a value that should work. If you move carefully step by step, you can solve even more complicated inequalities with confidence.


  
  Put what you read to the test

  You've worked through Solving Multi-Step Inequalities. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/625






  [image: 📝]   Lesson 47: Compound Inequalities
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  Compound Inequalities are two inequalities joined together in one statement. They help us describe a set of numbers that make both parts true or at least one part true.


In 7th Grade, there are two main kinds of compound inequalities:


  	AND inequalities: both parts must be true at the same time.

  	OR inequalities: at least one part must be true.




Learning compound inequalities means learning how to solve them and how to graph their solutions on a number line.


1. What is an inequality?

An inequality compares two values. Instead of saying two sides are equal, it shows that one side is greater or less than the other.


  	
< means less than

  	> means greater than

  	≤ means less than or equal to

  	≥ means greater than or equal to




For example, in x<5, any number less than 5 is a solution.


2. Understanding AND inequalities

An AND compound inequality means the solution must satisfy both inequalities. This usually creates a range of values between two numbers.


Example of an AND inequality:

2<x≤7


This means:


  	x is greater than 2

  	and x is less than or equal to 7




So the solutions are all numbers between 2 and 7, not including 2, but including 7.


On a number line:


  	Use an open circle at 2 because 2 is not included.

  	Use a closed circle at 7 because 7 is included.

  	Shade the part between 2 and 7.




3. Understanding OR inequalities

An OR compound inequality means the solution must satisfy at least one of the inequalities. This usually creates two separate groups of numbers.


Example of an OR inequality:

x<−1 or x≥4


This means:


  	all numbers less than −1

  	and also all numbers greater than or equal to 4




On a number line:


  	Use an open circle at −1 and shade left.

  	Use a closed circle at 4 and shade right.




Important idea:


  	AND means the overlap, or intersection.

  	OR means both solution groups together, or union.




4. How to solve compound inequalities

When solving compound inequalities, use the same skills you use for regular inequalities. You can add, subtract, multiply, or divide to isolate the variable.


Remember: if you multiply or divide by a negative number, you must flip the inequality sign.


For AND inequalities written in one line, do the same operation to all three parts.


For example:

3<x+2≤8

Subtract 2 from all three parts:

3−2<x+2−2≤8−2

1<x≤6


So the solution is all numbers greater than 1 and less than or equal to 6.


5. Worked Examples


Example 1: Solve an AND inequality

Solve:

−4≤x+1<6


Subtract 1 from all three parts:

−4−1≤x+1−1<6−1

−5≤x<5


Answer: x can be any number from −5 up to 5, including −5 but not including 5.


Graph:


  	Closed circle at −5

  	Open circle at 5

  	Shade between them




Example 2: Solve an OR inequality

Solve:

x−3<−2orx+1≥7


Solve each part separately.


First part:

x−3<−2

Add 3 to both sides:

x<1


Second part:

x+1≥7

Subtract 1 from both sides:

x≥6


Answer:

x<1orx≥6


Graph:


  	Open circle at 1 and shade left

  	Closed circle at 6 and shade right




Example 3: Solve an AND inequality with multiplication

Solve:

2≤x3<5


Multiply all three parts by 3:

2(3)≤x3(3)<5(3)

6≤x<15


Answer: x is at least 6 and less than 15.


Example 4: Solve when dividing by a negative number

Solve:

−2x>8orx−4≤3


Solve each part separately.


First part:

−2x>8

Divide both sides by −2. Since we divide by a negative, flip the inequality sign:

x<−4


Second part:

x−4≤3

Add 4 to both sides:

x≤7


Now combine with OR:

x<−4orx≤7


Notice that every number less than −4 is already included in x≤7. So the full solution is simply:

x≤7


This shows that sometimes one part of an OR inequality already covers the other part.


6. How to graph compound inequalities

After solving, graph the solution on a number line.


Use these rules:


  	Open circle for < or >

  	Closed circle for ≤ or ≥

  	AND: shade between the two endpoints if the solutions overlap

  	OR: shade in both directions or in two separate parts




7. Common mistakes to avoid


  	Mixing up AND and OR

  	Forgetting to do the same operation to all parts of an AND inequality

  	Forgetting to flip the inequality sign when multiplying or dividing by a negative number

  	Using a closed circle when the endpoint is not included

  	Shading the wrong part of the number line




8. Quick check for understanding

Ask yourself these questions:


  	Does this problem use AND or OR?

  	Do I need numbers between two values or in separate groups?

  	Did I solve both sides correctly?

  	Did I use the correct circles on the number line?




9. Summary

Compound inequalities combine two inequalities in one problem. With AND, the solution must make both parts true, so the answer is usually a section between two numbers. With OR, the solution only needs to make one part true, so the answer is often two separate groups.


To solve them, isolate the variable just like in regular inequalities. Then graph the solution carefully using open or closed circles and shading the correct part of the number line.


  
  Put what you read to the test

  You've worked through Compound Inequalities. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/626






  
    
  [image: 📖]   Chapter 6

  Ratios, Rates, and Proportions
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  Ratio Concepts and Notation


A ratio is a way to compare two quantities. Ratios help us describe how much of one thing there is compared to another thing.


For example, if there are 3 red apples and 5 green apples, we can compare red apples to green apples with the ratio 3 to 5.


Ratios are important because they help us describe groups, recipes, teams, maps, mixtures, and many real-life situations.


Ways to write a ratio


The same ratio can be written in 3 different ways:



  	with words: 3 to 5

  	with a colon: 3:5

  	as a fraction: 35




These all mean the same comparison, as long as the order stays the same.


Order matters in ratios


When writing a ratio, the order tells what is being compared first and what is being compared second.


For example, if a class has 12 boys and 15 girls:



  	boys to girls = 12:15

  	girls to boys = 15:12




These are not the same ratio, because they compare different things in different order.


Part-to-part and part-to-whole ratios


A ratio can compare:



  	part to part: one part of a group to another part of the group

  	part to whole: one part of a group to the total number in the group




Suppose a bag has 4 blue marbles and 6 yellow marbles. There are 10 marbles in all.



  	blue to yellow = 4:6 (part to part)

  	blue to total = 4:10 (part to whole)

  	yellow to total = 6:10 (part to whole)




It is very important to read the question carefully so you know which comparison is being asked.


Simplifying ratios


Just like fractions, ratios can often be simplified. To simplify a ratio, divide both numbers by the same greatest common factor.


For example, simplify 8:12.


Both 8 and 12 can be divided by 4:


8:12=2:3

So the simplified ratio is 2:3.


If a ratio is written as a fraction, we simplify it the same way:


812=23

Important note: simplifying a ratio does not change the comparison. It only writes it in a simpler form.


Worked Example 1: Writing a ratio in different forms


A basket has 7 oranges and 9 bananas. Write the ratio of oranges to bananas in three forms.


Step 1: Identify the comparison asked for: oranges to bananas.


There are 7 oranges and 9 bananas, so the ratio is:



  	in words: 7 to 9

  	with a colon: 7:9

  	as a fraction: 79




Answer: 7 to 9, 7:9, and 79


Worked Example 2: Part-to-part and part-to-whole


A classroom has 8 desks in one row and 12 desks in another row. There are 20 desks total.


Find:



  	the ratio of first-row desks to second-row desks

  	the ratio of first-row desks to total desks




Step 1: Find the first comparison.


First-row desks to second-row desks is 8:12.


Simplify by dividing both numbers by 4:


8:12=2:3

Step 2: Find the second comparison.


First-row desks to total desks is 8:20.


Simplify by dividing both numbers by 4:


8:20=2:5

Answer:



  	first row to second row = 2:3

  	first row to total = 2:5




Worked Example 3: Finding the correct order


A pet store has 6 cats and 14 fish.


Write each ratio in simplest form:



  	cats to fish

  	fish to cats

  	cats to total animals




Step 1: Find the total number of animals.


6+14=20

Step 2: Write each ratio.


1. Cats to fish


6:14

Simplify by dividing by 2:


6:14=3:7

2. Fish to cats


14:6

Simplify by dividing by 2:


14:6=7:3

3. Cats to total animals


6:20

Simplify by dividing by 2:


6:20=3:10

Answer:



  	cats to fish = 3:7

  	fish to cats = 7:3

  	cats to total = 3:10




Worked Example 4: Using words to understand a ratio


A recipe uses 2 cups of juice and 3 cups of water.


What is the ratio of juice to water? What is the ratio of juice to total liquid?


Step 1: Compare juice to water.


Juice to water is 2:3.


Step 2: Find the total liquid.


2+3=5

Step 3: Compare juice to total liquid.


Juice to total liquid is 2:5.


Answer:



  	juice to water = 2:3

  	juice to total liquid = 2:5




Common mistakes to avoid



  	Mixing up the order. If the question says boys to girls, do not write girls to boys.

  	Using the total when not asked. A part-to-part ratio and a part-to-whole ratio are different.

  	Forgetting to simplify. Always check whether both numbers can be divided by the same number.

  	Adding when you should compare. A ratio compares amounts; it does not always ask for the total.




Tips for solving ratio questions



  	Read the question carefully.

  	Decide which quantities are being compared.

  	Write the ratio in the correct order.

  	Simplify if possible.

  	Check whether the question asks for part-to-part or part-to-whole.




Quick practice ideas



  	If there are 5 pencils and 11 pens, pencils to pens is 5:11.

  	If there are 9 soccer balls and 3 basketballs, soccer balls to basketballs is 9:3 = 3:1.

  	If a box has 4 red markers, 6 blue markers, and 10 total markers, red to total is 4:10 = 2:5.




[image: 📋]   Summary


A ratio compares two quantities. Ratios can be written with words, a colon, or as a fraction.


The order in a ratio matters. Ratios can compare part to part or part to whole, and they should be simplified when possible.


When solving ratio problems, always ask: What two quantities am I comparing, and in what order?


  
  Put what you read to the test

  You've worked through Ratio Concepts and Notation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/627
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  Unit Rates and Price Optimization


Have you ever wondered which snack pack is the better deal, or which runner is faster if they ran different distances? To answer questions like these, we use unit rates.


A rate compares two quantities with different units, such as miles per hour, dollars per pound, or words per minute. A unit rate is a rate with a denominator of 1. That means we compare the amount for one unit.


Unit rates help us make fair comparisons. When we turn different rates into “per 1,” it becomes easier to see which option is faster, cheaper, or more efficient.


1. What is a unit rate?


If 3 notebooks cost $6, the rate is 3 notebooks for $6. To find the cost for 1 notebook, divide both parts of the rate by 3:


63=2

So the unit rate is $2 per notebook.


We can write unit rates in different ways:


  	$2 per notebook

  	2 dollars for 1 notebook

  	$2/notebook




2. How to find a unit rate


To find a unit rate:


  	Identify the two quantities being compared.

  	Decide which quantity should become 1.

  	Divide to make that quantity 1.

  	Write the answer with units.




For example, if a car travels 180 miles in 3 hours, we want to know how far it travels in 1 hour:


180÷3=60

The unit rate is 60 miles per hour.


3. Why units matter


Always pay attention to the units in a rate. The numbers alone are not enough. For example, 60 miles per hour is not the same as 60 hours per mile.


In a unit rate, the word per tells us what the denominator is 1 of. So:


  	miles per hour means 1 hour

  	dollars per item means 1 item

  	ounces per bottle means 1 bottle




4. Using division with rates


Most unit rates are found by dividing:


unit rate=first quantitysecond quantity

For example, if 24 ounces of juice cost $3, the cost per ounce is:


324=0.125

So the unit rate is $0.125 per ounce. That is also 12.5 cents per ounce.


Sometimes it is more useful to flip the rate. Instead of cost per ounce, you might want ounces per dollar:


243=8

That means you get 8 ounces per dollar.


5. Price optimization: finding the best buy


Price optimization means finding which choice gives the best value for the money. To do this, compare unit prices.


A unit price is the cost for 1 unit of something, such as:


  	dollars per ounce

  	dollars per pound

  	dollars per item




Usually, the lower unit price is the better deal.


For example, if one bag of rice costs $4 for 2 pounds, the unit price is:


4÷2=2

That bag costs $2 per pound.


If another bag costs $7.50 for 5 pounds, the unit price is:


7.50÷5=1.50

That bag costs $1.50 per pound.


Since 1.50<2.00, the 5-pound bag is the better buy.


6. Worked Example 1: Finding a simple unit rate


A student reads 45 pages in 3 hours. What is the unit rate in pages per hour?


Step 1: Write the rate.

45 pages in 3 hours


Step 2: Divide by 3 to find 1 hour.


45÷3=15

Answer: The unit rate is 15 pages per hour.


7. Worked Example 2: Comparing speeds


Runner A runs 12 miles in 2 hours. Runner B runs 15 miles in 3 hours. Who is faster?


Runner A:


12÷2=6

Runner A runs 6 miles per hour.


Runner B:


15÷3=5

Runner B runs 5 miles per hour.


Answer: Runner A is faster because 6>5.


8. Worked Example 3: Finding the better price


Store A sells 8 granola bars for $4.80. Store B sells 12 granola bars for $6.60. Which store has the better price?


Store A unit price:


4.80÷8=0.60

Store A costs $0.60 per bar.


Store B unit price:


6.60÷12=0.55

Store B costs $0.55 per bar.


Answer: Store B is the better deal because each bar costs less.


9. Worked Example 4: A harder price optimization problem


A small bottle of soap has 18 ounces for $2.70. A large bottle has 30 ounces for $4.20. Which is the better buy?


Small bottle:


2.70÷18=0.15

The small bottle costs $0.15 per ounce.


Large bottle:


4.20÷30=0.14

The large bottle costs $0.14 per ounce.


Answer: The large bottle is the better buy because its unit price is lower.


10. Tips for solving unit rate and price questions


  	Read carefully to see what is being compared.

  	Decide what should be “per 1.”

  	Divide in the correct order.

  	Always include units in your answer.

  	For price optimization, compare the unit prices.

  	If you are finding the best deal, the lower cost per unit is usually best.




11. Common mistakes to avoid


  	Forgetting units: Write dollars per pound, not just 2.5.

  	Dividing the wrong way: Make sure you know whether you want dollars per item or items per dollar.

  	Comparing total prices only: A bigger package may cost more total, but still be the better deal.

  	Not using the same unit: Compare prices using the same unit, such as per ounce for both items.




12. Quick check


  	If 20 pencils cost $5, what is the cost per pencil? $0.25 per pencil

  	If a bike travels 36 miles in 3 hours, what is its speed? 12 miles per hour

  	Which is the better deal: 10 ounces for $2.50 or 15 ounces for $3.00? 15 ounces for $3.00, because 3.00÷15=0.20 and 2.50÷10=0.25




[image: 📋]   Summary


A unit rate compares a quantity to 1 unit. We usually find it by dividing. Unit rates help us compare speeds, prices, and other real-world situations fairly.


When comparing prices, find the unit price for each option. The item with the lower cost per unit is usually the better value. Always keep track of your units so your answer makes sense.


  
  Put what you read to the test

  You've worked through Unit Rates and Price Optimization. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/628
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  Complex Ratios are ratios where one or both parts are fractions. They may look tricky at first, but they follow the same big idea as all ratios: a ratio compares two quantities.


When we work with complex ratios, we often want to find a unit rate. A unit rate tells us how much there is for 1 of something. For example, miles per 1 hour or cups per 1 serving.


A complex ratio can be written like a fraction divided by another fraction, such as 34÷12. This means, “How many groups of 12 are in 34?”


To solve these, we use a rule for dividing fractions:


ab÷cd=ab×dc


In words, keep the first fraction, change division to multiplication, and flip the second fraction.


This helps us turn a complex ratio into a simpler value we can understand.


Why complex ratios matter:


  	Finding speed, such as miles per hour, when the distance or time is a fraction.

  	Finding cost, such as dollars per pound, when the amount bought is a fraction.

  	Comparing recipes, measurements, and other real-life situations.




How to solve a complex ratio


  	Write the ratio as a division problem.

  	If needed, rewrite whole numbers as fractions, like 2=21.

  	Keep the first fraction.

  	Change division to multiplication.

  	Flip the second fraction.

  	Multiply.

  	Simplify your answer.

  	Check what the unit rate means in the problem.




Important idea: The answer should make sense. If you divide by a fraction smaller than 1, the result often becomes larger, because you are asking how many small parts fit into something.


Worked Example 1: Basic complex ratio

Find 34÷12.

Use the fraction division rule:

34÷12=34×21

Multiply:

34×21=64

Simplify:

64=32=112

So, 34÷12=112.

This means there are 112 groups of 12 in 34.


Worked Example 2: Finding a unit rate

A runner goes 56 mile in 13 hour. What is the runner’s speed in miles per hour?

We want miles for 1 hour, so divide distance by time:

56÷13

Keep, change, flip:

56÷13=56×31

Multiply:

56×31=156

Simplify:

156=52=212

The unit rate is 212 miles per hour.


Worked Example 3: Cost with fractions

34 pound of grapes costs $214. What is the cost per pound?

First, change the mixed number to an improper fraction:

214=94

Now divide cost by pounds:

94÷34

Keep, change, flip:

94×43

Multiply:

94×43=3612=3

The cost is $3 per pound.


Worked Example 4: One fraction and one whole number

A recipe uses 23 cup of juice for 2 smoothies. How much juice is used for 1 smoothie?

We divide the total juice by the number of smoothies:

23÷2

Rewrite 2 as 21:

23÷21

Keep, change, flip:

23×12=26=13

So each smoothie uses 13 cup of juice.


Tips for success


  	Read the problem carefully to know which quantity should be divided by which.

  	“Per” usually means divide.

  	Turn mixed numbers into improper fractions before dividing.

  	After multiplying, always simplify.

  	Include the correct units, like miles per hour or dollars per pound.




Common mistakes to avoid


  	Forgetting to flip the second fraction.

  	Flipping the first fraction instead of the second.

  	Dividing in the wrong order.

  	Leaving the answer unsimplified.

  	Forgetting the unit in a unit rate problem.




Quick check

Try these on your own:


  	12÷14

  	35 mile in 15 hour. What is the speed in miles per hour?

  	$72 for 78 pound. What is the cost per pound?




Answers


  	12÷14=12×4=2

  	35÷15=35×51=3 miles per hour

  	72÷78=72×87=4 dollars per pound




[image: 📋]   Summary

Complex ratios compare quantities when one or both numbers are fractions. To find a unit rate, divide the two quantities. When dividing fractions, keep the first fraction, change division to multiplication, and flip the second fraction. Then simplify and write the answer with the correct unit.


  
  Put what you read to the test

  You've worked through Complex Ratios. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/629






  [image: 📝]   Lesson 51: Dimensional Analysis and Unit Conversion

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/671




  Dimensional Analysis and Unit Conversion


Sometimes a math problem gives a measurement in one unit, but the answer is needed in a different unit. For example, you may know a distance in inches but need it in feet, or know a mass in grams but need it in kilograms. Unit conversion helps us change from one unit to another without changing the actual amount.


Dimensional analysis is a method for converting units by using multiplication and division with conversion factors. A conversion factor is a ratio that equals 1 because it shows the same amount written in two different units.


For example, since 12 inches and 1 foot are the same length, the ratios below are both equal to 1:


12 in1 ft=1and1 ft12 in=1

Because these ratios equal 1, multiplying by them does not change the actual size of the measurement. It only changes the unit.


The big idea: choose a conversion factor so the unit you do not want will cancel out.


For example, if you start with inches and want feet, put inches on the bottom of the fraction so inches cancel:


24 in×1 ft12 in=2 ft

The inches cancel, leaving feet.


How to use dimensional analysis



  	Write the starting measurement.

  	Write a conversion factor as a fraction.

  	Place the units carefully so unwanted units cancel.

  	Multiply or divide the numbers.

  	Check the final unit to make sure it is the one you wanted.




You can think of units like labels. Just as numbers can be multiplied and divided, units can also cancel when they appear in both the top and bottom of a fraction.


Common conversion facts



  	Customary length: 12 in = 1 ft, 3 ft = 1 yd, 5280 ft = 1 mi

  	Customary weight: 16 oz = 1 lb

  	Customary capacity: 8 fl oz = 1 cup, 2 cups = 1 pint, 4 quarts = 1 gallon

  	Metric length: 10 mm = 1 cm, 100 cm = 1 m, 1000 m = 1 km

  	Metric mass: 1000 g = 1 kg

  	Metric capacity: 1000 mL = 1 L




In the metric system, conversions are often easier because units change by powers of 10. But the same dimensional analysis method still works.


Worked Example 1: One-step customary conversion


Convert 36 inches to feet.


Start with 36 inches. We want inches to cancel and feet to remain.


36 in×1 ft12 in

Now divide:


36×112=3

So,


36 in=3 ft

Why it works: the unit inches appears once on top and once on bottom, so it cancels.


Worked Example 2: One-step metric conversion


Convert 2500 milliliters to liters.


We know that 1000 mL = 1 L. We want milliliters to cancel.


2500 mL×1 L1000 mL

Now compute:


25001000=2.5

So,


2500 mL=2.5 L

Worked Example 3: Two-step conversion


Convert 72 inches to yards.


There is no direct conversion on our basic list from inches to yards, so we can convert in steps:



  	12 in = 1 ft

  	3 ft = 1 yd




Chain the conversion factors together:


72 in×1 ft12 in×1 yd3 ft

Now cancel units:



  	in cancels with in

  	ft cancels with ft

  	yd is left




Now multiply and divide the numbers:


72×1×112×3=7236=2

So,


72 in=2 yd

This is called chaining conversion factors. You use more than one conversion factor in a row until you reach the unit you want.


Worked Example 4: A rate with unit conversion


A student walks 3 miles in 1 hour. How many feet per hour is that?


Start with the rate:


3mihr

Use the conversion 1 mi = 5280 ft.


3mihr×5280 ft1 mi

Miles cancel, and feet per hour remain:


3×5280=15840

So the rate is:


15840fthr

This example shows that dimensional analysis works with rates too, not just single measurements.


Tips for choosing the correct conversion factor



  	Ask yourself: What unit do I want to get rid of?

  	Put that unit in the opposite place of where it started so it cancels.

  	If the unit starts on top, put it on the bottom of the conversion factor.

  	If the unit starts on the bottom, put it on the top of the conversion factor.




Example: To change 5 kilograms to grams, kilograms must cancel.


5 kg×1000 g1 kg=5000 g

Common mistakes to avoid



  	Flipping the conversion factor the wrong way. If the wrong unit remains, the factor needs to be turned over.

  	Forgetting to write units. Units help you see what cancels.

  	Using the wrong conversion fact. Check that the two units in the factor are actually equal.

  	Stopping too early. In a multi-step problem, keep going until the final unit is the one asked for.




Quick check


Suppose you want to convert 4 feet to inches. Which conversion factor should you use?



  	12 in1 ft

  	1 ft12 in




Since feet must cancel, use:


4 ft×12 in1 ft=48 in

Another quick check


Convert 300 centimeters to meters.


300 cm×1 m100 cm=3 m

The centimeters cancel, leaving meters.


[image: 📋]   Summary


Dimensional analysis is a smart and reliable way to convert units. You multiply by conversion factors that are equal to 1, and you arrange them so unwanted units cancel out.


Always write the units, choose the conversion factor carefully, and check that the final unit matches the question. If needed, chain together more than one conversion factor. With practice, this method makes unit conversion much easier.


  
  Put what you read to the test

  You've worked through Dimensional Analysis and Unit Conversion. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/630






  [image: 📝]   Lesson 52: Proportional Relationships in Tables and Graphs

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/672




  Proportional Relationships in Tables and Graphs


In 7th grade math, a proportional relationship happens when two quantities change together in a very special way. One quantity is always a constant multiple of the other.


This means there is a number you can multiply by each time to go from one quantity to the other. That number is called the constant of proportionality.


For example, if each notebook costs $3, then the total cost is always 3 times the number of notebooks. So the relationship between notebooks and cost is proportional.


In this lesson, you will learn how to recognize proportional relationships in tables and graphs, and how to tell when a relationship is not proportional.


1. What makes a relationship proportional?


A relationship is proportional if:


  	the ratio between the two quantities is always the same, and

  	the graph is a straight line that passes through the origin.




The origin is the point (0,0) on a graph.


If a relationship is proportional, it can be written like this:


y=kx

Here:


  	x is one quantity,

  	y is the other quantity,

  	k is the constant of proportionality.




2. How to check a table for proportionality


To decide whether a table shows a proportional relationship, compare the ratio yx for each pair of values.


If the ratio stays the same every time, the relationship is proportional. If the ratio changes, it is not proportional.


Here is a table:



  	Number of apples (x)	Cost in dollars (y)

  	1	2

  	2	4

  	3	6

  	5	10




Check the ratio:


  	21=2

  	42=2

  	63=2

  	105=2




Since the ratio is always 2, this is a proportional relationship. The constant of proportionality is 2.


This means each apple costs $2, and the equation is:


y=2x

3. What if the table is not proportional?


Look at this table:



  	Hours (x)	Money earned (y)

  	1	5

  	2	10

  	3	16

  	4	20




Now check the ratios:


  	51=5

  	102=5

  	163≠5

  	204=5




Most of the ratios are 5, but one is different. Because the ratio is not always the same, this relationship is not proportional.


Important: Even if most of the table follows a pattern, all pairs must have the same ratio for the relationship to be proportional.


4. How to recognize proportional relationships on a graph


A graph shows a proportional relationship if:


  	the points lie on a straight line, and

  	the line passes through the origin, (0,0).




Why does it need to pass through the origin? Because if x=0, then y=0 in a proportional relationship. For example, if you buy 0 apples, the cost is $0.


If the graph is a straight line but does not pass through the origin, then the relationship is not proportional.


5. Connecting tables, graphs, and equations


These three forms all describe the same relationship:


  	Table: shows matching values

  	Graph: shows how the values change visually

  	Equation: shows the rule using y=kx




If a relationship is proportional, you should be able to move between all three forms.


For example, if the constant of proportionality is 4, then:


y=4x

This means:


  	when x=1, y=4

  	when x=2, y=8

  	when x=3, y=12




These points would make a straight line through the origin.


Worked Example 1: Finding proportionality in a table


Decide whether this table shows a proportional relationship.



  	Miles walked (x)	Minutes (y)

  	1	15

  	2	30

  	4	60

  	6	90




Step 1: Find the ratio yx.


  	151=15

  	302=15

  	604=15

  	906=15




Step 2: Compare the ratios.


They are all equal to 15.


Answer: Yes, the relationship is proportional.


The constant of proportionality is 15, so the equation is:


y=15x

Worked Example 2: A table that is not proportional


Decide whether this table shows a proportional relationship.



  	Boxes (x)	Total pencils (y)

  	2	12

  	3	18

  	4	25

  	5	30




Step 1: Find each ratio.


  	122=6

  	183=6

  	254=6.25

  	305=6




Step 2: Compare the ratios.


One ratio is different, so the relationship is not proportional.


Answer: No, this table does not show a proportional relationship.


Worked Example 3: Using a graph description


A graph shows points that lie on a straight line. The line passes through (0,0), (1,3), (2,6), and (4,12).


Is this relationship proportional?


Step 1: Check whether the graph is a straight line.


Yes, it is.


Step 2: Check whether it passes through the origin.


Yes, it passes through (0,0).


Step 3: Check the ratio if needed.


  	31=3

  	62=3

  	124=3




Answer: Yes, the relationship is proportional, and the constant of proportionality is 3.


The equation is:


y=3x

Worked Example 4: Straight line but not proportional


A graph is a straight line through the points (0,2), (1,5), (2,8), and (3,11).


Is this relationship proportional?


Step 1: Is it a straight line?


Yes.


Step 2: Does it pass through the origin?


No. It passes through (0,2), not (0,0).


Answer: No, the relationship is not proportional.


Even though the graph is a straight line, it does not go through the origin, so it is not proportional.


6. A simple step-by-step method


When you are given a table:


  	Take each pair of values.

  	Find yx.

  	If all the ratios are equal, the relationship is proportional.

  	The common ratio is the constant of proportionality.




When you are given a graph:


  	Check whether the points make a straight line.

  	Check whether the line passes through (0,0).

  	If both are true, the relationship is proportional.




7. Common mistakes to avoid


  	Looking only at addition: In proportional relationships, you focus on multiplying, not just adding the same amount.

  	Forgetting the origin: A straight line alone is not enough. It must pass through (0,0).

  	Checking only one ratio: You must check all the pairs in the table.

  	Mixing up x and y: Be consistent when finding yx.




8. Quick practice questions


Try these on your own:


  	Table: (1,7),(2,14),(5,35). Is it proportional?

  	Table: (2,8),(4,16),(6,25). Is it proportional?

  	A graph is a straight line through (0,0), (2,10), and (4,20). Is it proportional?

  	A graph is a straight line through (0,4), (1,6), and (2,8). Is it proportional?




Answers:


  	1. Yes, because 71=142=355=7

  	2. No, because 256 is not equal to 4

  	3. Yes, straight line and passes through the origin

  	4. No, it does not pass through the origin




[image: 📋]   Summary


A proportional relationship has a constant multiplier between two quantities. In a table, the ratio yx must stay the same for every pair of values.


On a graph, a proportional relationship appears as a straight line that passes through the origin. If either of these conditions is missing, the relationship is not proportional.


Always ask yourself: Is there a constant ratio? and Does the graph go through (0,0)? If yes, the relationship is proportional.


  
  Put what you read to the test

  You've worked through Proportional Relationships in Tables and Graphs. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/631






  [image: 📝]   Lesson 53: Constant of Proportionality (y = kx)

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/673




  Constant of Proportionality: Understanding y=kx


Sometimes two quantities grow together in a very special way. When one quantity is always a constant multiple of the other, we call the relationship proportional.


The rule for a proportional relationship is:


y=kx


In this equation:


	x is one quantity

	y is the other quantity

	k is the constant of proportionality




The constant of proportionality tells us how much y there is for each 1 unit of x.


For example, if each notebook costs $3, then the total cost is proportional to the number of notebooks. The equation is:


y=3x


Here, x could be the number of notebooks, y could be the total cost, and the constant of proportionality is k=3.


What does the constant of proportionality mean?


The constant of proportionality is the number you multiply by. It is the same in every pair of values in a proportional relationship.


You can find k by dividing y by x:


k=yx


If the relationship is proportional, this value stays the same for every pair in the table, graph, or situation.


How to tell if a relationship is proportional



	The relationship can be written as y=kx.

	The ratio yx is always the same.

	On a graph, the points form a straight line that goes through the origin, (0,0).

	In a table, the output is always the input multiplied by the same number.




Finding the constant of proportionality from a table


Look at each pair of values and divide y by x. If you keep getting the same answer, that answer is k.


Worked Example 1: From a table


A table shows the number of bags of apples and the total cost.



xy1428312520



Find the constant of proportionality.


Divide y by x:


	41=4

	82=4

	123=4

	205=4




The ratio is always 4, so the constant of proportionality is:


k=4


The equation is:


y=4x


This means the cost is $4 for each bag of apples.


Finding the constant of proportionality from a word problem


In real-life situations, k often represents a rate. It might be cost per item, miles per hour, or cups of water per batch.


Worked Example 2: From a context


A machine fills 6 bottles in 2 minutes. Assume the number of bottles filled is proportional to time. Find the constant of proportionality.


Let:


	x = number of minutes

	y = number of bottles




Use the formula:


k=yx=62=3


So the constant of proportionality is 3.


The equation is:


y=3x


This means the machine fills 3 bottles every 1 minute.


Finding the constant of proportionality from a graph


On a graph of a proportional relationship, the line goes through the origin. You can pick any point on the line, then divide y by x to find k.


Worked Example 3: From a graph point


A graph shows a line passing through (0,0) and the point (4,10). Find the constant of proportionality.


Use the point (x,y)=(4,10):


k=yx=104=52=2.5


So the constant of proportionality is:


k=2.5


The equation is:


y=2.5x


This means y increases by 2.5 for every increase of 1 in x.


Using the equation y=kx


Once you know k, you can find missing values.


Worked Example 4: Finding a missing value


A proportional relationship has constant of proportionality k=7. If x=5, find y.


Substitute into y=kx:


y=7(5)=35


So, y=35.


Now suppose y=56 and you want to find x.


Use the equation:


56=7x


Divide both sides by 7:


x=8


Important idea: the relationship must start at 0


In a proportional relationship, when x=0, then y=0. That is because:


y=k(0)=0


If a graph does not go through the origin, then it is not proportional.


For example, the equation y=3x+2 is not proportional because it does not match the form y=kx.


Common mistakes to avoid



	Mixing up x and y: Be careful to divide y÷x, not x÷y.

	Forgetting to check all values: In a table, one pair is not enough. Make sure the ratio stays the same.

	Thinking every straight line is proportional: A proportional graph must be a straight line and pass through (0,0).

	Using addition instead of multiplication: Proportional relationships are about multiplying by the same number.




Quick step-by-step guide



	Identify x and y.

	Compute yx.

	If the value stays the same, call it k.

	Write the equation as y=kx.

	Use the equation to find missing values if needed.




Mini practice to think about



	If 3 pencils cost $6, what is k?
k=63=2, so y=2x.

	If a point on a proportional graph is (6,18), what is k?
k=186=3, so y=3x.

	If y=5x, what is y when x=9?
y=45.




[image: 📋]   Summary


The constant of proportionality is the fixed number that connects x and y in a proportional relationship. It appears in the equation y=kx, and you can find it by dividing y by x.


You can find k from a table, a graph, or a real-world situation. If the ratio yx is always the same and the graph goes through the origin, then the relationship is proportional.


When you understand k, you can write equations, solve problems, and explain what the relationship means in real life.


  
  Put what you read to the test

  You've worked through Constant of Proportionality (y = kx). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/632






  [image: 📝]   Lesson 54: Solving Cross-Proportions
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  Solving Cross-Proportions helps us find a missing number when two ratios are equal.
A proportion is an equation that says two ratios or fractions are equivalent. For example, 23=46 is a proportion because both ratios represent the same comparison.
When one number is missing, we can solve the proportion by using cross multiplication. This is a quick way to find the unknown value.
In this lesson, you will learn what cross-proportions are, when to use them, and how to solve them step by step.
1. What is a proportion?
A proportion compares two equal ratios. It often looks like this:
ab=cd
If the two fractions are equal, then the proportion is true.
Here is an example:
34=68
Both fractions have the same value, so this is a true proportion.
2. What does cross multiplication mean?
In a proportion, you multiply diagonally across the equal sign.
For
ab=cd
you multiply:
	a×d
	b×c

If the proportion is true, these products are equal:
a×d=b×c
This is called cross multiplication.

3. Steps for solving a cross-proportion
	Write the proportion clearly as two fractions.
	Cross multiply the numerator of one fraction with the denominator of the other.
	Write an equation.
	Solve for the missing variable.
	Check your answer to make sure the ratios are equal.

4. Worked Example 1
Solve:
35=x10
Step 1: Cross multiply.
Multiply diagonally:
3×10=5×x
30=5x
Step 2: Solve for x.
Divide both sides by 5:
x=6
Step 3: Check.
Substitute x=6:
35=610
Since 610 simplifies to 35, the answer is correct.
5. Worked Example 2
Solve:
7x=148
Step 1: Cross multiply.
7×8=x×14
56=14x
Step 2: Solve for x.
Divide both sides by 14:
x=4
Step 3: Check.
74=148
Both sides are equal, so x=4.
6. Worked Example 3
A recipe uses 2 cups of flour for 3 batches of muffins. How many cups of flour are needed for 9 batches?
Set up a proportion:
23=x9
Step 1: Cross multiply.
2×9=3×x
18=3x
Step 2: Solve.
x=6
Answer: 6 cups of flour are needed.
7. Worked Example 4
A map uses the scale 1 inch = 5 miles. If two towns are 15 miles apart, how many inches apart should they be on the map?
Write the ratios so the units match:
15=x15
Step 1: Cross multiply.
1×15=5×x
15=5x
Step 2: Solve.
x=3
Answer: The towns should be 3 inches apart on the map.
8. Tips for setting up proportions correctly
	Make sure the ratios compare the same kinds of things.
	Keep the order the same in both fractions.
	If one fraction has items over total, the other should also have items over total.
	Always check that your units match, such as cups to cups or miles to miles.

For example, if you compare inches to miles in one fraction, do the same in the other fraction.
9. Common mistakes to avoid
	Mixing up the order: If you start with apples/oranges, keep apples/oranges in the second ratio too.
	Forgetting to divide: After cross multiplying, you may still need to divide to find the variable.
	Not checking the answer: A quick check can catch mistakes.
	Using cross multiplication when the ratios are not set up as a proportion: The fractions must be equal.

10. Another way to think about proportions
Sometimes you can solve proportions by finding how one ratio scales to the other.
For example:
46=x12
Since 6 becomes 12 by multiplying by 2, multiply the top by 2 also:
x=8
This works because equivalent fractions are made by multiplying or dividing the numerator and denominator by the same number.
Cross multiplication is especially useful when the scale factor is not easy to see.
11. Practice thinking steps
When you see a proportion with a missing value, ask yourself:
	Are these two ratios set up in the same order?
	Can I solve it by scaling?
	If not, can I cross multiply?
	After I solve, does my answer make sense?

12. Summary
A proportion is an equation showing two equal ratios.
To solve a cross-proportion, multiply across the diagonals and set the products equal. Then solve the equation for the missing value.
Always make sure the ratios are written in the same order, and check your answer at the end.


  
  Put what you read to the test

  You've worked through Solving Cross-Proportions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/633
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  Direct and Inverse Variation are two ways that two quantities can be related.


In this lesson, you will learn how to tell the difference between them, how to write equations for them, and how to solve simple problems.


This is an important skill in ratios, rates, and proportions because variation shows how one quantity changes when another quantity changes.


1. What is direct variation?


In a direct variation, two quantities change together in the same direction.



  	If one quantity increases, the other also increases.

  	If one quantity decreases, the other also decreases.




This happens at a constant rate, which means the ratio between the two quantities stays the same.


The equation for direct variation is:


y=kx


Here:


  	
    �y and �x are the two variables.

  	�k is the constant of variation.




The constant of variation tells how many units of �y there are for each 1 unit of �x.


Another way to think about direct variation is this:


yx=k


If the value of yx stays the same, the relationship is a direct variation.


Real-life examples of direct variation:


  	Total cost and number of identical items

  	Distance traveled and time, if speed stays constant

  	Pay earned and hours worked, if pay rate stays constant




2. What is inverse variation?


In an inverse variation, two quantities change in opposite directions.



  	If one quantity increases, the other decreases.

  	If one quantity decreases, the other increases.




In inverse variation, the product of the two quantities stays constant.


The equation for inverse variation is:


y=kx


Here, �k is still the constant of variation.


Another way to write it is:


xy=k


If the value of xy stays the same, the relationship is an inverse variation.


Real-life examples of inverse variation:


  	The number of workers and the time needed to finish the same job

  	Speed and travel time for the same distance

  	The number of people sharing something and the amount each person gets




3. How to tell the difference


To decide whether a relationship is direct or inverse, ask:



  	Do the quantities move together? That suggests direct variation.

  	Do the quantities move in opposite directions? That suggests inverse variation.




You can also test the numbers:



  	For direct variation, check whether yx is constant.

  	For inverse variation, check whether xy is constant.




4. Worked Example 1: Direct variation from a table


A table shows the number of notebooks and the total cost.


Notebooks (x)Cost (y)1326412


Step 1: Check the ratio yx.


31=3,62=3,124=3


The ratio is always 3, so this is a direct variation.


Step 2: Find the equation.


Since k=3, the equation is:


y=3x


Step 3: Use the equation.


If you buy 5 notebooks, the cost is:


y=3(5)=15


So, 5 notebooks cost 15.


5. Worked Example 2: Finding the constant in direct variation


Suppose y varies directly with x, and y=18 when x=6.


Because direct variation has the form y=kx, substitute the known values:


18=6k


Now solve for k:


k=3


So the equation is:


y=3x


Now find y when x=10:


y=3(10)=30


So, when x=10, y=30.


6. Worked Example 3: Inverse variation from a table


A table shows the number of workers and the number of hours needed to finish one job.


Workers (x)Hours (y)2123846


Step 1: Check the product xy.


2⋅12=24,3⋅8=24,4⋅6=24


The product is always 24, so this is an inverse variation.


Step 2: Find the equation.


Since k=24, the equation is:


y=24x


Step 3: Use the equation.


If there are 6 workers, the number of hours is:


y=246=4


So, 6 workers need 4 hours.


7. Worked Example 4: Finding the constant in inverse variation


Suppose y varies inversely with x, and y=5 when x=8.


Use the form:


xy=k


Substitute the values:


8⋅5=k


k=40


So the equation is:


y=40x


Now find y when x=10:


y=4010=4


So, when x=10, y=4.


8. Key differences to remember



  	Direct variation: values go up or down together.

  	Inverse variation: one goes up while the other goes down.

  	Direct variation equation: y=kx

  	Inverse variation equation: y=kx

  	For direct variation, yx stays constant.

  	For inverse variation, xy stays constant.




9. Quick tips



  	If twice as much of one quantity gives twice as much of the other, think direct variation.

  	If twice as much of one quantity gives half as much of the other, think inverse variation.

  	Always check whether you should use a ratio or a product.




10. Summary


Direct and inverse variation both describe relationships between two variables.


In direct variation, the variables change together, and the equation is y=kx.


In inverse variation, the variables change in opposite directions, and the equation is y=kx.


To tell them apart, check whether the ratio yx stays the same or whether the product xy stays the same.


  
  Put what you read to the test

  You've worked through Direct and Inverse Variation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/634
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  Percent as a Proportional Rate


Have you seen prices marked 25% off, test scores like 90%, or sports stats such as 60% wins? In each case, the percent tells how much out of 100.


A percent is a special kind of ratio. The word percent means per hundred. So when we write 35%, we mean 35 out of 100.


This makes percent a proportional rate: it compares one amount to a total of 100. Understanding this helps you move between fractions, decimals, and percents.


1. What percent means


Percent compares a part to a whole using 100 as the whole. You can write a percent in three connected ways:



  	As a percent: 45%

  	As a fraction: 45100

  	As a decimal: 0.45




These all mean the same amount. They are just different forms of the same proportional relationship.


For example:


35%=35100=0.35

This means 35 parts out of every 100 parts.


2. Why percent is a proportional rate


A rate compares two quantities with different units or meanings. A percent compares:



  	the part

  	the whole




but it rewrites that comparison so the whole is always 100.


For example, if 12 out of 20 students prefer pizza, the ratio is:


1220

To write this as a percent, we find an equivalent ratio with denominator 100.


1220=60100

So, 60% of the students prefer pizza.


This works because equivalent ratios are proportional. We multiplied both 12 and 20 by 5.


3. Converting between fractions, decimals, and percents


Because percent means “out of 100,” you can switch between forms using simple steps.


Percent to fraction: Put the percent number over 100, then simplify if possible.


28%=28100=725

Percent to decimal: Divide by 100, or move the decimal point 2 places left.


28%=0.28

Decimal to percent: Multiply by 100, or move the decimal point 2 places right, then add the percent sign.


0.47=47%

Fraction to percent: Rewrite the fraction as an equivalent fraction out of 100, or divide the numerator by the denominator and turn the decimal into a percent.


34=0.75=75%

4. Finding the percent, part, or whole


Percent problems often involve three ideas:



  	Part: the piece you are talking about

  	Whole: the total amount

  	Percent: the part compared to 100




You can organize the relationship like this:


percent=partwhole×100

This formula shows that percent is a proportional comparison of part to whole.


