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  Base-Ten Structure and Positional Value


Our number system is called the base-ten system. It is built on groups of 10. This means that every place in a number is worth 10 times as much as the place to its right.


For example, in the number 352, the digit 3 is in the hundreds place, the 5 is in the tens place, and the 2 is in the ones place. Each place has a different value because of its position.


This idea is called place value. A digit does not always have the same value. Its value depends on where it is in the number.


In this lesson, you will learn how the base-ten system works, how moving left or right changes a digit’s value, and how this helps you read, write, compare, and round numbers.


1. Understanding the places in base ten


Here are some common place values in whole numbers:



  	Ones

  	Tens

  	Hundreds

  	Thousands

  	Ten thousands

  	Hundred thousands




Each place is 10 times the value of the place to its right.


For example:



  	1 ten = 10 ones

  	1 hundred = 10 tens

  	1 thousand = 10 hundreds




We can also show this pattern with decimals. To the right of the ones place, the places become smaller by a factor of 10 each time.



  	Tenths

  	Hundredths

  	Thousandths




For decimals:



  	1 one = 10 tenths

  	1 tenth = 10 hundredths

  	1 hundredth = 10 thousandths




This means:


moving one place left=×10

moving one place right=÷10

Since dividing by 10 is the same as multiplying by one-tenth, we can also say:


moving one place right=×110

2. How a digit’s value changes by position


Look at the digit 7 in different numbers:



  	In 7, the 7 means 7 ones.

  	In 70, the 7 means 7 tens, or 70.

  	In 700, the 7 means 7 hundreds, or 700.




Each time the 7 moves one place to the left, its value becomes 10 times greater.


Now look at decimals:



  	In 0.7, the 7 means 7 tenths.

  	In 0.07, the 7 means 7 hundredths.

  	In 0.007, the 7 means 7 thousandths.




Each time the 7 moves one place to the right, its value becomes one-tenth as great.


Important idea: The digit stays the same, but its value changes because its place changes.


3. Reading numbers by place value


To read a whole number, separate it into periods of three digits from right to left. The periods are usually ones, thousands, and millions. In 6th Grade, you will often work with ones and thousands.


For example, the number 48,372 is read as forty-eight thousand, three hundred seventy-two.


The digits mean:



  	4 ten thousands = 40,000

  	8 thousands = 8,000

  	3 hundreds = 300

  	7 tens = 70

  	2 ones = 2




Decimals are read by saying the whole number part, then the decimal point as and, then the decimal part by its place value.


For example, 12.45 is read as twelve and forty-five hundredths.


This is because:



  	4 is in the tenths place

  	5 is in the hundredths place

  	45 means 45 hundredths




4. Writing numbers in different forms


Place value helps us write numbers in more than one way.



  	Standard form: 4,582

  	Word form: four thousand, five hundred eighty-two

  	Expanded form: 4,000+500+80+2




Expanded form shows the value of each digit clearly.


For decimals, expanded form works the same way.


Example:


3.48=3+0.4+0.08

Or we can write it with place-value names:


3.48=3 ones +4 tenths +8 hundredths

5. Comparing numbers using place value


To compare numbers, start by looking at the greatest place value. If the digits are the same there, move to the next place to the right.


Example: Compare 5,432 and 5,389.



  	Both have 5 thousands.

  	Now compare the hundreds: 4 hundreds is greater than 3 hundreds.




So:


5,432>5,389

The same rule works for decimals.


Example: Compare 0.56 and 0.6.


Write 0.6 as 0.60 to line up the place values.



  	Tenths: both have 6 tenths? No. 0.56 has 5 tenths and 0.60 has 6 tenths.




So:


0.56<0.60

6. Rounding using place value


Rounding means finding the nearest value of a number at a certain place.


To round:



  	Find the place you are rounding to.

  	Look at the digit to the right of that place.

  	If that digit is 5 or more, round up.

  	If that digit is less than 5, keep the digit the same.

  	Change all digits to the right into 0s for whole numbers, or drop them if rounding decimals.




Example: Round 4,276 to the nearest hundred.



  	The hundreds digit is 2.

  	The digit to the right is 7.

  	Since 7 is greater than 5, round up.




So:


4,276≈4,300

Example: Round 6.284 to the nearest tenth.



  	The tenths digit is 2.

  	The hundredths digit is 8.

  	Since 8 is 5 or more, round up.




So:


6.284≈6.3

7. Worked Examples


Example 1: Find the value of a digit


What is the value of the digit 6 in 46,218?


Step 1: Find the place of the digit 6.


The 6 is in the thousands place.


Step 2: Write its value.


6 thousands =6,000

Answer: The value of the 6 is 6,000.


Example 2: Explain how moving changes value


Compare the value of the digit 4 in 4,500 and 450.


In 4,500, the 4 is in the thousands place, so its value is 4,000.


In 450, the 4 is in the hundreds place, so its value is 400.


Since:


4,000=10×400

the 4 in 4,500 is 10 times the value of the 4 in 450.


Example 3: Write a decimal in expanded form


Write 7.305 in expanded form.


Look at each digit:



  	7 is in the ones place, so it means 7

  	3 is in the tenths place, so it means 0.3

  	0 is in the hundredths place, so it means 0

  	5 is in the thousandths place, so it means 0.005




So the expanded form is:


7.305=7+0.3+0.005

Example 4: Compare and round


Which number is greater, 23.47 or 23.5? Then round the greater number to the nearest one.


Step 1: Compare the numbers.


Write 23.5 as 23.50.



  	Ones: both have 23

  	Tenths: 4 tenths in 23.47, 5 tenths in 23.50




So:


23.50>23.47

The greater number is 23.5.


Step 2: Round 23.5 to the nearest one.



  	The ones digit is 3.

  	The tenths digit is 5.

  	Since it is 5, round up.




So:


23.5≈24

8. Key patterns to remember



  	Each place to the left is worth 10 times more.

  	Each place to the right is worth one-tenth as much.

  	A digit’s value depends on its position in the number.

  	Expanded form helps show the value of each digit.

  	To compare numbers, start at the greatest place value.

  	To round, look at the digit to the right of the place you are rounding to.




Brief Summary


The base-ten system is built on groups of 10. This means every time a digit moves one place to the left, its value becomes 10 times greater, and every time it moves one place to the right, its value becomes one-tenth as great.


Understanding place value helps you read and write numbers, show numbers in expanded form, compare numbers, and round numbers correctly. When you know what each place means, numbers make much more sense.


  
  Put what you read to the test

  You've worked through Base-Ten Structure and Positional Value. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2114
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  Powers of Ten and Exponents


Our number system is called the base-ten system. That means it is built on groups of 10. Every place value is 10 times the value of the place to its right.


For example, in the number 4,382, the 8 is in the tens place, so it means 8 tens, or 80. The 3 is in the hundreds place, so it means 3 hundreds, or 300. Each time you move one place to the left, the value becomes 10 times greater.


This is where powers of ten come in. Powers of ten help us write repeated multiplication by 10 in a short way.


An exponent tells how many times a number is multiplied by itself. When the base is 10, powers of ten are especially important in place value.


Here are some powers of ten:



  	
    101=10
  

  	
    102=100
  

  	
    103=1,000
  

  	
    104=10,000
  




Let’s look closely at what these mean:



  	101 means 10 is used as a factor 1 time: 10

  	102 means 10×10=100

  	103 means 10×10×10=1,000

  	104 means 10×10×10×10=10,000




Notice a pattern: each time the exponent goes up by 1, you multiply by 10, and the number gets one more zero.


We can show this pattern like this:


101=10

102=100

103=1,000

104=10,000

This connects directly to place value. Multiplying by 10 moves a digit one place to the left in value. Dividing by 10 moves a digit one place to the right in value.


When we multiply or divide by powers of ten, we can think about the decimal point shifting.



  	Multiplying by 10 moves the decimal point 1 place to the right.

  	Multiplying by 102=100 moves the decimal point 2 places to the right.

  	Multiplying by 103=1,000 moves the decimal point 3 places to the right.




For division:



  	Dividing by 10 moves the decimal point 1 place to the left.

  	Dividing by 102=100 moves the decimal point 2 places to the left.

  	Dividing by 103=1,000 moves the decimal point 3 places to the left.




Remember: every whole number has a decimal point, even if you do not see it. For example, 45 means 45.0, and 700 means 700.0.


Worked Example 1: Writing powers of ten


Write 103 as a standard number.


Step 1: The exponent 3 means multiply 10 by itself 3 times.


103=10×10×10

Step 2: Multiply.


10×10=100

100×10=1,000

So, 103=1,000.


Worked Example 2: Multiplying by a power of ten


Find 36×102.


Step 1: Rewrite 102 as 100.


36×102=36×100

Step 2: Multiplying by 100 moves the decimal point 2 places to the right.


Think of 36 as 36.0.


36.0→3600

So,


36×102=3,600

Worked Example 3: Dividing by a power of ten


Find 572÷102.


Step 1: Rewrite 102 as 100.


572÷102=572÷100

Step 2: Dividing by 100 moves the decimal point 2 places to the left.


Think of 572 as 572.0.


572.0→5.72

So,


572÷102=5.72

Worked Example 4: Using decimals


Find 4.8×103.


Step 1: Rewrite 103 as 1,000.


4.8×103=4.8×1,000

Step 2: Multiplying by 1,000 moves the decimal point 3 places to the right.


4.8→4800

You can imagine adding zeros if needed: 4.8=4.800.


Then move the decimal point 3 places:


4.800→4800

So,


4.8×103=4,800

Important Patterns to Remember



  	101=10

  	102=100

  	103=1,000

  	104=10,000





  	Multiply by 101: move the decimal 1 place right

  	Multiply by 102: move the decimal 2 places right

  	Multiply by 103: move the decimal 3 places right





  	Divide by 101: move the decimal 1 place left

  	Divide by 102: move the decimal 2 places left

  	Divide by 103: move the decimal 3 places left




Common Mistakes to Watch Out For



  	Do not just count zeros in the original number. Use the exponent to know how many places to move the decimal point.

  	Do not forget that whole numbers have a decimal point at the end. For example, 8=8.0.

  	When moving the decimal point, add zeros if needed. For example, 6.3×102=630.




Try Thinking About These



  	102 means 10×10, so it equals 100.

  	7×103 means 7×1,000=7,000.

  	9.5÷10 means move the decimal 1 place left, so the answer is 0.95.




[image: 📋]   Summary


Powers of ten are numbers like 101, 102, and 103. The exponent tells how many times 10 is multiplied by itself.


Multiplying by a power of ten moves the decimal point to the right. Dividing by a power of ten moves the decimal point to the left.


These ideas help us understand place value, because each place in the base-ten system is 10 times the value of the place to its right.


  
  Put what you read to the test

  You've worked through Powers of Ten and Exponents. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2115
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  Reading, Writing, and Expanding Whole Numbers


Whole numbers are built using the base-ten number system. This means each place in a number is worth 10 times as much as the place to its right.


When you understand place value, you can do three important things:


  	Read a whole number correctly

  	Write a whole number in standard form and word form

  	Expand a whole number to show the value of each digit




This lesson will help you understand how numbers are organized and how each digit has a value based on its position.


1. Understanding Place Value


In a whole number, each digit has a place. Starting from the right, the places are:


ones, tens, hundreds, thousands, ten thousands, hundred thousands, millions

Here is what each place is worth:


  	ones = 1

  	tens = 10

  	hundreds = 100

  	thousands = 1,000

  	ten thousands = 10,000

  	hundred thousands = 100,000

  	millions = 1,000,000




For example, in the number 45,382:


  	The 4 is in the ten-thousands place, so its value is 40,000.

  	The 5 is in the thousands place, so its value is 5,000.

  	The 3 is in the hundreds place, so its value is 300.

  	The 8 is in the tens place, so its value is 80.

  	The 2 is in the ones place, so its value is 2.




2. Standard Form


Standard form means writing the number using digits.


Example:

45,382 is in standard form.


This is the way numbers are usually written in math problems, charts, and real life.


3. Word Form


Word form means writing the number using words.


To read large numbers, it helps to separate them into periods. A period has three digits. Starting from the right, the periods are:


  	ones period

  	thousands period

  	millions period




For example, look at 45,382. We can think of it as:

45 thousand and 382


So the word form is:

forty-five thousand, three hundred eighty-two


When writing whole numbers in word form:


  	Write the value of each period from left to right.

  	Use the period name, such as thousand or million.

  	Do not use digits.

  	Be careful with hyphenated numbers like twenty-one or forty-five.




4. Expanded Form


Expanded form shows the value of each digit in a number.


For 45,382, we break the number into parts based on place value:


45,382=40,000+5,000+300+80+2

This helps us see exactly how the number is built.


Sometimes expanded form can also be written using multiplication:


45,382=4×10,000+5×1,000+3×100+8×10+2×1

Both forms show place value clearly.


5. How to Read and Write Whole Numbers


Here is a simple step-by-step method:


  	Start at the left side of the number.

  	Read the digits in each period.

  	Say the period name: thousand, million, and so on.

  	Move to the next period on the right.




Example: 3,206,014


  	3 is in the millions period, so we say three million.

  	206 is in the thousands period, so we say two hundred six thousand.

  	014 is in the ones period, so we say fourteen.




So the number is read as:

three million, two hundred six thousand, fourteen


6. Zeros Matter


Zeros are very important in whole numbers. Even when a zero does not add value by itself, it holds a place so the other digits stay in the correct positions.


For example, compare these numbers:


  	4,507

  	457




In 4,507, the zero is in the tens place. It shows that there are no tens, but the 5 is still in the hundreds place and the 7 is still in the ones place.


Expanded form for 4,507 is:


4,507=4,000+500+0+7

Usually, we leave out the zero part and write:


4,507=4,000+500+7

Worked Example 1


Write 6,341 in word form and expanded form.


Step 1: Identify each digit's place value.


  	6 thousands = 6,000

  	3 hundreds = 300

  	4 tens = 40

  	1 ones = 1




Step 2: Write the word form.

six thousand, three hundred forty-one


Step 3: Write the expanded form.


6,341=6,000+300+40+1

Worked Example 2


Write eighty-two thousand, nine hundred five in standard form and expanded form.


Step 1: Break the words into place values.


  	eighty-two thousand = 82,000

  	nine hundred five = 905




Step 2: Combine the values.


82,000+905=82,905

So the standard form is:

82,905


Step 3: Write the expanded form.


82,905=80,000+2,000+900+5

Notice that there are no tens, so we do not need to include 0 tens.


Worked Example 3


Read the number 507,018, then write it in word form and expanded form.


Step 1: Look at the periods.


  	507 thousand

  	018




Step 2: Write the word form.

five hundred seven thousand, eighteen


Step 3: Write the expanded form.


507,018=500,000+7,000+10+8

Notice that there are no ten-thousands, no thousands digit other than 7, no hundreds, and no tens digit except 1 ten.


Worked Example 4


Write two million, forty thousand, three hundred six in standard form and expanded form.


Step 1: Think about each period.


  	two million = 2,000,000

  	forty thousand = 40,000

  	three hundred six = 306




Step 2: Add the parts together.


2,000,000+40,000+306=2,040,306

So the standard form is:

2,040,306


Step 3: Write the expanded form.


2,040,306=2,000,000+40,000+300+6

7. Common Mistakes to Avoid


  	Mixing up place values: In 34,562, the 3 means 30,000, not 3,000.

  	Forgetting zeros: one thousand six is 1,006, not 1,6 or 106.

  	Skipping a place in expanded form: Make sure each digit is matched to the correct place.

  	Reading by digits instead of place value: Read 12,345 as twelve thousand, three hundred forty-five, not one two three four five.




8. Helpful Tips


  	Use commas to separate periods in large numbers.

  	Say the period names to help read numbers correctly.

  	Check each digit's place before writing expanded form.

  	If a place has zero, remember it still holds the spot.




[image: 📋]   Summary


Whole numbers are made of digits, and each digit has a value based on its place. You can write a number in standard form using digits, in word form using words, and in expanded form by showing the value of each digit.


When you read or write large numbers, pay close attention to place value and periods like thousands and millions. Expanded form is a great way to see how a number is built from its parts.


  
  Put what you read to the test

  You've worked through Reading, Writing, and Expanding Whole Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2116
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  Lesson: Reading, Writing, and Expanding Decimals


Decimals are a way to write numbers that are less than one whole, or numbers that have a whole-number part and a fractional part together. They are part of the base-ten system, just like whole numbers.


When you read, write, and expand decimals, you are using place value. Each place is worth 10 times as much as the place to its right, and 1 tenth of the place to its left.


In this lesson, you will learn how to:


  	read decimals to the thousandths place,

  	write decimals in standard form and word form,

  	write decimals in expanded form.




1. Understanding decimal place value


The decimal point separates the whole-number part from the decimal part.


To the left of the decimal point are whole-number places:


  	ones

  	tens

  	hundreds




To the right of the decimal point are decimal places:


  	tenths

  	hundredths

  	thousandths




Here is the place value pattern:


hundredstensones.tenthshundredthsthousandths

For example, in the number 4.583:


  	4 is in the ones place,

  	5 is in the tenths place,

  	8 is in the hundredths place,

  	3 is in the thousandths place.




This means:


4.583=4+0.5+0.08+0.003

2. Reading decimals


To read a decimal:


  	Read the whole-number part.

  	Say and for the decimal point.

  	Read the digits to the right of the decimal as a whole number.

  	Say the name of the place value of the last digit.




Example: Read 2.47


  	The whole-number part is 2: two

  	The decimal point is read as and

  	The digits to the right are 47: forty-seven

  	The last digit is in the hundredths place




So 2.47 is read as two and forty-seven hundredths.


Example: Read 0.306


  	The whole-number part is 0: zero

  	The digits to the right are 306: three hundred six

  	The last digit is in the thousandths place




So 0.306 is read as zero and three hundred six thousandths.


Important: When reading decimals, the place of the last digit tells you the name of the decimal part.


3. Writing decimals in word form


To write a decimal in word form, write the whole-number part, then use and, then write the decimal part as a fraction name based on the last place.


For example:


  	5.2 is five and two tenths

  	8.19 is eight and nineteen hundredths

  	3.405 is three and four hundred five thousandths




Zeros in decimals matter because they show place value. Compare:


  	0.5 = five tenths

  	0.05 = five hundredths

  	0.005 = five thousandths




These are different numbers because the digit 5 is in different places.


4. Writing decimals in standard form from words


To write a decimal from word form:


  	Write the whole-number part.

  	Write the decimal point for the word and.

  	Use the place value named at the end to decide how many decimal places are needed.




Examples:


  	Six and three tenths means 6.3

  	Nine and twenty-five hundredths means 9.25

  	Zero and eight thousandths means 0.008




Notice that in 0.008, there are zeros in the tenths and hundredths places. Those zeros are needed so the 8 lands in the thousandths place.


5. Writing decimals in expanded form


Expanded form shows the value of each digit. You can write it as a sum.


For whole numbers, you may have written:


352=300+50+2

Decimals work the same way.


Example:


7.24=7+0.2+0.04

This is because:


  	7 is 7 ones,

  	2 in the tenths place is 0.2,

  	4 in the hundredths place is 0.04.




You can also think of decimal parts as fractions:


0.2=210,0.04=4100,0.003=31000

So another way to expand 5.603 is:


5.603=5+0.6+0.003

There is no hundredths part in this number, so the hundredths digit is 0.


6. Worked examples


Example 1: Read and write in word form

Number: 4.8


  	Whole-number part: 4 [image: →] four

  	Decimal part: 8 is in the tenths place



Answer: four and eight tenths


Example 2: Write the decimal in standard form

Words: twelve and thirty-four hundredths


  	Whole-number part: 12

  	Thirty-four hundredths means 34 in the hundredths places



Answer:


12.34

Example 3: Write in expanded form

Number: 3.572


  	3 is in the ones place [image: →] 3

  	5 is in the tenths place [image: →] 0.5

  	7 is in the hundredths place [image: →] 0.07

  	2 is in the thousandths place [image: →] 0.002



Expanded form:


3.572=3+0.5+0.07+0.002

Example 4: Read, write, and expand a decimal with zeros

Number: 6.045


  	Whole-number part: 6 [image: →] six

  	Digits to the right of the decimal: 045 [image: →] forty-five

  	The last digit is in the thousandths place



Word form: six and forty-five thousandths


Expanded form:


6.045=6+0.04+0.005

Notice that the 0 in the tenths place does not add value, but it is important because it keeps the 4 in the hundredths place and the 5 in the thousandths place.


7. Common mistakes to avoid


  	Do not read the decimal point as “point” in word form. In math class, 3.4 should be read as three and four tenths, not “three point four,” when using place-value words.

  	Look at the last decimal place. That tells whether to say tenths, hundredths, or thousandths.

  	Do not ignore zeros in the middle of a decimal. In 2.08, the 8 is in the hundredths place, not the tenths place.

  	Expanded form shows value, not just digits. For 1.25, write 1+0.2+0.05, not 1+2+5.




8. Quick practice ideas


  	Read 0.9, 2.16, and 7.008 aloud in word form.

  	Write these in standard form: five and six tenths, one and two hundredths, nine and nineteen thousandths.

  	Write these in expanded form: 8.3, 4.62, 0.407.




[image: 📋]   Summary


Decimals use place value, just like whole numbers. To read a decimal, read the whole number, say and, then read the decimal part and name the place value of the last digit. To write a decimal in expanded form, show the value of each digit as a sum.


If you remember the places tenths, hundredths, and thousandths, you can read, write, and expand decimals with confidence.


  
  Put what you read to the test

  You've worked through Reading, Writing, and Expanding Decimals. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2117






  [image: 📝]   Lesson 5: The Role of Zero in Base-Ten
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  The Role of Zero in Base-Ten


In our base-ten number system, the value of a digit depends on where it is placed. This is called place value.


For example, in the number 352, the 3 means 3 hundreds, the 5 means 5 tens, and the 2 means 2 ones.


Zero is a very important digit in base-ten. It has two main jobs:



  	Zero as a value: It can mean “none” or “nothing.”

  	Zero as a placeholder: It can hold a place so the other digits keep their correct values.




Understanding these two jobs helps us read, write, compare, and work with numbers correctly.


1. Zero as a value


Sometimes zero means there is no amount of something.


For example, if you have 0 apples, that means you have no apples. In a number sentence, 7−7=0, the zero means nothing is left.


On its own, zero is a number. It is not the same as “empty space.” It has a real value: 0.


2. Zero as a placeholder


In larger numbers, zero often works as a placeholder. This means it shows that a certain place has no value, while keeping the other digits in the correct positions.


Look at the number 504.



  	The 5 is in the hundreds place, so it means 500.

  	The 0 is in the tens place, so it means there are no tens.

  	The 4 is in the ones place, so it means 4.




So,


504=500+0+4

Without the zero, the number would be 54, which is very different. The zero keeps the 5 in the hundreds place.


Why placeholders matter


Placeholders are important because moving a digit changes its value.


Compare these numbers:



  	54 means 5 tens and 4 ones.

  	504 means 5 hundreds, 0 tens, and 4 ones.

  	5004 means 5 thousands, 0 hundreds, 0 tens, and 4 ones.




The zeros show which places are empty, so the 5 and 4 stay in the correct places.


Zero in whole numbers


In whole numbers, zero can appear in the middle or at the end.


When zero is in the middle, it usually acts as a placeholder. For example, in 306, the zero shows there are no tens.


When zero is at the end of a whole number, it also shows place value. In 80, the zero shows there are 8 tens and 0 ones.


So,


80=8×10

and


800=8×100

The zeros help show whether the 8 means 8, 80, or 800.


Zero in decimals


Zero is also important in decimals. It can be a value or a placeholder there too.


In 4.05:



  	The 4 is in the ones place.

  	The 0 is in the tenths place, meaning there are no tenths.

  	The 5 is in the hundredths place.




So,


4.05=4+0.05

The zero is important because 4.05 is not the same as 4.5.



  	4.05 means 4 ones, 0 tenths, and 5 hundredths.

  	4.5 means 4 ones and 5 tenths.




Since 5 tenths is greater than 5 hundredths, 4.5 is greater than 4.05.


Important note about zeros at the end of decimals


Sometimes a zero at the end of a decimal does not change the value.


For example,


0.5=0.50

This is because 0.5 means 5 tenths, and 0.50 means 50 hundredths. These are equal amounts.


But zeros inside a decimal number can be very important. For example, 0.05 and 0.5 are not equal.


Reading numbers with zero


When reading numbers, we still use place value to understand what zero is doing.



  	407 is read as four hundred seven.

  	5,020 is read as five thousand twenty.

  	3.08 is read as three and eight hundredths.




We do not usually say the zero when reading whole numbers, but we must understand that it is holding a place.


Comparing numbers with zero


Zero helps us compare numbers correctly because it affects place value.


Compare 402 and 42.



  	402 has 4 hundreds.

  	42 has 4 tens.




Since hundreds are larger than tens, 402>42.


Compare 0.7 and 0.07.



  	0.7 means 7 tenths.

  	0.07 means 7 hundredths.




Since tenths are larger than hundredths,


0.7>0.07

Worked Example 1: Zero as a value


Question: What does the zero mean in 9−9=0?


Step 1: Think about the subtraction.


If you take 9 away from 9, nothing is left.


Answer: The zero means no amount. Here, zero is being used as a value.


Worked Example 2: Zero as a placeholder in a whole number


Question: What does the zero do in 608?


Step 1: Name the places.



  	6 is in the hundreds place.

  	0 is in the tens place.

  	8 is in the ones place.




Step 2: Write the value of each digit.


608=600+0+8

Answer: The zero shows there are no tens. It is a placeholder that keeps the 6 in the hundreds place and the 8 in the ones place.


Worked Example 3: Why zero changes a number


Question: Explain the difference between 45 and 405.


Step 1: Break apart 45.


45=40+5

This means 4 tens and 5 ones.


Step 2: Break apart 405.


405=400+0+5

This means 4 hundreds, 0 tens, and 5 ones.


Answer: The zero in 405 holds the tens place. Because of that zero, the 4 is in the hundreds place, not the tens place. So 405 is much greater than 45.


Worked Example 4: Zero in a decimal


Question: Which is greater: 2.5 or 2.05?


Step 1: Look at the decimal places.



  	2.5 means 2 ones and 5 tenths.

  	2.05 means 2 ones, 0 tenths, and 5 hundredths.




Step 2: Compare tenths and hundredths.


5 tenths is greater than 5 hundredths.


So,


2.5>2.05

Answer: 2.5 is greater. The zero in 2.05 shows there are no tenths, so the 5 is in the hundredths place.


Key ideas to remember



  	Zero can mean none or nothing.

  	Zero can also be a placeholder in a number.

  	A placeholder zero keeps other digits in the correct place values.

  	Without zero, a number can mean something completely different.

  	In decimals, zero can help show whether a digit is in the tenths or hundredths place.

  	A zero at the end of a decimal, like in 0.50, does not change the value.




[image: 📋]   Summary


Zero is one of the most important digits in the base-ten system. It is both a number with value 0 and a placeholder that helps show place value.


In numbers like 504, 80, and 4.05, zero tells us which places are empty so the other digits keep their correct values. When you understand the role of zero, you can read, write, compare, and understand numbers much more accurately.


  
  Put what you read to the test

  You've worked through The Role of Zero in Base-Ten. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2118
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  Comparing and Ordering Rational Numbers means deciding which numbers are greater, smaller, or equal, and putting numbers in order from least to greatest or greatest to least.
In 6th grade, you will often compare whole numbers and decimals. The key idea is to use place value. Each digit has a value based on its position.
For example, in the number 4.27:
	The 4 is in the ones place.
	The 2 is in the tenths place.
	The 7 is in the hundredths place.

When comparing numbers, always start by looking at the digit with the greatest place value. If those digits are the same, move one place to the right until you find a difference.
Comparison symbols help show the relationship between numbers:
	> means greater than
	< means less than
	= means equal to

For example, 8>5, 2.4<2.9, and 6.00=6.
Important idea: Adding zeros to the end of a decimal does not change its value. So 3.5=3.50=3.500.
This is helpful because sometimes writing extra zeros makes decimals easier to compare.
Steps for comparing whole numbers and decimals:
	Look at the greatest place value.
	If the digits are different, the number with the greater digit is greater.
	If the digits are the same, move to the next place on the right.
	Keep going until you find a difference.
	If all compared digits are the same, the numbers are equal.

When ordering numbers, compare them two at a time and then place them in the correct sequence.
Worked Example 1: Comparing whole numbers
Compare 4,582 and 4,625.
Start with the thousands place. Both numbers have 4 thousands.
Move to the hundreds place. The first number has 5 hundreds, and the second number has 6 hundreds.
Since 5<6, we know:
4,582<4,625
So 4,625 is greater.
Worked Example 2: Comparing decimals
Compare 2.48 and 2.53.
Start with the ones place. Both numbers have 2 ones.
Move to the tenths place. 2.48 has 4 tenths, and 2.53 has 5 tenths.
Since 4<5, we know:
2.48<2.53
So 2.53 is greater.
Worked Example 3: Comparing decimals with different numbers of digits
Compare 6.7 and 6.68.
It helps to write 6.7 as 6.70.
Now compare:
6.70and6.68
Start with the ones place. Both have 6 ones.
Move to the tenths place. 6.70 has 7 tenths, and 6.68 has 6 tenths.
Since 7>6, we know:
6.70>6.68
So:
6.7>6.68
Worked Example 4: Ordering a set of decimals
Order these numbers from least to greatest:
3.09,  3.9,  3.12,  3.105
First, write them so they have the same number of decimal places:
3.090,  3.900,  3.120,  3.105
Now compare from left to right.
All have 3 ones, so move to the tenths place.
	3.090 has 0 tenths
	3.900 has 9 tenths
	3.120 has 1 tenth
	3.105 has 1 tenth

The smallest is 3.090, or 3.09.
Now compare 3.120 and 3.105. They both have 1 tenth, so check the hundredths place.
3.120 has 2 hundredths, and 3.105 has 0 hundredths.
Since 0<2, we get:
3.105<3.120
And 3.900, or 3.9, is the greatest.
So the order from least to greatest is:
3.09,  3.105,  3.12,  3.9
Tips to remember:
	Compare digits from the greatest place value to the least.
	Do not just count how many digits a decimal has.
	Use zeros at the end of decimals to help line up place values.
	A number like 4.50 is equal to 4.5.

A common mistake is thinking that 0.9<0.27 because 27 is bigger than 9. But this is not correct.
Write 0.9 as 0.90. Then compare:
0.90and0.27
At the tenths place, 9>2, so:
0.9>0.27
This shows why place value is so important.
Let’s review the main idea: whole numbers and decimals are compared by checking digits from left to right, starting with the greatest place value. If needed, write extra zeros at the end of decimals so the place values are easier to line up.
Once you can compare two numbers correctly, you can also order a whole list of numbers with confidence.


  
  Put what you read to the test

  You've worked through Comparing and Ordering Rational Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2119
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  Rounding Strategies and Midpoints


Rounding helps us replace a number with a nearby number that is easier to read, compare, or use in everyday life. For example, a store might round a price, or we might round a distance to the nearest mile.


To round well, you need to understand place value and midpoints. A midpoint is the number exactly halfway between two benchmark numbers.


In this lesson, you will learn how to round whole numbers and decimals by using place value and by thinking about where a number sits on a number line.


1. What does rounding mean?


When we round, we choose the nearest benchmark number. A benchmark number is a number at the place you are rounding to.


For example, if you round to the nearest ten, the benchmark numbers are multiples of 10, such as 20, 30, 40, and 50. If you round to the nearest tenth, the benchmark numbers are numbers like 3.1, 3.2, 3.3, and 3.4.


The rounded number should be the benchmark number that is closest to the original number.


2. Why midpoints matter


A midpoint is the value exactly halfway between two benchmark numbers. Midpoints help us decide whether to round down or round up.


Here is the key rounding rule:



  	If the number is less than the midpoint, round down.

  	If the number is greater than the midpoint, round up.

  	If the number is exactly at the midpoint, round up.




For example, when rounding to the nearest ten, the number 45 is the midpoint between 40 and 50.


Since 45 is exactly halfway, it rounds up to 50.


3. Rounding on a number line


A number line is a great tool for rounding because it shows which benchmark numbers a value is between.


To round using a number line:



  	Find the two benchmark numbers around the number.

  	Find the midpoint between those benchmarks.

  	Decide whether the number is closer to the lower benchmark or the higher benchmark.




Suppose you want to round 67 to the nearest ten.


The two benchmark numbers are 60 and 70.


The midpoint is:


60+702=65


Because 67 is greater than 65, it is closer to 70. So 67 rounds to 70.


4. A quick place-value strategy


You can also round by looking at the digit to the right of the place you are rounding to.



  	If that digit is 0, 1, 2, 3, or 4, round down.

  	If that digit is 5, 6, 7, 8, or 9, round up.




This works because the digit 5 represents the midpoint or more.


For whole numbers:


  	Round 482 to the nearest ten: look at the ones digit, which is 2. Round down to 480.

  	Round 486 to the nearest ten: look at the ones digit, which is 6. Round up to 490.




For decimals:


  	Round 4.23 to the nearest tenth: look at the hundredths digit, which is 3. Round down to 4.2.

  	Round 4.28 to the nearest tenth: look at the hundredths digit, which is 8. Round up to 4.3.




5. How to round whole numbers


Let us review the steps for whole numbers.



  	Decide which place to round to.

  	Find the digit in that place.

  	Look at the digit to its right.

  	If that digit is 5 or more, increase the rounding digit by 1.

  	If that digit is 4 or less, keep the rounding digit the same.

  	Change all digits to the right into 0.




Example: Round 3,472 to the nearest hundred.



  	The hundreds digit is 4.

  	The digit to the right is 7.

  	Since 7 is greater than or equal to 5, round up.

  	The 4 becomes 5, and the digits to the right become 0.




So,


3,472≈3,500


6. How to round decimals


Decimals can be rounded in the same way as whole numbers. The only difference is that the places are tenths, hundredths, and thousandths.


Remember these decimal places:



  	
    ones: the digit just left of the decimal point
  

  	
    tenths: first digit right of the decimal point
  

  	
    hundredths: second digit right of the decimal point
  

  	
    thousandths: third digit right of the decimal point
  




Example: Round 6.347 to the nearest hundredth.



  	The hundredths digit is 4.

  	The digit to the right is 7.

  	Since 7 is 5 or more, round up.

  	The 4 becomes 5.




So,


6.347≈6.35


7. Worked Examples


Example 1: Round a whole number to the nearest ten


Round 83 to the nearest ten.


The benchmark numbers are 80 and 90.


The midpoint is 85.


Since 83 is less than 85, it is closer to 80.


83≈80


Example 2: Round a whole number to the nearest hundred


Round 650 to the nearest hundred.


The benchmark numbers are 600 and 700.


The midpoint is:


600+7002=650


Since 650 is exactly at the midpoint, we round up.


650≈700


Example 3: Round a decimal to the nearest tenth


Round 2.46 to the nearest tenth.


The tenths benchmark numbers around 2.46 are 2.4 and 2.5.


The midpoint between them is 2.45.


Since 2.46 is greater than 2.45, it is closer to 2.5.


2.46≈2.5


Example 4: Round a decimal to the nearest hundredth


Round 9.125 to the nearest hundredth.


The hundredths benchmark numbers are 9.12 and 9.13.


The midpoint is 9.125.


Since the number is exactly at the midpoint, we round up.


9.125≈9.13


8. Common mistakes to avoid



  	Do not look at all the digits. Only look at the digit to the right of the place you are rounding to.

  	Do not forget the midpoint rule. If the number is exactly halfway, round up.

  	Do not change digits to the left. Only the rounding digit may change, and digits to the right become 0 in whole numbers or are removed in decimals.

  	Be careful with decimals. The place names matter. Nearest tenth and nearest hundredth are not the same.




9. Helpful thinking questions


When you round, ask yourself:



  	What place am I rounding to?

  	What are the two benchmark numbers?

  	What is the midpoint?

  	Is my number below the midpoint, above it, or exactly on it?




10. Summary


Rounding means finding the nearest benchmark number. Midpoints are important because they tell you when to round down or up.


You can round by using a number line or by checking the digit to the right of the place you are rounding to. If that digit is 5 or more, round up. If it is 4 or less, round down.


With practice, rounding whole numbers and decimals becomes quick and accurate.


  
  Put what you read to the test

  You've worked through Rounding Strategies and Midpoints. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2120
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  Number Line Scaling and Intervals


A number line is a straight line with numbers placed in order from least to greatest. We use number lines to locate, compare, and estimate numbers.


Sometimes a number line shows every counting number, like 0, 1, 2, 3, and so on. But many number lines do not label every point. Instead, you must figure out the scale and the interval size.


Understanding scale and intervals helps you place exact whole numbers and decimals correctly. This is very important when numbers are large, small, or close together.


What do scale and interval mean?



  	Scale tells how the number line is counting.

  	Interval is the amount between two marks that are next to each other.




For example, if the marks on a number line go 0, 1, 2, 3, then the interval is 1. If the marks go 0, 5, 10, 15, then the interval is 5.


If the number line shows decimals like 0.0, 0.1, 0.2, 0.3, then the interval is 0.1.


How to find the interval size


When some numbers are labeled, you can find the interval by using two labeled marks.



  	Find the difference between the two labeled numbers.

  	Count how many equal spaces are between them.

  	Divide the difference by the number of spaces.




This gives the value of one interval.


In math form:


interval size=difference between labeled numbersnumber of equal spaces

Main idea: Equal spaces on a number line must represent equal amounts.


Worked Example 1: Finding the interval on a whole-number line


A number line has a mark labeled 10 and, 4 equal spaces later, a mark labeled 30. What is the interval size?


Step 1: Find the difference.


30−10=20


Step 2: Count the equal spaces.


There are 4 spaces.


Step 3: Divide.


204=5


So the interval size is 5.


That means the number line counts like this:


10, 15, 20, 25, 30


How to identify a number on a number line


Once you know the interval, move from one labeled point by adding or subtracting the interval each time.


If the point is to the right, add. If the point is to the left, subtract.


Worked Example 2: Identifying a missing whole number


Suppose a number line has equal marks. One mark is labeled 40 and the next labeled mark, 5 spaces later, is 65. What number is at the third mark after 40?


Step 1: Find the difference.


65−40=25


Step 2: Divide by the number of spaces.


255=5


So each interval is 5.


Step 3: Count forward from 40.



  	1st mark after 40: 45

  	2nd mark after 40: 50

  	3rd mark after 40: 55




The third mark after 40 is 55.


Number lines with decimals


Number lines do not only show whole numbers. They can also show tenths, hundredths, and other decimal amounts.


Remember:



  	Tenths change by 0.1

  	Hundredths change by 0.01




For example:



  	1.0,1.1,1.2,1.3 has interval 0.1

  	2.45,2.46,2.47 has interval 0.01




Worked Example 3: Finding a decimal on a number line


A number line starts at 2.0 and ends at 2.5. There are 5 equal spaces between these labels. What is the interval size, and what is the second mark after 2.0?


Step 1: Find the difference.


2.5−2.0=0.5


Step 2: Divide by the number of spaces.


0.55=0.1


So each interval is 0.1.


Step 3: Count forward.



  	1st mark after 2.0: 2.1

  	2nd mark after 2.0: 2.2




The second mark after 2.0 is 2.2.


Worked Example 4: A smaller decimal interval


On a number line, one mark is labeled 3.40 and the mark 6 equal spaces later is labeled 3.46. What is the interval size? What number is 4 marks after 3.40?


Step 1: Find the difference.


3.46−3.40=0.06


Step 2: Divide by the number of spaces.


0.066=0.01


So each interval is 0.01.


Step 3: Count forward by hundredths.



  	1st mark: 3.41

  	2nd mark: 3.42

  	3rd mark: 3.43

  	4th mark: 3.44




The number 4 marks after 3.40 is 3.44.


How to plot a number on a number line


To plot a number means to place it in the correct spot.


Use these steps:



  	Find the interval size.

  	Decide which labeled numbers the point is between.

  	Count the intervals carefully.

  	Place the number exactly at that mark.




For example, if a number line counts by 0.2, then the marks might be:


1.0, 1.2, 1.4, 1.6, 1.8, 2.0


To plot 1.6, start at 1.0 and count by 0.2:


1.0→1.2→1.4→1.6


So 1.6 goes on the third mark after 1.0.


Common mistakes to avoid



  	Counting marks instead of spaces: The interval is based on the number of spaces between labeled points.

  	Forgetting the decimal place value: 0.1 and 0.01 are not the same.

  	Assuming the interval is 1: Always check the scale first.

  	Skipping careful counting: Count one interval at a time.




Helpful strategy


If you are not sure, write the numbers that would go on each mark. This helps you see the pattern clearly.


For example, if the interval is 0.05, you can list:


0.20, 0.25, 0.30, 0.35, 0.40


Seeing the pattern makes it easier to identify missing numbers.


[image: 📋]   Summary



  	A scale shows how a number line is counting.

  	An interval is the amount between two neighboring marks.

  	To find the interval, subtract the labeled numbers and divide by the number of equal spaces.

  	Once you know the interval, add or subtract to find missing whole numbers or decimals.

  	Always count spaces carefully and pay attention to place value.




When you understand number line scaling and intervals, you can read, identify, and plot numbers much more accurately.


  
  Put what you read to the test

  You've worked through Number Line Scaling and Intervals. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2121






  
    
  [image: 📖]   Chapter 2

  Whole Number Computation and Algorithms
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  Properties of Operations are rules about how numbers work when we add and multiply. These rules help us solve problems faster, check our thinking, and explain why a strategy works.


In 6th Grade, these properties are very useful for mental math. Instead of always using the standard algorithm right away, you can sometimes rearrange or break apart numbers to make a problem easier.


In this lesson, you will learn four important properties:


  	Commutative Property

  	Associative Property

  	Identity Property

  	Distributive Property




Let’s look at each one.


1. Commutative Property

The word commutative means that the order can change, but the answer stays the same.


For addition:

a+b=b+a

Example: 7+4=4+7, and both equal 11.


For multiplication:

a×b=b×a

Example: 3×9=9×3, and both equal 27.


Important: This property does not work for subtraction or division.


  	10−3=7, but 3−10≠7

  	12÷4=3, but 4÷12≠3




How it helps: You can switch numbers to make a problem easier.

Example: 25+48=48+25. Sometimes seeing 48+25 helps you think of quarters, money, or easier counting.


2. Associative Property

The word associative means that when adding or multiplying three or more numbers, you can change the grouping, and the answer stays the same.


For addition:

(a+b)+c=a+(b+c)

Example: (2+8)+5=2+(8+5)

Left side: 10+5=15

Right side: 2+13=15


For multiplication:

(a×b)×c=a×(b×c)

Example: (4×5)×2=4×(5×2)

Left side: 20×2=40

Right side: 4×10=40


Important: The associative property does not work for subtraction or division.


How it helps: You can group numbers in a smarter way.

Example: 6+14+4. Group 6+4 first because it makes 10. Then 10+14=24.


3. Identity Property

The identity property tells us that some numbers keep a value the same.


For addition, the identity number is 0.

a+0=a

Example: 13+0=13


For multiplication, the identity number is 1.

a×1=a

Example: 56×1=56


This means adding zero does not change a number, and multiplying by one does not change a number.


How it helps: It helps you recognize when a number stays the same and explains why some expressions do not change.


4. Distributive Property

The distributive property helps us multiply by breaking apart a number into easier parts.


a×(b+c)=a×b+a×c


This means you can multiply the number outside the parentheses by each number inside the parentheses.


Example:

6×(10+3)=6×10+6×3

=60+18=78


This is useful when one number can be broken into tens and ones.

For example, 7×24 can be thought of as:

7×24=7×(20+4)

=7×20+7×4

=140+28=168


How it helps: It makes multiplication easier to do in your head or with fewer steps.


Worked Example 1: Using the Commutative Property

Solve: 18+27

You could think of it as 27+18. The order changes, but the sum stays the same.

18+27=27+18=45

Why this works: Addition is commutative, so switching the order does not change the answer.


Worked Example 2: Using the Associative Property

Solve: 5+16+5

Group the numbers that make an easy sum first:

(5+16)+5=5+(16+5)

Or even better, group the two 5s:

(5+5)+16=10+16=26

Why this works: The associative property lets you change the grouping in addition.


Worked Example 3: Using the Identity Property

Solve: 94×1+0

First use the multiplication identity:

94×1=94

Then use the addition identity:

94+0=94

So the answer is:

94

Why this works: Multiplying by 1 and adding 0 do not change the number.


Worked Example 4: Using the Distributive Property

Solve: 8×27

Break apart 27 into 20+7:

8×27=8×(20+7)

Now distribute:

8×20+8×7

Multiply:

160+56=216

So,

8×27=216

Why this works: The distributive property lets you multiply each part and then add the results.


How to Tell Which Property Is Being Used


  	If the order changes, think commutative.

  	If the grouping changes, think associative.

  	If a number stays the same because of 0 or 1, think identity.

  	If a number is broken apart to multiply more easily, think distributive.




Quick Check


  	Which property is shown by 9+12=12+9?

  	Which property is shown by (3×4)×5=3×(4×5)?

  	Which property is shown by 67+0=67?

  	Which property is shown by 5×(30+2)=5×30+5×2?




Answers:


  	Commutative Property

  	Associative Property

  	Identity Property

  	Distributive Property




[image: 📋]   Summary

Properties of operations are rules that help numbers work in predictable ways. The commutative property changes order, the associative property changes grouping, the identity property keeps a number the same with 0 or 1, and the distributive property breaks apart numbers to multiply more easily.


When you understand these properties, you can solve problems more efficiently and explain your thinking clearly. They are powerful tools for mental math and for checking that your work makes sense.


  
  Put what you read to the test

  You've worked through Properties of Operations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2122






  [image: 📝]   Lesson 10: Standard Algorithms for Addition and Subtraction
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  Standard Algorithms for Addition and Subtraction


When numbers get large, it helps to have a clear step-by-step method to solve them. The standard algorithm is the method most students use to add and subtract multi-digit numbers neatly and accurately.


These methods are based on place value. That means every digit has a value depending on where it is: ones, tens, hundreds, thousands, and so on. Understanding place value helps you know when to regroup in addition or subtraction.


In this lesson, you will learn how to line up numbers correctly, when to regroup, and how to solve addition and subtraction problems using the standard algorithm.


1. Place Value Matters


Before you begin, always line up numbers by place value. Ones go under ones, tens under tens, hundreds under hundreds, and so on.


For example, in the addition problem below, each digit is lined up with the digit that has the same place value:


4,582+2,347

If numbers are not lined up correctly, the answer will be wrong.


2. Standard Algorithm for Addition


To add multi-digit whole numbers:



	Write the numbers vertically, lining up each place value.

	Start at the ones place.

	Add the digits in that column.

	If the sum is 10 or more, regroup by writing the ones digit in that place and carrying the tens to the next column.

	Move left to the tens, hundreds, and larger places.




Worked Example 1: Addition without regrouping


Find 3,214+5,563.


3,214+5,5638,777

Step by step:



	Ones: 4+3=7

	Tens: 1+6=7

	Hundreds: 2+5=7

	Thousands: 3+5=8




So, 3,214+5,563=8,777.


Worked Example 2: Addition with regrouping


Find 4,786+2,958.