Worked Example 1: Simple percent as a fraction and decimal


Write 65% as a fraction and as a decimal.


Step 1: Write the percent as a fraction out of 100.


65%=65100

Step 2: Simplify the fraction.


65100=1320

Step 3: Write it as a decimal.


65%=0.65

Answer: 65%=1320=0.65


Worked Example 2: Fraction to percent


Convert 25 to a percent.


Method 1: Make the denominator 100.


25=40100

So:


25=40%

Method 2: Divide numerator by denominator.


2÷5=0.4

Then convert the decimal to a percent:


0.4=40%

Answer: 25=40%


Worked Example 3: Finding a percent from a part and whole


Out of 25 questions, Maya got 20 correct. What percent did she get correct?


Step 1: Write the part over the whole.


2025

Step 2: Rewrite as a decimal or as a fraction out of 100.


2025=80100=0.8

Step 3: Write as a percent.


0.8=80%

Answer: Maya got 80% correct.


Worked Example 4: Finding the part using a percent


A store gives a 30% discount on a $50 backpack. How much is the discount?


30% means:


30%=30100=0.30

To find 30% of 50, multiply:


0.30×50=15

Answer: The discount is $15.


If you wanted the sale price, you would subtract the discount from the original price:


50−15=35

So the sale price would be $35.


5. Using proportion to solve percent problems


Because percent is a proportional rate, you can also solve problems with equivalent ratios.


Suppose 18 out of 30 students wore sneakers. What percent is that?


Set up a proportion:


1830=x100

Now solve. First simplify 1830:


1830=35

Then write it as a denominator of 100:


35=60100

So:


x=60

Answer: 60% of the students wore sneakers.


6. Helpful patterns to remember



  	50%=12=0.5

  	25%=14=0.25

  	75%=34=0.75

  	10%=110=0.1

  	1%=1100=0.01




These common percents can help you estimate quickly.


7. Common mistakes to avoid



  	Forgetting that percent means out of 100. For example, 8% means 8100, not 810.

  	Moving the decimal the wrong way. Percent to decimal: move left 2 places. Decimal to percent: move right 2 places.

  	Mixing up part and whole. The part goes on top, and the whole goes on the bottom.

  	Forgetting the percent sign. 0.6 and 60% mean the same amount, but they are written differently.




8. Quick check for understanding



  	Write 42% as a decimal and a fraction.

  	Convert 710 to a percent.

  	What percent of 40 is 10?

  	Find 20% of 60.




Answers:



  	0.42, 42100=2150

  	70%

  	1040=0.25=25%

  	0.20×60=12




[image: 📋]   Summary


A percent is a ratio out of 100. That is why percent is called a proportional rate.


You can convert between fractions, decimals, and percents because they are different ways to show the same amount. When solving percent problems, always think about the part, the whole, and how they relate to 100.


  
  Put what you read to the test

  You've worked through Percent as a Proportional Rate. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/635






  [image: 📝]   Lesson 57: Percent Equations (Part, Whole, Percent)

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/677




  Percent Equations: Part, Whole, and Percent


Percent problems show up in many real-life situations, like discounts, test scores, tips, and sales tax. To solve these problems, it helps to understand the relationship between the part, the whole, and the percent.


In this lesson, you will learn how to write and solve percent equations when one of these three parts is missing.


1. What do part, whole, and percent mean?



  	Whole: the total amount

  	Part: a piece of the whole

  	Percent: how much out of 100




For example, if 15 out of 20 students finished their homework, then:


  	The part is 15

  	The whole is 20

  	The percent tells what portion of 20 that 15 is




2. The main percent equation


The most important equation for percent problems is:


Part=Percent×Whole

There is one important rule: before multiplying, write the percent as a decimal.


To change a percent to a decimal, divide by 100, or move the decimal point two places to the left.



  	
    25%=0.25
  

  	
    6%=0.06
  

  	
    125%=1.25
  




3. Solving for the part


If you know the percent and the whole, multiply to find the part.


Example 1: Find the part

What is 30% of 50?


Use the equation:

Part=Percent×Whole

Substitute the values:

Part=0.30×50

Part=15

Answer: 30% of 50 is 15.


This makes sense because 15 is less than 50, and 30% is less than half.


4. Solving for the whole


If you know the part and the percent, divide by the decimal form of the percent.


Start with:

Part=Percent×Whole

To solve for the whole:

Whole=PartPercent

Example 2: Find the whole

12 is 40% of what number?


Let the whole be w.

12=0.40w

Divide both sides by 0.40:

w=120.40

w=30

Answer: 12 is 40% of 30.


Check:

0.40×30=12

5. Solving for the percent


If you know the part and the whole, divide the part by the whole. Then change the decimal to a percent.


Start with:

Part=Percent×Whole

To solve for the percent:

Percent=PartWhole

Then multiply by 100 to write the answer as a percent.


Example 3: Find the percent

18 is what percent of 24?


Let the percent be p.

18=p×24

Divide both sides by 24:

p=1824

p=0.75

Convert to a percent:

0.75=75%

Answer: 18 is 75% of 24.


6. A word problem with a percent equation


Example 4: Real-life problem

A jacket costs $80. It is on sale for 25% off. How much is the discount?


The discount is the part, because it is part of the original price.


Use:

Part=Percent×Whole

Substitute the values:

Discount=0.25×80

Discount=20

Answer: The discount is $20.


If you also wanted the sale price, subtract the discount from the original price:

80−20=60

So the sale price is $60.


7. How to recognize what is missing


When solving a percent problem, ask yourself these questions:



  	What is the whole?

  	What is the part?

  	What is the percent?

  	Which one is missing?




Then use the percent equation to solve.



  	If the part is missing, multiply percent and whole.

  	If the whole is missing, divide part by percent.

  	If the percent is missing, divide part by whole.




8. Common mistakes to avoid



  	Forgetting to change the percent to a decimal
Do not use 25 in the equation for 25%. Use 0.25.

  	Mixing up part and whole
The whole is the total amount. The part is only a piece of it.

  	Forgetting to convert back to percent
If you find 0.6, the percent is 60%, not just 0.6.




9. Quick guide



  	
    To find the part: Part=Percent×Whole
  

  	
    To find the whole: Whole=PartPercent
  

  	
    To find the percent: Percent=PartWhole then change to percent
  




10. Summary


Percent equations connect the part, whole, and percent in one simple relationship:


Part=Percent×Whole

If you know any two of the three values, you can solve for the missing one. Always be careful to change percents to decimals before solving, and change decimals back to percents when needed.


With practice, percent equations become a useful tool for solving everyday math problems.


  
  Put what you read to the test

  You've worked through Percent Equations (Part, Whole, Percent). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/636






  [image: 📝]   Lesson 58: Percent Error and Percent of Change

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/678




  Percent means “out of 100.” When we talk about percent of change or percent error, we are comparing how much a value changed to the original or correct value.


These ideas are useful in everyday life. Stores use percent increase and decrease for prices. Scientists and students use percent error to see how close a measured answer is to the actual answer.


In this lesson, you will learn:


  	what percent of change means,

  	how to tell the difference between percent increase and percent decrease,

  	what percent error means,

  	and how to solve problems step by step.




1. Percent of Change

Percent of change tells how much a number goes up or down compared to its original value.


There are two main types:


  	Percent increase: when the new value is greater than the original value.

  	Percent decrease: when the new value is less than the original value.




To find percent of change, follow these steps:


  	Find the amount of change.

  	Divide by the original value.

  	Multiply by 100 to turn it into a percent.




The formula is:

Percent of Change=Amount of ChangeOriginal Value×100%


And the amount of change is:

Amount of Change=∣New Value−Original Value∣


After you find the percent, decide whether it is an increase or a decrease by comparing the new value to the original value.


2. Percent Increase

If the new value is larger, the quantity increased.


Example: A video game cost $40 last month and now costs $50.


  	Original value: 40

  	New value: 50

  	Amount of change: 50−40=10




Now use the formula:

1040×100%=25%


The price went up by 25% increase.


3. Percent Decrease

If the new value is smaller, the quantity decreased.


Example: A jacket cost $60 and is now on sale for $45.


  	Original value: 60

  	New value: 45

  	Amount of change: 60−45=15




Now use the formula:

1560×100%=25%


The price went down by 25% decrease.


Important reminder: Always divide by the original value, not the new value. This is a very common mistake.


4. Percent Error

Percent error tells how far a measured or estimated value is from the actual or correct value.


This is helpful when a result is close, but not exactly right.


To find percent error:


  	Find the difference between the estimated or measured value and the actual value.

  	Use the absolute value so the difference is positive.

  	Divide by the actual value.

  	Multiply by 100 to make a percent.




The formula is:

Percent Error=∣Estimated Value−Actual Value∣Actual Value×100%


Notice that percent error uses the actual value in the denominator because we are comparing the mistake to the correct amount.


Worked Example 1: Percent Increase

A school had 200 students in the art fair last year. This year, 250 students joined. What is the percent increase?


Step 1: Find the amount of change.

250−200=50


Step 2: Divide by the original value.

50200=0.25


Step 3: Convert to a percent.

0.25×100%=25%


Answer: The number of students increased by 25%.


Worked Example 2: Percent Decrease

A water bottle held 32 ounces when full. After some water was used, it held 24 ounces. What is the percent decrease?


Step 1: Find the amount of change.

32−24=8


Step 2: Divide by the original value.

832=0.25


Step 3: Convert to a percent.

0.25×100%=25%


Answer: The amount of water decreased by 25%.


Worked Example 3: Percent Error

A student measures the length of a desk as 118 cm. The actual length is 120 cm. What is the percent error?


Step 1: Find the difference.

∣118−120∣=2


Step 2: Divide by the actual value.

2120=0.0166…


Step 3: Convert to a percent.

0.0166…×100%≈1.67%


Answer: The percent error is about 1.67%.


Worked Example 4: Choosing Between Percent Change and Percent Error

A toy was priced at $80, but now it costs $68. A shopper guessed the new price was $70.


This situation has two different comparisons.


Part A: Find the percent decrease in price.


  	Original price: 80

  	New price: 68

  	Change: 80−68=12




1280×100%=15%


The price decreased by 15%.


Part B: Find the percent error in the shopper’s guess.


  	Estimated value: 70

  	Actual value: 68

  	Error: ∣70−68∣=2




268×100%≈2.94%


The shopper’s guess had a percent error of about 2.94%.


5. How to Know Which Formula to Use


  	Use percent of change when something changes from an original value to a new value.

  	Use percent error when you compare an estimate or measurement to the actual correct value.




Ask yourself:


  	Is this about a value going up or down? Use percent increase or decrease.

  	Is this about how close a guess or measurement is to the correct answer? Use percent error.




6. Common Mistakes to Avoid


  	Using the wrong denominator. For percent change, divide by the original value. For percent error, divide by the actual value.

  	Forgetting to multiply by 100. A decimal like 0.2 becomes 20%.

  	Mixing up increase and decrease. Check whether the new value is bigger or smaller than the original.

  	Not using absolute value for percent error. Error should be positive.




7. Quick Practice Thinking

If a value changes from 50 to 60, the change is 10. Then:

1050×100%=20%

Since 60 is greater than 50, it is a 20% increase.


If an estimate is 52 but the actual value is 50, the error is 2. Then:

250×100%=4%

The percent error is 4%.


[image: 📋]   Summary

Percent of change compares how much a value increases or decreases to the original value. Percent error compares how far an estimate or measurement is from the actual value.


Remember these formulas:

Percent of Change=∣New−Original∣Original×100%

Percent Error=∣Estimated−Actual∣Actual×100%


If the new value is bigger, it is a percent increase. If the new value is smaller, it is a percent decrease. If you are comparing a guess or measurement to the correct amount, use percent error.


  
  Put what you read to the test

  You've worked through Percent Error and Percent of Change. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/637






  [image: 📝]   Lesson 59: Scale Drawings and Models

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/679




  Scale Drawings and Models help us show very large or very small objects at a size we can work with.


A scale drawing is a picture of a real object that is bigger or smaller than the real object, but keeps the same shape and proportions.


A model is a physical version of an object, such as a toy car, a globe, or a building model. Models also use a scale.


In this lesson, you will learn how to read a scale, find actual lengths, find drawing lengths, and use a scale factor to enlarge or reduce figures.


Why do we use scale drawings?


  	Maps show large places on small paper.

  	Blueprints show buildings before they are built.

  	Models show small versions of real objects.

  	Diagrams help us measure objects that are too big or too small to draw at actual size.




Main Idea: In a scale drawing or model, all lengths change by the same ratio.


That means if one side is doubled, every side is doubled. If one side is cut in half, every side is cut in half.


This keeps the figure proportional. The shape stays the same, even though the size changes.


1. Understanding Scale


A scale compares a length in the drawing or model to the actual length in real life.


For example, a map scale might say:

1 cm=5 km


This means every 1 centimeter on the map stands for 5 kilometers in real life.


A model scale might say:

1:20


This means 1 unit on the model matches 20 of the same units in real life.


If the units are not written, the units on both sides must be the same kind. For example, 1 inch to 20 inches, or 1 centimeter to 20 centimeters.


2. Scale Factor


The scale factor tells how much a figure is enlarged or reduced.


It can be written as a ratio:

scale factor=new lengthoriginal length


If the scale factor is greater than 1, the figure is enlarged.


If the scale factor is between 0 and 1, the figure is reduced.


Examples:


  	Scale factor 2: the new figure is twice as large.

  	Scale factor 12: the new figure is half as large.

  	Scale factor 3: each side is multiplied by 3.




3. Finding Missing Lengths


To solve scale problems, use a proportion or multiply/divide by the scale factor.


There are two common situations:


  	Find the actual length from a drawing or model.

  	Find the drawing length from a real object.




Helpful strategy:


  	Write the scale clearly.

  	Make sure the units match.

  	Set up a proportion or multiply/divide.

  	Check whether your answer makes sense.




Worked Example 1: Finding an Actual Distance on a Map


A map uses the scale 1 cm=4 km. Two towns are 6 cm apart on the map. What is the actual distance?


Step 1: Write the scale.

1 cm→4 km


Step 2: Multiply by 6.

If 1 cm represents 4 km, then 6 cm represents:

6×4=24


Answer: The actual distance is 24 km.


Worked Example 2: Finding a Length on a Drawing


A blueprint uses the scale 1 in=3 ft. A real wall is 15 ft long. How long should the wall be on the blueprint?


Step 1: Compare the real length to the scale.

3 ft in real life matches 1 in on the blueprint.


Step 2: Divide the real length by 3.

15÷3=5


Answer: The wall should be 5 inches long on the blueprint.


Worked Example 3: Using a Scale Factor to Enlarge a Figure


A rectangle has length 4 cm and width 3 cm. It is enlarged by a scale factor of 2.


Step 1: Multiply each side by 2.

New length:

4×2=8 cm


New width:

3×2=6 cm


Answer: The enlarged rectangle is 8 cm by 6 cm.


Notice that both side lengths were multiplied by the same number. That is why the new figure keeps the same shape.


Worked Example 4: Using a Scale Factor to Reduce a Figure


A triangle has side lengths 12 cm, 15 cm, and 18 cm. It is reduced by a scale factor of 13.


Step 1: Multiply each side by 13.

12×13=4 cm

15×13=5 cm

18×13=6 cm


Answer: The reduced triangle has side lengths 4 cm, 5 cm, and 6 cm.


4. Solving with a Proportion


Sometimes a proportion helps organize the information.


Example scale:

2 cm=10 m


If a drawing length is 7 cm, let the actual length be x m.


Set up the proportion:

210=7x


Now solve by noticing that 10 is 5 times 2, so x is 5 times 7:

x=35


So the actual length is 35 m.


5. Important Unit Reminders


Units matter a lot in scale problems.


If the scale says 1 in=4 ft, do not treat inches and feet as the same unit. Read the scale carefully and match each side correctly.


If a scale is written like 1:50, it usually means the same unit is used for both parts. For example:


  	1 cm on the drawing = 50 cm in real life

  	or 1 in on the model = 50 in in real life




6. What Stays the Same and What Changes?


In scale drawings and models:


  	The shape stays the same.

  	The side lengths change by the scale factor.

  	The figures remain proportional.




For example, if every side of a square is multiplied by 3, the new figure is still a square.


If only one side changes and the others do not, then it is not a correct scale drawing.


7. Common Mistakes to Avoid


  	Mixing up the order of the scale. Know which number represents the drawing and which represents the real object.

  	Forgetting units. Always include units in your answer.

  	Using different scale factors for different sides. Every side must change by the same factor.

  	Multiplying when you should divide. Ask: am I going from drawing to real life, or from real life to drawing?




Quick Check


  	If a map scale is 1 cm=8 km, then 3 cm represents 24 km.

  	If a model car uses scale 1:10, then a 5 cm model length represents 50 cm in real life.

  	If a figure is reduced by scale factor 14, each side becomes one-fourth of the original length.




[image: 📋]   Summary


Scale drawings and models use ratios to show real objects at a different size while keeping the same shape.


The scale tells how drawing lengths and actual lengths compare. The scale factor tells how much a figure is enlarged or reduced.


To solve problems, read the scale carefully, keep track of units, and multiply or divide so that all side lengths change proportionally.


  
  Put what you read to the test

  You've worked through Scale Drawings and Models. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/638






  
    
  [image: 📖]   Chapter 7

  Geometric Relationships and Transformations



  [image: 📝]   Lesson 60: Anatomy of Angles and Lines

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/680




  Anatomy of Angles and Lines


Geometry helps us describe shapes, directions, and space. Before we can study larger figures like triangles, quadrilaterals, and transformations, we need to understand the basic building blocks: points, lines, rays, line segments, and angles.


In this lesson, you will learn how to recognize and classify these parts of geometry. You will also learn how to measure angles with a protractor and how to draw them carefully.


1. Points, Lines, Rays, and Line Segments


A point shows an exact location. It has no length or width. We usually name a point with a capital letter, like Point A.


A line is straight and goes on forever in both directions. Because it never ends, a line has no endpoints. A line can be named using two points on it, such as line AB.


A ray starts at one point and goes on forever in one direction. It has one endpoint. For example, ray AB→ starts at point A and passes through point B.


A line segment is part of a line with two endpoints. It has a fixed length. Segment AB‾ starts at A and ends at B.



  	Line: no endpoints, goes forever both ways

  	Ray: one endpoint, goes forever one way

  	Line segment: two endpoints, fixed length




2. What Is an Angle?


An angle is formed when two rays share the same endpoint. The shared endpoint is called the vertex.


For example, if rays BA→ and BC→ meet at point B, they form angle ∠ABC. The middle letter tells you the vertex, so the vertex is B.


Angles measure the amount of turning between the two rays. We measure angles in degrees, written with the symbol [image: °].


3. Types of Angles


Angles can be classified by their size.



  	Acute angle: greater than 0[image: °] and less than 90[image: °]

  	Right angle: exactly 90[image: °]

  	Obtuse angle: greater than 90[image: °] and less than 180[image: °]

  	Straight angle: exactly 180[image: °]




Here are the angle ranges in a simple way:


Acute: 0[image: °]<x<90[image: °]

Right: x=90[image: °]

Obtuse: 90[image: °]<x<180[image: °]

Straight: x=180[image: °]

4. Naming Angles Correctly


An angle can be named in different ways, but you must be careful. If there is only one angle at a vertex, you may name it by the vertex alone, such as ∠B.


If there is more than one angle at the same vertex, use three letters. The vertex must be the middle letter. For example, ∠ABC and ∠CBD are different angles because they use different rays.


5. Measuring Angles with a Protractor


A protractor is a tool used to measure angles. Most protractors are shaped like a half-circle and are marked from 0[image: °] to 180[image: °].


To measure an angle:



  	Place the center point of the protractor on the vertex of the angle.

  	Line up one ray of the angle with the 0-degree line on the protractor.

  	Look at where the other ray crosses the numbered scale.

  	Read the correct scale. Many protractors have two sets of numbers, so start from the side where your first ray is lined up at 0[image: °].




Important tip: If the angle opens to the right, you may use one scale. If it opens to the left, you may need the other scale. Always begin counting from the ray that is lined up with 0[image: °].


6. Constructing an Angle with a Protractor


To draw an angle of a given size, follow these steps:



  	Draw one ray with an endpoint.

  	Place the center of the protractor on the endpoint.

  	Line up the ray with 0[image: °].

  	Make a mark at the angle measure you want, such as 50[image: °] or 120[image: °].

  	Use a ruler to draw a second ray from the endpoint through the mark.




This creates an angle with the exact measure you need.


7. Recognizing Relationships Between Lines and Angles


Lines and angles often work together in geometry. Some important ideas are:



  	Intersecting lines cross at a point.

  	Perpendicular lines intersect to form right angles.

  	Parallel lines never meet and stay the same distance apart.

>


If two line segments or rays meet and form a 90[image: °] angle, they are perpendicular.


If two parts of a line form a straight angle, their measures add to 180[image: °].


8. Worked Examples


Example 1: Classify basic figures


Suppose a figure starts at point P and continues forever through point Q. Is it a line, ray, or line segment?


Step 1: Check the endpoints.

The figure starts at P, so it has one endpoint.


Step 2: See whether it goes on forever.

It continues forever through Q, so it extends in one direction only.


Answer: It is a ray, written as PQ→.


Example 2: Classify an angle by its measure


An angle measures 38[image: °]. What type of angle is it?


Step 1: Compare 38[image: °] to the angle categories.



  	Acute: less than 90[image: °]

  	Right: exactly 90[image: °]

  	Obtuse: more than 90[image: °] but less than 180[image: °]




Step 2: Since 38[image: °]<90[image: °], the angle is acute.


Answer: 38[image: °] is an acute angle.


Example 3: Measure an angle on a protractor


A ray is lined up with 0[image: °], and the other ray crosses the protractor at 125[image: °]. What is the angle measure, and how is the angle classified?


Step 1: Read the number where the second ray crosses.

The angle measure is 125[image: °].


Step 2: Classify the angle.

Because 90[image: °]<125[image: °]<180[image: °], the angle is obtuse.


Answer: The angle measures 125[image: °] and is an obtuse angle.


Example 4: Construct an angle


Draw an angle measuring 70[image: °].


Step 1: Draw a ray with endpoint A.


Step 2: Place the center of the protractor at A.


Step 3: Line up the ray with 0[image: °].


Step 4: Find 70[image: °] on the correct scale and make a small mark.


Step 5: Draw a second ray from A through the mark.


Answer: The new angle is 70[image: °], so it is an acute angle.


9. Common Mistakes to Avoid



  	Mixing up lines, rays, and segments: Count the endpoints carefully.

  	Forgetting the vertex in angle names: In ∠ABC, the vertex is B.

  	Reading the wrong protractor scale: Start from the side lined up with 0[image: °].

  	Guessing angle types by shape only: Measure or compare carefully before classifying.




10. Quick Check


Try these on your own:



  	What is the difference between a ray and a line segment?

  	Is a 90[image: °] angle acute, right, obtuse, or straight?

  	What type of angle is 145[image: °]?

  	If an angle measures 180[image: °], what kind of angle is it?

  	Why is the middle letter important when naming an angle with three letters?




Brief Summary


Points, lines, rays, and line segments are the basic parts of geometry. Angles are formed by two rays with a shared endpoint called the vertex. Angles are measured in degrees and can be classified as acute, right, obtuse, or straight. A protractor helps you measure and draw angles accurately, which is an important skill in geometry.


  
  Put what you read to the test

  You've worked through Anatomy of Angles and Lines. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/639






  [image: 📝]   Lesson 61: Angle Pair Relationships
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  Angle Pair Relationships help us understand how angles are connected. When two angles are next to each other, across from each other, or add up to a certain total, we can use those relationships to find missing angle measures.


In this lesson, you will learn about four important types of angle pairs:


  	Complementary angles

  	Supplementary angles

  	Vertical angles

  	Adjacent angles




You will also learn how to use simple algebra to find unknown angle measures.


First, what is an angle? An angle is formed when two rays meet at one endpoint. Angle measure tells how wide the opening is, and it is measured in degrees.


1. Complementary Angles

Two angles are complementary if their measures add up to .0? wait 90 degrees.


So if angle A and angle B are complementary, then:

m∠A+m∠B=90[image: °]


Example: If one angle measures 35[image: °], the other angle is:

90[image: °]−35[image: °]=55[image: °]


So the missing angle is 55[image: °].


Complementary angles do not have to be next to each other. They just need to add to 90[image: °].


2. Supplementary Angles

Two angles are supplementary if their measures add up to 180 degrees.


If angle C and angle D are supplementary, then:

m∠C+m∠D=180[image: °]


Example: If one angle is 120[image: °], the other angle is:

180[image: °]−120[image: °]=60[image: °]


So the missing angle is 60[image: °].


Supplementary angles also do not have to be next to each other. They just need to add to 180[image: °].


3. Adjacent Angles

Two angles are adjacent if they are side by side. They share:


  	a common vertex

  	a common side

  	no overlapping interior




Adjacent angles are about position, not total measure.


For example, one adjacent angle pair could measure 20[image: °] and 40[image: °]. Another adjacent pair could measure 90[image: °] and 30[image: °].


Sometimes adjacent angles are also complementary or supplementary, but not always.


4. Vertical Angles

When two lines cross, they form four angles. The angles opposite each other are called vertical angles.


Vertical angles are always equal.


If two angles are vertical angles, then:

m∠1=m∠2


Example: If one vertical angle is 72[image: °], the angle across from it is also 72[image: °].


The other two angles in the crossing shape would each be supplementary to 72[image: °], so they would be:

180[image: °]−72[image: °]=108[image: °]


How to Tell the Difference


  	Complementary: add to 90[image: °]

  	Supplementary: add to 180[image: °]

  	Adjacent: next to each other

  	Vertical: opposite angles formed by intersecting lines




A pair of angles can fit more than one description.


  	Two angles can be adjacent and complementary.

  	Two angles can be adjacent and supplementary.

  	Vertical angles are equal, but they are not adjacent.




Using Algebra with Angle Pairs

Sometimes a missing angle is given as a variable expression, such as x+10 or 3x−5. You can use the angle relationship to write an equation.


Then solve the equation and substitute the value back in to find the angle measures.


Worked Example 1: Complementary Angles

Two angles are complementary. One angle measures 28[image: °]. What is the other angle?


Since complementary angles add to 90[image: °], write:

28+x=90


Solve for x:

x=90−28=62


Answer: The missing angle is 62[image: °].


Worked Example 2: Supplementary Angles with Algebra

Two angles are supplementary. One angle is (x+25)[image: °], and the other is 95[image: °]. Find x and both angle measures.


Since supplementary angles add to 180[image: °], write:

x+25+95=180


Combine numbers:

x+120=180


Solve:

x=60


Now find the unknown angle:

x+25=60+25=85


Answer: x=60. The two angles are 85[image: °] and 95[image: °].


Worked Example 3: Vertical Angles

Two vertical angles are labeled (2x+10)[image: °] and (4x−30)[image: °]. Find x and the angle measure.


Vertical angles are equal, so write:

2x+10=4x−30


Solve the equation:

10=2x−30

40=2x

x=20


Now substitute x=20 into either expression:

2(20)+10=50


Answer: x=20, and each vertical angle measures 50[image: °].


Worked Example 4: Adjacent Supplementary Angles

Two adjacent angles form a straight line. One angle is (3x)[image: °] and the other is (2x+15)[image: °]. Find x and both angles.


A straight line measures 180[image: °], so the angles are supplementary.

Write the equation:

3x+(2x+15)=180


Combine like terms:

5x+15=180


Solve:

5x=165

x=33


Now find each angle:

3x=3(33)=99

2x+15=2(33)+15=81


Answer: The angles are 99[image: °] and 81[image: °].


Tips for Solving Angle Pair Problems


  	Read carefully to identify the angle relationship.

  	Ask yourself: Do the angles add to 90[image: °], add to 180[image: °], or are they equal?

  	Write an equation.

  	Solve the equation.

  	Check that your answer makes sense.




Common Mistakes to Avoid


  	Mixing up complementary and supplementary angles

  	Thinking adjacent angles must be equal

  	Forgetting that vertical angles are opposite, not side by side

  	Solving for x but forgetting to find the actual angle measure




Quick Check


  	If two angles add to 90[image: °], they are complementary.

  	If two angles add to 180[image: °], they are supplementary.

  	If two angles are side by side, they are adjacent.

  	If two angles are opposite when lines cross, they are vertical angles.




[image: 📋]   Summary

Angle pair relationships help you describe how two angles are connected. Complementary angles add to 90[image: °], supplementary angles add to 180[image: °], adjacent angles are next to each other, and vertical angles are opposite and equal.


When a problem includes a variable, use the angle relationship to write and solve an equation. Then substitute your value back in to find the missing angle measure.


  
  Put what you read to the test

  You've worked through Angle Pair Relationships. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/640






  [image: 📝]   Lesson 62: Transversals and Parallel Lines

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/682




  Transversals and Parallel Lines help us understand how angles are connected when lines cross each other. This is an important idea in geometry because it lets us find missing angle measures and solve for unknown variables.


In this lesson, you will learn what a transversal is, what happens when it crosses parallel lines, and how to identify corresponding angles, alternate interior angles, and same-side interior angles.


By the end, you should be able to look at a diagram, name the angle relationships, and use them to find missing values.


1. What is a transversal?


A transversal is a line that crosses two or more other lines at different points.


If the two lines it crosses are parallel, then special angle relationships are created.


Parallel lines are lines that stay the same distance apart and never meet. We show parallel lines with the symbol ∥.


For example, if line l is parallel to line m, we write:


l∥m


2. What angles are formed?


When a transversal crosses two parallel lines, many angles are formed. Some of these angles have special relationships.



  	Corresponding angles

  	Alternate interior angles

  	Same-side interior angles




Let’s understand each one.


3. Corresponding angles


Corresponding angles are in matching positions at each intersection.


If two parallel lines are cut by a transversal, then corresponding angles are equal.


So if one corresponding angle measures 70[image: °], the other corresponding angle also measures 70[image: °].


Rule:


Corresponding angles are congruent


In 7th Grade math, congruent means the angles have the same measure.


4. Alternate interior angles


Interior angles are the angles between the two parallel lines.


Alternate interior angles are:



  	between the parallel lines, and

  	on opposite sides of the transversal




If two parallel lines are cut by a transversal, alternate interior angles are also equal.


Rule:


Alternate interior angles are congruent


For example, if one alternate interior angle is 115[image: °], the other alternate interior angle is also 115[image: °].


5. Same-side interior angles


Same-side interior angles are:



  	between the parallel lines, and

  	on the same side of the transversal




These angles are not equal in general. Instead, they add up to 180[image: °].


Rule:


Same-side interior angles are supplementary


Supplementary means the sum is 180[image: °].


For example, if one same-side interior angle is 60[image: °], the other is:


180[image: °]−60[image: °]=120[image: °]


6. A quick way to tell them apart



  	Corresponding: same position, one at each intersection

  	Alternate interior: inside the parallel lines, opposite sides of the transversal

  	Same-side interior: inside the parallel lines, same side of the transversal




7. Important facts to remember



  	If lines are parallel, corresponding angles are equal.

  	If lines are parallel, alternate interior angles are equal.

  	If lines are parallel, same-side interior angles add to 180[image: °].




These facts help you solve missing angles and equations with variables.


Worked Example 1: Finding a corresponding angle


Two parallel lines are cut by a transversal. One angle measures 68[image: °]. The angle corresponding to it is x. Find x.


Step 1: Identify the angle relationship.


The problem says the angles are corresponding.


Step 2: Use the rule.


Corresponding angles are equal, so:


x=68


Answer: x=68[image: °]


Worked Example 2: Finding an alternate interior angle


Two parallel lines are cut by a transversal. One alternate interior angle measures 132[image: °]. The other alternate interior angle is y. Find y.


Step 1: Identify the relationship.


The angles are alternate interior angles.


Step 2: Use the rule.


Alternate interior angles are equal, so:


y=132


Answer: y=132[image: °]


Worked Example 3: Finding a same-side interior angle


Two parallel lines are cut by a transversal. One same-side interior angle is 47[image: °]. The other is z. Find z.


Step 1: Identify the relationship.


The angles are same-side interior angles.


Step 2: Use the rule.


Same-side interior angles add to 180[image: °], so:


47+z=180


Step 3: Solve.


z=180−47


z=133


Answer: z=133[image: °]


Worked Example 4: Solving for a variable


Two parallel lines are cut by a transversal. Two corresponding angles are labeled (3x+10)[image: °] and (5x−14)[image: °]. Find x.


Step 1: Use the angle relationship.


Corresponding angles are equal, so set the expressions equal:


3x+10=5x−14


Step 2: Solve the equation.


Subtract 3x from both sides:


10=2x−14


Add 14 to both sides:


24=2x


Divide by 2:


x=12


Step 3: Check by substituting.


3(12)+10=36+10=46


5(12)−14=60−14=46


Both expressions give the same angle measure, so the answer is correct.


Answer: x=12


8. How to solve problems step by step



  	Look at the diagram carefully.

  	Decide which angle pair is being used.

  	Choose the correct rule:
    
      	Corresponding → equal

      	Alternate interior → equal

      	Same-side interior → sum of 180[image: °]

    

  

  	Write an equation.

  	Solve for the missing angle or variable.

  	Check that your answer makes sense.




9. Common mistakes to avoid



  	Mixing up angle types: Make sure you check whether the angles are inside the lines or outside, and whether they are on the same side or opposite sides of the transversal.

  	Adding when you should set equal: Corresponding and alternate interior angles are equal, not supplementary.

  	Setting same-side interior angles equal: Same-side interior angles should add to 180[image: °].

  	Forgetting that the lines must be parallel: These special rules work because the lines are parallel.




10. Final review


When a transversal crosses two parallel lines, it creates angle pairs with special relationships.



  	Corresponding angles are in matching positions and are equal.

  	Alternate interior angles are between the lines on opposite sides of the transversal and are equal.

  	Same-side interior angles are between the lines on the same side of the transversal and add to 180[image: °].




If you can identify the type of angle pair, then you can write the correct equation and solve for the missing measure or variable.


Short Summary


A transversal is a line that crosses two lines. When it crosses parallel lines, special angle relationships appear. Corresponding angles and alternate interior angles are equal, while same-side interior angles add up to 180[image: °]. These rules help you find missing angles and solve equations with variables.


  
  Put what you read to the test

  You've worked through Transversals and Parallel Lines. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/641






  [image: 📝]   Lesson 63: Triangle Inequality Theorem

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/683




  Triangle Inequality Theorem helps us decide whether three side lengths can make a triangle.
The rule is simple: the sum of any two sides of a triangle must be greater than the third side.
If this is not true, then the sides will not close up to form a triangle.
Imagine trying to build a triangle with three sticks. If one stick is too long compared to the other two, the shorter sticks cannot meet. They will fall flat instead of making a triangle.
For a triangle with side lengths a, b, and c, the Triangle Inequality Theorem says:
a+b>cb+c>aa+c>b
All three inequalities must be true.
Important idea: the sum must be greater than the third side, not equal to it.
For example, if the side lengths are 2, 3, and 5, then:
2+3=5
Because the sum is equal to the third side, these lengths do not make a triangle.
How to Check if Side Lengths Form a Triangle
	Pick any two side lengths and add them.

	Compare the sum to the third side.

	Repeat for all three pairs.

	If every sum is greater than the remaining side, the lengths form a triangle.


Sometimes you can check more quickly by focusing on the longest side.
If the sum of the two shorter sides is greater than the longest side, then the other two inequalities will also work.
Still, when you are learning, it is a good idea to check all three.
Worked Example 1: A Triangle That Works
Do the side lengths 4, 6, and 7 form a triangle?
Check all three sums:
4+6=10and10>7
6+7=13and13>4
4+7=11and11>6
All three inequalities are true.
Answer: Yes, 4, 6, and 7 can form a triangle.
Worked Example 2: A Triangle That Does Not Work
Do the side lengths 3, 5, and 9 form a triangle?
Check the sums:
3+5=8and8≯9
Right away, one inequality fails.
That means the side lengths cannot form a triangle.
Answer: No, 3, 5, and 9 do not form a triangle.
Worked Example 3: When the Sum Equals the Third Side
Do the side lengths 2, 4, and 6 form a triangle?
Check the sums:
2+4=6
The sum is equal to the third side, not greater than it.
So these lengths do not make a triangle.
Answer: No, because the Triangle Inequality Theorem says the sum must be greater than the third side.
Worked Example 4: Finding a Missing Side Length
A triangle has side lengths 5, 8, and x. What values can x have?
Use the Triangle Inequality Theorem.
First:
5+8>x
13>x
So x<13.
Next:
5+x>8
x>3
Next:
8+x>5
x>−3
This last one is always true if side lengths are positive, so the important limits are:
3<x<13
Answer: The missing side length must be greater than 3 and less than 13.
If you are only using whole-number side lengths, possible values are:
4,5,6,7,8,9,10,11,12
Why This Theorem Matters
The Triangle Inequality Theorem helps in many geometry problems.
	It tells whether three lengths can make a triangle.

	It helps find possible values for an unknown side.

	It explains why some shapes cannot close to form triangles.


Common Mistakes to Avoid
	Using equal instead of greater: a+b=c does not make a triangle.

	Checking only one pair carelessly: make sure the two shorter sides together are longer than the longest side.

	Forgetting side lengths must be positive: triangle sides cannot be 0 or negative.


Quick Practice to Think About
Decide whether each set of side lengths can form a triangle:
	7,10,12

	1,2,4

	6,6,11


You can test each one by checking whether the sum of two sides is greater than the third side.
[image: 📋]   Summary
The Triangle Inequality Theorem says that in any triangle, the sum of any two side lengths must be greater than the third side.
If even one pair adds to less than or equal to the third side, the lengths cannot form a triangle.
You can use this theorem to test side lengths and to find possible values for a missing side.


  
  Put what you read to the test

  You've worked through Triangle Inequality Theorem. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/642






  [image: 📝]   Lesson 64: Interior and Exterior Angles of Polygons

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/684




  Interior and Exterior Angles of Polygons


When you look at a polygon, you can study the angles inside the shape and the angles outside the shape. These are called interior angles and exterior angles.


Understanding these angles helps you solve problems about triangles, quadrilaterals, pentagons, hexagons, and many other polygons.


In this lesson, you will learn:


  	what interior and exterior angles are,

  	how to find the sum of the interior angles of a polygon,

  	how to find the sum of the exterior angles of a polygon,

  	and how to use these ideas to solve problems.




1. What is a polygon?


A polygon is a closed 2-dimensional shape made of straight sides. Some examples are:


  	triangle: 3 sides

  	quadrilateral: 4 sides

  	pentagon: 5 sides

  	hexagon: 6 sides

  	octagon: 8 sides




The number of sides is often called n.


2. Interior angles


An interior angle is an angle inside a polygon, where two sides meet.


For example, a triangle has 3 interior angles, and a pentagon has 5 interior angles.


Sum of interior angles


For any polygon with n sides, the sum of the interior angles is:


(n−2)×180[image: °]

This is an important formula to remember.


Why does this formula work?


You can divide a polygon into triangles by drawing diagonals from one vertex. Since each triangle has angle sum 180[image: °], the total interior angle sum depends on how many triangles are made.


A polygon with n sides can be divided into n−2 triangles.


So the interior angle sum is:


(n−2)×180[image: °]

Examples of interior angle sums


  	Triangle: (3−2)×180[image: °]=180[image: °]

  	Quadrilateral: (4−2)×180[image: °]=360[image: °]

  	Pentagon: (5−2)×180[image: °]=540[image: °]

  	Hexagon: (6−2)×180[image: °]=720[image: °]




3. Exterior angles


An exterior angle is formed when one side of a polygon is extended. The exterior angle is outside the polygon.


At each vertex, the interior angle and the exterior angle next to it make a straight line.


That means:


interior angle+exterior angle=180[image: °]

Sum of exterior angles


For any convex polygon, the sum of one exterior angle at each vertex is always:


360[image: °]

This is true no matter how many sides the polygon has.


A convex polygon is a polygon with no corners pushed inward. In 7th Grade, most polygon problems use convex polygons.


Why is the exterior angle sum always 360[image: °]?


If you walk all the way around a polygon, you make one full turn. One full turn is 360[image: °]. That is why the exterior angles add up to 360[image: °].


4. Regular polygons


A regular polygon has:


  	all sides the same length, and

  	all angles the same size.




In a regular polygon, all the interior angles are equal, and all the exterior angles are equal.


Finding one interior angle of a regular polygon


First find the sum of the interior angles:


(n−2)×180[image: °]

Then divide by the number of angles, which is n:


one interior angle=(n−2)×180[image: °]/n

Finding one exterior angle of a regular polygon


Since the exterior angles add to 360[image: °], divide by the number of sides:


one exterior angle=360[image: °]/n

You can also find one interior angle by subtracting the exterior angle from 180[image: °]:


interior angle=180[image: °]−exterior angle

5. Worked Examples


Example 1: Find the sum of the interior angles of a hexagon.


A hexagon has n=6 sides.


Use the formula:


(n−2)×180[image: °]

Substitute 6 for n:


(6−2)×180[image: °]=4×180[image: °]=720[image: °]

Answer: The sum of the interior angles is 720[image: °].


Example 2: Find one interior angle of a regular pentagon.


A pentagon has n=5 sides.


First find the sum of the interior angles:


(5−2)×180[image: °]=3×180[image: °]=540[image: °]

Because the pentagon is regular, all 5 interior angles are equal. Divide by 5:


540[image: °]/5=108[image: °]

Answer: One interior angle of a regular pentagon is 108[image: °].


Example 3: Find one exterior angle of a regular octagon.


An octagon has n=8 sides.


For a regular polygon:


one exterior angle=360[image: °]/n

Substitute 8 for n:


360[image: °]/8=45[image: °]

Answer: One exterior angle of a regular octagon is 45[image: °].


Example 4: A regular polygon has an exterior angle of 30[image: °]. How many sides does it have?


For a regular polygon:


one exterior angle=360[image: °]/n

Set up the equation:


30=360n

Solve for n:


30n=360

n=12

Answer: The polygon has 12 sides.


6. Important relationships to remember


  	Sum of interior angles of an n-sided polygon: (n−2)×180[image: °]

  	Sum of exterior angles of a convex polygon: 360[image: °]

  	Interior angle + exterior angle at the same vertex: 180[image: °]

  	One exterior angle of a regular polygon: 360[image: °]/n




7. Common mistakes to avoid


  	Do not use (n−2)×180[image: °] for exterior angles. That formula is only for the sum of interior angles.

  	Do not forget that the exterior angle sum is always 360[image: °] for a convex polygon.

  	If the polygon is regular, then all the angles are equal. If it is not regular, you cannot assume all angles are the same.

  	Be careful to tell whether the question is asking for the sum of the angles or for one angle.




8. Quick check


  	What is the sum of the interior angles of a 7-sided polygon?
    (7−2)×180[image: °]=5×180[image: °]=900[image: °]

  

  	What is the sum of the exterior angles of a convex polygon?
    360[image: °]

  

  	What is one exterior angle of a regular hexagon?
    360[image: °]/6=60[image: °]

  

  	What is one interior angle of a regular hexagon?
    180[image: °]−60[image: °]=120[image: °]

  




[image: 📋]   Summary


Interior angles are the angles inside a polygon. Their sum is found using:


(n−2)×180[image: °]

Exterior angles are the angles outside a polygon made by extending a side. For any convex polygon, the sum of one exterior angle at each vertex is always:


360[image: °]

In a regular polygon, all angles are equal, so you can divide to find one interior or exterior angle. These formulas make it much easier to solve polygon angle problems.


  
  Put what you read to the test

  You've worked through Interior and Exterior Angles of Polygons. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/643






  [image: 📝]   Lesson 65: Quadrilateral Hierarchy

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/685




  Quadrilateral Hierarchy is the idea that some quadrilaterals belong to more than one category because they share properties. A quadrilateral is any polygon with 4 sides. In this lesson, you will learn how parallelograms, rectangles, rhombuses, squares, trapezoids, and kites are connected.


Instead of thinking of these shapes as completely separate, we organize them in a hierarchy. A hierarchy shows which groups fit inside other groups. This is similar to a family tree or a Venn diagram.


Understanding this hierarchy helps you classify shapes correctly and explain why a shape belongs in one group, or even several groups, at the same time.


First, remember the main quadrilateral categories.



  	Parallelogram: a quadrilateral with both pairs of opposite sides parallel.

  	Rectangle: a parallelogram with 4 right angles.

  	Rhombus: a parallelogram with 4 equal sides.

  	Square: a quadrilateral with 4 equal sides and 4 right angles.

  	Trapezoid: a quadrilateral with at least one pair of parallel sides.

  	Kite: a quadrilateral with 2 pairs of adjacent equal sides.




Important idea: when mathematicians use a hierarchy, they often use inclusive definitions. That means a shape can belong to a larger group if it has all the required properties.


For example, a rectangle has both pairs of opposite sides parallel. That means every rectangle is also a parallelogram.


Also, a square has 4 right angles, so it is a rectangle. A square also has 4 equal sides, so it is a rhombus. Since rectangles and rhombuses are both parallelograms, every square is also a parallelogram.


This is why the hierarchy matters: a shape can fit in more than one category.


Let’s look more closely at each group.


1. Parallelograms

A parallelogram has:


  	2 pairs of parallel sides

  	opposite sides equal in length

  	opposite angles equal




Rectangles, rhombuses, and squares are all special kinds of parallelograms.


2. Rectangles

A rectangle has everything a parallelogram has, plus:


  	4 right angles




So, the rectangle group fits inside the parallelogram group.


3. Rhombuses

A rhombus has everything a parallelogram has, plus:


  	4 equal sides




So, the rhombus group also fits inside the parallelogram group.


4. Squares

A square has:


  	4 equal sides

  	4 right angles




That means a square is both a rectangle and a rhombus. Because rectangles and rhombuses are parallelograms, a square is also a parallelogram.


You can think of the square as sitting in the overlap of the rectangle and rhombus groups.


5. Trapezoids

In this lesson, we use the definition: a trapezoid has at least one pair of parallel sides.


Because a parallelogram has 2 pairs of parallel sides, it still has at least one pair. So, using this definition, every parallelogram is also a trapezoid.


This may feel surprising if you learned that trapezoids have exactly one pair of parallel sides. Different textbooks sometimes choose different definitions. For a hierarchy and Venn diagram, the inclusive definition at least one pair works best because it shows how groups are related.


6. Kites

A kite has:


  	2 pairs of adjacent equal sides




Adjacent means next to each other. So if one side is equal to the side beside it, and another side is equal to the side beside it, the shape may be a kite.


Some rhombuses and squares also fit the kite definition because all 4 sides are equal. That means you can form 2 pairs of adjacent equal sides.


So in an inclusive hierarchy, some kites overlap with rhombuses and squares.


How to use a hierarchy or Venn diagram

When placing shapes in a Venn diagram, ask these questions:


  	Does it have at least one pair of parallel sides?

  	Does it have two pairs of parallel sides?

  	Does it have 4 right angles?

  	Does it have 4 equal sides?

  	Does it have 2 pairs of adjacent equal sides?




Each “yes” gives you more information about where the shape belongs.


A simple way to picture the hierarchy


  	All of these shapes are quadrilaterals.

  	Inside quadrilaterals, there is the group of trapezoids.

  	Inside trapezoids, there is the group of parallelograms.

  	Inside parallelograms, there are rectangles and rhombuses.

  	Where rectangles and rhombuses overlap, you get squares.

  	Kites form another group that overlaps with rhombuses and squares.




Worked Example 1: Is every rectangle a parallelogram?

Question: Decide whether the statement is true or false: “Every rectangle is a parallelogram.”

Step 1: Recall the definition of a parallelogram: both pairs of opposite sides are parallel.

Step 2: A rectangle has 4 right angles. Because of its shape, its opposite sides are parallel.

Conclusion: The statement is true.

Answer: Every rectangle is a parallelogram.


Worked Example 2: Is every rhombus a square?

Question: Decide whether the statement is true or false: “Every rhombus is a square.”

Step 1: A rhombus must have 4 equal sides.

Step 2: A square must have 4 equal sides and 4 right angles.

Step 3: A rhombus does not always have 4 right angles.

Conclusion: The statement is false.

Answer: Some rhombuses are squares, but not all rhombuses are squares.


Worked Example 3: Classify a shape with properties

Question: A quadrilateral has 4 equal sides and 4 right angles. Name every category it belongs to.

Step 1: 4 equal sides means it is a rhombus.

Step 2: 4 right angles means it is a rectangle.

Step 3: A shape that is both a rhombus and a rectangle is a square.

Step 4: Since squares are also parallelograms, it is a parallelogram.

Step 5: Since parallelograms have at least one pair of parallel sides, it is also a trapezoid.

Step 6: Since all 4 sides are equal, it also has 2 pairs of adjacent equal sides, so it is a kite.

Answer: The shape is a square, rectangle, rhombus, parallelogram, trapezoid, kite, and of course a quadrilateral.


Worked Example 4: Use angle and side information

Question: A quadrilateral has both pairs of opposite sides parallel, but it does not have 4 right angles and not all 4 sides are equal. How should it be classified?

Step 1: Both pairs of opposite sides parallel means it is a parallelogram.

Step 2: It does not have 4 right angles, so it is not a rectangle.

Step 3: Not all 4 sides are equal, so it is not a rhombus.

Step 4: If it is not both a rectangle and a rhombus, then it is not a square.

Step 5: Since it has at least one pair of parallel sides, it is also a trapezoid.

Answer: It is a parallelogram, a trapezoid, and a quadrilateral.


Common mistakes to avoid


  	Mistake 1: Thinking categories never overlap. In a hierarchy, they often do.

  	Mistake 2: Thinking a square is only a square. A square also belongs to other groups.

  	Mistake 3: Forgetting the definition being used for trapezoid. In this lesson, it means at least one pair of parallel sides.

  	Mistake 4: Mixing up opposite sides and adjacent sides.




Quick property chart


  	Parallelogram: 2 pairs of parallel sides

  	Rectangle: parallelogram + 4 right angles

  	Rhombus: parallelogram + 4 equal sides

  	Square: rectangle + rhombus

  	Trapezoid: at least 1 pair of parallel sides

  	Kite: 2 pairs of adjacent equal sides




One more helpful way to think about it

If a shape has more special properties, it can belong to a smaller, more specific group.


For example:


  	A parallelogram is a broad group.

  	A rectangle is more specific because it needs 4 right angles.

  	A square is even more specific because it needs 4 right angles and 4 equal sides.




So the hierarchy moves from general groups to special groups.


[image: 📋]   Summary

A quadrilateral hierarchy shows how 4-sided shapes are related. Rectangles, rhombuses, and squares are special kinds of parallelograms. Squares belong to both the rectangle and rhombus groups. Using the inclusive definition, parallelograms are also trapezoids, and some kites overlap with rhombuses and squares. When classifying a quadrilateral, always look carefully at its sides, angles, and parallel lines.


  
  Put what you read to the test

  You've worked through Quadrilateral Hierarchy. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/644






  [image: 📝]   Lesson 66: Pythagorean Theorem Foundations

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/686




  Pythagorean Theorem Foundations


The Pythagorean Theorem is a rule that helps us find missing side lengths in a right triangle. A right triangle is a triangle that has one angle measuring 90[image: °].


This theorem is one of the most useful ideas in geometry because it connects the lengths of the three sides of a right triangle. If you know any two side lengths, you can find the third.


Before using the theorem, it is important to know the names of the sides of a right triangle.



  	Legs: the two sides that form the right angle

  	Hypotenuse: the side across from the right angle; it is always the longest side




We usually label the two legs as a and b, and the hypotenuse as c.


The Pythagorean Theorem says:


a2+b2=c2


This means that if you square the length of one leg, square the length of the other leg, and add those two results, you get the square of the hypotenuse.


Important: This rule only works for right triangles.


Let’s make sense of the equation:



  	a2 means a×a

  	b2 means b×b

  	c2 means c×c




For example, if a side length is 4, then:


42=4×4=16


If a side length is 7, then:


72=7×7=49


To use the theorem correctly, follow these steps:



  	Check that the triangle is a right triangle.

  	Identify the hypotenuse. It is opposite the 90[image: °] angle.

  	Label the legs as a and b, and the hypotenuse as c.

  	Substitute the known values into a2+b2=c2.

  	Solve for the missing side.




Worked Example 1: Find the hypotenuse


A right triangle has legs of length 3 and 4. Find the hypotenuse.


Step 1: Write the formula.


a2+b2=c2


Step 2: Substitute the side lengths.


32+42=c2


Step 3: Square the numbers.


9+16=c2


Step 4: Add.


25=c2


Step 5: Find the number whose square is 25.


c=5


So, the hypotenuse is 5.


Worked Example 2: Find a missing leg


A right triangle has hypotenuse 13 and one leg 5. Find the other leg.


Step 1: Use the formula.


a2+b2=c2


Let the missing leg be b. Then a=5 and c=13.


Step 2: Substitute.


52+b2=132


Step 3: Square the known numbers.


25+b2=169


Step 4: Subtract 25 from both sides.


b2=144


Step 5: Find the square root of 144.


b=12


So, the missing leg is 12.


Worked Example 3: Distance on a grid


Suppose you move 6 units to the right and 8 units up on a coordinate grid. The straight-line distance between the start and end points forms the hypotenuse of a right triangle. Find that distance.


The horizontal distance and vertical distance are the legs, so:


62+82=c2


36+64=c2


100=c2


c=10


The straight-line distance is 10 units.


This is one way the Pythagorean Theorem helps us find missing two-dimensional distances.


Worked Example 4: Is it a right triangle?


A triangle has side lengths 7, 24, and 25. Is it a right triangle?


To check, use the longest side as c. Here, 25 is the longest side.


Now test the equation:


72+242=252


49+576=625


625=625


The equation is true, so this is a right triangle.


Common Mistakes to Avoid



  	Do not use the theorem unless the triangle is a right triangle.

  	Do not confuse a leg with the hypotenuse.

  	Remember that the hypotenuse is always the longest side.

  	Square first, then add or subtract.

  	If you are finding a leg, you will usually need to subtract after squaring.




Helpful Pattern


Some right triangles have side lengths that appear often. These are useful to recognize:



  	3,4,5

  	5,12,13

  	7,24,25




If you see these numbers, they can help you solve problems faster.


Why the Theorem Works


The theorem shows a special relationship between the three sides of a right triangle. The total of the squares on the two legs is equal to the square on the hypotenuse.


You can think of it as comparing areas of squares built on each side of the triangle. The two smaller square areas together equal the area of the largest square.


For example, in the 3,4,5 triangle:


32+42=52


9+16=25


The areas of the two smaller squares, 9 and 16, add to make 25, the area of the largest square.


[image: 📋]   Summary


The Pythagorean Theorem is used with right triangles and states that:


a2+b2=c2


The legs are the two sides that meet at the right angle, and the hypotenuse is the longest side across from the right angle.


You can use this theorem to:



  	find the hypotenuse when you know both legs

  	find a missing leg when you know the hypotenuse and one leg

  	find straight-line distance in two dimensions

  	check whether a triangle is a right triangle




When solving, always identify the hypotenuse first and make sure the triangle is a right triangle.


  
  Put what you read to the test

  You've worked through Pythagorean Theorem Foundations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/645






  [image: 📝]   Lesson 67: Rigid Transformations

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/687




  Rigid transformations are movements of a figure that do not change its size or shape. After a rigid transformation, the new figure is congruent to the original figure. That means the figures have the same side lengths and the same angle measures.


In 7th grade, the three main rigid transformations are translations, reflections, and rotations. You can think of them as a slide, a flip, and a turn.


These transformations are often shown on the coordinate plane. A point such as (2,3) can move to a new location depending on the transformation. The moved figure is often called the image, and the original figure is called the preimage.


For example, if point A is the original point, its image might be written as A′ (read “A prime”).


Why rigid transformations matter:


  	They help us describe how shapes move.

  	They show when two figures are congruent.

  	They help us understand symmetry and patterns.

  	They are a big part of geometry on the coordinate plane.




Important idea: A rigid transformation preserves:


  	side lengths

  	angle measures

  	shape

  	size




Only the position or orientation may change.


1. Translation (slide)

A translation moves every point of a figure the same distance in the same direction. Nothing turns and nothing flips.


If a figure moves 4 units right and 2 units up, then every vertex does the same thing.


On a coordinate plane:


  	moving right means adding to the x-coordinate

  	moving left means subtracting from the x-coordinate

  	moving up means adding to the y-coordinate

  	moving down means subtracting from the y-coordinate




If a point (x,y) is translated right a units and up b units, the image is:

(x,y)→(x+a,y+b)


Example: Translate (3,−1) left 5 units and up 2 units.

Left 5 means subtract 5 from x. Up 2 means add 2 to y.

(3,−1)→(3−5,−1+2)=(−2,1)


2. Reflection (flip)

A reflection flips a figure across a line. The line is called the line of reflection. Each point and its image are the same distance from the line of reflection, but on opposite sides.


Common reflection lines are the x-axis and the y-axis.


Reflection across the x-axis:

The x-coordinate stays the same, and the y-coordinate changes sign.

(x,y)→(x,−y)


Reflection across the y-axis:

The y-coordinate stays the same, and the x-coordinate changes sign.

(x,y)→(−x,y)


Examples:


  	Across the x-axis: (4,2)→(4,−2)

  	Across the y-axis: (4,2)→(−4,2)




A reflection changes the figure’s orientation. It looks like a mirror image.


3. Rotation (turn)

A rotation turns a figure around a fixed point called the center of rotation. In many 7th grade problems, the center is the origin, which is (0,0).


The most common rotations are 90[image: °], 180[image: °], and 270[image: °]. A rotation can be clockwise or counterclockwise.


When rotating around the origin, these rules are helpful:


  	90[image: °] counterclockwise: (x,y)→(−y,x)

  	180[image: °]: (x,y)→(−x,−y)

  	90[image: °] clockwise: (x,y)→(y,−x)




You do not need to memorize too many rules at once. Focus on understanding that the point turns around the origin while staying the same distance from it.


Example: Rotate (2,5) 90[image: °] clockwise around the origin.

Using the rule:

(x,y)→(y,−x)

(2,5)→(5,−2)


How to tell transformations apart


  	Translation: the figure slides; same direction for every point

  	Reflection: the figure flips across a line

  	Rotation: the figure turns around a point




What stays the same in all rigid transformations?


  	side lengths

  	angle measures

  	area

  	perimeter




What may change?


  	location on the plane

  	direction the figure faces




Worked Example 1: Translation of a triangle

Triangle ABC has vertices A(1,2), B(4,2), and C(2,5). Translate the triangle 3 units right and 4 units down.


Step 1: Write the translation rule.

Right 3 means add 3 to x. Down 4 means subtract 4 from y.

(x,y)→(x+3,y−4)


Step 2: Move each vertex.

A(1,2)→A′(1+3,2−4)=(4,−2)

B(4,2)→B′(4+3,2−4)=(7,−2)

C(2,5)→C′(2+3,5−4)=(5,1)


Answer: The image is triangle A′B′C′ with vertices A′(4,−2), B′(7,−2), and C′(5,1).


Worked Example 2: Reflection across an axis

Point P(−6,3) is reflected across the y-axis. What is the image?


Step 1: Use the reflection rule.

Across the y-axis:

(x,y)→(−x,y)


Step 2: Apply the rule.

(−6,3)→(6,3)


Answer: P′(6,3)


Check your thinking: The point was 6 units left of the y-axis. After reflecting, it is 6 units right of the y-axis. The height stays the same.


Worked Example 3: Rotation around the origin

Quadrilateral JKLM has one vertex at J(3,1). Find the image of J after a 180[image: °] rotation around the origin.


Step 1: Use the 180[image: °] rule.

(x,y)→(−x,−y)


Step 2: Apply the rule.

(3,1)→(−3,−1)


Answer: J′(−3,−1)


What this means: A 180[image: °] rotation sends the point to the opposite side of the origin.


Worked Example 4: Identify the transformation

A point moves from (2,4) to (−2,4). What rigid transformation could this be?


The x-coordinate changed sign, but the y-coordinate stayed the same.

That matches reflection across the y-axis.


(x,y)→(−x,y)


Answer: The transformation is a reflection across the y-axis.


Tips for graphing rigid transformations


  	Plot the original points carefully.

  	Apply the rule to each vertex one at a time.

  	Label the image points with prime marks, such as A′, B′, and C′.

  	Check that the figure kept the same size and shape.




Common mistakes to avoid


  	Translation: moving some points different amounts. Every point must move the same way.

  	Reflection: mixing up the x-axis and y-axis rules.

  	Rotation: confusing clockwise and counterclockwise.

  	Forgetting that rigid transformations keep the figure congruent.




Quick comparison chart


  	Translation: slide; no turning or flipping

  	Reflection: flip over a line

  	Rotation: turn around a point




How rigid transformations connect to congruence

If one figure can be moved onto another figure using translations, reflections, and rotations, then the figures are congruent.


That is because rigid transformations do not stretch or shrink figures. They only move them.


[image: 📋]   Summary

Rigid transformations are movements that keep a figure’s size and shape the same. The three main types are translations (slides), reflections (flips), and rotations (turns).


On the coordinate plane, you can describe these transformations using rules for how the coordinates change. When you understand how points move, you can graph the image of any figure and decide whether figures are congruent.


  
  Put what you read to the test

  You've worked through Rigid Transformations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/646






  [image: 📝]   Lesson 68: Dilations and Similarity

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/688




  Dilations and Similarity


In geometry, we often move shapes in different ways. Some moves, like sliding, flipping, and turning, keep the shape exactly the same size. A dilation is different. A dilation changes the size of a figure, but it keeps the shape the same.


When a figure is enlarged or reduced but still has the same shape, the original figure and the new figure are called similar. In this lesson, you will learn what dilations are, how to use a scale factor, and how dilations create similar figures on the coordinate plane.


1. What is a dilation?


A dilation is a transformation that makes a figure larger or smaller. Every point of the figure moves away from or toward a fixed point called the center of dilation.



  	If the figure gets larger, it is an enlargement.

  	If the figure gets smaller, it is a reduction.




The amount of resizing is described by the scale factor.



  	If the scale factor is greater than 1, the image gets larger.

  	If the scale factor is between 0 and 1, the image gets smaller.

  	If the scale factor is 1, the figure stays the same size.




For example:


  	Scale factor of 2 means every length becomes twice as long.

  	Scale factor of 12 means every length becomes half as long.




2. Important words



  	Preimage: the original figure

  	Image: the new figure after the transformation

  	Center of dilation: the fixed point from which the figure grows or shrinks

  	Scale factor: the number that tells how much to enlarge or reduce




3. What happens in a dilation?


A dilation changes the size of side lengths, but it does not change the shape. This means:



  	Corresponding side lengths are multiplied by the scale factor.

  	Corresponding angles stay the same.

  	The image and the preimage are similar figures.




So if a triangle has side lengths 3, 4, and 5, and it is dilated by a scale factor of 2, the new side lengths are:


3→6,4→8,5→10

The angle measures do not change.


4. Dilations on the coordinate plane


When the center of dilation is the origin, which is (0,0), there is a simple rule for finding the image of a point.


If the original point is (x,y) and the scale factor is k, then the image is:


(x,y)→(kx,ky)

This means you multiply both coordinates by the scale factor.


For example:


  	If (3,4) is dilated by a scale factor of 2, the image is (6,8).

  	If (6,−2) is dilated by a scale factor of 12, the image is (3,−1).




5. Worked Example 1: Dilating one point


Point A(2,5) is dilated from the origin with a scale factor of 3. Find the image of the point.


Step 1: Use the rule (x,y)→(kx,ky).


Step 2: Multiply each coordinate by 3.


(2,5)→(2⋅3,5⋅3)

(2,5)→(6,15)

Answer: The image is A′(6,15).


6. Worked Example 2: Dilating a triangle


Triangle ABC has vertices:


  	A(1,1)

  	B(4,1)

  	C(1,3)




Dilate the triangle from the origin using a scale factor of 2.


Step 1: Multiply each coordinate by 2.


A(1,1)→A′(2,2)

B(4,1)→B′(8,2)

C(1,3)→C′(2,6)

Answer: The image has vertices:


  	A′(2,2)

  	B′(8,2)

  	C′(2,6)




This new triangle is larger than the original, so it is an enlargement. The new triangle has the same angle measures as the original, so the triangles are similar.


7. Worked Example 3: Reduction with a fraction scale factor


Point P(8,−6) is dilated from the origin by a scale factor of 12. Find the image.


Step 1: Multiply each coordinate by 12.


(8,−6)→(8⋅12,−6⋅12)

(8,−6)→(4,−3)

Answer: The image is P′(4,−3).


Because the scale factor is less than 1, the image is smaller than the original. This is a reduction.


8. How do we know figures are similar?


Two figures are similar if:


  	their corresponding angles are equal, and

  	their corresponding side lengths have the same scale factor.




A dilation creates a similar figure because it multiplies all lengths by the same number.


Example: A rectangle has side lengths 4 and 6. Another rectangle has side lengths 8 and 12.


Check the scale factor:


4→8 means multiply by 2

6→12 means multiply by 2

Both side lengths were multiplied by 2, so the rectangles are similar.


9. Worked Example 4: Deciding if figures are similar


Triangle 1 has side lengths 3, 5, and 7.

Triangle 2 has side lengths 6, 10, and 14.


Are the triangles similar?


Step 1: Compare corresponding side lengths.


3→6 is ×2

5→10 is ×2

7→14 is ×2

Step 2: Check whether all side lengths use the same scale factor.


Yes, all the side lengths are multiplied by 2.


Answer: The triangles are similar.


Now look at a different example.


Triangle 1 has side lengths 2, 3, and 4.

Triangle 2 has side lengths 4, 6, and 7.


Compare the side lengths:


2→4 is ×2

3→6 is ×2

4→7 is not ×2

Because the scale factor is not the same for all side lengths, these triangles are not similar.


10. What stays the same and what changes?


It is helpful to remember which parts of a figure stay the same during a dilation and which parts change.



  	Stays the same: angle measures, shape

  	Changes: side lengths, perimeter, distance from the center of dilation




If the scale factor is 3, then each side length becomes 3 times as long. If the original perimeter was 10 units, the new perimeter becomes:


10⋅3=30

11. Common mistakes to avoid



  	Forgetting to multiply both coordinates: In a dilation from the origin, multiply both x and y by the scale factor.

  	Mixing up enlargement and reduction: A scale factor greater than 1 enlarges. A scale factor between 0 and 1 reduces.

  	Thinking congruent and similar mean the same thing: Congruent figures are the same shape and same size. Similar figures are the same shape but may be different sizes.

  	Using different scale factors for different sides: For figures to be similar, all corresponding side lengths must have the same scale factor.




12. Quick practice questions



  	Point (3,2) is dilated from the origin by a scale factor of 4. What is the image?

  	Point (−8,6) is dilated from the origin by a scale factor of 12. What is the image?

  	A triangle has side lengths 4, 6, and 8. After dilation, the side lengths are 10, 15, and 20. Are the triangles similar?

  	A square has side length 5. It is dilated by a scale factor of 3. What is the new side length?




Answers:


  	(12,8)

  	(−4,3)

  	Yes, because each side is multiplied by 52.

  	15




[image: 📋]   Summary


A dilation changes the size of a figure using a scale factor and a center of dilation. When the center is the origin, you can find the image of a point by multiplying each coordinate by the scale factor: (x,y)→(kx,ky).


Dilations create similar figures. Similar figures have the same shape, equal corresponding angles, and side lengths that are all multiplied by the same number. If you remember how scale factors work, you can resize figures and check whether two figures are similar.


  
  Put what you read to the test

  You've worked through Dilations and Similarity. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/647






  
    
  [image: 📖]   Chapter 8

  Two- and Three-Dimensional Measurement



  [image: 📝]   Lesson 69: Area of Polygons

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/689




  Area of Polygons


When we find the area of a shape, we are finding how much surface is inside it. Area is measured in square units, such as square centimeters \cm^2\, square meters \m^2\, or square inches \in^2\.


In this lesson, you will learn how to find the area of three important polygons: parallelograms, triangles, and trapezoids. You will also see why the formulas work by breaking shapes apart and comparing them to rectangles.


A polygon is a closed shape made of straight sides. Many area formulas come from shapes you already know, especially the rectangle.


Remember: the area of a rectangle is


A=l×w


This means length times width. We will use this idea to build the formulas for other polygons.


Important idea: base and height


For many polygons, area depends on the base and the height.



	Base: a side chosen to be the bottom of the shape

	Height: the perpendicular distance from the base to the opposite side or opposite vertex




The height must make a right angle with the base. This is very important. A slanted side is not always the height.


1. Area of a Parallelogram


A parallelogram is a four-sided shape with two pairs of parallel sides.


If you look at a parallelogram, it may seem different from a rectangle. But if you cut a triangular piece from one side and move it to the other side, the shape becomes a rectangle.


That means a parallelogram has the same area as a rectangle with the same base and height.


So the formula for the area of a parallelogram is


A=b×h


where \b\ is the base and \h\ is the height.


Why this works: rearranging the parallelogram does not change its area. It simply turns into a rectangle, and rectangle area is base times height.


Example 1: Parallelogram


Find the area of a parallelogram with base \8\ cm and height \5\ cm.


Use the formula:


A=b×h


Substitute the values:


A=8×5=40


So the area is \40 \, cm^2\.


Watch out: if a parallelogram has a slanted side of \6\ cm, but the height is \5\ cm, you use the height, not the slanted side, unless the slanted side is also perpendicular to the base.


2. Area of a Triangle


A triangle can be connected to another triangle of the same size to make a parallelogram.


Since the area of the parallelogram is \b \times h\, one triangle is half of that.


So the formula for the area of a triangle is


A=12bh


where \b\ is the base and \h\ is the height.


Why this works: two matching triangles form a parallelogram. One triangle is half the area of the whole parallelogram.


Example 2: Triangle


Find the area of a triangle with base \10\ m and height \7\ m.


Use the formula:


A=12bh


Substitute:


A=12(10)(7)


Multiply:


A=12(70)=35


So the area is \35 \, m^2\.


Tip: It does not matter which side you choose as the base, as long as you use the height that goes with that base.


3. Area of a Trapezoid


A trapezoid is a four-sided shape with one pair of parallel sides. These parallel sides are called the bases.


Let the two bases be \b_1\ and \b_2\, and let the height be \h\.


If you put two matching trapezoids together, they make a parallelogram. The base of that parallelogram is the sum of the two trapezoid bases, \b_1 + b_2\. Its height is still \h\.


The area of the parallelogram is


A=(b1+b2)h


One trapezoid is half of that, so the formula is


A=12(b1+b2)h


You can also think of this as:


A=(b1+b22)h


This means: find the average of the two bases, then multiply by the height.


Example 3: Trapezoid


Find the area of a trapezoid with bases \6\ in and \10\ in, and height \4\ in.


Use the formula:


A=12(b1+b2)h


Substitute:


A=12(6+10)(4)


Add inside the parentheses:


A=12(16)(4)


Multiply:


A=8×4=32


So the area is \32 \, in^2\.


How these formulas are connected



	A rectangle has area \l \times w\.

	A parallelogram has area \b \times h\ because it can be rearranged into a rectangle.

	A triangle has area \\frac{1}{2}bh\ because it is half of a parallelogram.

	A trapezoid has area \\frac{1}{2}(b_1+b_2)h\ because two trapezoids make a parallelogram.




This is called geometric decomposition. It means breaking shapes apart or rearranging them to understand and find area.


Using rectangle framing


Another way to understand area is by placing a shape inside a rectangle. Then you can subtract the extra parts.


For example, a triangle can fit inside a rectangle. If the rectangle has the same base and height as the triangle, the triangle takes up exactly half of the rectangle.


A trapezoid can also be seen inside a rectangle, with triangles on the sides that can be removed. This helps explain why the area depends on the average of the two bases.


Example 4: Comparing shapes and choosing the correct height


A triangle has base \12\ cm and height \9\ cm. One slanted side is \10\ cm. Find the area.


Even though the triangle has a slanted side of \10\ cm, the formula uses the height, which is \9\ cm.


Use the formula:


A=12bh


Substitute:


A=12(12)(9)


Multiply:


A=12(108)=54


So the area is \54 \, cm^2\.


Common mistakes to avoid



	Do not use a slanted side as the height unless it is perpendicular to the base.

	Do not forget the \\frac{1}{2}\ in triangle and trapezoid formulas.

	Use square units in your final answer.

	Add both bases for a trapezoid before multiplying by \\frac{1}{2}\ and the height.

	Check that base and height match each other.




Steps for solving area problems



	Identify the type of polygon.

	Find the base or bases and the height.

	Choose the correct formula.

	Substitute the numbers carefully.

	Solve.

	Write the answer in square units.




Formulas to remember



	Parallelogram: A=bh

	Triangle: A=12bh

	Trapezoid: A=12(b1+b2)h




Brief Summary


The area of a polygon tells how much space is inside the shape. For parallelograms, multiply base by height. For triangles, take half of base times height. For trapezoids, take half of the sum of the two bases times the height.


These formulas make sense because the shapes can be rearranged, matched, or framed with rectangles. Understanding why the formulas work will help you remember them and use them correctly.


  
  Put what you read to the test

  You've worked through Area of Polygons. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/648






  [image: 📝]   Lesson 70: Area and Perimeter of Composite Figures
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  Area and Perimeter of Composite Figures


A composite figure is a shape made by putting together two or more simple shapes, such as rectangles, squares, and triangles.


When you work with composite figures, you usually need to find one of two things:


  	Area: how much space is inside the figure

  	Perimeter: the total distance around the outside edge of the figure




Composite figures may look tricky at first, but the main idea is simple: break the figure into smaller shapes you already know how to measure.


For 7th Grade, the most common shapes you will split a composite figure into are:


  	Rectangles

  	Squares

  	Triangles




Important formulas


  	Rectangle area: A=l×w

  	Square area: A=s×s=s2

  	Triangle area: A=12bh

  	Perimeter of any figure: add all outside side lengths




How to find the area of a composite figure


  	Look at the figure carefully.

  	Split it into smaller familiar shapes.

  	Find the area of each smaller shape.

  	Add the areas together.




How to find the perimeter of a composite figure


  	Find the length of every outside edge.

  	Do not include sides inside the figure where shapes touch.

  	Add the outside side lengths.




Very important difference


  	For area, you add the areas of all the parts.

  	For perimeter, you add only the lengths around the outside.




Students often make mistakes when they accidentally include an inside line in the perimeter or forget a missing side length. Always check whether a side is on the outside boundary.


Finding missing side lengths


Sometimes a composite figure does not show every side length. You can often find a missing length by using what you know about opposite sides of rectangles or by subtracting.


For example, if a long horizontal side is 12 units and part of it is 5 units, then the remaining part is:

12−5=7 units


This idea is used often in L-shaped figures.


Worked Example 1: Composite figure made of two rectangles


Suppose a figure is made from:


  	A large rectangle with length 10 cm and width 4 cm

  	A small rectangle attached on top with length 3 cm and width 2 cm




Step 1: Find the area of each rectangle.

Large rectangle:

A=10×4=40 cm2


Small rectangle:

A=3×2=6 cm2


Step 2: Add the areas.

40+6=46 cm2


Area of the composite figure: 46 cm2


Step 3: Find the perimeter.

To find perimeter, add only the outside edges. Suppose the small rectangle sits on top of the large one, and its bottom side is attached, so that bottom side is inside the figure and should not be counted.


The outside sides are:


  	Bottom of large rectangle: 10 cm

  	Left side of large rectangle: 4 cm

  	Right side of large rectangle: 4 cm

  	Top exposed parts of the large rectangle: total 10−3=7 cm

  	Two sides of the small rectangle: 2+2=4 cm

  	Top of small rectangle: 3 cm




Add them:

10+4+4+7+4+3=32 cm


Perimeter of the composite figure: 32 cm


Worked Example 2: An L-shaped figure


An L-shape can be split into two rectangles.


Suppose the full height on the left is 9 m, the bottom length is 8 m, the top horizontal part is 3 m, and the vertical drop on the right from the top to the inner corner is 4 m.


Step 1: Find missing side lengths.

The lower right vertical part is:

9−4=5 m


The inner horizontal part is:

8−3=5 m


Step 2: Split into rectangles and find area.

One way is to split the L-shape into:


  	A left rectangle: 3 m×9 m

  	A bottom rectangle: 5 m×5 m




Left rectangle area:

3×9=27 m2


Bottom rectangle area:

5×5=25 m2


Total area:

27+25=52 m2


Area of the L-shape: 52 m2


Step 3: Find the perimeter.

Add the outside sides:


  	Top: 3 m

  	Right upper side: 4 m

  	Inner horizontal side: 5 m

  	Right lower side: 5 m

  	Bottom: 8 m

  	Left side: 9 m




3+4+5+5+8+9=34 m


Perimeter of the L-shape: 34 m


Worked Example 3: Rectangle with a triangle on top


Suppose a composite figure is made of:


  	A rectangle with length 12 cm and width 5 cm

  	A triangle on top of the rectangle with base 12 cm and height 4 cm




Step 1: Find the area of the rectangle.

A=12×5=60 cm2


Step 2: Find the area of the triangle.

A=12bh=12(12)(4)=24 cm2


Step 3: Add the areas.

60+24=84 cm2


Area of the composite figure: 84 cm2


Step 4: Find the perimeter.

For perimeter, do not count the triangle's base because it is attached to the top of the rectangle inside the figure.


Suppose the two slanted sides of the triangle are each 5 cm. Then the outside edges are:


  	Bottom of rectangle: 12 cm

  	Left side of rectangle: 5 cm

  	Right side of rectangle: 5 cm

  	Two slanted sides of triangle: 5+5 cm




12+5+5+5+5=32 cm


Perimeter of the composite figure: 32 cm


Worked Example 4: Using subtraction to find area


Sometimes a composite figure is easier to solve by thinking of it as a large shape with a piece missing.


Suppose an L-shaped figure fits inside a rectangle that is 11 ft by 8 ft. A small rectangle measuring 4 ft by 3 ft is missing from one corner.


Step 1: Find the area of the large rectangle.

11×8=88 ft2


Step 2: Find the area of the missing rectangle.

4×3=12 ft2


Step 3: Subtract.

88−12=76 ft2


Area of the composite figure: 76 ft2


This method works well when the figure is almost a rectangle but has one part cut out.


Tips for solving composite figure problems


  	Draw lines to split the figure into smaller shapes.

  	Label every side length you know.

  	Find missing lengths before calculating area or perimeter.

  	Use square units for area, such as cm2, m2, or ft2.

  	Use regular units for perimeter, such as cm, m, or ft.

  	Check that you did not count any inside edges in the perimeter.




Common mistakes to avoid


  	Adding side lengths to find area

  	Adding areas to find perimeter

  	Counting shared inside sides as part of the perimeter

  	Forgetting to find a missing side length

  	Writing the wrong units




Quick check questions


  	If a figure is made from two rectangles, what do you do to find the total area?

  	When finding perimeter, do you include the shared side inside the figure?

  	What units should area have?

  	What units should perimeter have?




Answers


  	Find each rectangle's area and add them.

  	No, only outside edges count.

  	Square units, like cm2.

  	Linear units, like cm.




[image: 📋]   Summary

To find the area of a composite figure, split it into simple shapes, find each area, and add them together. To find the perimeter, add only the lengths around the outside edge.


Always look carefully for missing side lengths and for edges that are inside the figure. If you stay organized and work one part at a time, composite figures become much easier to solve.


  
  Put what you read to the test

  You've worked through Area and Perimeter of Composite Figures. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/649
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  Circle Anatomy and Pi


Circles are all around us: wheels, coins, clocks, plates, and lids are all shaped like circles. To measure circles, we need to know the names of their parts and how those parts are connected.


In this lesson, you will learn the anatomy of a circle and the meaning of c0 (pi). You will also learn how to use pi to find the circumference, which is the distance around a circle.


1. Parts of a Circle


A circle is the set of all points that are the same distance from one fixed point. That fixed point is called the center.



  	Center: the middle point of the circle

  	Radius: a line segment from the center to the circle

  	Diameter: a line segment that goes across the circle through the center

  	Circumference: the distance all the way around the circle




The radius and diameter are closely related. The diameter is always twice the radius.


d=2r

That also means the radius is half the diameter.


r=d2

2. What Is Pi?


Pi, written as π, is a special number that appears in every circle. It compares the circumference of a circle to its diameter.


No matter how big or small the circle is, the ratio stays the same:


π=Cd

This means:


C=πd

Since the diameter is twice the radius, we can also write:


C=2πr

Both formulas find the circumference. Use the first one if you know the diameter. Use the second one if you know the radius.


3. Exact Answers and Approximate Answers


Pi is an irrational number, which means its decimal goes on forever without repeating. For 7th Grade math, we usually use:



  	π for an exact answer

  	3.14 for an approximate answer




For example, if the diameter is 8 units, the circumference is:


C=πd=π(8)=8π

This is the exact form.


If you want a decimal approximation, use π≈3.14:


C≈3.14×8=25.12

So the circumference is 8π units exactly, or about 25.12 units.


4. How to Find Circumference


To find the circumference of a circle:



  	Decide whether you know the radius or the diameter.

  	Choose the correct formula.

  	Substitute the value into the formula.

  	Simplify for an exact answer or multiply by 3.14 for an approximate answer.

  	Include units in your final answer.




5. Worked Examples


Example 1: Find the circumference when the diameter is known


A circle has a diameter of 10 cm. Find its circumference.


Use the formula:


C=πd

Substitute d=10:


C=π(10)=10π

Exact answer: 10π cm


Approximate answer:


C≈3.14×10=31.4

Approximate circumference: 31.4 cm


Example 2: Find the circumference when the radius is known


A circle has a radius of 7 m. Find its circumference.


Use the formula:


C=2πr

Substitute r=7:


C=2π(7)=14π

Exact answer: 14π m


Approximate answer:


C≈2×3.14×7=43.96

Approximate circumference: 43.96 m


Example 3: Find the circumference when you must first find the radius


A circle has a diameter of 18 in. Find its circumference using the radius formula.


First find the radius:


r=d2=182=9

Now use:


C=2πr

C=2π(9)=18π

Exact answer: 18π in


Approximate answer:


C≈2×3.14×9=56.52

Approximate circumference: 56.52 in


Example 4: Find the diameter from the circumference


A circle has a circumference of 37.68 ft. Find the diameter.


Use the formula:


C=πd

Solve for d:


d=Cπ

Substitute C=37.68 and use π≈3.14:


d≈37.683.14=12

The diameter is 12 ft.


6. Common Mistakes to Avoid



  	Mixing up radius and diameter: Remember, the diameter is twice the radius.

  	Using the wrong formula: If you know diameter, use C=πd. If you know radius, use C=2πr.

  	Forgetting units: Always write cm, m, in, ft, or whatever unit is given.

  	Rounding too early: Keep π in the calculation until the end if possible.




7. Quick Check


Try these on your own:



  	A circle has radius 5 cm. What is its circumference in exact form?

  	A circle has diameter 16 mm. What is its approximate circumference?

  	A circle has circumference 62.8 m. About what is its diameter?




Answers:



  	C=2π(5)=10π cm

  	C≈3.14×16=50.24 mm

  	d≈62.8÷3.14=20 m




8. Summary


A circle has important parts: the center, radius, diameter, and circumference. The diameter is twice the radius, and the radius is half the diameter.


Pi, written as π, is the constant ratio of a circles circumference to its diameter. You can find circumference with either of these formulas:


C=πd

or


C=2πr

Use π for exact answers and 3.14 when you need an approximate decimal answer. Understanding circle anatomy and pi helps you measure real-world circular objects accurately.


  
  Put what you read to the test

  You've worked through Circle Anatomy and Pi. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/650
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  Area of Circles and Sectors


In this lesson, you will learn how to find the area of a circle and the area of a sector. A circle is a flat shape with all points the same distance from its center. A sector is a slice of a circle, like a piece of pizza.


Knowing how to find these areas helps in real life. For example, you might need to find the area of a round garden, a circular table top, or part of a circular track.


1. Review of circle parts



  	Radius: the distance from the center of the circle to the edge.

  	Diameter: the distance across the circle through the center.

  	Sector: a part of the circle made by two radii and the curved edge.

  	Semicircle: half of a circle.




The diameter is always twice the radius.


d=2r

So if you know the diameter, you can find the radius by dividing by 2.


r=d2

2. Area of a full circle


The formula for the area of a circle is:


A=πr2

Here:


  	A means area

  	r means radius

  	π is a special number that is about 3.14




To find the area of a circle:


  	Find the radius.

  	Square the radius, which means multiply it by itself.

  	Multiply by π, or use 3.14 if needed.

  	Write the answer in square units, like cm2, m2, or in2.




Example 1: Finding the area of a circle


A circle has radius 5 cm. Find its area.


Use the formula:


A=πr2

Substitute r=5:


A=π(5)2
A=25π

If you use π≈3.14:


A≈3.14×25=78.5

The area is 25π cm2 or about 78.5 cm2.


Important reminder: Do not square π. Only the radius is squared.


3. When the diameter is given


Sometimes a problem gives the diameter instead of the radius. Remember to divide by 2 first.


Example 2: Finding area from the diameter


A circle has diameter 12 m. Find its area.


First find the radius:


r=122=6

Now use the area formula:


A=πr2
A=π(6)2
A=36π

Using π≈3.14:


A≈3.14×36=113.04

The area is 36π m2 or about 113.04 m2.


4. Area of a sector


A sector is only part of a circle, so its area is only part of the whole area.


To find the area of a sector, use this idea:


sector area=central angle360×πr2

The central angle is the angle at the center of the circle. A full circle has 360[image: °].


This formula works because the sector is a fraction of the whole circle. For example:


  	180[image: °] is half of 360[image: °], so it is half the area.

  	90[image: °] is one quarter of 360[image: °], so it is one quarter of the area.

  	60[image: °] is 60360=16 of the full area.




Example 3: Finding the area of a sector


A circle has radius 8 cm. A sector has a central angle of 90[image: °]. Find the area of the sector.


Start with the sector formula:


sector area=90360×π(8)2

Simplify:


90360=14
sector area=14×π×64
sector area=16π

Using π≈3.14:


sector area≈16×3.14=50.24

The area of the sector is 16π cm2 or about 50.24 cm2.