1,1,14,786+2,9587,744

Step by step:



	Ones: 6+8=14. Write 4 in the ones place and carry 1 ten.

	Tens: 8+5+1=14. Write 4 in the tens place and carry 1 hundred.

	Hundreds: 7+9+1=17. Write 7 in the hundreds place and carry 1 thousand.

	Thousands: 4+2+1=7.




So, 4,786+2,958=7,744.


Addition Tips



	Always start from the right, with the ones place.

	If you regroup, make sure the carried number is added in the next column.

	Check that your digits are lined up correctly before solving.




3. Standard Algorithm for Subtraction


To subtract multi-digit whole numbers:



	Write the larger number on top and the smaller number below it.

	Line up place values carefully.

	Start at the ones place.

	If the top digit is smaller than the bottom digit, regroup from the place to the left.

	Continue subtracting from right to left.




Regrouping in subtraction means taking 1 from the place to the left. That 1 is worth 10 of the next smaller place. For example, 1 ten is 10 ones, and 1 hundred is 10 tens.


Worked Example 3: Subtraction without regrouping


Find 8,954−3,412.


8,954−3,4125,542

Step by step:



	Ones: 4−2=2

	Tens: 5−1=4

	Hundreds: 9−4=5

	Thousands: 8−3=5




So, 8,954−3,412=5,542.


Worked Example 4: Subtraction with regrouping


Find 6,302−1,478.


First write the problem vertically:


6,302−1,478

Now subtract from right to left.



	Ones: 2−8 is not possible, so regroup 1 ten from the tens place.

	But the tens digit is 0, so first regroup 1 hundred into the tens place. Then regroup 1 ten into the ones place.

	This changes the number so the hundreds and tens can help the ones place.




Think of 6,302 as:



	6 thousands

	3 hundreds

	0 tens

	2 ones




Regroup 1 hundred into 10 tens:



	3 hundreds becomes 2 hundreds

	0 tens becomes 10 tens




Now regroup 1 ten into 10 ones:



	10 tens becomes 9 tens

	2 ones becomes 12 ones




Now subtract:



	Ones: 12−8=4

	Tens: 9−7=2

	Hundreds: 2−4 is not possible, so regroup 1 thousand into 10 hundreds.

	6 thousands becomes 5 thousands, and 2 hundreds becomes 12 hundreds.

	Hundreds: 12−4=8

	Thousands: 5−1=4




6,302−1,4784,824

So, 6,302−1,478=4,824.


Subtraction Tips



	Always check whether the top digit is large enough before subtracting.

	If not, regroup from the place to the left.

	Be extra careful when there is a 0 in the number. You may need to regroup across more than one place.




4. How to Check Your Work


You can check addition by using subtraction, and you can check subtraction by using addition.


For example, if:


4,786+2,958=7,744

Then you can check by subtracting:


7,744−2,958=4,786

If your check works, your answer is probably correct.


5. Common Mistakes to Avoid



	Not lining up place values — digits must be in the correct columns.

	Forgetting to carry in addition — add the regrouped number to the next column.

	Forgetting to regroup in subtraction — if the top digit is smaller, you must regroup.

	Skipping over zeros carelessly — regrouping across zeros takes extra attention.




6. Summary


The standard algorithms for addition and subtraction are efficient methods for solving problems with multi-digit whole numbers. Both methods depend on strong place value understanding and careful work from right to left.


In addition, you add each column and regroup when the sum is 10 or more. In subtraction, you subtract each column and regroup when the top digit is smaller than the bottom digit.


With practice, these steps become quicker and easier. Neat setup, correct place value, and careful regrouping will help you solve problems accurately.


  
  Put what you read to the test

  You've worked through Standard Algorithms for Addition and Subtraction. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2123
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  Multiplication via Area Models and Partial Products


When we multiply larger whole numbers, it helps to break the numbers into smaller parts. This makes the multiplication easier to see and understand.


Two very helpful methods are the area model and partial products. These methods are connected. Both use the idea that a number can be split into place values, like tens and ones, or hundreds, tens, and ones.


For example, the number 34 can be split into 30+4. The number 12 can be split into 10+2.


These methods use the distributive property. This means we can multiply each part separately and then add the results together.


For example:


34×12=(30+4)(10+2)

Then we multiply each part:


30×10,30×2,4×10,4×2

After that, we add all the partial products.


What is an area model?


An area model is a rectangle split into smaller rectangles. Each side of the large rectangle is broken into place-value parts. The smaller rectangles show the multiplication of each part.


Think of one side as one factor and the other side as the second factor. Each small box shows one partial product.


Here is the basic process:



	Break each factor into place values.

	Draw a rectangle or organize the parts in a grid.

	Multiply each row part by each column part.

	Add all the partial products.




What are partial products?


Partial products are the smaller multiplication results you get after breaking apart the factors.


For example, in 23×15:



	23=20+3

	15=10+5




The partial products are:


20×10=200
20×5=100
3×10=30
3×5=15

Then add them:


200+100+30+15=345

So,


23×15=345

Why do these methods work?


They work because of place value. A number like 23 is really 20+3. A number like 15 is really 10+5.


So multiplying 23×15 means multiplying every part of 23 by every part of 15.


This is why we find all the smaller products and then add them together.


Worked Example 1: Two-digit by one-digit


Find 14×3.


Step 1: Break apart 14.


14=10+4

Step 2: Multiply each part by 3.


10×3=30
4×3=12

Step 3: Add the partial products.


30+12=42

Answer:


14×3=42

This could also be shown in an area model with two boxes: one for 10×3 and one for 4×3.


Worked Example 2: Two-digit by two-digit


Find 24×13.


Step 1: Break apart both numbers.


24=20+4
13=10+3

Step 2: Find each partial product.


20×10=200
20×3=60
4×10=40
4×3=12

Step 3: Add them all.


200+60+40+12=312

Answer:


24×13=312

You can organize this in an area model like this:



	Top parts: 20 and 4

	Side parts: 10 and 3

	Inside boxes: 200,60,40,12




Worked Example 3: Larger two-digit by two-digit


Find 36×27.


Step 1: Break apart the factors.


36=30+6
27=20+7

Step 2: Multiply each part.


30×20=600
30×7=210
6×20=120
6×7=42

Step 3: Add the partial products.


600+210+120+42=972

Answer:


36×27=972

Worked Example 4: Three-digit by one-digit


Find 123×4.


Step 1: Break apart 123 by place value.


123=100+20+3

Step 2: Multiply each part by 4.


100×4=400
20×4=80
3×4=12

Step 3: Add the partial products.


400+80+12=492

Answer:


123×4=492

How to set up an area model



	Write one factor across the top, broken into place values.

	Write the other factor along the side, broken into place values.

	Draw boxes where the rows and columns meet.

	Multiply to fill in each box.

	Add all box values to get the total product.




Helpful tips



	Always break numbers correctly by place value.

	Make sure you multiply every part by every part.

	Add carefully at the end.

	If your answer seems too small or too large, check the partial products.




Common mistakes to avoid



	Forgetting one of the boxes in the area model.

	Breaking apart numbers incorrectly. For example, 34 is 30+4, not 3+4.

	Making place-value mistakes, such as thinking 20×3=6 instead of 60.

	Forgetting to add all the partial products.




Check your thinking


If you multiply 21×14, you can estimate first.


Since 21 is about 20 and 14 is about 10, the answer should be around:


20×10=200

The exact answer should be a little more than 200. This helps you decide if your final answer makes sense.


[image: 📋]   Summary


Area models and partial products help you multiply by breaking numbers into place-value parts. Then you multiply each part and add the results.


Remember:



	Break apart the factors.

	Multiply each part.

	Add all partial products.




These methods help you understand what multiplication really means. They also build a strong foundation for using faster multiplication methods later.


  
  Put what you read to the test

  You've worked through Multiplication via Area Models and Partial Products. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2124
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  Lesson: The Standard Algorithm for Multiplication


When we multiply larger whole numbers, we need a method that is organized, accurate, and efficient. One powerful method is called the standard algorithm for multiplication.


This method helps us multiply multi-digit numbers by working one place value at a time. It is faster than drawing models, and it connects to what you may already know about partial products.


In this lesson, you will learn what the standard algorithm is, why it works, and how to use it step by step.


1. Review: Place Value Matters


Before using the standard algorithm, it is important to remember that every digit has a value based on its place.



  	In 34, the 3 means 3 tens, or 30.

  	In 275, the 2 means 2 hundreds, or 200.

  	In 4,826, the 8 means 8 hundreds, or 800.




Multiplication with the standard algorithm works because we multiply digits based on their place values, then combine the results correctly.


2. Connecting Partial Products to the Standard Algorithm


Suppose we want to multiply 23×4.


Using partial products, we can break 23 into 20 and 3:


23×4=(20×4)+(3×4)
=80+12=92

The standard algorithm does the same work, but in a shorter written form.


We write:


23× 4

Now multiply from right to left:



  	Multiply the ones: 4×3=12. Write the 2 in the ones place and carry the 1 ten.

  	Multiply the tens: 4×2=8 tens. Add the carried 1 ten: 8+1=9 tens.




The answer is:


23× 492

This matches the partial products answer.


3. Steps for the Standard Algorithm


Here are the basic steps when multiplying whole numbers with the standard algorithm.



  	Line up the numbers by place value.

  	Start with the digit in the ones place of the bottom number.

  	Multiply from right to left.

  	If a product is 10 or more, regroup by writing the ones digit and carrying the tens digit.

  	If the bottom number has more than one digit, multiply by the next digit to the left.

  	Use a zero placeholder when multiplying by a tens digit.

  	Add the partial rows.




4. Worked Example 1: One-Digit by Two-Digit


Find 46×3.


Step 1: Write the problem vertically.


46× 3

Step 2: Multiply the ones.


3×6=18. Write 8 in the ones place. Carry 1 ten.


146× 3  8

Step 3: Multiply the tens.


3×4=12 tens. Add the carried 1 ten: 12+1=13 tens.


So:


146× 3138

Therefore, 46×3=138.


5. Worked Example 2: Two-Digit by Two-Digit


Find 24×13.


Step 1: Set up the problem.


24×13

We will multiply by the 3 first, then by the 1 in the tens place.


Multiply by 3:



  	3×4=12. Write 2, carry 1.

  	3×2=6. Add 1: 7.




124×1372

Multiply by 1 ten:


The 1 in 13 really means 1 ten, or 10. So we place a 0 in the ones place before we start that row.



  	Put a 0 as a placeholder.

  	1×4=4

  	1×2=2




24×1372240

Now add the two rows:


24×1372240312

So, 24×13=312.


Why did we write the 0? Because the second row is really 24×10, not 24×1. The zero shows that the product starts in the tens place.


6. Worked Example 3: A Larger Two-Digit by Two-Digit Problem


Find 58×27.


Step 1: Write the problem vertically.


58×27

Multiply by 7:



  	7×8=56. Write 6, carry 5.

  	7×5=35. Add 5: 40.




558×27406

Multiply by 2 tens:


Since the 2 is in the tens place, it really means 20. Start the second row with a 0 placeholder.



  	2×8=16. Write 6 in the tens column of that row, carry 1.

  	2×5=10. Add 1: 11.




58×274061160

Add the rows:


58×2740611601566

Therefore, 58×27=1566.


7. Worked Example 4: Three-Digit by Two-Digit


Find 136×24.


136×24

Multiply by 4:



  	4×6=24. Write 4, carry 2.

  	4×3=12. Add 2: 14. Write 4, carry 1.

  	4×1=4. Add 1: 5.




\begin{array}{r}
  ^1 ^2 136 \\
\times 24 \\
\hline
   544
\end{array}

Multiply by 2 tens:


Start with a 0 placeholder because the 2 means 20.



  	2×6=12. Write 2, carry 1.

  	2×3=6. Add 1: 7.

  	2×1=2




136×245442720

Add the rows:


136×2454427203264

So, 136×24=3264.


8. Common Mistakes to Watch For



  	Forgetting to regroup: If a product is 10 or more, carry the extra tens.

  	Forgetting the zero placeholder: When multiplying by a tens digit, the second row must start one place to the left.

  	Adding incorrectly at the end: Check the final addition carefully.

  	Not lining up digits by place value: Keep each row neat so the places match correctly.




9. Helpful Tips



  	Always multiply from right to left.

  	Say the place value to yourself: “This 2 means 20.”

  	If your answer seems too small or too large, estimate first.




For example, to estimate 58×27, you could use 60×30=1800. The exact answer, 1566, is close, so it makes sense.


10. Summary


The standard algorithm for multiplication is a quick and organized way to multiply multi-digit whole numbers.


Remember these key ideas:



  	Line up numbers by place value.

  	Multiply from right to left.

  	Regroup when needed.

  	Use a zero placeholder when multiplying by a tens digit.

  	Add the partial rows carefully.




The standard algorithm is really a shorter way to do partial products. Understanding place value helps you see why it works.


With practice, this method becomes faster and easier, and it will help you solve many multiplication problems correctly.


  
  Put what you read to the test

  You've worked through The Standard Algorithm for Multiplication. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2125
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  Division via Partial Quotients is a way to divide using place value and repeated subtraction of easy multiples of the divisor.
Instead of guessing one digit at a time like in standard long division, you subtract larger chunks that are easy to work with, such as 10 groups, 100 groups, or 5 groups. Then you add those groups together to find the quotient.
This method helps you understand what division means: how many equal groups can be taken out of a number.
For example, if you want to solve 84÷4, you are asking, “How many groups of 4 are in 84?” With partial quotients, you can subtract big groups of 4 until you reach 0.
What is a partial quotient?
A quotient is the answer to a division problem. A partial quotient is one part of that answer.
When using this method, you:
	choose a multiple of the divisor that is easy to subtract,
	subtract it from the dividend,
	record how many groups you subtracted,
	repeat until the amount left is smaller than the divisor.

Then you add all the partial quotients to get the final quotient.
Important words
	Dividend: the number being divided
	Divisor: the number you divide by
	Quotient: the answer
	Remainder: what is left over if the dividend is not divided evenly

In 156÷12:
	156 is the dividend,
	12 is the divisor,
	the quotient is the answer.

How to divide using partial quotients
	Write the division problem.
	Think of an easy multiple of the divisor to subtract.
	Subtract that amount from the dividend.
	Write down how many groups you subtracted.
	Keep subtracting easy multiples of the divisor.
	Add the partial quotients.
	If there is a small amount left that is less than the divisor, that amount is the remainder.

Worked Example 1: 84÷4
We want to find how many groups of 4 are in 84.
Start by subtracting a large easy multiple of 4. Since 4×20=80, subtract 80.
84−80=4We subtracted 20 groups of 4.
Now subtract one more group of 4.
4−4=0We subtracted 1 more group.
Add the partial quotients:
20+1=21So,
84÷4=21Worked Example 2: 156÷12
We need to find how many groups of 12 are in 156.
Choose an easy multiple. Since 12×10=120, subtract 120 first.
156−120=36That means we took away 10 groups of 12.
Now see how many more groups of 12 fit into 36. Since 12×3=36, subtract 36.
36−36=0That means we took away 3 more groups of 12.
Add the partial quotients:
10+3=13So,
156÷12=13Worked Example 3: 275÷5
This problem has a larger dividend, but the same method works.
Start with a big easy chunk. Since 5×50=250, subtract 250.
275−250=25That is 50 groups of 5.
Now subtract the remaining 25. Since 5×5=25, subtract 25.
25−25=0That is 5 more groups.
Add the partial quotients:
50+5=55So,
275÷5=55Worked Example 4: 293÷7
Sometimes division does not come out evenly. Then there is a remainder.
Start with a large multiple of 7. Since 7×40=280, subtract 280.
293−280=13That is 40 groups of 7.
Now subtract one more group of 7.
13−7=6That is 1 more group.
Now 6 is less than 7, so we cannot subtract another full group of 7.
Add the partial quotients:
40+1=41The remainder is 6, so
293÷7=41 remainder 6You can choose different partial quotients
One great thing about this method is that different students may choose different multiples, and they can still get the same correct answer.
For 84÷4, one student might subtract 40, then 40, then 4.
84−40=4444−40=44−4=0The partial quotients are 10, 10, and 1, because:
	40=4×10
	40=4×10
	4=4×1

Add them:
10+10+1=21The answer is still 21.
Why partial quotients works
Division asks how many equal groups fit into a number. Partial quotients works because you keep removing groups of the divisor until there are no more full groups left.
You are using multiplication and subtraction together:
	Multiplication helps you find easy chunks to subtract.
	Subtraction helps you keep track of what is left.
	Addition helps you combine the partial quotients.

Helpful tips
	Choose multiples that are easy to multiply, like 10, 20, 50, or 100 groups.
	Check your subtraction carefully.
	Make sure each amount you subtract is a multiple of the divisor.
	At the end, add all partial quotients correctly.
	If the leftover amount is smaller than the divisor, it is the remainder.

Common mistakes to avoid
	Forgetting to add the partial quotients: The numbers you wrote on the side must be added to get the final quotient.
	Subtracting a number that is not a multiple of the divisor: If dividing by 6, you can subtract 60 or 18, but not 20.
	Stopping too early: Keep going until what is left is less than the divisor.
	Mixing up quotient and remainder: The quotient is the number of groups; the remainder is what is left over.

Check your answer
You can check division with multiplication.
For example, in 156÷12=13:
13×12=156That shows the answer is correct.
For a problem with a remainder, check by multiplying and then adding the remainder.
For 293÷7=41 remainder 6:
41×7=287287+6=293So the answer is correct.
[image: 📋]   Summary
Partial quotients is a division method where you subtract easy multiples of the divisor in parts. Each part gives a partial quotient, and adding those parts gives the final quotient.
This method uses place value and helps make sense of division. It is especially useful for dividing larger numbers because you can break the work into manageable chunks.


  
  Put what you read to the test

  You've worked through Division via Partial Quotients. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2126
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  The Standard Algorithm for Division


Division helps us split a number into equal groups. When the numbers are large, we use the standard algorithm for division, also called long division.


In this lesson, you will learn how to divide multi-digit whole numbers by multi-digit divisors using long division. You will also learn how to keep track of the remainder at each step.


What division means


If we solve 84÷4, we are asking, “How many groups of 4 are in 84?” The answer is 21, because 4×21=84.


Sometimes a number does not divide evenly. For example, 85÷4=21 remainder 1, because 4×21=84 and 1 is left over.


Parts of a division problem



  	Dividend: the number being divided

  	Divisor: the number you are dividing by

  	Quotient: the answer

  	Remainder: the amount left over




In 276÷12:


  	276 is the dividend

  	12 is the divisor

  	The quotient is the answer

  	If something is left over, that is the remainder




The long division steps


You can remember long division with these four actions:



  	Divide

  	Multiply

  	Subtract

  	Bring down




Then repeat the steps until there are no more digits to bring down.


How to decide where to start


Look at the left side of the dividend. Ask: Can the divisor go into this part? If not, look at one more digit.


For example, in 156÷24, the divisor 24 cannot go into 1, and it cannot go into 15, but it can go into 156. So we begin there.


Worked Example 1: Divide 84÷6


This example uses a one-digit divisor first, so you can clearly see the pattern of long division.


\requireenclose146\encloselongdiv84

Step 1: Divide. How many times does 6 go into 8? It goes 1 time. Write 1 above the 8.


Step 2: Multiply. 1×6=6. Write 6 under the 8.


Step 3: Subtract. 8−6=2.


Step 4: Bring down. Bring down the 4 to make 24.


Now repeat:


  	24÷6=4

  	Write 4 in the quotient

  	4×6=24

  	24−24=0




So, 84÷6=14.


Worked Example 2: Divide 196÷14


Now let’s use a two-digit divisor.


1414\encloselongdiv196

First, ask: can 14 go into 1? No.

Can 14 go into 19? Yes. So we start with the first two digits.


Step 1: Divide. How many times does 14 go into 19? It goes 1 time.


Write 1 above the 9 in 19.


Step 2: Multiply. 1×14=14. Write 14 under 19.


Step 3: Subtract.

19−14=5

Step 4: Bring down. Bring down the 6 to make 56.


Repeat the steps:


  	How many times does 14 go into 56? 4 times

  	Write 4 in the quotient

  	4×14=56

  	56−56=0




So, 196÷14=14.


Worked Example 3: Divide 278÷13


This time there will be a remainder.


2113\encloselongdiv278

Can 13 go into 2? No.

Can 13 go into 27? Yes.


Step 1: Divide. 13 goes into 27 2 times, because 2×13=26, and 3×13=39, which is too large.


Write 2 in the quotient.


Step 2: Multiply. 2×13=26. Write 26 under 27.


Step 3: Subtract.

27−26=1

Step 4: Bring down. Bring down the 8 to make 18.


Repeat:


  	13 goes into 18 1 time

  	Write 1 in the quotient

  	1×13=13

  	18−13=5




There are no more digits to bring down, so the answer is:


278÷13=21 R 5

The remainder is 5. Notice that the remainder must be less than the divisor. Since 5<13, the answer makes sense.


Worked Example 4: Divide 1,542÷23


This example has more digits and shows how to track the remainder carefully at each place value step.


Ask where to begin:


  	Can 23 go into 1? No.

  	Can 23 go into 15? No.

  	Can 23 go into 154? Yes.




So we start with 154.


Step 1: Divide. How many times does 23 go into 154?


Try multiples of 23:


  	23×5=115

  	23×6=138

  	23×7=161 too large




So it goes in 6 times. Write 6 in the quotient.


Multiply and subtract:

6×23=138
154−138=16

The remainder at this step is 16.


Bring down the next digit, which is 2. Now we have 162.


Step 2: Divide. How many times does 23 go into 162?


  	23×7=161

  	23×8=184 too large




So it goes in 7 times. Write 7 in the quotient.


Multiply and subtract:

7×23=161
162−161=1

There are no more digits to bring down, so the answer is:


1,542÷23=67 R 1

How to check your answer


You can check division with multiplication.


Use this rule:

(divisor)×(quotient)+(remainder)=dividend

Check Example 4:

23×67+1=1,541+1=1,542

So the answer is correct.


Helpful tips



  	Line up your work carefully. Put each product under the correct digits.

  	Use multiplication facts you know. Skip count or list multiples of the divisor if needed.

  	Choose the greatest number that fits. Your divisor should not go over the number you are dividing into.

  	Bring down one digit at a time. Do not bring down two digits together.

  	Check the remainder. It must be smaller than the divisor.




Common mistakes to avoid



  	Starting too early. If the divisor cannot go into the first digit, look at the first two digits.

  	Using a quotient digit that is too large.

  	Forgetting to subtract before bringing down the next digit.

  	Writing the quotient digit above the wrong place.

  	Leaving a remainder that is greater than or equal to the divisor.




What to remember



  	Long division follows the same pattern each time.

  	Use: Divide, Multiply, Subtract, Bring down.

  	Keep track of the remainder after each subtraction step.

  	At the end, write the final remainder if there is one.

  	Check your answer with multiplication.




[image: 📋]   Summary


The standard algorithm for division helps you divide large whole numbers in an organized way. You divide, multiply, subtract, and bring down again and again until you finish all the digits. If something is left over at the end, that amount is the remainder.


  
  Put what you read to the test

  You've worked through The Standard Algorithm for Division. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2127






  [image: 📝]   Lesson 15: Interpreting Remainders in Context

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/24




  Interpreting Remainders in Context


When you divide whole numbers, sometimes the division does not come out evenly. The amount left over is called the remainder.


For example, if 14 cookies are shared equally among 4 students, we can divide:


14÷4=3 remainder 2

This means each student gets 3 cookies, and 2 cookies are left over.


But in real-life problems, the remainder does not always mean the same thing. Sometimes you ignore it, sometimes you round up, and sometimes you write it as a fraction or decimal.


The key question is: What makes sense in the situation?


In this lesson, you will learn how to decide what to do with a remainder based on the context of the problem.


1. What is a remainder?


A remainder is the part left over when one whole number does not divide evenly by another whole number.


Example:


23÷5=4 remainder 3

This means 5 goes into 23 four whole times, with 3 left over.


2. Why do we need to interpret remainders?


In math class, you might stop and write a remainder like this:


23÷5=4 R 3

But in word problems, the answer must fit the real situation.


For example:


  	If 23 students ride in vans that hold 5 students each, you need 5 vans, not 4 remainder 3.

  	If 23 stickers are put into groups of 5, you can make 4 full groups, and the extra 3 stickers may be left out.

  	If 23 meters of ribbon are shared equally among 5 people, each person gets 435 meters.




So the same division problem can have different answers depending on the context.


3. The three main ways to interpret a remainder


A. Ignore the remainder


You ignore the remainder when only complete groups count and the extra part is not enough to make another whole group.


Ask yourself:


  	Am I counting only full groups?

  	Can the leftover part be unused?




Example situations:


  	How many full teams can be made?

  	How many complete gift bags can be filled?

  	How many tables can be fully set using the plates available?




B. Round up the quotient


You round up when the leftover part means you need one more whole group to include everything.


Ask yourself:


  	Does every person or item need to be included?

  	Do I need another bus, box, or container for the extras?




Example situations:


  	How many buses are needed for all students?

  	How many boxes are needed to pack all the books?

  	How many trips are needed to move all the chairs?




C. Write the remainder as a fraction or decimal


You use a fraction or decimal when the answer can be split into parts and those parts still make sense.


Ask yourself:


  	Can the leftover amount be shared fairly?

  	Is the answer a measurement, money amount, or equal share?




Example situations:


  	How much juice does each person get?

  	How many miles does each runner complete?

  	How much fabric does each student receive?




4. A simple strategy


When you solve a division word problem with a remainder, follow these steps:



  	Divide the numbers.

  	Find the remainder, if there is one.

  	Read the question carefully.

  	Decide what makes sense:
    
      	Ignore the remainder

      	Round up

      	Use a fraction or decimal

    

  

  	Write the answer with words so it matches the situation.




5. Worked Examples


Example 1: Ignore the remainder


A teacher has 29 markers. She puts 6 markers in each bag. How many full bags can she make?


First divide:


29÷6=4 remainder 5

This means 4 full bags can be made, with 5 markers left over.


The question asks for full bags. The extra 5 markers are not enough to make another full bag.


So we ignore the remainder.


Answer: She can make 4 full bags.


Example 2: Round up the remainder


There are 29 students going on a field trip. Each van holds 6 students. How many vans are needed?


First divide:


29÷6=4 remainder 5

Four vans can hold 24 students, but 5 students are still left without a seat.


Because all students must ride in a van, we need one more van.


So we round up from 4 to 5.


Answer: 5 vans are needed.


Example 3: Write the remainder as a fraction


Three friends share 10 sandwiches equally. How much does each friend get?


First divide:


10÷3=3 remainder 1

Each friend gets 3 whole sandwiches, and 1 sandwich is left.


Since the leftover sandwich can be shared equally among 3 friends, each friend gets:


13

So each friend gets:


313

Answer: Each friend gets 313 sandwiches.


Example 4: Write the remainder as a decimal


A 25-liter container of juice is shared equally among 4 classes. How many liters does each class get?


First divide:


25÷4=6 remainder 1

Each class gets 6 liters, with 1 liter left over.


That extra 1 liter can be shared equally among 4 classes:


14=0.25

So each class gets:


6.25

Answer: Each class gets 6.25 liters.


6. How to tell which choice to make


Here are some clue words and ideas that can help:



  	Ignore the remainder: full groups, complete rows, full bags, complete teams

  	Round up: all students, all items, enough buses, enough boxes, enough seats

  	Fraction or decimal: shared equally, each person gets, how much each, measurement, money




7. Compare the same division in different contexts


Look at this division problem:


17÷4=4 remainder 1

This one problem can lead to different answers.



  	Full groups: 17 crayons are packed in boxes of 4. How many full boxes? 4 full boxes

  	Need enough groups: 17 players need cars that hold 4 players each. How many cars? 5 cars

  	Equal sharing: 17 feet of string is shared equally among 4 students. How much each? 414 feet or 4.25 feet




This shows why context matters so much.


8. Common mistakes to avoid



  	Mistake 1: Always using the remainder exactly as written. In word problems, you must think about what the remainder means.

  	Mistake 2: Forgetting to round up when everyone or everything must be included.

  	Mistake 3: Rounding down when the leftover part still matters.

  	Mistake 4: Using a fraction or decimal when the answer must be a whole number, like buses or boxes.




9. Quick check questions


Think about what should happen to the remainder in each problem:



  	31 apples are packed into bags of 8. How many full bags can be made? Ignore the remainder

  	31 students are placed into groups of 8 for buses. How many buses are needed? Round up

  	31 feet of ribbon is cut equally into 8 pieces. How long is each piece? Use a fraction or decimal




[image: 📋]   Summary


When division has a remainder, do not stop too quickly. You must think about the real-world situation.



  	If only complete groups count, ignore the remainder.

  	If everything must be included, round up.

  	If the leftover amount can be shared or measured, write the answer as a fraction or decimal.




Always ask: What does the remainder mean in this problem?


If you answer that question, you can choose the correct kind of answer every time.


  
  Put what you read to the test

  You've worked through Interpreting Remainders in Context. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2128






  [image: 📝]   Lesson 16: Order of Operations

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2154




  Order of Operations is the set of rules we use to solve number expressions in the correct order. These rules help everyone get the same answer.
If we do the steps in a different order, we can get different answers. That is why mathematicians follow one agreed-upon order.
For example, look at the expression 3+4×2.
If you add first, you get (3+4)×2=14. But if you multiply first, you get 3+8=11. Only one answer is correct, so we need a rule to tell us what to do first.
The correct rule is called the order of operations.
The order of operations is:
	Grouping symbols first, such as parentheses (), brackets [], and braces {}
	Multiplication and division from left to right
	Addition and subtraction from left to right

A helpful way to remember this is:
	Do what is inside grouping symbols first.
	Then multiply or divide as you move from left to right.
	Then add or subtract as you move from left to right.

Important: multiplication does not always come before division, and addition does not always come before subtraction. Multiplication and division are in the same step, so do whichever comes first as you read from left to right. The same is true for addition and subtraction.
Let’s look more closely at each part.
1. Grouping symbols
Grouping symbols tell you to work on a part of the expression first. If there are grouping symbols inside other grouping symbols, work from the innermost group out.
Example: in (6+2)×5, you must do 6+2 first because it is inside parentheses.
2. Multiplication and division
After finishing grouping symbols, do multiplication and division from left to right.
Example: in 24÷6×2, divide first because 24÷6 comes first from left to right.
24÷6×2=4×2=8
Do not multiply first just because multiplication is named before division. They are equal in rank.
3. Addition and subtraction
Last, do addition and subtraction from left to right.
Example: in 15−4+3, subtract first because it comes first from left to right.
15−4+3=11+3=14
Now let’s work through some examples step by step.
Worked Example 1
Evaluate 8+3×4.
First, check for grouping symbols. There are none.
Next, do multiplication.
3×4=12
Now the expression becomes:
8+12
Then add:
8+12=20
Answer: 20
Worked Example 2
Evaluate (8+3)×4.
First, do what is inside the parentheses.
8+3=11
Now the expression becomes:
11×4
Multiply:
11×4=44
Answer: 44
Notice how the parentheses changed the answer. Without parentheses, the answer was 20. With parentheses, the answer is 44.
Worked Example 3
Evaluate 36÷6+2×5.
First, check for grouping symbols. There are none.
Next, do division and multiplication from left to right.
Start with the division:
36÷6=6
Now the expression is:
6+2×5
Next, multiply:
2×5=10
Now the expression is:
6+10
Add:
6+10=16
Answer: 16
Worked Example 4
Evaluate 18−[2+(3×4)].
This expression has nested grouping symbols, which means one group is inside another group.
Start with the innermost grouping symbols, the parentheses:
3×4=12
Now the expression becomes:
18−[2+12]
Next, work inside the brackets:
2+12=14
Now the expression is:
18−14
Subtract:
18−14=4
Answer: 4
Tips for Success
	Always look for grouping symbols first.
	Work carefully from left to right when doing multiplication and division.
	Then work from left to right when doing addition and subtraction.
	Rewrite the expression after each step. This helps you stay organized and avoid mistakes.
	Do one operation at a time. Do not try to do everything in your head if the expression is long.

Common Mistakes to Avoid
	Adding before multiplying in an expression like 5+2×3. Multiply first.
	Thinking multiplication always comes before division. They are done left to right.
	Thinking addition always comes before subtraction. They are also done left to right.
	Forgetting to finish the inside of grouping symbols first.
	Skipping steps. Writing each step makes errors easier to catch.

Let’s compare two expressions:
7+2×6=7+12=19
(7+2)×6=9×6=54
These expressions use the same numbers, but the grouping symbols make the order different, so the answers are different too.
Try to remember this simple plan:
	Do the innermost grouping symbols first.
	Multiply and divide from left to right.
	Add and subtract from left to right.

[image: 📋]   Summary
The order of operations is a set of rules for solving expressions correctly. First solve inside grouping symbols, then multiply and divide from left to right, and finally add and subtract from left to right. Following these steps helps you get the correct answer every time.


  
  Put what you read to the test

  You've worked through Order of Operations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2129






  
    
  [image: 📖]   Chapter 3

  Number Theory: Factors, Multiples, and Primes



  [image: 📝]   Lesson 17: Divisibility Rules and Patterns

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2155




  Divisibility Rules and Patterns help us tell whether one number can be divided by another number without doing the full division.
For example, instead of calculating 468÷3, we can use a divisibility rule to quickly decide whether 468 is divisible by 3. This saves time and helps when finding factors, common factors, and prime factorizations.
In this lesson, you will learn how to test if a number is divisible by 2, 3, 4, 5, 6, 8, 9, and 10 by looking for patterns in its digits.
What does divisible mean?
A number is divisible by another number if it can be divided evenly, with no remainder.
For example:
	12 is divisible by 3 because 12÷3=4.
	15 is not divisible by 4 because 15÷4 leaves a remainder.

Why do divisibility rules work?
Our number system is based on tens. That means the ones digit, tens digit, hundreds digit, and so on create patterns. These patterns let us test divisibility by checking only certain digits or by adding digits together.
Divisibility Rules to Know
	Divisible by 2: The number ends in 0,2,4,6, or 8.
	Divisible by 3: Add the digits. If the sum is divisible by 3, then the number is divisible by 3.
	Divisible by 4: Look at the last two digits. If those two digits form a number divisible by 4, then the whole number is divisible by 4.
	Divisible by 5: The number ends in 0 or 5.
	Divisible by 6: The number must be divisible by both 2 and 3.
	Divisible by 8: Look at the last three digits. If those three digits form a number divisible by 8, then the whole number is divisible by 8.
	Divisible by 9: Add the digits. If the sum is divisible by 9, then the number is divisible by 9.
	Divisible by 10: The number ends in 0.

Let’s look more closely at each rule.
1. Rule for 2
Even numbers are divisible by 2. So if the last digit is 0,2,4,6, or 8, the number is divisible by 2.
	34 ends in 4, so it is divisible by 2.
	117 ends in 7, so it is not divisible by 2.

2. Rule for 3
Add all the digits. If that total can be divided by 3, then the original number can too.
	For 123: 1+2+3=6. Since 6 is divisible by 3, 123 is divisible by 3.
	For 124: 1+2+4=7. Since 7 is not divisible by 3, 124 is not divisible by 3.

3. Rule for 4
Only the last two digits matter. If the last two digits make a number divisible by 4, then the whole number is divisible by 4.
	316: last two digits are 16. Since 16÷4=4, 316 is divisible by 4.
	542: last two digits are 42. Since 42 is not divisible by 4, 542 is not divisible by 4.

4. Rule for 5
If a number ends in 0 or 5, it is divisible by 5.
	90 is divisible by 5.
	135 is divisible by 5.
	132 is not divisible by 5.

5. Rule for 6
To be divisible by 6, a number must pass two tests:
	It must be divisible by 2.
	It must be divisible by 3.

If both are true, then it is divisible by 6.
	54: ends in 4, so it is divisible by 2. Also, 5+4=9, and 9 is divisible by 3. So 54 is divisible by 6.
	52: ends in 2, so it is divisible by 2. But 5+2=7, and 7 is not divisible by 3. So 52 is not divisible by 6.

6. Rule for 8
Look at the last three digits. If that number is divisible by 8, then the whole number is divisible by 8.
	1,024: last three digits are 024, which is 24. Since 24÷8=3, 1,024 is divisible by 8.
	2,138: last three digits are 138. Since 138 is not divisible by 8, 2,138 is not divisible by 8.

7. Rule for 9
Add the digits. If the sum is divisible by 9, then the number is divisible by 9.
	729: 7+2+9=18. Since 18 is divisible by 9, 729 is divisible by 9.
	731: 7+3+1=11. Since 11 is not divisible by 9, 731 is not divisible by 9.

8. Rule for 10
If a number ends in 0, it is divisible by 10.
	150 is divisible by 10.
	157 is not divisible by 10.

Helpful Patterns to Notice
	Rules for 2, 5, and 10 depend only on the last digit.
	The rule for 4 depends on the last two digits.
	The rule for 8 depends on the last three digits.
	The rules for 3 and 9 use the sum of the digits.
	The rule for 6 combines the rules for 2 and 3.

These patterns make it easier to remember the rules.
Worked Example 1
Is 246 divisible by 2, 3, and 6?
Step 1: Test for 2.
The number ends in 6, so it is divisible by 2.
Step 2: Test for 3.
Add the digits:
2+4+6=12Since 12 is divisible by 3, 246 is divisible by 3.
Step 3: Test for 6.
A number is divisible by 6 if it is divisible by both 2 and 3. Since 246 passed both tests, it is divisible by 6.
Answer: 246 is divisible by 2, 3, and 6.
Worked Example 2
Is 1,532 divisible by 4, 8, and 10?
Step 1: Test for 4.
Look at the last two digits: 32.
Since 32÷4=8, 1,532 is divisible by 4.
Step 2: Test for 8.
Look at the last three digits: 532.
Since 532÷8=66 remainder 4, 532 is not divisible by 8.
So 1,532 is not divisible by 8.
Step 3: Test for 10.
The number ends in 2, not 0, so it is not divisible by 10.
Answer: 1,532 is divisible by 4, but not by 8 or 10.
Worked Example 3
Which of these numbers are divisible by 9: 351, 462, 745?
Test 351:
3+5+1=9Since 9 is divisible by 9, 351 is divisible by 9.
Test 462:
4+6+2=12Since 12 is not divisible by 9, 462 is not divisible by 9.
Test 745:
7+4+5=16Since 16 is not divisible by 9, 745 is not divisible by 9.
Answer: Only 351 is divisible by 9.
Worked Example 4
Is 4,560 divisible by 2,3,4,5,6,8,9, and 10?
Let’s test each rule.
	By 2: It ends in 0, so yes.
	By 3: 4+5+6+0=15. Since 15 is divisible by 3, yes.
	By 4: Last two digits are 60. Since 60 is divisible by 4, yes.
	By 5: It ends in 0, so yes.
	By 6: It is divisible by both 2 and 3, so yes.
	By 8: Last three digits are 560. Since 560÷8=70, yes.
	By 9: The digit sum is 15, and 15 is not divisible by 9, so no.
	By 10: It ends in 0, so yes.

Answer: 4,560 is divisible by 2,3,4,5,6,8, and 10, but not by 9.
Common Mistakes to Avoid
	Mixing up the rules for 3 and 9. Both use digit sums, but the sum must be divisible by the number you are testing.
	Forgetting that 6 needs two tests. A number must be divisible by both 2 and 3.
	Checking all the digits for 4 or 8. For 4, only the last two digits matter. For 8, only the last three digits matter.
	Thinking every number ending in an even digit is divisible by 6. It must also pass the rule for 3.

Quick Check Tips
When you see a number, ask:
	What is the last digit?
	What are the last two or three digits?
	What is the sum of the digits?

These three questions help you test many divisibility rules very quickly.
[image: 📋]   Summary
Divisibility rules are shortcuts that help you decide whether a number can be divided evenly by another number. They are especially useful when finding factors and solving number theory problems.
Remember these key ideas:
	2: ends in 0,2,4,6,8
	3: digit sum is divisible by 3
	4: last two digits are divisible by 4
	5: ends in 0 or 5
	6: divisible by both 2 and 3
	8: last three digits are divisible by 8
	9: digit sum is divisible by 9
	10: ends in 0

With practice, you will be able to use these patterns mentally and much faster than doing full division every time.


  
  Put what you read to the test

  You've worked through Divisibility Rules and Patterns. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2130






  [image: 📝]   Lesson 18: Prime and Composite Numbers
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  Prime and Composite Numbers


Numbers can tell us a lot about themselves by the factors they have. In this lesson, you will learn how to decide whether a whole number is prime, composite, or a special case like 1.


This is an important idea in number theory because factors help us understand how numbers are built. When we know whether a number is prime or composite, we can better solve problems with factors, multiples, and prime factorization.


First, what is a factor?


A factor of a number is a whole number that divides it evenly, with no remainder. For example, the factors of 12 are 1, 2, 3, 4, 6, and 12 because each of these divides 12 exactly.


Prime numbers are whole numbers greater than 1 that have exactly 2 factors: 1 and the number itself.


Examples of prime numbers are 2, 3, 5, 7, and 11.


For example, 7 is prime because its only factors are 1 and 7.


Composite numbers are whole numbers greater than 1 that have more than 2 factors.


Examples of composite numbers are 4, 6, 8, 9, 10, and 12.


For example, 8 is composite because it has factors 1, 2, 4, and 8.


The number 1 is special.


The number 1 has only 1 factor, which is 1 itself. A prime number must have exactly 2 factors, and a composite number must have more than 2 factors. Since 1 has neither of these, it is neither prime nor composite.


This is why we say:



  	Prime numbers have exactly 2 factors.

  	Composite numbers have more than 2 factors.

  	The number 1 is neither prime nor composite.




How to tell if a number is prime or composite



  	Make sure the number is a whole number greater than 1.

  	Find its factors.

  	Count how many factors it has.

  	If it has exactly 2 factors, it is prime.

  	If it has more than 2 factors, it is composite.




You can also think about multiplication. If a number can be made by multiplying two smaller whole numbers, then it is composite.


For example, since 12=3×4, the number 12 is composite. But 13 cannot be written as a product of two smaller whole numbers, so 13 is prime.


A helpful fact about 2


The number 2 is the smallest prime number. It is also the only even prime number.


Why? Every other even number is divisible by 2, so it has at least the factors 1, 2, and itself. That means every even number greater than 2 is composite.


For example:



  	2 has factors 1 and 2, so it is prime.

  	4 has factors 1, 2, and 4, so it is composite.

  	6 has factors 1, 2, 3, and 6, so it is composite.




Worked Example 1: Is 5 prime or composite?


Find the factors of 5.



  	1 divides 5 evenly.

  	5 divides 5 evenly.




The factors of 5 are 1 and 5.


Since 5 has exactly 2 factors, 5 is prime.


Worked Example 2: Is 9 prime or composite?


Find the factors of 9.



  	1 divides 9 evenly.

  	3 divides 9 evenly because 9=3×3.

  	9 divides 9 evenly.




The factors of 9 are 1, 3, and 9.


Since 9 has more than 2 factors, 9 is composite.


Worked Example 3: What about 1?


The factors of 1 are just 1.


So 1 has only 1 factor.


A prime number must have exactly 2 factors. A composite number must have more than 2 factors. Therefore, 1 is neither prime nor composite.


Worked Example 4: Classify 17


Let us check its factors.


17 is divisible evenly by 1 and 17.


It is not divisible evenly by 2, 3, 4, 5, 6, 7, 8, or 9.


So the only factors of 17 are 1 and 17.


Since it has exactly 2 factors, 17 is prime.


Prime and composite numbers from 1 to 20


It can help to see a list.



  	Prime: 2, 3, 5, 7, 11, 13, 17, 19

  	Composite: 4, 6, 8, 9, 10, 12, 14, 15, 16, 18, 20

  	Neither: 1




Common mistakes to avoid



  	Do not say 1 is prime. It is neither prime nor composite.

  	Do not forget that a prime number must be greater than 1.

  	Do not think all odd numbers are prime. For example, 9 and 15 are odd, but they are composite.

  	Remember that 2 is even, but it is still prime.




Quick check strategy


When checking a number, ask:



  	Is the number 1? If yes, it is neither.

  	Can it be divided evenly by a number other than 1 and itself?

  	If no, it is prime.

  	If yes, it is composite.




For example, to test 15, ask whether it can be divided by a number other than 1 and 15. Yes, because 15=3×5. So 15 is composite.


[image: 📋]   Summary


Prime and composite numbers are classified by their factors. A prime number is a whole number greater than 1 with exactly 2 factors: 1 and itself.


A composite number is a whole number greater than 1 with more than 2 factors. The number 1 is special because it has only 1 factor, so it is neither prime nor composite.


Whenever you are unsure, list the factors of the number and count them. That will help you classify the number correctly.


  
  Put what you read to the test

  You've worked through Prime and Composite Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2131
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  Prime Factorization means writing a number as a product of prime numbers.


Before we learn how to do that, let’s remember two important words:



  	Prime number: a number greater than 1 that has exactly 2 factors: 1 and itself. Examples: 2, 3, 5, 7, 11.

  	Composite number: a number greater than 1 that has more than 2 factors. Examples: 4, 6, 8, 9, 10.




Prime factorization is useful because it shows the “building blocks” of a number. Every composite number can be broken apart into primes.


For example, the number 12 can be written as:


12=2×2×3


Since 2 and 3 are both prime, this is the prime factorization of 12.


This lesson will show you how to:



  	find prime factorization using a factor tree,

  	find prime factorization using the ladder method,

  	check that all factors are prime,

  	use exponents to write repeated prime factors.




Main Idea: Keep breaking a number into factors until every factor is prime.


It does not matter which pair of factors you choose first. If you keep going until all the factors are prime, you will always end with the same prime factorization.


Method 1: Factor Tree


A factor tree starts with the number you want to break apart. Then you split it into two factors. If one of those factors is composite, split it again. Stop only when every branch ends in a prime number.


Here are the steps:



  	Write the number.

  	Choose any two factors of the number.

  	If a factor is composite, break it into more factors.

  	Circle or list the prime numbers at the ends.

  	Multiply the prime numbers together.




Method 2: Ladder Method


In the ladder method, you divide the number by prime numbers one step at a time.


Here are the steps:



  	Write the number.

  	Divide by the smallest prime number that goes into it evenly.

  	Write the quotient.

  	Keep dividing by prime numbers until the quotient is 1.

  	The prime numbers you used are the prime factors.




Important Reminder: 1 is not a prime number, so it is never included in prime factorization.


Worked Example 1: Prime Factorization of 18 using a Factor Tree


Start with 18. One factor pair is 2 and 9.


18=2×9


The number 2 is prime, but 9 is composite. So break 9 into 3 and 3.


9=3×3


Now all the factors are prime:


18=2×3×3


Using an exponent, we can write this as:


18=2×32


This means there is one 2 and two 3s in the prime factorization.


Worked Example 2: Prime Factorization of 24 using a Factor Tree


Start with 24. One possible split is 4 and 6.


24=4×6


Both 4 and 6 are composite, so keep breaking them apart.


4=2×2

6=2×3


Now all the factors are prime, so:


24=2×2×2×3


There are three 2s, so we can use an exponent:


24=23×3


Notice that you could have started with a different factor pair, like 3 and 8. You would still end with the same prime factors.


Worked Example 3: Prime Factorization of 36 using the Ladder Method


We divide by prime numbers step by step.


Start with 36.


36 is even, so divide by 2:


36÷2=18


18 is also even, so divide by 2 again:


18÷2=9


9 is not divisible by 2, but it is divisible by 3:


9÷3=3


Divide by 3 again:


3÷3=1


The prime numbers we used were 2, 2, 3, and 3.


So the prime factorization is:


36=2×2×3×3


Using exponents:


36=22×32


Worked Example 4: Prime Factorization of 60 using the Ladder Method


Let’s divide by the smallest prime numbers first.


60÷2=30

30÷2=15

15÷3=5

5÷5=1


The prime factors are 2, 2, 3, and 5.


So:


60=2×2×3×5


Using an exponent for the repeated 2:


60=22×3×5


How to Know When You Are Finished



  	Every factor left must be a prime number.

  	If you still have a composite number, keep factoring.

  	Do not stop too early.




For example, if you write:


20=4×5


this is not prime factorization yet, because 4 is composite.


You must keep going:


4=2×2


So the prime factorization is:


20=2×2×5=22×5


Using Exponents


An exponent is a short way to show repeated multiplication of the same number.


For example:



  	2×2=22

  	3×3×3=33

  	5×5×5×5=54




So if a prime factor appears more than once, you can use an exponent to write it more neatly.


Why Prime Factorization Matters


Prime factorization helps with many number problems. It is especially useful when finding:



  	common factors,

  	greatest common factor (GCF),

  	common multiples,

  	least common multiple (LCM).




When you know the prime factors of numbers, it becomes easier to compare them.


Common Mistakes to Avoid



  	Including 1 as a prime factor — 1 is not prime.

  	Stopping too soon — make sure all factors are prime.

  	Using a composite number in the final answer — the final answer must use only primes.

  	Forgetting repeated factors — count how many times each prime appears.




Quick Check


Find the prime factorization of 45.


One way is:


45=5×9

9=3×3


So:


45=3×3×5=32×5


Another Quick Check


Find the prime factorization of 72.


Using a factor tree or ladder method:


72=2×36

36=2×18

18=2×9

9=3×3


So:


72=2×2×2×3×3=23×32


[image: 📋]   Summary


Prime factorization means writing a composite number as a product of prime numbers only.


You can find prime factorization by using a factor tree or the ladder method.


Keep factoring until every number is prime. If a prime factor repeats, you can use an exponent to write it in a shorter way.


For example:


48=2×2×2×2×3=24×3


Once you understand prime factorization, you will be ready to use it to solve bigger problems with factors and multiples.


  
  Put what you read to the test

  You've worked through Prime Factorization. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2132
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  Greatest Common Factor (GCF) is the biggest number that can divide two or more numbers with no remainder.


To understand GCF, we first need to remember what a factor is. A factor of a number is a whole number that multiplies with another whole number to make that number.


For example, the factors of 12 are:


1,2,3,4,6,12

This is because:


	1×12=12

	2×6=12

	3×4=12




When two or more numbers share some of the same factors, those are called common factors.


The greatest common factor is the largest factor they have in common.


For example, for 12 and 18:


	Factors of 12: 1,2,3,4,6,12

	Factors of 18: 1,2,3,6,9,18




The common factors are 1,2,3,6. The greatest of these is 6.


So, the GCF of 12 and 18 is:


GCF(12,18)=6

There are two main ways to find the GCF:


	Listing factors

	Using prime factorization




Let’s learn both methods.


Method 1: Listing Factors


In this method, list all the factors of each number. Then circle or pick out the factors they share. The greatest shared factor is the GCF.


Worked Example 1: Find the GCF of 16 and 24


Step 1: List the factors.


	Factors of 16: 1,2,4,8,16

	Factors of 24: 1,2,3,4,6,8,12,24




Step 2: Find the common factors.

The common factors are 1,2,4,8.


Step 3: Choose the greatest one.

The greatest common factor is 8.


GCF(16,24)=8

This method works well for smaller numbers because the factor lists are not too long.


Method 2: Prime Factorization


A prime number is a number greater than 1 that has exactly two factors: 1 and itself. Examples are 2,3,5,7,11.


Prime factorization means writing a number as a product of prime numbers.


For example:


12=2×2×3

or using exponents:


12=22×3

To find the GCF using prime factorization:


	Write each number as a product of prime factors.

	Find the prime factors that appear in every number.

	Multiply the common prime factors together.




Worked Example 2: Find the GCF of 18 and 30


Step 1: Prime factorize each number.


18=2×3×3=2×32

30=2×3×5

Step 2: Find the prime factors they have in common.

Both numbers have one 2 and one 3.


Step 3: Multiply the common prime factors.


2×3=6

So:


GCF(18,30)=6

Notice that even though 18 has two 3's, 30 has only one 3. So we only use the factor 3 once.


Important Idea: When using prime factorization, use only the prime factors that all the numbers share, and only as many times as they appear in every number.


Worked Example 3: Find the GCF of 24 and 36


Step 1: Prime factorize each number.


24=2×2×2×3=23×3

36=2×2×3×3=22×32

Step 2: Find the common prime factors.


	Both have two 2's.

	Both have one 3.




Step 3: Multiply them.


2×2×3=12

So:


GCF(24,36)=12

This example shows that we take the factors shared by both numbers. We do not take the extra 2 from 24 or the extra 3 from 36, because those are not shared.


Finding the GCF of More Than Two Numbers


You can also find the GCF of three or more numbers. The idea is the same: find the largest factor that all the numbers share.


Worked Example 4: Find the GCF of 12, 18, and 30


Step 1: Prime factorize each number.


12=22×3

18=2×32

30=2×3×5

Step 2: Look for prime factors that appear in all three numbers.


	All three have one 2.

	All three have one 3.




Step 3: Multiply the common prime factors.


2×3=6

So:


GCF(12,18,30)=6

How to Check Your Answer


After you find a GCF, ask yourself two questions:


	Does this number divide evenly into all the given numbers?

	Is there any larger number that also divides evenly into all of them?




If your answer divides all the numbers and no larger common factor exists, then your GCF is correct.


Why GCF Matters


The GCF is useful when you want to:


	Split items into the largest equal groups

	Simplify some number problems

	Understand how numbers are built from factors




For example, if you have 20 apples and 28 oranges and want to make the greatest number of equal fruit bags with no fruit left over, you need the GCF of 20 and 28.


Since:


	20=22×5

	28=22×7




The common prime factors are 22, so:


GCF(20,28)=4

That means you can make 4 equal bags.


Common Mistakes to Avoid


	Mixing up factors and multiples: Factors divide a number evenly. Multiples are found by multiplying a number.

	Choosing any common factor instead of the greatest one: The answer must be the largest shared factor.

	Using prime factors that are not shared by all numbers: Only use the factors every number has in common.

	Using a prime factor too many times: If one number has 23 and another has 22, you can only use 22.




Quick Steps to Remember


If the numbers are small:


	List the factors of each number.

	Find the common factors.

	Choose the greatest one.




If the numbers are larger:


	Write the prime factorization of each number.

	Find the prime factors they all share.

	Multiply those shared prime factors.




[image: 📋]   Summary


The greatest common factor (GCF) is the largest factor shared by two or more numbers.


You can find it by listing factors or by using prime factorization.


When using prime factorization, choose only the prime factors that appear in every number, and only the number of times they are shared.


Learning GCF helps you solve problems with equal groups and understand number relationships better.


  
  Put what you read to the test

  You've worked through Greatest Common Factor (GCF). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2133
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  Least Common Multiple (LCM) helps us find the smallest number that two or more numbers can divide into evenly.


For example, if you want to know when two events happen at the same time again, the LCM can help. If one event happens every 4 minutes and another happens every 6 minutes, the LCM tells you the first time they will match up again.


In this lesson, you will learn what the LCM means, how to find it by listing multiples, and how to find it by prime factorization.


What is a multiple?


A multiple of a number is what you get when you multiply that number by 1, 2, 3, 4, and so on.



	Multiples of 3: 3,6,9,12,15,18,…

	Multiples of 5: 5,10,15,20,25,30,…




A common multiple is a number that appears in the multiples of both numbers.


For 3 and 5, some common multiples are 15,30,45,…


The least common multiple is the smallest nonzero common multiple.


So for 3 and 5, the LCM is 15.


Method 1: Find the LCM by listing multiples


This method works well when the numbers are small.



	Write the first several multiples of each number.

	Look for the first multiple that appears in every list.

	That number is the LCM.




Worked Example 1: Find the LCM of 4 and 6


List the multiples:



	Multiples of 4: 4,8,12,16,20,24,…

	Multiples of 6: 6,12,18,24,30,…




The first number that appears in both lists is 12.


So, LCM(4,6)=12


Worked Example 2: Find the LCM of 8 and 10


List the multiples:



	Multiples of 8: 8,16,24,32,40,48,…

	Multiples of 10: 10,20,30,40,50,…




The first common multiple is 40.


So, LCM(8,10)=40


Method 2: Find the LCM by prime factorization


This method is very useful for larger numbers or for finding the LCM of more than two numbers.


Step 1: Write each number as a product of prime numbers.


Step 2: For each prime number, use the greatest number of times it appears in any factorization.


Step 3: Multiply those prime factors together.


Worked Example 3: Find the LCM of 12 and 18


Prime factorize each number:


12=2×2×3=22×3

18=2×3×3=2×32


Now choose the greatest power of each prime:



	For 2, the greatest power is 22

	For 3, the greatest power is 32




Multiply them:


LCM(12,18)=22×32=4×9=36


So the LCM is 36.


Worked Example 4: Find the LCM of 6, 8, and 15


Prime factorize each number:


6=2×3

8=23

15=3×5


Now choose the greatest power of each prime that appears:



	For 2, use 23

	For 3, use 3

	For 5, use 5




Multiply them:


LCM(6,8,15)=23×3×5=8×3×5=120


So the LCM is 120.


How do you know your answer is correct?


The LCM must be a multiple of each number.



	For LCM(4,6)=12: 12 is divisible by 4 and by 6.

	For LCM(12,18)=36: 36 is divisible by 12 and by 18.




Helpful tips



	The LCM is never smaller than the numbers you started with.

	If one number is already a multiple of the other, the larger number is the LCM.

	Listing multiples is good for small numbers.

	Prime factorization is usually faster for larger numbers.




Common mistake to avoid


Do not stop at just any common multiple. You need the least common multiple, which means the smallest one greater than 0.


For example, 24 is a common multiple of 4 and 6, but it is not the LCM because 12 is smaller and is also a common multiple.


[image: 📋]   Summary


The least common multiple is the smallest nonzero number that is a multiple of all the given numbers.


You can find the LCM by listing multiples or by using prime factorization.


When using prime factorization, include each prime factor the greatest number of times it appears in any one number, then multiply.


With practice, you can use the LCM to solve number problems and real-life timing problems.


  
  Put what you read to the test

  You've worked through Least Common Multiple (LCM). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2134
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  Applying GCF with the Distributive Property


Sometimes in math, we can take a sum like 24+36 and rewrite it in a different way. This helps us see how the numbers are connected.


One useful tool is the greatest common factor, or GCF. Another useful tool is the distributive property. When we use them together, we can rewrite expressions in a simpler and more meaningful form.


For example, instead of writing 24+36, we can write:


24+36=12(2+3)

This works because 12 is the greatest common factor of 24 and 36.


In this lesson, you will learn how to:


  	find the GCF of two or more numbers,

  	factor the GCF out of an expression,

  	use the distributive property to check your work.




1. Review: What is the GCF?


The greatest common factor of two or more numbers is the largest whole number that divides evenly into all of them.


For example, the factors of 24 are:


1,2,3,4,6,8,12,24

The factors of 36 are:


1,2,3,4,6,9,12,18,36

The common factors are 1,2,3,4,6,12. The greatest one is 12, so:


GCF of 24 and 36=12

2. Review: What is the distributive property?


The distributive property says that multiplying a number outside parentheses gives the same result as multiplying it by each number inside.


For example:


3(4+5)=3⋅4+3⋅5=12+15=27

We can also think about this idea backward. If two numbers in a sum both have a common factor, we can factor out that common factor and write the sum with parentheses.


For example:


12+18=6(2+3)

This is true because:


6(2+3)=6⋅2+6⋅3=12+18

3. What does it mean to factor out the GCF?


Factoring out the GCF means finding the greatest number that divides each term, then rewriting the expression as a product.


Here is the basic idea:


a+b=GCF(a,b)(new first number+new second number)

To do this:


  	Find the GCF of the numbers.

  	Divide each number by the GCF.

  	Put those answers inside parentheses.

  	Check by distributing.




4. Worked Example 1


Rewrite 18+30 by factoring out the GCF.


Step 1: Find the GCF.


Factors of 18: 1,2,3,6,9,18

Factors of 30: 1,2,3,5,6,10,15,30

The greatest common factor is 6.


Step 2: Divide each term by 6.


18÷6=3
30÷6=5

Step 3: Write the factored form.


18+30=6(3+5)

Step 4: Check by distributing.


6(3+5)=6⋅3+6⋅5=18+30

So the correct rewrite is:


6(3+5)

5. Worked Example 2


Rewrite 20+45 by factoring out the GCF.


Step 1: Find the GCF.


Factors of 20: 1,2,4,5,10,20

Factors of 45: 1,3,5,9,15,45

The greatest common factor is 5.


Step 2: Divide each term by 5.


20÷5=4
45÷5=9

Step 3: Write the factored form.


20+45=5(4+9)

Step 4: Check.


5(4+9)=5⋅4+5⋅9=20+45

6. Worked Example 3


Rewrite 14+21+35 by factoring out the GCF.


This time there are three terms. We still use the same idea.


Step 1: Find the GCF of all three numbers.


Factors of 14: 1,2,7,14

Factors of 21: 1,3,7,21

Factors of 35: 1,5,7,35

The greatest common factor of all three is 7.


Step 2: Divide each term by 7.


14÷7=2
21÷7=3
35÷7=5

Step 3: Write the expression.


14+21+35=7(2+3+5)

Step 4: Check.


7(2+3+5)=7⋅2+7⋅3+7⋅5=14+21+35

7. Worked Example 4


Rewrite 16+24 by factoring out the GCF.


Step 1: Find the GCF.


Factors of 16: 1,2,4,8,16

Factors of 24: 1,2,3,4,6,8,12,24

The GCF is 8.


Step 2: Divide each term by 8.


16÷8=2
24÷8=3

Step 3: Write the factored form.


16+24=8(2+3)

Step 4: Check.


8(2+3)=8⋅2+8⋅3=16+24

8. A helpful way to think about it


When you factor out the GCF, you are asking:


“What is the biggest equal group I can take from every term?”


For example, in 24+36, both numbers can be split into groups of 12:


24=12⋅2
36=12⋅3

So:


24+36=12⋅2+12⋅3=12(2+3)

This shows the structure of the expression more clearly.


9. Common mistakes to avoid


  	Using a common factor that is not the greatest.
You can write 24+36=6(4+6), and that is true. But it is better to factor out the greatest common factor: 12(2+3).

  	Forgetting to divide every term.
If you factor out 5 from 20+45, both 20 and 45 must be divided by 5.

  	Not checking with the distributive property.
Always multiply back to make sure your expression matches the original one.




10. Quick practice ideas


Try rewriting these by factoring out the GCF:


  	12+28

  	27+36

  	15+25+35




You can solve each one by:


  	finding the GCF,

  	dividing each term by the GCF,

  	writing the new expression with parentheses.




11. Summary


To apply the GCF with the distributive property, first find the greatest common factor of all the terms. Then divide each term by that GCF and write the expression as a product with parentheses.


This helps you rewrite expressions such as:


24+36=12(2+3)

You can always check your answer by distributing to see if you get the original expression back.


  
  Put what you read to the test

  You've worked through Applying GCF with the Distributive Property. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2135
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  Applying LCM to Cycles and Synchronicity


Sometimes things happen in repeating patterns. A bus may arrive every 10 minutes. A light may flash every 6 seconds. A bell may ring every 15 minutes.


When two or more repeating events start together, we may want to know when they will happen together again. To solve this, we use the LCM.


LCM means Least Common Multiple. It is the smallest positive number that is a multiple of each number.


In this lesson, you will learn how to use the LCM to solve problems about cycles, overlapping events, and synchronicity. Synchronicity means things happening at the same time.


Why does LCM help?


If one event repeats every 4 minutes, its times are multiples of 4:


4,8,12,16,20,…


If another event repeats every 6 minutes, its times are multiples of 6:


6,12,18,24,30,…


The first time both happen together again is at the smallest common multiple, which is 12.


So, the LCM tells us the first time the cycles match up again.


How to find the LCM


There are two helpful methods.


Method 1: List multiples


	Write the multiples of each number.

	Find the smallest number that appears in both lists.




Example: Find the LCM of 8 and 12.


	Multiples of 8: 8,16,24,32,…

	Multiples of 12: 12,24,36,…




The first common multiple is 24, so:


LCM(8,12)=24


Method 2: Use prime factorization


Break each number into prime factors. Then use each prime factor the greatest number of times it appears.


Example: Find the LCM of 12 and 18.


Prime factorization:


12=22×3

18=2×32


Take the greatest power of each prime:


	For 2, use 22

	For 3, use 32




So:


LCM(12,18)=22×32=4×9=36


Using LCM in cycle problems


Cycle problems often ask questions like these:


	When will two lights flash together again?

	When will two runners be at the starting point together again?

	When will buses arrive together again?

	What is the least time before repeating schedules match?




These are all LCM problems because the events repeat at regular intervals.


Steps for solving cycle and synchronicity problems


	Find the repeating times or intervals.

	Find the LCM of those numbers.

	Use the LCM to answer the question.

	If needed, add the LCM to the starting time.




Worked Example 1: Two flashing lights


A red light flashes every 4 seconds. A blue light flashes every 6 seconds. If they flash together now, when will they flash together again?


Step 1: Identify the intervals.


	Red light: every 4 seconds

	Blue light: every 6 seconds




Step 2: Find the LCM of 4 and 6.


Multiples of 4: 4,8,12,16,…

Multiples of 6: 6,12,18,…


The least common multiple is 12.


Step 3: Answer the question.


They will flash together again in 12 seconds.


Worked Example 2: Overlapping schedules


One school club meets every 8 days. Another club meets every 12 days. If both clubs meet today, after how many days will they meet on the same day again?


Step 1: Identify the intervals.


	First club: every 8 days

	Second club: every 12 days




Step 2: Find the LCM.


Prime factorization:

8=23

12=22×3


Take the greatest power of each prime:

LCM(8,12)=23×3=8×3=24


Step 3: Answer the question.


The clubs will meet on the same day again after 24 days.


Worked Example 3: Finding the clock time


A small bell rings every 9 minutes. A large bell rings every 15 minutes. They both ring at 8:00 a.m. At what time will they next ring together?


Step 1: Identify the intervals.


	Small bell: every 9 minutes

	Large bell: every 15 minutes




Step 2: Find the LCM of 9 and 15.


Prime factorization:

9=32

15=3×5


Take the greatest power of each prime:

LCM(9,15)=32×5=9×5=45


Step 3: Add the time.


They ring together every 45 minutes.


Starting at 8:00 a.m.:

8:00+45 minutes=8:45 a.m.


Answer: They will next ring together at 8:45 a.m.


Worked Example 4: Three repeating events


Three machines beep every 3 minutes, 4 minutes, and 6 minutes. If they beep together now, after how many minutes will all three beep together again?


Step 1: Find the LCM of 3, 4, and 6.


Prime factorization:

3=3

4=22

6=2×3


Take the greatest power of each prime:


	For 2, use 22

	For 3, use 3




So:

LCM(3,4,6)=22×3=4×3=12


Step 2: Answer the question.


All three machines will beep together again after 12 minutes.


How LCM connects to common denominators


LCM is also used with fractions. When fractions have different denominators, we often use the LCM of the denominators to find the least common denominator.


Example: For 14 and 16, the denominators are 4 and 6.


LCM(4,6)=12


So the least common denominator is 12.


This is another way LCM helps when different repeating parts need to match.


Tips for solving word problems


	If events repeat at regular times, think about LCM.

	If the question asks when they happen together again, you probably need the LCM.

	If a starting clock time is given, first find the LCM, then add that amount of time.

	If there are three or more cycles, find the LCM of all the intervals.




Be careful!


	Do not confuse LCM with GCF. The GCF finds the greatest factor numbers share. The LCM finds the smallest multiple they share.

	Make sure the numbers you use are the repeat intervals, not the starting time.

	If the problem says the events start together now, the answer is usually the next time, not right now.




Quick check


	Every 5 minutes and every 10 minutes: LCM(5,10)=10

	Every 6 days and every 14 days: LCM(6,14)=42

	Every 2 hours, 3 hours, and 4 hours: LCM(2,3,4)=12




[image: 📋]   Summary


The Least Common Multiple helps us solve problems about repeating events. When cycles start together and repeat over and over, the LCM tells us the first time they will match again.


To solve these problems:


	Find the repeat intervals.

	Find their LCM.

	Use that number as the time, day, or amount until the events happen together again.




LCM is useful for:


	flashing lights,

	bells and alarms,

	meeting schedules,

	repeating routes,

	and common denominators in fractions.




Whenever you see repeating events that need to line up, think: Find the LCM!


  
  Put what you read to the test

  You've worked through Applying LCM to Cycles and Synchronicity. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2136






  
    
  [image: 📖]   Chapter 4

  Fractional Quantities and Equivalence
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  Fractions as Division


Fractions can mean more than just “parts of a whole.” A fraction can also show division.


When you see a fraction like 34, you can read it in two ways:


  	3 parts out of 4 equal parts

  	3 divided by 4




This lesson will help you understand how a fraction represents sharing or dividing equally.


1. A fraction is a division sentence


In any fraction, the numerator is the top number and the denominator is the bottom number.


For the fraction ab:

ab=a÷b

This means:


  	The numerator tells how many items or how much you have.

  	The denominator tells how many equal groups or how many equal shares you are dividing into.




So:

52=5÷2
and

73=7÷3

2. Thinking about sharing equally


Fractions as division often come from sharing.


If 3 sandwiches are shared equally by 4 people, each person gets:

3÷4=34

Each person gets three-fourths of a sandwich.


This is why fractions are useful. They help us show answers when whole numbers do not divide evenly.


3. The denominator tells the number of equal shares


It is important to understand what the denominator means in division.



  	In 34, the 4 means the 3 wholes are being shared into 4 equal shares.

  	In 85, the 5 means the 8 wholes are being shared among 5 equal shares.




The answer tells how much is in one share.


4. Fractions can be less than 1, equal to 1, or greater than 1


When a fraction means division, the answer can have different sizes.



  	If the numerator is smaller than the denominator, the fraction is less than 1.
Example: 25=2÷5

  	If the numerator equals the denominator, the fraction is equal to 1.
Example: 44=4÷4=1

  	If the numerator is greater than the denominator, the fraction is greater than 1.
Example: 73=7÷3




This means fractions do not always have to be smaller than 1.


5. Worked Examples


Example 1: Write a fraction as division


Write 67 as a division sentence.


Step 1: The numerator is 6.

Step 2: The denominator is 7.

Step 3: Write numerator divided by denominator.


67=6÷7

Answer: 67 means 6÷7.


Example 2: Sharing equally


4 granola bars are shared equally by 5 students. How much does each student get?


Step 1: Total granola bars = 4

Step 2: Number of students = 5

Step 3: Write the division.


4÷5

Step 4: Write the answer as a fraction.


4÷5=45

Answer: Each student gets 45 of a granola bar.


Example 3: A fraction greater than 1


9 muffins are shared equally by 4 people. How much does each person get?


Step 1: Total muffins = 9

Step 2: Number of people = 4

Step 3: Write the division and fraction.


9÷4=94

This fraction is greater than 1 because 9 is greater than 4.


We can also think of 94 as:

94=214

Answer: Each person gets 94 muffins, or 214 muffins.


Example 4: Solve a word problem


7 liters of juice are poured equally into 3 containers. How many liters go into each container?


Step 1: Total juice = 7 liters

Step 2: Number of containers = 3

Step 3: Divide.


7÷3=73

Since 73 is greater than 1, each container gets more than 1 liter.


We can also write:

73=213

Answer: Each container gets 73 liters, or 213 liters.


6. How to recognize fractions as division in word problems


Look for words like:


  	shared equally

  	split evenly

  	divided into equal groups

  	each person gets how much




These clues tell you to divide.


To write the fraction:


  	Put the total amount on top.

  	Put the number of equal shares or groups on the bottom.




So if a things are shared by b people, each person gets:

ab

7. Common mistakes to avoid



  	Do not switch the numbers.
If 5 apples are shared by 2 people, the answer is 52, not 25.

  	Remember what the answer means.
The fraction tells how much is in one equal share.

  	Fractions can be more than 1.
If there are more items than groups, the answer is greater than 1.




8. Quick practice thinking


Try these on your own:


  	89 means what division sentence?

  	6 pizzas shared equally by 8 people gives each person how much?

  	10 cookies shared equally by 3 children gives each child how much?




Answers:


  	8÷9

  	6÷8=68

  	10÷3=103=313




[image: 📋]   Summary


A fraction can be read as division. The numerator is the amount being divided, and the denominator is the number of equal shares.


Whenever you divide one whole number by another, you can write the answer as a fraction:

a÷b=ab

This helps you solve sharing problems and understand that fractions can show equal parts, points on a number line, and division.


  
  Put what you read to the test

  You've worked through Fractions as Division. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2137
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  Locating Fractions on Number Lines


A fraction is not just part of a shape or part of a group. A fraction is also a number, and every number has a place on a number line.


When you place fractions on a number line, you can see their size and compare them more easily. This helps you understand proper fractions, improper fractions, and mixed numbers.


In this lesson, you will learn how to divide a number line into equal parts and then locate fractions like 14, 53, and 212.


1. What a fraction means on a number line


On a number line, the distance from one whole number to the next whole number is split into equal parts. The denominator tells how many equal parts to divide each whole into. The numerator tells how many of those parts to count.


For example, in the fraction 34:


  	The denominator 4 means each whole is divided into 4 equal parts.

  	The numerator 3 means count 3 of those parts from 0.




So 34 is located between 0 and 1, three fourth-sized steps to the right of 0.


2. How to plot a fraction on a number line


Use these steps:


  	Find the two whole numbers the fraction is between.

  	Look at the denominator and divide each whole into that many equal parts.

  	Use the numerator to count how many parts to move from 0, or from the nearest whole number.

  	Mark the point carefully.




3. Proper fractions


A proper fraction is a fraction less than 1. Its numerator is smaller than its denominator.


Examples of proper fractions are 12, 35, and 78. These fractions are always located between 0 and 1 on a number line.


Worked Example 1: Plot 34


Step 1: 34 is less than 1, so it is between 0 and 1.

Step 2: The denominator is 4, so divide the space from 0 to 1 into 4 equal parts.

Step 3: Count 3 parts from 0.

Step 4: The third mark is 34.


You can imagine the marks like this:


0   ---   14   ---   24   ---   34   ---   1



4. Fractions equal to whole numbers


Some fractions land exactly on a whole number. This happens when the numerator is a multiple of the denominator.


For example:


  	44=1

  	63=2

  	105=2




On a number line, these fractions are placed exactly at the whole number they equal.


5. Improper fractions


An improper fraction has a numerator greater than or equal to the denominator. This means the fraction is 1 or more.


Examples are 54, 73, and 88.


To place an improper fraction on a number line, keep dividing each whole into the number of parts shown by the denominator. Then count all the fractional parts.


Worked Example 2: Plot 54


Step 1: Since 44=1, 54 is a little more than 1.

Step 2: Divide each whole into 4 equal parts because the denominator is 4.

Step 3: Count 5 fourths from 0:


  	14

  	24

  	34

  	44=1

  	54




So 54 is the first fourth-sized mark to the right of 1.


It can also be written as the mixed number

54=114


6. Mixed numbers


A mixed number has a whole number and a fraction together, such as 123 or 315.


To place a mixed number on a number line:


  	Start at the whole number.

  	Divide the next section into equal parts using the denominator.

  	Move the number of parts shown by the numerator.




Worked Example 3: Plot 212


Step 1: Start at 2 because that is the whole number part.

Step 2: The denominator is 2, so divide the space from 2 to 3 into 2 equal parts.

Step 3: Move 1 part to the right of 2.

So 212 is halfway between 2 and 3.


You can think of it as:

212=52


Both names describe the same point on the number line.


7. Using equivalent fractions on number lines


Equivalent fractions are fractions that name the same amount. They are located at the same point on a number line.


For example:

12=24=36


Even though the fractions look different, they all land at the same spot: halfway between 0 and 1.


This is helpful because sometimes you may need to rename a fraction to match the intervals on a number line.


For example, if a number line is divided into eighths, it is easier to place 34 by thinking of it as

34=68


Then you count 6 eighth-sized parts from 0.


8. Comparing fractions on a number line


Fractions farther to the right are greater. Fractions farther to the left are smaller.


For example, on a number line:


  	13 is less than 23

  	54 is greater than 34

  	112 is less than 134




The number line shows this clearly because numbers increase as you move to the right.


Worked Example 4: Plot 73


Step 1: Since 63=2, 73 is a little more than 2.

Step 2: Divide each whole into 3 equal parts because the denominator is 3.

Step 3: Count 7 thirds from 0.


You can group them like this:


  	33=1

  	63=2

  	73=213




So 73 is one third to the right of 2.


9. Common mistakes to avoid


  	Not making equal parts: The spaces on a number line must be equal.

  	Using the numerator to divide the line: The denominator tells how many equal parts to make.

  	Forgetting that improper fractions can be greater than 1: Fractions like 94 do not fit only between 0 and 1.

  	Stopping at a whole number: Keep counting parts past 1, 2, or more when needed.

  	Ignoring equivalent fractions: Sometimes renaming the fraction makes plotting easier.




10. Helpful strategy


Ask yourself these questions:


  	Is the fraction less than 1, equal to 1, or greater than 1?

  	What does the denominator tell me?

  	How many equal parts should each whole be split into?

  	How many parts should I count?




If you answer these questions, you can usually place the fraction correctly.


[image: 📋]   Summary


Fractions are numbers, and they can be shown on number lines. The denominator tells how many equal parts each whole is divided into, and the numerator tells how many parts to count.


Proper fractions are between 0 and 1. Improper fractions and mixed numbers can be greater than 1, so they may be placed beyond 1 on the number line.


Equivalent fractions name the same point, and a number farther to the right is always greater. When you divide the number line carefully into equal parts, you can locate any fraction with confidence.


  
  Put what you read to the test

  You've worked through Locating Fractions on Number Lines. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2138
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  Equivalent Fractions and the Multiplicative Identity


Fractions can look different but still name the same amount. These are called equivalent fractions.


For example, 12, 24, and 48 are all the same point on the number line and all represent the same part of a whole.


In this lesson, you will learn how to make equivalent fractions using a very important idea called the multiplicative identity.


1. What are equivalent fractions?


Equivalent fractions are fractions that have different numerators and denominators but equal the same value.


Here are some examples:


  	12=24

  	35=610

  	46=23




You can think of this as cutting the same whole into more pieces. The pieces get smaller, but if you take more of them, the total amount can stay the same.


2. What is the multiplicative identity?


The multiplicative identity is the number 1. Multiplying any number by 1 does not change its value.


For example:


  	5×1=5

  	34×1=34




Fractions can also be equal to 1. For example:


  	22=1

  	55=1

  	1010=1




This means we can multiply a fraction by a fraction equal to 1, and the value will stay the same.


That is the key idea behind equivalent fractions.


3. How to make equivalent fractions


To create an equivalent fraction, multiply the numerator and denominator by the same nonzero number.


Why does this work? Because multiplying by the same number on top and bottom is the same as multiplying by 1:


ab×nn=anbn

Since nn=1, the fraction keeps the same value.


For example:


34×22=68

Because 22=1, we know:


34=68

You can also divide the numerator and denominator by the same nonzero number to make a simpler equivalent fraction.


For example:


812÷44 is not how we usually write it, but dividing top and bottom by 4 gives 23

So:


812=23

4. Important rule


When making equivalent fractions:


  	Multiply the numerator and denominator by the same number, or

  	Divide the numerator and denominator by the same number.




Do not change only the numerator or only the denominator. That would change the value of the fraction.


For example:


  	12≠14

  	12≠22




5. Visual meaning


Imagine one whole pizza.


  	If the pizza is cut into 2 equal slices, and you take 1 slice, you have 12.

  	If the same pizza is cut into 4 equal slices, and you take 2 slices, you have 24.




The number of slices changed, but the amount of pizza did not. So 12 and 24 are equivalent.


6. Worked Examples


Example 1: Make an equivalent fraction for 23


Multiply the numerator and denominator by 2.


23×22=46

So, 23=46.


Why? Because 22=1, and multiplying by 1 does not change the value.


Example 2: Find a missing numerator


Complete: 35=□10


Ask: How did 5 become 10? It was multiplied by 2.


So multiply the numerator by 2 also:


3×2=6

The missing numerator is 6.


35=610

Example 3: Simplify a fraction


Simplify 1218.


Find a number that divides both 12 and 18. One common factor is 6.


Divide both by 6:


1218=12÷618÷6=23

So the simplified fraction is 23.


Example 4: Use a fraction equal to 1


Write 58 as a fraction with denominator 24.


Ask: What number multiplies 8 to make 24? It is 3.


So multiply by 33:


58×33=1524

So, 58=1524.


7. How to check if fractions are equivalent


You can check equivalent fractions by seeing whether the numerator and denominator were multiplied or divided by the same number.


Example: Are 47 and 1221 equivalent?


Yes, because:


  	4×3=12

  	7×3=21




Both parts were multiplied by 3, so the fractions are equivalent.


8. Common mistakes to avoid


  	Changing only one number: You must change both numerator and denominator by the same number.

  	Adding instead of multiplying: Equivalent fractions come from multiplying or dividing, not adding.

  	Using different numbers: If you multiply the numerator by 2, you must also multiply the denominator by 2.




For example, this is wrong:


25≠36

Even though both numbers went up by 1, that does not make an equivalent fraction.


9. Quick steps to remember


  	Choose a number to multiply or divide by.

  	Use the same number for the numerator and denominator.

  	Check that the fraction still represents the same amount.




[image: 📋]   Summary


Equivalent fractions are different-looking fractions that name the same value. We can make them by multiplying or dividing the numerator and denominator by the same nonzero number.


This works because we are really multiplying by a fraction equal to 1, such as 22 or 55. Since multiplying by 1 does not change a number, the fraction keeps the same value.


Remember: same number on top and bottom means the fraction stays equivalent.


  
  Put what you read to the test

  You've worked through Equivalent Fractions and the Multiplicative Identity. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2139
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  Simplifying Fractions to Lowest Terms means rewriting a fraction so it has the same value, but the numbers are smaller and cannot be reduced anymore.


For example, 68 and 34 are equal fractions. We say 34 is in lowest terms because 3 and 4 do not have any common factor greater than 1.


This is useful because simpler fractions are easier to understand, compare, and use in later math problems.


Main idea: To simplify a fraction, divide the numerator and denominator by the same number. The best number to use is the greatest common factor (GCF).


The numerator is the top number in a fraction, and the denominator is the bottom number.


In the fraction 1218:


  	12 is the numerator

  	18 is the denominator




To simplify a fraction to lowest terms, follow these steps:


  	Find the factors of the numerator.

  	Find the factors of the denominator.

  	Find the greatest common factor, or largest number that goes into both.

  	Divide both the numerator and denominator by the GCF.

  	Check that the new numerator and denominator do not have any common factor greater than 1.




Remember: when you divide the top and bottom of a fraction by the same number, the value of the fraction stays the same.


That means:

ab=a÷nb÷n
as long as n is a factor of both a and b.


Worked Example 1: Simplify 812

First, list the factors.


  	Factors of 8: 1, 2, 4, 8

  	Factors of 12: 1, 2, 3, 4, 6, 12




The greatest common factor is 4.

Now divide both numbers by 4:

812=8÷412÷4=23
So, 812 simplified to lowest terms is 23.


Worked Example 2: Simplify 1525

Find the GCF of 15 and 25.


  	Factors of 15: 1, 3, 5, 15

  	Factors of 25: 1, 5, 25




The greatest common factor is 5.

1525=15÷525÷5=35
So, the fraction in lowest terms is 35.


Worked Example 3: Simplify 1824

List factors or think of the largest number that divides both 18 and 24.


  	Factors of 18: 1, 2, 3, 6, 9, 18

  	Factors of 24: 1, 2, 3, 4, 6, 8, 12, 24




The greatest common factor is 6.

1824=18÷624÷6=34
So, 1824 simplified is 34.


Worked Example 4: Simplify 1415

Look for common factors.


  	Factors of 14: 1, 2, 7, 14

  	Factors of 15: 1, 3, 5, 15




The only common factor is 1. That means the fraction is already in lowest terms.

So, 1415 cannot be simplified any further.


How do you know a fraction is in lowest terms?


  	The numerator and denominator have no common factor greater than 1.

  	You cannot divide both by the same whole number except 1.




Important reminder: Do not subtract the same number from the top and bottom to simplify. You must divide both by the same factor.


For example, with 68:


  	Correct: divide both by 2 to get 34

  	Incorrect: subtract 2 from both to get 46




Even though 46 is still a fraction, subtracting does not keep the value the same in the way simplifying does.


Another way to think about it: A fraction shows equal parts of a whole. Simplifying does not change the amount. It just shows the same amount with fewer pieces.


For instance:

48=12
Both fractions mean the same amount: one-half of the whole.


Tips for simplifying fractions:


  	Always check if both numbers are even. If they are, they can both be divided by 2.

  	If both numbers end in 0 or 5, check if they can both be divided by 5.

  	Use the GCF to simplify in one step when possible.

  	If you are not sure of the GCF, you can simplify in smaller steps until you reach lowest terms.




Here is an example of simplifying in steps:

Simplify 1624

First divide both by 2:

1624=812
Then divide both by 4:

812=23
So the final answer is:

1624=23

This works, but using the GCF of 8 would get the same answer in one step.


Let’s review the big idea: simplifying a fraction means finding an equivalent fraction with smaller numbers. A fraction is in lowest terms when the numerator and denominator have no common factor greater than 1.


[image: 📋]   Summary


  	To simplify a fraction, divide the numerator and denominator by the same number.

  	The best number to use is the greatest common factor.

  	If the numerator and denominator only share 1 as a common factor, the fraction is already in lowest terms.

  	Simplifying changes the look of the fraction, but not its value.




  
  Put what you read to the test

  You've worked through Simplifying Fractions to Lowest Terms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2140






  [image: 📝]   Lesson 28: Comparing Fractions Using Benchmarks

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2165




  Comparing Fractions Using Benchmarks


Fractions can be compared in different ways. One very useful way is to use benchmarks.


A benchmark is a number you already know well and can use to help judge another number. When comparing fractions, the most helpful benchmarks are 0, 12, and 1.


These benchmarks help you answer questions like:


  	Is the fraction close to 0?

  	Is it less than, equal to, or greater than 12?

  	Is it close to 1?




Using benchmarks is helpful because you do not always need to find common denominators right away. You can often compare fractions by thinking carefully about their size.


Why 0, 12, and 1?


  	0 means no parts are shaded or chosen.

  	12 means half of a whole.

  	1 means one complete whole.




Most fractions students compare are between 0 and 1, so these benchmarks are easy and powerful tools.


How to compare a fraction to 0


If a fraction is positive, then it is greater than 0. For example, 27>0 and 910>0.


Fractions with small numerators compared with their denominators are often closer to 0. For example, 112 is closer to 0 than 712.


How to compare a fraction to 1


If the numerator is less than the denominator, the fraction is less than 1. For example, 56<1.


If the numerator equals the denominator, the fraction equals 1. For example, 66=1.


Fractions with numerators very close to the denominator are often close to 1. For example, 1112 is close to 1 because only one part is missing.


How to compare a fraction to 12


This is one of the most important fraction benchmark skills.


To decide whether a fraction is less than or greater than 12, think about what half would look like with that denominator.


For example:


  	With denominator 8, half is 48.

  	With denominator 10, half is 510.

  	With denominator 12, half is 612.




So:


  	If the numerator is less than half of the denominator, the fraction is less than 12.

  	If the numerator is equal to half of the denominator, the fraction equals 12.

  	If the numerator is greater than half of the denominator, the fraction is greater than 12.




Examples:


  	38<12 because half of 8 is 4, and 3 is less than 4.

  	510=12 because half of 10 is 5.

  	712>12 because half of 12 is 6, and 7 is greater than 6.




Another helpful idea: distance from a benchmark


Sometimes two fractions are both greater than 12, or both less than 1. Then it helps to see which one is closer to the benchmark.


For example, compare 58 and 710.


Both fractions are greater than 12:


  	58 is greater than 48.

  	710 is greater than 510.




Now think about how far each is from 1:


  	58 is 38 away from 1.

  	710 is 310 away from 1.




Since 310 is a smaller gap than 38, 710 is closer to 1, so 710>58.


Worked Example 1: Compare a fraction to 12


Compare 37 and 12.


Half of 7 is 3.5. The numerator is 3, which is less than 3.5.


So, 37<12


This means 37 is less than half of a whole.


Worked Example 2: Use 12 as a benchmark to compare two fractions


Compare 512 and 712.


Since the denominators are the same, we can also compare numerators directly. But let us use the benchmark 12.


Half of 12 is 6.


  	512 is less than 12 because 5 is less than 6.

  	712 is greater than 12 because 7 is greater than 6.




So the fraction greater than one-half is larger:


512<712


Worked Example 3: Compare two fractions that are both greater than 12


Compare 47 and 59.


First compare each fraction to 12.


  	Half of 7 is 3.5, so 47>12.

  	Half of 9 is 4.5, so 59>12.




Both are greater than 12, so now check which is closer to 12.


Think about how much each fraction is above one-half:


  	47 is a little more than 12.

  	59 is also a little more than 12, but not as much.




So, 47>59


This kind of comparison uses reasoning, not just a rule.


Worked Example 4: Compare fractions using closeness to 1


Compare 1112 and 910.


Both fractions are close to 1.


Look at how much each fraction is missing from 1:


  	1112 is missing 112.

  	910 is missing 110.




Since 112 is smaller than 110, 1112 is missing less and is therefore closer to 1.


So, 1112>910


Tips for comparing fractions with benchmarks


  	Ask first: Is each fraction less than, equal to, or greater than 12?

  	If both fractions are on different sides of 12, the one greater than 12 is larger.

  	If both are close to 1, check which is missing less.

  	If both are close to 0, check which has the smaller amount.

  	Use your number sense. Benchmarks help you think about the size of a fraction.




Common mistakes to avoid


  	Do not compare only denominators. A larger denominator does not always mean a larger fraction.

  	Do not compare only numerators unless the denominators are the same.

  	Do not guess. Always compare to a benchmark like 0, 12, or 1.




For example, in 38 and 35, the numerators are the same. Since fifths are larger parts than eighths, 35>38.


Quick review steps


  	Look at the fraction.

  	Ask if it is close to 0, 12, or 1.

  	Compare each fraction to the same benchmark.

  	Decide which fraction is larger based on its position.




[image: 📋]   Summary


Benchmarks are helpful numbers like 0, 12, and 1 that make fractions easier to compare.


You can compare fractions by asking whether they are less than, equal to, or greater than these benchmark numbers. You can also compare how close fractions are to 12 or 1.


When you use benchmarks, you build strong fraction sense and can often compare fractions quickly and correctly.


  
  Put what you read to the test

  You've worked through Comparing Fractions Using Benchmarks. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2141
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  Comparing Fractions Using Common Denominators


Fractions tell us about parts of a whole. Sometimes we need to decide which fraction is bigger, smaller, or if two fractions are equal. When fractions have different denominators, comparing them can feel tricky at first.


A very helpful method is to rewrite the fractions so they have the same denominator. These new fractions are called equivalent fractions. Once the denominators match, the fractions are much easier to compare.


In this lesson, you will learn how to compare fractions using common denominators, why the method works, and how to avoid common mistakes.


1. What do numerator and denominator mean?


In a fraction like 35, the denominator is the bottom number. It tells how many equal parts the whole is divided into. The numerator is the top number. It tells how many of those parts we have.


When two fractions have the same denominator, they are talking about the same-sized pieces. Then we can compare the numerators easily.


For example, between 27 and 57, the fraction 57 is greater because both fractions are made of sevenths, and 5 sevenths is more than 2 sevenths.


2. Why do we need a common denominator?


If the denominators are different, the fractions use different-sized pieces. For example, thirds and fourths are not the same size. That means we cannot safely compare only the numerators.


For example, in 34 and 45, the number 4 is larger than 3, but that does not automatically mean 45 is larger just because its numerator is larger. The sizes of the pieces are different.


So, we rewrite both fractions using the same denominator. Then the pieces are the same size, and the comparison becomes fair.


3. What is a common denominator?


A common denominator is a number that both denominators can divide into evenly. We use it to make equivalent fractions.


One very useful common denominator is the least common denominator. This is the smallest number that both denominators divide into evenly. Using the least common denominator often keeps the numbers smaller and easier to work with.


For example:



  	For 2 and 3, a common denominator is 6.

  	For 4 and 6, a common denominator is 12.

  	For 3 and 5, a common denominator is 15.




4. Steps for comparing fractions using common denominators



  	Look at the denominators.

  	Find a common denominator.

  	Rewrite each fraction as an equivalent fraction with that denominator.

  	Compare the numerators.

  	Write the comparison using >, <, or =.




5. How do we make equivalent fractions?


To make an equivalent fraction, multiply the numerator and denominator by the same nonzero number. This keeps the value of the fraction the same.


For example:


12=1×32×3=36

The fraction changes its name, but not its value.


Worked Example 1: Compare 13 and 16


Step 1: Look at the denominators: 3 and 6.


Step 2: Find a common denominator. The least common denominator is 6.


Step 3: Rewrite both fractions with denominator 6.


13=1×23×2=26

16=16

Step 4: Compare the numerators. Since 2>1, we have:


26>16

So,


13>16

This makes sense because one third is larger than one sixth.


Worked Example 2: Compare 34 and 58


Step 1: The denominators are 4 and 8.


Step 2: A common denominator is 8.


Step 3: Rewrite the fractions.


34=3×24×2=68

58=58

Step 4: Compare the numerators. Since 6>5,


68>58

So,


34>58

Worked Example 3: Compare 23 and 35


This one is a little harder because neither denominator is already a multiple of the other.


Step 1: The denominators are 3 and 5.


Step 2: Find a common denominator. The least common denominator is 15.


Step 3: Rewrite each fraction with denominator 15.


23=2×53×5=1015

35=3×35×3=915

Step 4: Compare the numerators. Since 10>9,


1015>915

So,


23>35

Worked Example 4: Compare 56 and 79


Step 1: The denominators are 6 and 9.


Step 2: Find a common denominator. A common denominator is 18.


Step 3: Rewrite both fractions.


56=5×36×3=1518

79=7×29×2=1418

Step 4: Compare the numerators. Since 15>14,


1518>1418

So,


56>79

6. What if the fractions are equal?


Sometimes two fractions with different denominators name the same amount. Common denominators can help us see that.