5. Area of a semicircle


A semicircle is half of a circle, so its area is:


semicircle area=12πr2

You can also think of it as a sector with a central angle of 180[image: °]:


180360×πr2=12πr2

Example 4: Finding the area of a semicircle


A semicircle has diameter 14 in. Find its area.


First find the radius:


r=142=7

Now use the semicircle formula:


area=12π(7)2
area=12π(49)
area=24.5π

Using π≈3.14:


area≈24.5×3.14=76.93

The area of the semicircle is 24.5π in2 or about 76.93 in2.


6. Steps for solving area problems



  	Read carefully to see if the problem gives radius or diameter.

  	If diameter is given, divide by 2 to get the radius.

  	Use A=πr2 for a full circle.

  	Use angle360×πr2 for a sector.

  	Use 12πr2 for a semicircle.

  	Always include square units in your answer.




7. Common mistakes to avoid



  	Using the diameter as the radius: if the problem gives diameter, divide by 2 first.

  	Forgetting to square the radius: r2 means r×r.

  	Using the whole circle formula for a sector: multiply by the fraction angle360.

  	Forgetting units: area must be in square units.




8. Quick check


Try these on your own:


  	A circle has radius 3 cm. What is its area?

  	A circle has diameter 10 m. What is its area?

  	A sector has radius 6 in and central angle 120[image: °]. What is its area?

  	A semicircle has radius 4 ft. What is its area?




Answers:


  	9π cm2 or about 28.26 cm2

  	25π m2 or about 78.5 m2

  	12π in2 or about 37.68 in2

  	8π ft2 or about 25.12 ft2




[image: 📋]   Summary


The area of a full circle is found using A=πr2. A sector is part of a circle, so its area is a fraction of the full area: angle360×πr2. A semicircle is half of a circle, so its area is 12πr2.


Always make sure you know the radius, square it, and use the correct fraction for the part of the circle you are finding. With practice, circle and sector area problems become much easier.


  
  Put what you read to the test

  You've worked through Area of Circles and Sectors. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/651
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  Surface Area of Prisms and Cylinders


When we talk about surface area, we mean the total area of all the outside faces of a 3-dimensional object.


Imagine covering a box or a can completely with paper. The amount of paper you need is the surface area.


In this lesson, you will learn how to find the surface area of rectangular prisms, triangular prisms, and cylinders by thinking about their nets.


What is a net?


A net is a flat 2-dimensional drawing that shows all the faces of a 3-dimensional shape opened up.


If you can find the area of each part of the net and add them together, you can find the surface area.


Important idea: Surface area is always measured in square units, such as square centimeters \,cm2, square meters \,m2, or square inches \,in2.


1. Surface Area of a Rectangular Prism


A rectangular prism is a box-shaped solid. It has:


	6 rectangular faces

	3 pairs of equal faces




If a rectangular prism has length \,l, width \,w, and height \,h, then its faces are:


	2 faces with area \,lw

	2 faces with area \,lh

	2 faces with area \,wh




So the surface area formula is:


SA=2lw+2lh+2wh

You can also write it as:


SA=2(lw+lh+wh)

How this connects to the net: When you unfold the prism, you see all 6 rectangles. Add the area of all 6 rectangles.


Example 1: Rectangular Prism


Find the surface area of a rectangular prism with length \,8 cm, width \,3 cm, and height \,5 cm.


Step 1: Use the formula.


SA=2lw+2lh+2wh

Step 2: Substitute the values.


SA=2(8⋅3)+2(8⋅5)+2(3⋅5)

Step 3: Multiply.


SA=2(24)+2(40)+2(15)

SA=48+80+30

Step 4: Add.


SA=158

The surface area is 158 cm2.


2. Surface Area of a Triangular Prism


A triangular prism has:


	2 triangular bases

	3 rectangular side faces




To find the surface area, add:


	the area of both triangles

	the area of all 3 rectangles




This gives the formula:


SA=2B+Ph

Here:


	B = area of one triangular base

	P = perimeter of the triangular base

	h = length of the prism




Why does this work?


The two triangular ends give \,2B.


The three rectangles wrap around the prism. Their total area is the same as:


perimeter of triangle×length of prism

That is \,Ph.


Finding the area of a triangle


Remember, the area of a triangle is:


B=12bh

Here, for the triangle, \,b is the triangle's base and \,h is the triangle's height.


Be careful: in a prism problem, the letter \,h might also be used for the prism's length. Always check what each measurement means.


Example 2: Triangular Prism


A triangular prism has a triangular base with side lengths \,6 cm, \,8 cm, and \,10 cm. The triangle has a base of \,8 cm and a height of \,6 cm. The prism length is \,12 cm.


Find the surface area.


Step 1: Find the area of one triangular base.


B=12bh
B=12(8)(6)=24

So one triangle has area \,24 cm2.


Step 2: Find the perimeter of the triangular base.


P=6+8+10=24

Step 3: Use the surface area formula.


SA=2B+Ph

SA=2(24)+24(12)

Step 4: Calculate.


SA=48+288=336

The surface area is 336 cm2.


3. Surface Area of a Cylinder


A cylinder has:


	2 circular bases

	1 curved surface around the side




If you unwrap the curved surface, it becomes a rectangle in the net.


What are the dimensions of that rectangle?


	Its height is the cylinder's height

	Its width is the distance around the circle, which is the circumference




The circumference of a circle is:


C=2πr

So the area of the curved surface is:


2πrh

The two circular bases each have area:


πr2

So both circles together have area:


2πr2

Now add the parts:


SA=2πr2+2πrh

Here:


	r = radius of the base

	h = height of the cylinder




Example 3: Cylinder


Find the surface area of a cylinder with radius \,4 cm and height \,9 cm.


Step 1: Use the formula.


SA=2πr2+2πrh

Step 2: Substitute.


SA=2π(42)+2π(4)(9)

Step 3: Simplify.


SA=2π(16)+2π(36)

SA=32π+72π

SA=104π

This is the exact answer.


If you use \,π≈3.14, then:


SA≈104(3.14)=326.56

The surface area is 104π cm2 or about 326.56 cm2.


4. Using Nets to Understand Surface Area


Nets help you see where the formulas come from instead of just memorizing them.



	A rectangular prism net shows 6 rectangles.

	A triangular prism net shows 2 triangles and 3 rectangles.

	A cylinder net shows 2 circles and 1 rectangle.




If you ever forget a formula, draw or imagine the net and add the areas of all the parts.


5. Common Mistakes to Avoid



	Forgetting a face: Surface area includes all outside surfaces.

	Mixing up area and perimeter: Area is measured in square units. Perimeter is measured in units.

	Using the diameter instead of the radius in a cylinder: The formula uses \,r, not diameter.

	For triangular prisms, forgetting both triangles: You need \,2B, not just \,B.

	Not labeling units: Always write square units like \,cm2.




Example 4: A Problem That Combines Careful Thinking


A rectangular prism has length \,10 m, width \,4 m, and height \,2 m. Find its surface area.


Step 1: Write the formula.


SA=2lw+2lh+2wh

Step 2: Substitute.


SA=2(10⋅4)+2(10⋅2)+2(4⋅2)

Step 3: Multiply.


SA=2(40)+2(20)+2(8)

SA=80+40+16

Step 4: Add.


SA=136

The surface area is 136 m2.


Quick Check: Which formula should I use?



	Rectangular prism: SA=2lw+2lh+2wh

	Triangular prism: SA=2B+Ph

	Cylinder: SA=2πr2+2πrh




Steps for Solving Surface Area Problems



	Identify the solid.

	Picture or draw its net.

	Find the area of each part of the net.

	Add all the areas together.

	Write the answer in square units.




[image: 📋]   Summary


Surface area is the total area on the outside of a 3-dimensional figure. Nets help us unfold a solid into flat shapes so we can add their areas.


For a rectangular prism, add the areas of 6 rectangles. For a triangular prism, add 2 triangles and 3 rectangles. For a cylinder, add 2 circles and the rectangle made by the curved surface.


If you understand the net, the formula makes sense.


  
  Put what you read to the test

  You've worked through Surface Area of Prisms and Cylinders. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/652
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  Lesson: Volume of Prisms and Cylinders


When we talk about volume, we mean the amount of space inside a 3-dimensional object. Volume tells us how much a shape can hold.


For example, volume can describe how much water fits in a bottle, how much air is inside a room, or how much space is inside a box.


Volume is measured in cubic units. If the measurements are in centimeters, the volume will be in cubic centimeters, written as cm3. If the measurements are in meters, the volume will be in m3.


What are prisms and cylinders?


A prism is a solid shape with two matching, parallel bases that are polygons. The sides connect the bases. Examples include rectangular prisms and triangular prisms.


A cylinder is a solid shape with two matching, parallel circular bases connected by a curved surface.


The key idea for both prisms and cylinders is the same:


Volume = area of the base × height


In math symbols, this is:


V=Bh

Here:


  	V = volume

  	B = area of the base

  	h = height of the solid




The height is the distance from one base straight to the other base. It is not always a side slanting across the shape.


Why does this formula work?


Imagine stacking many thin layers of the same base shape on top of each other. Each layer has the same area. The number of layers depends on the height. So the total space inside is the base area multiplied by the height.


This is why both prisms and cylinders use the same idea: find the area of the base, then multiply by the height.


Volume of a Rectangular Prism


A rectangular prism has a rectangular base. Since the area of a rectangle is length × width, the volume formula becomes:


V=lwh

Here:


  	l = length

  	w = width

  	h = height




Worked Example 1: Rectangular Prism


Find the volume of a rectangular prism with length 8 cm, width 3 cm, and height 5 cm.


Use the formula:


V=lwh

Substitute the values:


V=8×3×5

V=24×5=120

So the volume is:


120  cm3

Volume of Any Prism


Not all prisms have rectangular bases. Some have triangular bases or other polygon bases. The rule stays the same:


V=Bh

First find the area of the base, then multiply by the prism's height.


Worked Example 2: Triangular Prism


A triangular prism has a triangular base with base 6 m and triangle height 4 m. The prism height is 10 m. Find the volume.


Step 1: Find the area of the triangular base.


B=12bh

For the triangle:


B=12(6)(4)=12

So the base area is 12  m2.


Step 2: Multiply by the prism height.


V=Bh

V=12×10=120

So the volume is:


120  m3

Important: In this example, there are two different heights.


  	The triangle's height is used to find the area of the base.

  	The prism's height is used to find the volume.




Be careful not to mix them up.


Volume of a Cylinder


A cylinder has a circular base. So we first find the area of the circle:


B=πr2

Then multiply by the height:


V=Bh=πr2h

Here:


  	r = radius of the circular base

  	h = height of the cylinder

  	π is about 3.14




Worked Example 3: Cylinder


Find the volume of a cylinder with radius 4 cm and height 9 cm.


Use the formula:


V=πr2h

Substitute the values:


V=π(4)2(9)

V=π(16)(9)

V=144π

If using π≈3.14:


V≈144(3.14)=452.16

So the volume is:


Exact form: 144π  cm3

Approximate form: 452.16  cm3


How to Find Volume Step by Step



  	Identify the solid: prism or cylinder.

  	Find the area of the base.

  	Find the height of the solid.

  	Multiply base area by height.

  	Write the answer in cubic units.




Worked Example 4: A Problem with Mixed Information


A cylinder has diameter 10 in and height 7 in. Find its volume.


Be careful: the formula needs radius, not diameter.


Step 1: Find the radius.


r=102=5

Step 2: Use the volume formula.


V=πr2h

V=π(5)2(7)

V=π(25)(7)=175π

If using π≈3.14:


V≈175(3.14)=549.5

So the volume is:


Exact form: 175π  in3

Approximate form: 549.5  in3


Common Mistakes to Avoid



  	Forgetting cubic units: Volume must be written in units like cm3, m3, or in3.

  	Using the wrong measurement for height: The height is the distance between the two bases.

  	Using diameter instead of radius in a cylinder: Always check whether you need to divide by 2.

  	Not finding the base area first: In prisms and cylinders, volume comes from base area × height.

  	Mixing up area and volume: Area is measured in square units, but volume is measured in cubic units.




Quick Check



  	If a prism has base area 15  cm2 and height 6  cm, then V=15×6=90  cm3.

  	If a cylinder has radius 3  m and height 5  m, then V=π(3)2(5)=45π  m3.




[image: 📋]   Summary


The main rule for both prisms and cylinders is:


V=Bh

This means volume = area of the base × height.


For a rectangular prism, you can also use:


V=lwh

For a cylinder, use:


V=πr2h

Always find the base area carefully, use the correct height, and write your answer in cubic units.


  
  Put what you read to the test

  You've worked through Volume of Prisms and Cylinders. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/654
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  Dimensional Change and Scale Factors


When a shape is enlarged or reduced, its measurements do not all change in the same way. A scale factor tells how much each length changes.


For example, if every side length is multiplied by 2, the scale factor is 2. If every side length is multiplied by 12, the scale factor is 12.


In this lesson, you will learn an important pattern:


  	Lengths change by the scale factor.

  	Areas change by the square of the scale factor.

  	Volumes change by the cube of the scale factor.




This idea helps us predict what happens to perimeter, area, surface area, and volume when figures are resized.


1. What is a scale factor?


A scale factor compares the new measurement to the original measurement.


Scale factor=new lengthoriginal length


If a rectangle has a side of 4 cm and the matching side in a larger copy is 12 cm, then the scale factor is


124=3


That means every length in the new figure is 3 times the original.


2. How one-dimensional measures change


Measurements like side length, height, width, radius, and perimeter are one-dimensional. They are based on length.


If the scale factor is k, then each length is multiplied by k.


Perimeter also changes by k because perimeter is the total of side lengths.


For example, if a triangle is enlarged by a scale factor of 4, then:


  	each side becomes 4 times as long,

  	the perimeter becomes 4 times as large.




3. How area changes


Area is a two-dimensional measurement. It depends on two lengths, such as length and width.


If both dimensions are multiplied by the scale factor k, then the area is multiplied by k2.


New area=original area×k2


Why does this happen? Think about a rectangle.


If the original area is

A=l×w


and both dimensions are scaled by k, then the new area is


A′=(kl)(kw)=k2lw


A′=k2A


So if the scale factor doubles, the area does not just double. It becomes 22=4 times as large.


4. How volume changes


Volume is a three-dimensional measurement. It depends on three lengths, such as length, width, and height.


If all dimensions are multiplied by the scale factor k, then the volume is multiplied by k3.


New volume=original volume×k3


For a rectangular prism,

V=lwh


After scaling by k, the new volume is


V′=(kl)(kw)(kh)=k3lwh


V′=k3V


So if the scale factor is 2, the volume becomes 23=8 times as large.


5. Surface area also follows the area rule


Surface area measures the total area covering the outside of a 3D figure. Since surface area is made of areas of faces, it changes by the square of the scale factor.


New surface area=original surface area×k2


So for 3D figures:


  	lengths change by k,

  	surface area changes by k2,

  	volume changes by k3.




6. Important patterns to remember



  	If the scale factor is 2, area becomes 22=4 times as large, and volume becomes 23=8 times as large.

  	If the scale factor is 3, area becomes 32=9 times as large, and volume becomes 33=27 times as large.

  	If the scale factor is 12, area becomes (12)2=14, and volume becomes (12)3=18.




This means shrinking a figure has a big effect too.


7. Worked Examples


Example 1: Finding the new area of a rectangle


A rectangle has an area of 18 cm2. It is enlarged by a scale factor of 2. What is the new area?


Step 1: Use the area rule.

new area=18×22


Step 2: Square the scale factor.

22=4


Step 3: Multiply.

18×4=72


Answer: The new area is 72 cm2.


Example 2: Finding the new volume of a prism


A rectangular prism has a volume of 30 cm3. It is enlarged by a scale factor of 3. What is the new volume?


Step 1: Use the volume rule.

new volume=30×33


Step 2: Cube the scale factor.

33=27


Step 3: Multiply.

30×27=810


Answer: The new volume is 810 cm3.


Example 3: Working backward from area change


A figure is enlarged, and its area becomes 9 times the original area. What is the scale factor?


Step 1: Area changes by k2.

k2=9


Step 2: Find the number whose square is 9.

k=3


Answer: The scale factor is 3.


Example 4: Shrinking a cube


A cube has a volume of 64 in3. Its side lengths are reduced by a scale factor of 12. What is the new volume?


Step 1: Use the volume rule.

new volume=64×(12)3


Step 2: Cube the scale factor.

(12)3=18


Step 3: Multiply.

64×18=8


Answer: The new volume is 8 in3.


8. A quick way to decide what power to use


You can match the type of measurement to the number of dimensions:



  	1-dimensional measurement: use k

  	2-dimensional measurement: use k2

  	3-dimensional measurement: use k3




This leads to these rules:


  	Perimeter changes by k

  	Area changes by k2

  	Surface area changes by k2

  	Volume changes by k3




9. Common mistakes to avoid



  	Mistake: Multiplying area by the scale factor instead of squaring it.
If the scale factor is 4, area changes by 42=16, not 4.

  	Mistake: Multiplying volume by the scale factor instead of cubing it.
If the scale factor is 2, volume changes by 23=8, not 2.

  	Mistake: Forgetting that shrinking uses fractions.
If the scale factor is 13, then area changes by 19 and volume changes by 127.




10. Summary


When a figure is resized, lengths change by the scale factor. Areas and surface areas change faster because they depend on two dimensions, so they change by the square of the scale factor. Volumes change even faster because they depend on three dimensions, so they change by the cube of the scale factor.


Always ask yourself: Is this measurement 1D, 2D, or 3D? Then use k, k2, or k3.


  
  Put what you read to the test

  You've worked through Dimensional Change and Scale Factors. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/656






  
    
  [image: 📖]   Chapter 9

  Statistics and Bivariate Data
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  Lesson: Statistical Questioning and Bias


In statistics, we often use data to learn about a group of people, objects, or events. But before we collect data, we need to ask a good question and choose a fair way to gather information.


This lesson will help you understand statistical questions, variability, sampling, and bias. These ideas are important because bad questions or unfair samples can lead to misleading results.


1. What is a statistical question?


A statistical question is a question that expects different answers from different people or situations. In other words, it allows for variability.


Variability means that the data values are not all the same. They can vary, or change, from one person or item to another.


For example, the question "How many minutes do 7th graders spend on homework each night?" is a statistical question. Different students will give different answers, so the data will vary.


The question "How many days are in a week?" is not a statistical question. There is only one correct answer: 7. There is no variability.


Ask yourself: Does this question expect many possible answers, or just one fixed answer?



  	Statistical question: "How tall are the students in our class?"

  	Not statistical: "How tall is the door?"

  	Statistical question: "How many books do students read in a month?"

  	Not statistical: "What is the title of our math book?"




2. Why does variability matter?


Statistics is about studying data that changes. If every answer were exactly the same, there would not be much to analyze.


When we ask a statistical question, we expect the answers to spread out. Some answers may be small, some large, and many may be somewhere in the middle.


For example, if you ask, "How many pets do students in our grade have?", some students may have 0 pets, some may have 1 or 2, and a few may have more. That spread in answers is variability.


3. Population and sample


In statistics, the population is the whole group you want to learn about.


A sample is a smaller group taken from the population.


For example, if you want to know how students in your school feel about school lunch:


  	The population is all students in the school.

  	The sample might be 50 students who are asked to answer a survey.




We usually study a sample because asking every person in a population can take too much time.


4. What makes a sample representative?


A sample is representative if it fairly reflects the population. That means the sample should include different types of people or items from the whole group, not just one small part of it.


For example, if a school has students from grades 6, 7, and 8, a representative sample about school lunch should include students from all three grades, not only 8th graders.


If the sample is not representative, the results may not match the population very well.


5. Sampling methods


Different ways of choosing a sample can affect how fair the results are.


Good sampling method: random sampling


In a random sample, each member of the population has a fair chance of being chosen.


Examples of random sampling:


  	Putting all student names in a container and drawing some names

  	Using a random number generator to choose survey participants




Random sampling helps reduce unfairness and gives a better chance of getting a representative sample.


Less fair sampling methods


  	Convenience sample: choosing people who are easiest to reach

  	Voluntary response sample: only people who choose to respond are counted




These methods can lead to bias because they may leave out important parts of the population.


6. What is bias?


Bias is anything in a study that makes the results unfairly favor one outcome over another.


Bias can happen in different ways, but in 7th Grade statistics, two important kinds are:


  	Sampling bias

  	Question wording bias




7. Sampling bias


Sampling bias happens when the sample does not fairly represent the population.


Example: A student wants to know whether students at school like reading. She surveys only students in the library.


This sample is biased because students in the library may like reading more than other students. The sample does not represent the whole school fairly.


Another example: A survey asks students whether they play sports, but it is given only to students at basketball practice. That sample is likely to overestimate how many students play sports.


8. Question wording bias


Question wording bias happens when the way a question is asked pushes people toward a certain answer.


For example, look at this question:

"Don't you agree that our school should have a longer lunch period?"


This question is biased because it suggests that agreeing is the expected answer.


A better version would be:

"Do you think the lunch period should be longer, shorter, or stay the same?"


This version is more neutral. It does not pressure people to answer in one direction.


9. How to write a good statistical question


A good statistical question should:


  	Ask about a group, not just one person or one object

  	Expect different answers

  	Be clear and neutral

  	Match the population you want to study




Here is a simple checklist:


  	Does the question involve data from many people or items?

  	Will the answers vary?

  	Is the wording fair?

  	Is the sample chosen in a fair way?




Worked Example 1: Is it a statistical question?


Question: "What time do students in our class go to bed on school nights?"


Step 1: Does it ask about a group? Yes, it asks about students in the class.

Step 2: Will the answers vary? Yes. Different students go to bed at different times.

Conclusion: This is a statistical question.


Now compare it to: "What time does our school start?"

There is one set answer, so it is not a statistical question.


Worked Example 2: Identify sampling bias


A student wants to know how many hours 7th graders spend on video games each week. He surveys 20 students in the gaming club.


Step 1: What is the population? All 7th graders.

Step 2: Who is in the sample? Only students in the gaming club.

Step 3: Is the sample representative? Probably not. Students in the gaming club may play more video games than other 7th graders.

Conclusion: The study has sampling bias.


A better method would be to randomly choose 20 students from all 7th graders.


Worked Example 3: Improve a biased question


Original question: "Why is the new school rule unfair?"


This question is biased because it assumes the rule is unfair.


A better question would be:

"What do you think about the new school rule?"


Or, if you want choices:

"Do you think the new school rule is fair, unfair, or are you unsure?"


These revised questions are more neutral.


Worked Example 4: Choose the better study


A school wants to know whether students want more after-school clubs.


Study A: Survey students who are already staying after school for clubs.

Study B: Randomly survey students from different grades during lunch.


Step 1: Which sample is more representative of the whole school?

Answer: Study B.


Step 2: Why?

Study A is biased because students already in clubs may be more likely to want more clubs. Study B includes a wider range of students and uses a more fair method.


10. Watch out for common mistakes



  	Thinking every question about data is statistical. It must expect variability.

  	Surveying only friends or nearby people and assuming the sample is fair.

  	Using questions that sound like they want a certain answer.

  	Forgetting to match the sample to the population.




11. Quick comparison table



  	Statistical question: expects different answers

  	Non-statistical question: expects one definite answer

  	Representative sample: fairly reflects the population

  	Biased sample: unfairly leaves out or overuses part of the population

  	Neutral wording: does not push toward one answer

  	Biased wording: suggests how someone should answer




12. How this connects to real data


Once data is collected, students often find measures like the mean, median, or range, or make graphs such as dot plots and box plots. But these summaries are only useful if the data came from a good statistical question and a fair sample.


If the question is biased or the sample is unfair, then even careful calculations may lead to poor conclusions.


[image: 📋]   Summary


A statistical question is a question that expects varied answers. To answer it fairly, you need a representative sample, which often comes from random sampling.


Bias can happen when the sample is unfair or when the question is worded in a way that pushes people toward a certain answer. Good statistical studies use clear, neutral questions and fair sampling methods.


When you look at a survey or design your own, always ask: Does the question allow for variability? Is the sample representative? Is the wording unbiased?


  
  Put what you read to the test

  You've worked through Statistical Questioning and Bias. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/657
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  Measures of Center and Outlier Effects


When we collect data, we often want to describe what is typical or what the “center” of the data is. In 7th Grade, the three main measures of center are the mean, median, and mode.


But there is an important idea to remember: sometimes one unusual value can change the answer a lot. This unusual value is called an outlier. In this lesson, you will learn how to find mean, median, and mode, and how to decide which one best describes a data set.


1. The three measures of center



  	Mean: the average. Add all the values, then divide by the number of values.

  	Median: the middle value when the data is put in order from least to greatest.

  	Mode: the value that appears most often.




Each measure gives information about the center, but they do not always give the same result.


2. How to find each measure


Mean

To find the mean, use this rule:


mean=sum of all data valuesnumber of data values

Median

To find the median:


  	Put the data in order from least to greatest.

  	Find the middle number.

  	If there are two middle numbers, add them and divide by 2.




Mode

To find the mode, look for the number that appears the most.



  	A data set can have one mode.

  	It can have more than one mode if two or more numbers appear the same greatest number of times.

  	It can have no mode if no value repeats.




3. What is an outlier?


An outlier is a data value that is much larger or much smaller than the other values in the set.


For example, in the data set 8, 9, 10, 10, 11, 50, the number 50 is far away from the rest of the data. So 50 is an outlier.


Outliers matter because they can pull the mean up or down. The median is usually affected much less.


4. Which measure is best?


Different situations call for different measures of center.



  	Use the mean when the data is fairly even and there are no extreme outliers.

  	Use the median when there is an outlier or when the data is skewed to one side.

  	Use the mode when you want to know the most common value.




The word skewed means the data is not balanced. More values may be stretched out on one side than the other. In these cases, the median often gives a better picture of a typical value.


Worked Example 1: Finding mean, median, and mode


Find the mean, median, and mode of the data set:


4, 6, 7, 7, 8


Step 1: Mean

Add the values:


4+6+7+7+8=32

There are 5 values, so divide by 5:


mean=325=6.4

Step 2: Median

The data is already in order:

4, 6, 7, 7, 8

The middle value is 7, so the median is 7.


Step 3: Mode

The number 7 appears most often, so the mode is 7.


Answer:


  	Mean: 6.4

  	Median: 7

  	Mode: 7




Worked Example 2: Finding the median with an even number of values


Find the median of this data set:

3, 5, 6, 8, 10, 12


There are 6 values, so there is no single middle number. The two middle numbers are 6 and 8.


Add them and divide by 2:


6+82=142=7

So the median is 7.


Worked Example 3: How an outlier affects the mean


First, look at this data set:

10, 11, 12, 12, 15


Mean:


10+11+12+12+15=60

mean=605=12

Median:

The middle value is 12, so the median is 12.


Now suppose one value changes and the data becomes:

10, 11, 12, 12, 50


Now 50 is an outlier.


New mean:


10+11+12+12+50=95

mean=955=19

New median:

The middle value is still 12, so the median is 12.


What changed?


  	The mean changed from 12 to 19.

  	The median stayed 12.




This shows that the mean is strongly affected by an outlier, but the median is not affected as much.


Worked Example 4: Choosing the best measure of center


A class recorded how many minutes students read at home last night:

20, 25, 25, 30, 30, 35, 120


Let’s find the measures of center.


Mean:


20+25+25+30+30+35+120=285

mean=2857≈40.7

Median:

The data is already in order. The middle value is 30, so the median is 30.


Mode:

25 appears twice and 30 appears twice. So the data set has two modes: 25 and 30.


Which measure best describes a typical reading time?

The value 120 is much larger than the others, so it is an outlier. The mean is about 40.7, but most students read much less than that.


So the median, 30, is the best measure of a typical reading time in this data set.


5. Comparing the measures


Here is a simple way to think about the three measures:



  	Mean: uses every value in the data set.

  	Median: depends on the middle position.

  	Mode: shows what happens most often.




Because the mean uses every value, one very large or very small value can change it a lot. That is why outliers have the biggest effect on the mean.


6. Quick tips for choosing the best measure



  	If the data has no outliers and looks balanced, the mean is often a good choice.

  	If the data has an outlier, use the median to describe what is typical.

  	If you want to know the most common answer, use the mode.




7. Common mistakes to avoid



  	Do not find the median before putting the numbers in order.

  	Do not forget to divide by the number of values when finding the mean.

  	Do not assume every data set has a mode.

  	Do not choose the mean automatically if there is a clear outlier.




8. Summary


The mean, median, and mode are all measures of center. The mean is the average, the median is the middle value, and the mode is the most common value.


An outlier is a value far from the rest of the data. Outliers usually affect the mean the most, while the median is usually more reliable when there is an outlier or a skewed data set. When deciding what is most typical, choose the measure that best matches the shape of the data.


  
  Put what you read to the test

  You've worked through Measures of Center and Outlier Effects. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/658
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  Measures of Variability: Range and Interquartile Range (IQR)


When we study data, we do not only want to know the middle or typical value. We also want to know how spread out the data is.


The amount that data is spread out is called its variability. In this lesson, you will learn two important measures of variability:



  	Range

  	Interquartile Range (IQR)




These measures help us answer questions like:


  	Are the values close together or far apart?

  	Is one data set more consistent than another?

  	Are there values that seem unusually high or low?




Why does variability matter?

Imagine two basketball players who both score an average of 12 points per game. One player scores close to 12 every game. The other player sometimes scores 2 points and sometimes 22 points. Even though their averages are the same, their data is very different.


Measures of variability help us describe that difference.





1. Range


The range tells how far apart the smallest and largest values are in a data set.


To find the range, use this rule:


Range=greatest value−least value


Steps for finding the range:


  	Find the smallest number.

  	Find the largest number.

  	Subtract.




What range tells us:


  	A small range means the data values are closer together.

  	A large range means the data values are more spread out.




Important note: The range uses only the smallest and largest values. That means one unusual value can change the range a lot.





2. Interquartile Range (IQR)


The Interquartile Range, or IQR, measures the spread of the middle half of the data.


Instead of looking at only the smallest and largest values, IQR looks at where most of the data is grouped.


To understand IQR, we need to know about quartiles.


Quartiles divide ordered data into 4 equal parts.



  	Q1 is the middle of the lower half of the data.

  	Q3 is the middle of the upper half of the data.




Then we calculate:


IQR=Q3−Q1


What IQR tells us:


  	A small IQR means the middle half of the data is packed closely together.

  	A large IQR means the middle half of the data is more spread out.




IQR is often more useful than range because it is less affected by extreme values.





How to Find the IQR


Follow these steps carefully:


  	Put the data in order from least to greatest.

  	Find the median of the whole data set.

  	Separate the data into a lower half and an upper half.

  	Find the median of the lower half. This is Q1.

  	Find the median of the upper half. This is Q3.

  	Subtract: Q3−Q1




Tip: When the data set has an odd number of values, do not include the middle value when finding the lower and upper halves.





Worked Example 1: Finding the Range


Find the range of this data set:

4,7,9,10,12


Step 1: Find the least value: 4

Step 2: Find the greatest value: 12

Step 3: Subtract:


12−4=8


Answer: The range is 8.


This means the data stretches across 8 units from the smallest to the largest value.





Worked Example 2: Finding the IQR with an Odd Number of Data Values


Find the IQR of this data set:

2,4,5,8,9,12,15


Step 1: Order the data

The data is already in order.


Step 2: Find the median

There are 7 numbers, so the middle value is the 4th number: 8


Step 3: Split into two halves

Lower half: 2,4,5

Upper half: 9,12,15


Notice that the median, 8, is not included in either half.


Step 4: Find Q1

The median of 2,4,5 is 4, so Q1=4


Step 5: Find Q3

The median of 9,12,15 is 12, so Q3=12


Step 6: Find the IQR

IQR=Q3−Q1=12−4=8


Answer: The IQR is 8.


This means the middle 50% of the data has a spread of 8 units.





Worked Example 3: Finding the IQR with an Even Number of Data Values


Find the IQR of this data set:

3,5,6,8,10,11,13,14


Step 1: Order the data

The data is already in order.


Step 2: Find the median

There are 8 values, so the median is the average of the 4th and 5th values.

Those values are 8 and 10.


Median=8+102=9


Step 3: Split into two halves

Lower half: 3,5,6,8

Upper half: 10,11,13,14


Step 4: Find Q1

Find the median of 3,5,6,8:

Q1=5+62=5.5


Step 5: Find Q3

Find the median of 10,11,13,14:

Q3=11+132=12


Step 6: Find the IQR

IQR=12−5.5=6.5


Answer: The IQR is 6.5.





Worked Example 4: Comparing Range and IQR


Suppose two classes take the same quiz.


Class A scores: 70,72,74,75,76,78,80

Class B scores: 50,72,74,75,76,78,100


Both sets are already in order.


Find the range for each class.


Class A:

80−70=10


Class B:

100−50=50


So Class B has a much larger range.


Now find the IQR for each class.


For both data sets, the median is 75.


Lower half for both: 70,72,74 in Class A and 50,72,74 in Class B

Upper half for both: 76,78,80 in Class A and 76,78,100 in Class B


Class A:

Q1=72, Q3=78

IQR=78−72=6


Class B:

Q1=72, Q3=78

IQR=78−72=6


What does this show?


  	The range is very different because Class B has extreme values: 50 and 100.

  	The IQR is the same because the middle half of the scores is spread the same way in both classes.




This is why IQR can give a better picture of what most of the data is doing.





When to Use Range and IQR



  	Use range when you want a quick idea of the total spread from smallest to largest.

  	Use IQR when you want to describe the spread of the middle half of the data.

  	IQR is usually better when the data has very high or very low values that do not match the rest.







Common Mistakes to Avoid



  	Forgetting to order the data first. Always put the numbers in order before finding quartiles.

  	Using the wrong numbers for range. Only use the smallest and largest values.

  	Including the median in both halves when there is an odd number of values. Leave it out when finding Q1 and Q3.

  	Mixing up median and quartiles. The median is the middle of the whole set. Q1 and Q3 are the middles of the two halves.







Quick Check


Try these on your own:



  	Find the range of 6,9,12,14,20.

  	Find the IQR of 1,3,4,6,8,9,12.




Answers:


  	Range: 20−6=14

  	Median is 6, lower half is 1,3,4, upper half is 8,9,12, so Q1=3, Q3=9, and IQR is 9−3=6







[image: 📋]   Summary


Measures of variability tell us how spread out data is.



  	Range is the difference between the greatest and least values.

  	IQR is the difference between Q3 and Q1.

  	Range uses the ends of the data set.

  	IQR uses the middle 50% of the data.




If a data set has unusual high or low values, the IQR often gives a better idea of how consistent the data really is.


  
  Put what you read to the test

  You've worked through Measures of Variability (Range and IQR). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/659






  [image: 📝]   Lesson 79: Mean Absolute Deviation (MAD)

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/701




  Mean Absolute Deviation (MAD) is a way to measure how spread out a data set is.
It tells us, on average, how far the data values are from the mean (the average).
If the MAD is small, the data values are close to the mean. If the MAD is large, the data values are more spread out.
This makes MAD a useful measure of statistical spread.
Why do we use MAD?
Sometimes two data sets can have the same mean, but one set is tightly grouped while the other is spread out. MAD helps us notice that difference.
For example, these two sets both have mean 10:
	Set A: 9, 10, 10, 11
	Set B: 2, 10, 10, 18

Both sets average to 10, but Set B is much more spread out. MAD helps measure that spread.
What does “absolute deviation” mean?
A deviation is the distance between a data value and the mean.
To find a deviation, subtract the mean from the data value:
deviation=data value−mean
But some answers may be negative and some positive. Since we want distance, we use absolute value, which makes every distance positive.
So an absolute deviation is:
absolute deviation=∣data value−mean∣
The mean absolute deviation is the average of all the absolute deviations.
MAD=sum of absolute deviationsnumber of data values
Steps for finding MAD
	Find the mean of the data set.
	Find the distance from each data value to the mean.
	Make each distance positive by using absolute value.
	Add the absolute deviations.
	Divide by the number of data values.

Let’s work through some examples.
Example 1: A simple data set
Find the MAD of: 4, 6, 8
Step 1: Find the mean
mean=4+6+83=183=6
Step 2: Find each absolute deviation from the mean
	For 4: ∣4−6∣=2
	For 6: ∣6−6∣=0
	For 8: ∣8−6∣=2

Step 3: Find the average of those absolute deviations
MAD=2+0+23=43=113
Answer: The MAD is 113.
This means the data values are, on average, 113 units away from the mean.
Example 2: A data set with more values
Find the MAD of: 3, 5, 7, 9, 11
Step 1: Find the mean
mean=3+5+7+9+115=355=7
Step 2: Find the absolute deviations
	∣3−7∣=4
	∣5−7∣=2
	∣7−7∣=0
	∣9−7∣=2
	∣11−7∣=4

Step 3: Average the absolute deviations
MAD=4+2+0+2+45=125=2.4
Answer: The MAD is 2.4.
Example 3: Comparing two data sets
Both of these data sets have the same mean. Which one has the greater spread?
	Set A: 8, 9, 10, 11, 12
	Set B: 2, 6, 10, 14, 18

Step 1: Find the mean of each set
For Set A:
mean=8+9+10+11+125=505=10
For Set B:
mean=2+6+10+14+185=505=10
Both means are 10.
Step 2: Find the MAD of Set A
Absolute deviations from 10:
	∣8−10∣=2
	∣9−10∣=1
	∣10−10∣=0
	∣11−10∣=1
	∣12−10∣=2

MAD of Set A=2+1+0+1+25=65=1.2
Step 3: Find the MAD of Set B
Absolute deviations from 10:
	∣2−10∣=8
	∣6−10∣=4
	∣10−10∣=0
	∣14−10∣=4
	∣18−10∣=8

MAD of Set B=8+4+0+4+85=245=4.8
Answer: Set B has the greater spread because its MAD is larger.
This shows why MAD is helpful. Even though both sets have the same mean, Set B is much more spread out.
Example 4: MAD in a real-life situation
A student records the number of books read by 5 friends in one month: 2, 4, 4, 5, 10
Find the mean and the MAD.
Step 1: Find the mean
mean=2+4+4+5+105=255=5
Step 2: Find the absolute deviations from the mean
	∣2−5∣=3
	∣4−5∣=1
	∣4−5∣=1
	∣5−5∣=0
	∣10−5∣=5

Step 3: Find the MAD
MAD=3+1+1+0+55=105=2
Answer: The mean is 5 books, and the MAD is 2 books.
This means the number of books read is, on average, 2 books away from the mean.
Important ideas to remember
	The mean is the average of the data values.
	A deviation tells how far a value is from the mean.
	An absolute deviation is always positive or zero.
	The MAD is the average of those absolute deviations.
	A smaller MAD means the data are closer to the mean.
	A larger MAD means the data are more spread out.

Common mistakes to avoid
	Forgetting to find the mean first. MAD is based on distance from the mean.
	Not using absolute value. Negative and positive deviations should not cancel each other out.
	Dividing by the wrong number. Divide by the total number of data values.
	Mixing up mean and MAD. The mean describes the center. MAD describes the spread.

Quick check
Try this on your own: Find the MAD of 6, 6, 8, 10.
Solution
First find the mean:
mean=6+6+8+104=304=7.5
Now find the absolute deviations:
	∣6−7.5∣=1.5
	∣6−7.5∣=1.5
	∣8−7.5∣=0.5
	∣10−7.5∣=2.5

Find the average:
MAD=1.5+1.5+0.5+2.54=64=1.5
So the MAD is 1.5.
[image: 📋]   Summary
Mean Absolute Deviation measures the average distance of data values from the mean.
To find it, first calculate the mean, then find each absolute deviation, and finally average those distances.
MAD helps us describe how much a data set varies. It is a useful tool for comparing how spread out different data sets are.


  
  Put what you read to the test

  You've worked through Mean Absolute Deviation (MAD). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/660






  [image: 📝]   Lesson 80: Box Plots and Quartile Distributions
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  Box Plots and Quartile Distributions


When we collect data, we often want to understand where the values are centered and how spread out they are. One useful graph for this is a box plot, also called a box-and-whisker plot.


A box plot shows the shape of a data set using five important numbers. These numbers help us quickly compare different groups of data.


In this lesson, you will learn how to find the five-number summary, how to divide data into quartiles, and how to draw and read a box plot.


1. What is a box plot?


A box plot is a graph that shows how data is distributed from smallest to largest. It uses a number line and marks five special values.


These five values are called the five-number summary:



  	Minimum: the smallest value

  	First quartile or Q_1: the middle of the lower half of the data

  	Median or Q_2: the middle value of the whole data set

  	Third quartile or Q_3: the middle of the upper half of the data

  	Maximum: the largest value




The box plot has:


  	a box from Q1 to Q3

  	a line inside the box at the median

  	whiskers that stretch from the box to the minimum and maximum




2. What are quartiles?


The word quartile comes from the word quarter. Quartiles divide the data into four equal parts.


After the data is put in order:


  	The median splits the data into two halves.

  	Q1 splits the lower half into two parts.

  	Q3 splits the upper half into two parts.




That means each section of the box plot represents about 25% of the data.


3. How to find the five-number summary


Follow these steps:



  	Put the data in order from least to greatest.

  	Find the median.

  	Find the lower half and the upper half.

  	Find Q1, the median of the lower half.

  	Find Q3, the median of the upper half.

  	Identify the minimum and maximum.




Important note: If there is an odd number of data values, the middle number is the median and is not included in either half when finding Q1 and Q3.


4. Worked Example 1: Finding the five-number summary


Suppose the data set is:

3, 5, 6, 8, 9, 12, 14


The data is already in order.


There are 7 numbers, so the median is the 4th number:

Median=8


Now split the data into two halves, not including the median:


  	Lower half: 3, 5, 6

  	Upper half: 9, 12, 14




Find the middle of each half:

Q1=5Q3=12


Now list the five-number summary:


  	Minimum: 3

  	Q1=5

  	Median: 8

  	Q3=12

  	Maximum: 14




5. Worked Example 2: Data set with an even number of values


Find the five-number summary for:

2, 4, 7, 10, 13, 15, 18, 20


There are 8 numbers, so the median is the average of the 4th and 5th values:

Median=10+132=11.5


Split the data into two equal halves:


  	Lower half: 2, 4, 7, 10

  	Upper half: 13, 15, 18, 20




Now find the median of each half:

Q1=4+72=5.5

Q3=15+182=16.5


So the five-number summary is:


  	Minimum: 2

  	Q1=5.5

  	Median: 11.5

  	Q3=16.5

  	Maximum: 20




6. How to draw a box plot


Once you know the five-number summary, you can draw the box plot.



  	Draw a number line that fits all the data values.

  	Mark the minimum, Q1, median, Q3, and maximum.

  	Draw a box from Q1 to Q3.

  	Draw a vertical line inside the box at the median.

  	Draw whiskers from the box out to the minimum and maximum.




For Example 1, the box plot would use:

3581214


This means:


  	left whisker ends at 3

  	box starts at 5

  	median line is at 8

  	box ends at 12

  	right whisker ends at 14




7. What does the box tell us?


The box, from Q1 to Q3, shows the middle 50% of the data.


The length of the box tells us how spread out the middle part of the data is. A longer box means the middle values are more spread out. A shorter box means they are closer together.


The distance from minimum to maximum shows the overall spread of the data.


8. Interquartile Range (IQR)


The interquartile range, or IQR, tells how wide the middle 50% of the data is.


The formula is:

IQR=Q3−Q1


For Example 1:

IQR=12−5=7


So the middle half of the data has a spread of 7.


9. Worked Example 3: Finding IQR and making a box plot


Use this data set:

1, 2, 4, 6, 7, 8, 10, 12, 13


There are 9 numbers, so the median is the 5th number:

Median=7


Do not include the median in either half.


  	Lower half: 1, 2, 4, 6

  	Upper half: 8, 10, 12, 13




Find the quartiles:

Q1=2+42=3

Q3=10+122=11


Minimum is 1 and maximum is 13.


So the five-number summary is:


  	Minimum: 1

  	Q1=3

  	Median: 7

  	Q3=11

  	Maximum: 13




Now find the IQR:

IQR=11−3=8


To draw the box plot, place points at 1, 3, 7, 11, and 13, draw the box from 3 to 11, the median line at 7, and whiskers to 1 and 13.


10. How to compare two box plots


Box plots are especially useful when comparing two or more data sets. You can compare:


  	center by looking at the median

  	spread by looking at the range and IQR

  	balance by seeing whether one side of the box plot is longer than the other




If one box plot has a higher median, that group usually has larger values in the center.


If one box or whisker is much longer, that group has more spread in that part of the data.


11. Worked Example 4: Comparing two groups


Suppose two classes took the same quiz.


Class A five-number summary:


  	Minimum: 60

  	Q1=70

  	Median: 78

  	Q3=85

  	Maximum: 95




Class B five-number summary:


  	Minimum: 55

  	Q1=65

  	Median: 78

  	Q3=90

  	Maximum: 100




Let us compare them.


Step 1: Compare medians

Both classes have a median of 78, so their middle score is the same.


Step 2: Compare IQRs

For Class A:

IQRA=85−70=15


For Class B:

IQRB=90−65=25


Class B has a larger IQR, so the middle 50% of Class B's scores are more spread out.


Step 3: Compare ranges

For Class A:

95−60=35


For Class B:

100−55=45


Class B also has a larger overall spread.


Conclusion: The two classes have the same center, but Class B's scores are more spread out.


12. Common mistakes to avoid



  	Forgetting to put the data in order first. Quartiles must be found from ordered data.

  	Using the wrong median. Be careful when there are an even number of values.

  	Including the median in both halves when there is an odd number of values. Usually, the median is left out of both halves.

  	Mixing up Q1 and Q3. Q1 is in the lower half, and Q3 is in the upper half.

  	Thinking the box shows all the data. The box only shows the middle 50%.




13. Quick check questions


Try these on your own:



  	Find the median of: 4, 6, 7, 9, 10

  	Find the five-number summary of: 2, 3, 5, 8, 9, 11, 14

  	If Q1=12 and Q3=20, what is the IQR?

  	If two box plots have the same median, what else should you check to compare them?




Answers:


  	1. Median = 7

  	2. Minimum 2, Q1=3, Median 8, Q3=11, Maximum 14

  	3. 20−12=8

  	4. Check the IQR, range, and shape of the box plot to compare spread.




14. Summary


A box plot is a quick way to show how data is spread out. It is built from the five-number summary: minimum, Q1, median, Q3, and maximum.


Quartiles divide the data into four parts, and the box shows the middle 50% of the data. The interquartile range, Q3−Q1, measures the spread of that middle half.


When comparing box plots, look at the median for center and the box and whiskers for spread. This helps you make good statistical comparisons between groups.


  
  Put what you read to the test

  You've worked through Box Plots and Quartile Distributions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/661
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  Histograms and Data Bins


When we collect a lot of numerical data, it can be hard to understand just by looking at a long list of numbers. A histogram helps us organize the data so we can see patterns more clearly.


A histogram is a graph that shows how many data values fall into different intervals, also called bins. Histograms are especially useful for continuous data, which means data that can be measured and can take many values in a range, such as height, time, distance, or temperature.


For example, if we measured the running times of students, the times might be grouped into bins like 10–14 seconds, 15–19 seconds, and 20–24 seconds. Then we count how many times fall in each bin.


What makes a histogram different from a bar graph?


  	In a bar graph, the bars are separated, and the categories are usually different groups, like favorite sports.

  	In a histogram, the bars touch because the data is numerical and grouped into intervals that follow one another.




Main idea: A histogram shows the frequency, or count, of values in each bin.


Parts of a histogram


  	Title: tells what the data is about.

  	Horizontal axis: shows the bins, or intervals.

  	Vertical axis: shows the frequency, or how many data values are in each bin.

  	Bars that touch: show that the intervals are connected.




What are data bins?


Bins are groups of equal-width intervals used to organize data. If the data values go from 1 to 30, we might use bins of width 5:


1–5, 6–10, 11–15, 16–20, 21–25, 26–30


Each bin covers the same amount. In this case, the bin width is:


5


Using equal-width bins is important because it makes the graph fair and easy to compare.


How to make a histogram


  	Find the smallest and largest data values.

  	Choose a bin width.

  	Create equal-width bins that cover all the data.

  	Count how many data values fall into each bin.

  	Draw bars for each bin. The height of each bar is the frequency.




Worked Example 1: Sorting data into bins


Suppose these are the numbers of minutes students read one evening:


12, 18, 21, 24, 25, 27, 29, 31, 33, 34, 38, 40


Let’s use bins of width 10:


10–19, 20–29, 30–39, 40–49


Now count the data in each bin:


  	10–19: 12, 18 [image: →] frequency 2

  	20–29: 21, 24, 25, 27, 29 [image: →] frequency 5

  	30–39: 31, 33, 34, 38 [image: →] frequency 4

  	40–49: 40 [image: →] frequency 1




The histogram would have bars with heights:


2, 5, 4, 1


This tells us most students read between 20 and 39 minutes.


Worked Example 2: Making sense of the histogram


Suppose a histogram of quiz scores has these frequencies:


  	50–59: 1 student

  	60–69: 3 students

  	70–79: 7 students

  	80–89: 6 students

  	90–99: 2 students




What can we learn from this?


  	Most students scored in the 70s and 80s.

  	Very few students scored below 60.

  	The distribution has one main peak around the middle, so the data is clustered there.




Histograms help us answer questions like:


  	Where are most of the data values?

  	Are the values spread out or close together?

  	Does the graph look balanced, or does one side stretch out more?




Describing the shape of a histogram


After making a histogram, we look at its shape. The shape gives clues about the data.



  	Symmetric: The left and right sides look about the same.

  	Skewed right: Most data is on the lower end, with a tail stretching to the right.

  	Skewed left: Most data is on the higher end, with a tail stretching to the left.




If a histogram is symmetric, the data is balanced around the center. If it is skewed, one side has a longer tail than the other.


Worked Example 3: Recognizing shape


A teacher records how many minutes students practiced music this week. The histogram shows:


  	0–9: 8 students

  	10–19: 6 students

  	20–29: 3 students

  	30–39: 1 student




Most students practiced for a small number of minutes, and fewer students practiced for large numbers of minutes. The bars start tall on the left and get shorter to the right.


This distribution is skewed right because the tail stretches to the right.


Worked Example 4: Choosing bins carefully


Suppose these temperatures were recorded over 15 days:


61, 62, 63, 65, 66, 67, 68, 70, 71, 72, 74, 75, 76, 78, 79


If we use bins of width 5, we could choose:


60–64, 65–69, 70–74, 75–79


Now count each bin:


  	60–64: 61, 62, 63 [image: →] 3

  	65–69: 65, 66, 67, 68 [image: →] 4

  	70–74: 70, 71, 72, 74 [image: →] 4

  	75–79: 75, 76, 78, 79 [image: →] 4




The frequencies are very close:


3, 4, 4, 4


This histogram would look fairly even, showing that the temperatures are spread across the range without one bin being much taller than the others.


Tips for using histograms well


  	Use equal-width bins.

  	Make sure all the data values fit into the bins.

  	Be careful when counting values on the edges of bins.

  	Label both axes clearly.

  	Remember that histogram bars touch.




Common mistakes to avoid


  	Using bins with different widths.

  	Leaving gaps between bars.

  	Forgetting to include all data values.

  	Choosing bins that are too small or too large, making the graph hard to read.




How histograms help us make statistical arguments


Histograms do more than organize data. They help us explain what the data shows. For example, if one histogram has most of its bars on the high end, we can argue that the data values are generally larger. If another histogram is spread out, we can say the data has more variety.


By looking at the bins, frequencies, and shape, we can describe the data clearly and support our thinking with evidence from the graph.


[image: 📋]   Summary


A histogram is a graph used for numerical data that has been grouped into equal-width intervals called bins. The height of each bar shows the frequency of the data in that interval.


To read or create a histogram, choose equal-width bins, count how many values fall in each bin, and draw touching bars. Then study the shape of the graph to describe where the data is clustered and whether it is symmetric, skewed right, or skewed left.


  
  Put what you read to the test

  You've worked through Histograms and Data Bins. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/662
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  Scatter Plots and Bivariate Data


In statistics, we often collect information to answer questions. Sometimes we study one kind of data, like the heights of students in a class. Other times, we study two related kinds of data at the same time. This is called bivariate data.


Bivariate data means data with two variables for each item or person. For example, for each student, we might record:


  	hours of study

  	test score




Because each student has both values, the data comes in pairs. We can write the pair as an ordered pair, like (3,85), where 3 is the number of study hours and 85 is the test score.


One of the best ways to display bivariate data is with a scatter plot.


A scatter plot shows pairs of numbers as points on a coordinate plane. Each point represents one set of related data.


Scatter plots help us look for patterns, such as:


  	whether the data points rise or fall from left to right

  	whether the points are close together or spread out

  	whether groups of points form clusters

  	whether some points do not fit the pattern




1. Understanding the Two Variables


In bivariate data, the two variables usually have different jobs.


  	The independent variable goes on the horizontal axis, or x-axis.

  	The dependent variable goes on the vertical axis, or y-axis.




The independent variable is the one you choose or measure first. The dependent variable is the one that may change depending on the independent variable.


For example, if we compare hours practiced and free-throw baskets made:


  	hours practiced = independent variable

  	baskets made = dependent variable




This means we would plot:

x=hours practiced,y=baskets made


2. How to Make a Scatter Plot


To make a scatter plot, follow these steps:


  	Collect paired data.

  	Draw a coordinate plane.

  	Label the x-axis with the independent variable.

  	Label the y-axis with the dependent variable.

  	Choose a scale that fits the data.

  	Plot each ordered pair as a point.




Each point should be placed carefully. For example, the point (4,12) means move 4 units right on the x-axis and 12 units up on the y-axis.


3. Looking for Patterns in a Scatter Plot


After plotting the points, the next step is to study the pattern.


There are three common types of association, or relationship, in scatter plots:


  	Positive association: As x increases, y tends to increase.

  	Negative association: As x increases, y tends to decrease.

  	No association: There is no clear pattern between x and y.




If points go upward from left to right, the association is positive.

If points go downward from left to right, the association is negative.

If points seem scattered without a pattern, there may be no association.


4. Clusters and Outliers


Sometimes points gather in one or more groups. These groups are called clusters.


A cluster can show that many data values are similar. For example, if many students studied between 2 and 4 hours and scored between 75 and 90, those points may form a cluster.


Sometimes one point is far away from most of the others. This is called an outlier.


An outlier may happen because:


  	the value is unusual but correct

  	there was a measuring mistake

  	the data was recorded incorrectly




Outliers are important because they can affect how we describe the data.


5. Worked Example 1: Plotting Paired Data


A teacher records the number of hours 5 students studied and their quiz scores.


The data is:


  	Student A: (1,65)

  	Student B: (2,70)

  	Student C: (3,78)

  	Student D: (4,85)

  	Student E: (5,92)




Step 1: Identify the variables.


  	x-axis: hours studied

  	y-axis: quiz score




Step 2: Plot the points (1,65), (2,70), (3,78), (4,85), and (5,92).


Step 3: Describe the pattern.


As study hours increase, quiz scores also increase. This is a positive association.


6. Worked Example 2: Finding a Negative Association


A class records the outside temperature and the number of cups of hot chocolate sold at the school stand.


The data is:


  	(30,40)

  	(40,34)

  	(50,25)

  	(60,18)

  	(70,10)




Here:


  	x = temperature

  	y = cups of hot chocolate sold




When the temperature goes up, the number of cups sold goes down.


So this scatter plot shows a negative association.


This makes sense in real life because people usually buy more hot chocolate when it is colder.


7. Worked Example 3: Looking for No Association and a Cluster


A student compares shoe size and number of books read last month for several classmates.


The data is:


  	(4,3)

  	(5,7)

  	(6,2)

  	(7,6)

  	(8,4)

  	(9,7)




If these points are plotted, they do not clearly rise or fall from left to right.


That means there is no clear association between shoe size and books read.


Also, several points are in the middle of the graph, around 4 to 7 books and shoe sizes 5 to 8. That group can be described as a cluster.


8. Worked Example 4: Noticing an Outlier


A coach records hours of practice and number of successful soccer shots.


The data is:


  	(1,6)

  	(2,9)

  	(3,11)

  	(4,14)

  	(5,15)

  	(6,3)




Most of the points show that more practice leads to more successful shots. That suggests a positive association.


But the point (6,3) is very different from the others. A player practiced for 6 hours but only made 3 successful shots.


This point is an outlier.


The outlier might mean:


  	the player was tired that day

  	the data was measured incorrectly

  	something unusual happened




9. How to Describe a Scatter Plot


When answering questions about scatter plots, it helps to use clear sentences. You can describe:


  	the variables

  	the type of association

  	any clusters

  	any outliers




Here is a good sentence frame:

The scatter plot compares ___ and ___. It shows a positive/negative/no association. There is a cluster around ___ and an outlier at ___.


10. Important Things to Remember



  	A scatter plot uses ordered pairs to show bivariate data.

  	The x-axis usually shows the independent variable.

  	The y-axis usually shows the dependent variable.

  	Positive association means both variables tend to increase together.

  	Negative association means one variable tends to decrease as the other increases.

  	No association means there is no clear pattern.

  	Clusters are groups of points close together.

  	Outliers are points far from the rest.




11. Common Mistakes to Avoid



  	Mixing up the axes: Always put the independent variable on the x-axis first.

  	Plotting the points in the wrong order: In (x,y), the first number is horizontal and the second number is vertical.

  	Drawing conclusions too quickly: Look at all the points before deciding on the pattern.

  	Ignoring outliers: A point far away from the others may be important.




12. Quick Check


Suppose the data pairs are:


  	(2,10)

  	(3,12)

  	(4,14)

  	(5,16)




What pattern would you expect?


As x increases, y also increases. So the scatter plot would show a positive association.


If another point (6,2) were added, it would likely be an outlier because it does not fit the pattern.


[image: 📋]   Summary


Bivariate data gives two values for each item, and a scatter plot shows those pairs on a coordinate plane.


Scatter plots help us see whether there is a positive association, negative association, or no association.


They also help us notice clusters and outliers, which give us more information about the data.


When reading or making a scatter plot, always label the axes correctly, plot ordered pairs carefully, and look at the overall pattern of the points.


  
  Put what you read to the test

  You've worked through Scatter Plots and Bivariate Data. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/663






  [image: 📝]   Lesson 83: Trend Lines and Line of Best Fit

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/705




  Trend Lines and Line of Best Fit


When we collect two sets of related data, we can show them on a scatter plot. A scatter plot helps us see whether the data points follow a pattern.


Sometimes the points seem to move upward, downward, or stay scattered without a clear pattern. When the points form a general straight-line pattern, we can draw a trend line, also called a line of best fit.


A line of best fit is a straight line drawn through a scatter plot that shows the overall direction of the data. It does not have to pass through every point. Instead, it should be close to as many points as possible.


This line can help us:


  	see the overall pattern in the data,

  	describe whether the relationship is positive or negative,

  	make predictions between known values, called interpolation,

  	make predictions beyond the known values, called extrapolation.




1. Understanding scatter plots


In a scatter plot, each point represents a pair of values. For example, one value might be hours studied, and the other might be test score.


If the points rise from left to right, the data shows a positive association. This means that as one value increases, the other value tends to increase too.


If the points fall from left to right, the data shows a negative association. This means that as one value increases, the other value tends to decrease.


If the points do not follow any clear upward or downward pattern, then there is little or no association.


2. What makes a good line of best fit?


A good line of best fit should match the pattern of the scatter plot. When drawing one by hand, try to:


  	follow the middle of the group of points,

  	have about the same number of points above the line as below it,

  	be as close as possible to most of the points.




You should not try to connect dot to dot. A line of best fit is about the overall trend, not every single point.


3. How to sketch a trend line



  	Look at the scatter plot and decide whether the points go up, go down, or show no clear pattern.

  	Place a ruler so it follows the middle of the points.

  	Adjust the ruler so the points are balanced above and below the line.

  	Draw the line across the data.




If one point is far away from the others, it may be an outlier. An outlier can affect where the line is drawn, so be careful when looking at the overall pattern.


4. Using a line of best fit to make predictions


Once you have a trend line, you can use it to estimate values.



  	Interpolation means predicting a value inside the range of the data.

  	Extrapolation means predicting a value outside the range of the data.




Interpolation is usually more reliable because it stays within the data you already have. Extrapolation is less certain because it guesses beyond the known information.


Worked Example 1: Recognizing the trend


A scatter plot shows the number of hours a student reads each week and the number of books they finish each month. The points mostly rise from left to right.


Question: What type of association does the scatter plot show?


Solution: Since the points rise from left to right, the data shows a positive association.


This means that as reading time increases, the number of books finished also tends to increase.


Worked Example 2: Drawing a line of best fit


Suppose a scatter plot shows these points:




a student's practice time and free-throw shots made:




a few points are near 
(1,3), (2,4), (3,5), (4,6), and (5,7).


Question: What should the trend line look like?


Solution: The points follow an upward pattern. A good line of best fit would be a straight line rising from left to right through the middle of these points.


It might pass near points like (1,3) and (5,7), but it does not need to go through every point exactly.


This line shows that more practice time is connected to more shots made.


Worked Example 3: Interpolation


A line of best fit on a scatter plot of study hours and quiz scores goes through points close to (2,70) and (6,90).


Question: Use the line to estimate the quiz score for a student who studied 4 hours.


Solution: The value 4 hours is between 2 and 6, so this is interpolation.


From 2 hours to 6 hours, the score rises from 70 to 90. That is an increase of


90−70=20

over


6−2=4

hours.


So the score increases about


20÷4=5

points per hour.


From 2 hours to 4 hours is 2 more hours, so add


2×5=10

points to 70:


70+10=80

Estimated score: 80


Worked Example 4: Extrapolation


A scatter plot shows the relationship between the age of a tree and its height. A line of best fit goes near (3,12) and (7,20).


Question: Estimate the height of the tree at age 9 years.


Solution: The age 9 is beyond 7, so this is extrapolation.


From age 3 to age 7, the height increases from 12 to 20. That is


20−12=8

feet over


7−3=4

years.


So the height increases about


8÷4=2

feet per year.


From 7 years to 9 years is 2 more years, so add


2×2=4

feet to 20:


20+4=24

Estimated height: 24 feet


Because this is extrapolation, the estimate may be less reliable than a prediction inside the data range.


5. Important ideas to remember



  	A trend line shows the general direction of data in a scatter plot.

  	A line of best fit should go through the middle of the points.

  	It does not need to pass through every point.

  	Positive association: points rise from left to right.

  	Negative association: points fall from left to right.

  	Interpolation is a prediction within the data range.

  	Extrapolation is a prediction outside the data range.




6. Common mistakes



  	Connecting the dots: A line of best fit is one straight line showing the pattern, not a path through every point.

  	Ignoring the middle: The line should balance the points above and below it.

  	Trusting extrapolation too much: Predictions outside the data range may not be accurate.

  	Forgetting the direction: Always check whether the trend is positive, negative, or none.




Quick Check



  	If a scatter plot falls from left to right, what kind of association is it?

  	If you predict a value between two known data values, is that interpolation or extrapolation?

  	Does a line of best fit need to pass through every point?




Answers:



  	Negative association

  	Interpolation

  	No, it should show the overall pattern




[image: 📋]   Summary


A trend line, or line of best fit, is a straight line that shows the overall pattern in a scatter plot. It helps us understand whether two sets of data have a positive or negative association and lets us estimate values.


When using a line of best fit, remember to draw it through the middle of the data, not through every point. Use interpolation for estimates within the data range and be more careful with extrapolation outside the data range.


  
  Put what you read to the test

  You've worked through Trend Lines and Line of Best Fit. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/664
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  Two-Way Frequency Tables help us organize and study data about two different categories at the same time.


For example, suppose a class survey asks students two questions: Do you play a sport? and Do you prefer math or science? A two-way table helps us sort all the answers so we can compare groups and look for patterns.


This lesson will show you how to:


  	read a two-way frequency table,

  	find row totals, column totals, and the grand total,

  	calculate relative frequencies, and

  	use the table to decide whether there may be an association between the two categories.




Important vocabulary


  	Categorical data: data that is sorted into groups, such as yes/no, boy/girl, or favorite subject.

  	Frequency: the number of times something happens.

  	Two-way frequency table: a table that shows counts for two categories.

  	Relative frequency: a fraction, decimal, or percent that compares a count to a total.

  	Row total: the total across a row.

  	Column total: the total down a column.

  	Grand total: the total number of all data values in the table.

  	Conditional relative frequency: a relative frequency found using only one row total or one column total.

  	Association: when one category seems connected to another category.




1. What does a two-way table look like?


A two-way table has one category listed across the top and another category listed down the side. Inside the table are the counts.


Here is an example. A teacher asks 30 students whether they like reading fiction or nonfiction, and whether they prefer reading on paper or on a screen.


PaperScreenTotalFiction12618Nonfiction5712Total171330


This table compares two variables:


  	type of reading: fiction or nonfiction

  	reading format: paper or screen




Each inside number tells how many students are in both categories at once.


  	
    
      The number 12 means 12 students prefer fiction and paper.
    

  

  	
    
      The number 7 means 7 students prefer nonfiction and screen.
    

  




2. Totals in a two-way table


The totals help us understand the data better.


  	Row total: add across a row.

  	Column total: add down a column.

  	Grand total: the total number of all people or objects in the survey.




In the table above:


  	The fiction row total is 12+6=18.

  	The nonfiction row total is 5+7=12.

  	The paper column total is 12+5=17.

  	The screen column total is 6+7=13.

  	The grand total is 30.




You can also check your work by making sure the row totals and column totals both add to the grand total:

18+12=30and17+13=30


3. What is relative frequency?


A relative frequency compares a part to a whole. It can be written as a fraction, decimal, or percent.


The basic formula is:

Relative Frequency=partwhole


For example, in the reading table, 12 students chose fiction and paper out of 30 students total. So the relative frequency is

1230=25=0.4=40%


This means 40% of all students chose fiction and paper.


4. Joint relative frequency


When we use one inside cell and compare it to the grand total, we are finding a joint relative frequency.


Examples from the table:


  	Fiction and paper: 1230=40%

  	Fiction and screen: 630=20%

  	Nonfiction and paper: 530≈16.7%

  	Nonfiction and screen: 730≈23.3%




These tell the percent of the whole group in each category pair.


5. Marginal relative frequency


When we use a row total or column total and compare it to the grand total, we are finding a marginal relative frequency.


Examples:


  	Students who prefer fiction: 1830=60%

  	Students who prefer nonfiction: 1230=40%

  	Students who prefer paper: 1730≈56.7%

  	Students who prefer screen: 1330≈43.3%




These describe the totals along the edges, or margins, of the table.


6. Conditional relative frequency


A conditional relative frequency compares a part to a row total or a column total instead of the grand total.


This helps answer questions such as:


  	Of the students who prefer fiction, how many prefer paper?

  	Of the students who prefer screen, how many prefer nonfiction?




The word of is a clue. It tells you which total to use.


Example: Of the students who prefer fiction, what fraction prefer paper?


Use the fiction row total, 18:

1218=23≈66.7%


So about 66.7% of the fiction group prefer paper.


Another example: Of the students who prefer screen, what fraction prefer nonfiction?


Use the screen column total, 13:

713≈53.8%


So about 53.8% of the screen group prefer nonfiction.


7. How can a two-way table show association?


We look for an association by comparing conditional relative frequencies.


If the percentages are very similar between groups, there may be little or no association.


If the percentages are noticeably different, there may be an association between the two categories.


In the reading example:


  	Of the fiction group, 1218≈66.7% prefer paper.

  	Of the nonfiction group, 512≈41.7% prefer paper.




Because 66.7% and 41.7% are not very close, reading type and reading format may be associated.


This does not prove one causes the other. It only shows there may be a pattern in the data.


Worked Example 1: Reading a table


A club surveys 40 students about whether they are in band and whether they like art.


Like ArtDo Not Like ArtTotalIn Band14620Not in Band81220Total221840


Question A: How many students are in band and like art?

Look at the cell where In Band and Like Art meet.

Answer: 14 students.


Question B: How many students are not in band?

Look at the row total for Not in Band.

Answer: 20 students.


Question C: How many students were surveyed in all?

Look at the grand total.

Answer: 40 students.


Worked Example 2: Finding missing totals


A survey asks students whether they have a pet and whether they walk to school.


WalkDo Not WalkTotalHas Pet911?No Pet713?Total???


Step 1: Find each row total.


  	Has Pet: 9+11=20

  	No Pet: 7+13=20




Step 2: Find each column total.


  	Walk: 9+7=16

  	Do Not Walk: 11+13=24




Step 3: Find the grand total.

20+20=40

or

16+24=40


The completed table is:

WalkDo Not WalkTotalHas Pet91120No Pet71320Total162440


Worked Example 3: Relative frequencies


Use the pet and walking table above.


Question A: What is the joint relative frequency for students who have a pet and walk?

Use the cell 9 and divide by the grand total 40:

940=0.225=22.5%


Answer: 22.5% of all students have a pet and walk.


Question B: What is the marginal relative frequency for students who do not walk?

Use the column total 24 and divide by 40:

2440=0.6=60%


Answer: 60% of all students do not walk.


Question C: Of the students who have a pet, what percent walk?

This is conditional relative frequency, so use the Has Pet row total 20:

920=0.45=45%


Answer: 45% of students who have a pet walk.


Worked Example 4: Looking for association


A cafeteria surveys 50 students about whether they bring lunch from home and whether they buy milk.


Buy MilkDo Not Buy MilkTotalBring Lunch18725Do Not Bring Lunch101525Total282250


Question: Is there an association between bringing lunch and buying milk?


Step 1: Compare conditional relative frequencies.


Of the students who bring lunch, the fraction who buy milk is

1825=72%


Of the students who do not bring lunch, the fraction who buy milk is

1025=40%


Step 2: Compare the percentages.

Since 72% and 40% are quite different, there appears to be an association.


Conclusion: Students who bring lunch are more likely to buy milk than students who do not bring lunch.


8. Tips for solving problems


  	Read the row and column labels carefully before choosing a number.

  	Decide what total to use: row total, column total, or grand total.

  	If the question says out of all, use the grand total.

  	If the question says of the students who..., use that row total or column total.

  	Turn fractions into decimals or percents when asked.

  	To look for association, compare conditional relative frequencies, not just the counts.




9. Common mistakes to avoid


  	Using the wrong total. For conditional relative frequency, do not divide by the grand total unless the question says all students.

  	Mixing up rows and columns. Check the labels each time.

  	Comparing counts instead of percents. Percentages are better for deciding whether there may be an association.

  	Forgetting to check totals. Row totals and column totals should both match the grand total.




Brief Summary


A two-way frequency table organizes data for two categories in one chart. The inside cells show counts for both categories together, and the margins show totals.


Relative frequencies compare counts to totals. Joint relative frequency uses the grand total, marginal relative frequency uses a row or column total compared to the grand total, and conditional relative frequency uses a row total or column total as the whole.


To decide whether there may be an association between two categories, compare conditional relative frequencies. If the percents are very different, the categories may be related in the data.


  
  Put what you read to the test

  You've worked through Two-Way Frequency Tables. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/665
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  Recognizing Misleading Data Visualizations


Sometimes graphs and charts help us understand information quickly. They can show which group has more, which has less, and how amounts compare.


But not every graph tells the story fairly. Some graphs are misleading. That means they make the data look bigger, smaller, or more different than it really is.


In this lesson, you will learn how to spot graphs that are unfair or tricky. You will also learn what a fair graph should look like.


What is a data visualization?


A data visualization is a picture that shows data. Some common kinds are:


  	bar graphs

  	picture graphs

  	line plots

  	tables turned into charts




These visuals should make data easier to read. A good graph should be clear, neat, and honest.


What makes a graph misleading?


A graph is misleading when it gives the wrong idea about the data. The numbers may be correct, but the picture can still trick your eyes.


Here are some common ways a graph can be misleading:


  	the scale does not count evenly

  	the graph starts at a number other than 0 when it should not

  	pictures are different sizes in an unfair way

  	bars are not the same width

  	important labels are missing




1. Watch the scale


The scale is the set of numbers shown on the side of a graph. A fair scale should usually go up by the same amount each time.


For example, this is an even scale:

0, 2, 4, 6, 8, 10


Each step goes up by 2. That is clear and fair.


This scale is uneven:

0, 2, 4, 10, 12


The jumps are not the same. First it goes up by 2, then by 2, then by 6, then by 2. That can make bars look confusing or unfair.


When you read a graph, ask yourself:


  	Do the numbers increase by the same amount each time?

  	Can I tell what each line or mark means?




2. Check where the graph starts


Many bar graphs should start at 0. If they do not, the bars can look much more different than they really are.


Look at these two amounts:

Class A read 8 books. Class B read 10 books.


The difference is:

10−8=2


That is only 2 books more. But if a graph starts at 7 instead of 0, the bar for 10 may look much taller than the bar for 8. This can trick you into thinking Class B read a lot more books.


So always check the bottom of the graph. Does it begin at 0? If not, be extra careful.


3. Look at picture sizes


In a picture graph, each picture should stand for the same amount. If one picture is made much bigger in both height and width, it can look like much more than it should.


For example, suppose 1 apple picture means 2 apples. If one group uses a giant apple picture and another uses a small apple picture, your eyes may think the giant one means much more, even if both pictures are supposed to count the same way.


A fair picture graph should:


  	use the same size pictures

  	tell what each picture means

  	show parts of pictures clearly if needed




4. Check the bar widths and spaces


In a bar graph, the bars should usually be the same width. The spaces between bars should also be even.


If one bar is much wider, it may look more important, even if its value is not bigger. That can mislead the reader.


5. Make sure labels are clear


A graph should tell you:


  	what the graph is about

  	what each bar or picture stands for

  	what the scale means




If labels are missing, it is hard to understand the data correctly.


Questions to ask when looking at a graph


When you see a graph, you can be a data detective! Ask:


  	Does the graph have a title?

  	Are the labels clear?

  	Does the scale count by equal amounts?

  	Does the graph start at 0?

  	Are the bars the same width?

  	Are the pictures the same size?

  	Does the graph make the data look fair?




Worked Example 1: Finding an uneven scale


A bar graph shows the number of pets owned by students. The side scale says:

0, 1, 2, 5, 6


Is this fair?


Step 1: Check how the numbers increase.

From 0 to 1 is 1.

From 1 to 2 is 1.

From 2 to 5 is 3.

From 5 to 6 is 1.


Step 2: Decide if the jumps are equal.

No, they are not equal.


Answer: This graph may be misleading because the scale is uneven.


Worked Example 2: Starting above 0


A graph compares how many stickers two students have.


  	Lena: 12 stickers

  	Omar: 14 stickers




The graph starts at 10 instead of 0.


Step 1: Find the real difference.

14−12=2


Step 2: Think about how the bars might look.

If the graph begins at 10, Lena's bar goes from 10 to 12, which is 2 units tall. Omar's bar goes from 10 to 14, which is 4 units tall.


Step 3: Compare what your eyes see to the real data.

The taller bar looks about twice as tall, but Omar only has 2 more stickers.


Answer: The graph is misleading because it makes a small difference look much bigger.


Worked Example 3: Picture graph trouble


A picture graph shows favorite snacks. The key says 1 picture = 3 votes.


Crackers has 2 pictures. Grapes has 3 pictures.


But the grape pictures are drawn much larger than the cracker pictures.


Step 1: Use the key, not just your eyes.

Crackers: 2×3=6 votes

Grapes: 3×3=9 votes


Step 2: Find the difference.

9−6=3


Step 3: Think about the picture sizes.

If the grape pictures are much bigger, grapes may look like they got far more than 9 votes.


Answer: The graph is misleading because the pictures are not the same size. The key says what matters, not the giant drawings.


Worked Example 4: Is this graph fair?


A bar graph shows how many cans were collected in a food drive.


  	Team Red: 4 cans

  	Team Blue: 8 cans

  	Team Green: 6 cans




The graph has:


  	a title

  	labels for each team

  	a scale of 0, 2, 4, 6, 8

  	bars that are the same width




Step 1: Check the scale.

The scale goes up by 2 each time. That is even.


Step 2: Check the starting number.

It starts at 0. That is good.


Step 3: Check the bars and labels.

The bars are the same width, and the graph is labeled.


Answer: This graph seems fair and not misleading.


Tips for making your own fair graph


When you make a graph, be honest with your data. You want others to understand the information correctly.



  	Choose an even scale.

  	Start at 0 when it makes sense.

  	Use equal-size pictures.

  	Make bars the same width.

  	Add a title and labels.

  	Check that the graph matches the data.




Why this matters


Graphs are used in school, books, news, and everyday life. If a graph is misleading, people may believe something that is not really true.


That is why it is important to look carefully, ask questions, and use the numbers to help you decide.


[image: 📋]   Summary


A misleading data visualization is a graph or chart that makes data look different from what it really is. You can spot one by checking the scale, the starting point, the picture sizes, the bar widths, and the labels.


Remember: do not trust only your eyes. Trust the numbers too.


  
  Put what you read to the test

  You've worked through Recognizing Misleading Data Visualizations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/469






  
    
  [image: 📖]   Chapter 10

  Probability and Combinatorics
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  Probability Fundamentals helps us describe how likely something is to happen. Probability is used in games, weather forecasts, sports, and science. When we talk about probability, we are measuring chance.
A probability can be written as a number from 0 to 1.
	0 means the event is impossible.
	1 means the event is certain.
	A number between 0 and 1 means the event is possible, but not guaranteed.

For example, if the probability of rain is 0, it will not rain. If the probability is 1, it definitely will rain. If the probability is 0.5, rain is just as likely to happen as not happen.
Important idea: Probability compares the number of ways an event can happen to the total number of possible outcomes.
The basic probability formula is:
Probability of an event=number of favorable outcomestotal number of possible outcomes
We often shorten this to:
P(event)=favorable outcomestotal outcomes
A favorable outcome is an outcome you want. The total outcomes are all the possible results.
1. Understanding the Probability Scale
It is helpful to picture probability on a scale from 0 to 1.
	0 = impossible
	close to 0 = unlikely
	0.5 = equally likely to happen or not happen
	close to 1 = likely
	1 = certain

Here are some examples:
	Getting a 7 on a normal 6-sided die: probability 0
	Getting a number from 1 to 6 on a normal 6-sided die: probability 1
	Flipping heads on a fair coin: probability 0.5

Every probability must satisfy this rule:
0≤P(event)≤1
This means probability can never be less than 0 or greater than 1.
2. Writing Probability as a Fraction
Fractions are a common way to write probability. To find the probability, place the number of favorable outcomes over the total number of possible outcomes.
Suppose you spin a spinner with 4 equal sections: red, blue, green, and yellow. What is the probability of landing on blue?
There is 1 blue section out of 4 total sections, so:
P(blue)=14
This means the chance of landing on blue is one out of four.
If there are 3 red marbles in a bag of 10 marbles, then:
P(red)=310
Always make sure the denominator shows the total number of possible outcomes.
3. Writing Probability as a Decimal
A probability can also be written as a decimal. To change a fraction to a decimal, divide the numerator by the denominator.
For example:
14=1÷4=0.25
So a probability of 14 is the same as 0.25.
Here are some common probability decimals:
	12=0.5
	14=0.25
	34=0.75
	110=0.1

Decimals are useful because they fit easily on the probability scale from 0 to 1.
4. Writing Probability as a Percent
A percent means “out of 100.” To change a decimal to a percent, multiply by 100.
For example, if the probability is 0.25:
0.25×100=25%
So these are all the same probability:
14=0.25=25%
Another example:
12=0.5=50%
Being able to switch between fractions, decimals, and percents is an important skill in probability.
5. Fair Outcomes
In many probability problems, we assume outcomes are equally likely. That means each outcome has the same chance of happening.
For example:
	A fair coin has 2 equally likely outcomes: heads and tails.
	A fair 6-sided die has 6 equally likely outcomes: 1, 2, 3, 4, 5, 6.

If outcomes are equally likely, the basic probability formula works directly.
If outcomes are not equally likely, then probability is more complicated. In this lesson, we focus on equally likely outcomes.
6. Complementary Probabilities
Sometimes it is easier to find the probability that an event does not happen. The probability of an event and the probability of its complement always add to 1.
P(event)+P(not event)=1
For example, if the probability of drawing a red card is 14, then the probability of not drawing a red card is:
1−14=34
This idea helps check your work. If your two probabilities do not add to 1, something is wrong.
Worked Example 1: Coin Flip
Question: A fair coin is flipped once. What is the probability of getting heads? Write the answer as a fraction, decimal, and percent.
Step 1: List the possible outcomes: heads, tails.
There are 2 total outcomes.
Step 2: Count the favorable outcomes.
There is 1 favorable outcome: heads.
Step 3: Write the probability as a fraction.
P(heads)=12
Step 4: Convert to a decimal.
12=0.5
Step 5: Convert to a percent.
0.5×100=50%
Answer: 12,  0.5,  50%
Worked Example 2: Rolling a Die
Question: A fair 6-sided die is rolled once. What is the probability of rolling a number greater than 4?
Step 1: List the possible outcomes.
1,2,3,4,5,6
There are 6 total outcomes.
Step 2: Find the favorable outcomes.
Numbers greater than 4 are 5 and 6.
There are 2 favorable outcomes.
Step 3: Write the probability.
P(greater than 4)=26
Step 4: Simplify the fraction.
26=13
Step 5: Convert if needed.
13≈0.333
0.333≈33.3%
Answer: 13,  0.333…,  33.3% (about)
Worked Example 3: Choosing from a Bag
Question: A bag contains 5 blue marbles, 3 green marbles, and 2 yellow marbles. One marble is chosen at random. What is the probability of choosing a green marble?
Step 1: Find the total number of marbles.
5+3+2=10
Step 2: Count the favorable outcomes.
There are 3 green marbles.
Step 3: Write the probability.
P(green)=310
Step 4: Convert to decimal and percent.
310=0.3
0.3×100=30%
Answer: 310,  0.3,  30%
Worked Example 4: Using the Complement
Question: A spinner has 8 equal sections. 3 sections are red and 5 sections are not red. What is the probability of not landing on red?
Method 1: Count directly
There are 5 sections that are not red out of 8 total sections.
P(not red)=58
Method 2: Use the complement
First find the probability of red:
P(red)=38
Then subtract from 1:
P(not red)=1−38=58
Convert to decimal and percent:
58=0.625=62.5%
Answer: 58,  0.625,  62.5%
7. Tips for Solving Probability Problems
	Read carefully. Decide what event you are finding the probability of.
	Count all possible outcomes. This is the denominator.
	Count favorable outcomes. This is the numerator.
	Simplify the fraction if possible.
	Convert to decimal or percent if asked.
	Check your answer. It must be between 0 and 1, or between 0% and 100%.

8. Common Mistakes to Avoid
	Forgetting the total number of outcomes. Make sure the denominator includes every possible result.
	Using numbers outside the probability range. Probabilities cannot be less than 0 or greater than 1.
	Mixing up favorable and total outcomes. The event you want goes on top.
	Not simplifying the fraction. For example, 26 should be simplified to 13.
	Incorrect percent conversion. Multiply the decimal by 100, not by 10.

9. Quick Practice Ideas
Try these on your own:
	A fair die is rolled. What is the probability of rolling an even number?
	A bag has 7 red pencils and 3 blue pencils. What is the probability of choosing a blue pencil?
	A spinner has 5 equal sections. What is the probability of not landing on one chosen section?

Check that your answers can be written as a fraction, decimal, and percent.
[image: 📋]   Summary
Probability tells how likely an event is to happen. It is always a number from 0 to 1, where 0 means impossible and 1 means certain.
To find probability, use:
P(event)=favorable outcomestotal outcomes
You should also be able to write probabilities as fractions, decimals, and percents. For example, 12=0.5=50%.
When solving problems, count carefully, keep probabilities between 0 and 1, and use the complement rule when it helps.


  
  Put what you read to the test

  You've worked through Probability Fundamentals. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/666
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  Lesson: Theoretical vs. Experimental Probability


Probability helps us describe how likely something is to happen. In everyday life, we use probability when we talk about weather forecasts, games, sports, and chance events like rolling dice or picking a card.


In this lesson, you will learn the difference between theoretical probability and experimental probability. These are two ways of thinking about chance. One is based on math and what should happen. The other is based on actual results and what did happen.


Understanding both is important because real-life results do not always match the exact probability we expect. But over many trials, experimental results often get closer to theoretical results.


1. What is probability?


Probability is a number that tells how likely an event is to happen. It can be written as a fraction, decimal, or percent.



	A probability of 0 means the event is impossible.

	A probability of 1 means the event is certain.

	Most probabilities are between 0 and 1.




For example, when flipping a fair coin, the probability of landing on heads is 12, or 0.5, or 50%.


2. What is theoretical probability?


Theoretical probability is based on what we know about all the possible outcomes, assuming the situation is fair.


We use this formula:


Theoretical Probability=number of favorable outcomestotal number of possible outcomes

A favorable outcome is an outcome you want. The total number of possible outcomes means all the outcomes that could happen.


For example, when rolling a fair 6-sided die, the possible outcomes are 1, 2, 3, 4, 5, and 6.


If you want to roll a 4, there is 1 favorable outcome out of 6 possible outcomes.


P(4)=16

If you want to roll an even number, the favorable outcomes are 2, 4, and 6. That is 3 favorable outcomes out of 6 possible outcomes.


P(even)=36=12

3. What is experimental probability?


Experimental probability is based on actual results from an experiment or trial.


We use this formula:


Experimental Probability=number of times the event happenedtotal number of trials

A trial is one time you do the experiment, like one coin flip or one die roll.


Suppose you flip a coin 10 times and get 7 heads. Then the experimental probability of heads is


P(heads)=710

This does not match the theoretical probability of 12, but that is okay. Experimental results can be different from expected results, especially when the number of trials is small.


4. The key difference



	Theoretical probability is what should happen based on math.

	Experimental probability is what actually happens in real trials.




Think of it this way:



	Theoretical probability uses the outcome space.

	Experimental probability uses data collected from an experiment.




5. Why are they sometimes different?


Even if a game or experiment is fair, results do not always come out exactly as expected in a small number of tries.


For example, if a coin is fair, heads and tails are equally likely. But if you flip it only 4 times, you might get 3 heads and 1 tail. That does not mean the coin is unfair. It just means chance can vary.


When the number of trials gets larger, the experimental probability usually gets closer to the theoretical probability.


So if you flip a coin 10 times, your results may be far from 12. But if you flip it 1,000 times, the fraction of heads will often be much closer to 12.


6. Worked Example 1: Theoretical probability with a spinner


A spinner has 8 equal sections. 3 sections are red, 2 are blue, 2 are green, and 1 is yellow.