Compare 24 and 36.


A common denominator for 4 and 6 is 12.


24=2×34×3=612

36=3×26×2=612

Since both fractions become 612, we know


24=36

7. Tips for finding a common denominator


You can list multiples of each denominator until you find one they share.


Example: for 4 and 6



  	Multiples of 4: 4, 8, 12, 16, 20, ...

  	Multiples of 6: 6, 12, 18, 24, ...




The first common multiple is 12, so 12 is the least common denominator.


Example: for 6 and 8



  	Multiples of 6: 6, 12, 18, 24, ...

  	Multiples of 8: 8, 16, 24, 32, ...




The first common multiple is 24, so 24 is the least common denominator.


8. Common mistakes to avoid



  	Do not compare only the numerators when denominators are different.

  	Do not change only the denominator. If you multiply the denominator by a number, you must multiply the numerator by the same number.

  	Do not use different-sized pieces. Always rewrite both fractions with the same denominator before comparing.




For example, this is wrong:


12=14

The denominator changed, but the numerator did not. That changes the value.


This is correct:


12=24

9. A quick check for understanding


Try these on your own:



  	Compare 12 and 23

  	Compare 35 and 410

  	Compare 78 and 56




Possible answers:



  	12=36 and 23=46, so 12<23

  	35=610, so 35>410

  	78=2124 and 56=2024, so 78>56




10. Summary


To compare fractions with different denominators, first find a common denominator. Then rewrite each fraction as an equivalent fraction with that denominator. Once the denominators match, compare the numerators.


This method works because both fractions are being measured using the same-sized parts. If the numerators are the same, the fractions are equal. If one numerator is larger, that fraction is greater.


With practice, comparing fractions using common denominators becomes a simple step-by-step process.


  
  Put what you read to the test

  You've worked through Comparing Fractions Using Common Denominators. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2142
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  Improper Fractions and Mixed Numbers


Fractions can be written in more than one way. Sometimes a fraction shows an amount that is less than 1 whole, like 34. Sometimes it shows an amount greater than 1 whole. When that happens, we can write it as an improper fraction or as a mixed number.


Learning how to change between these forms is important because it helps you compare fractions and use them in other math problems.


What is an improper fraction?


An improper fraction is a fraction in which the numerator is greater than or equal to the denominator.


Examples of improper fractions are 74, 95, and 1212.


These fractions are called improper because they represent 1 whole or more than 1 whole.


What is a mixed number?


A mixed number has a whole number and a fraction together.


Examples of mixed numbers are 134, 215, and 423.


The whole number tells how many complete wholes there are. The fraction tells what part of another whole is left.


For example, 213 means 2 whole things and 13 of another thing.


Seeing the connection


Improper fractions and mixed numbers can name the same amount. They are just different ways to write the same value.


For example, 74 and 134 are equal.


Why? Because 4 fourths make 1 whole:


74=44+34=1+34=134

How to change a mixed number into an improper fraction


To convert a mixed number to an improper fraction, follow these steps:



  	Multiply the whole number by the denominator.

  	Add the numerator.

  	Put the result over the same denominator.




This can be shown like this for abc:


abc=a×c+bc

Worked Example 1


Convert 235 to an improper fraction.


Step 1: Multiply the whole number by the denominator.


2×5=10

Step 2: Add the numerator.


10+3=13

Step 3: Write the answer over the same denominator.


235=135

So, 235 and 135 are equivalent.


Worked Example 2


Convert 413 to an improper fraction.


Multiply the whole number by the denominator:


4×3=12

Add the numerator:


12+1=13

Put it over the denominator:


413=133

How to change an improper fraction into a mixed number


To convert an improper fraction to a mixed number, follow these steps:



  	Divide the numerator by the denominator.

  	The quotient becomes the whole number.

  	The remainder becomes the numerator of the fraction part.

  	Keep the same denominator.




This works because division tells us how many whole groups we can make.


Worked Example 3


Convert 114 to a mixed number.


Divide 11 by 4:


11÷4=2 remainder 3

The quotient is 2, so the whole number is 2.


The remainder is 3, so the fraction part is 34.


114=234

Worked Example 4


Convert 176 to a mixed number.


Divide 17 by 6:


17÷6=2 remainder 5

So the whole number is 2 and the fraction part is 56.


176=256

Why the denominator stays the same


The denominator tells the size of the parts. When we convert between an improper fraction and a mixed number, the size of the parts does not change.


For example, in 94, the parts are fourths. In the mixed number 214, the parts are still fourths.


A number line view


Fractions can also be shown on a number line. Improper fractions and mixed numbers mark the same point.


For example, 63 is the same as 2, because 6 thirds make 2 wholes.


63=2

Also, 83 is the same as 223. Both are located between 2 and 3 on the number line.


Helpful tips



  	Mixed number to improper fraction: Multiply, add, and keep the denominator.

  	Improper fraction to mixed number: Divide, use the remainder, and keep the denominator.

  	If the numerator is a multiple of the denominator, the mixed number will be a whole number.




For example:


124=3

There is no fraction part because 12 divided by 4 has no remainder.


Common mistakes to avoid



  	Do not add the denominator when changing a mixed number to an improper fraction.

  	Do not change the denominator when converting.

  	When writing a mixed number, make sure the fraction part is a proper fraction, which means the numerator is less than the denominator.




For example, 354 is not written correctly as a mixed number because 54 is still improper. It should be changed again.


Quick check



  	123=53

  	347=257

  	103=313

  	145=245




[image: 📋]   Summary


An improper fraction has a numerator greater than or equal to the denominator. A mixed number has a whole number and a fraction.


They can represent the same amount. To change a mixed number to an improper fraction, multiply the whole number by the denominator, add the numerator, and place the result over the same denominator.


To change an improper fraction to a mixed number, divide the numerator by the denominator. The quotient is the whole number, the remainder is the new numerator, and the denominator stays the same.


When you understand both forms, you can move easily between them and work with fractions more confidently.


  
  Put what you read to the test

  You've worked through Improper Fractions and Mixed Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2143






  
    
  [image: 📖]   Chapter 5

  Operations with Fractions
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  Adding and Subtracting Fractions with Like Denominators


Fractions help us describe parts of a whole. When we add or subtract fractions, we are combining parts or taking parts away.


In this lesson, we will learn how to add and subtract fractions with like denominators. This means the fractions have the same number on the bottom.


For example, in the fractions 27 and 47, the denominator is 7 in both fractions. These are fractions with like denominators.


Important idea: The denominator tells the size of the parts. If the denominators are the same, the parts are the same size. That is why we can combine or compare them easily.


Think about pizza slices. If two pizzas are both cut into 8 equal slices, then each slice is the same size. So adding 38 and 28 means combining 3 slices and 2 slices of the same size.


The rule for adding fractions with like denominators:


Keep the denominator the same, and add the numerators.


ab+cb=a+cb

The rule for subtracting fractions with like denominators:


Keep the denominator the same, and subtract the numerators.


ab−cb=a−cb

Why do we keep the denominator? Because the denominator tells how many equal parts the whole is divided into. When the parts are the same size, we are only changing how many parts we have, not the size of the parts.


So in 59+29, the ninths stay as ninths. We are just combining 5 ninths and 2 ninths to make 7 ninths.


59+29=79

Here is a step-by-step method you can use every time:



	Check that the denominators are the same.

	Add or subtract the numerators.

	Keep the denominator the same.

	Simplify the answer if possible.

	If the answer is greater than 1, write it as a mixed number if needed.




Worked Example 1: Simple Addition


Add 16+36.


Step 1: The denominators are the same, so these are like denominators.


Step 2: Add the numerators: 1+3=4.


Step 3: Keep the denominator 6.


16+36=46

Step 4: Simplify if possible. Both 4 and 6 can be divided by 2.


46=23

So the final answer is 23.


Worked Example 2: Simple Subtraction


Subtract 710−210.


Step 1: The denominators are both 10, so the fractions have like denominators.


Step 2: Subtract the numerators: 7−2=5.


Step 3: Keep the denominator 10.


710−210=510

Step 4: Simplify. Both 5 and 10 can be divided by 5.


510=12

So the final answer is 12.


Worked Example 3: Addition Greater Than 1


Add 58+68.


Step 1: The denominators are the same.


Step 2: Add the numerators: 5+6=11.


Step 3: Keep the denominator 8.


58+68=118

This fraction is greater than 1 because the numerator is larger than the denominator. It is an improper fraction.


We can write it as a mixed number. Since 8 goes into 11 one whole time with 3 left over:


118=138

So the final answer is 138.


Worked Example 4: Subtraction with a Larger Fraction


Subtract 912−412.


Step 1: The denominators are both 12.


Step 2: Subtract the numerators: 9−4=5.


Step 3: Keep the denominator 12.


912−412=512

Step 4: Check whether it can be simplified. Since 5 and 12 do not have a common factor greater than 1, the fraction is already in simplest form.


So the final answer is 512.


Common Mistakes to Avoid



	Do not add the denominators. For example, 27+37 is not 514. It is 57.

	Do not subtract the denominators. For example, 69−29 is not 40. It is 49.

	Always simplify when possible. For example, 38+18=48=12.

	Watch for answers greater than 1. If needed, change an improper fraction to a mixed number.




Quick Practice Ideas



	25+15=35

	611−411=211

	34+24=54=114

	79−39=49




[image: 📋]   Summary


When adding and subtracting fractions with like denominators, the denominator stays the same because the pieces are the same size.


You only add or subtract the numerators.


ab+cb=a+cbab−cb=a−cb

After finding the answer, always check whether you should simplify it or write it as a mixed number.


If you remember this idea—same denominator, combine the numerators, keep the denominator—you will be able to solve many fraction problems correctly.


  
  Put what you read to the test

  You've worked through Adding and Subtracting Fractions with Like Denominators. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2144






  [image: 📝]   Lesson 32: Finding Common Denominators for Unlike Fractions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2167




  Finding Common Denominators for Unlike Fractions


When we add or subtract fractions, the fractions need to talk about the same-sized parts. The denominator tells us what size the parts are.


If two fractions have the same denominator, they are already using the same-sized parts. For example, in 38 and 18, both fractions are divided into eighths.


But if fractions have unlike denominators, such as 13 and 14, they are divided into different-sized parts. Thirds and fourths are not the same size, so we cannot add or subtract them right away.


To solve this, we find a common denominator. A common denominator is a number that both denominators can divide into evenly.


The best common denominator to use is usually the least common denominator, or LCD. The LCD is the smallest number that both denominators go into evenly. It comes from the Least Common Multiple (LCM) of the denominators.


Why do we use the LCD?


  	It makes the numbers smaller and easier to work with.

  	It helps us write equivalent fractions more efficiently.

  	It is especially helpful when adding and subtracting.




Step-by-step: How to find a common denominator


  	Look at the denominators.

  	Find their least common multiple (LCM).

  	Use that LCM as the common denominator.

  	Rewrite each fraction as an equivalent fraction with the new denominator.




Remember: When you change the denominator, you must also change the numerator by the same factor so the fraction keeps the same value.


For example,

12=24=36=48


These are all equivalent fractions. They look different, but they represent the same amount.


How to find the LCM

One easy way is to list multiples of each denominator until you find the first one they share.


Example: Find the LCM of 3 and 4.


  	Multiples of 3: 3, 6, 9, 12, 15, ...

  	Multiples of 4: 4, 8, 12, 16, ...




The first common multiple is 12, so the LCD is 12.


Worked Example 1: Simple common denominator

Find a common denominator for 13 and 14.


Step 1: Find the LCM of 3 and 4.


  	Multiples of 3: 3, 6, 9, 12

  	Multiples of 4: 4, 8, 12




The LCM is 12.


Step 2: Rewrite each fraction with denominator 12.

13=1×43×4=412

14=1×34×3=312


So the fractions with a common denominator are 412 and 312.


Worked Example 2: Using the common denominator to add

Add 25+12.


Step 1: Find the LCM of 5 and 2.


  	Multiples of 5: 5, 10, 15, ...

  	Multiples of 2: 2, 4, 6, 8, 10, ...




The LCM is 10.


Step 2: Rewrite both fractions with denominator 10.

25=2×25×2=410

12=1×52×5=510


Step 3: Add the numerators.

410+510=910


So,

25+12=910


Worked Example 3: Using the common denominator to subtract

Subtract 34−16.


Step 1: Find the LCM of 4 and 6.


  	Multiples of 4: 4, 8, 12, 16, ...

  	Multiples of 6: 6, 12, 18, ...




The LCM is 12.


Step 2: Rewrite both fractions with denominator 12.

34=3×34×3=912

16=1×26×2=212


Step 3: Subtract the numerators.

912−212=712


So,

34−16=712


Worked Example 4: A case where one denominator is already a multiple of the other

Find a common denominator for 56 and 13, then add them.


Step 1: Find the LCM of 6 and 3.


  	Multiples of 6: 6, 12, 18, ...

  	Multiples of 3: 3, 6, 9, 12, ...




The LCM is 6.


This means one fraction already has the LCD.


Step 2: Rewrite only the fraction that needs changing.

56=56

13=1×23×2=26


Step 3: Add the numerators.

56+26=76


So,

56+13=76


Important ideas to remember


  	You can only add or subtract fractions easily when the denominators are the same.

  	The common denominator should be a common multiple of both denominators.

  	The least common denominator is usually the easiest one to use.

  	To make an equivalent fraction, multiply the numerator and denominator by the same number.

  	Do not add or subtract the denominators.




Common mistakes


  	Mistake: Adding denominators.
Example: 13+14≠27

  	Mistake: Changing the denominator but not the numerator.
If 14 becomes twelfths, it must become 312, not 112.

  	Mistake: Choosing a common denominator that works, but forgetting to rewrite both fractions correctly.




Quick check

Try these on your own:


  	Find a common denominator for 12 and 15.

  	Rewrite 38 and 16 with the LCD.

  	Add 14+23.

  	Subtract 56−14.




Brief summary

Finding a common denominator helps us change unlike fractions into equivalent fractions with the same denominator. We usually use the least common denominator, which is the least common multiple of the denominators. Once the denominators match, we can add or subtract the numerators and keep the denominator the same.


  
  Put what you read to the test

  You've worked through Finding Common Denominators for Unlike Fractions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2145
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  Adding and Subtracting Fractions with Unlike Denominators
Fractions can be added and subtracted, but there is one very important rule: the denominators must match first.
If the denominators are already the same, the job is easy. But when the denominators are different, we must rewrite the fractions so they have a common denominator.
In this lesson, you will learn how to add and subtract fractions with unlike denominators and how to check if your answer makes sense.
1. What do the numerator and denominator mean?
In a fraction like 34:
	The numerator is the top number: 3
	The denominator is the bottom number: 4

The denominator tells how many equal parts the whole is divided into. The numerator tells how many of those parts we have.
This is why we cannot add fractions with different denominators right away. For example, 12 and 13 are cut into different-sized pieces. We must first change them into fractions with pieces of the same size.
2. What is a common denominator?
A common denominator is a number that both denominators can divide into evenly.
For example, for 12 and 13, the denominators are 2 and 3. A common denominator is 6, because:
	2 goes into 6
	3 goes into 6

The least common denominator is the smallest common denominator. Using the least common denominator usually makes the work easier.
3. How to add or subtract fractions with unlike denominators
	Find a common denominator.
	Rewrite each fraction as an equivalent fraction with that denominator.
	Add or subtract the numerators.
	Keep the denominator the same.
	Simplify if possible.
	Check if the answer is reasonable.

4. Finding equivalent fractions
Equivalent fractions name the same amount.
For example:
12=24=36
To make an equivalent fraction, multiply the numerator and denominator by the same number.
Example:
23=2×43×4=812
5. Worked Example 1: Simple addition
Find 12+13.
Step 1: Find a common denominator.
The denominators are 2 and 3. The least common denominator is 6.
Step 2: Rewrite each fraction.
12=36
13=26
Step 3: Add the numerators.
36+26=56
Answer: 56
Reasonableness check: 12 is about 0.5 and 13 is about 0.33, so the sum should be about 0.83. Since 56≈0.83, the answer makes sense.
6. Worked Example 2: Subtraction
Find 34−16.
Step 1: Find a common denominator.
The denominators are 4 and 6. The least common denominator is 12.
Step 2: Rewrite each fraction.
34=912
16=212
Step 3: Subtract the numerators.
912−212=712
Answer: 712
Reasonableness check: 34 is 0.75 and 16 is a little less than 0.2. The difference should be a little more than 0.5. Since 712≈0.58, the answer is reasonable.
7. Worked Example 3: When one denominator is a multiple of the other
Find 58+14.
Step 1: Find a common denominator.
The denominators are 8 and 4. Since 8 is a multiple of 4, we can use 8 as the common denominator.
Step 2: Rewrite each fraction.
58=58
14=28
Step 3: Add the numerators.
58+28=78
Answer: 78
Reasonableness check: 58 is a little more than one-half, and 14 is 0.25. Together they should be less than 1. 78 is less than 1, so the answer makes sense.
8. Worked Example 4: Answer needs simplifying
Find 25+415.
Step 1: Find a common denominator.
The denominators are 5 and 15. Since 15 is a multiple of 5, use 15.
Step 2: Rewrite each fraction.
25=615
415=415
Step 3: Add the numerators.
615+415=1015
Step 4: Simplify.
Both 10 and 15 can be divided by 5.
1015=23
Answer: 23
Reasonableness check: 25=0.4 and 415≈0.27. The total is about 0.67, which matches 23≈0.67.
9. Common mistakes to avoid
	Do not add the denominators. For example, 12+13≠25.
	Do not subtract the denominators. The denominator stays the same after you rewrite both fractions with a common denominator.
	Do not forget to simplify. An answer like 1015 should be simplified to 23.
	Make sure the fractions are equivalent when rewritten. Multiply the numerator and denominator by the same number.

10. How to check if your answer is reasonable
After solving, ask yourself:
	Is the sum greater than each addend when adding?
	Is the difference smaller than the number you started with when subtracting?
	Is the answer close to what you would expect from benchmark fractions like 12, 14, or 1?

Example: For 12+13, the answer should be more than 12 but less than 1. So 56 is reasonable.
11. Quick step-by-step guide
Use this every time:
	Look at the denominators.
	Find the least common denominator.
	Rename the fractions.
	Add or subtract the numerators.
	Keep the denominator.
	Simplify.
	Check if the answer makes sense.

[image: 📋]   Summary
To add or subtract fractions with unlike denominators, you must first change them to equivalent fractions with a common denominator. Then you add or subtract only the numerators and keep the denominator the same. Finally, simplify your answer and check that it is reasonable.
Remember: same denominator first, then solve.


  
  Put what you read to the test

  You've worked through Adding and Subtracting Fractions with Unlike Denominators. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2146
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  Adding and Subtracting Mixed Numbers with Regrouping


Mixed numbers are numbers that have a whole number and a fraction together, like 314 or 756.


In this lesson, you will learn how to add and subtract mixed numbers, especially when you need to regroup. Regrouping means taking 1 whole and rewriting it as a fraction so the problem can be solved more easily.


This is very important in subtraction. Sometimes the fraction on top is smaller than the fraction on the bottom, so you cannot subtract the fractional parts right away. When that happens, you regroup.


1. Review: What is a mixed number?


A mixed number has two parts:


  	a whole number

  	a fraction




Example: In 423, the whole number is 4 and the fraction is 23.


2. Adding mixed numbers


To add mixed numbers, follow these steps:


  	Add the whole numbers.

  	Add the fractions.

  	If the fractional sum is greater than or equal to 1, regroup it into a whole number and a fraction.

  	Simplify if needed.




Worked Example 1: Add without much regrouping

Solve: 215+325


Add the whole numbers:

2+3=5


Add the fractions:

15+25=35


Put them together:

215+325=535


Worked Example 2: Add and regroup

Solve: 438+278


Add the whole numbers:

4+2=6


Add the fractions:

38+78=108


The fraction 108 is greater than 1. Rewrite it:

108=88+28=128


Now add that extra whole number to the whole-number sum:

6+128=728


Simplify 28:

28=14


Final answer:

438+278=714


3. Subtracting mixed numbers


To subtract mixed numbers, you often subtract the whole numbers and the fractions separately.


But there is a problem sometimes: the top fraction may be smaller than the bottom fraction.


For example, in 514−234, you cannot do 14−34 because the top fraction is smaller.


That is when you regroup.


4. How regrouping works


Suppose you have 514.


You can take 1 whole from the 5 and turn it into fourths:

1=44


So:

514=4+(44+14)=454


This does not change the value. It only rewrites the number in a way that helps you subtract.


Steps for subtracting mixed numbers with regrouping


  	Check the fractions.

  	If the top fraction is smaller, subtract 1 from the top whole number.

  	Change that 1 whole into a fraction with the same denominator.

  	Add it to the top fraction.

  	Subtract the fractions.

  	Subtract the whole numbers.

  	Simplify if needed.




Worked Example 3: Subtract with regrouping

Solve: 514−234


Look at the fractions:

14−34


You cannot subtract because 14 is less than 34.


Regroup 514:

Take 1 whole from 5, leaving 4.

Change that 1 whole into fourths:

1=44


Add it to the fraction:

44+14=54


So:

514=454


Now subtract:

Whole numbers:

4−2=2


Fractions:

54−34=24


Put them together:

224


Simplify the fraction:

24=12


Final answer:

514−234=212


Worked Example 4: A harder subtraction example

Solve: 723−453


First, check the fractions:

23−53


You cannot subtract because 23 is less than 53.


Regroup 723:

Take 1 whole from 7, leaving 6.

Change 1 whole into thirds:

1=33


Add it to 23:

33+23=53


So:

723=653


Now subtract:

Whole numbers:

6−4=2


Fractions:

53−53=0


Final answer:

723−453=2


5. Important reminder about denominators


When adding or subtracting fractions in mixed numbers, the fractions must have the same denominator.


In this lesson, the examples already had matching denominators. If the denominators are different, you first rewrite the fractions so they have a common denominator.


Example:

To work with 12 and 34, you can rewrite 12 as 24.


6. Common mistakes to avoid


  	Do not forget to regroup when the top fraction is smaller.

  	Do not change only the whole number. You must also turn the borrowed 1 into a fraction.

  	Make sure the denominator stays the same when regrouping. For example, 1 whole becomes 44 if the denominator is 4.

  	Always simplify your final fraction if possible.




7. Quick strategy check

When you see a subtraction problem with mixed numbers, ask yourself:


  	Are the denominators the same?

  	Is the top fraction big enough to subtract the bottom fraction?

  	If not, can I regroup 1 whole?




[image: 📋]   Summary


To add mixed numbers, add the whole numbers and fractions separately. If the fraction part is 1 or more, regroup it into a whole number and a fraction.


To subtract mixed numbers with regrouping, check whether the top fraction is smaller than the bottom fraction. If it is, borrow 1 whole from the whole-number part, rewrite that 1 as a fraction with the same denominator, and then subtract.


Remember: regrouping does not change the value of the number. It only changes how the number is written so the subtraction is possible.


With practice, you will get faster at seeing when regrouping is needed and how to do it correctly.


  
  Put what you read to the test

  You've worked through Adding and Subtracting Mixed Numbers with Regrouping. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2147
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  Multiplying Fractions by Whole Numbers


In this lesson, you will learn how to multiply a fraction by a whole number.


This is an important skill because it helps you find repeated fractional amounts. For example, if you have 3 groups of rac{1}{4}, or if you want to find 5 times rac{2}{3}, you are multiplying a fraction by a whole number.


There are two main ways to think about this:


  	Repeated addition: adding the same fraction again and again

  	Scaling: making a fraction larger by multiplying it by a whole number




Lets learn both ideas.


1. Multiplying a fraction by a whole number as repeated addition


If you multiply a fraction by a whole number, you can think of it as adding that fraction over and over.


For example,


4×13 means:



13+13+13+13



When adding fractions with the same denominator, you keep the denominator and add the numerators:


13+13+13+13=43



So,


4×13=43



2. A quick rule for multiplying a fraction by a whole number


To multiply a whole number by a fraction, write the whole number as a fraction over 1:


4=41



Then multiply numerators and multiply denominators:


4×13=41×13=4×11×3=43



This gives the same answer as repeated addition.


3. What happens when the answer is greater than 1?


Sometimes the product is an improper fraction, which means the numerator is greater than the denominator.


For example, 43 is more than 1 whole.


You can change it to a mixed number:


43=113



So,


4×13=113



4. Multiplying to find part of a whole quantity


Multiplying fractions by whole numbers also helps you find fractional parts of a set or amount.


For example, if one ribbon piece is 25 meter long, then 3 pieces have length:


3×25=65=115



This means 3 pieces together are 115 meters long.


5. Understanding multiplication as scaling


When you multiply a fraction by a whole number, you are making it larger by that number of times.


For example,


2×34 means 2 times as much as 34.


That is why:


2×34=64=32=112



You started with 34, and doubling it gave you 112.


Steps for multiplying a fraction by a whole number


  	Write the whole number as a fraction over 1.

  	Multiply the numerators.

  	Multiply the denominators.

  	Simplify if possible.

  	Change to a mixed number if needed.




In general,


n×ab=n×ab



This works because only the numerator changes when you have repeated groups of the same fraction.


Worked Example 1


Find 3×14.


Method 1: Repeated addition


14+14+14=34



Method 2: Multiply


3×14=31×14=34



Answer: 34


Worked Example 2


Find 5×27.


Write 5 as 51:


5×27=51×27



Multiply numerators and denominators:


5×21×7=107



Change to a mixed number:


107=137



Answer: 137


Worked Example 3


A jogger runs 35 mile each lap. How far does the jogger run in 4 laps?


This means:


4×35



Multiply:


4×35=41×35=125



Change to a mixed number:


125=225



Answer: The jogger runs 225 miles.


Worked Example 4


A recipe uses 38 cup of sugar for one batch. How much sugar is needed for 6 batches?


We multiply:


6×38=61×38=188



Simplify:


188=94



Change to a mixed number:


94=214



Answer: The recipe needs 214 cups of sugar.


Common mistakes to avoid


  	Do not multiply the denominator by the whole number only. The denominator stays the same in problems like 3×25, so the answer is 65, not 215.

  	Do not forget to simplify. For example, 188 should simplify to 94.

  	Do not forget mixed numbers when needed. If your answer is improper, it is often helpful to write it as a mixed number too.




Helpful check


You can check if your answer makes sense by thinking about size.


If you multiply a fraction by a whole number greater than 1, the answer should usually be larger than the original fraction.


For example, 5×16 should be bigger than 16. And it is:


5×16=56



[image: 📋]   Summary


Multiplying a fraction by a whole number means adding the fraction repeatedly or finding that many groups of the fraction.


To solve, multiply the whole number by the numerator and keep the denominator the same:


n×ab=nab



Then simplify your answer, and change it to a mixed number if needed.


  
  Put what you read to the test

  You've worked through Multiplying Fractions by Whole Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2148
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  Multiplying Fractions by Fractions via Area Models


When we multiply whole numbers, we can think of multiplication as groups of something. For example, 3×4 means 3 groups of 4.


When we multiply fractions, the idea is a little different. A fraction times a fraction often means “a part of a part.” This is why area models are so helpful. They let us see what the product means.


In this lesson, you will learn how to:


  	use an area model to multiply two fractions,

  	understand why the answer is the overlapping part, and

  	connect the picture to the standard multiplication rule.




1. What is an area model?


An area model is a rectangle used to show fractions. We divide the rectangle into equal parts in one direction, then divide it again in the other direction. The overlap shows the product.


Think of one fraction as shading the rectangle across, and the other fraction as shading it up and down. The part that has both shadings is the answer.


For example, 12×13 means:


  	take 12 of the rectangle,

  	then take 13 of that same whole,

  	and look at the part where the two shadings overlap.




2. How to build an area model



  	Draw one rectangle to represent 1 whole.

  	Divide it into equal parts using the denominator of the first fraction.

  	Shade the number of parts shown by the numerator of the first fraction.

  	Now divide the same rectangle in the other direction using the denominator of the second fraction.

  	Shade the number of parts shown by the numerator of the second fraction in the new direction.

  	Count the overlapping parts.

  	Write the overlap as a fraction of the whole rectangle.




Important idea: The total number of small pieces in the rectangle is found by multiplying the denominators. The number of overlapping pieces is found by multiplying the numerators.


That is why:


ab×cd=a×cb×d

This rule matches what we see in the area model.


3. Why does “part of a part” make the answer smaller?


If you take a fraction of something, you are taking only part of it. If you then take a fraction of that part, you usually get an even smaller piece.


For example, 12×13 is not bigger than 12 or 13. It is a smaller piece: one out of six equal parts.


So when you multiply two fractions less than 1, the product is usually less than either factor.


4. Worked Example 1


Find 12×13.


Step 1: Draw a rectangle for 1 whole.

Step 2: Divide it into 2 equal columns and shade 1 column. This shows 12.

Step 3: Divide the same rectangle into 3 equal rows and shade 1 row in the other direction. This shows 13.

Step 4: Count the overlap.


The rectangle now has 2×3=6 equal small parts. Only 1 small part is in the overlap.


So:


12×13=16

Check with the rule:


12×13=1×12×3=16

The picture and the rule match.


5. Worked Example 2


Find 23×34.


Use the area model:


  	Divide the rectangle into 3 equal columns and shade 2 of them.

  	Then divide the same rectangle into 4 equal rows and shade 3 of them in the other direction.




Now the rectangle has:


3×4=12

equal small parts.


The overlap covers:


2×3=6

small parts.


So the product is:


23×34=612

This fraction can be simplified:


612=12

So the final answer is:


23×34=12

Check with the rule:


23×34=2×33×4=612=12

6. Worked Example 3


Find 45×23.


Area model steps:


  	Divide the rectangle into 5 equal columns and shade 4 columns.

  	Divide the same rectangle into 3 equal rows and shade 2 rows in the other direction.




The whole rectangle is divided into:


5×3=15

equal parts.


The overlap is:


4×2=8

parts.


So:


45×23=815

This fraction is already simplified, so the final answer is:


815

Check with the rule:


45×23=4×25×3=815

7. Connecting the picture to the standard algorithm


After using area models a few times, you may notice a pattern:


  	the numerators tell how many parts are shaded,

  	the denominators tell how many equal parts the whole is split into.




That is why multiplying fractions works like this:


ab×cd=a×cb×d

This is called the standard algorithm for multiplying fractions.


Steps for the standard algorithm:


  	Multiply the numerators.

  	Multiply the denominators.

  	Simplify the fraction if possible.




Example:


35×27=3×25×7=635

8. Common mistakes to avoid



  	Do not add the denominators. In multiplication, you multiply denominators.

  	Do not add the numerators. You multiply numerators too.

  	Remember to simplify if the answer can be reduced.

  	Use one whole rectangle for both fractions in the area model. Both fractions must refer to the same whole.




Example of a mistake:


Someone says:


12×13=25

That is incorrect because they added the numerators and denominators. Instead, multiply:


12×13=1×12×3=16

9. How to know if your answer makes sense


Ask yourself:


  	Is my answer less than 1 when I multiply two fractions less than 1?

  	Does my answer seem smaller than the fractions I started with?

  	Did I multiply both numerators and denominators?

  	Did I simplify my answer?




For instance, 12×13 should be smaller than both 12 and 13. Since 16 is smaller, it makes sense.


10. Quick practice thinking


If you wanted to find 25×14, you could think:


  	Split the rectangle into 5 columns and shade 2.

  	Split the same rectangle into 4 rows and shade 1.

  	The whole has 5×4=20 parts.

  	The overlap has 2×1=2 parts.




So:


25×14=220=110

[image: 📋]   Summary


Multiplying fractions means finding a part of a part.


An area model helps by showing:


  	one fraction shaded in one direction,

  	the other fraction shaded in the other direction,

  	and the overlap as the product.




To multiply fractions:


ab×cd=a×cb×d

Then simplify if needed.


Remember:


  	Multiply numerators.

  	Multiply denominators.

  	The answer shows the overlapping part of the whole.

  	Area models help you understand why the rule works.




With practice, you will be able to use both the picture and the rule to solve fraction multiplication problems with confidence.


  
  Put what you read to the test

  You've worked through Multiplying Fractions by Fractions via Area Models. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2149
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  Scaling and Resizing via Fraction Multiplication


When we multiply by a fraction, we are often resizing a number or an amount.


Sometimes multiplication makes something bigger, and sometimes it makes something smaller. The key idea is this: the size of the fraction tells us what will happen to the product.


In this lesson, you will learn how to predict whether the answer to a multiplication problem will be greater than, less than, or equal to the starting number.


1. What does scaling mean?


Scaling means changing the size of something by multiplying.


For example, if a picture is enlarged, it is scaled up. If a recipe is cut in half, it is scaled down.


Fractions are very useful for scaling because they can represent parts of a whole.



  	Multiplying by a number greater than 1 makes the amount bigger.

  	Multiplying by 1 keeps the amount the same.

  	Multiplying by a fraction less than 1 makes the amount smaller.




So before solving, you can often predict what the answer will be like.


2. Compare the fraction to 1


The most important step is to ask: Is the fraction less than 1, equal to 1, or greater than 1?


Here is how to tell:



  	If the numerator is smaller than the denominator, the fraction is less than 1. Example: 34.

  	If the numerator and denominator are the same, the fraction is equal to 1. Example: 55=1.

  	If the numerator is larger than the denominator, the fraction is greater than 1. Example: 65.




This helps us predict the product.


3. Predicting the size of the product


Suppose you start with a number, such as 8.



  	8×12 will be less than 8 because 12 is less than 1.

  	8×1=8, so the product is equal to 8.

  	8×32 will be greater than 8 because 32 is greater than 1.




This idea works for whole numbers, fractions, and mixed numbers.


4. Why does this happen?


Multiplication can mean “take groups of” or “take a part of.”


When you multiply by a fraction less than 1, you are taking only part of the original amount. That makes the result smaller.


When you multiply by 1, you keep the whole amount, so it stays the same.


When you multiply by a number greater than 1, you are taking more than one full copy of the amount. That makes the result bigger.


5. Visual thinking


Imagine a ribbon that is 12 inches long.



  	If you take 12 of it, the new length is shorter.

  	If you take 1 of it, the length stays the same.

  	If you stretch it by a factor of 32, the new length is longer.




So multiplication can act like a shrink tool or an enlarge tool.


6. Worked Examples


Example 1: Predict before solving


Will 9×23 be greater than 9, less than 9, or equal to 9?


Step 1: Compare 23 to 1.


Since 23 is less than 1, the product will be less than 9.


Step 2: Solve to check.


9×23=9×23=183=6

And 6 is less than 9, just as we predicted.


Example 2: Multiplying by 1


Will 78×1 be greater than, less than, or equal to 78?


Since the factor is 1, the product will be equal to 78.


78×1=78

Multiplying by 1 does not change the number.


Example 3: A fraction greater than 1


Will 5×65 be greater than 5, less than 5, or equal to 5?


Step 1: Compare 65 to 1.


Since 6 is greater than 5, 65 is greater than 1.


So the product will be greater than 5.


Step 2: Solve.


5×65=5×65=6

And 6 is greater than 5.


Example 4: Mixed number scaling


A recipe needs 4 cups of juice. You make only 34 of the recipe. How much juice do you need?


Since 34 is less than 1, the answer should be less than 4 cups.


Now multiply:


4×34=3

You need 3 cups of juice.


This makes sense because making less than the whole recipe should use less than 4 cups.


7. A quick rule to remember



  	If you multiply by a fraction less than 1, the product is less than the starting number.

  	If you multiply by 1, the product is equal to the starting number.

  	If you multiply by a number greater than 1, the product is greater than the starting number.




8. Common mistakes to avoid



  	Mistake: Thinking multiplication always makes numbers bigger.
This is not true when multiplying by fractions less than 1.

  	Mistake: Forgetting to compare the fraction to 1.
Always check whether the fraction is less than, equal to, or greater than 1.

  	Mistake: Guessing without thinking about the meaning.
Ask yourself: “Am I taking part of the amount, the whole amount, or more than the whole amount?”




9. How to think through any problem



  	Look at the number you are multiplying by.

  	Decide whether it is less than 1, equal to 1, or greater than 1.

  	Predict whether the product will be smaller, the same, or bigger.

  	Then solve the problem to check your prediction.




10. Brief Summary


Multiplying by a fraction can resize an amount. A fraction less than 1 makes the amount smaller, 1 keeps it the same, and a number greater than 1 makes it larger.


By comparing the multiplier to 1 before solving, you can predict whether the product will be greater than, less than, or equal to the starting number. This is a powerful way to understand fraction multiplication, not just calculate it.


  
  Put what you read to the test

  You've worked through Scaling and Resizing via Fraction Multiplication. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2150
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  Dividing Unit Fractions and Whole Numbers


In this lesson, you will learn how to divide unit fractions and whole numbers.


A unit fraction is a fraction with a numerator of 1, such as 12, 13, 14, or 18.


When we divide with unit fractions, there are two important ideas:


  	How many equal parts are in a fraction?

  	How many fractions fit into a whole number?




We will use pictures in our minds, equal parts, and simple number reasoning to understand both ideas.


1. Dividing a Unit Fraction by a Whole Number


When you divide a unit fraction by a whole number, you are splitting that fraction into smaller equal parts.


For example, imagine 12 of a sandwich. If you split that half into 3 equal pieces, each piece is smaller than 12.


So, 12÷3 means: What is one-third of one-half?


You can think of it like this:

12÷3=16

Why? Because if a whole is cut into 2 equal parts, and then that half is cut into 3 equal parts, the whole is now cut into 6 equal parts.


Here is the pattern:

1n÷m=1n×m

This means:


  	Keep the 1 in the numerator.

  	Multiply the denominator by the whole number.




2. Dividing a Whole Number by a Unit Fraction


When you divide a whole number by a unit fraction, you are asking: How many of those fractional pieces fit into the whole number?


For example:

3÷14

This asks: How many fourths are in 3 wholes?


Each whole has 4 fourths. So 3 wholes have:

3×4=12

So:

3÷14=12

You can use this pattern:

n÷1m=n×m

This means when dividing a whole number by a unit fraction, count how many of those unit fractions are in the whole number.


Visual Thinking


Visual models can help a lot.


If you have 1 whole and divide it into 5 equal parts, each part is 15. So there are 5 copies of 15 in 1 whole.


If you have 2 wholes, there are 10 copies of 15.


This is why:

2÷15=10

Now think about splitting a unit fraction.


If you take 13 and divide it into 2 equal pieces, each piece is half of 13, which is 16.


So:

13÷2=16

Steps for Dividing a Unit Fraction by a Whole Number


  	Start with the unit fraction.

  	Split it into the number of equal parts named by the whole number.

  	Multiply the denominator by that whole number.




Example pattern:

14÷3=112

Steps for Dividing a Whole Number by a Unit Fraction


  	Ask how many of the unit fractions fit into 1 whole.

  	Then multiply by the number of wholes.




Example pattern:

4÷13=12

There are 3 thirds in 1 whole, so there are 12 thirds in 4 wholes.


Worked Example 1

Find 14÷2.


This means split 14 into 2 equal parts.


If one whole is split into 4 equal parts, and then that one part is split into 2 more equal parts, the whole is split into 8 equal parts.


So:

14÷2=18

Worked Example 2

Find 13÷4.


We are splitting one third into 4 equal parts.


Multiply the denominator by 4:

13÷4=112

So each piece is 112.


Worked Example 3

Find 2÷13.


This asks: how many thirds are in 2 wholes?


Each whole has 3 thirds. So 2 wholes have:

2×3=6

Therefore:

2÷13=6

Worked Example 4

Find 5÷12.


This asks: how many halves are in 5 wholes?


Each whole has 2 halves. So 5 wholes have:

5×2=10

So:

5÷12=10

Word Problem Example

A ribbon is 12 yard long. It is cut into 5 equal pieces. How long is each piece?


This means:

12÷5

Multiply the denominator by 5:

12÷5=110

Each piece is 110 yard long.


Another Word Problem Example

There are 4 pizzas. Each serving is 18 of a pizza. How many servings are there?


This means:

4÷18

Each pizza has 8 eighths, so 4 pizzas have:

4×8=32

So there are 32 servings.


Important Ideas to Remember


  	Dividing a unit fraction by a whole number makes the pieces smaller.

  	Dividing a whole number by a unit fraction tells how many fractional pieces fit inside.

  	Unit fractions always have a numerator of 1.

  	Use pictures and equal parts to make sense of the division.




Quick Check


  	15÷2=110

  	16÷3=118

  	3÷12=6

  	6÷13=18




[image: 📋]   Summary


To divide a unit fraction by a whole number, split the fraction into equal parts. The denominator gets multiplied by the whole number.


To divide a whole number by a unit fraction, find how many of those fractional pieces fit into the whole number. Multiply the number of wholes by the denominator of the unit fraction.


Always think about the meaning of the problem: Are you splitting a fraction into smaller equal parts, or are you counting how many fractional pieces fit in a whole number?


  
  Put what you read to the test

  You've worked through Dividing Unit Fractions and Whole Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2151
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  Dividing Fractions by Fractions


In this lesson, you will learn how to divide one fraction by another fraction.


At first, fraction division can look tricky. But once you understand what division means and learn one reliable method, it becomes much easier.


We will use two ways to understand fraction division:


  	A thinking method using equal-size parts and common denominators

  	A shortcut method called multiply by the reciprocal




Both methods give the same answer.


What does division mean?


Division asks, "How many groups?" or "How many times does one amount fit into another?"


For whole numbers, if you divide 12÷3, you are asking, “How many groups of 3 are in 12?” The answer is 4.


For fractions, the idea is the same. If you divide 34÷18, you are asking, “How many 18 pieces fit into 34?”


Method 1: Use common denominators to understand the division


This method helps you see what is happening.


Suppose we want to find:


34÷18

To compare these fractions easily, write them with the same denominator.


We know that:


34=68

So now the problem becomes:


68÷18

Now ask: how many 18 pieces are in 68?


There are 6 of them.


So:


34÷18=6

This makes sense because six eighths contains 6 pieces of size one eighth.


Another common denominator example


Find:


23÷16

Write 23 with denominator 6:


23=46

Now divide:


46÷16=4

There are 4 pieces of size 16 in 46.


So:


23÷16=4

This method is especially helpful when one denominator can be changed to match the other easily.


Method 2: Multiply by the reciprocal


This is the main method you will use to divide fractions.


Reciprocal means flip the fraction.



  	The reciprocal of 25 is 52.

  	The reciprocal of 34 is 43.

  	The reciprocal of 71 is 17.




To divide by a fraction, keep the first fraction the same, change division to multiplication, and flip the second fraction.


This is often called:


Keep, Change, Flip



  	Keep the first fraction

  	Change division to multiplication

  	Flip the second fraction




In symbols:


ab÷cd=ab×dc

Then multiply as usual.


Why does this work?


You do not need a complicated proof in 6th Grade, but here is the idea: dividing by a fraction is the same as finding how many of those fractional parts fit inside another amount. Flipping the second fraction helps us count those parts correctly.


The common denominator method and the reciprocal method always match.


Steps for dividing fractions



  	Write the problem.

  	Keep the first fraction.

  	Change ÷ to ×.

  	Flip the second fraction.

  	Multiply the numerators.

  	Multiply the denominators.

  	Simplify if needed.




Worked Example 1


Find:


12÷14

Use keep, change, flip:


12÷14=12×41

Multiply:


1×42×1=42=2

Answer: 2


Check with thinking: how many fourths are in one half? Since 12=24, there are 2 fourths in one half.


Worked Example 2


Find:


35÷23

Use keep, change, flip:


35÷23=35×32

Multiply:


3×35×2=910

Answer: 910


This answer is less than 1, which makes sense because 23 is larger than 35, so fewer than one full group fits.


Worked Example 3


Find:


47÷221

Use keep, change, flip:


47÷221=47×212

Now multiply:


4×217×2=8414=6

Answer: 6


You can also see this with common denominators. Since 47=1221, the problem becomes:


1221÷221=6

So the two methods agree.


Worked Example 4


Find:


56÷34

Use keep, change, flip:


56÷34=56×43

Multiply:


5×46×3=2018

Simplify:


2018=109=119

Answer: 109 or 119


This answer is greater than 1. That makes sense because we are asking how many 34 groups fit into 56. Since 56 is a little bigger than 34, the answer should be a little more than 1.


How to simplify while you work


Sometimes you can make the multiplication easier by simplifying before multiplying.


Example:


47×212

Since 21 and 7 share a factor of 7:


47×212=41×32

Now multiply:


4×31×2=122=6

This is a quicker way, but if simplifying first feels confusing, it is okay to multiply first and simplify at the end.


What if there are mixed numbers?


Before dividing, change mixed numbers into improper fractions.


For example, if you had 112÷34, first change 112 to 32, then divide:


112÷34=32÷34=32×43=2

Common mistakes to avoid



  	Do not flip the first fraction. Only the second fraction gets flipped.

  	Do not multiply before changing division to multiplication.

  	Do not forget to simplify.

  	Be careful with mixed numbers. Change them to improper fractions first.




Quick sense check


After solving, ask yourself if the answer makes sense.



  	If you divide by a fraction smaller than 1, the answer often gets bigger.

  	If the two fractions are equal, the answer is 1.

  	If the divisor is larger than the first fraction, the answer is less than 1.




Example:



  	12÷14=2, which is bigger than 12

  	35÷35=1

  	35÷45=34, which is less than 1




[image: 📋]   Summary


Dividing fractions means finding how many of one fractional amount fit into another.


You can understand fraction division by rewriting fractions with a common denominator, especially when the pieces are easy to compare.


The main method is:



  	Keep the first fraction

  	Change division to multiplication

  	Flip the second fraction




Then multiply and simplify.


With practice, dividing fractions becomes just as manageable as multiplying them.


  
  Put what you read to the test

  You've worked through Dividing Fractions by Fractions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2152






  
    
  [image: 📖]   Chapter 6

  Decimal Operations



  [image: 📝]   Lesson 40: Connecting Decimals to Fractions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2173




  Connecting Decimals to Fractions means understanding that decimals are another way to write fractions, especially fractions with denominators of 10, 100, and 1,000.


When you see a decimal like 0.4, you can think of it as 4 tenths. That means:


0.4=410

This idea helps us understand what decimals really mean and why decimal addition, subtraction, multiplication, and division work the way they do.


In this lesson, you will learn how to:


  	write decimals as fractions,

  	write fractions as decimals,

  	use place value to connect the two,

  	and explain decimal work by thinking about fractions.




1. Decimals are based on place value


Each digit in a decimal has a value based on its place.



  	The first place to the right of the decimal point is the tenths place.

  	The second place is the hundredths place.

  	The third place is the thousandths place.




These place values match fractions:


  	tenths →110

  	hundredths →1100

  	thousandths →11000




For example:


  	0.7 means 7 tenths, so 0.7=710

  	0.25 means 25 hundredths, so 0.25=25100

  	0.308 means 308 thousandths, so 0.308=3081000




2. Writing decimals as fractions


To write a decimal as a fraction:


  	Read the decimal using place value.

  	Write the digits as the numerator.

  	Use 10, 100, or 1,000 as the denominator, depending on the last decimal place.




If a decimal has:


  	1 digit after the decimal point, use denominator 10

  	2 digits after the decimal point, use denominator 100

  	3 digits after the decimal point, use denominator 1000




Examples:


  	0.6=610

  	0.43=43100

  	0.125=1251000




Sometimes the fraction can be simplified.


For example:


0.50=50100=12

Both 50100 and 12 are correct. When connecting decimals to fractions, it is often helpful to first write the fraction with denominator 10, 100, or 1,000.


3. Writing fractions as decimals


Fractions with denominators of 10, 100, and 1,000 can be written as decimals by using place value.


Examples:


  	310=0.3

  	47100=0.47

  	91000=0.009




Notice that zeros are important. In 0.009, the 9 is in the thousandths place, not the tenths or hundredths place.


You can think of it this way:


  	510 is 5 tenths →0.5

  	5100 is 5 hundredths →0.05

  	51000 is 5 thousandths →0.005




4. Why this helps with decimal operations


Decimals follow the same ideas as fractions. If you understand the fraction meaning, decimal work makes more sense.


For example, when adding decimals, you line up the decimal points because you are really adding tenths to tenths, hundredths to hundredths, and so on.


Look at this sum:


0.3+0.4

As fractions, this is:


310+410=710

So:


0.3+0.4=0.7

Here is another example:


0.25+0.13

As fractions, this is:


25100+13100=38100

So:


0.25+0.13=0.38

This is why place value matters so much in decimal arithmetic.


Worked Example 1: Decimal to fraction


Write 0.8 as a fraction.


Step 1: There is 1 digit after the decimal point, so the denominator is 10.

Step 2: The digit is 8, so the numerator is 8.


0.8=810

This fraction can also be simplified:


810=45

So 0.8=810, which is also equal to 45.


Worked Example 2: Fraction to decimal


Write 36100 as a decimal.


Since the denominator is 100, the decimal will have 2 places after the decimal point.


36100=0.36

This means 36 hundredths.


Worked Example 3: Using fractions to explain decimal addition


Find 0.6+0.2.


Write each decimal as a fraction:


0.6=610and0.2=210

Add the fractions:


610+210=810

Write the answer as a decimal:


810=0.8

So:


0.6+0.2=0.8

Worked Example 4: Hundredths in subtraction


Find 0.75−0.21.


Write each decimal as a fraction:


0.75=75100and0.21=21100

Subtract the fractions:


75100−21100=54100

Write the answer as a decimal:


54100=0.54

So:


0.75−0.21=0.54

5. Important patterns to notice



  	Decimals and fractions can name the same amount.

  	The number of decimal places tells you the denominator.

  	0.4 means 410, not 4100.

  	Zeros can change place value. For example, 0.5, 0.05, and 0.005 are very different numbers.

  	When adding or subtracting decimals, line up decimal points so the place values match.




6. Common mistakes to avoid



  	Mistake: Writing 0.32 as 3210
Correct idea: Two decimal places means hundredths, so 0.32=32100.

  	Mistake: Thinking 7100 is 0.7
Correct idea: 7100 is 7 hundredths, so it is 0.07.

  	Mistake: Ignoring zeros in decimals
Correct idea: Zeros help show place value, like in 0.009.




7. Quick check


Try thinking about these on your own:


  	0.9=□10

  	0.14=□100

  	810=0.□

  	65100=0.□□




Answers:


  	0.9=910

  	0.14=14100

  	810=0.8

  	65100=0.65




[image: 📋]   Summary


Decimals and fractions are closely connected. A decimal shows tenths, hundredths, or thousandths, and those place values match fractions with denominators of 10, 100, or 1,000.


When you convert between decimals and fractions, you use place value to decide the denominator or the decimal places. This helps you understand decimal operations because adding and subtracting decimals is really like adding and subtracting fractions with the same denominator.


  
  Put what you read to the test

  You've worked through Connecting Decimals to Fractions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2154






  [image: 📝]   Lesson 41: Adding and Subtracting Decimals with Precision

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2174




  Adding and Subtracting Decimals with Precision


Decimals are used when numbers are less than one whole or when a number has a whole part and a part of a whole. We see decimals in money, measurements, and scores. To add and subtract decimals correctly, we must pay close attention to place value.


The most important rule is this: line up the decimal points. When decimal points are lined up, each place value matches correctly. Ones stay with ones, tenths stay with tenths, hundredths stay with hundredths, and so on.


Remember the place values to the right of the decimal point:



  	Ones place is to the left of the decimal.

  	Tenths is the first place to the right.

  	Hundredths is the second place to the right.

  	Thousandths is the third place to the right.




For example, in the number 4.27:


  	4 is in the ones place

  	2 is in the tenths place

  	7 is in the hundredths place




When you add or subtract decimals, think of it just like adding or subtracting whole numbers. The difference is that you must keep the decimal points in a straight line.


Step-by-step for adding decimals


  	Write the numbers in a vertical column.

  	Line up the decimal points.

  	Add zeros if needed so both numbers have the same number of decimal places.

  	Add from right to left.

  	Bring the decimal point straight down into the answer.




Step-by-step for subtracting decimals


  	Write the numbers in a vertical column.

  	Line up the decimal points.

  	Add zeros if needed as placeholders.

  	Subtract from right to left.

  	Bring the decimal point straight down into the answer.




Why do we sometimes add zeros?


Zeros can be used as placeholders. They do not change the value of a decimal. For example, 3.4, 3.40, and 3.400 all mean the same amount.


This is helpful because it lets us line up place values clearly. For example:


2.5=2.50

Now 2.50 is easier to add or subtract with a number like 1.27.


Worked Example 1: Adding decimals with the same number of decimal places


Add 3.45+2.13.


+3.45+ 2.13

Add from right to left:


  	Hundredths: 5+3=8

  	Tenths: 4+1=5

  	Ones: 3+2=5




+3.45+ 2.135.58

So, 3.45+2.13=5.58.


Worked Example 2: Adding decimals with different numbers of decimal places


Add 4.7+2.35.


First, line up the decimal points:


+4.7+ 2.35

The number 4.7 has only one decimal place. Write it as 4.70 so the place values match.


+4.70+ 2.35

Now add:


  	Hundredths: 0+5=5

  	Tenths: 7+3=10, write 0 in the tenths place and carry 1

  	Ones: 4+2+1=7




+4.70+ 2.357.05

So, 4.7+2.35=7.05.


Worked Example 3: Subtracting decimals with the same number of decimal places


Subtract 8.64−3.21.


−8.64− 3.21

Subtract from right to left:


  	Hundredths: 4−1=3

  	Tenths: 6−2=4

  	Ones: 8−3=5




−8.64− 3.215.43

So, 8.64−3.21=5.43.


Worked Example 4: Subtracting decimals when you need to regroup


Subtract 6.2−1.75.


First, write 6.2 as 6.20.


−6.20− 1.75

Now subtract from right to left.


In the hundredths place, 0−5 cannot be done, so regroup from the tenths place. But the tenths digit is also 2, and we will need to regroup carefully:



  	Regroup 6.20 so the tenths become 1 and the hundredths become 10

  	Now regroup again from the ones if needed through the tenths place




A clearer way is to think of it step by step:


  	From 6.20, take 1 tenth to make 10 hundredths. Now the number is 6.1 10.

  	Hundredths: 10−5=5

  	Tenths: 1−7 cannot be done, so regroup 1 one as 10 tenths.

  	Now the ones become 5, and the tenths become 11.

  	Tenths: 11−7=4

  	Ones: 5−1=4




−6.20− 1.754.45

So, 6.2−1.75=4.45.


Common mistakes to avoid


  	Do not line up the numbers by the last digit. Line them up by the decimal point.

  	Do not forget placeholder zeros. They help match the place values.

  	Do not forget to bring the decimal point straight down into the answer.

  	Check place values. Tenths must be added or subtracted with tenths, not with hundredths.




Look at this example of a mistake:


+3.4+ 1.25

If you do not line up the decimal points, the digits will be in the wrong places. The correct setup is:


+3.40+ 1.254.65

Helpful tip


You can estimate before solving to see if your answer makes sense. For example, to estimate 4.7+2.35, round to whole numbers:


5+2=7

The exact answer, 7.05, is close to 7, so it makes sense.


For 6.2−1.75, estimate:


6−2=4

The exact answer, 4.45, is close to 4, so it also makes sense.


[image: 📋]   Summary


To add and subtract decimals with precision, always line up the decimal points first. Then make sure each place value matches by adding zeros if needed. Solve as you would with whole numbers, and bring the decimal point straight down into the answer.


With practice, decimal addition and subtraction become much easier. If you remember place value and work carefully, you can solve decimal problems accurately every time.


  
  Put what you read to the test

  You've worked through Adding and Subtracting Decimals with Precision. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2155






  [image: 📝]   Lesson 42: Multiplying Decimals and Placement of the Decimal Point
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  Multiplying Decimals and Placement of the Decimal Point


When you multiply decimals, the digits are multiplied the same way you multiply whole numbers. The important extra step is deciding where the decimal point goes in the final answer.


This lesson will show you a simple method: multiply first, then place the decimal point. You will also learn how to check whether your answer makes sense.


Why this works


A decimal is part of a whole. For example, 0.4 means 4 tenths, and 0.3 means 3 tenths. If we multiply them, we are finding part of a part.


We can think of this using fractions:


0.4=410 and 0.3=310


So,


0.4×0.3=410×310=12100=0.12


Notice that the answer has two decimal places. That is because the factors had a total of two decimal places: one in 0.4 and one in 0.3.


Main idea



  	Ignore the decimal points at first.

  	Multiply the numbers as if they were whole numbers.

  	Count the total number of decimal places in both factors.

  	Place the decimal point in the product so it has that many decimal places.




This is the rule you will use most of the time.


How to count decimal places



  	In 0.6, there is 1 decimal place.

  	In 1.25, there are 2 decimal places.

  	In 0.08, there are 2 decimal places.

  	In 3.407, there are 3 decimal places.




To find the decimal places in the answer, add the decimal places in both factors.


For example, in 1.2×0.34:



  	1.2 has 1 decimal place

  	0.34 has 2 decimal places

  	Total: 1+2=3 decimal places




So the product must have 3 decimal places.


Worked Example 1


Find 0.4×3.


Step 1: Multiply as whole numbers.


4×3=12


Step 2: Count decimal places.



  	0.4 has 1 decimal place

  	3 has 0 decimal places

  	Total: 1 decimal place




Step 3: Place the decimal point.


Make the answer have 1 decimal place:


0.4×3=1.2


Check: Since 0.4 is less than 1, multiplying by 3 should give an answer less than 3. The answer 1.2 makes sense.


Worked Example 2


Find 1.2×0.3.


Step 1: Ignore decimals and multiply.


12×3=36


Step 2: Count decimal places.



  	1.2 has 1 decimal place

  	0.3 has 1 decimal place

  	Total: 2 decimal places




Step 3: Place the decimal point.


Put the decimal so the product has 2 decimal places:


1.2×0.3=0.36


Check: Since 0.3 is less than 1, the answer should be less than 1.2. The answer 0.36 makes sense.


Worked Example 3


Find 2.45×1.6.


Step 1: Multiply as whole numbers.


245×16=3920


Step 2: Count decimal places.



  	2.45 has 2 decimal places

  	1.6 has 1 decimal place

  	Total: 3 decimal places




Step 3: Place the decimal point.


The product must have 3 decimal places:


2.45×1.6=3.920=3.92


Trailing zeros at the end of a decimal do not change the value, so 3.920 is the same as 3.92.


Check: Since 1.6 is a little bigger than 1, the answer should be a little bigger than 2.45. The answer 3.92 is reasonable.


Worked Example 4


Find 0.08×0.5.


Step 1: Multiply as whole numbers.


8×5=40


Step 2: Count decimal places.



  	0.08 has 2 decimal places

  	0.5 has 1 decimal place

  	Total: 3 decimal places




Step 3: Place the decimal point.


The answer needs 3 decimal places. Starting from 40, move the decimal point 3 places to the left:


40→0.040


So,


0.08×0.5=0.040=0.04


Important: Sometimes you need to add a zero in front of the digits so the decimal is placed correctly. That is why 40 became 0.040.


A quick way to think about decimal placement


After multiplying, place the decimal point by moving from right to left in the product.



  	If the total decimal places is 1, count 1 place from the right.

  	If the total decimal places is 2, count 2 places from the right.

  	If the total decimal places is 3, count 3 places from the right.




If there are not enough digits, add zeros to the left.


Example:


For 0.07×0.2:



  	Multiply 7×2=14

  	Total decimal places: 2+1=3

  	Write the answer with 3 decimal places: 0.014




So,


0.07×0.2=0.014


How to estimate to check your answer


Estimation helps you decide if your decimal point is in the right place.



  	If you multiply by a number less than 1, the answer should get smaller.

  	If you multiply by a number greater than 1, the answer should get bigger.




Examples:



  	4×0.2 should be less than 4, so 0.8 makes sense.

  	2.5×1.4 should be greater than 2.5, so 3.5 makes sense.




Common mistakes to avoid



  	Putting the decimal point in the wrong place.
Always count the total decimal places in both factors.

  	Forgetting that whole numbers can have 0 decimal places.
For example, in 0.6×4, the number 4 has 0 decimal places.

  	Not adding zeros when needed.
For example, 0.03×0.2: 3×2=6, and there are 3 decimal places total, so the answer is 0.006.

  	Getting an answer that is too big.
If both numbers are less than 1, the product should usually be less than both factors.




Practice these in your head



  	0.5×2=1.0

  	0.2×0.4=0.08

  	1.5×0.2=0.30=0.3

  	3.4×0.1=0.34




[image: 📋]   Summary


To multiply decimals, first multiply as if the numbers were whole numbers. Then count the total number of decimal places in both factors and place the decimal point in the product so it has that many decimal places.


Always check whether your answer makes sense. If you multiply by a number less than 1, the product should be smaller. If you multiply by a number greater than 1, the product should be larger.


  
  Put what you read to the test

  You've worked through Multiplying Decimals and Placement of the Decimal Point. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2156






  [image: 📝]   Lesson 43: Dividing Decimals by Whole Numbers
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  Dividing Decimals by Whole Numbers means sharing a decimal amount into equal groups.


You already know how to divide whole numbers. The good news is that dividing decimals by whole numbers uses the same long division steps. The main new idea is where to put the decimal point in the answer.


The most important rule is this:


When dividing a decimal by a whole number, place the decimal point in the quotient directly above the decimal point in the dividend.


For example, in 8.4÷4, the decimal point in the answer goes directly above the decimal point in 8.4.


Why does this make sense? A decimal is just another way to write parts of a whole. For example, 8.4 means 8 wholes and 4 tenths. When we divide, we are sharing both the wholes and the tenths equally.


Here is the basic process for dividing decimals by whole numbers:



  	Set up long division.

  	Bring the decimal point straight up into the quotient.

  	Divide as you normally do.

  	If needed, add zeros to the right of the decimal in the dividend to keep dividing.

  	Check that your answer makes sense.




Helpful idea: Adding zeros to the end of a decimal does not change its value. For example, 3.6=3.60=3.600.


That means if you need more digits to continue dividing, you can safely add a zero.


Worked Example 1: A simple decimal division


Find 6.8÷2.


Step 1: Set up the problem and move the decimal point straight up.


2)6.8‾

The decimal point in the quotient goes directly above the decimal in 6.8.


Step 2: Divide the whole number part.


2 goes into 6 three times, because 3×2=6.


Step 3: Bring the decimal point up.


Step 4: Divide the tenths.


2 goes into 8 four times, because 4×2=8.


So,


6.8÷2=3.4

Check: 3.4×2=6.8, so the answer is correct.


Worked Example 2: A quotient with a zero in it


Find 4.2÷6.


Step 1: Set up long division and place the decimal point in the quotient.


Step 2: Divide the whole number part.


6 does not go into 4, so we write 0 in the ones place of the quotient.


Then we place the decimal point.


Step 3: Now divide 42 tenths by 6.


42÷6=7.


So,


4.2÷6=0.7

Check: 0.7×6=4.2.


This example shows that your answer can be less than 1. That makes sense because 4.2 is being split into 6 equal groups, so each group should be smaller than 1 whole.


Worked Example 3: Dividing to the hundredths place


Find 5.25÷5.


Step 1: Set up the division and move the decimal point straight up.


Step 2: Divide the ones.


5 goes into 5 one time. Write 1.


Step 3: Bring the decimal point up.


Step 4: Divide the tenths.


5 goes into 2 zero times, so write 0 in the tenths place.


Step 5: Bring down the next digit, 5, to make 25.


25÷5=5.


So,


5.25÷5=1.05

Check: 1.05×5=5.25.


This example is important because it shows that sometimes you must write a zero in the quotient to hold the correct place value.


Worked Example 4: Adding a zero to keep dividing


Find 7.2÷4.


Step 1: Set up the problem and place the decimal point in the quotient above the decimal in the dividend.


Step 2: Divide the ones.


4 goes into 7 one time. Write 1. Subtract to get remainder 3.


Step 3: Bring down the 2 from the tenths place to make 32 tenths.


32÷4=8.


So,


7.2÷4=1.8

Now let us look at a case where adding a zero helps.


Find 7.21÷4.


Divide as usual:



  	4 goes into 7 one time.

  	Bring the decimal point up.

  	Bring down the 2: 32÷4=8.

  	Bring down the 1: 1÷4=0 with remainder 1.




At this point, if you want to keep dividing, you can add a zero to make 7.21 become 7.210.


Then bring down the 0: 10÷4=2 with remainder 2.


So the quotient starts as


7.21÷4=1.802…

In 6th Grade, you may sometimes stop when the problem tells you what place value to round to. The important idea is that adding a zero lets you continue the division.


How to know if your answer is reasonable



  	If you divide by a number greater than 1, the answer should be less than the original number.

  	If the dividend is only a little bigger than the divisor, the answer may be close to 1.

  	You can multiply your quotient by the divisor to check your work.




For example, in 8.4÷4, the answer should be smaller than 8.4. Since 2×4=8, an answer near 2 makes sense. The exact answer is 2.1.


Common mistakes to avoid



  	Forgetting the decimal point in the quotient. Always move it straight up.

  	Not writing zero when needed. A zero can be an important place holder, like in 1.05.

  	Stopping too early. If there is a remainder and you need to continue, add a zero to the dividend.

  	Dividing incorrectly because of place value. Work step by step, just like whole-number long division.




Quick Practice Ideas



  	9.6÷3=3.2

  	2.4÷4=0.6

  	3.15÷3=1.05

  	8.8÷2=4.4




[image: 📋]   Summary


Dividing decimals by whole numbers is very similar to dividing whole numbers. Use long division, and remember to place the decimal point in the quotient directly above the decimal point in the dividend.


If needed, add zeros to the right of the decimal so you can keep dividing. Always check your answer by multiplying to see if you get back the original decimal.


  
  Put what you read to the test

  You've worked through Dividing Decimals by Whole Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2157
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  Dividing Decimals by Decimals


Sometimes in math, both numbers in a division problem have decimals. For example, you might see something like 4.8÷0.6 or 3.75÷1.5. At first, this can look tricky.


The good news is that there is a simple method. We can move the decimal point in both numbers the same number of places so that the divisor becomes a whole number. Then we divide as usual.


Remember:


  	The dividend is the number being divided.

  	The divisor is the number you are dividing by.

  	The quotient is the answer.




For example, in 4.8÷0.6:


  	4.8 is the dividend

  	0.6 is the divisor

  	the quotient is the answer




The Big Idea: If we multiply both the dividend and divisor by the same power of 10, the value of the quotient does not change.


That means:

4.8÷0.6=48÷6

Why? Because both numbers were multiplied by 10.


This works with 10, 100, 1000, and so on. We choose the power of 10 that makes the divisor a whole number.


Steps for dividing decimals by decimals


  	Look at the divisor.

  	Count how many decimal places it has.

  	Move the decimal point in both the divisor and dividend the same number of places to the right.

  	Now the divisor should be a whole number.

  	Divide using long division or basic division.




Important: Always move the decimal point in both numbers the same number of places. If you only move one, the problem changes and the answer will be wrong.


Let’s look at some examples.


Example 1: 4.8÷0.6

The divisor is 0.6. It has 1 decimal place, so move both decimals 1 place to the right.

4.8÷0.6=48÷6
Now divide:

48÷6=8
So,

4.8÷0.6=8

Example 2: 3.75÷1.5

The divisor is 1.5. It has 1 decimal place, so move both decimals 1 place to the right.

3.75÷1.5=37.5÷15
Now divide:

37.5÷15=2.5
So,

3.75÷1.5=2.5

You can check: 15×2.5=37.5, so the answer makes sense.


Example 3: 0.84÷0.21

The divisor is 0.21. It has 2 decimal places, so move both decimals 2 places to the right.

0.84÷0.21=84÷21
Now divide:

84÷21=4
So,

0.84÷0.21=4

Example 4: 5.46÷0.7

The divisor is 0.7. It has 1 decimal place, so move both decimals 1 place to the right.

5.46÷0.7=54.6÷7
Now divide:

54.6÷7=7.8
So,

5.46÷0.7=7.8

Let’s slow down and think about what happened in Example 4. Even though the divisor became a whole number, the dividend did not become a whole number. That is okay. The most important job is to make the divisor a whole number.


What if the divisor has 2 decimal places?

Then move both decimal points 2 places to the right.


Example:

2.4÷0.12=240÷12=20

The divisor 0.12 has 2 decimal places, so both numbers were multiplied by 100.


How to know if your answer makes sense


  	If you divide by a number less than 1, the answer may be greater than the starting number.

  	If you divide by a number greater than 1, the answer will usually be smaller than the starting number.

  	You can check by multiplying the quotient by the divisor.




For example, in 4.8÷0.6=8:

8×0.6=4.8
So the answer is correct.


Common mistakes to avoid


  	Moving only one decimal point. You must move the decimal in both numbers the same number of places.

  	Not moving far enough. If the divisor has 2 decimal places, move both decimals 2 places.

  	Stopping too soon. After rewriting the problem, you still need to divide carefully.

  	Forgetting to check. Multiply your answer by the divisor to see if you get the dividend.




Quick practice thinking

Try asking yourself these questions:


  	What is the divisor?

  	How many decimal places does it have?

  	How many places should I move both decimals?

  	What whole-number divisor do I get?




For 6.24÷0.8:


  	The divisor is 0.8

  	It has 1 decimal place

  	Move both decimals 1 place right

  	6.24÷0.8=62.4÷8=7.8




[image: 📋]   Summary

To divide a decimal by a decimal, first make the divisor a whole number. Do this by moving the decimal point in both numbers the same number of places to the right. Then divide as you normally would.


This method works because multiplying both numbers by the same power of 10 does not change the quotient. With practice, dividing decimals by decimals becomes much easier.


  
  Put what you read to the test

  You've worked through Dividing Decimals by Decimals. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2158
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  Terminating and Repeating Decimals


Decimals are another way to write parts of a whole. Fractions and decimals are closely connected, and we can change a fraction into a decimal by dividing the numerator by the denominator.


For example, the fraction 34 means 3÷4. When we do the division, we get the decimal 0.75.


In this lesson, you will learn how to use long division to turn fractions into decimals. You will also learn the difference between a terminating decimal and a repeating decimal.


1. What is a terminating decimal?


A terminating decimal is a decimal that ends. It has a last digit.


Examples of terminating decimals are:


  	0.5

  	0.25

  	1.8

  	3.125




These decimals stop, so they do not go on forever.


2. What is a repeating decimal?


A repeating decimal is a decimal in which a digit or a group of digits keeps repeating forever.


Examples of repeating decimals are:


  	0.333…

  	0.666…

  	0.121212…




The dots, called an ellipsis, show that the pattern continues forever.


Sometimes we show repeating decimals with a bar over the repeating part:


  	0.333…=0.3‾

  	0.121212…=0.12‾




3. How do we change a fraction into a decimal?


To change a fraction into a decimal, divide the numerator by the denominator.


For any fraction ab, compute:

a÷b


If the division ends with no remainder, the decimal terminates.


If the remainders begin to repeat, the decimal repeats.


4. Using long division with decimals


When the numerator is smaller than the denominator, place a decimal point and add zeros to the numerator as needed.


For example, to divide 1÷4, think of 1 as 1.000…. This lets you keep dividing into tenths, hundredths, and thousandths.


Here are the basic steps:


  	Put the numerator inside the division bracket.

  	Put the denominator outside.

  	Add a decimal point in the quotient when needed.

  	Add zeros to the right of the decimal in the dividend.

  	Continue dividing.

  	Decide whether the decimal ends or starts repeating.




Worked Example 1: A simple terminating decimal


Change 12 into a decimal.


This means divide:

1÷2


Use long division:


  	2 does not go into 1, so write 0 and a decimal point.

  	Add a 0 to make 10 tenths.

  	2 goes into 10 exactly 5 times.

  	There is no remainder.




So,

12=0.5


This is a terminating decimal because it ends.


Worked Example 2: Another terminating decimal


Change 34 into a decimal.


Divide:

3÷4


Use long division:


  	4 does not go into 3, so write 0 and a decimal point.

  	Add a 0 to make 30 tenths.

  	4 goes into 30 seven times because 7×4=28.

  	Subtract: 30−28=2.

  	Add another 0 to make 20 hundredths.

  	4 goes into 20 five times.

  	Subtract: 20−20=0.




So,

34=0.75


This decimal terminates because the remainder became 0.


Worked Example 3: A repeating decimal


Change 13 into a decimal.


Divide:

1÷3


Use long division:


  	3 does not go into 1, so write 0 and a decimal point.

  	Add a 0 to make 10 tenths.

  	3 goes into 10 three times because 3×3=9.

  	Subtract: 10−9=1.

  	Add another 0, and you have 10 again.

  	The same thing happens again.




The remainder keeps becoming 1, so the digit 3 repeats forever.


So,

13=0.333…=0.3‾


This is a repeating decimal.


Worked Example 4: A repeating pattern with more than one digit


Change 211 into a decimal.


Divide:

2÷11


Use long division:


  	11 does not go into 2, so write 0 and a decimal point.

  	Add a 0 to make 20.

  	11 goes into 20 one time. Subtract: 20−11=9.

  	Add a 0 to make 90.

  	11 goes into 90 eight times because 8×11=88.

  	Subtract: 90−88=2.




Now the remainder is 2 again, which is what we started with. That means the pattern will repeat: 1, 8, 1, 8, 1, 8, and so on.


So,

211=0.181818…=0.18‾


This is a repeating decimal with a repeating block of two digits.


5. How can you tell whether a decimal will terminate or repeat?


When you use long division, watch the remainder.



  	If the remainder becomes 0, the decimal terminates.

  	If a remainder repeats, the digits in the decimal will repeat.




This happens because long division starts doing the same steps again once the same remainder appears.


6. Important idea: every fraction gives a terminating or repeating decimal


When you divide one whole number by another whole number, the decimal result will either:


  	end, or

  	repeat forever in a pattern.




It will not do something random forever. There will always be an ending or a repeating pattern.


7. Quick checks



  	14=0.25 [image: →] terminating

  	58=0.625 [image: →] terminating

  	23=0.666… [image: →] repeating

  	56=0.8333… [image: →] repeating




8. Common mistakes to avoid



  	Mixing up numerator and denominator: In 34, divide 3÷4, not 4÷3.

  	Forgetting the decimal point: If the denominator does not go into the numerator, write 0. in the quotient.

  	Stopping too soon: If the remainder is not 0, keep going.

  	Missing a repeating pattern: If the same remainder appears again, the decimal will repeat.




[image: 📋]   Summary


To change a fraction to a decimal, divide the numerator by the denominator using long division.


If the division ends with remainder 0, the decimal is terminating. If the same remainder comes back again and again, the decimal is repeating.


Remember:


  	Terminating decimals end.

  	Repeating decimals have a pattern that goes on forever.

  	Long division helps you tell which one you have.




  
  Put what you read to the test

  You've worked through Terminating and Repeating Decimals. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2159
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  Precision in Calculation and Vocabulary means being careful with both numbers and math words.
When we work with math, we want our answers to be accurate, or correct. We also want to use the right vocabulary, like sum, difference, product, and quotient, so we can explain our thinking clearly.
In 4th grade, being precise means:
	Writing numbers neatly and correctly
	Putting digits in the correct place value
	Using the correct operation
	Checking your work
	Using the right math words when you talk or write about your answer

Being precise helps you avoid small mistakes that can change the whole answer.
1. Be precise with calculation
Precision in calculation means solving carefully. Even one digit in the wrong place can make an answer incorrect.
Here are some ways to be precise:
	Line up numbers by place value. Ones go under ones, tens under tens, and hundreds under hundreds.
	Read the problem carefully. Make sure you know whether to add, subtract, multiply, or divide.
	Write each step clearly. Neat work makes it easier to spot mistakes.
	Check your answer. Ask, “Does this answer make sense?”

Example 1: Addition with place value
Add:
245+32
Line up the numbers by place value:
245 32277
Now add from right to left:
	Ones: 5+2=7
	Tens: 4+3=7
	Hundreds: 2+0=2

So the sum is 277.
If you do not line up the digits, you might get the wrong answer. Precision means lining them up correctly.
Example 2: Subtraction with regrouping
Subtract:
402−186
Set it up carefully:
402186
Start with the ones. You cannot do 2−6, so regroup.
In 402, there are 4 hundreds, 0 tens, and 2 ones. Regroup one hundred as 10 tens. Then regroup one ten as 10 ones.
Now think of the number as 3 hundreds, 9 tens, and 12 ones.
	Ones: 12−6=6
	Tens: 9−8=1
	Hundreds: 3−1=2

So the difference is 216.
Precision matters here because if you forget to regroup correctly, your answer will be wrong.
2. Be precise with vocabulary
Math vocabulary helps us understand what a problem is asking. It also helps us explain our work.
Here are some important math words:
	Sum: the answer to an addition problem
	Difference: the answer to a subtraction problem
	Product: the answer to a multiplication problem
	Quotient: the answer to a division problem
	Equation: a math sentence with an equal sign
	Estimate: a close answer, not an exact answer
	Exact answer: the correct answer

When you use the right word, your explanation becomes clearer.
For example:
	Instead of saying, “The answer to 6×4 is 24,” you can say, “The product of 6×4 is 24.”
	Instead of saying, “The answer to 15−7 is 8,” you can say, “The difference of 15−7 is 8.”

3. Know the difference between exact answers and estimates
Sometimes in math, we want an exact answer. Other times, we make an estimate to check if our answer is reasonable.
An exact answer is the true answer. An estimate is close, but not exact.
Example 3: Estimate, then solve exactly
Add:
198+203
First, estimate:
	198 is about 200
	203 is about 200

So the estimate is:
200+200=400
Now solve exactly:
198203401
The exact sum is 401.
The estimate of 400 is close, so our exact answer makes sense.
4. Precision means checking if your answer makes sense
After solving, stop and ask yourself:
	Did I use the correct operation?
	Did I line up the numbers correctly?
	Did I regroup correctly, if needed?
	Does my answer seem too big or too small?
	Can I use math vocabulary to explain my answer?

This is an important habit in math. Careful mathematicians do not just finish—they also check.
Example 4: Multiplication and vocabulary
A teacher puts 4 markers in each box. There are 6 boxes. How many markers are there in all?
This problem is about equal groups, so we use multiplication:
6×4=24
The product is 24.
You can also check by repeated addition:
4+4+4+4+4+4=24
So there are 24 markers in all.
Being precise means we used the correct operation, found the correct answer, and named it with the correct vocabulary word: product.
Tips for being precise every day in math
	Read the whole problem slowly.
	Circle or notice important numbers and words.
	Choose the correct operation.
	Write numbers in the correct place value columns.
	Solve step by step.
	Check your work with an estimate or the opposite operation when you can.
	Use math words like sum, difference, product, and quotient.

Let’s review
Precision in math is about being careful, correct, and clear.
We are precise when we:
	Calculate accurately
	Line up digits by place value
	Use the correct operation
	Check whether the answer makes sense
	Use correct math vocabulary

When you practice precision, you become a stronger and more confident mathematician.


  
  Put what you read to the test

  You've worked through Precision in Calculation and Vocabulary. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/478






  
    
  [image: 📖]   Chapter 7

  Ratios, Rates, and Proportional Reasoning
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  Lesson: Understanding Ratios and Ratio Language


In math, we often compare quantities. Sometimes we compare by finding how many more, and sometimes we compare by finding how many times as much. A ratio helps us compare two quantities using multiplication.


A ratio tells how much of one thing there is compared to another thing. Ratios can compare:


  	part to part — one part of a group to another part of the same group

  	part to whole — one part of a group to the total group




Learning to use ratio language clearly is very important. The order matters. For example, saying “the ratio of cats to dogs” is not the same as “the ratio of dogs to cats.”


Ratios can be written in three common ways:


  	using the word to: 3 to 2

  	using a colon: 3:2

  	as a fraction: 32




These all mean the same ratio, as long as the order stays the same.


Main Idea 1: A ratio compares two quantities


Suppose a basket has 4 red apples and 6 green apples. We can compare these amounts in different ways.


  	Ratio of red apples to green apples: 4:6

  	Ratio of green apples to red apples: 6:4




Notice that these are different because the order is different.


We can also compare a part to the whole. There are 4+6=10 apples total.


  	Ratio of red apples to total apples: 4:10

  	Ratio of green apples to total apples: 6:10




Main Idea 2: Part-to-part and part-to-whole ratios


A part-to-part ratio compares one part of a group to another part of the group.

Example: In a class, there are 8 girls and 12 boys.


  	Girls to boys is 8:12

  	Boys to girls is 12:8




A part-to-whole ratio compares one part of a group to the total number in the group.

The total number of students is:

8+12=20

  	Girls to total students is 8:20

  	Boys to total students is 12:20




Be careful: if a question asks for a ratio to the whole, you must first find the total.


Main Idea 3: Ratio language must be precise


When you describe a ratio, always say exactly what is being compared.


For example, if there are 5 blue marbles and 3 yellow marbles, you can say:


  	“The ratio of blue marbles to yellow marbles is 5:3.”

  	“For every 5 blue marbles, there are 3 yellow marbles.”




Both sentences describe the same ratio.


The words for every are often helpful in ratio language. They show the multiplicative relationship clearly.


For example, the ratio 2:7 can be read as:


  	“2 to 7”

  	“the ratio of 2 to 7”

  	“for every 2, there are 7”




Main Idea 4: Ratios show multiplicative thinking


A ratio is not just about the difference between two numbers. It is about how the numbers compare by multiplication.


For example, if the ratio of pencils to erasers is 6:2, that means:


  	for every 6 pencils, there are 2 erasers

  	the number of pencils is 3 times the number of erasers because 6÷2=3




This is different from saying there are 4 more pencils than erasers. The ratio focuses on multiplication, not just subtraction.


Worked Example 1: Writing a part-to-part ratio


A fish tank has 7 goldfish and 5 angelfish. Write the ratio of goldfish to angelfish in three ways.


Step 1: Identify the order asked for: goldfish to angelfish.

Step 2: Use the numbers in that same order: 7 and 5.


Answer:


  	7 to 5

  	7:5

  	75




We can also say, “For every 7 goldfish, there are 5 angelfish.”


Worked Example 2: Writing a part-to-whole ratio


A jar contains 9 red beads and 6 blue beads. What is the ratio of blue beads to all beads?


Step 1: Find the total number of beads.

9+6=15
Step 2: Compare blue beads to total beads.

6:15

Answer: The ratio of blue beads to all beads is 6:15.


We can say, “For every 15 beads in the jar, 6 are blue.”


Worked Example 3: Understanding ratio language carefully


At a pet shelter, there are 4 cats and 10 dogs.


  	What is the ratio of cats to dogs?

  	What is the ratio of dogs to cats?

  	What is the ratio of cats to all animals?




Step 1: Use the order from each question.


  	Cats to dogs: 4:10

  	Dogs to cats: 10:4




Step 2: Find the total animals for part-to-whole.

4+10=14


  	Cats to all animals: 4:14




Answer:


  	Cats to dogs = 4:10

  	Dogs to cats = 10:4

  	Cats to all animals = 4:14




This example shows why reading carefully matters. Each ratio compares different quantities.


Worked Example 4: Describing a ratio with words


A recipe uses 3 cups of flour and 2 cups of sugar.

Describe the ratio of flour to sugar using ratio language.


Step 1: Identify the quantities in order: flour, then sugar.

Step 2: Write the ratio: 3:2.

Step 3: Say it in words.


Answer: The ratio of flour to sugar is 3:2. For every 3 cups of flour, there are 2 cups of sugar.


Common Mistakes to Avoid


  	Reversing the order: “Cats to dogs” is not the same as “dogs to cats.”

  	Forgetting the whole: In part-to-whole ratios, add all parts first.

  	Using subtraction instead of comparison: Ratios compare using multiplication.

  	Being too vague: Always name what each number stands for.




Helpful Tips


  	Read the ratio question slowly.

  	Underline the order of the words being compared.

  	Ask yourself: Is this part to part or part to whole?

  	Use the phrase for every to check if your ratio makes sense.




Quick Practice Ideas

Try these on your own:


  	A team has 11 girls and 9 boys. Write the ratio of girls to boys.

  	A box has 8 chocolate cookies and 4 vanilla cookies. Write the ratio of vanilla cookies to total cookies.

  	There are 6 white flowers and 12 red flowers. Say the ratio of white flowers to red flowers in words.




[image: 📋]   Summary


A ratio compares two quantities using multiplication. Ratios can compare part to part or part to whole. You can write ratios as “to,” with a colon, or as a fraction. Good ratio language tells exactly what is being compared and keeps the order correct.


When you see a ratio problem, always ask:


  	What two quantities am I comparing?

  	In what order?

  	Is it part-to-part or part-to-whole?




If you can answer those questions, you are using ratio language correctly.


  
  Put what you read to the test

  You've worked through Concept of a Ratio and Ratio Language. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2160
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  Equivalent Ratios and Ratio Tables


A ratio compares two amounts. It tells how much of one thing there is compared with another thing.


For example, if a class has 2 red markers and 3 blue markers, the ratio of red markers to blue markers is 2:3.


In this lesson, you will learn how to find equivalent ratios and how to organize them in a ratio table.


What does equivalent mean?


Equivalent ratios are ratios that name the same comparison, even though the numbers are different.


For example, 2:3, 4:6, and 6:9 are all equivalent ratios. They all compare the two amounts in the same way.


You can make equivalent ratios by multiplying or dividing both parts of the ratio by the same nonzero number.


Here is the idea with math:


2:3→4:6→6:9

From 2:3 to 4:6, both numbers were multiplied by 2.


From 2:3 to 6:9, both numbers were multiplied by 3.


If you only multiply one part of a ratio, the comparison changes, so the ratios are not equivalent.


For example, 2:3 and 2:6 are not equivalent, because only one number changed.


Why ratio tables are useful


A ratio table is a table that shows a list of equivalent ratios.


Ratio tables help you:



  	see patterns,

  	find missing values,

  	solve real-world problems,

  	think multiplicatively instead of additively.




Important idea: use multiplication, not addition


When working with equivalent ratios, we scale both parts by the same factor. This is multiplicative thinking.


That means we ask, “What number do I multiply by?”


We do not keep the ratios equivalent by adding the same amount over and over unless that addition comes from a matching multiplication pattern already shown in the table.


For example, starting with 3:5:



  	Multiply both parts by 2: 6:10

  	Multiply both parts by 3: 9:15

  	Multiply both parts by 4: 12:20




Each new ratio is equivalent to 3:5.


How to build a ratio table


Start with one ratio. Then multiply or divide both numbers by the same value.


Example starting ratio: 2:5


254106158201025

In this table:



  	2:5 was multiplied by 2 to get 4:10

  	2:5 was multiplied by 3 to get 6:15

  	2:5 was multiplied by 4 to get 8:20

  	2:5 was multiplied by 5 to get 10:25




You can also move from one row to another by multiplying or dividing.


For example, from 4:10 to 8:20, both numbers are multiplied by 2.


How to find a missing value in a ratio table


To find a missing value, look for the scale factor. Ask yourself:



  	What happened to the known number?

  	Did it get multiplied or divided?

  	Do I do the same thing to the other number?




Worked Example 1: Fill in a simple ratio table


The ratio of apples to baskets is 3:1. Complete the ratio table.


ApplesBaskets316?9?12?

Step 1: Compare each number of apples to 3.



  	6=3×2

  	9=3×3

  	12=3×4




Step 2: Multiply the number of baskets by the same factors.



  	1×2=2

  	1×3=3

  	1×4=4




Completed table:


ApplesBaskets316293124

So the equivalent ratios are 3:1, 6:2, 9:3, and 12:4.


Worked Example 2: Find one missing number


The ratio of blue beads to white beads is 4:7. If there are 20 blue beads, how many white beads are there?


Step 1: Find the scale factor from 4 to 20.


20÷4=5

So both parts of the ratio were multiplied by 5.


Step 2: Multiply 7 by 5.


7×5=35

Answer: There are 35 white beads.


We can show it in a ratio table:


BlueWhite472035

Worked Example 3: Use repeated scaling in a ratio table


A recipe uses 2 cups of juice concentrate for every 3 cups of water. Complete the ratio table.


ConcentrateWater2346?98?

Step 1: Look at the row with 9 cups of water.


Since 9=3×3, multiply the concentrate by 3 too.


2×3=6

So the missing number is 6.


Step 2: Look at the row with 8 cups of concentrate.


Since 8=2×4, multiply the water by 4.


3×4=12

So the missing number is 12.


Completed table:


ConcentrateWater234669812

Worked Example 4: Solve a real-world problem


At a school event, the ratio of teachers to students is 1:15. If there are 6 teachers, how many students are there?


Step 1: Find how the number of teachers changed.


6÷1=6

So the ratio was multiplied by 6.


Step 2: Multiply the number of students by 6.


15×6=90

Answer: There are 90 students.


Ratio table:


TeachersStudents115230345690

Tips for checking your work



  	Make sure both parts of the ratio were multiplied or divided by the same number.

  	Check that the comparison stays the same.

  	If one value got bigger, the other value should grow by the same scale factor.

  	If one value was divided, divide the other value by the same number.




Common mistakes to avoid



  	Changing only one number: For example, turning 3:4 into 6:4 is not equivalent.

  	Adding instead of scaling: Equivalent ratios come from multiplication or division by the same number.

  	Using different operations on each part: If one side is multiplied by 3, the other side must also be multiplied by 3.




Quick practice thinking


Are these equivalent to 5:8?



  	10:16 — yes, both parts were multiplied by 2

  	15:24 — yes, both parts were multiplied by 3

  	10:18 — no, the scale factor is not the same for both parts




[image: 📋]   Summary


A ratio compares two amounts. Equivalent ratios show the same comparison using different numbers.


You can make equivalent ratios by multiplying or dividing both parts of the ratio by the same number.


A ratio table is a helpful way to organize equivalent ratios and find missing values.


When solving ratio table problems, always look for the scale factor and use the same operation on both parts of the ratio.


  
  Put what you read to the test

  You've worked through Equivalent Ratios and Ratio Tables. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2161






  [image: 📝]   Lesson 49: Tape Diagrams and Double Number Lines

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2181




  Lesson: Tape Diagrams and Double Number Lines


When we compare two amounts using a ratio, we are showing how much of one thing there is compared to another. In 6th grade, two very helpful tools for ratio problems are tape diagrams and double number lines.


These tools help us see the relationship between amounts. They are especially useful when we need to find a missing part, a whole, or the total of two combined amounts.


In this lesson, you will learn how to use both models to solve problems step by step.


1. What is a tape diagram?


A tape diagram is a drawing made of equal-sized boxes or parts. Each part stands for the same amount. Tape diagrams help us show ratios clearly.


For example, if the ratio of red marbles to blue marbles is 2:3, we can draw:


Red: [ ] [ ]

Blue: [ ] [ ] [ ]


This shows that for every 2 equal parts of red, there are 3 equal parts of blue.


If each part were worth 4 marbles, then:



	Red would have 2×4=8 marbles

	Blue would have 3×4=12 marbles




2. What is a double number line?


A double number line uses two number lines stacked on top of each other. Matching points line up to show equal ratios.


For the same ratio 2:3, a double number line could show:


Red: 2    4    6    8

Blue: 3   6   9   12


This means:


	2 red matches 3 blue

	4 red matches 6 blue

	6 red matches 9 blue

	8 red matches 12 blue




Both tape diagrams and double number lines show equivalent ratios. That means the relationship stays the same even when the amounts grow.


3. When should you use these models?


You can use tape diagrams and double number lines when:


	you know a ratio and need to find a missing amount

	you know the total and need to split it into parts

	you need to compare two related amounts

	you want to solve ratio problems in a visual way




4. How to solve using a tape diagram



	Write the ratio.

	Draw equal parts to match the ratio.

	Use the given information to find the value of one part.

	Multiply to find the missing amount.




5. How to solve using a double number line



	Write the starting ratio on the two lines.

	Count up by equal groups or scale both amounts by the same number.

	Find the amount that matches the number you need.




Worked Example 1: Find a missing part with a tape diagram


The ratio of apples to oranges is 3:2. If there are 12 apples, how many oranges are there?


Step 1: Draw the ratio.

Apples: [ ] [ ] [ ]

Oranges: [ ] [ ]


Step 2: Use the known amount.

3 parts = 12 apples, so 1 part is:


12÷3=4

Each part is 4.


Step 3: Find oranges.

Oranges have 2 parts, so:


2×4=8

Answer: There are 8 oranges.


Worked Example 2: Find a missing amount with a double number line


The ratio of juice mix to water is 1:4. If you use 3 cups of juice mix, how many cups of water do you need?


Start with the ratio:

Juice mix: 1   2   3

Water:      4   8   12


When juice mix is 3, water is 12.


Answer: You need 12 cups of water.


Worked Example 3: Find the total using a tape diagram


The ratio of boys to girls in a club is 4:5. There are 36 students in all. How many boys and how many girls are there?


Step 1: Draw the ratio.

Boys: [ ] [ ] [ ] [ ]

Girls: [ ] [ ] [ ] [ ] [ ]


Step 2: Count the total parts.


4+5=9

There are 9 equal parts total.


Step 3: Find the value of one part.


36÷9=4

Each part is 4 students.


Step 4: Find each group.


4×4=16
5×4=20

Answer: There are 16 boys and 20 girls.


Worked Example 4: Use a double number line to solve a bigger ratio problem


A recipe uses rice and beans in the ratio 2:3. If a cook uses 18 cups of beans, how many cups of rice are needed?


Step 1: Set up the ratio.

Rice:    2   4   6   8   10   12

Beans: 3   6   9   12   15   18


When beans are 18, rice is 12.


Answer: The cook needs 12 cups of rice.


6. Finding a whole from one part


Sometimes you know only one part of the ratio, and you need to find the total.


Example: The ratio of cats to dogs at a shelter is 3:5. If there are 15 cats, how many animals are there in all?


Step 1: 3 parts = 15, so 1 part is:


15÷3=5

Step 2: Dogs have 5 parts, so dogs are:


5×5=25

Step 3: Total animals:


15+25=40

Answer: There are 40 animals in all.


7. Important idea: Equal groups


In both tape diagrams and double number lines, the parts must stay equal. If one amount is multiplied by a number, the other amount must be multiplied by the same number.


For example, if the ratio is 2:5, then these are equivalent ratios:



	2:5

	4:10

	6:15

	8:20




Each pair keeps the same relationship.