Question: What is the theoretical probability of landing on blue?


Step 1: Count the favorable outcomes.


There are 2 blue sections.


Step 2: Count the total possible outcomes.


There are 8 sections total.


Step 3: Write the probability.


P(blue)=28=14

Answer: The theoretical probability of landing on blue is 14.


7. Worked Example 2: Experimental probability with a spinner


The same spinner is spun 20 times. It lands on blue 7 times.


Question: What is the experimental probability of landing on blue?


Step 1: Count how many times the event happened.


The spinner landed on blue 7 times.


Step 2: Count the total number of trials.


There were 20 spins.


Step 3: Write the probability.


P(blue)=720

Answer: The experimental probability of landing on blue is 720.


Compare: The theoretical probability is 14=520, but the experimental probability is 720. They are close, but not the same.


8. Worked Example 3: Comparing theoretical and experimental probability


A number cube with faces 1 through 6 is rolled 30 times. The results show that a 6 was rolled 8 times.


Question 1: What is the theoretical probability of rolling a 6?


There is 1 favorable outcome (rolling a 6) out of 6 total possible outcomes.


P(6)=16

Question 2: What is the experimental probability of rolling a 6?


A 6 happened 8 times out of 30 rolls.


P(6)=830=415

Question 3: Which probability is larger?


Let us compare:


16≈0.167
415≈0.267

The experimental probability is larger.


Question 4: Does this mean the die is unfair?


Not necessarily. In only 30 rolls, results can vary. To decide whether a die might be unfair, you would need many more trials.


9. Worked Example 4: Compound event with two coins


A compound event is an event with more than one simple action, like flipping two coins.


Suppose you flip two fair coins.


Question: What is the theoretical probability of getting exactly one head?


Step 1: List the possible outcomes.



	HH

	HT

	TH

	TT




There are 4 total possible outcomes.


Step 2: Find the favorable outcomes.


Exactly one head happens in:



	HT

	TH




So there are 2 favorable outcomes.


Step 3: Write the theoretical probability.


P(exactly one head)=24=12

Now suppose two coins are flipped 12 times, and exactly one head happens 5 times.


The experimental probability is


512

Compare:



	Theoretical probability: 12

	Experimental probability: 512




These are close, but not equal.


10. How to solve probability questions


When you are asked for theoretical probability, follow these steps:



	List or think about all possible outcomes.

	Count how many outcomes fit the event.

	Use the formula favorabletotal.




When you are asked for experimental probability, follow these steps:



	Look at the data or results.

	Count how many times the event happened.

	Count the total number of trials.

	Use the formula event happenedtotal trials.




11. Important things to watch for



	Do not mix up possible outcomes with actual outcomes. Possible outcomes are for theoretical probability. Actual outcomes are for experimental probability.

	Make sure the situation is fair when finding theoretical probability. If a spinner has equal sections, each section is equally likely.

	Use the total number of trials for experimental probability, not the total number of possible outcomes.

	Simplify fractions when needed.




12. Quick comparison chart



	Theoretical probability: Based on math, uses possible outcomes, predicts what should happen.

	Experimental probability: Based on data, uses actual results, shows what did happen.




13. Practice thinking


Ask yourself these questions when solving:



	Am I using the outcomes that could happen, or the outcomes that did happen?

	Is this asking for a prediction or for a result from an experiment?

	What is the numerator?

	What is the denominator?




14. Summary


Theoretical probability tells the chance of an event based on all possible outcomes in a fair situation.


Theoretical Probability=favorable outcomestotal possible outcomes


Experimental probability tells the chance of an event based on actual trial results.


Experimental Probability=times the event happenedtotal number of trials


Theoretical probability is what we expect from math. Experimental probability is what we observe in real life. They may be different, especially with a small number of trials, but with more trials, they often become closer.


  
  Put what you read to the test

  You've worked through Theoretical vs. Experimental Probability. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/667
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  Law of Large Numbers is a big idea in probability that helps us understand what happens when we repeat a random experiment many times.
It tells us that when we do more and more trials, the experimental probability usually gets closer and closer to the theoretical probability.
In simple words: small numbers of trials can be noisy and surprising, but large numbers of trials tend to show the expected pattern.
Important words
	Probability: how likely something is to happen.
	Theoretical probability: the probability we expect using math before doing the experiment.
	Experimental probability: the probability we get from actual results.
	Trial: one repeat of an experiment, like one coin flip or one die roll.

The formula for experimental probability is:
Experimental probability=number of times the event happenstotal number of trials
The formula for theoretical probability is:
Theoretical probability=number of favorable outcomesnumber of total possible outcomes
For example, when flipping a fair coin, there are 2 possible outcomes: heads or tails.
The theoretical probability of getting heads is:
P(heads)=12
That means we expect heads about half the time. But that does not mean every 2 flips must give exactly 1 head and 1 tail.
This is where the Law of Large Numbers matters. In a small number of flips, results can be uneven. In a large number of flips, the results usually become more balanced.
Why does this happen?
Random events can bounce around a lot at first. If you only do a few trials, one outcome might happen much more than expected just by chance.
But as you collect more data, the effect of those early surprising results becomes smaller. The overall proportion starts settling near the theoretical probability.
This does not mean the results become perfect. It means they usually become closer to the expected probability.
A helpful way to think about it
Imagine flipping a coin 4 times and getting 3 heads. The experimental probability of heads is:
34=0.75
That is quite different from the theoretical probability of 0.5.
Now imagine flipping the coin 400 times and getting 204 heads. The experimental probability is:
204400=0.51
That is much closer to 0.5.
This is exactly what the Law of Large Numbers describes.
Worked Example 1: Coin flips
A student flips a fair coin 10 times and gets 7 heads.
Find the experimental probability of heads, and compare it to the theoretical probability.
Step 1: Find the experimental probability
Experimental probability of heads=710=0.7
Step 2: Find the theoretical probability
For a fair coin:
P(heads)=12=0.5
Step 3: Compare
The experimental probability, 0.7, is higher than the theoretical probability, 0.5.
This does not mean the coin is unfair. With only 10 trials, results can vary a lot.
What the Law of Large Numbers says: if the student keeps flipping the coin many more times, the experimental probability will likely move closer to 0.5.
Worked Example 2: Rolling a die
A fair 6-sided die is rolled 60 times. The number 4 appears 8 times.
Find the experimental probability of rolling a 4, and compare it to the theoretical probability.
Step 1: Experimental probability
Experimental probability of rolling a 4=860=215≈0.133
Step 2: Theoretical probability
A fair die has 6 equally likely outcomes, and only one of them is 4.
P(4)=16≈0.167
Step 3: Compare
The experimental probability 0.133 is a little less than the theoretical probability 0.167.
Since 60 rolls is a moderate number of trials, the experimental result may be somewhat close, but not exact.
If we rolled the die hundreds or thousands of times, the experimental probability would usually get even closer to 16.
Worked Example 3: Colored marbles simulation
A bag has 3 red marbles and 1 blue marble. A marble is chosen, the color is recorded, and then the marble is put back. This is repeated 40 times. Red is chosen 32 times.
Find the theoretical and experimental probabilities of choosing red.
Step 1: Theoretical probability
There are 4 marbles total, and 3 are red.
P(red)=34=0.75
Step 2: Experimental probability
Experimental probability of red=3240=45=0.8
Step 3: Compare
The experimental probability is 0.8, and the theoretical probability is 0.75.
These values are close. That makes sense because 40 trials is enough to begin showing the expected pattern.
If the experiment were repeated 400 times instead of 40, we would expect the experimental probability to likely be even closer to 0.75.
Worked Example 4: Looking at how probability changes with more trials
A spinner has 4 equal sections: 1 green, 1 yellow, 1 blue, and 1 red.
The theoretical probability of landing on green is:
P(green)=14=0.25
A class records these results:
	After 8 spins, green appeared 4 times.
	After 40 spins, green appeared 12 times.
	After 200 spins, green appeared 51 times.

Let us find the experimental probability each time.
After 8 spins:
48=0.5
After 40 spins:
1240=0.3
After 200 spins:
51200=0.255
Now compare each result to the theoretical probability 0.25.
	After 8 spins: 0.5 is far from 0.25.
	After 40 spins: 0.3 is closer.
	After 200 spins: 0.255 is very close.

This shows the Law of Large Numbers clearly: as the number of trials increases, the experimental probability gets closer to the theoretical probability.
What the Law of Large Numbers does NOT mean
	It does not mean every short experiment will match the expected probability.
	It does not mean outcomes must “take turns” fairly in the short run.
	It does not mean a result is “due” just because it has not happened recently.

For example, if a coin lands on heads 5 times in a row, that does not mean tails is guaranteed on the next flip. The next flip is still just one flip, and for a fair coin:
P(tails)=12
The Law of Large Numbers is about the overall pattern across many trials, not about changing what happens on the very next trial.
How to recognize this idea in a problem
You may be using the Law of Large Numbers if a question asks you to:
	compare experimental probability and theoretical probability,
	decide what happens when the number of trials increases,
	look at results from a simulation,
	explain why a larger sample gives a more reliable estimate.

Steps for solving problems
	Identify the event, such as rolling a 6 or drawing a red marble.
	Find the theoretical probability using the possible outcomes.
	Find the experimental probability using the data collected.
	Compare the two probabilities.
	If the number of trials increases, predict that the experimental probability will likely move closer to the theoretical probability.

Quick check
If a fair coin is flipped 20 times and lands on heads 14 times, the experimental probability of heads is:
1420=0.7
The theoretical probability is:
12=0.5
If the coin is flipped 2,000 times instead, would you expect the experimental probability to be closer to 0.5 or farther away?
Answer: closer to 0.5, because of the Law of Large Numbers.
Brief Summary
The Law of Large Numbers says that when a random experiment is repeated many times, the experimental probability tends to get closer to the theoretical probability.
Small numbers of trials can give surprising results, but large numbers of trials usually show the expected pattern more clearly.
So, if you want a probability experiment to better match what math predicts, do more trials.


  
  Put what you read to the test

  You've worked through Law of Large Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/668
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  Sample Space and Tree Diagrams


When we do an activity that has different possible results, those results are called outcomes. In probability, it is very important to know all possible outcomes before answering questions.


The complete list of all possible outcomes is called the sample space.


For example, if you flip a coin once, the sample space is:


{Heads,Tails}


If you roll a number cube once, the sample space is:


{1,2,3,4,5,6}


Knowing the sample space helps us count outcomes carefully and find probabilities correctly.


Why sample spaces matter


If you miss an outcome, your answer will be wrong. If you list an outcome twice, your answer will also be wrong. That is why we need a systematic way to organize outcomes.


Some useful ways to show a sample space are:



  	A list of outcomes

  	A table or matrix of outcomes

  	A tree diagram for events that happen in steps




What is a tree diagram?


A tree diagram is a branching picture that shows the possible outcomes of a multi-stage event. Each branch shows one choice or result at each stage.


Tree diagrams are especially helpful when:



  	there is more than one action, like flipping a coin and then rolling a number cube,

  	the order matters, or

  	you want to make sure you do not forget any outcomes.




How to make a tree diagram



  	Write the possible outcomes for the first stage.

  	From each of those outcomes, draw branches for the second stage.

  	If there is a third stage, keep branching.

  	At the end of each path, write the full outcome.

  	Count all the final outcomes to get the sample space.




Worked Example 1: Flipping a coin twice


Suppose you flip a coin two times. Each flip can be Heads \,(H) or Tails \,(T).


First flip: H or T

Second flip: H or T


Using a tree idea:



  	Start with H, then branch to H and T

  	Start with T, then branch to H and T




The sample space is:


{HH,HT,TH,TT}


There are 4 possible outcomes.


Notice that HT and TH are different because the order of the flips is different.


Worked Example 2: Rolling a number cube and flipping a coin


Now suppose you roll a number cube and then flip a coin.


The number cube outcomes are:

{1,2,3,4,5,6}


The coin outcomes are:

{H,T}


To make the sample space, pair each number with each coin result:


{1H,1T,2H,2T,3H,3T,4H,4T,5H,5T,6H,6T}


There are:


6×2=12


So the sample space has 12 outcomes.


This could also be shown in a matrix with 6 rows and 2 columns, or with a tree diagram that starts with the 6 number outcomes and then branches to H and T.


Worked Example 3: Choosing an outfit


A student has:


  	2 shirts: red and blue

  	3 pairs of pants: black, gray, and tan




How many different outfits are possible?


This is a two-stage event:


  	Choose a shirt

  	Choose pants




Make branches from each shirt to each pair of pants.


The sample space is:


{red-black,red-gray,red-tan,blue-black,blue-gray,blue-tan}


There are:


2×3=6


So there are 6 possible outfits.


This shows that tree diagrams are not only for coins and dice. They can help with any situation that happens in steps.


Worked Example 4: Two spins


A spinner has 3 equal sections labeled A, B, and C. It is spun twice.


First spin outcomes:

{A,B,C}


Second spin outcomes:

{A,B,C}


Use a tree diagram or organized list:


{AA,AB,AC,BA,BB,BC,CA,CB,CC}


There are:


3×3=9


So the sample space has 9 outcomes.


If you wanted the outcomes where both spins match, they would be:


{AA,BB,CC}


That is 3 outcomes out of 9 total.


Using multiplication to count outcomes


When an event happens in stages, you can often multiply the number of choices in each stage.


For example:


  	2 coin outcomes and 6 number cube outcomes gives 2×6=12

  	3 spinner outcomes and 3 spinner outcomes gives 3×3=9

  	2 shirts and 3 pants gives 2×3=6




This works when each choice in one stage can be matched with every choice in the next stage.


Lists, matrices, and tree diagrams


All three methods can show the same sample space. The best method depends on the problem.



  	List: Good when there are only a few outcomes.

  	Matrix or table: Good when two sets of outcomes are being paired.

  	Tree diagram: Good when there are several steps or when order matters.




For example, if you flip a coin and roll a number cube, a table works well. If you flip a coin three times, a tree diagram is often easier to follow.


Common mistakes to avoid



  	Forgetting outcomes: Make sure every branch is completed.

  	Repeating outcomes: Do not count the same outcome more than once.

  	Ignoring order: In some experiments, order matters. For example, HT is not the same as TH.

  	Stopping too early: If there are three stages, your tree needs three levels of branches.




How to check your work


After making a sample space, ask yourself:



  	Did I include every possible choice at each stage?

  	Did I write each final outcome clearly?

  	Did I count each outcome only once?

  	Can I check the total by multiplication?




Quick Practice


1. A coin is flipped and a spinner with colors red and green is spun. The sample space is:

{Hred,Hgreen,Tred,Tgreen}


2. A sandwich shop offers 2 breads and 4 fillings. The number of different sandwiches is:

2×4=8


3. A number cube is rolled twice. The total number of outcomes is:

6×6=36


You do not always need to list all 36 outcomes if the question only asks for the total number, but a tree diagram or organized table can help if you need the full sample space.


[image: 📋]   Summary


A sample space is the complete set of all possible outcomes. When an event happens in more than one step, a tree diagram helps organize the outcomes so none are missed.


You can also use lists or matrices to show the same information. To find the total number of outcomes, multiply the number of choices at each stage when every choice can pair with every other choice.


  
  Put what you read to the test

  You've worked through Sample Space and Tree Diagrams. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/669
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  Fundamental Counting Principle is a quick way to count how many different outcomes are possible in a situation with steps.
If one choice is followed by another choice, and then maybe another, you can find the total number of outcomes by multiplying the number of options at each step.
This idea is very useful in probability and combinatorics because it helps us find the size of a sample space, which is the full set of all possible outcomes.
For example, if you choose 1 shirt and 1 pair of pants, and there are 3 shirts and 2 pairs of pants, then the total number of outfits is:
3×2=6
This works because for each shirt, there are 2 possible pairs of pants.
When to Use the Fundamental Counting Principle
Use it when:
	There are separate steps in a process.
	Each step has a certain number of choices.
	You want the total number of possible outcomes.

You can think of it like this:
Total outcomes=(choices for step 1)×(choices for step 2)×(choices for step 3)×⋯
If there are 4 ways to do the first step and 5 ways to do the second step, then:
4×5=20
So there are 20 total outcomes.
Why Multiplication Works
Multiplication works because every option in one step can be paired with every option in the next step.
Suppose you have 2 drinks and 3 snacks.
	Drink 1 can go with 3 snacks.
	Drink 2 can also go with 3 snacks.

That gives:
2×3=6
possible snack-and-drink combinations.
You do not add here, because you are not choosing just one category. You are making one choice from each category.
Worked Example 1: Ice Cream Choices
A shop has 4 flavors of ice cream and 3 types of cones. How many different ice cream orders are possible if you choose 1 flavor and 1 cone?
Step 1: Count the choices for flavor: 4
Step 2: Count the choices for cone: 3
Step 3: Multiply:
4×3=12
Answer: There are 12 different ice cream orders.
Worked Example 2: Creating a Meal
A lunch special lets you choose 1 sandwich, 1 drink, and 1 fruit.
	5 sandwich choices
	2 drink choices
	4 fruit choices

How many different lunches can be made?
There are 3 steps, so multiply all the choices:
5×2×4=40
Answer: There are 40 possible lunches.
Notice that adding would not make sense here. You are not picking only one item total. You are picking one item from each group.
Worked Example 3: Rolling Number Cubes
You roll two number cubes. Each number cube has 6 possible outcomes.
Step 1: First cube: 6 choices
Step 2: Second cube: 6 choices
Multiply:
6×6=36
Answer: There are 36 possible outcomes.
This means the sample space for rolling two number cubes has 36 outcomes.
For example, 1,1, 1,2, and 2,1 are different outcomes because order matters: the first cube and second cube are separate steps.
Worked Example 4: Making a Code
A locker code uses 1 letter followed by 1 digit.
	There are 26 possible letters.
	There are 10 possible digits, from 0 to 9.

How many different codes are possible?
Multiply the choices for each step:
26×10=260
Answer: There are 260 different codes.
If the code had 2 letters followed by 1 digit, then the number of outcomes would be:
26×26×10=6760
Each new step means another multiplication.
How This Connects to Probability
In probability, we often want to know how many outcomes are possible altogether.
The Fundamental Counting Principle helps us find that total quickly. Once we know the total number of outcomes in the sample space, we can compare it to the number of outcomes we want.
For example, when rolling two number cubes, there are 36 total outcomes. If you wanted the probability of getting a sum of 7, you would first know the sample space has size 36 because:
6×6=36
So the counting principle helps build the foundation for probability problems.
Common Mistakes to Avoid
	Adding instead of multiplying: If the problem has steps and you choose from each step, multiply.
	Forgetting a step: Make sure every choice category is included.
	Mixing up order: Sometimes order matters because the steps are different, like first roll and second roll.
	Using the wrong number of choices: Count carefully before multiplying.

Helpful Strategy
	Identify each step in the event.
	Count how many choices there are for each step.
	Multiply the numbers.
	Check whether your answer makes sense.

You can organize your thinking with a simple model like this:
Total=a×b×c
where a, b, and c are the numbers of choices at each step.
Quick Practice Ideas
Try asking yourself these questions:
	If there are 3 kinds of cereal and 2 kinds of milk, how many breakfast combinations are there?
	If a flag uses 1 of 4 colors for the top stripe and 1 of 5 colors for the bottom stripe, how many flags are possible?
	If you flip a coin and then spin a spinner with 4 sections, how many outcomes are possible?

For those, you would multiply the choices at each step.
[image: 📋]   Summary
The Fundamental Counting Principle says that if an event happens in steps, you can find the total number of outcomes by multiplying the number of choices in each step.
This helps you count combinations quickly and find the size of a sample space.
Remember: separate steps mean multiply.


  
  Put what you read to the test

  You've worked through Fundamental Counting Principle. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/670
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  Mutually Exclusive Events and the Addition Rule


Probability helps us describe how likely something is to happen. Sometimes we want to know the chance of one event OR another event happening.


For example, if you roll a number cube, what is the probability of rolling a 2 or a 5? Questions like this use the Addition Rule.


In this lesson, you will learn what mutually exclusive events are and how to use the Addition Rule to find probabilities.


1. What is a mutually exclusive event?


Two events are mutually exclusive if they cannot happen at the same time.


That means if one event happens, the other event does not happen in that same trial.



	When rolling one number cube, getting a 3 and getting a 6 are mutually exclusive.

	When picking one card, getting a heart and getting a spade are mutually exclusive.

	When flipping one coin, getting heads and getting tails are mutually exclusive.




These events do not overlap. There is no outcome that belongs to both events.


2. What does OR mean in probability?


In probability, the word or means that either event can happen.


If the events are mutually exclusive, we can find the probability of one event or the other by adding their probabilities.


This is called the Addition Rule for mutually exclusive events:


P(A or B)=P(A)+P(B)

Here:


	

P(A) means the probability of event A



	

P(B) means the probability of event B



	

P(A or B) means the probability that A happens, or B happens






3. Why can we add the probabilities?


We can add the probabilities because the events do not happen together. There is no overlap to worry about.


Think about rolling one number cube:


	Event A: rolling a 1

	Event B: rolling a 4




The possible outcomes are 1,2,3,4,5,6.


If we want the probability of rolling a 1 or a 4, the favorable outcomes are just 1 and 4.


There are 2 favorable outcomes out of 6 total outcomes, so:


P(1 or 4)=26=13

We also get the same answer by adding:


P(1)+P(4)=16+16=26=13

4. Steps for using the Addition Rule



	Decide whether the events are mutually exclusive.


	Find the probability of each event.


	Add the probabilities.


	Simplify your answer if needed.





5. Worked Examples


Example 1: Rolling a number cube


What is the probability of rolling a 2 or a 6 on a fair six-sided number cube?


Step 1: Check if the events are mutually exclusive.


On one roll, you cannot get both 2 and 6. So yes, they are mutually exclusive.


Step 2: Find each probability.


P(2)=16P(6)=16

Step 3: Add.


P(2 or 6)=16+16=26

Step 4: Simplify.


26=13

Answer: The probability is 13.


Example 2: Choosing a card by suit


A standard deck has 52 cards. What is the probability of choosing a heart or a club?


Step 1: Check if the events are mutually exclusive.


A card cannot be both a heart and a club at the same time. So the events are mutually exclusive.


Step 2: Find each probability.


There are 13 hearts and 13 clubs in a 52-card deck.


P(heart)=1352P(club)=1352

Step 3: Add.


P(heart or club)=1352+1352=2652

Step 4: Simplify.


2652=12

Answer: The probability is 12.


Example 3: Picking from a bag


A bag contains 5 red marbles, 3 blue marbles, and 2 green marbles. One marble is picked at random. What is the probability of picking a blue marble or a green marble?


Step 1: Find the total number of marbles.


5+3+2=10

Step 2: Check if the events are mutually exclusive.


One marble cannot be both blue and green. So yes, the events are mutually exclusive.


Step 3: Find each probability.


P(blue)=310P(green)=210

Step 4: Add.


P(blue or green)=310+210=510

Step 5: Simplify.


510=12

Answer: The probability is 12.


Example 4: Using words to think carefully


A spinner has 8 equal sections labeled 1 through 8. What is the probability of landing on an odd number or landing on 6?


Step 1: List the outcomes for each event.



	Odd numbers: 1,3,5,7

	Landing on 6: 6




Step 2: Check if the events are mutually exclusive.


The number 6 is not odd, so there is no overlap. The events are mutually exclusive.


Step 3: Find each probability.


P(odd)=48P(6)=18

Step 4: Add.


P(odd or 6)=48+18=58

Answer: The probability is 58.


6. A quick way to check your thinking


Ask yourself this question:


Can both events happen in the same single outcome?



	If no, the events are mutually exclusive, so you can add the probabilities.

	If yes, then they are not mutually exclusive, and you should not just add without thinking more carefully.




In this lesson, we are focusing on the first case: events that cannot happen together.


7. Common mistakes to avoid



	Adding events that are not mutually exclusive. Always check whether the events can happen at the same time.


	Using the wrong total number of outcomes. Make sure your denominator is the total number of possible outcomes.


	Forgetting to simplify. For example, 26 should be simplified to 13.


	Misreading OR. In probability, OR means one event, the other event, or whichever one happens.





8. Practice ideas


Try these on your own:



	On a six-sided number cube, what is the probability of rolling a 1 or a 3?


	From a deck of cards, what is the probability of drawing a diamond or a spade?


	A bag has 4 yellow, 6 black, and 5 white beads. What is the probability of choosing a yellow or white bead?





9. Summary


Mutually exclusive events are events that cannot happen at the same time.


When two events are mutually exclusive, you can use the Addition Rule:


P(A or B)=P(A)+P(B)

This rule helps you find the probability of OR situations quickly and correctly. Just make sure the events do not overlap before you add.


  
  Put what you read to the test

  You've worked through Mutually Exclusive Events and the Addition Rule. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/671
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  Comparing Experimental and Theoretical Probability


Probability helps us describe how likely something is to happen. For example, if you flip a coin, roll a number cube, or pick a colored marble from a bag, probability tells us the chance of each outcome.


There are two important kinds of probability we use in math: theoretical probability and experimental probability. In this lesson, you will learn what each one means, how to calculate them, and how to compare them.


You will also learn an important idea called the Law of Large Numbers. This law says that when we repeat an experiment many times, the experimental probability usually gets closer and closer to the theoretical probability.


1. Theoretical Probability


Theoretical probability is what we expect to happen based on reasoning, without actually doing the experiment.


We use this formula:


Theoretical Probability=number of favorable outcomestotal number of possible outcomes


A favorable outcome is an outcome we want. The total number of possible outcomes is all the outcomes that could happen.


Example: If you roll a fair 6-sided number cube, what is the theoretical probability of rolling a 3?


There is 1 favorable outcome: rolling a 3.

There are 6 possible outcomes: 1, 2, 3, 4, 5, 6.


So,


P(3)=16


This means the chance of rolling a 3 is 1 out of 6.


2. Experimental Probability


Experimental probability is based on what actually happens when we do an experiment.


We use this formula:


Experimental Probability=number of times the event happenstotal number of trials


A trial is one time you do the experiment. If you flip a coin 20 times, that is 20 trials.


Example: Suppose you roll a number cube 12 times and get a 3 only 4 times.


Then the experimental probability of rolling a 3 is


412=13


Notice that 13 is not the same as the theoretical probability 16. That is okay. In a small number of trials, results may be different from what we expect.


3. Comparing Theoretical and Experimental Probability


To compare them, ask:



	What should happen in theory?

	What actually happened in the experiment?

	How close are the two probabilities?




Sometimes the two probabilities are very close. Sometimes they are not. A small experiment can have surprising results just by chance.


4. The Law of Large Numbers


The Law of Large Numbers says that as the number of trials gets larger, the experimental probability usually gets closer to the theoretical probability.


This does not mean the results will become exactly the same every time. It means that with more and more trials, the results tend to even out and better match what probability predicts.


Example idea: If you flip a fair coin only 4 times, you might get 3 heads and 1 tail. That gives an experimental probability of heads of


34


But the theoretical probability of heads is


12


Those are not very close.


If you flip the same coin 200 times, the number of heads may be much closer to half of 200, which is 100. The experimental probability may be something like


98200=0.49


That is very close to the theoretical probability of 0.5.


Why does this happen?


In just a few trials, chance can make results look uneven. But over many trials, the extra heads and extra tails begin to balance out more.


Worked Example 1: Coin Flip


A fair coin is flipped 10 times. It lands on heads 6 times.


Step 1: Find the theoretical probability of heads.


A fair coin has 2 possible outcomes: heads or tails.


There is 1 favorable outcome for heads.


P(heads)=12


Step 2: Find the experimental probability of heads.


Heads happened 6 times out of 10 trials.


610=35


Step 3: Compare them.



	Theoretical probability: 12=0.5

	Experimental probability: 35=0.6




The experimental probability is a little higher than the theoretical probability. Since there were only 10 flips, this difference is not surprising.


Worked Example 2: Rolling a Number Cube


A fair 6-sided number cube is rolled 30 times. The number 5 appears 7 times.


Step 1: Find the theoretical probability of rolling a 5.


There is 1 favorable outcome and 6 total outcomes.


P(5)=16


Step 2: Find the experimental probability.


730


Step 3: Compare them.


The theoretical probability is

16≈0.167


The experimental probability is

730≈0.233


These are not exactly the same, but they are reasonably close. If the cube were rolled many more times, the experimental probability might move closer to 16.


Worked Example 3: Colored Marbles


A bag has 3 red marbles and 1 blue marble. A marble is chosen, the color is recorded, and then the marble is put back. This is repeated 40 times. Red is chosen 28 times.


Step 1: Find the theoretical probability of choosing red.


There are 3 red marbles out of 4 total marbles.


P(red)=34


Step 2: Find the experimental probability of choosing red.


2840=710


Step 3: Compare them.



	Theoretical probability: 34=0.75

	Experimental probability: 710=0.7




The experimental probability is close to the theoretical probability, but it is a little lower.


Step 4: Think about the Law of Large Numbers.


If the experiment were repeated 400 times instead of 40 times, the experimental probability would likely be even closer to 34.


How to Tell Whether Results Support the Law of Large Numbers


When you look at results from a small number of trials and a large number of trials, ask:



	What is the theoretical probability?

	What is the experimental probability for the smaller sample?

	What is the experimental probability for the larger sample?

	Which one is closer to the theoretical probability?




If the larger sample is closer, that supports the Law of Large Numbers.


Example:


The theoretical probability of rolling an even number on a fair 6-sided number cube is:


Even numbers are 2, 4, and 6, so there are 3 favorable outcomes out of 6.


P(even)=36=12


Now compare two experiments:



	In 10 rolls, an even number appears 7 times: 710=0.7

	In 100 rolls, an even number appears 52 times: 52100=0.52




The theoretical probability is 0.5. The result from 100 rolls, 0.52, is closer to 0.5 than the result from 10 rolls, 0.7. This supports the Law of Large Numbers.


Important Things to Remember



	Theoretical probability is based on what should happen.

	Experimental probability is based on what does happen.

	They may not match in a small experiment.

	As the number of trials increases, the experimental probability usually gets closer to the theoretical probability.

	This idea is called the Law of Large Numbers.




Common Mistakes



	Mixing up the formulas. Remember: theoretical uses possible outcomes, experimental uses actual results.

	Thinking small experiments must match theory. They do not have to match exactly.

	Thinking “closer” means “equal.” The experimental probability may get close, but it may not be exactly the same.

	Forgetting total trials. In experimental probability, the denominator is the total number of times the experiment was done.




Quick Check


Try these on your own:



	A fair coin is flipped 20 times and lands on tails 9 times. What are the theoretical and experimental probabilities of tails?

	A fair 6-sided number cube is rolled 60 times and lands on 2 a total of 11 times. Compare the theoretical and experimental probabilities.

	A spinner has 4 equal sections: red, blue, green, and yellow. It is spun 80 times and lands on green 18 times. Is the experimental probability close to the theoretical probability?




Answers to Quick Check



	Theoretical: 12. Experimental: 920=0.45.

	Theoretical: 16≈0.167. Experimental: 1160≈0.183. They are close.

	Theoretical: 14=0.25. Experimental: 1880=0.225. Yes, it is fairly close.




[image: 📋]   Summary


Probability can be found in two ways. Theoretical probability is based on the possible outcomes, and experimental probability is based on actual results from trials.


When you compare them, they may be different at first, especially with only a few trials. But as more trials are done, the experimental probability usually gets closer to the theoretical probability. This is the Law of Large Numbers.


  
  Put what you read to the test

  You've worked through Comparing Experimental and Theoretical Probability. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2224






  [image: 📝]   Lesson 93: Independent vs. Dependent Events

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/713




  Independent vs. Dependent Events


In probability, an event is something that can happen, like rolling a 4 on a number cube or picking a red marble from a bag.


Sometimes we look at more than one event. When that happens, we need to ask an important question: Does the first event change the probability of the second event?


This is how we tell the difference between independent events and dependent events.


Independent events are events where one event does not affect the other event.


Dependent events are events where one event does affect the other event.


One of the biggest clues is whether there is replacement or no replacement.



  	With replacement: the item is put back, so the total number of items stays the same. The events are usually independent.

  	Without replacement: the item is not put back, so the total number of items changes. The events are usually dependent.




Why this matters


When two events happen one after another, the probability of the second event may stay the same or may change.


If the probability stays the same, the events are independent. If the probability changes, the events are dependent.


To find the probability of two events happening, we multiply:


P(first and second)=P(first)×P(second)

But we must be careful. For dependent events, the probability of the second event may be different after the first event happens.


How to recognize independent events



  	One event does not change the outcome space of the other.

  	The total number of possible outcomes stays the same.

  	Examples often involve flipping coins, spinning spinners, or drawing with replacement.




How to recognize dependent events



  	The first event changes what is available for the second event.

  	The total number of possible outcomes changes.

  	Examples often involve drawing items from a bag without replacement.




Worked Example 1: Independent events with a coin and a number cube


A coin is flipped and a number cube is rolled. What is the probability of getting heads and then a 3?


The probability of heads is:


P(heads)=12

The probability of rolling a 3 is:


P(3)=16

These events are independent because flipping the coin does not change the roll of the number cube.


Multiply the probabilities:


P(heads and 3)=12×16=112

So, the probability is 112.


Worked Example 2: Independent events with replacement


A bag has 5 red marbles and 3 blue marbles. One marble is picked, its color is recorded, and then it is put back. Then a second marble is picked. What is the probability of picking a red marble both times?


First, find the probability of red on one pick:


P(red)=58

Because the marble is put back, the bag still has 5 red marbles out of 8 total marbles for the second pick.


So the second probability is also:


P(red)=58

The events are independent because the first pick does not change the bag.


Multiply:


P(red and red)=58×58=2564

So, the probability is 2564.


Worked Example 3: Dependent events without replacement


A bag has 5 red marbles and 3 blue marbles. One marble is picked and not put back. Then a second marble is picked. What is the probability of picking a red marble both times?


The probability of red on the first pick is:


P(first red)=58

If the first marble was red and it is not replaced, then there are now 4 red marbles left out of 7 total marbles.


So the probability of red on the second pick is now:


P(second red)=47

The events are dependent because the first pick changes the second pick.


Multiply:


P(red and red)=58×47=2056=514

So, the probability is 514.


Notice that this answer is different from the example with replacement. That is because without replacement changes the sample space.


Worked Example 4: Deciding whether events are independent or dependent


For each situation, decide whether the events are independent or dependent.



  	Rolling a number cube twice

  	Choosing two cards from a deck without replacement

  	Spinning a spinner and then flipping a coin

  	Choosing a marble, putting it back, and choosing again




Answers:



  	Rolling a number cube twice: Independent. The first roll does not change the second roll.

  	Choosing two cards without replacement: Dependent. The first card changes what cards are left.

  	Spinning a spinner and flipping a coin: Independent. One does not affect the other.

  	Choosing a marble, putting it back, and choosing again: Independent. The bag stays the same.




A quick way to think about it



  	Ask: Did the first event change what can happen next?

  	If no, the events are probably independent.

  	If yes, the events are probably dependent.




Comparing independent and dependent events



  	Independent: probability stays the same from one event to the next.

  	Dependent: probability changes because the outcome space changes.

  	Replacement: usually means independent.

  	No replacement: usually means dependent.




Common mistakes to avoid



  	Do not assume all two-step events are independent.

  	Always check whether the first event changes the second one.

  	When there is no replacement, make sure both the number of wanted outcomes and the total number of outcomes are updated.




Let’s review with one more comparison


A bag has 2 green and 6 yellow marbles.


If you pick a green marble, replace it, and pick again:


P(green then green)=28×28=116

If you pick a green marble, do not replace it, and pick again:


P(green then green)=28×17=256=128

The second probability is smaller because after the first green marble is removed, there is only 1 green marble left.


[image: 📋]   Summary


Independent events do not affect each other. Dependent events do affect each other.


When events happen with replacement, they are usually independent because the total stays the same. When events happen without replacement, they are usually dependent because the total changes.


To solve probability problems with two events, multiply the probabilities. Just remember to check whether the second probability stays the same or changes.


  
  Put what you read to the test

  You've worked through Independent vs. Dependent Events. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/672
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  Multiplication Rule for Compound Events


In probability, a compound event is an event made of two or more simple events.


When a question uses the word “and”, we often need the multiplication rule. This rule helps us find the probability that multiple events happen together.


For example:


  	rolling a 2 and then a 5

  	picking a red marble and then a blue marble

  	flipping heads and rolling an even number




The main idea is:

Probability of event A and event B=Probability of A×Probability of B


But there is an important question to ask first:

Does the first event change the second event?


If the answer is no, the events are called independent.

If the answer is yes, the events are called dependent.


We use multiplication in both cases, but for dependent events we must be careful because the second probability may change.


1. Independent Events


Independent events are events where one event does not affect the other.


Examples of independent events include:


  	flipping a coin and rolling a die

  	rolling one die, then rolling it again

  	spinning a spinner twice when the spinner stays the same each time




For independent events, the multiplication rule is:

P(A and B)=P(A)×P(B)


Example 1: Flip a coin and roll a die


What is the probability of flipping heads and rolling a 4?


Step 1: Find each probability.


  	Probability of heads: 12

  	Probability of rolling a 4: 16




Step 2: Multiply.

12×16=112


So, the probability of flipping heads and rolling a 4 is 112.


Example 2: Roll a die twice


What is the probability of rolling an even number on the first roll and an odd number on the second roll?


Step 1: Find each probability.


  	Even numbers on a die: 2, 4, 6, so 36=12

  	Odd numbers on a die: 1, 3, 5, so 36=12




Step 2: Multiply.

12×12=14


So, the probability is 14.


2. Dependent Events


Dependent events are events where the first event changes the second event.


This often happens when choosing objects without replacement. That means you do not put the first object back before choosing again.


Because one object is removed, the total number of objects changes. That means the second probability may be different from the first.


For dependent events, we still multiply, but we use the updated probability for the second event:

P(A and B)=P(A)×P(B after A)


Example 3: Choosing marbles without replacement


A bag has 3 red marbles and 2 blue marbles. What is the probability of choosing a red marble and then a blue marble without replacement?


Step 1: Find the probability of choosing red first.

There are 5 marbles total, and 3 are red.

P(red first)=35


Step 2: Find the probability of choosing blue second.

After taking one red marble, 4 marbles are left. The number of blue marbles is still 2.

P(blue second)=24=12


Step 3: Multiply.

35×12=310


So, the probability is 310.


Example 4: Two cards without replacement


You have 4 cards: 2 stars and 2 hearts. You pick 2 cards without replacement. What is the probability of picking a star and then another star?


Step 1: First pick is a star.

P(first star)=24=12


Step 2: Second pick is a star.

After one star is removed, 3 cards are left and only 1 star remains.

P(second star)=13


Step 3: Multiply.

12×13=16


So, the probability of picking 2 stars in a row is 16.


How to Know Which Rule Situation You Have


Use these questions:


  	Are the events connected by “and”? If yes, multiplication may be needed.

  	Does the first event change the second event?

  	Is the item put back, or is the die/coin reset? If yes, the events are usually independent.

  	Is something removed and not replaced? If yes, the events are usually dependent.




Important Notes


  	Multiply probabilities for AND events.

  	For independent events, the probabilities stay the same.

  	For dependent events, the second probability may change.

  	Always simplify your fraction if possible.




Common Mistakes to Avoid


  	Adding instead of multiplying: For “and,” use multiplication, not addition.

  	Forgetting to change the total: In dependent events, the total number of choices may get smaller.

  	Forgetting to change the number of successful outcomes: If an item is removed, the number you want may also change.




Quick Check


  	What is the probability of rolling a 3 and then rolling a 3 again?
Answer: 16×16=136

  	A bag has 5 green counters and 1 yellow counter. What is the probability of picking green and then yellow without replacement?
Answer: 56×15=16




[image: 📋]   Summary


The multiplication rule helps you find the probability of compound events when both events must happen.


If the events are independent, multiply the two probabilities as they are.


If the events are dependent, multiply the first probability by the changed second probability.


Whenever you see “and”, think: Should I multiply?


  
  Put what you read to the test

  You've worked through Multiplication Rule for Compound Events. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/673
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  Simulations and Random Number Models help us study chance events by acting them out many times.


Sometimes a real situation is hard to test directly. For example, it may take too long, cost too much, or be impossible to repeat exactly. A simulation is a model that copies the important parts of a real event using tools like dice, spinners, coins, cards, or random numbers.


In this lesson, you will learn how to build a simulation, how to connect random numbers to outcomes, and how to use results from a simulation to estimate probability.


Key idea: A good simulation matches the chances in the real situation as closely as possible.


What is a simulation?


A simulation is a repeated experiment that represents a real-world event. Each trial in the simulation stands for one real event.



  	Rolling a die can represent choosing one of 6 equally likely outcomes.

  	Flipping a coin can represent two equally likely outcomes.

  	A random number generator can represent many different outcomes.




After many trials, the results from the simulation can help us estimate what is likely to happen in real life.


Why use random number models?


A random number model assigns numbers to outcomes. Then we use random digits or random numbers to choose outcomes fairly.


This is helpful when:


  	the event has more than 2 outcomes,

  	the outcomes are not all equally likely,

  	we want to repeat the event many times quickly.




For example, if 70% of students ride the bus and 30% walk home, a simulation should give “bus” more often than “walk.”


Steps for building a simulation



  	Understand the real situation. List the possible outcomes and their chances.

  	Choose a random tool. Use a die, spinner, coin, or random numbers.

  	Assign outcomes to the tool. Make sure the model matches the real probabilities.

  	Run many trials. Each trial should copy one event.

  	Record results. Count how often each outcome happens.

  	Compare and estimate. Use the results to make predictions.




Matching the simulation to the probability


The most important part of a simulation is making sure the model is fair and matches the real chances.


If outcomes are equally likely, the model is simple. If outcomes are not equally likely, we give more random numbers to the more likely outcome.


Suppose an event has:


  	Outcome A: 60%

  	Outcome B: 40%




We can use random digits 0 through 9. There are 10 digits total, so 60% means 6 of the 10 digits and 40% means 4 of the 10 digits.


One possible assignment is:


  	A: 0, 1, 2, 3, 4, 5

  	B: 6, 7, 8, 9




Then each random digit gives one trial.


Worked Example 1: Using a die for equal outcomes


A spinner in a game has 3 equal sections: red, blue, and green. Design a simulation using a number cube labeled 1 to 6.


Step 1: The 3 colors are equally likely.


Step 2: A die has 6 equally likely results, so we can split the 6 numbers equally among the 3 colors.


Step 3: Assign outcomes.



  	Red: 1, 2

  	Blue: 3, 4

  	Green: 5, 6




Why this works: Each color gets 2 of the 6 numbers, so each has probability


26=13


This matches the spinner.


Worked Example 2: Using random digits for unequal outcomes


A weather forecast says there is a 70% chance of sunshine and a 30% chance of rain tomorrow. Create a random number model.


Step 1: Use random digits 0 to 9. There are 10 possible digits.


Step 2: Assign 7 digits to sunshine and 3 digits to rain, because


70%=71030%=310


One possible model:


  	Sunshine: 0, 1, 2, 3, 4, 5, 6

  	Rain: 7, 8, 9




How to use it: If a random digit is 5, record sunshine. If the digit is 8, record rain.


If we generate many random digits, the percent of sunshine results should be close to 70%.