8. Common mistakes to avoid



	Do not add the ratio numbers to scale them. Ratios grow by multiplying.

	Do not use unequal boxes in a tape diagram. Each part must represent the same amount.

	Match the order carefully. If the ratio is apples to oranges, do not switch it to oranges to apples.

	Check the total parts before dividing when finding a whole.




9. Quick check for yourself


Ask these questions:


	What two things are being compared?

	What is the ratio?

	How many equal parts are there?

	Do I know the value of one part?

	Am I multiplying both parts by the same number?




[image: 📋]   Summary


Tape diagrams and double number lines are visual tools for solving ratio problems. A tape diagram uses equal boxes to show parts of a ratio, and a double number line shows matching values that grow in equal steps.


To solve problems, first write the ratio, then use the known amount to find the value of one part or scale both amounts equally. These models can help you find a missing part, a whole, or a total when two amounts are combined.


  
  Put what you read to the test

  You've worked through Tape Diagrams and Double Number Lines. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2162






  [image: 📝]   Lesson 50: Unit Rates and Per-Unit Comparisons

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2182




  Unit Rates and Per-Unit Comparisons


Sometimes we compare two different kinds of quantities, like miles and hours, dollars and ounces, or pages and minutes. These comparisons are called rates.


A unit rate is a rate that compares a quantity to 1 unit of another quantity. For example:


  	60 miles in 1 hour

  	$2 for 1 pound

  	15 words in 1 minute




Unit rates are helpful because they make comparisons easy. If two things have different sizes or times, finding the amount for 1 lets us see which is faster, cheaper, or more efficient.


How to find a unit rate


To find a unit rate, divide so that one quantity becomes 1.


If a car travels 180 miles in 3 hours, divide both numbers by 3:


180 miles3 hours=60 miles per hour

So the unit rate is 60 miles per hour.


You can think of it as:


  	total amount divided by number of units

  	Then write the answer with the word per




For example:


  	12 cookies in 4 bags means 12÷4=3 cookies per bag

  	$15 for 5 notebooks means 15÷5=3 dollars per notebook




Rates and unit rates in real life


We use unit rates all the time:


  	At the store to compare prices

  	On trips to compare speed

  	In sports to compare points per game

  	In reading to compare pages per day




If one box has 8 granola bars for $4 and another has 15 granola bars for $6, the box with more bars is not always the better deal. We need to find the cost for 1 bar or the bars for $1.


Two ways to compare


You can compare using either of these unit rates:


  	cost per 1 item

  	items per $1




Both ways work. Just be careful to use the same kind of unit rate for both choices.


For example, if you are comparing prices, you might use:


  	dollars per ounce

  	dollars per pound

  	dollars per item




Worked Example 1: Finding a simple unit rate


A student reads 24 pages in 3 days. How many pages does the student read per day?


Step 1: Identify the total pages and total days.


  	24 pages

  	3 days




Step 2: Divide pages by days.


24÷3=8

Answer: The student reads 8 pages per day.


Worked Example 2: Comparing speed


Bike A travels 36 miles in 3 hours. Bike B travels 50 miles in 5 hours. Which bike is faster?


Step 1: Find the unit rate for Bike A.


36÷3=12

Bike A travels 12 miles per hour.


Step 2: Find the unit rate for Bike B.


50÷5=10

Bike B travels 10 miles per hour.


Step 3: Compare the unit rates.


Since 12 is greater than 10, Bike A is faster.


Worked Example 3: Finding the better buy


Store A sells 6 juice boxes for $3. Store B sells 10 juice boxes for $4. Which is the better buy?


We will compare cost per juice box.


Store A:


3÷6=0.5

Store A costs $0.50 per juice box.


Store B:


4÷10=0.4

Store B costs $0.40 per juice box.


Since $0.40 is less than $0.50, Store B is the better buy.


Worked Example 4: Using a unit rate to solve a problem


A faucet fills 18 cups of water in 3 minutes. At this rate, how many cups will it fill in 1 minute? How many cups will it fill in 5 minutes?


Step 1: Find the unit rate.


18÷3=6

The faucet fills 6 cups per minute.


Step 2: Use the unit rate.


In 1 minute, it fills:


6 cups

In 5 minutes, it fills:


6×5=30

Answer: The faucet fills 6 cups in 1 minute and 30 cups in 5 minutes.


How to decide which answer is better


When comparing unit rates, think about the situation:


  	For speed, a greater unit rate is usually better because it means faster.

  	For price per item, a smaller unit rate is usually better because it means cheaper.

  	For work done per hour, a greater unit rate may mean more done in less time.




Common mistakes to avoid


  	Mixing up what to divide: Be sure you divide the total amount by the number of units you want to make 1.

  	Comparing different units: Do not compare dollars per pound with dollars per ounce unless you change them to the same unit.

  	Forgetting what the number means: Always include the label, like miles per hour or dollars per item.

  	Choosing the wrong “better” answer: Bigger is not always better. For cost, smaller is better.




Helpful steps for solving unit rate problems


  	Read the problem carefully.

  	Identify the two quantities being compared.

  	Decide which quantity should be compared to 1.

  	Divide to find the unit rate.

  	Write the answer with units.

  	Compare unit rates if the problem asks which is better.




Quick check


  	20 dollars for 5 tickets means 20÷5=4 dollars per ticket

  	42 miles in 6 hours means 42÷6=7 miles per hour

  	16 ounces for $4 means 4÷16=0.25 dollars per ounce




[image: 📋]   Summary


A rate compares two different kinds of quantities. A unit rate compares a quantity to 1 unit of another quantity.


To find a unit rate, divide the total amount by the number of units. Then use that per-unit value to compare prices, speeds, and other real-world situations.


Unit rates help you make fair comparisons. They show which choice is faster, cheaper, or more efficient.


  
  Put what you read to the test

  You've worked through Unit Rates and Per-Unit Comparisons. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2163






  [image: 📝]   Lesson 51: Graphing Proportional Relationships
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  Graphing Proportional Relationships


Sometimes two quantities change together in a special way. When they do, they can form a proportional relationship. In a proportional relationship, the ratio between the two quantities stays the same.


When we graph a proportional relationship on a coordinate plane, the points make a straight line that goes through the origin, which is the point 
after stripping whitespace? Probably avoid weird chars. Use (0,0). Let's continue carefully.


  
  Put what you read to the test

  You've worked through Graphing Proportional Relationships. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2164
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  Solving Basic Proportions


Sometimes two ratios compare things in the same way. When that happens, they form a proportion.


A proportion is an equation that says two ratios are equal. For example, if 2 apples cost $4, then 4 apples would cost $8 if the price stays the same. We can write that as:


24=48


Both ratios show the same relationship, so they are proportional.


Learning to solve basic proportions helps you find a missing number when two ratios match. This is useful when working with prices, recipes, maps, and groups of objects.


What does a proportion look like?


A basic proportion often looks like this:


ab=cd


One of the numbers may be missing. Your job is to figure it out.


For example:


36=x12


This means: 3 is to 6 in the same way that x is to 12.


Important idea: keep the ratios equivalent


To solve a proportion, think about how one ratio changes into the other. If the bottom number is multiplied by 2, then the top number must also be multiplied by 2.


In equivalent ratios:



	multiply the top and bottom by the same number, or

	divide the top and bottom by the same number.




That keeps the relationship the same.


Method 1: Use scaling


Scaling means finding how one ratio grows or shrinks.


Look at this proportion:


25=x15


Ask yourself: how did 5 become 15?


Since 5×3=15, multiply the top by 3 too.


x=2×3=6


So:


25=615


Method 2: Find the unit rate


A unit rate tells the amount for 1 unit. This can help when the scaling is not easy to see right away.


Example: If 4 notebooks cost $12, how much do 8 notebooks cost?


First find the cost of 1 notebook:


12÷4=3


So 1 notebook costs $3.


Now find the cost of 8 notebooks:


8×3=24


So 8 notebooks cost $24.


We can also write the proportion as:


412=8x


Then x=24.


Method 3: Use the cross-products idea


There is also a shortcut for solving proportions. In a true proportion, the products across the diagonals are equal.


For example:


34=68


Check the diagonals:


3×8=24


4×6=24


Since both products are equal, the ratios form a proportion.


You can use this idea to find a missing value too. For 5th Grade, it is best to think of this as a pattern that helps check your answer.


Steps for solving a basic proportion



	Write the two equal ratios.

	Find what happened from one ratio to the other.

	Use the same change on the missing number.

	Check that the new ratios are equivalent.




Worked Example 1: Easy scaling


Solve:


13=x9


Look at the bottom numbers: 3 became 9.


3×3=9


So multiply the top by 3 too:


x=1×3=3


Answer:


x=3


Check:


13=39


Both ratios are equal, so the answer is correct.


Worked Example 2: Missing number in the first ratio


Solve:


x4=612


Look at the second ratio first. Can it be simplified?


612=12


Now think: what number over 4 equals 12?


Half of 4 is 2, so:


x=2


Check:


24=612


Both equal 12.


Worked Example 3: Use a real-world problem


3 juice boxes cost $6. How much do 9 juice boxes cost?


Write a proportion:


36=9x


You can solve by scaling.


The number of juice boxes went from 3 to 9.


3×3=9


So the cost must also be multiplied by 3.


x=6×3=18


Answer: $18


You can also use the unit rate:


6÷3=2


Each juice box costs $2.


9×2=18


Same answer.


Worked Example 4: A proportion with a less obvious scale


Solve:


46=x9


Ask: how did 6 become 9?


It is not a whole-number multiplication fact you may know right away, so simplify the first ratio first.


46=23


Now solve:


23=x9


Since 3×3=9, multiply the top by 3.


x=2×3=6


Answer:


x=6


Check:


46=69


Both simplify to 23.


Helpful strategies



	Look for multiplication or division: See how one part of the ratio changes.

	Simplify first: Sometimes reducing a ratio makes the pattern easier to see.

	Use a unit rate: Find the amount for 1 unit, then build back up.

	Check your answer: Make sure both ratios are equivalent.




Common mistakes to avoid



	Changing only one number: If you multiply or divide, do it to both parts of the ratio.

	Mixing up the order: Keep the compared quantities in the same order.

	Forgetting to check: Your answer should make both sides equal.




Quick practice to think about



	27=x14

	510=x6

	4 pencils cost $8. How much do 10 pencils cost?




Brief summary


A proportion shows that two ratios are equal. To solve a basic proportion, use scaling, simplify ratios, or find a unit rate.


Always keep the relationship the same by changing both parts of the ratio in the same way. When you finish, check that the two ratios are still equivalent.


  
  Put what you read to the test

  You've worked through Solving Basic Proportions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/545
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  Percent as a Rate per Hundred


Have you seen a store sign that says 25% off or a test score of 90%? These numbers use percent.


A percent means “per hundred”. The word cent means 100, so percent tells us how many parts out of 100 we are talking about.


This means that:



  	
    
      1% means 1 out of 100
    

  

  	
    
      25% means 25 out of 100
    

  

  	
    
      100% means 100 out of 100, or the whole thing
    

  




So, percent is a special kind of ratio. It compares a number to 100.


We can write percent in different ways:



  	As a percent: 45%


  	As a fraction: 45100


  	As words: 45 per hundred





These all mean the same thing.


Using a 10 by 10 grid


A 10 by 10 grid has:


10×10=100

That means the grid has 100 small squares.


Each small square stands for 1 out of 100, so each square is worth:


1%

This makes a 10 by 10 grid a great model for percents.


For example:



  	If 12 squares are shaded, that is 12%.


  	If 50 squares are shaded, that is 50%.


  	If all 100 squares are shaded, that is 100%.





Connecting percent and fractions


Since percent means “out of 100,” we can write any percent as a fraction with denominator 100.


For example:


30%=30100

This fraction can sometimes be simplified.


30100=310

Both fractions still represent the same amount.


Important benchmark percents


Some percents are especially useful to know.



  	10%=10100=110


  	25%=25100=14


  	50%=50100=12


  	75%=75100=34


  	100%=100100=1





Knowing these can help you quickly understand parts of a whole.


Worked Example 1: Reading a percent from a grid


A 10 by 10 grid has 18 shaded squares. What percent of the grid is shaded?


Step 1: Count the shaded squares.


There are 18 shaded squares.


Step 2: Compare to 100 total squares.


18100

Step 3: Write as a percent.


18%

Answer: 18% of the grid is shaded.


Worked Example 2: Writing a percent as a fraction


Write 64% as a fraction.


Step 1: Use the meaning of percent: per hundred.


64%=64100

Step 2: Simplify if possible.


64100=1625

Answer: 64% is 64100, which simplifies to 1625.


Worked Example 3: Writing a fraction as a percent


Write 37100 as a percent.


Step 1: Notice the denominator is already 100.


This means the fraction already shows “per hundred.”


Step 2: Write the numerator with the percent sign.


37100=37%

Answer: 37100 is 37%.


Worked Example 4: Thinking about part of a whole


In a class survey, 100 students were asked whether they liked reading. If 73 students said yes, what percent liked reading?


Step 1: Write the ratio out of 100.


73100

Step 2: Change it to a percent.


73%

Answer: 73% of the students liked reading.


How to think about percents



  	Percent always compares to 100.


  	A 10 by 10 grid helps you see that each small square is 1%.


  	If half of the grid is shaded, that is 50%.


  	If one fourth of the grid is shaded, that is 25%.





Common mistakes to avoid



  	Do not forget that percent means out of 100.


  	Do not write 30% as 3010. It should be 30100.


  	Do not think 100% means more than the whole. It means the entire whole.


  	Remember that each square in a 10 by 10 grid is only 1%, not 10%.





Quick check



  	What does 15% mean? Answer: 15 out of 100


  	If 42 squares are shaded on a 10 by 10 grid, what percent is shaded? Answer: 42%


  	Write 9% as a fraction. Answer: 9100


  	Write 88100 as a percent. Answer: 88%





[image: 📋]   Summary


A percent is a rate per hundred. It tells how many parts there are out of 100.


A 10 by 10 grid helps us see percents clearly because it has exactly 100 squares. Each square represents 1%.


When you see a percent, you can think of it as a fraction with denominator 100. This helps you connect ratios, fractions, and percents.


  
  Put what you read to the test

  You've worked through Percent as a Rate per Hundred. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2165
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  Converting Among Fractions, Decimals, and Percents


Fractions, decimals, and percents are three different ways to show the same amount. In 6th grade math, it is important to move easily between these forms so you can choose the one that makes a problem easier to solve.


For example, the numbers 12, 0.5, and 50% all represent the same value. They just look different.


In this lesson, you will learn how to:


  	convert a fraction to a decimal,

  	convert a decimal to a percent,

  	convert a percent to a fraction,

  	and check whether different forms are equal.




1. What each form means


A fraction shows a part of a whole using a numerator and denominator, like 34.


A decimal shows a part of a whole using place value, like 0.75.


A percent means “out of 100.” The symbol  means per hundred.


So:


  	34

  	0.75

  	75%



all describe the same amount.


2. Converting a fraction to a decimal


To change a fraction into a decimal, divide the numerator by the denominator.


For a fraction ab, compute:

ab=a÷b


Example: To convert 34 to a decimal, divide:

3÷4=0.75


So:

34=0.75


Some fractions make decimals that end, like 0.2 or 0.75. Others make decimals that continue, like 0.333….


3. Converting a decimal to a percent


To change a decimal into a percent, multiply by 100. This is the same as moving the decimal point two places to the right.


Then add the percent symbol.


Example:

0.75×100=75

So:

0.75=75%


Another example:

0.4×100=40

So:

0.4=40%


4. Converting a percent to a decimal


To change a percent into a decimal, divide by 100. This is the same as moving the decimal point two places to the left.


Do not keep the percent symbol when you write the decimal.


Example:

65%=65100=0.65


Another example:

8%=8100=0.08


5. Converting a fraction to a percent


There are two good methods for changing a fraction to a percent.


Method A: Fraction to decimal, then decimal to percent


  	Divide numerator by denominator.

  	Multiply the decimal by 100.




Example with 15:

15=1÷5=0.2

0.2=20%


Method B: Make an equivalent fraction with denominator 100


If possible, rewrite the fraction so the denominator is 100.


Example with 34:

34=75100=75%


This works because 4×25=100, so multiply both numerator and denominator by 25.


6. Converting a percent to a fraction


To change a percent into a fraction, write the percent over 100, then simplify if possible.


Example:

45%=45100


Now simplify by dividing top and bottom by 5:

45100=920


So:

45%=920


Another example:

25%=25100=14


7. Converting a decimal to a fraction


To change a decimal to a fraction, use place value.


If the decimal has:


  	1 digit after the decimal point, write it over 10,

  	2 digits after the decimal point, write it over 100,

  	3 digits after the decimal point, write it over 1000.




Then simplify if possible.


Example:

0.6=610=35


Another example:

0.35=35100=720


8. A helpful conversion chart



  	Fraction to Decimal: divide

  	Decimal to Fraction: write using place value, then simplify

  	Decimal to Percent: multiply by 100

  	Percent to Decimal: divide by 100

  	Percent to Fraction: write over 100, then simplify

  	Fraction to Percent: divide to get a decimal, then multiply by 100




9. Worked Examples


Example 1: Convert 12 to a decimal and a percent.


First, divide the numerator by the denominator:

1÷2=0.5


So the decimal is 0.5.


Now change the decimal to a percent:

0.5×100=50


So the percent is 50%.


Final answer:

12=0.5=50%


Example 2: Convert 0.32 to a fraction and a percent.


Since 0.32 has two digits after the decimal point, write it over 100:

0.32=32100


Simplify the fraction by dividing by 4:

32100=825


Now convert the decimal to a percent:

0.32×100=32


So:

0.32=825=32%


Example 3: Convert 60% to a decimal and a fraction.


To make a decimal, divide by 100:

60%=0.60=0.6


To make a fraction, write it over 100:

60%=60100


Simplify by dividing by 20:

60100=35


Final answer:

60%=0.6=35


Example 4: Convert 78 to a decimal and a percent.


Divide numerator by denominator:

7÷8=0.875


Now change the decimal to a percent:

0.875×100=87.5


So:

78=0.875=87.5%


This example shows that percents do not always have to be whole numbers.


10. Common mistakes to avoid



  	Do not forget the percent symbol. Writing 45 is not the same as writing 45%.

  	Move the decimal the correct way. Decimal to percent: move right 2 places. Percent to decimal: move left 2 places.

  	Simplify fractions when needed. For example, 50100 should be simplified to 12.

  	Remember that percent means out of 100. This helps when turning percents into fractions.




11. How to choose the best form


Different forms are useful in different situations.



  	Use fractions when comparing parts of a whole exactly, like 34.

  	Use decimals when working with money or doing calculator work, like 0.75.

  	Use percents when talking about parts out of 100, like discounts, grades, and surveys.




The more you practice, the easier it becomes to switch between them.


[image: 📋]   Summary


Fractions, decimals, and percents can all name the same value. To convert between them, remember these key ideas: divide to change a fraction to a decimal, use place value to change a decimal to a fraction, multiply by 100 to change a decimal to a percent, and write percents over 100 to make fractions.


If you can recognize that 14, 0.25, and 25% are equal, you are building strong number sense. This skill will help you with ratios, rates, and many real-world math problems.


  
  Put what you read to the test

  You've worked through Converting Among Fractions, Decimals, and Percents. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2166






  [image: 📝]   Lesson 55: Calculating the Percent of a Quantity

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2186




  Calculating the Percent of a Quantity


Percent means "out of 100". When we see a percent, we can think of it as a part of a whole.


For example, 25% means 25 out of 100, and 50% means 50 out of 100.


In this lesson, you will learn how to find a percent of a number by changing the percent into a decimal or a fraction, and then multiplying.


Why do we learn this?


Finding a percent of a quantity is useful in everyday life. We use it to calculate discounts in stores, tips at restaurants, test scores, and parts of groups.


Main Idea


To find a percent of a quantity:



  	Change the percent to a decimal or fraction.

  	Multiply by the whole amount.




So the basic rule is:


percent of a quantity=percent×whole


When using a decimal, remember:



  	Divide the percent by 100.

  	Or move the decimal point in the percent two places left.




Here are some common percent forms:



  	10%=0.10=10100=110

  	25%=0.25=25100=14

  	50%=0.50=50100=12

  	75%=0.75=75100=34

  	20%=0.20=20100=15




Method 1: Use a Decimal


If you want to find 30% of 50, first change 30% to a decimal.


30%=0.30


Then multiply:


0.30×50=15


So, 30% of 50 is 15.


Method 2: Use a Fraction


If you want to find 25% of 36, change 25% to a fraction.


25%=25100=14


Then multiply:


14×36=9


So, 25% of 36 is 9.


Worked Examples


Example 1: Find 10% of 80


Step 1: Change the percent to a decimal.


10%=0.10


Step 2: Multiply by the whole number.


0.10×80=8


Answer: 10% of 80 is 8.


Example 2: Find 50% of 34


Since 50%=12, we can find half of 34.


12×34=17


Answer: 50% of 34 is 17.


Example 3: Find 25% of 64


Step 1: Change 25% to a fraction.


25%=14


Step 2: Multiply.


14×64=16


Answer: 25% of 64 is 16.


Example 4: Find 15% of 120


Step 1: Change the percent to a decimal.


15%=0.15


Step 2: Multiply.


0.15×120=18


Answer: 15% of 120 is 18.


Thinking About Reasonableness


It is always smart to ask, "Does my answer make sense?"



  	If the percent is less than 100%, the answer should usually be less than the whole amount.

  	If the percent is 50%, the answer should be half of the whole.

  	If the percent is small, like 5%, the answer should be much smaller than the whole.




For example, 10% of 200 should be much less than 200. Since 0.10×200=20, the answer makes sense.


Helpful Shortcuts


Some percents are easy to find using what you already know:



  	50% means half

  	25% means one-fourth

  	10% means divide by 10

  	1% means divide by 100




These shortcuts can help you solve problems quickly.


For example, to find 20% of 60:


First find 10% of 60, which is 6. Then double it.


20% of 60=12


Common Mistakes to Avoid



  	Do not leave the percent as a whole number when multiplying. For example, use 0.25, not 25.

  	Be careful when moving the decimal point. 7%=0.07, not 0.7.

  	Make sure you multiply the percent by the whole quantity.




Try These in Your Head



  	50% of 20 is 10

  	25% of 20 is 5

  	10% of 90 is 9

  	5% of 80 is 4




[image: 📋]   Summary


To calculate the percent of a quantity, change the percent into a decimal or fraction and multiply by the whole amount.


Remember:


part=percent×whole


With practice, you will get faster at recognizing common percents like 10%, 25%, 50%, and 75%. These are very helpful when solving real-life problems.


  
  Put what you read to the test

  You've worked through Calculating the Percent of a Quantity. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2167






  [image: 📝]   Lesson 56: Finding the Whole Given a Part and Percent
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  Finding the Whole Given a Part and Percent means working backward.
Sometimes a problem tells you a part of something and what percent that part is. Your job is to find the whole, or the full amount.
For example, if 15 is 30% of a number, what is the number? We know the part, and we know the percent, but we do not know the whole.
This lesson will show you how to find the whole by using percent ideas, equations, and ratio tables.
First, remember what percent means.
The word percent means out of 100. So:
	
20% means 20 out of 100
	50% means 50 out of 100
	100% means the whole amount

If you know that a part is some percent of the whole, you can think like this:
part=percent×whole
To find the whole, work backward:
whole=partpercent as a decimal or fraction
Important: Before dividing, make sure the percent is written in a useful form.
	As a decimal: 25% = 0.25
	As a fraction: 25% = 25100=14

You may use either form, depending on which feels easier.
Method 1: Use an equation
If you do not know the whole, use a letter such as w for the whole.
Then write:
part=percent×w
After that, solve for w by dividing.
Method 2: Use a ratio table
A ratio table helps you connect the percent to the amount.
If you know one percent-amount pair, you can scale up or down until you reach 100%.
For example:
	If 25% is 10
	Then 100% is 4 times as much
	So the whole is 10×4=40

This works because 100% is the full amount.
Worked Example 1: A simple benchmark percent
12 is 50% of what number?
Step 1: Let the whole be w.
12=50%×w
Step 2: Change 50% to a decimal or fraction.
50%=0.5=12
Step 3: Solve.
Using decimals:
12=0.5w
w=120.5=24
Or using fractions:
12=12w
If 12 is half of the whole, the whole is 24.
Answer: 12 is 50% of 24.
Check: Is 50% of 24 equal to 12?
0.5×24=12
Yes.
Worked Example 2: A percent that is not a benchmark
18 is 30% of what number?
Step 1: Write an equation.
18=30%×w
Step 2: Change 30% to a decimal.
30%=0.30
Step 3: Solve.
18=0.30w
w=180.30=60
Answer: 18 is 30% of 60.
Check:
0.30×60=18
It works.
Worked Example 3: Using a ratio table
35 is 70% of what number?
You can solve this with a ratio table.
Start with what you know:
	70% [image: →] 35

Now think: how do we get from 70% to 100%?
One easy way is to first find 10%.
If 70% is 35, then divide by 7:
	10% [image: →] 5

Then multiply by 10 to get 100%:
	100% [image: →] 50

Answer: 35 is 70% of 50.
Check:
0.70×50=35
Worked Example 4: A word problem
A student finished 24 problems, which was 80% of the homework. How many problems were in the whole homework assignment?
Step 1: Identify the part and the percent.
	Part = 24
	Percent = 80%

Step 2: Write an equation.
24=80%×w
Step 3: Change the percent to a decimal.
80%=0.8
Step 4: Solve.
24=0.8w
w=240.8=30
Answer: There were 30 problems in the whole assignment.
Check:
0.8×30=24
A helpful way to think about it
When the percent is less than 100%, the part is smaller than the whole.
So your answer for the whole should be greater than the part.
For example, if 18 is 30% of the whole, the whole must be bigger than 18. A whole of 60 makes sense.
Common mistakes to avoid
	Do not treat the percent like a whole number. For example, 25% is not 25 in the equation. It is 0.25 or 25100.
	Do not forget that 100% means the whole.
	Do not multiply the part by the percent when you are trying to find the whole. Usually, you need to divide by the percent.
	Check whether your whole is bigger than the part when the percent is less than 100%.

Steps you can always use
	Find the part.
	Find the percent.
	Let the whole be a variable, like w.
	Write the equation: part=percent×whole
	Change the percent to a decimal or fraction.
	Divide to solve for the whole.
	Check your answer by multiplying the whole by the percent.

Quick practice thinking
If 9 is 25% of a number, then the whole is 4 times as much, because 25% is 14 of the whole.
So the whole is:
9×4=36
If 40 is 20% of a number, then 20% is one fifth of the whole.
So the whole is:
40×5=200
[image: 📋]   Summary
To find the whole when you know a part and a percent, remember that the part equals the percent times the whole.
Write an equation, change the percent to a decimal or fraction, and divide to find the whole.
You can also use a ratio table to scale up to 100%.
Always check your answer by seeing whether the percent of your whole gives the part you started with.


  
  Put what you read to the test

  You've worked through Finding the Whole Given a Part and Percent. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2168






  [image: 📝]   Lesson 57: Real-World Percent Applications
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  Real-World Percent Applications help us use math in everyday life. Percents appear when we shop, eat at restaurants, save money, or borrow money. In this lesson, you will learn how to use percents to solve problems about sales tax, tips, markups, discounts, and simple interest.


A percent means “out of 100.” For example, 25% means 25 out of 100, or 25100. It can also be written as the decimal 0.25.


When solving real-world percent problems, it helps to follow the same plan every time.



  	Find the percent amount by multiplying the original amount by the percent written as a decimal.

  	Decide whether to add or subtract that amount.

  	Check if the problem has more than one step.




Here is the basic percent formula:


percent amount=original amount×percent as a decimal


To change a percent to a decimal, divide by 100, or move the decimal point two places left.



  	8%=0.08

  	15%=0.15

  	25%=0.25

  	125%=1.25




Let’s look at the most common real-world percent situations.


1. Sales Tax


Sales tax is an extra amount added to the price of an item. If an item costs $20 and the sales tax is 5%, you do not find 5% of the new total. You find 5% of the original price.


Then you add the tax to the original price.


total cost=original price+sales tax


2. Tips


A tip is extra money paid for service, such as at a restaurant. A tip is found by taking a percent of the bill before the tip is added.


Then you add the tip to the bill.


total bill=meal cost+tip


3. Discounts


A discount means the price goes down. If a store gives 20% off, first find 20% of the original price. Then subtract that amount.


sale price=original price−discount


4. Markups


A markup means the price goes up. Stores often increase a price by a certain percent to make a profit.


First find the markup amount, then add it to the original cost.


selling price=original cost+markup


5. Simple Interest


Simple interest is money earned or paid based on the original amount of money. The original amount is called the principal.


The simple interest formula is:


I=P×r×t



  	I = interest

  	P = principal

  	r = yearly interest rate written as a decimal

  	t = time in years




After finding the interest, add it to the principal to find the total amount.


total amount=P+I


Important idea: use the original amount unless the problem says otherwise. In 6th Grade percent problems, tax, tips, discounts, and simple interest are usually based on the starting amount.


Worked Example 1: Finding sales tax


A backpack costs $36. The sales tax is 8%. What is the total cost?


Step 1: Find the tax.


Change 8% to a decimal: 0.08


36×0.08=2.88


The tax is $2.88.


Step 2: Add the tax to the original price.


36+2.88=38.88


Answer: The total cost is $38.88.


Worked Example 2: Finding a tip


A family’s restaurant bill is $24. They want to leave a 15% tip. How much tip should they leave, and what will the total be?


Step 1: Find the tip.


Change 15% to 0.15.


24×0.15=3.60


The tip is $3.60.


Step 2: Add the tip to the bill.


24+3.60=27.60


Answer: The tip is $3.60, and the total bill is $27.60.


Worked Example 3: Discount and sales tax in one problem


A jacket costs $50. It is on sale for 20% off. After the discount, a 6% sales tax is added. What is the final price?


This is a multi-step problem. Work in order.


Step 1: Find the discount.


Change 20% to 0.20.


50×0.20=10


The discount is $10.


Step 2: Find the sale price.


50−10=40


The sale price is $40.


Step 3: Find the sales tax on the sale price.


Change 6% to 0.06.


40×0.06=2.40


The tax is $2.40.


Step 4: Add the tax.


40+2.40=42.40


Answer: The final price is $42.40.


Notice: The tax is found after the discount, not from the original $50. Always pay attention to the order of the steps.


Worked Example 4: Simple interest


Lena puts $200 in a savings account that earns 4% simple interest each year. How much interest will she earn in 3 years? What will the total amount be?


Step 1: Use the simple interest formula.


I=P×r×t


Here, P=200, r=0.04, and t=3.


I=200×0.04×3


I=8×3=24


The interest is $24.


Step 2: Add the interest to the principal.


200+24=224


Answer: Lena earns $24 in interest, and the total amount is $224.


How to tell whether to add or subtract



  	Add for sales tax, tips, markups, and interest.

  	Subtract for discounts.




Common mistakes to avoid



  	Forgetting to change the percent to a decimal.

  	Adding when you should subtract, or subtracting when you should add.

  	Using the wrong starting amount in a multi-step problem.

  	Stopping after finding only the percent amount instead of the final total.




Helpful strategy


Ask yourself these questions:



  	What is the original amount?

  	What percent am I finding?

  	What is that percent as a decimal?

  	Do I add or subtract?

  	Is there another step after this one?




Quick Practice Ideas



  	A bike helmet costs $30 and has 10% tax. Find the total cost.

  	A haircut costs $18 and you leave a 20% tip. Find the tip and total.

  	A game costs $40 and is 25% off. Find the sale price.

  	You borrow $100 at 5% simple interest for 2 years. Find the interest.




[image: 📋]   Summary


Real-world percent problems often use the same idea: first find the percent amount by multiplying the original amount by the percent as a decimal. Then decide whether the situation means add, subtract, or continue to another step.


Use addition for tax, tips, markups, and interest. Use subtraction for discounts. In multi-step problems, be careful about the order, because each step can change the amount you use next.


  
  Put what you read to the test

  You've worked through Real-World Percent Applications. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2169






  
    
  [image: 📖]   Chapter 8

  The System of Rational Numbers and Integers
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  Positive and Negative Numbers in Context


In everyday life, numbers do more than count how many things we have. Sometimes numbers show direction, change, or whether something is above or below a starting point.


That is why we use positive numbers and negative numbers. These numbers help us describe real situations like temperature, money, height, and movement.


In this lesson, you will learn what positive and negative numbers mean, how to read and write them, and how to use them in real-world contexts.


1. What are positive and negative numbers?


A positive number is greater than zero. A negative number is less than zero.


We write a positive number with a plus sign or with no sign, like +5 or just 5. We write a negative number with a minus sign, like −5.


The number 0 is neither positive nor negative. It is the point in the middle.


You can think of numbers on a number line:


⋯−3,−2,−1,0,1,2,3⋯

Numbers to the right of 0 are positive. Numbers to the left of 0 are negative.


2. Why do we use signed numbers?


Signed numbers are numbers with a positive or negative sign. They are useful when a situation has opposites.


Here are some common examples of opposites:



	above zero and below zero

	up and down

	gain and loss

	deposit and withdrawal

	forward and backward




Positive and negative numbers help us describe these opposite ideas clearly.


3. Contexts where we use positive and negative numbers


Temperature: Temperatures above 0[image: °] are positive. Temperatures below 0[image: °] are negative.



	8[image: °] means 8 degrees above zero

	−3[image: °] means 3 degrees below zero




Elevation: Elevation tells how high or low something is compared to sea level.



	+200 meters means 200 meters above sea level

	−50 meters means 50 meters below sea level




Money: A positive number can show money you have or money added to an account. A negative number can show money owed or money taken away.



	+$25 could mean a deposit of 25 dollars

	−$10 could mean a withdrawal of 10 dollars




Movement: Positive and negative numbers can show direction from a starting point.



	+4 steps could mean 4 steps forward

	−4 steps could mean 4 steps backward




4. Understanding zero in context


Zero is the starting point or reference point. It is not positive and it is not negative.


In different situations, zero can mean different things:



	0[image: °] means zero degrees

	0 meters elevation means sea level

	$0 means no money gained or owed

	position 0 means the starting point




5. Comparing positive and negative numbers


When comparing numbers, remember:



	Any positive number is greater than any negative number.

	Any negative number is less than any positive number.

	Among negative numbers, the number farther left on the number line is smaller.




For example:



	4>−2

	−1>−5 because −1 is to the right of −5

	−7<0




This can feel tricky at first. A number like −10 looks big because 10 is big, but −10 is actually less than −2 because it is farther below zero.


6. The sign tells the direction or type of value


The number part tells how much. The sign tells which side of zero or which direction.


For example, in −6:



	the 6 tells the amount is 6 units

	the negative sign tells it is below zero, backward, or a loss, depending on the situation




In +6:



	the 6 still means 6 units

	the positive sign tells it is above zero, forward, or a gain




7. Opposites


Numbers that are the same distance from zero but on opposite sides are called opposites.


Examples of opposites:



	5 and −5

	12 and −12

	12 and −12




Opposites have the same distance from zero, but they mean opposite directions or opposite situations.


8. Absolute value: distance from zero


Absolute value means the distance a number is from zero on the number line.


Distance is always positive or zero.


We write absolute value with bars:


∣−4∣=4∣4∣=4

This means −4 and 4 are both 4 units from zero.


Absolute value helps us focus on how far, not which direction.


9. Worked examples


Example 1: Temperature


In the morning, the temperature is −2[image: °]. In the afternoon, it is 5[image: °].


Question: Which temperature is warmer?


Step 1: Put the numbers on a number line in your mind. 5 is to the right of −2.


Step 2: The number farther right is greater.


Answer: 5[image: °] is warmer than −2[image: °].


Example 2: Elevation


A diver is at −18 meters. A boat is at 0 meters because it is on sea level.


Question: How do the signed numbers describe their positions?


Step 1: 0 is the reference point, which is sea level.


Step 2: The diver's elevation is negative, so the diver is below sea level.


Answer: −18 meters means the diver is 18 meters below sea level. 0 meters means the boat is at sea level.


Example 3: Bank account


A bank account shows −$7.


Question: What does this mean in context?


Step 1: A negative amount in a bank account means the amount is below zero.


Step 2: This often means money is owed.


Answer: −$7 means the account is 7 dollars below zero, so 7 dollars are owed.


Example 4: Comparing movement


Player A moves +6 spaces. Player B moves −3 spaces.


Question: Who moved in the positive direction, and whose move was farther from the starting point?


Step 1: +6 means 6 spaces in the positive direction. −3 means 3 spaces in the negative direction.


Step 2: Compare distances from zero using absolute value:


∣+6∣=6∣−3∣=3

Answer: Player A moved in the positive direction. Player A also moved farther from the starting point because 6 spaces is more than 3 spaces.


10. How to decide whether a number should be positive or negative


Ask yourself these questions:



	What is the reference point? Is it zero, sea level, the starting point, or no money owed?

	Is the value above or below that point?

	Does the situation describe a gain or a loss, up or down, forward or backward?




If the value is above the reference point or in the positive direction, use a positive number.


If the value is below the reference point or in the opposite direction, use a negative number.


11. Common mistakes to avoid



	Forgetting that zero is neither positive nor negative.

	Thinking negative numbers are always larger because the digit is larger. For example, −9 is less than −2.

	Ignoring the context. The same number can mean different things in different situations. For example, −4 could mean 4 degrees below zero, 4 meters below sea level, or a loss of 4 dollars.

	Mixing up amount and direction. The sign shows direction or type, while the number shows how much.




12. Quick practice ideas


Try reading each signed number in words:



	−6[image: °]

	+12 meters

	−$15

	0




Then ask:



	Is it above, below, or at the reference point?

	What does the sign tell me?

	What does the number tell me?




[image: 📋]   Summary


Positive and negative numbers help describe real-world situations with opposite meanings, such as above and below zero, gains and losses, or forward and backward movement.


Zero is the reference point. Positive numbers are greater than zero, and negative numbers are less than zero.


The sign tells the direction or type of value, and the number tells the amount. In context, understanding the reference point helps you choose whether a number should be positive, negative, or zero.


  
  Put what you read to the test

  You've worked through Positive and Negative Numbers in Context. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2170
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  Opposites and Absolute Value


In this lesson, you will learn about opposites and absolute value. These ideas help us understand positive and negative numbers on a number line.


Negative numbers are numbers less than zero, like −3 and −10. Positive numbers are numbers greater than zero, like 4 and 12. The number 0 is neither positive nor negative.


A number line helps show where numbers are placed. Numbers to the right of 0 are positive. Numbers to the left of 0 are negative.


1. Opposites


Two numbers are opposites if they are the same distance from 0 but on different sides of 0 on the number line.


For example, 5 and −5 are opposites. They are both 5 units away from 0, but one is to the right and one is to the left.


Opposites always add up to zero.


5+(−5)=0


Here are some pairs of opposites:



  	1 and −1

  	7 and −7

  	12 and −12




The opposite of a positive number is negative. The opposite of a negative number is positive.


What about zero? The opposite of 0 is 0, because


0+0=0


2. Absolute Value


The absolute value of a number is its distance from 0 on the number line.


Distance is never negative, so absolute value is always zero or positive.


We use vertical bars to show absolute value. For example:


∣4∣=4


This means the distance from 4 to 0 is 4 units.


Also,


∣−4∣=4


This means the distance from −4 to 0 is also 4 units.


Even though 4 and −4 are different numbers, they have the same absolute value because they are the same distance from zero.


Here are more examples:



  	∣9∣=9

  	∣−9∣=9

  	∣0∣=0




Important idea: Absolute value tells how far a number is from zero, not which side of zero it is on.


3. Opposites and Absolute Value Together


Opposites have the same absolute value.


For example, 8 and −8 are opposites, and


∣8∣=8and∣−8∣=8


Both numbers are 8 units from zero.


This is true for any pair of opposites. They are on opposite sides of zero, but they are the same distance from zero.


4. How to Find an Opposite


To find the opposite of a number:



  	Change a positive number to negative.

  	Change a negative number to positive.

  	Leave zero as zero.




Examples:



  	The opposite of 6 is −6.

  	The opposite of −2 is 2.

  	The opposite of 0 is 0.




5. How to Find Absolute Value


To find absolute value, ask: How far is the number from zero?



  	If the number is positive, its absolute value is the same number.

  	If the number is negative, its absolute value is the positive version of that number.

  	If the number is zero, its absolute value is zero.




Examples:



  	∣3∣=3

  	∣−3∣=3

  	∣0∣=0




Worked Example 1


Question: What is the opposite of 9?


Step 1: 9 is positive.

Step 2: The opposite of a positive number is negative.

Answer: The opposite of 9 is −9.


Worked Example 2


Question: What is ∣−6∣?


Step 1: Absolute value means distance from zero.

Step 2: −6 is 6 units from zero.

Answer:


∣−6∣=6


Worked Example 3


Question: Are 11 and −11 opposites? What is their sum?


Step 1: Check whether they are the same distance from zero.

Both are 11 units from zero.

Step 2: Check whether they are on different sides of zero.

Yes. 11 is positive and −11 is negative.

Step 3: Add them.


11+(−11)=0


Answer: Yes, they are opposites, and their sum is zero.


Worked Example 4


Question: Compare ∣−7∣ and ∣5∣.


Step 1: Find each absolute value.


∣−7∣=7

∣5∣=5


Step 2: Compare 7 and 5.


7>5


Answer:


∣−7∣>∣5∣


Common Mistakes to Avoid



  	Mistake: Thinking absolute value can be negative.
Absolute value is a distance, so it cannot be negative.

  	Mistake: Thinking a number and its opposite are the same number.
For example, 4 and −4 are different numbers, even though they have the same absolute value.

  	Mistake: Forgetting that zero is its own opposite.
The opposite of 0 is still 0.




Quick Check



  	What is the opposite of −8?

  	What is ∣12∣?

  	What is ∣−12∣?

  	Do 3 and −3 add to zero?




Answers:



  	8

  	12

  	12

  	Yes, because 3+(−3)=0.




[image: 📋]   Summary


Opposites are two numbers the same distance from zero but on opposite sides of zero. Opposites always add to zero.


Absolute value is the distance a number is from zero. It is always zero or positive. Opposite numbers have the same absolute value.


  
  Put what you read to the test

  You've worked through Opposites and Absolute Value. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2171
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  Comparing and Ordering Integers


Integers are whole numbers and their opposites, including zero. This means integers include numbers like −5, −2, 0, 4, and 9.


When we compare integers, we decide which number is greater, which is less, or whether they are equal. When we order integers, we put them in a sequence from least to greatest or greatest to least.


This is an important skill because negative numbers appear in real life. For example, temperature, elevation, and money owed can all be shown with negative integers.


1. Understanding integers on a number line


A number line helps us compare integers easily. On a number line:


  	Numbers to the right are greater.

  	Numbers to the left are smaller.

  	Zero is in the middle between positive and negative numbers.




Here is a simple idea to remember:

left⟶−5,−4,−3,−2,−1,0,1,2,3,4,5⟶right


As you move farther left, the values get smaller. As you move farther right, the values get greater.


2. Comparing integers


We use these symbols to compare numbers:


  	> means greater than

  	< means less than

  	= means equal to




For example:


  	3>−2 because 3 is to the right of −2 on the number line.

  	−5<−1 because −5 is to the left of −1.

  	0>−4 because zero is to the right of −4.




A very important idea is this: among negative numbers, the one with the greater absolute value is actually smaller.


For example, −8 and −3 are both negative. Since −8 is farther left on the number line, −8<−3.


3. Using absolute value to think about distance from zero


The absolute value of a number is its distance from zero. Distance is always positive or zero.


We write absolute value with bars:

∣−4∣=4∣6∣=6∣0∣=0


Absolute value tells how far a number is from zero, but it does not tell whether the number is greater or less than another number by itself. You still need the number line idea.


For example:


  	∣−7∣=7 and ∣2∣=2

  	Even though 7>2, the number −7 is still less than 2.




4. Ordering integers from least to greatest


To order integers from least to greatest:


  	Find the numbers that are farthest left on the number line.

  	Put negative numbers first, starting with the most negative.

  	Then place zero, if it is included.

  	Finally place positive numbers from smallest to largest.




Example pattern:

−10,−6,−2,0,3,8


5. Ordering integers from greatest to least


To order integers from greatest to least, do the reverse:


  	Start with the numbers farthest right on the number line.

  	List positive numbers first from largest to smallest.

  	Then zero, if it is included.

  	Then negative numbers, ending with the most negative.




Example pattern:

8,3,0,−2,−6,−10


6. Comparing rational numbers written as decimals and fractions


Rational numbers include integers, fractions, and decimals. They can also be placed on a number line and compared in the same way.


For example, −1.5 is between −2 and −1. Since it is to the left of −1, we know:

−1.5<−1


Also, 12 is the same as 0.5, which is to the right of zero. So:

12>0


When comparing fractions and decimals, it often helps to think about where they belong on the number line.


Worked Example 1: Compare two integers


Compare −4 and 2.


Step 1: Locate both numbers on the number line.

−4 is left of zero, and 2 is right of zero.


Step 2: The number farther right is greater.

So, −4<2


Answer: −4 is less than 2.


Worked Example 2: Compare two negative integers


Compare −9 and −6.


Step 1: Both numbers are negative, so look for which one is farther left.


Step 2: −9 is farther left than −6.

So, −9<−6


Answer: −9 is less than −6.


Worked Example 3: Order integers from least to greatest


Order these numbers from least to greatest:

3,−1,0,−5,2


Step 1: Find the most negative number. That is −5.

Step 2: Next is −1.

Step 3: Then comes 0.

Step 4: Then list the positive numbers from smallest to largest: 2,3.


So the order is:

−5,−1,0,2,3


Answer: From least to greatest, the numbers are −5,−1,0,2,3.


Worked Example 4: Order rational numbers from greatest to least


Order these numbers from greatest to least:

−2,12,−1.5,3


Step 1: Identify the largest number. 3 is greatest.

Step 2: 12=0.5, so it comes next.

Step 3: Compare −1.5 and −2. Since −1.5 is to the right of −2, it is greater.


So the order is:

3,12,−1.5,−2


Answer: From greatest to least, the numbers are 3,12,−1.5,−2.


7. Helpful tips


  	Think of a number line every time you compare integers.

  	Right means greater; left means less.

  	Negative numbers are always less than zero.

  	Among negative numbers, the one with the bigger distance from zero is actually smaller.

  	When ordering, move across the number line in the direction asked.




8. Common mistakes to avoid


  	Thinking −8 is greater than −3 because 8>3. This is not correct. On the number line, −8 is farther left, so −8<−3.

  	Forgetting that zero is greater than any negative number.

  	Mixing up least to greatest with greatest to least.

  	Ignoring where decimals or fractions belong on the number line.




[image: 📋]   Summary


To compare and order integers, use the number line. Numbers farther right are greater, and numbers farther left are smaller. Negative numbers are less than zero, and among negative numbers, the one farther from zero is the smaller number. This same idea also works for rational numbers like decimals and fractions.