Worked Example 3: Simulating a real-world situation with two events


A school survey shows that 40% of students bring lunch from home and 60% buy lunch. Design a simulation for 5 students, then use the random digits below:


Random digits: 2, 9, 5, 1, 7


Step 1: Use digits 0 to 9.


Step 2: Since 40% = 4 out of 10, assign 4 digits to “bring” and 6 digits to “buy.”



  	Bring from home: 0, 1, 2, 3

  	Buy lunch: 4, 5, 6, 7, 8, 9




Step 3: Read each digit.



  	2 [image: →] bring

  	9 [image: →] buy

  	5 [image: →] buy

  	1 [image: →] bring

  	7 [image: →] buy




Result: Out of 5 students in the simulation:


  	2 bring lunch

  	3 buy lunch




This does not match exactly 40% and 60%, but that is normal in a small sample. Simulations usually get closer to the expected probabilities when we do more trials.


Worked Example 4: Simulating a compound event


A game is played by flipping a coin and rolling a number cube. You win if you get heads and an even number. How can a simulation model this game?


Step 1: List the parts of the event.


  	Coin: heads or tails

  	Die: 1, 2, 3, 4, 5, 6




Step 2: One trial means doing both random actions once.


You could:


  	flip a real coin and roll a real die, or

  	use random numbers.




One random number model:


  	Use a random digit for the coin: 0–4 = heads, 5–9 = tails

  	Use a die roll for the number: 1 to 6




Winning outcomes: heads with 2, 4, or 6.


The probability of heads is

12


The probability of an even number is

36=12


So the probability of winning is

12×12=14


That means in many simulation trials, we expect about 1 out of every 4 games to be wins.


Comparing theoretical probability and experimental probability


Theoretical probability is what math predicts should happen.


Experimental probability is what actually happens in a test or simulation.


We can write experimental probability as


experimental probability=number of times the event happenedtotal number of trials


For example, if a simulation of 20 days gives rain on 7 days, then the experimental probability of rain is


720


As the number of trials increases, the experimental probability often gets closer to the theoretical probability.


How to tell if a simulation is good


A good simulation should:


  	match the real outcomes,

  	match the real probabilities,

  	use a fair random process,

  	have enough trials to make the results useful.




Example of a poor simulation: If an event has a 75% chance of success, using a coin would not be a good model because a coin only gives 50% and 50%.


Better model: Use random digits 0 to 9, with 0–7 as success and 8–9 as failure. That gives 8 out of 10, or 80%, which is closer. Even better, if possible, use 100 random numbers and assign 75 of them to success.


Common mistakes to avoid



  	Not matching the probabilities correctly. Check that the number assignments fit the percentages or fractions.

  	Using too few trials. A small sample can be misleading.

  	Forgetting what one trial means. One trial must represent one full event.

  	Using an unfair tool. A biased spinner or loaded die gives bad results.




Helpful strategy


When you design a simulation, ask yourself these questions:



  	What are the outcomes?

  	Are they equally likely?

  	What random tool should I use?

  	How do I assign numbers or sections fairly?

  	What does one trial represent?




Brief Summary


A simulation is a way to model a chance event using random tools such as dice, coins, spinners, or random numbers. A random number model works by assigning numbers to outcomes so the model matches the real probabilities. After many trials, the simulation results can be used to estimate how likely events are, especially in real-world situations and compound events.


  
  Put what you read to the test

  You've worked through Simulations and Random Number Models. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/674






  
    
  [image: 📖]   Chapter 11

  Functions and Linear Systems
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  Definition of a Function


In math, we often look at relationships between two things. For example, the number of hours you practice basketball affects how much total practice time you have. The number of notebooks you buy affects the total cost. These relationships can be shown with tables, mapping diagrams, graphs, and equations.


One very important kind of relationship is called a function.


A function is a rule that matches each input with exactly one output.


You can also think of it this way:


  	The input is the starting value.

  	The output is the result.

  	For it to be a function, one input cannot point to two different outputs.




Inputs are often called independent variables, and outputs are often called dependent variables.


The output is called dependent because it depends on the input.


For example, if the cost of one movie ticket is $8, then the total cost depends on how many tickets you buy.


If t is the number of tickets, then the total cost is


8t

Each number of tickets gives exactly one total cost, so this relationship is a function.


Main Idea to Remember: A relation is a function if every input has exactly one output.


It is okay for different inputs to have the same output.


For example:


  	Input 1 gives output 5

  	Input 2 gives output 5




This is still a function because each input has only one output.


But if input 3 gives output 4 and output 7, then it is not a function.


That is because one input has more than one output.


Ways to Tell if a Relation Is a Function


You can check whether something is a function in several ways:


  	Look at a set of ordered pairs

  	Look at a table

  	Look at a mapping diagram

  	Look at a graph




1. Ordered Pairs


An ordered pair looks like (x,y). The first number, x, is the input. The second number, y, is the output.


Example of a function:


{(1,2),(2,4),(3,6)}

Each input appears once and has one output.


Example that is not a function:


{(1,2),(1,5),(3,6)}

The input 1 has two different outputs: 2 and 5.


2. Tables


In a table, check whether any input value repeats with a different output.


If an input repeats but keeps the same output, it is still a function. But if the repeated input has different outputs, it is not a function.


3. Mapping Diagrams


A mapping diagram shows arrows from inputs to outputs.


It is a function if every input has exactly one arrow going out from it.


If one input has two arrows going to different outputs, it is not a function.


4. Graphs and the Vertical Line Test


When a relation is shown on a graph, we can use the vertical line test.


The vertical line test says:


  	If any vertical line touches the graph in more than one point, the graph is not a function.

  	If every vertical line touches the graph in only one point, the graph is a function.




Why does this work? A vertical line checks one input value, or one x-value. If that one x-value has more than one y-value, then one input has more than one output.


That breaks the definition of a function.


Worked Example 1: Ordered Pairs


Decide whether this relation is a function:


{(2,5),(4,7),(6,9),(8,11)}

Step 1: Look at the inputs: 2,4,6,8.


Step 2: Check whether any input repeats with a different output.


No input repeats.


Answer: Yes, this is a function.


Each input has exactly one output.


Worked Example 2: Table


Decide whether this table shows a function.



  	Input	Output

  	3	10

  	5	12

  	3	14

  	7	16




Step 1: Look at the inputs: 3,5,3,7.


Step 2: Notice that the input 3 appears twice.


Step 3: Check the outputs for input 3. They are 10 and 14.


Because one input has two different outputs, this relation is not a function.


Answer: No, it is not a function.


Worked Example 3: Mapping Diagram


Suppose a mapping diagram shows:


  	1→4

  	2→4

  	3→7




Is this a function?


Step 1: Check each input.


  	Input 1 goes to one output: 4

  	Input 2 goes to one output: 4

  	Input 3 goes to one output: 7




Step 2: Notice that inputs 1 and 2 both go to 4.


That is okay. Different inputs can share the same output.


Answer: Yes, it is a function.


Worked Example 4: Vertical Line Test


Imagine a graph of a straight, slanted line like this:


y=2x+1

Would this graph be a function?


Step 1: Picture any vertical line crossing the graph.


Step 2: A vertical line will hit the slanted line only once.


So each x-value has only one y-value.


Answer: Yes, the graph is a function.


Now imagine a circle graphed on the coordinate plane.


Some vertical lines would hit the circle twice: once on the top half and once on the bottom half.


That means one input would have two outputs.


So a circle is not a function.


Common Mistakes to Avoid


  	Mistake 1: Thinking repeated outputs mean it is not a function. Repeated outputs are okay.

  	Mistake 2: Forgetting to check whether an input repeats with different outputs.

  	Mistake 3: On a graph, using a horizontal line test instead of a vertical line test. For this topic, use the vertical line test.




Quick Check


Decide if each relation is a function.



  	{(0,1),(1,3),(2,5)}

  	{(4,2),(4,6),(7,8)}

  	Inputs 2,3,4 each have one arrow to outputs 9,9,10




Answers:


  	Yes, it is a function.

  	No, it is not a function because input 4 has two outputs.

  	Yes, it is a function because each input has exactly one output.




[image: 📋]   Summary


A function is a relationship where every input has exactly one output.


To decide if something is a function, check for repeated inputs with different outputs. In mapping diagrams, each input should have one arrow out. On graphs, use the vertical line test.


If you remember one rule, remember this: one input cannot have two different outputs.


  
  Put what you read to the test

  You've worked through Definition of a Function. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/675
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  Domain and Range help us describe the relationship between inputs and outputs in math. When one value goes into a rule, table, or graph, another value comes out. The domain is the set of all possible input values, and the range is the set of all possible output values.


You can think of it like a machine. A number goes in, the machine does something to it, and a new number comes out. The numbers that are allowed to go in are the domain. The numbers that come out are the range.


In many problems, the input is called the independent variable, and the output is called the dependent variable. Usually, in ordered pairs \,(x,y), the x-values are the domain and the y-values are the range.


Main Idea:


  	Domain = all possible inputs

  	Range = all possible outputs




If you are given ordered pairs, a table, or a graph, your job is often to list all the input values and all the output values.


How to find domain and range from ordered pairs

An ordered pair looks like \,(x,y). The first number is the input, and the second number is the output.


To find the domain and range:


  	Look at all the first numbers. These make the domain.

  	Look at all the second numbers. These make the range.

  	Do not repeat numbers if the same value appears more than once.




Worked Example 1: Ordered Pairs

Find the domain and range of the relation:

(2,5),(4,7),(6,9),(8,11)


Step 1: List the first numbers: 2,4,6,8

So the domain is:

{2,4,6,8}


Step 2: List the second numbers: 5,7,9,11

So the range is:

{5,7,9,11}


Answer:


  	Domain: {2,4,6,8}

  	Range: {5,7,9,11}




Worked Example 2: Repeated Values

Find the domain and range of:

(1,3),(2,3),(3,5),(4,5),(5,7)


Step 1: The first numbers are 1,2,3,4,5

Domain:

{1,2,3,4,5}


Step 2: The second numbers are 3,3,5,5,7

Do not repeat values in the range. So the range is:

{3,5,7}


Answer:


  	Domain: {1,2,3,4,5}

  	Range: {3,5,7}




How to find domain and range from a table

In a table, one column usually shows the input values and the other column shows the output values. The input column gives the domain. The output column gives the range.


Worked Example 3: Table

Suppose a table shows:


xy−24013751



Step 1: Read the x-values: −2,0,3,5

Domain:

{−2,0,3,5}


Step 2: Read the y-values: 4,1,7,1

Do not repeat 1. So the range is:

{4,1,7}


Answer:


  	Domain: {−2,0,3,5}

  	Range: {4,1,7}




How to find domain and range from a graph

On a graph, the domain is all the x-values used by the points on the graph. The range is all the y-values used by the points on the graph.


A good way to remember this is:


  	Domain: read the graph from left to right

  	Range: read the graph from bottom to top




If the graph shows only a few points, list the x-values and y-values from those points. If values repeat, only list them once.


Worked Example 4: Graph Points

A graph has points at:

(−3,2),(0,4),(2,2),(5,−1)


Step 1: Find the domain by listing the x-values:

{−3,0,2,5}


Step 2: Find the range by listing the y-values:

2,4,2,−1

Do not repeat 2, so the range is:

{2,4,−1}


Answer:


  	Domain: {−3,0,2,5}

  	Range: {2,4,−1}




How to find domain and range from a rule

Sometimes you are given a rule, such as:

y=x+2


This rule tells how the output depends on the input. To find domain and range, first ask: Which input values are allowed?


In 7th Grade problems, there are often two common situations:


  	You are given a rule and a list of allowed input values.

  	You are expected to use values from a table or a graph made from the rule.




For example, if the rule is y=x+2 and the allowed inputs are {1,2,3,4}, then:


  	If x=1, then y=3

  	If x=2, then y=4

  	If x=3, then y=5

  	If x=4, then y=6




So:


  	Domain: {1,2,3,4}

  	Range: {3,4,5,6}




Important Things to Remember


  	The domain comes from the inputs.

  	The range comes from the outputs.

  	In ordered pairs, domain is the set of first numbers and range is the set of second numbers.

  	Do not repeat numbers when writing a set.

  	On a graph, domain is read across and range is read up and down.




Common Mistakes


  	Mixing up x and y: Remember, x is usually the input and y is usually the output.

  	Repeating values: If a number appears more than once, list it only once in the domain or range.

  	Reading a graph the wrong way: Domain is left to right. Range is bottom to top.




Quick Check

Find the domain and range of:

(0,6),(2,8),(4,10),(2,12)


Solution:

The first numbers are 0,2,4,2, so the domain is:

{0,2,4}


The second numbers are 6,8,10,12, so the range is:

{6,8,10,12}


Brief Summary

Domain and range tell us about the inputs and outputs in a relationship. The domain is the set of all input values, and the range is the set of all output values. You can find them from ordered pairs, tables, graphs, and rules by carefully separating the x-values from the y-values.


  
  Put what you read to the test

  You've worked through Domain and Range. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/676
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  Slope as Rate of Change tells us how fast one quantity changes compared to another. In 7th grade, you can think of slope as the rise over run of a line on a graph.


If a line goes up as you move to the right, the slope is positive. If a line goes down as you move to the right, the slope is negative. Slope helps us describe patterns in tables, graphs, and real-life situations.


Another way to say this is that slope is a rate of change. A rate of change compares how much the dependent variable changes when the independent variable changes.


For example, if the number of miles traveled depends on the number of hours driven, then:


	Independent variable: hours

	Dependent variable: miles




The slope tells us how many miles change for each 1 hour change. That is why slope and rate of change mean the same idea in linear relationships.


On a coordinate plane, we usually use points written as (x,y).


	x is the horizontal value, or input

	y is the vertical value, or output




To find slope between two points, use this rule:


slope=riserun=change in ychange in x

In symbols, for points (x1,y1) and (x2,y2):


m=y2−y1x2−x1

Here, m stands for slope.


Important idea: subtract in the same order for the top and bottom. If you do y2−y1, then you must also do x2−x1.


Let’s connect this to rise and run:


	Rise = how far up or down you move

	Run = how far left or right you move




If you go up 3 and right 2, the slope is 32. If you go down 4 and right 1, the slope is −4.


Here is what different slopes mean:


	Positive slope: line rises from left to right

	Negative slope: line falls from left to right

	Zero slope: flat horizontal line




In this lesson, we will focus on finding and understanding slope as a rate of change in linear relationships.


Worked Example 1: Find slope from a graph idea


Suppose a line passes through the points (1,2) and (4,5).


Step 1: Find the change in y.

5−2=3


Step 2: Find the change in x.

4−1=3


Step 3: Divide rise by run.

m=33=1


Answer: The slope is 1.


This means the line goes up 1 unit for every 1 unit it moves to the right. As a rate of change, y increases by 1 when x increases by 1.


Worked Example 2: Find slope from two points


Find the slope of the line through (2,7) and (6,15).


Use the formula:

m=y2−y1x2−x1


Substitute the values:

m=15−76−2=84=2


Answer: The slope is 2.


This means for every 1 unit increase in x, the value of y increases by 2. The rate of change is 2.


Worked Example 3: Negative slope


Find the slope of the line through (3,10) and (7,2).


Step 1: Find the change in y.

2−10=−8


Step 2: Find the change in x.

7−3=4


Step 3: Divide.

m=−84=−2


Answer: The slope is −2.


This means when x increases by 1, y decreases by 2. The line goes downward from left to right.


Worked Example 4: Slope as a real-world rate of change


A bike rider travels 6 miles in 1 hour, 12 miles in 2 hours, and 18 miles in 3 hours.


We can write the points as:


	(1,6)

	(2,12)

	(3,18)




Find the slope using the first two points:

m=12−62−1=61=6


Answer: The slope is 6.


This means the rider travels 6 miles per hour. The rate of change is 6 miles for each 1 hour.


This example shows why slope is useful. It helps us describe real situations, like speed, cost, earnings, or distance.


How to find slope step by step


	Pick two points on the line.

	Find the change in the y-values.

	Find the change in the x-values.

	Write the fraction change in ychange in x.

	Simplify if needed.




Example of careful subtraction


Use points (1,4) and (5,12).


You could write:

m=12−45−1=84=2


Or you could switch the order for both:

m=4−121−5=−8−4=2


Both ways give the same answer because the order stayed consistent.


What if the slope is 0?


Look at the points (2,5) and (7,5).


The y-values stay the same, so the rise is 0.

m=5−57−2=05=0


A slope of 0 means the line is horizontal. There is no change in y as x changes.


How slope connects to tables


You do not always need a graph. You can also find slope from a table if the relationship is linear.


Example table:


	x=1,y=3

	x=2,y=5

	x=3,y=7

	x=4,y=9




Each time x increases by 1, y increases by 2.


So the slope is:

21=2


This tells us the rate of change is constant, so the relationship is linear.


Common mistakes to avoid


	Mixing up rise and run. Remember: slope is change in ychange in x.

	Subtracting in different orders. Keep the order the same in the top and bottom.

	Forgetting that a negative slope means the line goes down from left to right.

	Using points that are not on the same line.




Quick check questions


	What does a slope of 3 mean? It means y goes up 3 when x goes up 1.

	What does a slope of −1 mean? It means y goes down 1 when x goes up 1.

	What does a slope of 12 mean? It means y goes up 1 when x goes up 2.




[image: 📋]   Summary


Slope is the rate of change in a linear relationship. It shows how much the output changes compared to how much the input changes.


You can find slope using:

m=y2−y1x2−x1


Remember that slope is also called rise over run. Positive slopes go up, negative slopes go down, and a slope of 0 is flat.


When you understand slope as rate of change, you can better read graphs, tables, and real-world situations.


  
  Put what you read to the test

  You've worked through Slope as Rate of Change. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/677
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  Lesson: Understanding Slope-Intercept Form


In 7th grade math, you will often work with linear equations. A linear equation makes a straight line when you graph it.


One of the most useful ways to write a linear equation is called slope-intercept form:


y=mx+b


This form helps you quickly understand two important things about a line:



  	4slope 014 how steep the line is

  	4y-intercept 014 where the line starts on the y-axis




Once you know the slope and y-intercept, you can graph the line and describe how the two variables are related.


What do the letters mean?



  	4y: the output or dependent variable

  	4x: the input or independent variable

  	4m: the slope, or rate of change

  	4b: the y-intercept, or starting value




So in the equation y=mx+b, the line changes by the slope 4m, and it begins at 4b on the y-axis.


1. What is slope?


Slope tells how much a line goes up or down compared to how much it moves to the right.


You can think of slope as:


slope=riserun


Rise means how far the line goes up or down.

Run means how far the line goes left or right.


For example, if a line goes up 2 and right 1, the slope is:


m=21=2


If a line goes down 3 and right 2, the slope is:


m=−32


Here is how to understand slope values:



  	If 4m > 0, the line rises from left to right.

  	If 4m < 0, the line falls from left to right.

  	If 4m = 0, the line is flat.




2. What is the y-intercept?


The y-intercept is the point where the line crosses the y-axis.


In slope-intercept form, the y-intercept is the number 4b.


Because the y-axis is where 4x = 0, the y-intercept is always the point:


(0,b)


For example:



  	In y=3x+4, the y-intercept is 4, so the point is 4(0,4)4.

  	In y=−2x−1, the y-intercept is -1, so the point is 4(0,-1)4.




3. How to read an equation in slope-intercept form


When an equation is already written as y=mx+b, you can find the slope and y-intercept right away.


Example:


y=5x+2



  	Slope: 4m = 5

  	Y-intercept: 4b = 2




This means the line starts at 4(0,2)4 and goes up 5 and right 1.


Another example:


y=−12x+3



  	Slope: 4m = -\frac{1}{2}

  	Y-intercept: 4b = 3




This line starts at 4(0,3)4 and goes down 1 and right 2.


4. How to graph using slope-intercept form


To graph a line from slope-intercept form, follow these steps:



  	Find the y-intercept 4b4 and plot the point 4(0,b)4.

  	Use the slope 4m4 to move from that point.

  	Plot another point.

  	Draw a straight line through the points.




If the slope is a whole number like 434, you can write it as:


3=31


So you would go up 3 and right 1.


If the slope is negative, the line goes downward as you move to the right.


Worked Example 1: Identify slope and y-intercept


Find the slope and y-intercept of:


y=2x+5


Step 1: Compare the equation to y=mx+b.


Here, 4m = 24 and 4b = 54.


Answer:



  	Slope: 2

  	Y-intercept: 5

  	Y-intercept point: 4(0,5)4




Worked Example 2: Graph a line from an equation


Graph:


y=−x+1


Step 1: Find the slope and y-intercept.



  	4m = -14

  	4b = 14




Step 2: Plot the y-intercept.


Plot the point 4(0,1)4.


Step 3: Use the slope.


A slope of 4-14 means:


−1=−11


Go down 1 and right 1.


Starting from 4(0,1)4, that gives another point: 4(1,0)4.


You can do it again to get 4(2,-1)4.


Step 4: Draw the line through the points.


Worked Example 3: Write an equation from slope and y-intercept


Write the equation of a line with slope 434 and y-intercept 4-24.


Step 1: Start with slope-intercept form.


y=mx+b


Step 2: Replace 4m4 with 434 and 4b4 with 4-24.


y=3x−2


Answer: y=3x−2


Worked Example 4: Write an equation from a graph description


A line crosses the y-axis at 4(0,4)4 and has slope 4\frac{1}{2}4. Write the equation.


Step 1: Identify 4b4.


The line crosses the y-axis at 4(0,4)4, so 4b = 44.


Step 2: Identify 4m4.


The slope is 4\frac{1}{2}4, so 4m = \frac{1}{2}4.


Step 3: Substitute into y=mx+b.


y=12x+4


Answer: y=12x+4


5. How slope-intercept form shows a real-world relationship


Slope-intercept form is useful because it can describe real-life situations.


For example, imagine you earn \$2 each time you wash a car, and you already have \$5 saved.


If 4x4 is the number of cars washed, and 4y4 is the total amount of money, the equation is:


y=2x+5



  	The slope 424 means you earn \$2 for each car.

  	The y-intercept 454 means you started with \$5.




This is why slope is called the rate of change, and the y-intercept is called the starting value.


6. Common mistakes to avoid



  	Mixing up slope and y-intercept: In y=mx+b, the number with 4x4 is the slope. The number by itself is the y-intercept.

  	Forgetting negative signs: In y=−2x+3, the slope is 4-24, not 424.

  	Not using the y-intercept first when graphing: Always start by plotting 4(0,b)4.

  	Reading slope backward: Slope is rise over run, not run over rise.

 


7. Quick check


Try answering these on your own:



  	In y=4x−6, what are 4m4 and 4b4?

  	What is the y-intercept point of y=−3x+2?

  	Write an equation with slope 4-24 and y-intercept 474.

  	If a line has slope 4\frac{2}{3}4 and y-intercept 4-14, what is its equation?




Answers:



  	4m = 44, 4b = -64

  	4(0,2)4

  	y=−2x+7

  	y=23x−1




[image: 📋]   Summary


Slope-intercept form is written as y=mx+b. The slope, 4m4, tells how steep the line is and how it changes. The y-intercept, 4b4, tells where the line crosses the y-axis.


When you see an equation in this form, you can quickly identify the slope and starting point, graph the line, and describe what the equation means in a real-world situation.


  
  Put what you read to the test

  You've worked through Slope-Intercept Form (y = mx + b). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/678






  [image: 📝]   Lesson 100: Linear vs. Non-Linear Functions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/720




  Linear vs. Non-Linear Functions


In math, a function shows a relationship between two variables. Usually, one variable is the independent variable, which is the input, and the other is the dependent variable, which is the output.


For example, if the number of hours you practice piano affects how many songs you can learn, then the hours practiced is the input and the number of songs learned is the output.


In this lesson, you will learn how to tell the difference between linear and non-linear functions by looking at tables, graphs, and patterns.


1. What is a linear function?


A linear function has a constant rate of change. This means that when the input increases by the same amount each time, the output changes by the same amount each time too.


On a graph, a linear function makes a straight line.


A linear function can often be written in the form:


y=mx+b


Here:


  	
    �m is the rate of change, also called the slope.
  

  	
    �b is the starting value, also called the y-intercept.
  




Example: In the equation y=3x+2, the output goes up by 3 every time the input goes up by 1. That constant change of 3 means the function is linear.


2. What is a non-linear function?


A non-linear function does not have a constant rate of change. When the input increases by the same amount, the output does not keep changing by the same amount.


On a graph, a non-linear function does not make a straight line. It may curve or change direction.


Some non-linear patterns include:


  	Quadratic patterns, where the graph curves

  	Exponential-like patterns, where values grow faster and faster




For example, in the function y=x2, the outputs do not increase by the same amount each time. So it is non-linear.


3. How to tell from a table


One of the easiest ways to check if a function is linear is to look at how the outputs change.


If the input values increase by equal amounts, then:


  	If the output changes by the same amount each time, the function is linear.

  	If the output changes by different amounts, the function is non-linear.




Worked Example 1: A linear table


Look at this table:



xy1427310413



Step 1: Check how the input changes.

The input increases by 1 each time.


Step 2: Check how the output changes.


7−4=3

10−7=3

13−10=3



The output increases by 3 each time. The rate of change is constant, so this function is linear.


Worked Example 2: A non-linear table


Look at this table:



xy112439416



Step 1: The input still increases by 1 each time.


Step 2: Check the output changes.


4−1=3

9−4=5

16−9=7



The output does not increase by the same amount. Since the rate of change is not constant, this function is non-linear.


4. How to tell from a graph


You can also tell whether a function is linear by looking at its graph.


  	A linear function graphs as a straight line.

  	A non-linear function graphs as a curve or a graph that is not a straight line.




If you plotted points from a table and they all lie on one straight line, the function is linear. If the points bend into a curve, it is non-linear.


5. How to tell from an equation


You can also look at the equation itself.


A function is usually linear if the variable has an exponent of 1 and the equation looks like:


y=mx+b


Examples of linear equations:


  	y=2x+5

  	y=−x+1

  	y=7




Notice that y=7 is still linear. Its graph is a horizontal straight line, and the rate of change is 0.


A function is usually non-linear if:


  	the variable is squared, like x2

  	the variable is multiplied by itself

  	the pattern does not have a constant rate of change




Examples of non-linear equations:


  	y=x2

  	y=2x

  	y=x2+3




6. Comparing linear and non-linear functions



  	Linear: constant rate of change, straight-line graph, often written as y=mx+b

  	Non-linear: changing rate of change, graph is not a straight line




Here is a quick way to remember it:


  	Linear = line

  	Non-linear = not a line




Worked Example 3: Decide from an equation


Is y=5x−2 linear or non-linear?


Step 1: Look at the equation form.

It matches y=mx+b, where m=5 and b=−2.


Step 2: Check the variable.

The variable x has an exponent of 1.


So this function is linear.


Worked Example 4: Decide from a pattern


A ball drops and the distance it falls after each second is shown below:



td15220345480



Step 1: The time increases by 1 each time.


Step 2: Find how the distance changes.


20−5=15

45−20=25

80−45=35



The changes are 15, 25, and 35. These are not the same.


So the rate of change is not constant, and the function is non-linear.


7. Common mistakes to avoid



  	Mistake 1: Looking only at whether the numbers increase. Both linear and non-linear functions can increase. What matters is whether they increase by the same amount.

  	Mistake 2: Thinking every equation with an x is linear. Some equations, like y=x2, are non-linear.

  	Mistake 3: Forgetting to check that the input changes equally in a table before comparing output changes.




8. Quick check questions



  	Does a linear function have a constant or changing rate of change?

  	If a graph is a curve, is it linear or non-linear?

  	Is y=4x+1 linear or non-linear?

  	If outputs change by 2, then 2, then 2, is the function linear or non-linear?

  	If outputs change by 3, then 5, then 7, is the function linear or non-linear?




Answers:


  	Constant rate of change

  	Non-linear

  	Linear

  	Linear

  	Non-linear




[image: 📋]   Summary


A linear function has a constant rate of change and makes a straight-line graph. A non-linear function does not have a constant rate of change and does not graph as a straight line.


To decide whether a function is linear or non-linear, you can check a table, a graph, or an equation. If the output changes by the same amount for equal input changes, it is linear. If not, it is non-linear.


  
  Put what you read to the test

  You've worked through Linear vs. Non-Linear Functions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/679






  [image: 📝]   Lesson 101: Translating Multiple Representations

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/721




  Translating Multiple Representations means showing the same relationship in different ways.
In 7th Grade math, you will often see a pattern or function written as:
	a description in words,
	an input-output table,
	a graph, or
	an equation.

Your job is to recognize that all four can tell the same story.
When you can move from one form to another, you understand the relationship more deeply. This helps with graphing, slope, and solving real-world problems.
Important idea: A function matches each input with exactly one output.
Usually, the independent variable is the input, often written as x. The dependent variable is the output, often written as y, because its value depends on the input.
For example, if the rule is “multiply the input by 3 and add 1,” then the output depends on the input. If x=2, then y=7.
We can write that rule as an equation:
y=3x+1
Now let’s learn how each representation works.
1. Words
A word description tells the relationship as a rule or a situation.
Examples:
	“The output is 4 more than twice the input.”
	“A taxi ride costs $5 plus $2 for each mile.”

When reading words, look for clues:
	more than often means add
	less than often means subtract
	times means multiply
	per often shows a rate
	starts with or initial fee often means a starting amount

2. Input-output table
A table shows pairs of values. The first column is the input, and the second column is the output.
Example:
xy011427310
To understand a table, ask:
	How does y change when x goes up by 1?
	What is the output when the input is 0?

In this table, the output increases by 3 each time, and when x=0, y=1. That matches the equation y=3x+1.
3. Graph
A graph shows the ordered pairs (x,y) on a coordinate plane.
Each point on the graph must satisfy the same rule.
If the relationship is linear, the points lie on a straight line.
For example, the equation y=3x+1 includes points like:
	(0,1)
	(1,4)
	(2,7)

These points form a line.
4. Equation
An equation is a math rule that connects input and output.
Many 7th Grade linear relationships are written in the form:
y=mx+b
Here:
	m is the amount y changes when x increases by 1. This is the slope or rate of change.
	b is the value of y when x=0. This is the starting value.

So if a rule says “start at 2 and add 5 each time,” the equation is:
y=5x+2
How the four representations connect
All four forms should match the same pattern.
Here is one example of the same relationship in all four forms:
	Words: The output is 2 more than 4 times the input.
	Equation: y=4x+2
	Table:

xy0216210314
	Graph: Plot (0,2), (1,6), (2,10), and (3,14), then draw the line through them.

If one form does not match the others, something is wrong.
Strategy for translating between representations
	Find the input and output.
	Look for the rate of change: how much the output changes when the input changes by 1.
	Find the starting value: the output when the input is 0.
	Write or check the equation using y=mx+b.
	Use the equation to make a table or graph points.
	Make sure the words, table, graph, and equation all agree.

Now let’s work through some examples.
Worked Example 1: Words to equation and table
A rule says: “The output is 3 more than twice the input.”
Step 1: Write the equation.
“Twice the input” means 2x.
“3 more than” means add 3.
So the equation is:
y=2x+3
Step 2: Make a table.
Substitute some input values.
If x=0, then:
y=2(0)+3=3
If x=1, then:
y=2(1)+3=5
If x=2, then:
y=2(2)+3=7
If x=3, then:
y=2(3)+3=9
The table is:
xy03152739
Step 3: Describe the graph.
Plot the points (0,3), (1,5), (2,7), and (3,9).
They make a straight line.
The line goes up 2 units for every 1 unit to the right, and it crosses the y-axis at 3.
Worked Example 2: Table to words and equation
Look at this table:
xy0−1122538
Step 1: Find the rate of change.
As x increases by 1, the outputs go:
−1,2,5,8
They increase by 3 each time.
So the slope is 3.
Step 2: Find the starting value.
When x=0, y=−1.
So the starting value is −1.
Step 3: Write the equation.
y=3x−1
Step 4: Write the rule in words.
The output is 1 less than 3 times the input.
Or you could say: Start at −1 and add 3 for each increase of 1 in the input.
Worked Example 3: Equation to graph and words
Given the equation:
y=−2x+4
Step 1: Identify the slope and starting value.
The slope is −2, so the line goes down 2 units for every 1 unit to the right.
The starting value is 4, so when x=0, y=4.
Step 2: Make a table.
xy0412203−2
Step 3: Graph the points.
Plot (0,4), (1,2), (2,0), and (3,−2).
Draw a straight line through them.
Step 4: Write the relationship in words.
The output is 4 minus 2 times the input.
Or: Start at 4 and subtract 2 each time the input increases by 1.
Worked Example 4: Real-world situation to all representations
A movie theater charges $6 for a ticket plus $2 for each snack item bought.
Let x be the number of snack items.
Let y be the total cost in dollars.
Step 1: Write the equation.
The cost starts at 6 dollars.
Each snack adds 2 dollars.
So:
y=2x+6
Step 2: Make a table.
xy0618210312
Step 3: Write ordered pairs for the graph.
(0,6), (1,8), (2,10), (3,12)
These points form a line.
Step 4: Describe in words.
The total cost is 6 dollars plus 2 dollars for each snack item.
How to check if representations match
Use these questions:
	Does the table follow the rule in the equation?
	Do the graph points appear in the table?
	Does the word description tell the same starting value and rate of change?
	When x=0, do all forms give the same y-value?

If the answer is yes, the representations match.
Common mistakes to avoid
	Mixing up input and output. Remember: input is usually x, output is usually y.
	Using the wrong starting value. The starting value is the output when x=0.
	Reading “more than” in the wrong order. “3 more than twice the input” means 2x+3, not 3x+2.
	Forgetting negative change. If outputs decrease as inputs increase, the slope is negative.
	Graphing points incorrectly. Always plot (x,y) in that order.

Quick practice ideas
If you want to practice on your own, try these steps:
	Take an equation like y=4x−2.
	Make a table with at least 4 values.
	Write the ordered pairs.
	Describe the rule in words.
	Sketch the graph.

Then pick a table and work backward to the equation.
[image: 📋]   Summary
Translating multiple representations means moving between words, tables, graphs, and equations while keeping the same relationship.
For linear functions, the most important ideas are the rate of change and the starting value.
If you can identify how much the output changes and what happens when x=0, you can connect all four forms more easily.
With practice, you will be able to recognize that different-looking representations can describe the exact same function.


  
  Put what you read to the test

  You've worked through Translating Multiple Representations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/680
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  Solving Systems of Equations by Graphing


Sometimes in math, you are given two equations at the same time. When we look at both equations together, we call that a system of equations.


A solution to a system is a point that makes both equations true. When we graph the two lines on the same coordinate plane, the solution is the point where the lines intersect, or cross.


In this lesson, you will learn how to graph both equations, find their intersection point, and understand what that point means.


1. What is a system of equations?


A system of equations is a set of two or more equations with the same variables. In 7th grade, you will often work with two linear equations using the variables x and y.


For example:


y=x+1y=−x+5

These are two different lines. If we graph them on the same coordinate plane, they may cross at one point. That point is the solution to the system.


2. What does the solution mean?


If a point is the solution to a system, then its x-value and y-value work in both equations.


For example, if the lines intersect at (2,3), then:



  	(2,3) is on the first line, and

  	(2,3) is also on the second line.




That means x=2 and y=3 make both equations true at the same time.


3. How to solve a system by graphing


To solve a system by graphing, follow these steps:



  	Graph the first equation.

  	Graph the second equation on the same coordinate plane.

  	Look for the point where the two lines cross.

  	Write that intersection point as the solution.




4. Writing equations in graph-friendly form


The easiest equations to graph are often written in the form:


y=mx+b

In this form:



  	m is the slope, which tells how steep the line is.

  	b is the y-intercept, which tells where the line crosses the y-axis.




For example, in y=2x+1:



  	The slope is 2.

  	The y-intercept is 1, so the line starts at (0,1).




If needed, you can also graph by making a table of values and plotting points.


5. Worked Example 1: A simple intersection


Solve the system by graphing:


y=x+1y=−x+5

Step 1: Graph the first line


For y=x+1, the y-intercept is 1, so one point is (0,1).


The slope is 1, which means rise 1 and run 1. Some points on the line are:



  	(0,1)

  	(1,2)

  	(2,3)




Step 2: Graph the second line


For y=−x+5, the y-intercept is 5, so one point is (0,5).


The slope is −1, which means down 1 and right 1. Some points are:



  	(0,5)

  	(1,4)

  	(2,3)




Step 3: Find the intersection


The lines cross at (2,3).


Answer: The solution is (2,3).


Step 4: Check the solution


Substitute x=2 into both equations:


y=x+1=2+1=3

y=−x+5=−2+5=3

Both equations give y=3, so (2,3) is correct.


6. Worked Example 2: Using tables to graph


Solve the system by graphing:


y=2xy=x+2

Step 1: Make a table for y=2x



  	If x=0, then y=0, so point (0,0)

  	If x=1, then y=2, so point (1,2)

  	If x=2, then y=4, so point (2,4)




Step 2: Make a table for y=x+2



  	If x=0, then y=2, so point (0,2)

  	If x=1, then y=3, so point (1,3)

  	If x=2, then y=4, so point (2,4)




Step 3: Find the intersection


Both lines pass through (2,4).


Answer: The solution is (2,4).


7. Worked Example 3: When the lines do not cross


Solve the system by graphing:


y=x+1y=x−3

Both lines have the same slope, which is 1.


But they have different y-intercepts:



  	The first line crosses the y-axis at 1.

  	The second line crosses the y-axis at −3.




Because the lines have the same slope, they go in the same direction. Because they have different y-intercepts, they never meet.


Answer: There is no solution.


This happens when the lines are parallel.


8. Worked Example 4: When the equations are really the same line


Solve the system by graphing:


y=2x+12y=4x+2

First, rewrite the second equation by dividing every term by 2:


y=2x+1

Now both equations are exactly the same:


y=2x+1y=2x+1

That means both equations graph as the same line.


Every point on the line works for both equations, so there is not just one solution.


Answer: There are infinitely many solutions.


9. The 3 possible results when graphing a system



  	One solution: The lines cross once.

  	No solution: The lines are parallel and never cross.

  	Infinitely many solutions: The lines are the same line.




10. Tips for graphing carefully



  	Always label the axes.

  	Plot points neatly and accurately.

  	Use at least two points for each line.

  	Check whether the intersection lands exactly on a grid point.

  	If the equations are in y=mx+b form, start with the y-intercept and use the slope.




11. Common mistakes to avoid



  	Mixing up the slope and y-intercept: In y=mx+b, m is slope and b is the y-intercept.

  	Graphing only one line: A system needs both lines on the same graph.

  	Choosing the wrong intersection point: The solution must be where both lines cross.

  	Forgetting to check: Plug the point back into both equations if you are unsure.




12. Why graphing is helpful


Graphing helps you see the solution. It shows whether the system has one solution, no solution, or infinitely many solutions.


It also helps you understand that the solution is a point that belongs to both lines at the same time.


[image: 📋]   Summary


A system of equations is a pair of equations with the same variables. To solve a system by graphing, graph both lines on the same coordinate plane and find where they intersect. The intersection point is the solution because it makes both equations true.


If the lines cross once, there is one solution. If they never cross, there is no solution. If they lie on top of each other, there are infinitely many solutions.


  
  Put what you read to the test

  You've worked through Solving Systems of Equations by Graphing. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/681
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  Solving Systems via Substitution


Sometimes in math, you will see two equations with the same two variables. This is called a system of equations.


The goal is to find the one pair of values that makes both equations true at the same time.


One very useful way to solve a system is called substitution.


In this lesson, you will learn what substitution means, when to use it, and how to solve systems step by step.


What is a system of equations?


A system of equations is a set of two equations that use the same variables. For example:


y=x+2y=2x−1

We want to find the values of x and y that make both equations true.


What does substitution mean?


Substitution means replacing one expression with another equal expression.


For example, if:


y=x+2

then anywhere we see y, we can replace it with x+2.


That is the main idea of this method.


When is substitution a good method?


Substitution is especially helpful when:



	one variable is already by itself, like y=3x+4

	or one variable can be isolated easily




Steps for solving by substitution



	Isolate one variable in one equation if it is not already alone.

	Substitute that expression into the other equation.

	Solve the new equation.

	Substitute back to find the other variable.

	Check your answer in both original equations.




Let’s go through some examples.


Worked Example 1: A simple substitution problem


Solve the system:


y=x+3y=2x−1

Step 1: Look for a variable that is already isolated.


Both equations have y by itself, so this is a great system for substitution.


Step 2: Substitute.


Since both expressions equal y, we can set them equal to each other:


x+3=2x−1

Step 3: Solve for x.


x+3=2x−13=x−14=x

So, x=4.


Step 4: Substitute back to find y.


Use y=x+3:


y=4+3y=7

Solution: (4,7)


Step 5: Check.


Check in the second equation:


y=2x−17=2(4)−17=8−17=7

The answer is correct.


Worked Example 2: One equation needs substitution into the other


Solve the system:


y=3x+22x+y=17

Step 1: Find the isolated variable.


In the first equation, y is already isolated:


y=3x+2

Step 2: Substitute 3x+2 for y in the second equation.


2x+y=172x+(3x+2)=17

Step 3: Solve for x.


2x+3x+2=175x+2=175x=15x=3

Step 4: Substitute back to find y.


y=3x+2y=3(3)+2y=9+2y=11

Solution: (3,11)


Step 5: Check.


2x+y=172(3)+11=176+11=1717=17

The solution works.


Worked Example 3: First isolate a variable


Solve the system:


x+y=10y=x+4

Step 1: Find the isolated variable.


The second equation already has y by itself:


y=x+4

Step 2: Substitute into the first equation.


x+y=10x+(x+4)=10

Step 3: Solve for x.


x+x+4=102x+4=102x=6x=3

Step 4: Substitute back to find y.


y=x+4y=3+4y=7

Solution: (3,7)


Check:


x+y=103+7=1010=10

Worked Example 4: Isolate a variable before substituting


Solve the system:


2x+y=12x−y=3

In this system, no variable is already isolated, so we start by isolating one.


Step 1: Isolate y in one equation.


Use the second equation:


x−y=3−y=3−xy=x−3

Now we have:


y=x−3

Step 2: Substitute into the other equation.


2x+y=122x+(x−3)=12

Step 3: Solve for x.


3x−3=123x=15x=5

Step 4: Substitute back to find y.


y=x−3y=5−3y=2

Solution: (5,2)


Check:


2x+y=122(5)+2=1210+2=12

It works.


Important idea: The solution is an ordered pair


When you solve a system, your answer is usually written as an ordered pair:


(x,y)

For example, if x=3 and y=11, the solution is:


(3,11)

This pair must make both equations true.


Why substitution works


If two expressions are equal to the same variable, then they are equal to each other.


For example, if:


y=x+3

then y and x+3 have the same value. So in another equation, you can replace y with x+3.


This turns a two-variable problem into a one-variable problem, which is easier to solve.


Common mistakes to avoid



	Forgetting parentheses when substituting. For example, write 2x+(3x+2), not 2x+3x+2 without thinking carefully.

	Solving for only one variable and stopping too early. You need both x and y.

	Not checking your answer in both original equations.

	Making sign mistakes with positive and negative numbers.




Helpful tips



	Choose the equation where a variable is already alone, if possible.

	If no variable is alone, pick the equation where isolating a variable looks easiest.

	Work one small step at a time.

	Always substitute your answer back in to check.




Let’s review the method



	Get one variable by itself.

	Replace that variable in the other equation.

	Solve the new equation.

	Plug the value back in.

	Write the solution as an ordered pair.

	Check both equations.




Brief Summary


Substitution is a method for solving systems of equations by replacing one variable with an equal expression.


First, isolate a variable. Next, substitute that expression into the other equation. Then solve, substitute back, and check your answer.


If your ordered pair makes both equations true, then you have solved the system correctly.


  
  Put what you read to the test

  You've worked through Solving Systems via Substitution. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/682






  
    
  [image: 📖]   Chapter 12
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  Income, Taxation, and Net Pay




When people work, they earn income. But the amount they earn is not always the amount they actually get to keep. Some money is taken out for taxes and other required deductions. The money left after those deductions is called net pay.




In this lesson, you will learn how to find gross income, calculate deductions using percentages, and determine net pay. These are important real-life math skills because they help people understand paychecks and plan their budgets.




1. Important vocabulary






  	Income: money a person earns.


  	Gross income: the total amount earned before any money is taken out.


  	Tax: money taken out to help pay for government services.


  	Deduction: any amount subtracted from gross income.


  	Net pay: the amount left after deductions are taken out.







You can think of it like this:




Net Pay=Gross Income−Total Deductions



2. Finding gross income




Gross income depends on how a person is paid. A person might earn money by the hour, by the week, or by salary.




If someone is paid by the hour, use:




Gross Income=Hourly Rate×Hours Worked



If someone earns the same amount each week or month, that amount may already be their gross income for that pay period.




For example, if a worker earns $15 per hour and works 20 hours, then their gross income is:




15×20=300



So the gross income is $300.




3. Understanding deductions as percentages




Many deductions are given as percentages. For example, income tax might be 12%, social security might be 6%, and local tax might be 2%.




To find a percentage of an amount, change the percent to a decimal and multiply.




Examples:




  	10%=0.10


  	6%=0.06


  	2%=0.02







Then use:




Deduction Amount=Percent as Decimal×Gross Income



If the gross income is $300 and the tax rate is 10%, then:




0.10×300=30



So the tax deduction is $30.




4. Finding total deductions




Usually, more than one deduction is taken out of a paycheck. To find the total deductions, calculate each deduction separately and then add them together.




For example, suppose a paycheck has:




  	Income tax: 10%


  	Social security: 5%


  	Local tax: 2%







If the gross income is $400:






  	Income tax: 0.10×400=40


  	Social security: 0.05×400=20


  	Local tax: 0.02×400=8







Total deductions:




40+20+8=68



Net pay:




400−68=332



So the worker takes home $332.




5. A shortcut when all deductions are percentages




If all deductions are percentages of the same gross income, you can add the percentages first.




Using the example above:




10%+5%+2%=17%



Then find 17% of $400:




0.17×400=68



This gives the same total deductions. Then subtract from gross income:




400−68=332



This shortcut works well when all deductions are based on the gross income.




6. Worked examples




Example 1: One deduction




Mia earns $12 per hour and works 15 hours this week. Her income tax is 10%. Find her gross income and net pay.




Step 1: Find gross income.




12×15=180



Gross income is $180.




Step 2: Find the tax deduction.




0.10×180=18



The tax deduction is $18.




Step 3: Find net pay.




180−18=162



Answer: Mia’s net pay is $162.




Example 2: Two deductions




Jordan has a gross income of $250. His paycheck has 8% income tax and 4% social security. Find his net pay.




Step 1: Find each deduction.




0.08×250=20



Income tax is $20.




0.04×250=10



Social security is $10.




Step 2: Add deductions.




20+10=30



Total deductions are $30.




Step 3: Subtract from gross income.




250−30=220



Answer: Jordan’s net pay is $220.




Example 3: Hourly pay with three deductions




Ava earns $18 per hour and works 25 hours. Her deductions are:




  	Income tax: 12%


  	Social security: 6%


  	Local tax: 2%







Find her net pay.




Step 1: Find gross income.




18×25=450



Gross income is $450.




Step 2: Find each deduction.




0.12×450=54



Income tax is $54.




0.06×450=27



Social security is $27.




0.02×450=9



Local tax is $9.




Step 3: Add deductions.




54+27+9=90



Total deductions are $90.




Step 4: Find net pay.




450−90=360



Answer: Ava’s net pay is $360.




Example 4: Using the percentage shortcut




Leo earns $500 gross income. His deductions are 9% income tax, 5% social security, and 1% local tax. Find his net pay.




Step 1: Add the deduction rates.




9%+5%+1%=15%



Step 2: Find total deductions.




0.15×500=75



Total deductions are $75.




Step 3: Subtract from gross income.




500−75=425



Answer: Leo’s net pay is $425.




7. Common mistakes to avoid






  	Forgetting to change a percent to a decimal. For example, 7% should be written as 0.07, not 7.


  	Subtracting the percent instead of the deduction amount. You subtract dollars, not percentages.


  	Using net pay instead of gross income to find deductions. Most deductions are based on the gross income.


  	Not adding all deductions. If there are several taxes, find them all before subtracting.







8. Helpful step-by-step method






  	Find the gross income.


  	Write each deduction percent as a decimal.


  	Multiply the gross income by each decimal to find each deduction.


  	Add all deductions together.


  	Subtract total deductions from gross income to get net pay.







9. Why this matters




Understanding income, taxation, and net pay helps you read a paycheck and know how much money is actually available to spend or save. A job may sound like it pays a certain amount, but taxes and deductions mean the take-home amount is smaller.




This math is part of financial literacy. It helps people make smart choices about work, saving, and spending.




[image: 📋]   Summary




Gross income is the full amount earned before deductions. Deductions such as income tax, social security, and local taxes are often found by multiplying gross income by a percent written as a decimal. After adding all deductions, subtract them from gross income to find net pay.




Remember the main formula:




Net Pay=Gross Income−Total Deductions



If you follow the steps carefully, you can solve paycheck problems with confidence.


  
  Put what you read to the test

  You've worked through Income, Taxation, and Net Pay. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/683
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  Budgets and Fixed vs. Variable Expenses


Have you ever wondered where money goes each month? A budget helps answer that question. A budget is a plan for how money will be earned, spent, and saved.


Learning to make a budget is an important life skill. It helps people make smart choices, avoid overspending, and work toward goals like saving for a game, a bike, or a trip.


One big idea in budgeting is understanding the difference between fixed expenses and variable expenses. When you know which costs stay the same and which can change, it becomes much easier to control your money.


1. What is a budget?


A budget compares the money coming in with the money going out.



	Income: money you receive, such as allowance, gift money, or money from a job.

	Expenses: money you spend.

	Savings: money you choose to keep for future use.




A simple budget idea is:


Income=Expenses+Savings


If your expenses are too high, your savings will be smaller. If you reduce some spending, you can save more.


2. Fixed expenses


Fixed expenses are costs that stay the same each month, or stay close to the same amount. These are easier to predict when making a budget.


Examples of fixed expenses can include:



	Rent or mortgage

	A monthly phone plan

	Internet bill

	Bus pass

	Streaming subscription




If a family pays $60 every month for internet, that is a fixed expense because it does not usually change from month to month.


3. Variable expenses


Variable expenses are costs that can change from one month to the next. These expenses are less predictable.


Examples of variable expenses can include:



	Food or snacks

	Clothing

	Entertainment

	School supplies

	Electricity or water bills that may change




If you spend $15 on snacks one week and $25 the next week, snack spending is a variable expense.


4. Why does the difference matter?


It is helpful to separate fixed and variable expenses because they affect your choices in different ways.



	Fixed expenses are usually harder to change quickly.

	Variable expenses are often easier to adjust.




For example, if you want to save more money this month, you may not be able to change a phone bill right away. But you may be able to spend less on snacks, games, or movies.


5. How to build a simple budget


To build a budget, follow these steps:



	Find your total income.

	List your fixed expenses.

	List your variable expenses.

	Add all expenses.

	Subtract expenses from income.

	Decide how much to save.




You can write this as:


Money Left Over=Income−Total Expenses


If the money left over is positive, you can save it or spend part of it carefully. If it is negative, your budget is not balanced and you need to reduce spending.


6. What is a balanced budget?


A balanced budget means you are not planning to spend more money than you earn.


In other words:


Income≥Expenses+Savings


If your income is less than your expenses, you have a problem because you are spending too much.


7. Savings ratio


A savings ratio tells what part of your income is being saved. It can be written as a fraction, decimal, or percent.


The formula is:


Savings Ratio=SavingsIncome


To turn it into a percent, multiply by 100.


For example, if you save $20 out of $100:


20100=0.20=20%


That means you saved 20% of your income.


Worked Example 1: Identifying fixed and variable expenses


Mia has these monthly expenses:



	Phone plan: $25

	Bus pass: $30

	Snacks: $18

	Movie tickets: $12




Which expenses are fixed, and which are variable?


Step 1: Look for costs that stay the same.



	Phone plan: fixed

	Bus pass: fixed




Step 2: Look for costs that may change.



	Snacks: variable

	Movie tickets: variable




Answer: Fixed expenses are the phone plan and bus pass. Variable expenses are snacks and movie tickets.


Worked Example 2: Finding money left over


Jordan earns $120 in a month from allowance and chores.


His expenses are:



	Music subscription: $10

	Club fee: $15

	Snacks: $20

	Games: $25




How much money does Jordan have left over?


Step 1: Add the expenses.


10+15+20+25=70


Total expenses are $70.


Step 2: Subtract expenses from income.


120−70=50


Answer: Jordan has $50 left over. He could choose to save some or all of it.


Worked Example 3: Creating a balanced budget


Sofia has monthly income of $90.


Her fixed expenses are:



	Phone plan: $20

	Art class fee: $25




Her variable expenses are:



	Snacks: $18

	Entertainment: $22




She wants to save $15. Is her budget balanced?


Step 1: Add fixed expenses.


20+25=45


Step 2: Add variable expenses.


18+22=40


Step 3: Add total expenses and savings.


45+40+15=100


Step 4: Compare with income.


Income is $90, but planned spending and saving total $100.


90<100


The budget is not balanced.


Step 5: Fix the budget.


Sofia needs to reduce spending by:


100−90=10


Since variable expenses are easier to change, she could lower entertainment from $22 to $12.


Answer: No, the budget is not balanced. She must cut $10 from spending or save less.


Worked Example 4: Finding a savings ratio


Leo earns $200 in a month. After paying all expenses, he saves $35.


What is his savings ratio?


Step 1: Write the ratio.


SavingsIncome=35200


Step 2: Change to a decimal.


35200=0.175


Step 3: Change to a percent.


0.175×100=17.5%


Answer: Leo's savings ratio is 0.175, or 17.5%.


8. Tips for improving a budget



	Write down all income and expenses.

	Separate fixed costs from variable costs.

	Check which variable expenses can be reduced.

	Set a savings goal each month.

	Review your budget often, because variable expenses can change.




9. Common mistakes to avoid



	Forgetting small purchases like snacks or drinks

	Mixing up fixed and variable expenses

	Planning to spend more than your income

	Not including savings in the budget




10. Final idea


A budget is not just a list of numbers. It is a tool for making choices. When you understand fixed and variable expenses, you can see where your money goes and make a better plan for saving.


If you want to improve your budget, start by looking at the variable expenses. Even small changes can help you reach your goals faster.


  
  Put what you read to the test

  You've worked through Budgets and Fixed vs. Variable Expenses. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/684






  [image: 📝]   Lesson 106: Retail Math: Markups, Discounts, and Sales Tax

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/726




  Retail Math: Markups, Discounts, and Sales Tax




Have you ever seen a store sign that says "20% off" or looked at a receipt and noticed sales tax added at the end? That is retail math. Retail math helps us understand how prices change from the original price to the final amount paid at the register.




In this lesson, you will learn how to work with markups, discounts, and sales tax. You will also learn how to do more than one percent change in order, because in real shopping situations, these steps often happen one after another.




Important idea: Percent changes are usually based on the current price, not always the original price. That means the order matters.




1. What is a markup?




A markup is an amount added to a price. Stores use markups to raise the price of an item above what it cost them. For example, if a store buys a water bottle for $10 and adds a 30% markup, the selling price becomes higher than $10.




To find a markup amount, multiply the original price by the markup percent written as a decimal.




Markup Amount=Original Price×Markup Rate




Then add the markup to the original price.




New Price=Original Price+Markup Amount




You can also do both steps at once by multiplying by 1+markup rate.




New Price=Original Price×(1+markup rate)




For example, a 25% markup means multiply by 1.25.






  	10% markup →1.10


  	25% markup →1.25


  	40% markup →1.40







2. What is a discount?




A discount is an amount taken away from a price. When a store says an item is 15% off, that means you subtract 15% of the current price.




To find the discount amount:




Discount Amount=Price×Discount Rate




Then subtract the discount.




Sale Price=Price−Discount Amount




You can also do this in one step by multiplying by 1−discount rate.




Sale Price=Price×(1−discount rate)




For example, a 20% discount means multiply by 0.80.






  	10% discount →0.90


  	20% discount →0.80


  	35% discount →0.65







3. What is sales tax?




Sales tax is extra money added to the purchase price. It is usually added after discounts at the register.




To find the tax amount:




Tax Amount=Price×Tax Rate




Then add the tax to the price.




Final Price=Price+Tax Amount




Or use one step:




Final Price=Price×(1+tax rate)




For example:






  	5% tax →1.05


  	7% tax →1.07


  	8.25% tax →1.0825







4. Changing a percent to a decimal




To use percents in calculations, change the percent to a decimal by dividing by 100.






  	15%=0.15


  	8%=0.08


  	6.5%=0.065







5. The order of steps matters




In many shopping problems, the steps happen in a certain order:






  	Start with the original price.


  	Apply a markup if the price is being increased before selling.


  	Apply any discount to the current price.


  	Apply sales tax at the end.







This matters because each percent is taken from the price that comes right before it.




For example, taking 20% off and then adding 8% tax is not the same as just combining them into 12%. Each step changes the price before the next step happens.




6. Worked Example 1: Finding a markup




A store buys a notebook for $12 and uses a 25% markup. What is the selling price?




Step 1: Change 25% to a decimal.




25%=0.25




Step 2: Find the markup amount.




12×0.25=3




The markup is $3.




Step 3: Add the markup to the original price.




12+3=15




Answer: The selling price is $15.




You could also do it in one step:




12×1.25=15




7. Worked Example 2: Finding a discount




A hoodie costs $40. It is on sale for 30% off. What is the sale price?




Step 1: Change 30% to a decimal.




30%=0.30




Step 2: Find the discount amount.




40×0.30=12




The discount is $12.




Step 3: Subtract the discount from the original price.




40−12=28




Answer: The sale price is $28.




One-step method:




40×0.70=28




8. Worked Example 3: Discount, then sales tax




A pair of shoes costs $60. The store offers 20% off, and then 5% sales tax is added. What is the final price?




Step 1: Find the discounted price.




20%=0.20




60×0.20=12




The discount is $12.




60−12=48




After the discount, the price is $48.




Step 2: Find the sales tax on the discounted price.




5%=0.05




48×0.05=2.40




The tax is $2.40.




Step 3: Add the tax.




48+2.40=50.40




Answer: The final register price is $50.40.




Using multipliers, you could also write:




60×0.80×1.05=50.40




9. Worked Example 4: Markup, discount, and sales tax




A store gets a game for $50. The store adds a 40% markup. Then the game is put on sale for 10% off. Finally, 8% sales tax is added at checkout. What is the final price?




Step 1: Apply the markup.




40%=0.40




50×1.40=70




After the markup, the price is $70.




Step 2: Apply the discount.




10%=0.10




70×0.90=63




After the discount, the price is $63.




Step 3: Apply the sales tax.




8%=0.08




63×1.08=68.04




Answer: The final register price is $68.04.




10. A helpful shortcut: multipliers




When several percent changes happen in a row, multipliers can save time.






  	For a markup, use 1+rate


  	For a discount, use 1−rate


  	For sales tax, use 1+rate







Example of a chain of changes:




Original price =80, 25% off, then 6% tax:




80×0.75×1.06




First multiply:




80×0.75=60




Then multiply again:




60×1.06=63.60




The final price is $63.60.




11. Common mistakes to avoid






  	Forgetting to change percent to decimal: 15% means 0.15, not 15.


  	Adding or subtracting the percent instead of using it on the price: For 20% off $50, do not do 50−20. Find 20% of 50 first.


  	Taxing the wrong amount: Sales tax is usually added after the discount, not before.


  	Combining percent changes incorrectly: A 20% discount and 5% tax do not mean just 15% off.


  	Using the original price every time: After one change, the next percent uses the new current price.







12. How to solve retail math problems step by step






  	Read carefully and find the starting price.


  	Underline each percent change and note whether it is a markup, discount, or tax.


  	Change each percent to a decimal.


  	Work in the correct order, updating the price after each step.


  	Round money to the nearest cent if needed.







13. Quick check




Try these on your own:






  	A $25 item has a 20% markup. What is the new price?


  	A $90 jacket is 30% off. What is the sale price?


  	A $50 item is 10% off, then 6% tax is added. What is the final price?







Answers:






  	$30


  	$63


  	$47.70







14. Summary




Retail math helps you find how prices change in stores. A markup increases a price, a discount decreases a price, and sales tax adds extra cost at the end.




To solve these problems, change each percent to a decimal and apply each step in order. Remember that each new percent is based on the current price. If you follow the order carefully, you can find the final register price with confidence.


  
  Put what you read to the test

  You've worked through Retail Math: Markups, Discounts, and Sales Tax. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/685
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  Simple vs. Compound Interest


Money can grow when you save or invest it, and money can also increase when you borrow it. The extra money added is called interest.


There are two common types of interest: simple interest and compound interest. They may sound similar, but they work in different ways.


In this lesson, you will learn what each type means, how to calculate it, and why compound interest usually grows faster over time.


1. Important words to know



  	Principal: the starting amount of money

  	Interest: the extra money earned or owed

  	Rate: the percent used to calculate interest

  	Time: how long the money is saved or borrowed

  	Total amount: principal plus interest




We often use these variables:



  	
    
      P
     = principal

  	r = interest rate written as a decimal

  	t = time in years

  	I = interest

  	A = total amount




To change a percent to a decimal, divide by 100.



  	5%=0.05

  	8%=0.08

  	12%=0.12




2. What is simple interest?


Simple interest is interest calculated only on the original principal. That means the same amount of interest is added each year.


This creates linear growth. Linear growth means the total increases by equal amounts over equal times.


The formula for simple interest is:


I=Prt

Once you find the interest, you can find the total amount:


A=P+I

Because simple interest adds the same amount each year, it does not “snowball.”


3. What is compound interest?


Compound interest means interest is calculated on the principal and also on past interest.


This means your money can grow faster over time. Each time interest is added, the balance gets bigger. Then the next interest calculation uses that bigger balance.


This creates a snowball effect. The amount grows more and more quickly as time goes on.


If interest is compounded once each year, the total amount after t years is:


A=P(1+r)t

The interest earned is then:


I=A−P

For 7th Grade, we will mostly compare simple interest with compound interest that is added yearly.


4. The big difference



  	Simple interest: interest is based only on the starting principal.

  	Compound interest: interest is based on the starting principal and the interest already added.




So:



  	Simple interest grows by the same amount each year.

  	Compound interest grows by larger and larger amounts over time.




5. Worked Example 1: Finding simple interest


A student puts $500 in a savings account earning 6% simple interest each year for 3 years. How much interest is earned?


Step 1: Write the values.



  	P=500

  	r=0.06

  	t=3




Step 2: Use the formula.


I=Prt

I=500(0.06)(3)

I=90

Answer: The interest earned is $90.


Step 3: Find the total amount if needed.


A=P+I=500+90=590

So after 3 years, the account has $590.


Notice: The account earns the same amount each year:



  	Year 1: $30

  	Year 2: $30

  	Year 3: $30




6. Worked Example 2: Finding compound interest


Now use the same starting amount: $500 at 6% interest for 3 years, but this time it is compounded yearly.


Step 1: Write the formula.


A=P(1+r)t

Step 2: Substitute the values.


A=500(1+0.06)3

A=500(1.06)3

Step 3: Calculate.


1.063≈1.191016

A≈500(1.191016)

A≈595.51

Step 4: Find the interest.


I=A−P=595.51−500=95.51

Answer: The total amount is about $595.51, so the interest earned is about $95.51.


Compare:



  	Simple interest after 3 years: $90

  	Compound interest after 3 years: about $95.51




Compound interest earns more because each year the new interest is calculated on a larger balance.


7. Seeing the snowball effect


Let’s look at the yearly balances for the compound interest example.



  	Start: $500.00

  	After Year 1: 500×1.06=530.00

  	After Year 2: 530.00×1.06=561.80

  	After Year 3: 561.80×1.06≈595.51




The interest added each year is not the same:



  	Year 1 interest: $30.00

  	Year 2 interest: $31.80

  	Year 3 interest: about $33.71




That is why compound interest is called a snowball effect. The growth gets bigger over time.


8. Worked Example 3: Comparing simple and compound interest


Suppose $1,000 is invested at 5% for 4 years. Compare simple interest and compound interest.


Simple Interest


I=Prt

I=1000(0.05)(4)=200

A=1000+200=1200

With simple interest, the total amount is $1,200.


Compound Interest


A=P(1+r)t

A=1000(1.05)4

A=1000(1.21550625)

A≈1215.51

I=1215.51−1000=215.51

With compound interest, the total amount is about $1,215.51.


Comparison:



  	Simple interest earned: $200

  	Compound interest earned: about $215.51




At first, the difference may seem small. But over many years, compound interest can become much larger.


9. Worked Example 4: Interest on money you owe


Interest does not only help savings. It can also make debt grow.


A person borrows $800 at 10% compound interest yearly for 2 years. How much will be owed after 2 years?


Step 1: Use the formula.


A=P(1+r)t

A=800(1+0.10)2

A=800(1.10)2

A=800(1.21)

A=968

Answer: After 2 years, the amount owed is $968.


The interest is:


I=968−800=168

This example shows why borrowing money can become expensive, especially when interest compounds.


10. Quick tips for solving problems



  	Read carefully to see whether the problem says simple or compound interest.

  	Find the principal, rate, and time.

  	Turn the percent into a decimal.

  	Use the correct formula.

  	Check whether the question asks for interest only or the total amount.




11. Common mistakes to avoid



  	Forgetting to change percent to decimal
Example: 7% should be 0.07, not 7.

  	Mixing up interest and total amount
Remember: I is just the extra money, while A is the whole amount.

  	Using the simple interest formula for compound interest
Compound interest must include repeated growth.

  	Thinking compound interest adds the same amount each year
It usually adds more each year because the balance keeps growing.




12. A simple way to remember the difference



  	Simple interest = same base every time
The interest always uses the original principal.

  	Compound interest = growing base every time
The interest uses a balance that keeps getting bigger.




You can also think of it this way:



  	Simple interest grows like adding equal steps.

  	Compound interest grows like a snowball rolling downhill.




13. Brief summary


Simple interest is calculated only on the original principal, so it grows by the same amount each year. Its formula is I=Prt.


Compound interest is calculated on the principal and the interest already added, so it grows faster over time. For yearly compounding, its formula is A=P(1+r)t.


When comparing the two, compound interest usually gives more growth for savings and can also make debt increase faster. That is why it is important to understand both types of interest in real life.


  
  Put what you read to the test

  You've worked through Simple vs. Compound Interest. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/686
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  Lesson: Credit, Loans, and Amortization Intuition


Money can help us buy things now, even if we do not have enough cash today. But when we borrow money, we usually have to pay back more than we borrowed. That extra amount is called interest.


In this lesson, you will learn how credit, loans, and payments over time work. You will also build intuition for amortization, which means paying off a loan little by little through regular payments.


Understanding this helps you answer important questions like:


  	How much will I really pay if I borrow money?

  	Why can small payments make a loan last a very long time?

  	How does interest change the total cost?




1. What is credit?


Credit means being allowed to borrow money now and pay it back later. A common example is a credit card. When you use a credit card, the bank pays first, and then you pay the bank back.


If you do not pay the full amount right away, the bank usually charges interest. That means your balance can grow.


2. What is a loan?


A loan is money you borrow and agree to repay over time. Examples include borrowing money for a bike, a car, or school expenses.


Important parts of a loan are:


  	Principal: the amount you first borrow

  	Interest: the extra money charged for borrowing

  	Payment: the amount you pay each time

  	Balance: the amount you still owe




For example, if you borrow $200, then the principal is $200. If you repay $220 in total, then $20 of that total is interest.


3. What is interest?


Interest is like the price of borrowing money. The lender charges it because they are letting you use their money for a while.


Interest is often given as a percent. For example, a loan might have a yearly interest rate of 12%.


To estimate one year of simple interest, you can use:


Interest=Principal×Rate

If you borrow $100 at 10% for one year:


Interest=100×0.10=10

So you would owe:


100+10=110

4. Why loans can cost more than expected


Many people look only at the monthly payment. But a smaller monthly payment can mean you pay for a longer time. That often means paying more total interest.


So when comparing loans, it is smart to ask:


  	What is the monthly payment?

  	How many payments will I make?

  	How much will I pay altogether?




The total amount paid can be found by:


Total Paid=Payment Amount×Number of Payments

Then:


Total Interest=Total Paid−Principal

5. What does amortization mean?


Amortization means paying off a loan through regular payments over time. Each payment usually does two jobs:


  	pays some interest

  	pays down some of the principal




At the beginning of a loan, a bigger part of each payment often goes toward interest. Later, more of each payment goes toward the principal.


This is why loans can feel slow to shrink at first.


6. A simple way to picture one payment


Suppose you owe $500, and interest for the month is $10. If you make a payment of $40:


  	$10 pays the interest

  	the remaining $30 reduces the balance




Your new balance would be:


500−30=470

Even though you paid $40, the balance only dropped by $30 because part of the payment covered interest.


7. Minimum payments and credit card debt


Credit cards often allow a minimum payment. This is the smallest amount you are allowed to pay each month.


Paying only the minimum may sound helpful, but it can be very expensive. Why?


  	The balance stays around for a long time.

  	Interest keeps being added.

  	You may end up paying much more than the original amount.




If your payment is only a little larger than the interest charged, the debt shrinks very slowly.


Worked Example 1: Finding total cost of a loan


Maria borrows $300 to buy a tablet. She pays $27 each month for 12 months.


Step 1: Find the total paid.


27×12=324

Maria pays $324 in total.


Step 2: Find the interest paid.


324−300=24

Answer: Maria paid $24 in interest.


This means the tablet really cost her $324, not just $300.


Worked Example 2: One payment on a loan


Jalen owes $200. This month, the interest added is $8. He makes a payment of $25.


Step 1: Subtract the interest part from the payment.


25−8=17

So $17 goes toward the principal.


Step 2: Find the new balance.


200−17=183

Answer: After the payment, Jalen still owes $183.


Notice that he paid $25, but the balance fell by only $17.


Worked Example 3: Why a bigger payment helps


A credit card balance is $400. This month, $12 of interest is added.


Case A: Minimum payment of $20


  	Interest paid: $12

  	Amount reducing balance: 20−12=8




New balance:


400−8=392

Case B: Larger payment of $50


  	Interest paid: $12

  	Amount reducing balance: 50−12=38




New balance:


400−38=362

Answer: The larger payment reduces the debt much faster.


In Case A, the balance drops by only $8. In Case B, it drops by $38. This is why paying more than the minimum can save a lot of money.


Worked Example 4: Comparing two loan choices


A store offers two ways to pay for a $600 bike.


  	Plan 1: $55 per month for 12 months

  	Plan 2: $35 per month for 20 months




Plan 1 total:


55×12=660

Interest on Plan 1:


660−600=60

Plan 2 total:


35×20=700

Interest on Plan 2:


700−600=100

Answer: Plan 1 costs less overall, even though the monthly payment is higher.


This shows an important idea: a lower monthly payment does not always mean a better deal.


8. Warning signs to watch for


When borrowing money, be careful if you notice:


  	very high interest rates

  	very long repayment times

  	payments that are so small the balance barely changes

  	only looking at the monthly payment instead of the total cost




9. Smart habits when thinking about credit



  	Borrow only what you can afford to repay.

  	Try to pay more than the minimum.

  	Look at the total amount paid, not just each monthly payment.

  	Remember that interest makes things cost more over time.




10. Key ideas to remember



  	Credit lets you buy now and pay later.

  	Loans must be repaid with interest.

  	Interest is the extra cost of borrowing.

  	Amortization means paying off debt through regular payments over time.

  	Each payment often covers interest first, then lowers the principal.

  	Small payments can make debt last much longer.

  	Paying more each month can reduce the total interest paid.




Brief Summary


Borrowing money can be useful, but it has a cost. The cost comes from interest, which makes you repay more than you borrowed. When you understand how payments, balance, and interest work together, you can make smarter choices and avoid debt that lasts too long.


  
  Put what you read to the test

  You've worked through Credit, Loans, and Amortization Intuition. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/687
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  Lesson: Fermi Problems and Magnitude Estimation


Sometimes in math, you are asked a question that seems impossible to answer exactly.


For example:


	How many ping pong balls could fit in a classroom?

	How many steps do students at your school take in one day?

	How many coins would fill a backpack?




These are called Fermi problems. A Fermi problem is a question where you probably do not know the exact answer, but you can make a smart estimate by breaking the problem into smaller, easier parts.


In this lesson, you will learn how to use reasonable assumptions, simple geometry, and powers of ten to estimate very large quantities.


What is magnitude estimation?


Magnitude means the size of something. In magnitude estimation, you are trying to figure out about how big or small a quantity is.


You are not trying to get the exact answer. You are trying to get an answer that is close enough to make sense.


For example, if someone asks how many minutes are in a year, you might not know right away. But you can estimate:


365×24×60

This gives


365×1440=525,600

So there are about 500,000 minutes in a year. That is a magnitude estimate.


Why Fermi problems matter


Fermi problems help you practice skills that are useful in real life:


	making reasonable guesses

	using what you already know

	breaking big problems into smaller steps

	checking whether an answer makes sense

	working with very large numbers




These skills are also helpful in financial literacy and applied modeling. In money situations, people often estimate costs, savings, time, and amounts before making decisions.


The basic steps for solving a Fermi problem



	Understand the question. Decide what is being estimated.

	Break the problem into parts. Turn one huge question into several smaller ones.

	Make reasonable assumptions. Use values that are sensible, even if they are not exact.

	Do the math. Multiply, divide, or add your estimates.

	Check whether the answer is reasonable. Ask: Is it too big? Too small? Does it fit the situation?




Important idea: assumptions


An assumption is a value you choose because it seems reasonable.


For example, if you are estimating how many students can fit in an auditorium, you might assume:


	each chair is about 2 feet wide

	there are about 20 rows

	each row has about 25 chairs




Then your estimate would be


20×25=500

That does not mean the exact number is 500. It means 500 is a reasonable estimate based on your assumptions.


Using powers of ten


Powers of ten help us describe very large or very small numbers more easily.


Here are some examples:


	101=10

	102=100

	103=1000

	104=10,000

	105=100,000

	106=1,000,000




When estimating, it is often helpful to round numbers to nearby powers of ten.


For example:


	48 is about 50, which is about 5×10

	320 is about 300, which is 3×102

	9,800 is about 10,000, which is 104




This makes mental math easier.


Estimating with area and volume


Many Fermi problems involve space, so area and volume are useful.


Area tells how much flat surface something covers.


Area of rectangle=length×width

Volume tells how much space a 3D object takes up.


Volume of rectangular prism=length×width×height

If you are estimating how many objects fit in a space, you can often:


	find the volume of the space

	estimate the volume of one object

	divide




But in real life, objects do not pack perfectly. There are gaps between them. So your answer may need to be adjusted.


Worked Example 1: How many pencils are in a box?


Suppose a teacher has a large box of pencils, and you want to estimate how many pencils are inside.


Let us assume:


	the box is about 30 cm long, 20 cm wide, and 10 cm tall

	one pencil is about 20 cm long

	a pencil takes up about 1 cm by 1 cm of space when packed




Since the pencils are about 20 cm long, they would likely lie along the 30 cm length of the box.


Now estimate how many pencils fit in one layer:


20×10=200

That is because the box width is about 20 cm and the height is about 10 cm, so each layer could hold about 20×10 pencils.


Since the pencils are 20 cm long and the box is 30 cm long, only one main pencil length fits along that direction.


So the estimate is about 200 pencils.


This may not be exact, but it gives the right size of answer.


Worked Example 2: How many ping pong balls fit in a classroom?


This is a classic Fermi problem.


Assume the classroom is a rectangular prism with dimensions:


	length = 9 m

	width = 8 m

	height = 3 m




First find the volume of the classroom:


9×8×3=216 cubic meters

Now estimate the size of a ping pong ball. A ping pong ball is about 4 cm across, which is 0.04 m.


To make the estimate simpler, pretend each ball fits inside a small cube that is 0.04 m on each side.


The volume of one small cube is


0.04×0.04×0.04=0.000064 cubic meters

Now divide:


2160.000064=3,375,000

So about 3,375,000 ping pong balls could fit if there were no furniture and everything packed perfectly.


But real classrooms have desks, shelves, and empty gaps between balls. So a more realistic estimate might be closer to 2,000,000 to 3,000,000 ping pong balls.


Notice that the exact answer is not the goal. The goal is finding the correct magnitude, which is in the millions.


Worked Example 3: How many text messages could a group of students send in a year?


Suppose you want to estimate how many text messages 500 students might send in one year.


Let us assume:


	each student sends about 20 text messages per day

	there are 365 days in a year

	there are 500 students




First find how many messages one student sends in a year:


20×365=7300

Now multiply by 500 students:


7300×500=3,650,000

So the students might send about 3,650,000 text messages in a year.


Using magnitude, we can say this is about 4×106, or about 4 million.


Worked Example 4: Estimating a snack budget for a school event


Fermi problems are also useful in financial literacy.


Suppose a school is planning an event for about 300 students. You want to estimate how much money is needed for snack bags.


Assume each snack bag contains:


	1 granola bar for about $1

	1 juice box for about $2

	1 small fruit pack for about $1




So one snack bag costs about


1+2+1=4

Now multiply by 300 students:


300×4=1200

The school should plan for about $1200.


If prices change a little, the exact total may differ, but the estimate helps with planning.


Rounding to make estimates easier


When working with Fermi problems, rounding is very helpful.


For example, suppose you need to estimate:


48×197

You could round:


	48≈50

	197≈200




Then compute:


50×200=10,000

The exact answer is different, but 10,000 is a good estimate.


How to know if an estimate is reasonable


After you solve a Fermi problem, always ask yourself whether your answer makes sense.


Here are some questions to check:


	Is my answer too big or too small for the situation?

	Did I use units correctly?

	Did I forget empty space, gaps, or real-world obstacles?

	Would a different reasonable assumption change the answer a little, or a lot?




For example, if you estimated that only 50 ping pong balls fit in a classroom, that would be far too small. If you estimated 50 billion, that would be far too large. A number in the millions makes much more sense.


Common mistakes to avoid



	Trying to be exact. Fermi problems are about reasonable estimates, not perfect answers.

	Using unrealistic assumptions. Your guesses should fit the real world.

	Forgetting units. Keep track of meters, centimeters, dollars, days, and so on.

	Ignoring empty space. Objects usually do not fit together perfectly.

	Not checking the final answer. Always ask if the result makes sense.




Helpful strategy: write the problem as a multiplication chain


Many Fermi problems can be written as several smaller factors multiplied together.


For example:


messages per student per day×days per year×number of students

Or:


volume of room÷volume of one object

This helps organize your thinking and makes large problems easier to solve.


Why different people may get different answers


In Fermi problems, two students may get different answers and both could still be correct if their assumptions are reasonable.


For example, one student may assume a classroom is 8 m by 7 m by 3 m, while another assumes 10 m by 8 m by 3 m. Both are possible classroom sizes, so their final estimates may differ.


What matters most is:


	the assumptions are sensible

	the math is correct

	the final answer has the right general size




[image: 📋]   Summary


Fermi problems ask you to estimate large or hard-to-find quantities by using logic and simple math.


To solve them, break the problem into smaller parts, make reasonable assumptions, use multiplication or division, and check whether your answer makes sense.


Magnitude estimation helps you understand the general size of an answer, often using powers of ten like thousands, millions, or more.


These skills are useful in school, science, and real-life planning, including budgeting, shopping, and solving everyday problems.


  
  Put what you read to the test

  You've worked through Fermi Problems and Magnitude Estimation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/688
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  Critiquing Misleading Data in Media


Every day, we see data in news articles, advertisements, social media posts, and videos. Charts and graphs can help us understand information quickly. But sometimes, the way data is shown can be misleading. That means it can make us believe something that is not fully true or not shown fairly.


Learning how to critique misleading data helps you become a smarter reader and decision-maker. In financial literacy, this is especially important because graphs and claims can affect how people think about prices, savings, sales, or business success.


In this lesson, you will learn how to spot common tricks used in media, including truncated axes, disproportionate scaling, and manipulative data framing.


1. What does it mean for data to be misleading?


Data is misleading when it is presented in a way that gives the wrong impression. The numbers themselves might be correct, but the graph, scale, labels, or wording may make the change look bigger, smaller, better, or worse than it really is.


For example, if one store says, “Our sales doubled!” that sounds huge. But if sales went from 2 items to 4 items, that is very different from going from 200 items to 400 items. The statement is true, but it leaves out important context.


2. Watch out for truncated axes


An axis is one of the number lines on a graph. On a bar graph, the vertical axis often shows amounts, and the horizontal axis often shows categories or time.


A truncated axis happens when the graph does not start at 0. Instead, it starts at a higher number, such as 50 or 90. This can make small differences look very large.


Suppose two companies have profits of 95 dollars and 100 dollars. The actual difference is only:


100−95=5


If a graph starts at 90 instead of 0, one bar will look much taller than the other, even though the difference is just 5 dollars.


When you see a graph, ask:


	Does the axis start at 0?

	If not, is there a good reason?

	Does the graph make a small difference look much bigger?




Line graphs sometimes use truncated axes too. This can be useful for showing small changes clearly, but it should be labeled carefully so viewers are not tricked.


3. Watch out for disproportionate scaling


Scaling means how the numbers are spaced on the graph. A graph has disproportionate scaling when the spaces between numbers are not equal or when pictures are stretched in a way that exaggerates changes.


For example, a vertical axis might go from 0 to 10, then 10 to 20, then jump to 100. If the spacing looks equal, the graph can confuse the reader.


Another example is using pictures or icons. If one picture is twice as tall and twice as wide as another, it may look like it represents 4 times as much, not 2 times as much. That is because area changes, not just height.


If one square has side length 2 and another has side length 4, their areas are:


22=4and42=16


So the larger square has:


164=4


times the area, even though the side length only doubled. This is one way images can mislead people.


Ask these questions:


	Are the intervals on the axis equal?

	Are symbols or pictures making the differences look too large?

	Does the graph use 3D shapes or oversized images that distract from the actual numbers?




4. Watch out for manipulative data framing


Data framing means how information is described or organized. The same data can sound very different depending on the words used.


For example, a headline might say, “School lunch prices increased by 50%!” That sounds dramatic. But if the price changed from $2.00 to $3.00, then the increase is:


3.00−2.00=1.00


Yes, a $1.00 increase is 50% of $2.00, but the headline may be trying to create a stronger reaction by using percent only.


Another framing trick is leaving out part of the story. A company might say, “Most customers saved money,” but not say how many customers were studied, how much they saved, or whether some customers lost money.


Good questions to ask are:


	Is the claim using percent, but not showing the actual numbers?

	Is important information missing?

	Does the wording try to make you feel excited, worried, or rushed?

	Who made the graph or claim, and what do they want you to believe?




5. Compare absolute change and percent change


To understand data fairly, it helps to look at both absolute change and percent change.


Absolute change is the amount something increases or decreases:


absolute change=new value−original value


Percent change compares the change to the original amount:


percent change=new value−original valueoriginal value×100%


Both are useful, but seeing only one can be misleading.


Worked Example 1: Spotting a truncated axis


A news post shows a bar graph comparing two stores.


	Store A monthly profit: $480

	Store B monthly profit: $500




The vertical axis starts at 450, not 0.


Step 1: Find the real difference.

500−480=20


The difference is only $20.


Step 2: Think about the graph.

Since the axis starts at 450, Store A is shown as height 30, and Store B is shown as height 50.


Step 3: Critique it.

The graph makes $20 look much bigger than it really is. The data may be correct, but the display is misleading because of the truncated axis.


Worked Example 2: Understanding percent and actual numbers


An advertisement says, “Our app users increased by 100% in one month!”


Suppose the app had 50 users at first and 100 users later.


Step 1: Find the absolute change.

100−50=50


Step 2: Find the percent change.

100−5050×100%=5050×100%=100%


Step 3: Critique it.

The claim is true, but the ad gives only the percent change. Going from 50 to 100 users is a much smaller business than going from 5,000 to 10,000 users, even though both are 100% increases. Without the actual numbers, the claim may sound more impressive than it is.


Worked Example 3: Disproportionate picture graph


A magazine uses coin pictures to compare savings.


	Person A saved $100

	Person B saved $200




The picture for Person B is twice as tall and twice as wide as the picture for Person A.


Step 1: Compare the actual amounts.

Person B saved:

200−100=100

more dollars than Person A.


Also, Person B saved:

200100=2

times as much as Person A.


Step 2: Compare the picture sizes.

If height and width both double, the area becomes 4 times as great.


Step 3: Critique it.

The picture makes $200 look like 4 times $100, even though it is only 2 times as much. This is misleading scaling.


Worked Example 4: Manipulative wording in a headline


A headline says, “Snack prices are skyrocketing!” The article gives these prices:


	Last year: $1.20

	This year: $1.50




Step 1: Find the absolute change.

1.50−1.20=0.30


Step 2: Find the percent change.

1.50−1.201.20×100%=0.301.20×100%=25%


Step 3: Critique the framing.

The price did increase, and 25% is a real increase. But the word “skyrocketing” is strong emotional language. A change of $0.30 may or may not feel huge, depending on the situation. The wording is trying to create a dramatic reaction.


6. A checklist for critiquing media data


When you see a chart, graph, or claim, use this checklist:


	Read the title carefully. What is the graph trying to prove?

	Check the axes. Do they start at 0? Are intervals equal?

	Look at the labels. Are units clear, like dollars, people, or percent?

	Compare the actual numbers. Do the visuals match the data?

	Watch for loaded words. Does the wording sound dramatic or one-sided?

	Ask what is missing. Is there enough information to understand the full story?

	Think about the source. Is it news, an ad, a business, or social media?




7. Why this matters in real life


Misleading data can affect important choices. People may decide where to shop, what to buy, how to save money, or which company to trust based on graphs and claims they see.


If you learn to question how data is presented, you are less likely to be fooled. You do not have to reject every graph. Instead, you should look carefully, ask questions, and decide whether the data is being shown fairly.


[image: 📋]   Summary


Media can present data in misleading ways, even when the numbers are technically correct. A truncated axis can make small differences look large, disproportionate scaling can exaggerate changes, and manipulative framing can use wording or missing details to influence the reader.


To critique data well, always check the graph scale, compare the real numbers, and think about how the information is being described. A careful reader looks beyond the picture and asks, “What is this data really showing?”


  
  Put what you read to the test

  You've worked through Critiquing Misleading Data in Media. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/690
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