  
  Put what you read to the test

  You've worked through Comparing and Ordering Integers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2172
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  Adding Integers means finding the sum of whole numbers that can be positive, negative, or zero.
Integers are numbers like \,��−5, −2, 0, 3, and 9. Positive integers are greater than zero, and negative integers are less than zero.
When we add integers, we can use two helpful models:
	Zero pairs
	A number line

These models help us understand why the rules work, not just memorize them.
1. Understanding positive and negative numbers
You can think of positive and negative numbers as opposites.
	A positive number can mean moving right on a number line.
	A negative number can mean moving left on a number line.

For example:
	+4 means 4 steps to the right.
	−4 means 4 steps to the left.

Another way to think about them is with counters:
	A positive counter represents +1.
	A negative counter represents −1.

One positive counter and one negative counter make a zero pair because
1+(−1)=0
2. Using zero pairs
Zero pairs are useful when adding a positive integer and a negative integer.
If a positive counter and a negative counter are together, they cancel out. Each pair has a value of zero.
For example, to find 3+(−2):
	Start with 3 positive counters.
	Add 2 negative counters.
	Match one positive counter with one negative counter to make a zero pair.

After making zero pairs, 1 positive counter is left.
So,
3+(−2)=1
3. Using a number line
A number line shows integers in order, with negative numbers to the left of 0 and positive numbers to the right of 0.
To add integers on a number line:
	Start at the first number.
	Move right if the second number is positive.
	Move left if the second number is negative.

For example, to find −3+5:
	Start at −3.
	Since 5 is positive, move 5 steps right.
	You land on 2.

So,
−3+5=2
4. Rules for adding integers
After using models, we can see patterns that lead to rules.
Rule A: If the integers have the same sign, add their absolute values.
The absolute value of a number is its distance from 0. It is always positive.
Examples:
	The absolute value of −6 is 6.
	The absolute value of 6 is also 6.

If both integers are positive, the answer is positive.
If both integers are negative, the answer is negative.
Example:
(−4)+(−3)=−(4+3)=−7
Rule B: If the integers have different signs, subtract their absolute values.
Then keep the sign of the integer with the greater absolute value.
Example:
(−8)+3
The absolute values are 8 and 3. Subtract:
8−3=5
Since −8 has the greater absolute value, the answer is negative:
(−8)+3=−5
5. Worked examples
Example 1: Add two positive integers
Find 4+6.
Both integers are positive, so add normally:
4+6=10
Answer: 10
Example 2: Add two negative integers
Find (−5)+(−7).
Both integers are negative, so add the absolute values:
5+7=12
Keep the negative sign:
(−5)+(−7)=−12
Answer: −12
Example 3: Add integers with different signs
Find 9+(−4).
The signs are different, so subtract the absolute values:
9−4=5
The greater absolute value is 9, which is positive, so the answer is positive:
9+(−4)=5
Answer: 5
Example 4: Add integers with different signs
Find (−11)+6.
The signs are different, so subtract the absolute values:
11−6=5
The greater absolute value is 11, and it belongs to −11, so the answer is negative:
(−11)+6=−5
Answer: −5
6. Helpful steps to remember
	Look at the signs of the integers.
	If the signs are the same, add and keep the sign.
	If the signs are different, subtract and keep the sign of the number farther from 0.

7. Common mistakes to avoid
	Mistake: Always adding the numbers no matter what the signs are.
Instead, check whether the signs are the same or different first.
	Mistake: Forgetting the sign of the answer.
After subtracting, make sure to use the sign of the integer with the greater absolute value.
	Mistake: Confusing addition with subtraction.
For example, 5+(−2) means start with 5 and add negative 2, which is the same as moving 2 left on the number line.

8. Quick practice ideas
Try these on your own:
	7+(−3)
	(−6)+(−2)
	(−9)+12
	8+(−8)

You can solve them with zero pairs, a number line, or the rules.
[image: 📋]   Summary
Adding integers becomes easier when you understand what positive and negative numbers mean.
Use zero pairs to show how positive and negative counters cancel out. Use a number line to show movement left and right.
Remember:
	Same signs: add and keep the sign.
	Different signs: subtract and keep the sign of the number with the greater absolute value.

With practice, you will be able to add integers quickly and correctly.


  
  Put what you read to the test

  You've worked through Adding Integers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2173
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  Subtracting Integers as Adding the Opposite


Sometimes subtracting integers can look tricky, especially when negative numbers are involved. The good news is that there is one simple rule that makes integer subtraction much easier.


Rule: To subtract an integer, add its opposite.


In math symbols, this means:


a−b=a+(−b)


This rule works for all integers: positive numbers, negative numbers, and zero.


What is the opposite? The opposite of a number is the same distance from 0 on the number line, but on the other side.



  	The opposite of 5 is −5.

  	The opposite of −3 is 3.

  	The opposite of 0 is 0.




So when you see subtraction, you can change it to addition by changing the second number to its opposite.


For example:


7−2=7+(−2)


And:


7−(−2)=7+2


This is called adding the opposite.


Why does this work? Subtraction asks, “What happens when we take away a number?” Adding the opposite gives the same result.


On a number line, subtracting a positive number moves left. Adding a negative number also moves left. That is why 6−4 and 6+(−4) both end at the same place.


Also, subtracting a negative number moves right. Adding a positive number also moves right. That is why 3−(−5) and 3+5 have the same answer.


Steps for subtracting integers



  	Keep the first number the same.

  	Change subtraction to addition.

  	Change the second number to its opposite.

  	Add.




Here is the pattern:


keep a,− b   becomes   +(−b)


Worked Example 1: Subtracting a positive integer


Solve 8−3.


Step 1: Keep the first number: 8

Step 2: Change subtraction to addition.

Step 3: Change 3 to its opposite, which is −3.


8−3=8+(−3)


Now add: starting at 8, adding −3 means move 3 units left.


8+(−3)=5


Answer: 8−3=5


Worked Example 2: Subtracting a negative integer


Solve 6−(−4).


Keep the first number: 6

Change subtraction to addition.

Change −4 to its opposite, which is 4.


6−(−4)=6+4


Now add:


6+4=10


Answer: 6−(−4)=10


Notice something important: subtracting a negative becomes adding a positive.


Worked Example 3: Starting with a negative number


Solve (−5)−2.


Keep the first number: −5

Change subtraction to addition.

Change 2 to its opposite, which is −2.


(−5)−2=(−5)+(−2)


Now add two negative numbers. When both numbers are negative, add their distances from 0 and keep the negative sign.


(−5)+(−2)=−7


Answer: (−5)−2=−7


Worked Example 4: Negative minus negative


Solve (−9)−(−6).


Keep the first number: −9

Change subtraction to addition.

Change −6 to its opposite, which is 6.


(−9)−(−6)=(−9)+6


Now add. Starting at −9, moving 6 units right lands on −3.


(−9)+6=−3


Answer: (−9)−(−6)=−3


Helpful patterns to remember



  	Subtracting a positive number means add a negative.

  	Subtracting a negative number means add a positive.

  	After rewriting the problem as addition, use your integer addition rules.




Here are some quick examples:



  	4−7=4+(−7)=−3

  	4−(−7)=4+7=11

  	(−2)−3=(−2)+(−3)=−5

  	(−2)−(−3)=(−2)+3=1




Common mistake to avoid


Do not just change the subtraction sign to an addition sign and leave the second number the same. You must also change the second number to its opposite.


For example, this is wrong:


7−2=7+2


This is correct:


7−2=7+(−2)


How to check your answer


You can check by thinking about the number line.



  	If you subtract a positive number, your answer should usually be less than where you started.

  	If you subtract a negative number, your answer should be greater than where you started.




For example, 5−(−2) should be greater than 5, because subtracting a negative means moving right. And it is:


5−(−2)=5+2=7


[image: 📋]   Summary


Subtracting integers becomes much easier when you use one rule: subtracting is the same as adding the opposite.


Whenever you see a subtraction problem with integers:



  	Keep the first number.

  	Change subtraction to addition.

  	Change the second number to its opposite.

  	Add.




If you practice this rule, integer subtraction will feel much simpler.


  
  Put what you read to the test

  You've worked through Subtracting Integers as Adding the Opposite. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2174
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  Multiplying and Dividing Integers


Integers are whole numbers and their opposites, including zero. That means integers include numbers like −5, −2, 0, 4, and 9.


When we multiply and divide integers, we need to think about two things:


  	the sign of the answer: positive or negative

  	the basic fact: the multiplication or division part without the signs




This lesson will help you learn the sign rules and use them correctly.


1. What happens when we multiply integers?


Start by remembering what multiplication means. For example, 3×4 means 3 groups of 4, which equals 12.


With integers, the sign matters. There are simple rules you can follow.



  	Positive × Positive = Positive

  	Negative × Negative = Positive

  	Positive × Negative = Negative

  	Negative × Positive = Negative




You can remember this by thinking:


  	same signs → positive answer

  	different signs → negative answer




Here is the sign pattern:


(+)(+)=+

(−)(−)=+

(+)(−)=−

(−)(+)=−

Why does a negative times a negative equal a positive?


A helpful way to see this is by looking at a pattern.


3×2=6
2×2=4
1×2=2
0×2=0
(−1)×2=−2
(−2)×2=−4

Each time the first number goes down by 1, the answer goes down by 2. That pattern helps show why multiplying by a negative changes the sign.


Now look at another pattern:


(−2)×3=−6
(−2)×2=−4
(−2)×1=−2
(−2)×0=0
(−2)×(−1)=2
(−2)×(−2)=4

The answers keep increasing by 2. This pattern shows that a negative times a negative gives a positive.


2. What happens when we divide integers?


Division uses the same sign rules as multiplication.



  	Positive ÷ Positive = Positive

  	Negative ÷ Negative = Positive

  	Positive ÷ Negative = Negative

  	Negative ÷ Positive = Negative




Again, you can remember:


  	same signs → positive answer

  	different signs → negative answer




Examples:


12÷3=4

(−12)÷(−3)=4

12÷(−3)=−4

(−12)÷3=−4

3. Use the basic fact first


A good strategy is to ignore the signs for a moment and solve the basic multiplication or division fact. Then decide whether the answer should be positive or negative.


For example, in (−6)×7:


  	basic fact: 6×7=42

  	signs are different, so the answer is negative




So,


(−6)×7=−42

4. What about zero?


Zero is an important integer.



  	Any integer multiplied by 0 equals 0.

  	0 divided by any nonzero integer equals 0.

  	You cannot divide by 0.




Examples:


8×0=0

(−15)×0=0

0÷5=0

But this is not allowed:


12÷0

Division by 0 does not make sense, so it is undefined.


5. Multiplication and division are related


Multiplication and division are inverse operations. That means they undo each other.


For example, since


(−4)×3=−12

we also know:


−12÷3=−4

and


−12÷(−4)=3

This connection can help you check your answers.


Worked Examples


Example 1: Multiply a positive and a negative integer


Find 5×(−3).


Step 1: Find the basic fact.


5×3=15

Step 2: The signs are different, so the answer is negative.


5×(−3)=−15

Answer: −15


Example 2: Multiply two negative integers


Find (−6)×(−4).


Step 1: Find the basic fact.


6×4=24

Step 2: The signs are the same, so the answer is positive.


(−6)×(−4)=24

Answer: 24


Example 3: Divide integers with different signs


Find (−28)÷7.


Step 1: Find the basic fact.


28÷7=4

Step 2: The signs are different, so the answer is negative.


(−28)÷7=−4

Answer: −4


Example 4: Divide two negative integers


Find (−45)÷(−9).


Step 1: Find the basic fact.


45÷9=5

Step 2: The signs are the same, so the answer is positive.


(−45)÷(−9)=5

Answer: 5


6. Common mistakes to avoid



  	Do not add or subtract the signs. First solve the basic fact, then decide the sign.

  	Do not forget: two negatives multiply or divide to make a positive.

  	Do not divide by 0.

  	Watch carefully for different signs. Different signs give a negative answer.




7. Quick sign guide


For both multiplying and dividing integers:



  	Same signs: positive

  	Different signs: negative




You can think of it like this:


same→+

different→−

Brief Summary


To multiply or divide integers, first solve the basic fact without the signs. Then use the sign rules: same signs give a positive answer, and different signs give a negative answer.


Also remember that any number times 0 is 0, and you can never divide by 0. If you use these rules carefully, you can solve integer multiplication and division problems with confidence.


  
  Put what you read to the test

  You've worked through Multiplying and Dividing Integers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2175
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  Operations with Negative Rational Numbers


In this lesson, you will learn how to work with negative rational numbers. Rational numbers include integers, fractions, and decimals that can be written as a fraction.


Examples of rational numbers are:


	(5\)

	−3

	12

	−74

	0.25

	−1.8




A negative rational number is just a rational number that is less than zero, like −2, −35, or −0.7.


When we do operations with negative rational numbers, we use the same ideas as with integers, fractions, and decimals. The most important part is paying attention to the sign: positive or negative.


1. Adding negative rational numbers


When adding rational numbers, first look at the signs.



	If the signs are the same, add the numbers and keep the sign.

	If the signs are different, subtract the smaller absolute value from the larger absolute value, and keep the sign of the number with the larger absolute value.




Absolute value means the distance from zero. For example, the absolute value of −4 is 4.


Examples:


	−2.5+(−1.3)=−3.8

	−34+12




For the fraction example, rewrite with a common denominator:


−34+12=−34+24=−14

The signs are different, so we subtract 2 fourths from 3 fourths and keep the negative sign.


2. Subtracting negative rational numbers


Subtraction can be changed into addition:


a−b=a+(−b)

This means subtracting a number is the same as adding its opposite.


Examples:


	3−(−2)=3+2=5

	−1.5−0.4=−1.9

	−23−(−16)=−23+16




Now use a common denominator:


−23+16=−46+16=−36=−12

3. Multiplying negative rational numbers


To multiply signed numbers, multiply the number parts first. Then decide the sign.



	Positive × Positive = Positive

	Negative × Negative = Positive

	Positive × Negative = Negative

	Negative × Positive = Negative




Examples:


	(−3)(−2)=6

	(−4)(0.5)=−2

	(−23)(910)




Multiply the fractions:


(−23)(910)=−1830=−35

4. Dividing negative rational numbers


Division follows the same sign rules as multiplication.



	Positive ÷ Positive = Positive

	Negative ÷ Negative = Positive

	Positive ÷ Negative = Negative

	Negative ÷ Positive = Negative




Examples:


	(−12)÷3=−4

	(−6)÷(−2)=3

	(−34)÷(12)




To divide fractions, multiply by the reciprocal:


(−34)÷(12)=(−34)(21)=−64=−32

5. Order of operations with negative rational numbers


When an expression has more than one operation, use the order of operations:


	Parentheses

	Multiplication and division from left to right

	Addition and subtraction from left to right




This is very important when negative numbers are involved.


For example:


−2+3×(−4)

Multiply first:


3×(−4)=−12

Then add:


−2+(−12)=−14

Worked Example 1: Adding decimals


Find −2.7+5.1.


The signs are different, so subtract the absolute values:


5.1−2.7=2.4

Since 5.1 has the larger absolute value and it is positive, the answer is:


−2.7+5.1=2.4

Worked Example 2: Subtracting fractions


Find 13−(−56).


Change subtraction to addition:


13−(−56)=13+56

Use a common denominator of 6:


13=26

Now add:


26+56=76=116

Worked Example 3: Multiplying and dividing signed numbers


Find (−1.2)×(−52)


First decide the sign. A negative times a negative is positive.


Rewrite −1.2 as a fraction:


−1.2=−1210=−65

Now multiply:


(−65)(−52)=3010=3

So the answer is:


(−1.2)×(−52)=3

Worked Example 4: A full expression


Find:


−12+3×(−23)

Use order of operations. Multiply first:


3×(−23)=−2

Now add:


−12+(−2)

Rewrite −2 as halves:


−2=−42

Now add:


−12+−42=−52=−212

Helpful tips


	Always check the sign before you calculate.

	For addition and subtraction with fractions, use a common denominator.

	For division with fractions, multiply by the reciprocal.

	Follow the order of operations carefully.

	If the signs are different when adding, subtract the absolute values.




Common mistakes to avoid


	Forgetting to change subtraction into addition of the opposite.

	Mixing up the sign rules for multiplication and division.

	Adding denominators when adding fractions.

	Ignoring parentheses in an expression.




[image: 📋]   Summary


Negative rational numbers include negative integers, fractions, and decimals. To add and subtract them, pay close attention to the signs and use common denominators when needed.


To multiply and divide, use the sign rules: same signs give a positive answer, and different signs give a negative answer. When solving longer expressions, always use the order of operations.


  
  Put what you read to the test

  You've worked through Operations with Negative Rational Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2176






  
    
  [image: 📖]   Chapter 9

  Algebraic Expressions
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  Translating Verbal Phrases into Algebraic Expressions


In math, we often use words to describe number relationships. We can also write those same ideas using algebraic expressions. Learning how to change words into math symbols helps you solve problems more easily.


An algebraic expression is a math phrase that includes numbers, operation symbols, and sometimes a variable. A variable is a letter that stands for an unknown number.


For example, if we do not know how many stickers Ava has, we can use the variable s. If Ava gets 4 more stickers, we can write that as s+4.


Why is this important? Many word problems in math use phrases like “more than,” “less than,” or “twice as much.” If you can translate these phrases into algebraic expressions, you can understand and solve problems more confidently.


Main idea: Read the words carefully, find the operation being described, and replace the unknown amount with a variable.


Here are the four basic operations you will often see in word phrases:



  	Addition: plus, added to, increased by, more than, the sum of

  	Subtraction: minus, decreased by, less than, fewer than, the difference of

  	Multiplication: times, multiplied by, of, the product of, twice, triple

  	Division: divided by, the quotient of, per, split into equal groups




Step-by-step strategy



  	Choose a variable for the unknown number.

  	Look for clue words that tell you which operation to use.

  	Write the expression in the correct order.

  	Check that the expression matches the meaning of the words.




Important order warning: Some phrases do not go in the same order as the words are spoken.


For example, “5 less than a number” does not mean 5−n. It means you start with the number and subtract 5:


n−5

The words “less than” and “more than” can be tricky, so read them carefully.


Helpful phrase patterns



  	“a number plus 7” →n+7

  	“8 more than a number” →n+8

  	“a number minus 3” →n−3

  	“6 less than a number” →n−6

  	“4 times a number” →4n

  	“the product of 5 and a number” →5n

  	“a number divided by 2” →n2

  	“the quotient of a number and 3” →n3




Notice that in multiplication, we usually write 4n instead of 4×n. Both mean the same thing, but 4n is the usual algebra form.


Worked Example 1: A simple addition phrase


Translate: 9 more than a number


Step 1: Let the unknown number be x.

Step 2: The words “more than” tell us to add.

Step 3: Add 9 to the number.


x+9

Answer: The algebraic expression is x+9.


Worked Example 2: A subtraction phrase with tricky order


Translate: 12 less than a number


Step 1: Let the unknown number be m.

Step 2: The words “less than” tell us to subtract.

Step 3: Start with the number, then subtract 12.


m−12

Answer: The algebraic expression is m−12.


Be careful: 12−m would mean something different. That would mean 12 minus the number.


Worked Example 3: A multiplication phrase


Translate: the product of 7 and a number


Step 1: Let the unknown number be p.

Step 2: The words “product of” mean multiplication.

Step 3: Multiply 7 by the number.


7p

Answer: The algebraic expression is 7p.


Worked Example 4: A two-step phrase


Translate: 3 times a number, decreased by 5


Step 1: Let the unknown number be y.

Step 2: “3 times a number” becomes 3y.

Step 3: “decreased by 5” means subtract 5.


3y−5

Answer: The algebraic expression is 3y−5.


This example shows that some verbal phrases have more than one operation. Break the phrase into smaller parts and translate each part.


More common words and what they mean



  	twice a number means 2n

  	triple a number means 3n

  	half of a number means n2

  	the sum of 8 and a number means 8+n

  	the difference of a number and 4 means n−4

  	the quotient of a number and 6 means n6




How to check your work


After you write an expression, ask yourself:



  	Did I choose a variable for the unknown amount?

  	Did I use the correct operation?

  	Did I put the numbers and variable in the correct order?

  	Does my expression match the words exactly?




Common mistakes to avoid



  	Mixing up “less than” and “minus”

  	Writing the numbers in the wrong order

  	Forgetting that words like “twice” mean multiply by 2

  	Using an equation instead of an expression




An expression does not include an equals sign. For example, x+4 is an expression. But x+4=10 is an equation.


Practice your thinking


Try translating these on your own:



  	5 more than a number

  	the quotient of a number and 8

  	twice a number plus 6

  	10 less than 4 times a number




Possible answers:



  	n+5

  	n8

  	2n+6

  	4n−10




[image: 📋]   Summary


Translating verbal phrases into algebraic expressions means changing math words into symbols and variables. First, choose a variable for the unknown number. Then look for clue words like “sum,” “difference,” “product,” or “quotient” to decide which operation to use.


Always pay close attention to word order, especially in phrases like “less than” and “more than.” With practice, you will get better at turning word phrases into algebraic expressions quickly and correctly.


  
  Put what you read to the test

  You've worked through Translating Verbal Phrases into Algebraic Expressions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2177






  [image: 📝]   Lesson 66: Identifying Parts of an Expression

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2197




  Identifying Parts of an Expression


In algebra, an expression is a math phrase made of numbers, variables, and operation signs. Expressions do not have an equals sign. For example, 3x+5 is an expression.


When you understand the parts of an expression, it becomes much easier to read algebra, solve problems, and explain your thinking. In this lesson, you will learn how to identify terms, coefficients, variables, and constants.


1. What is an expression?


An expression can include:


  	numbers, like 4, 12, or 100

  	variables, like x, y, or n

  	operation signs, like +, −, ×, or division




Here are some examples of expressions:


  	7+2

  	4x

  	3y−8

  	2a+5b+9




2. Terms


Terms are the parts of an expression that are separated by addition or subtraction signs.


For example, in the expression

4x+7−2y

the terms are:


  	4x

  	7

  	−2y




Notice that the subtraction sign belongs with the term after it. So in 4x+7−2y, the last term is −2y, not just 2y.


A term can be:


  	a number only, like 6

  	a variable only, like x

  	a number multiplied by a variable, like 5x

  	more than one variable multiplied together, like ab




3. Variables


A variable is a letter that stands for a number. The value of the variable can change.


In these expressions, the variables are:


  	In 6x, the variable is x.

  	In 3a+9, the variable is a.

  	In 2m+4n, the variables are m and n.




Variables help us write rules and patterns without knowing the exact number yet.


4. Coefficients


A coefficient is the number multiplied by a variable.


In the term 5x, the coefficient is 5 because 5 is multiplied by x.


More examples:


  	In 9y, the coefficient is 9.

  	In −3n, the coefficient is −3.

  	In 12p, the coefficient is 12.




Sometimes a variable appears by itself, like x. That really means 1x, so the coefficient is 1.


Also, if you see −z, that means −1z, so the coefficient is -1.


5. Constants


A constant is a number all by itself. It does not have a variable attached to it.


In the expression

8x+4

the constant is 4.


In

3a−10

the constant is −10.


Remember: constants are just numbers. They stay the same unless the whole expression changes.


6. How to identify the parts of an expression


When you look at an expression, you can follow these steps:


  	Find the terms by splitting at addition and subtraction signs.

  	Look for any variables in each term.

  	Find the coefficient of each variable term.

  	Find any constant term, which has no variable.




For example, look at

6x−3+2y


  	Terms: 6x, −3, 2y

  	Variables: x, y

  	Coefficients: 6 and 2

  	Constant: −3




Worked Example 1

Identify the parts of the expression 7m+12.


Step 1: Find the terms.


  	7m

  	12




Step 2: Find the variable.


  	The variable is m.




Step 3: Find the coefficient.


  	In 7m, the coefficient is 7.




Step 4: Find the constant.


  	The constant is 12.




Answer:


  	Terms: 7m, 12

  	Variable: m

  	Coefficient: 7

  	Constant: 12




Worked Example 2

Identify the parts of the expression 4x−9.


Step 1: Terms


  	4x

  	−9




Step 2: Variable


  	The variable is x.




Step 3: Coefficient


  	The coefficient of x is 4.




Step 4: Constant


  	The constant is −9.




Answer:


  	Terms: 4x, −9

  	Variable: x

  	Coefficient: 4

  	Constant: −9




Worked Example 3

Identify the parts of the expression 3a+5b+11.


Step 1: Terms


  	3a

  	5b

  	11




Step 2: Variables


  	The variables are a and b.




Step 3: Coefficients


  	The coefficient of a is 3.

  	The coefficient of b is 5.




Step 4: Constant


  	The constant is 11.




Answer:


  	Terms: 3a, 5b, 11

  	Variables: a, b

  	Coefficients: 3, 5

  	Constant: 11




Worked Example 4

Identify the parts of the expression −x+6y−14.


This example is a little trickier because one variable has no number written in front of it.


Step 1: Terms


  	−x

  	6y

  	−14




Step 2: Variables


  	The variables are x and y.




Step 3: Coefficients


  	In −x, the coefficient is −1.

  	In 6y, the coefficient is 6.




Step 4: Constant


  	The constant is −14.




Answer:


  	Terms: −x, 6y, −14

  	Variables: x, y

  	Coefficients: −1, 6

  	Constant: −14




Common mistakes to avoid


  	Forgetting the sign of a term. In 5x−2, the constant is −2, not 2.

  	Thinking every number is a coefficient. A coefficient must be attached to a variable. In 4x+7, 4 is a coefficient, but 7 is a constant.

  	Forgetting that a lone variable has a coefficient of 1. In x+8, the coefficient of x is 1.

  	Forgetting that −x means −1x.




Quick check

Try identifying the parts of these expressions on your own:


  	9p+4

  	2m−7n+3

  	−k−15




You should ask yourself:


  	What are the terms?

  	Which letters are the variables?

  	What numbers are the coefficients?

  	Is there a constant?




[image: 📋]   Summary


An expression is a math phrase without an equals sign. The terms are the parts separated by addition or subtraction.


A variable is a letter that stands for a number. A coefficient is the number multiplied by a variable. A constant is a number by itself with no variable.


If you remember to keep negative signs with their terms, you will be able to identify the parts of an expression correctly and confidently.


  
  Put what you read to the test

  You've worked through Identifying Parts of an Expression. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2178






  [image: 📝]   Lesson 67: Evaluating Algebraic Expressions via Substitution

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2198




  Evaluating Algebraic Expressions via Substitution


In math, a variable is a letter that stands for a number. An algebraic expression is a math phrase with numbers, variables, and operations like addition, subtraction, multiplication, or division.


For example, in the expression x+5, the variable is x. If we know the value of x, we can find the value of the whole expression.


This process is called evaluating an expression. When we substitute, we replace the variable with its given value and then solve.


Why is substitution useful?


  	It helps us find the value of an expression.

  	It shows how letters can represent different numbers.

  	It connects arithmetic you already know with algebra.




Step-by-step method


  	Read the expression carefully.

  	Replace each variable with the number given.

  	Use parentheses around the substituted number if it helps you stay organized.

  	Solve using the order of operations.




Order of operations reminder


  	Do what is inside parentheses first.

  	Then do multiplication and division.

  	Then do addition and subtraction.

  	Work from left to right when operations have the same level.




Important note about multiplication

In algebra, writing a number next to a variable means multiplication. For example:


  	3x means 3×x

  	ab means a×b




This is very important when substituting. If x=4, then 3x=3×4=12, not 34.


Worked Example 1: One variable, one operation

Evaluate n+7 when n=5.

Step 1: Substitute 5 for n.

n+7=5+7

Step 2: Add.

5+7=12

Answer: The value of the expression is 12.


Worked Example 2: Multiplication with a variable

Evaluate 4m when m=3.

Step 1: Replace m with 3.

4m=4(3)

Step 2: Multiply.

4×3=12

Answer: The value of the expression is 12.


Worked Example 3: Two operations

Evaluate 2x+6 when x=4.

Step 1: Substitute 4 for x.

2x+6=2(4)+6

Step 2: Use order of operations. Multiply first.

2(4)+6=8+6

Step 3: Add.

8+6=14

Answer: The value of the expression is 14.


Worked Example 4: More than one variable

Evaluate a+3b when a=2 and b=5.

Step 1: Substitute each value into the expression.

a+3b=2+3(5)

Step 2: Multiply first.

2+3(5)=2+15

Step 3: Add.

2+15=17

Answer: The value of the expression is 17.


What if the variable is negative?

Sometimes the value you substitute is a negative number. Be careful and use parentheses.


For example, evaluate y+8 when y=−3.

Substitute carefully:

y+8=(−3)+8

Now add:

(−3)+8=5

So the value is 5.


Common mistakes to avoid


  	Forgetting to substitute: Make sure every variable is replaced with its value.

  	Ignoring multiplication: 5x means 5×x, not 5 next to x.

  	Skipping order of operations: In 2x+3, multiply first, then add.

  	Mixing up variable values: If a=2 and b=6, do not switch them.

  	Not using parentheses for negative numbers: Write (−4), not just −4, when substituting into expressions.




Try thinking through these


  	If p=6, then p−2=6−2=4.

  	If k=7, then 3k=3×7=21.

  	If r=2, then r+4r=2+4(2)=2+8=10.




How to check your work


  	Did you replace every variable?

  	Did you multiply before adding or subtracting?

  	Did you use the correct number for each variable?

  	Does your final answer make sense?




[image: 📋]   Summary

To evaluate an algebraic expression, replace each variable with its given value. Then solve the expression using the order of operations. Remember that a number next to a variable means multiplication, and use parentheses when substituting negative numbers.


  
  Put what you read to the test

  You've worked through Evaluating Algebraic Expressions via Substitution. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2179






  [image: 📝]   Lesson 68: Applying the Distributive Property

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2199




  Applying the Distributive Property means multiplying a number outside parentheses by each term inside the parentheses.


This helps us remove grouping symbols and rewrite expressions in a simpler form.


For example, in the expression 3(x+4), the 3 must be multiplied by both x and 4.


We can write it like this:


3(x+4)=3⋅x+3⋅4=3x+12

This rule works with addition and subtraction inside the parentheses.


The distributive property says:


a(b+c)=ab+ac

and


a(b−c)=ab−ac

Think of it as: multiply outside by every term inside.


Here are the main steps:



  	Look at the factor outside the parentheses.

  	Multiply that factor by the first term inside.

  	Multiply that factor by the second term inside.

  	Keep the correct operation sign: plus or minus.

  	Write the new expression without parentheses.




Important idea: a term is a part of an expression separated by a plus or minus sign.


In (x+5), the terms are x and 5. In (y−2), the terms are y and 2.


When there is no symbol between a number and parentheses, it means multiplication.


So 4(a+3) means 4×(a+3).


Worked Example 1


Simplify:


2(x+5)

Multiply 2 by each term inside the parentheses:


2(x+5)=2⋅x+2⋅5

Simplify each product:


2x+10

Answer: 2x+10


Worked Example 2


Simplify:


6(m−3)

Multiply 6 by both terms inside the parentheses:


6(m−3)=6⋅m−6⋅3

Now simplify:


6m−18

Answer: 6m−18


Notice that the subtraction sign stays in the expression. We multiply the outside factor by each term, but we keep the minus sign between the terms.


Worked Example 3


Simplify:


5(2p+7)

The terms inside the parentheses are 2p and 7.


Distribute the 5:


5(2p+7)=5⋅2p+5⋅7

Multiply:


10p+35

Answer: 10p+35


Worked Example 4


Simplify:


3(4x−2)

Multiply 3 by 4x, and multiply 3 by −2:


3(4x−2)=3⋅4x−3⋅2

Simplify:


12x−6

Answer: 12x−6


Common Mistakes to Avoid



  	Forgetting to multiply every term: In 4(a+2), do not write 4a+2. The correct answer is 4a+8.

  	Dropping the minus sign: In 7(n−1), the correct result is 7n−7, not 7n+7.

  	Only multiplying the number term: In 2(x+6), you must multiply both x and 6.




A quick check is to ask yourself: “Did I multiply the outside number by every term inside the parentheses?”


You can also use the distributive property with numbers only.


For example:


4(10+3)=4⋅10+4⋅3=40+12=52

This is the same idea. The only difference is that algebraic expressions may include variables like x, m, or p.


Practice Ideas



  	2(a+4)

  	9(x−2)

  	3(5y+1)

  	8(2n−6)




Try to expand each one by multiplying the number outside the parentheses by each term inside.


[image: 📋]   Summary


The distributive property helps you remove parentheses in an expression.


To use it, multiply the factor outside the parentheses by every term inside. Then write the new expression without parentheses.


Remember:


a(b+c)=ab+ac

and


a(b−c)=ab−ac

If you multiply carefully and keep the correct plus or minus sign, you can simplify expressions correctly.


  
  Put what you read to the test

  You've worked through Applying the Distributive Property. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2180






  [image: 📝]   Lesson 69: Factoring Algebraic Expressions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2200




  Factoring Algebraic Expressions means rewriting an expression as a product. In 6th Grade, the main idea is to factor out the greatest common factor (GCF) from all the terms.
This is like doing the reverse of the distributive property. For example, if we know that
3(x+2)=3x+6then factoring goes backward:
3x+6=3(x+2)In this lesson, you will learn how to spot the greatest common factor and use it to factor expressions correctly.
Important words:
	Term: a part of an expression separated by plus or minus signs
	Factor: a number or variable multiplied by another number or variable
	Greatest Common Factor (GCF): the biggest factor that all terms share
	Factoring: rewriting an expression as a product by taking out a common factor

Let’s start by remembering the distributive property:
a(b+c)=ab+acFactoring is the reverse:
ab+ac=a(b+c)So when you factor, you look at all the terms and ask, “What do they all have in common?”
How to factor by taking out the GCF
	Find the GCF of the numbers in the terms.
	Check whether the terms also share a variable, like x.
	Take that common factor and place it outside parentheses.
	Write what is left from each term inside the parentheses.
	Check your answer by distributing to see if you get the original expression back.

Worked Example 1: Numbers only
Factor:
12+18Step 1: Find the greatest common factor of 12 and 18.
The factors of 12 are 1, 2, 3, 4, 6, 12.
The factors of 18 are 1, 2, 3, 6, 9, 18.
The greatest common factor is 6.
Step 2: Write 6 outside parentheses.
12+18=6(?+?)Step 3: Ask, “What is left?”
	12÷6=2
	18÷6=3

So the factored form is:
12+18=6(2+3)Check by distributing:
6(2+3)=6⋅2+6⋅3=12+18It matches, so the factoring is correct.
Worked Example 2: A variable in both terms
Factor:
8x+12xStep 1: Find the GCF of the numbers 8 and 12.
The GCF is 4.
Step 2: Both terms also have x, so x is part of the common factor.
So the greatest common factor is 4x.
Step 3: Put 4x outside parentheses.
8x+12x=4x(?+?)Step 4: Divide each term by 4x.
	8x÷4x=2
	12x÷4x=3

So:
8x+12x=4x(2+3)Check:
4x(2+3)=4x⋅2+4x⋅3=8x+12xWorked Example 3: A more typical algebra expression
Factor:
15x+20Step 1: Find the GCF of 15 and 20.
The GCF is 5.
Step 2: Does each term have x?
No. Only 15x has x, so you cannot factor out x.
That means the GCF is just 5.
Step 3: Put 5 outside parentheses.
15x+20=5(?+?)Step 4: Divide each term by 5.
	15x÷5=3x
	20÷5=4

So the factored form is:
15x+20=5(3x+4)Check:
5(3x+4)=5⋅3x+5⋅4=15x+20Worked Example 4: Three terms
Factor:
6x+9+12xStep 1: Find the GCF of 6, 9, and 12.
The GCF is 3.
Step 2: Does every term have x?
No, because 9 does not have x.
So the greatest common factor is 3.
Step 3: Put 3 outside parentheses.
6x+9+12x=3(?+?+?)Step 4: Divide each term by 3.
	6x÷3=2x
	9÷3=3
	12x÷3=4x

So:
6x+9+12x=3(2x+3+4x)Check:
3(2x+3+4x)=6x+9+12xHow to find the GCF quickly
	Look for the biggest number that divides all the coefficients.
	If every term has the same variable, include it in the GCF.
	If even one term does not have that variable, do not include the variable.

For example:
	In 10x+15x, the GCF is 5x.
	In 10x+15, the GCF is 5, not 5x.
	In 14y+21y+7y, the GCF is 7y.

Common mistakes to avoid
	Taking out a factor that is not common to every term.
Example: In 12x+18, you cannot factor out x because 18 does not have x.
	Not using the greatest common factor.
Example: 8x+12 could be written as 2(4x+6), but it is better to factor out the greatest common factor: 4(2x+3).
	Forgetting to divide every term.
Every term must be divided by the factor you took out.
	Not checking with distribution.
Always multiply back to make sure your factored expression matches the original one.

Practice thinking
When you see an expression, ask yourself these questions:
	What number do all the terms share?
	Do all the terms share the same variable?
	What is left in each term after I divide by the GCF?
	Does distributing bring me back to the starting expression?

Let’s try a few quick factorizations
	9x+27=9(x+3)
	4x+16=4(x+4)
	7x+14x=7x(1+2)
	18+24x=6(3+4x)

[image: 📋]   Summary
Factoring algebraic expressions means rewriting an expression as a product by taking out the greatest common factor. This is the reverse of the distributive property.
To factor, find what all the terms have in common, take that common factor outside parentheses, and write what is left inside. Then check your work by distributing.


  
  Put what you read to the test

  You've worked through Factoring Algebraic Expressions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2181






  [image: 📝]   Lesson 70: Combining Like Terms

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2201




  Combining Like Terms helps us make algebra expressions simpler and easier to understand.


When we combine like terms, we add or subtract parts of an expression that are the same kind of term.


For example, in the expression 3x+2x, both terms have x. Since they are the same kind of term, we can combine them:


3x+2x=5x

This lesson will show you how to spot like terms, how to combine them, and how to avoid common mistakes.


What is a term?


A term is one part of an expression. Terms are usually separated by plus signs or minus signs.


In the expression 4x+7−2x+3, the terms are:



  	4x

  	7

  	−2x

  	3




What are like terms?


Like terms are terms that have the same variable part.


Examples of like terms:


  	5x and 2x

  	7y and −3y

  	4a and 10a

  	8 and −1 because both are constants




Examples of terms that are not like terms:


  	3x and 3y

  	5a and 5b

  	2x and 2




Even if the numbers match, the variable part must also match for the terms to be like terms.


The coefficient


The coefficient is the number in front of the variable.



  	In 6x, the coefficient is 6.

  	In −4y, the coefficient is −4.

  	In x, the coefficient is 1, because x=1x.




When we combine like terms, we only add or subtract the coefficients. The variable stays the same.


For example:


8x−3x=5x

We subtracted the coefficients: 8−3=5, and kept the x.


How to combine like terms



  	Find the terms that match.

  	Add or subtract their coefficients.

  	Keep the same variable part.

  	Combine constants too, if there are any.




Worked Example 1


Simplify 2x+5x.


Both terms have x, so they are like terms.


Add the coefficients:


2+5=7

Keep the variable:


2x+5x=7x

Answer: 7x


Worked Example 2


Simplify 9y−4y.


Both terms have y, so they are like terms.


Subtract the coefficients:


9−4=5

Keep the variable:


9y−4y=5y

Answer: 5y


Worked Example 3


Simplify 3x+7+4x−2.


First, find the like terms:


  	3x and 4x

  	7 and −2




Combine the x-terms:


3x+4x=7x

Combine the constants:


7−2=5

Put them together:


3x+7+4x−2=7x+5

Answer: 7x+5


Worked Example 4


Simplify 6a−2+3a+8−a.


Find the like terms:


  	6a, 3a, and −a

  	−2 and 8




Remember that −a means −1a.


Combine the variable terms:


6a+3a−a=6a+3a−1a=8a

Combine the constants:


−2+8=6

Put them together:


6a−2+3a+8−a=8a+6

Answer: 8a+6


Important ideas to remember



  	You can only combine like terms.

  	The variable part must match exactly.

  	Add or subtract the coefficients.

  	Do not change the variable when combining like terms.

  	Constants can be combined with other constants.




Common mistakes



  	Mistake: 2x+3=5x
This is wrong because 2x and 3 are not like terms.

  	Mistake: 4x+2y=6xy
This is wrong because x-terms and y-terms are not like terms.

  	Mistake: forgetting that −x=−1x.




Quick check


Try these on your own:


  	5m+2m

  	10p−6p

  	4x+3+2x+1

  	7b−b+5−9




Answers:


  	7m

  	4p

  	6x+4

  	6b−4




[image: 📋]   Summary


Combining like terms means simplifying an expression by putting together terms with the same variable part.


You add or subtract the coefficients and keep the variable the same. Constants can also be combined with other constants.


When you look carefully for matching terms, algebra becomes much easier to work with.


  
  Put what you read to the test

  You've worked through Combining Like Terms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2182
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  Evaluating Expressions with Grouping Symbols means finding the value of a number sentence that has operation signs and symbols like parentheses.


Grouping symbols tell us which part to work on first. The most common grouping symbols in 4th grade are parentheses: ( ).


When we evaluate an expression, we do not guess. We follow the steps in the correct order so the answer is correct every time.


Important idea: An expression is a math phrase with numbers and operation signs, such as 6+(4×3). It does not have an equals sign until we show its value.


Grouping symbols help organize the math. They show that some numbers belong together, like a team. We solve what is inside the grouping symbols before working on the rest.


Order to follow:


  	Step 1: Solve what is inside parentheses first.

  	Step 2: Multiply or divide.

  	Step 3: Add or subtract.




This order matters. If we do the operations in the wrong order, we can get the wrong answer.


Look at these two expressions:


  	2+3×4

  	(2+3)×4




They look similar, but the grouping symbols change what we do first.


For 2+3×4, we multiply first:

2+3×4=2+12=14

For (2+3)×4, we add inside the parentheses first:

(2+3)×4=5×4=20

So grouping symbols can change the value of an expression.


Worked Example 1

Evaluate 7+(5−2).

Step 1: Solve inside the parentheses.

5−2=3
Now the expression becomes:

7+3
Step 2: Add.

7+3=10
Answer: 10


Worked Example 2

Evaluate 6×(4+1).

Step 1: Solve inside the parentheses.

4+1=5
Now the expression becomes:

6×5
Step 2: Multiply.

6×5=30
Answer: 30


Worked Example 3

Evaluate 18−(3×4).

Step 1: Solve inside the parentheses first.

3×4=12
Now the expression becomes:

18−12
Step 2: Subtract.

18−12=6
Answer: 6


Worked Example 4

Evaluate (8+4)÷3.

Step 1: Solve inside the parentheses.

8+4=12
Now the expression becomes:

12÷3
Step 2: Divide.

12÷3=4
Answer: 4


How to check your work


  	Did you solve inside the parentheses first?

  	After that, did you multiply or divide before adding or subtracting?

  	Did you rewrite the expression carefully after each step?

  	Did you make sure each new expression matches the step before it?




Common mistakes to avoid


  	Ignoring the parentheses. Always do that part first.

  	Doing operations left to right without checking the order. Remember: parentheses first.

  	Changing more than one thing at a time. It helps to solve one step, then rewrite the expression.




Here is an example of a common mistake:

Expression: 9−(2+3)

Wrong way: subtract first and do 9−2=7, then 7+3=10

This is wrong because the parentheses were not solved first.

Right way:

9−(2+3)=9−5=4

Helpful strategy: Cover the outside part with your finger and look only at what is inside the parentheses. Solve that part first. Then bring back the rest of the expression.


Let’s compare one more pair


  	12−4÷2

  	(12−4)÷2




First expression:

12−4÷2=12−2=10

Second expression:

(12−4)÷2=8÷2=4

The answers are different because the grouping symbols changed what we solved first.


[image: 📋]   Summary

To evaluate expressions with grouping symbols, always start with what is inside the parentheses. Then multiply or divide. Last, add or subtract.


If you follow the steps carefully and rewrite the expression after each step, you can solve expressions correctly and confidently.


  
  Put what you read to the test

  You've worked through Evaluating Expressions with Grouping Symbols. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/453
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  Lesson: Proving Expression Equivalence


In algebra, two expressions are equivalent if they always have the same value, no matter what value you choose for the variable.


For example, the expressions x+x and 2x are equivalent because both mean “two groups of x.” If x=3, both expressions equal 6. If x=10, both expressions equal 20. They match every time.


Learning how to prove expressions are equivalent helps you check your work, rewrite expressions in simpler forms, and understand how algebra works.


What does “prove equivalent” mean?


To prove two expressions are equivalent, you need to show they are equal for all values of the variable, not just one example.


There are two main ways 6th graders can check equivalence:



  	Substitute the same value into both expressions and compare the results.

  	Simplify the expressions using arithmetic and properties until they look the same or clearly have the same value.




Important: Testing just one value can give you a clue, but it does not always fully prove equivalence. It is better to test several values or simplify the expressions.


Method 1: Substitute values


Substituting means replacing the variable with a number.


Suppose you want to compare 3n+2n and 5n.


If n=4:


3(4)+2(4)=12+8=20

5(4)=20

They match for n=4.


If n=7:


3(7)+2(7)=21+14=35

5(7)=35

They match again. This suggests the expressions are equivalent.


Substitution is a great way to test equivalence. But the strongest way is to also use simplifying.


Method 2: Simplify the expressions


Simplifying means combining like terms or using what you know about operations.


For example:


3n+2n=5n

Since 3n and 2n are like terms, they combine to make 5n. So the expressions are equivalent.


Combining like terms


Like terms have the same variable part. For example:



  	4x and 7x are like terms.

  	3y and y are like terms.

  	5a and 2b are not like terms because the variables are different.




You can combine like terms by adding or subtracting their number parts.


Examples:



  	4x+7x=11x

  	9y−2y=7y

  	6a+a=7a




Using the distributive property


The distributive property helps you rewrite expressions. It says:


a(b+c)=ab+ac

For example:


3(x+4)=3x+12

So 3(x+4) and 3x+12 are equivalent expressions.


You can also work backward:


4m+8=4(m+2)

Both forms mean the same thing.


Worked Example 1: A simple like-terms example


Are 6x+2x and 8x equivalent?


Step 1: Simplify.


6x+2x=8x

Yes, they are equivalent.


Check with substitution: Let x=5.


6(5)+2(5)=30+10=40

8(5)=40

Both expressions equal 40, so the check works too.


Worked Example 2: A subtraction example


Are 9y−4y and 5y equivalent?


Step 1: Combine like terms.


9y−4y=5y

Yes, the expressions are equivalent.


Check with substitution: Let y=3.


9(3)−4(3)=27−12=15

5(3)=15

The values match.


Worked Example 3: Using the distributive property


Are 2(a+5) and 2a+10 equivalent?


Step 1: Distribute the 2.


2(a+5)=2a+10

Yes, they are equivalent.


Check with substitution: Let a=4.


2(4+5)=2(9)=18

2(4)+10=8+10=18

Both expressions equal 18.


Worked Example 4: Expressions that are not equivalent


Are 3x+4 and 7x equivalent?


Let’s test a value. If x=2:


3(2)+4=6+4=10

7(2)=14

The values are different, so the expressions are not equivalent.


We can also see why by looking at the terms. In 3x+4, the +4 is a constant, but in 7x, everything depends on x. These expressions do not mean the same thing.


How to decide if two expressions are equivalent



  	Look for like terms you can combine.

  	Use the distributive property if there are parentheses.

  	Simplify each expression as much as you can.

  	See whether the simplified forms match.

  	If needed, substitute the same number into both expressions to check.




Common mistakes to avoid



  	Only checking one value: One matching value does not always prove equivalence.

  	Combining unlike terms: You cannot combine 3x+4 into 7x.

  	Forgetting to distribute to every term: In 3(x+2), the 3 must multiply both x and 2.

  	Mixing up terms and factors: In 2x+2, the 2 is not multiplying the whole expression unless you write parentheses: 2(x+1).




Try to think about meaning


Expressions are equivalent if they describe the same amount in different ways.


For example, imagine you have 4 bags with m marbles in each bag, and then 8 extra marbles. That can be written as:


4m+8

If you group the marbles differently, you can also write it as:


4(m+2)

Both expressions describe the same total, so they are equivalent.


Quick practice ideas



  	Compare 5n+n and 6n.

  	Compare 4(x+3) and 4x+12.

  	Compare 7y+2 and 9y.

  	Compare 10a−3a and 7a.




[image: 📋]   Summary


To prove expression equivalence, you show that two expressions always have the same value. You can do this by simplifying with like terms and the distributive property, and by substituting the same value into both expressions to check your thinking.


If two expressions simplify to the same form, they are equivalent. If they give different values for the same variable, they are not equivalent.


  
  Put what you read to the test

  You've worked through Proving Expression Equivalence. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2183






  
    
  [image: 📖]   Chapter 10

  Equations and Inequalities
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  Lesson: The Concept of Equality and Solutions


In maths, an equation is a number sentence that says two amounts are equal. An equation always has an equals sign, like this: =. The equals sign means "has the same value as".


For example, in the equation 5+3=8, the left side and the right side both have the same value. Since both sides equal 8, the equation is true.


Sometimes an equation has a letter, such as x, n, or m. The letter stands for an unknown number. Our job is often to figure out which number makes the equation true.


A number that makes an equation true is called a solution. If the number does not make the equation true, then it is not a solution.


Main Idea 1: Equality means both sides are the same


Think of an equation like a balanced scale. The left side and the right side must match in value. If they match, the equation is true. If they do not match, the equation is false.


Look at these examples:


  	7=7 is true because both sides are the same.

  	10=6+4 is true because 6+4=10.

  	9=12−1 is false because 12−1=11, not 9.




Main Idea 2: A variable stands for an unknown number


In equations, a letter is called a variable. A variable can stand for different numbers in different equations.


For example, in x+2=9, the variable is x. We want to know which number for x makes the equation true.


Main Idea 3: Check a solution by substituting


To decide if a number is a solution, replace the variable with that number. This is called substituting. Then calculate both sides and see if they are equal.


Here are the steps:


  	Replace the variable with the given number.

  	Simplify each side.

  	Check whether both sides have the same value.

  	If they are equal, the number is a solution.




Worked Example 1

Is 4 a solution to x+3=7?

Step 1: Substitute 4 for x.

4+3=7

Step 2: Simplify the left side.

7=7

Step 3: Compare both sides.

Both sides are equal, so 4 is a solution.


Worked Example 2

Is 5 a solution to 2n=12?

Step 1: Substitute 5 for n.

2(5)=12

Step 2: Simplify.

10=12

Step 3: Compare both sides.

Since 10 is not equal to 12, 5 is not a solution.


Worked Example 3

Which number is a solution to m−6=8: 12, 14, or 16?

We check each choice.

For m=12:

12−6=8

6=8

Not true, so 12 is not a solution.


For m=14:

14−6=8

8=8

True, so 14 is a solution.


For m=16:

16−6=8

10=8

Not true, so 16 is not a solution.


So, the solution is 14.


Worked Example 4

A ticket for a school event costs 3 dollars. The total cost is 15 dollars. This can be written as:

3t=15

Is t=5 a solution?

Step 1: Substitute 5 for t.

3(5)=15

Step 2: Simplify.

15=15

Step 3: Compare both sides.

The equation is true, so 5 is a solution.


This example shows that equations can represent real-life situations. A solution is the value that makes the situation work correctly.


How to think about true and false equations


  	If both sides have the same value, the equation is true.

  	If both sides have different values, the equation is false.

  	A solution must make the equation true.




Common Mistakes to Avoid


  	Thinking the equals sign means “the answer is.” It really means both sides are the same value.

  	Forgetting to substitute carefully. Replace every variable with the given number.

  	Not checking both sides. Always simplify and compare.




Try These On Your Own


  	Is 3 a solution to x+4=7?

  	Is 6 a solution to 2a=12?

  	Which number is a solution to b−2=5: 6, 7, or 8?

  	Is 4 a solution to 5c=25?




Quick Check Answers


  	Yes, because 3+4=7.

  	Yes, because 2×6=12.

  	7, because 7−2=5.

  	No, because 5×4=20, not 25.




[image: 📋]   Summary

An equation is a statement that two sides are equal. A solution is a number that makes the equation true when you substitute it for the variable. To check a solution, replace the variable, simplify, and see whether both sides are equal.


  
  Put what you read to the test

  You've worked through The Concept of Equality and Solutions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2184
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  Solving One-Step Equations


Sometimes in math, we do not know the value of a number. We can use a variable, such as x or n, to stand for that unknown number.


An equation is a math sentence that shows two sides are equal. For example, x+5=12 is an equation.


When we solve an equation, we find the value of the variable that makes the equation true.


In a one-step equation, only one operation is happening to the variable. That means the variable might be:


  	added to a number, like x+4=9

  	subtracted by a number, like x−3=7

  	multiplied by a number, like 5x=20

  	divided by a number, like x6=3




The goal is to isolate the variable. That means getting the variable by itself on one side of the equation.


A helpful way to think about equations is to imagine a balanced scale. If both sides are equal, the scale is balanced. To keep it balanced, whatever you do to one side, you must also do to the other side.


This is called doing the same operation to both sides.


To solve one-step equations, we use inverse operations. Inverse operations undo each other.



  	Add and subtract are inverse operations.

  	Multiply and divide are inverse operations.




For example:


  	To undo + 5, use - 5.

  	To undo - 3, use + 3.

  	To undo ×4, use ÷4.

  	To undo ÷6, use ×6.




Steps for Solving a One-Step Equation


  	Look at what is happening to the variable.

  	Choose the inverse operation to undo it.

  	Do that operation to both sides of the equation.

  	Check your answer by putting it back into the original equation.




Worked Example 1: Addition

Solve x+7=15.


The variable has 7 added to it. To undo adding 7, subtract 7 from both sides.


x+7=15

x+7−7=15−7

x=8

Check the answer:

Substitute 8 for x.


8+7=15

This is true, so x=8.


Worked Example 2: Subtraction

Solve n−6=10.


The variable has 6 subtracted from it. To undo subtracting 6, add 6 to both sides.


n−6=10

n−6+6=10+6

n=16

Check the answer:


16−6=10

This is true, so n=16.


Worked Example 3: Multiplication

Solve 4m=28.


The variable is being multiplied by 4. To undo multiplying by 4, divide both sides by 4.


4m=28

4m4=284

m=7

Check the answer:


4(7)=28

28=28

This is true, so m=7.


Worked Example 4: Division

Solve y5=9.


The variable is being divided by 5. To undo dividing by 5, multiply both sides by 5.


y5=9

5⋅y5=9⋅5

y=45

Check the answer:


455=9

This is true, so y=45.


Using One-Step Equations in Word Problems

Sometimes equations come from real-life situations.


Example: Mia has 13 stickers. After getting some more, she has 20 stickers. How many stickers did she get?


Let s be the number of stickers she got. The equation is:


13+s=20

Subtract 13 from both sides:


s=7

Mia got 7 stickers.


Common Mistakes to Avoid


  	Only changing one side: Always do the same operation to both sides.

  	Using the wrong inverse operation: If the variable is multiplied by a number, divide. If the variable is divided by a number, multiply.

  	Not checking your answer: Substitute your answer back into the original equation to make sure it works.




Quick Tips


  	If you see x+a=b, subtract a.

  	If you see x−a=b, add a.

  	If you see ax=b, divide by a.

  	If you see xa=b, multiply by a.




[image: 📋]   Summary

To solve a one-step equation, get the variable alone by using the inverse operation. Remember to do the same thing to both sides so the equation stays balanced.


Then check your answer by substituting it back into the equation. With practice, solving one-step equations becomes quick and easy.


  
  Put what you read to the test

  You've worked through Solving One-Step Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2185
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  Solving Two-Step Equations


In math, an equation is a number sentence that uses an equals sign. It shows that two sides have the same value.


A variable is a letter that stands for an unknown number. For example, in the equation 3x+5=17, the letter x is the variable.


A two-step equation is an equation that takes two steps to solve. We solve it by undoing the operations around the variable, one step at a time.


The big goal is to isolate the variable. That means getting the variable by itself on one side of the equation.


To do that, we use opposite operations:


  	Addition and subtraction are opposites.

  	Multiplication and division are opposites.




Think of solving an equation like unwrapping a gift. You remove each layer in the reverse order that it was put on.


How to solve a two-step equation


  	Look at what is being done to the variable.

  	Undo the addition or subtraction first.

  	Then undo the multiplication or division.

  	Check your answer by substituting it back into the original equation.




Why do we usually undo addition or subtraction first? Because the number added or subtracted is usually the outer step. After removing it, the multiplication or division is easier to undo.


Important rule: Whatever you do to one side of the equation, you must do to the other side too. This keeps the equation balanced.


For example, if you subtract 4 from the left side, you must also subtract 4 from the right side.


Example 1: Addition, then multiplication

Solve:

3x+4=19

Step 1: Undo the addition of 4 by subtracting 4 from both sides.

3x+4−4=19−4
3x=15

Step 2: Undo the multiplication by 3 by dividing both sides by 3.

3x3=153
x=5

Check the answer:

3(5)+4=15+4=19

The equation is true, so the solution is x=5.


Example 2: Subtraction, then multiplication

Solve:

5y−7=18

Step 1: Undo the subtraction of 7 by adding 7 to both sides.

5y−7+7=18+7
5y=25

Step 2: Undo the multiplication by 5 by dividing both sides by 5.

5y5=255
y=5

Check the answer:

5(5)−7=25−7=18

So, the solution is y=5.


Example 3: Division, then addition

Solve:

m4+6=9

Step 1: Undo the addition of 6 by subtracting 6 from both sides.

m4+6−6=9−6
m4=3

Step 2: Undo the division by 4 by multiplying both sides by 4.

4⋅m4=3⋅4
m=12

Check the answer:

124+6=3+6=9

So, the solution is m=12.


Example 4: Division, then subtraction

Solve:

n3−2=6

Step 1: Undo the subtraction of 2 by adding 2 to both sides.

n3−2+2=6+2
n3=8

Step 2: Undo the division by 3 by multiplying both sides by 3.

3⋅n3=8⋅3
n=24

Check the answer:

243−2=8−2=6

So, the solution is n=24.


A pattern to remember


  	If the equation looks like ax+b=c, subtract or add b first, then divide by a.

  	If the equation looks like xa+b=c, subtract or add b first, then multiply by a.




Common mistakes to avoid


  	Doing steps in the wrong order: Undo addition or subtraction before multiplication or division.

  	Forgetting to do the same thing to both sides: Keep the equation balanced.

  	Skipping the check: Always put your answer back into the original equation.

  	Mixing up opposite operations: To undo +8, subtract 8. To undo ÷5, multiply by 5.




How this connects to real situations

Two-step equations can help solve everyday problems. Suppose a club charges a $3 sign-up fee plus $5 each week. If the total cost is $23, you can write:

5w+3=23

Subtract 3 from both sides:

5w=20

Then divide by 5:

w=4

This means the cost was for 4 weeks.


Try these on your own


  	2x+7=15

  	6p−9=21

  	q5+4=10

  	r2−3=8




Answers


  	x=4

  	p=5

  	q=30

  	r=22




[image: 📋]   Summary

To solve a two-step equation, undo the operations around the variable in reverse order. Usually, that means undoing addition or subtraction first, then undoing multiplication or division.


Always do the same operation to both sides of the equation so it stays balanced. Then check your answer by putting it back into the original equation.


  
  Put what you read to the test

  You've worked through Solving Two-Step Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2186
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  Writing Equations to Model Reality means turning a real-life situation into a math sentence with an unknown number. This helps us describe what is happening and find missing values.
An equation is a math sentence that shows two amounts are equal. It includes an unknown, usually written with a letter like x, n, or t.
For example, if you have 3 apples and then get some more, and now you have 8 apples, you can write the equation 3+a=8. The letter a stands for the number of apples you got.
When we write equations from word problems, we are building a math model of the situation. A model is a way to represent something real using math.
Step 1: Understand the situation. Read carefully and ask: What is happening? What number is unknown? What numbers are given?
Step 2: Choose a variable. A variable is a letter that stands for the unknown amount. You might write, “Let x be the number of tickets,” or “Let m be the missing number of miles.”
Step 3: Look for clue words and relationships. Word problems often describe actions and comparisons. These can help you decide which operation to use.
	Addition: total, sum, in all, altogether, more than, increased by
	Subtraction: difference, left, fewer than, decreased by, remain
	Multiplication: groups of, times, each, product
	Division: shared equally, per, quotient, split into
	Equals: is, are, was, were, gives, results in

Step 4: Write the equation. Use the numbers, variable, and operations to match the story.
Step 5: Check whether the equation makes sense. Ask yourself: Does the equation match the words? Does the variable represent the correct unknown? Are both sides of the equation showing equal amounts?
There are two common kinds of equations you will write in 6th Grade:
	One-step equations, such as x+7=19 or 4x=28
	Two-step equations, such as 3x+5=20 or x/4−2=6

Let’s look closely at how real situations become equations.
Part A: Writing one-step equations
In a one-step situation, the unknown is changed once by adding, subtracting, multiplying, or dividing.
If a problem says, “Mia had some stickers. She bought 6 more and now has 15,” the unknown is how many she had at first. Let s be the starting number of stickers. Since she bought 6 more, we add 6. Now she has 15, so the equation is s+6=15.
If a problem says, “A rope is cut into 5 equal pieces. Each piece is 3 feet long,” the unknown is the total length of the rope. Let r be the total length. Since 5 equal pieces of 3 feet each make the whole rope, the equation can be written as r÷5=3 or r/5=3.
Part B: Writing two-step equations
In a two-step situation, the unknown is changed twice. You must pay attention to the order of the actions in the story.
For example, “A gym charges a \$12 sign-up fee and \$8 each class. The total cost is \$44.” The unknown is the number of classes. Let c be the number of classes. The cost has two parts: the sign-up fee and the class cost. The equation is:
8c+12=44
This equation says: class cost plus sign-up fee equals total cost.
Be careful with words like “more than” and “less than.” These can be tricky.
“7 more than a number” means start with the number, then add 7: x+7.
“7 less than a number” means start with the number, then subtract 7: x−7.
“A number is 7 less than 20” means the number is 20−7, but if you are writing an equation with an unknown, you must match the sentence carefully.
Worked Example 1: One-step addition equation
Problem: Carlos had some marbles. He won 9 more marbles and now he has 21 marbles. Write an equation.
Step 1: Choose a variable. Let m be the number of marbles Carlos had at first.
Step 2: Show what happened. He won 9 more, so add 9.
Step 3: Write the total. Now he has 21.
The equation is:
m+9=21
This equation models the real situation.
Worked Example 2: One-step multiplication equation
Problem: There are 6 bags of pencils. Each bag has the same number of pencils. Altogether, there are 42 pencils. Write an equation.
Step 1: Let p be the number of pencils in each bag.
Step 2: There are 6 equal groups, so multiply by 6.
Step 3: The total is 42.
The equation is:
6p=42
This means 6 groups of p pencils make 42 pencils.
Worked Example 3: Two-step equation with addition
Problem: A movie theater charges \$5 for popcorn and \$3 for each drink. A family spends \$17 in all. Write an equation for the number of drinks.
Step 1: Let d be the number of drinks.
Step 2: The drinks cost \$3 each, so that part is 3d.
Step 3: Add the \$5 for popcorn.
Step 4: The total is \$17.
The equation is:
3d+5=17
This equation matches the story: drink cost plus popcorn cost equals total cost.
Worked Example 4: Two-step equation with subtraction
Problem: Lena had some money. She spent \$4, then earned \$10, and now she has \$18. Write an equation.
Step 1: Let x be the amount of money Lena had at first.
Step 2: She spent \$4, so subtract 4: x−4.
Step 3: Then she earned \$10, so add 10: x−4+10.
Step 4: Now she has \$18.
The equation is:
x−4+10=18
You could also simplify the left side to write:
x+6=18
Both equations model the same situation.
How to tell whether to use the starting amount or the final amount as the variable
Sometimes the unknown is the beginning amount. Sometimes it is the ending amount. Read the question carefully.
	If the problem asks, “How many did she start with?” the variable should represent the starting amount.
	If the problem asks, “How many does she have now?” the variable should represent the final amount.
	If the problem asks, “How many in each group?” the variable should represent one group.
	If the problem asks, “How many groups?” the variable should represent the number of groups.

Example of choosing the right variable
“Jada has 24 stickers. She puts them equally onto 6 pages. How many stickers go on each page?”
Let s be the number of stickers on each page. Since 6 pages each have s stickers, the equation is:
6s=24
If you picked the wrong meaning for the variable, your equation would not match the story correctly.
Common mistakes to avoid
	Using the wrong operation. Read for meaning, not just clue words.
	Forgetting what the variable stands for. Always define your variable first.
	Mixing up the order. In two-step situations, follow the actions in the order they happen.
	Leaving out part of the story. Make sure every important number is used correctly.
	Writing an expression instead of an equation. An equation must include an equals sign.

Try thinking with questions like these:
	What number do I not know?
	What is happening to that number?
	What is the total or result?
	Which operation matches the situation?
	Does my equation tell the same story as the words?

Quick practice ideas
Here are a few situations and the equations that match them:
	“A number increased by 8 is 23.” [image: →] x+8=23
	“4 times a number is 36.” [image: →] 4n=36
	“A number minus 5 equals 12.” [image: →] m−5=12
	“A club charges \$7 each month plus a \$15 joining fee for a total of \$50.” [image: →] 7x+15=50

[image: 📋]   Summary
Writing equations to model reality means turning a real-world story into a math sentence with a variable. First, decide what the unknown is. Then use the words in the problem to choose operations and write an equation that matches the situation.
One-step equations model situations with one change, and two-step equations model situations with two changes. If you define your variable, follow the story carefully, and check that both sides are equal, you can write equations that correctly represent real life.


  
  Put what you read to the test

  You've worked through Writing Equations to Model Reality. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2187






  [image: 📝]   Lesson 77: Independent and Dependent Variables

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2207




  Independent and Dependent Variables


In math, a variable is a letter or symbol that stands for a number that can change. When two variables are connected, one may affect the other.


This is where independent variables and dependent variables come in. Learning the difference helps you read tables, write equations, and understand real-life situations in math.


Independent variable: the variable you choose or change.

Dependent variable: the variable that changes because of the independent variable.


You can think of it like this:


  	The independent variable is the cause.

  	The dependent variable is the result.




Another helpful way to remember it is:


  	Independent = stands on its own.

  	Dependent = depends on something else.




For example, if you buy notebooks that cost $3 each, the total cost depends on how many notebooks you buy.


  	Number of notebooks = independent variable

  	Total cost = dependent variable




If you buy n notebooks, then the cost c is:

c=3n


In this equation, n is independent because you decide how many notebooks to buy. The cost c depends on n.


How to tell which variable is which


  	Read the situation carefully.

  	Ask, What am I choosing or changing? That is usually the independent variable.

  	Ask, What changes because of that choice? That is usually the dependent variable.




Look for clue words such as:


  	"depends on"

  	"for each"

  	"total"

  	"cost of"

  	"number of"




These clues often help you see what causes the change and what reacts to it.


Independent and dependent variables in tables


Many times, these variables are shown in a table. The independent variable is usually listed first, because it is the input. The dependent variable is usually listed second, because it is the output.


Here is a table showing the cost of movie tickets at $5 each.



  	Number of Tickets	Total Cost

  	1	5

  	2	10

  	3	15

  	4	20




In this table:


  	Number of tickets is the independent variable.

  	Total cost is the dependent variable.




The total cost changes when the number of tickets changes.


Independent and dependent variables in equations


An equation shows how the variables are related. Often, the dependent variable is written by itself on one side.


Example:

y=4x


In this equation:


  	x is the independent variable.

  	y is the dependent variable.




Why? Because the value of y depends on the value of x.


If x=2, then:

y=4(2)=8


If x=5, then:

y=4(5)=20


Each time x changes, y changes too.


Worked Example 1: Simple real-life situation


A bakery sells muffins for $2 each. Let m be the number of muffins and c be the total cost.

Equation:

c=2m


Step 1: What do you choose?

You choose how many muffins to buy, so m is the independent variable.


Step 2: What changes because of that?

The total cost changes based on the number of muffins, so c is the dependent variable.


Answer:


  	Independent variable: m

  	Dependent variable: c




Worked Example 2: Using a table


A student reads books during the summer. The table shows how many days the student reads and how many pages are read.



  	Days	Pages Read

  	1	12

  	2	24

  	3	36

  	4	48




Step 1: Which value changes first?

The number of days is what we look at first. As the days increase, the pages read increase.


Step 2: Which value depends on the other?

The number of pages read depends on how many days the student reads.


Answer:


  	Independent variable: days

  	Dependent variable: pages read




Worked Example 3: Finding variables in an equation


A taxi charges $6 plus $2 for each mile. Let m be the number of miles and c be the total cost.

Equation:

c=2m+6


Step 1: What can change?

The number of miles can change, so m is the independent variable.


Step 2: What depends on that change?

The total cost depends on the number of miles, so c is the dependent variable.


If the taxi travels 3 miles, then:

c=2(3)+6=6+6=12


If the taxi travels 7 miles, then:

c=2(7)+6=14+6=20


As miles increase, cost increases.


Worked Example 4: A situation with a limit


You have $20 to spend on pencils that cost $4 each. Let p be the number of pencils and c be the total cost.

The cost rule is:

c=4p


Because you only have $20, the total cost must be no more than 20:

c≤20


So:

4p≤20


Which variable is independent?

You choose how many pencils to buy, so p is the independent variable.


Which variable is dependent?

The total cost depends on the number of pencils, so c is the dependent variable.


What values of p work?

Divide both sides by 4:

p≤5


This means you can buy at most 5 pencils.


This example shows that independent and dependent variables are also important when working with inequalities, not just equations.


Common mistakes to avoid


  	Mistake 1: Picking the dependent variable first just because it is written first in a sentence. Always ask which one changes because of the other.

  	Mistake 2: Thinking both variables are independent. In these situations, one usually affects the other.

  	Mistake 3: Forgetting that cost, total, distance, and amount are often dependent on something else.




Quick check questions


  	A plant grows taller each week. Which is independent: weeks or plant height?

  	If t=3n, which variable depends on the other?

  	A store charges $8 per game. Is the total cost independent or dependent?




Answers


  	Weeks is the independent variable. Plant height is the dependent variable.

  	t depends on n, so n is independent and t is dependent.

  	The total cost is dependent.




[image: 📋]   Summary


Independent and dependent variables help us understand how two changing amounts are connected.


  	The independent variable is the one you choose or change.

  	The dependent variable is the one that changes because of it.




In tables, the independent variable is usually the input, and the dependent variable is usually the output.


In equations like y=5x, x is usually independent and y is usually dependent.


Whenever you are unsure, ask yourself: What causes the change, and what reacts to the change?


  
  Put what you read to the test

  You've worked through Independent and Dependent Variables. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2188






  [image: 📝]   Lesson 78: Writing and Graphing Inequalities

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2208




  Writing and Graphing Inequalities


Sometimes in math, an exact answer is not enough. We may need to show that a number can be greater than, less than, or possibly equal to another number. That is when we use inequalities.


An equation shows that two amounts are equal, like x=5. An inequality shows that two amounts are not always equal, but one amount may be bigger or smaller than the other, like x>5 or x≤5.


In this lesson, you will learn how to:


  	write inequalities from words and real-life situations,

  	understand what the inequality symbols mean,

  	graph inequalities on a number line, and

  	tell whether to use an open circle or a closed circle.




1. Inequality Symbols


There are four main inequality symbols you need to know:


  	< means less than

  	> means greater than

  	≤ means less than or equal to

  	≥ means greater than or equal to




Examples:


  	x<7 means x is any number less than 7.

  	x>2 means x is any number greater than 2.

  	x≤4 means x can be 4 or any number less than 4.

  	x≥9 means x can be 9 or any number greater than 9.




A helpful way to remember the signs < and > is that the open side faces the bigger number.


2. Turning Words into Inequalities


Many inequality problems begin with words. Look for clue phrases that tell you which symbol to use.


Common phrases include:


  	less than  <

  	greater than  >

  	at most  ≤

  	at least  ≥

  	no more than  ≤

  	no fewer than  ≥




Here are some examples of word phrases and inequalities:


  	"A number is greater than 8" becomes n>8.

  	"A number is less than or equal to 12" becomes n≤12.

  	"A number is at least 3" becomes n≥3.

  	"A number is no more than 15" becomes n≤15.




3. What Do Inequalities Mean?


An inequality usually has many solutions, not just one. For example, the inequality x>4 has lots of solutions.


Some solutions are:


  	5

  	6

  	10

  	100




But 4 is not a solution, because x>4 means the number must be bigger than 4, not equal to 4.


For x≥4, the number 4 is a solution, because ≥ means greater than or equal to.


4. Graphing Inequalities on a Number Line


A number line helps us show all the possible solutions to an inequality.


When graphing inequalities, there are two important parts:


  	the circle on the number line, and

  	the shading or arrow that shows the direction of the solutions.




Open circle: Use an open circle when the endpoint is not included. This happens with < or >.


Closed circle: Use a closed circle when the endpoint is included. This happens with ≤ or ≥.


Shading left: Shade to the left for numbers that are less than a value.


Shading right: Shade to the right for numbers that are greater than a value.


Quick guide:


  	x<5: open circle at 5, shade left

  	x≤5: closed circle at 5, shade left

  	x>5: open circle at 5, shade right

  	x≥5: closed circle at 5, shade right




5. Worked Examples


Example 1: Write an inequality from words

Write an inequality for: A number n is less than 9.


Step 1: Find the key words. The words are less than.

Step 2: Use the correct symbol, <.

Answer:

n<9


This means n can be any number smaller than 9.


Example 2: Graph a simple inequality

Graph x≥3.


Step 1: The symbol is ≥, which means greater than or equal to.

Step 2: Put a closed circle at 3, because 3 is included.

Step 3: Shade to the right, because the values are greater than 3.


Answer: Closed circle at 3, shading right.


Some numbers in the solution set are 3, 4, 5, and 10.


Example 3: Write an inequality from a real-life situation

A ride at a fair says you must be at least 48 inches tall to ride. Let h be the height in inches.


Step 1: The phrase at least means ≥.

Step 2: Write the inequality.

h≥48


This means a person can be 48 inches tall or taller.


Graph: Put a closed circle at 48 and shade to the right.


Example 4: No more than

You can spend no more than $20 at the school store. Let m be the amount of money you spend.


Step 1: The phrase no more than means ≤.

Step 2: Write the inequality.

m≤20


This means you can spend 20 dollars or less.


Graph: Put a closed circle at 20 and shade to the left.


6. How to Check a Solution


You can test whether a number is a solution by replacing the variable with that number.


Example: Is 6 a solution to x<10?

Replace x with 6:

6<10

This is true, so 6 is a solution.


Example: Is 10 a solution to x<10?

Replace x with 10:

10<10

This is false, so 10 is not a solution.


7. Common Mistakes to Avoid


  	Mixing up open and closed circles
Remember: open circle means not included; closed circle means included.

  	Shading the wrong direction
Less than goes left. Greater than goes right.

  	Forgetting important words
Words like or equal to, at least, and no more than matter a lot.

  	Thinking an inequality has only one answer
Most inequalities have many possible solutions.




8. Helpful Steps to Follow


  	Read the words carefully.

  	Find the clue phrase, such as less than or at least.

  	Choose the correct inequality symbol.

  	Write the inequality with a variable.

  	Graph it on a number line.

  	Use an open or closed circle correctly.

  	Shade left or right based on the symbol.




[image: 📋]   Summary


Inequalities compare numbers that may be greater than, less than, or equal to each other. The symbols <, >, ≤, and ≥ help us write these comparisons.


When graphing, use an open circle for < or >, and a closed circle for ≤ or ≥. Shade to the left for less than and to the right for greater than.


With practice, you can read a situation, write an inequality, and graph all of its possible solutions.


  
  Put what you read to the test

  You've worked through Writing and Graphing Inequalities. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2189






  [image: 📝]   Lesson 79: Solving One-Step Inequalities
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  Solving One-Step Inequalities helps us find all the numbers that make a math statement true.
An inequality compares two amounts that are not always equal. Instead of only using the equals sign, inequalities use symbols like:
	 means less than
	 means greater than
	= means less than or equal to
	= means greater than or equal to

For example, in the inequality x+3<10, we are looking for every value of x that makes the statement true.
Unlike an equation, which often has one answer, an inequality usually has many possible answers.
What does it mean to solve an inequality?
To solve an inequality means to find the values of the variable that make the inequality true.
We solve one-step inequalities in almost the same way we solve one-step equations. We use inverse operations to undo what is happening to the variable.
Inverse operations are opposite operations:
	Addition and subtraction
	Multiplication and division

Main idea: Whatever you do to one side of an inequality, you must also do to the other side to keep it balanced.
For example, if you subtract 4 from the left side, you must also subtract 4 from the right side.
Important rule: If you multiply or divide both sides by a negative number, you must reverse the inequality sign.
This is a very important inequality rule.
For example, if
−2x>8and we divide both sides by −2, the sign must flip:
x<−4Why does the sign flip?
Negative numbers change the order on the number line. For example, 5>2, but if we multiply both numbers by −1, we get −5 and −2. Now −5<−2. The direction changes.
Steps for solving one-step inequalities
	Find what operation is being done to the variable.
	Use the inverse operation to undo it.
	Do the same thing to both sides.
	If you multiply or divide by a negative number, reverse the inequality sign.
	Check your answer if needed.

Worked Example 1: Addition
Solve:
x+6<14The variable has 6 added to it. Undo that by subtracting 6 from both sides.
x+6−6<14−6x<8So the solution is:
x<8This means any number less than 8 will make the inequality true.
Some possible answers are 7, 0, and −3.
Worked Example 2: Subtraction
Solve:
y−4≥9The variable has 4 subtracted. Undo that by adding 4 to both sides.
y−4+4≥9+4y≥13So the solution is:
y≥13This means 13 and any number greater than 13 will work.
Worked Example 3: Multiplication by a positive number
Solve:
3m≤21The variable is multiplied by 3. Undo that by dividing both sides by 3.
3m3≤213m≤7The sign stays the same because we divided by a positive number.
Worked Example 4: Division by a negative number
Solve:
n−5>3The variable is divided by −5. Undo that by multiplying both sides by −5.
Because we are multiplying by a negative number, we must reverse the inequality sign.
n<3(−5)n<−15So the solution is:
n<−15Checking the answer
It is a good idea to test a value that should work.
For the inequality n<−15, try n=−20:
−20−5>34>3This is true, so the solution makes sense.
What if we forget to flip the sign?
Look again at:
−2x>8If someone divides by −2 but forgets to flip the sign, they might say:
x>−4But test x=0, which is greater than −4:
−2(0)>80>8That is false. So the sign must be reversed.
Quick guide by operation
	If the variable has a number added, subtract that number.
	If the variable has a number subtracted, add that number.
	If the variable is multiplied by a positive number, divide by that number.
	If the variable is divided by a positive number, multiply by that number.
	If you multiply or divide by a negative number, flip the inequality sign.

Common mistakes to avoid
	Treating an inequality exactly like an equation and forgetting that it can have many answers.
	Forgetting to do the same operation to both sides.
	Forgetting to reverse the sign when multiplying or dividing by a negative number.
	Mixing up the inequality symbols.

Number line idea
Inequalities can also be shown on a number line.
	x<8: all numbers to the left of 8
	y≥13: 13 and all numbers to the right

If the solution includes the number, like ≥ or ≤, use a closed dot.
If the solution does not include the number, like < or >, use an open dot.
Practice thinking
Ask yourself these questions when solving:
	What is happening to the variable?
	What inverse operation will undo it?
	Am I multiplying or dividing by a negative number?
	Does the inequality sign need to flip?

[image: 📋]   Summary
To solve a one-step inequality, use inverse operations to isolate the variable.
Do the same operation to both sides to keep the inequality balanced.
If you multiply or divide by a negative number, always reverse the inequality sign.
Once solved, your answer represents all the values that make the inequality true.


  
  Put what you read to the test

  You've worked through Solving One-Step Inequalities. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2190
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  Validating Solutions using Substitution means checking whether an answer really works.
Sometimes in math, we see a letter like x or n. The letter stands for a number we do not know yet. After we find a possible answer, we should check it.
We can check by using substitution. Substitution means putting the number in place of the letter. Then we solve the math sentence and see if it is true.
This is an important habit because it helps us catch mistakes and feel sure that our answer is correct.
What does it mean for a solution to be valid?
A solution is an answer for the unknown number. A solution is valid if, after we substitute it into the equation, both sides are equal.
For example, in the equation x+4=9, the number 5 is a valid solution because:
5+4=9
Since both sides match, the answer works.
How to check an answer using substitution
	Look at the equation.
	Take the value you think is the answer.
	Replace the letter with that number.
	Solve the number sentence.
	Check whether both sides are the same.

If both sides are the same, the solution is valid. If they are not the same, the solution is not valid.
Example 1: One-step addition equation
Check whether x=6 is a valid solution for:
x+3=9
Step 1: Substitute 6 for x.
6+3=9
Step 2: Solve the left side.
9=9
Step 3: Compare both sides.
Both sides are 9, so they are equal.
Answer: Yes, x=6 is a valid solution.
Example 2: One-step subtraction equation
Check whether n=8 is a valid solution for:
n−5=2
Step 1: Substitute 8 for n.
8−5=2
Step 2: Solve the left side.
3=2
Step 3: Compare both sides.
The sides are not equal.
Answer: No, n=8 is not a valid solution.
Let us try the correct value. If n=7, then:
7−5=2
2=2
So n=7 is valid.
Example 3: Multiplication equation
Check whether m=4 is a valid solution for:
3m=12
In 4th Grade math, 3m means 3×m.
Step 1: Substitute 4 for m.
3×4=12
Step 2: Solve.
12=12
Step 3: Compare both sides.
Both sides are equal.
Answer: Yes, m=4 is a valid solution.
What if someone said m=5? Let us check:
3×5=12
15=12
That is not true, so m=5 is not valid.
Example 4: Two-step equation
Check whether y=3 is a valid solution for:
2y+1=7
Step 1: Substitute 3 for y.
2×3+1=7
Step 2: Solve in order.
First multiply:
6+1=7
Then add:
7=7
Step 3: Compare both sides.
Both sides are equal.
Answer: Yes, y=3 is a valid solution.
Now check y=2 for the same equation:
2×2+1=7
4+1=7
5=7
This is false, so y=2 is not valid.
Tips for success
	Replace the letter carefully. Make sure you put the number everywhere the letter appears.
	Solve step by step. Do not rush.
	Check both sides. Ask: “Do they match?”
	If they do not match, the answer is not correct.

Why substitution is helpful
Substitution helps us test our thinking. Even if we think we solved the equation correctly, checking with substitution gives us proof.
It is like trying a key in a lock. If the key opens the lock, it is the right key. If it does not, we need another key. In math, if the substituted number makes the equation true, it is the right answer.
Practice thinking
Here are some equations you can check on your own:
	Is x=2 valid for x+5=7?
	Is a=9 valid for a−4=5?
	Is b=6 valid for 2b=12?
	Is c=4 valid for c+3=10?

Brief Summary
To validate a solution using substitution, replace the letter with the number, solve the equation, and see whether both sides are equal. If both sides match, the solution is valid. If they do not match, the solution is not valid. Checking your answer this way helps you be sure your math is correct.


  
  Put what you read to the test

  You've worked through Validating Solutions using Substitution. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/458






  
    
  [image: 📖]   Chapter 11

  The Coordinate Plane
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  Structure of the Four-Quadrant Coordinate Plane


The coordinate plane is a flat grid that helps us show the exact location of points. It combines ideas from number lines and geometry.


In 6th grade, you will use the coordinate plane to plot points, name points, and understand where points are located in different parts of the grid. A four-quadrant coordinate plane includes both positive and negative numbers.


1. The two number lines that make the coordinate plane


The coordinate plane is made from two number lines that cross each other:


  	The x-axis is the horizontal number line.

  	The y-axis is the vertical number line.




These two axes meet at one special point called the origin.


The origin is written as (0,0). It means the point is 0 units along the x-axis and 0 units along the y-axis.


2. Positive and negative directions


Each axis has a positive direction and a negative direction:


  	On the x-axis, numbers to the right are positive, and numbers to the left are negative.

  	On the y-axis, numbers up are positive, and numbers down are negative.




This means:


  	Right = positive x

  	Left = negative x

  	Up = positive y

  	Down = negative y




3. Ordered pairs


A point on the coordinate plane is named by an ordered pair. An ordered pair looks like (x,y).


The first number tells how far to move along the x-axis. The second number tells how far to move along the y-axis.


Always remember: x first, then y.


You can think of it like this:


  	Start at the origin, (0,0).

  	Move left or right using the x-value.

  	Then move up or down using the y-value.




For example, to plot (3,2):


  	Start at (0,0).

  	Move 3 units right.

  	Move 2 units up.




4. The four quadrants


The x-axis and y-axis divide the plane into four sections called quadrants.


The quadrants are labeled using Roman numerals:


  	Quadrant I: top right

  	Quadrant II: top left

  	Quadrant III: bottom left

  	Quadrant IV: bottom right




They are numbered in a counterclockwise direction, starting from the top right.


The signs of the coordinates in each quadrant are:


  	Quadrant I: (+,+)

  	Quadrant II: (−,+)

  	Quadrant III: (−,−)

  	Quadrant IV: (+,−)




This is a very helpful pattern to memorize.


Here is the pattern in a simple layout:

Quadrant II (−,+)Quadrant I (+,+)Quadrant III (−,−)Quadrant IV (+,−)


5. Points on an axis are not in a quadrant


If a point lies exactly on the x-axis or y-axis, it is not in any quadrant.


Why? Because quadrants are the four regions between the axes, not on the axes.


Examples:


  	(4,0) is on the x-axis because the y-coordinate is 0.

  	(0,−3) is on the y-axis because the x-coordinate is 0.

  	(0,0) is the origin.




6. How to tell where a point is located


To describe a point, ask these questions:


  	Is the x-value positive, negative, or 0?

  	Is the y-value positive, negative, or 0?

  	Use the signs to decide the quadrant or axis.




For example:


  	If x is negative and y is positive, the point is in Quadrant II.

  	If x is positive and y is negative, the point is in Quadrant IV.

  	If y is 0, the point is on the x-axis.




Worked Example 1: Plotting a point in Quadrant I


Plot the point (4,3).


Step 1: Start at the origin, (0,0).

Step 2: The x-value is 4, so move 4 units to the right.

Step 3: The y-value is 3, so move 3 units up.

The point is in Quadrant I because both coordinates are positive.


Worked Example 2: Naming the quadrant of a point


In which quadrant is the point (−5,2)?


The x-coordinate is negative, so the point is left of the y-axis.

The y-coordinate is positive, so the point is above the x-axis.

A point that is left and up is in Quadrant II.


Answer: (−5,2) is in Quadrant II.


Worked Example 3: Point on an axis


Where is the point (0,−6) located?


The x-coordinate is 0, so the point does not move left or right. That means it lies on the y-axis.

The y-coordinate is −6, so it is 6 units below the origin.

Because it is on an axis, it is not in any quadrant.


Answer: (0,−6) is on the y-axis.


Worked Example 4: Comparing different points


Tell where each point is located: (2,−4), (−3,−1), and (5,0).


Point 1: (2,−4)


  	x is positive

  	y is negative



So the point is in Quadrant IV.


Point 2: (−3,−1)


  	x is negative

  	y is negative



So the point is in Quadrant III.


Point 3: (5,0)


  	y is 0



So the point is on the x-axis, not in a quadrant.


7. Common mistakes to avoid


  	Mixing up x and y: Remember, x comes first and y comes second.

  	Moving in the wrong direction: Negative x means left, and negative y means down.

  	Putting axis points in quadrants: If x = 0 or y = 0, the point is on an axis.

  	Starting somewhere other than the origin: Always begin at (0,0) when plotting.




8. Quick guide for quadrants


  	Quadrant I: right and up →(+,+)

  	Quadrant II: left and up →(−,+)

  	Quadrant III: left and down →(−,−)

  	Quadrant IV: right and down →(+,−)




A simple way to remember is:


  	Start in the top right with all positive.

  	Move counterclockwise around the plane.




[image: 📋]   Summary


The four-quadrant coordinate plane is made by the horizontal x-axis and the vertical y-axis. These axes meet at the origin, (0,0), and divide the plane into four quadrants.


Every point is written as an ordered pair, (x,y). The x-value tells left or right movement, and the y-value tells up or down movement.


By looking at whether each coordinate is positive, negative, or 0, you can tell whether a point is in Quadrant I, II, III, IV, on an axis, or at the origin.


  
  Put what you read to the test

  You've worked through Structure of the Four-Quadrant Coordinate Plane. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2191






  [image: 📝]   Lesson 82: Plotting Ordered Pairs in All Quadrants
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  Plotting Ordered Pairs in All Quadrants


Have you ever used a map with a grid to find an exact location? The coordinate plane works in a similar way. It helps us show exactly where a point is by using a pair of numbers called an ordered pair.


In this lesson, you will learn how to read and plot ordered pairs on the coordinate plane in all four quadrants. By the end, you should be able to find points like (3,2), (−4,5), (−2,−3), and (6,−1).


1. What is the coordinate plane?


The coordinate plane is a flat grid made by two number lines that cross.



	The x-axis is the horizontal number line.

	The y-axis is the vertical number line.

	They cross at (0,0), which is called the origin.




The coordinate plane is divided into 4 sections called quadrants.



	Quadrant I: top right

	Quadrant II: top left

	Quadrant III: bottom left

	Quadrant IV: bottom right




You can remember the order by starting in the top right and moving counterclockwise: I, II, III, IV.


2. What is an ordered pair?


An ordered pair is written like this:


(x,y)


The first number tells how far to move left or right on the x-axis. The second number tells how far to move up or down on the y-axis.



	If the x-value is positive, move right.

	If the x-value is negative, move left.

	If the y-value is positive, move up.

	If the y-value is negative, move down.




Important: The order matters. (2,5) is not the same point as (5,2).


3. How to plot an ordered pair


To plot a point (x,y), follow these steps:



	Start at the origin, (0,0).

	Look at the x-value first and move left or right.

	Then look at the y-value and move up or down.

	Place a dot where you land.




Always remember: x first, then y.


4. Signs in each quadrant


The signs of the coordinates help you know which quadrant a point is in.



	Quadrant I: (+,+)

	Quadrant II: (−,+)

	Quadrant III: (−,−)

	Quadrant IV: (+,−)




For example:


	(4,3) is in Quadrant I because both numbers are positive.

	(−4,3) is in Quadrant II because x is negative and y is positive.

	(−4,−3) is in Quadrant III because both numbers are negative.

	(4,−3) is in Quadrant IV because x is positive and y is negative.




5. Points on the axes


Not every point is in a quadrant. Some points lie on an axis.



	If the y-value is 0, the point is on the x-axis.

	If the x-value is 0, the point is on the y-axis.

	The point (0,0) is the origin.




Examples:


	(5,0) is on the x-axis.

	(0,−2) is on the y-axis.

	(0,0) is the origin.




Worked Example 1: Plot a point in Quadrant I


Plot the point (3,4).


Step 1: Start at (0,0).

Step 2: The x-value is 3, so move 3 units to the right.

Step 3: The y-value is 4, so move 4 units up.

Step 4: Put a dot there.


The point (3,4) is in Quadrant I.


Worked Example 2: Plot a point in Quadrant II


Plot the point (−2,5).


Step 1: Start at the origin.

Step 2: The x-value is −2, so move 2 units to the left.

Step 3: The y-value is 5, so move 5 units up.

Step 4: Put a dot there.


The point (−2,5) is in Quadrant II.


Worked Example 3: Plot a point in Quadrant III


Plot the point (−4,−3).


Step 1: Start at (0,0).

Step 2: The x-value is −4, so move 4 units left.

Step 3: The y-value is −3, so move 3 units down.

Step 4: Put a dot there.


The point (−4,−3) is in Quadrant III.


Worked Example 4: Plot a point in Quadrant IV and identify it


Plot the point (6,−2).


Step 1: Start at the origin.

Step 2: The x-value is 6, so move 6 units right.

Step 3: The y-value is −2, so move 2 units down.

Step 4: Put a dot there.


The point (6,−2) is in Quadrant IV.


6. How to name a point from a graph


Sometimes a point is already plotted on the graph, and you need to write its ordered pair.


To do this:


	Start at the origin.

	Count how far the point is left or right. That is the x-value.

	Then count how far the point is up or down. That is the y-value.

	Write the point as (x,y).




For example, if a point is 3 units left and 2 units down from the origin, its coordinates are:

(−3,−2)


7. Common mistakes to avoid



	Switching the numbers: Remember, x comes first and y comes second.

	Starting somewhere other than the origin: Always begin at (0,0).

	Moving the wrong direction: Positive x means right, negative x means left, positive y means up, and negative y means down.

	Forgetting about signs: A negative sign changes the direction.




8. Quick check with mental practice


Try to decide where each point goes before plotting it.



	(2,3): right 2, up 3, so it is in Quadrant I

	(−5,1): left 5, up 1, so it is in Quadrant II

	(−1,−4): left 1, down 4, so it is in Quadrant III

	(4,−6): right 4, down 6, so it is in Quadrant IV

	(0,7): on the y-axis

	(−3,0): on the x-axis




9. Helpful memory tips



	x first, then y

	Across first, then up or down

	Start at the origin every time

	Use the signs to find the quadrant




[image: 📋]   Summary


An ordered pair tells the exact location of a point on the coordinate plane. The first number, x, tells left or right, and the second number, y, tells up or down. By starting at the origin and following the ordered pair carefully, you can plot points in any of the four quadrants or on an axis.


When you see a point, check the signs of the coordinates to help identify its quadrant. With practice, plotting ordered pairs becomes a quick and useful skill in both algebra and geometry.


  
  Put what you read to the test

  You've worked through Plotting Ordered Pairs in All Quadrants. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2192
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  Reflecting Points Across Axes


In this lesson, you will learn how to reflect points on the coordinate plane across the x-axis and the y-axis.


A reflection is like looking at a shape or point in a mirror. The reflected point ends up the same distance from the axis as the original point, but on the opposite side.


To understand reflections, we first need to remember how the coordinate plane works. A point is written as an ordered pair \,(x,y). The first number tells how far to move left or right, and the second number tells how far to move up or down.


For example, the point \,(3,2) means move 3 units to the right and 2 units up. The point \,(−4,1) means move 4 units to the left and 1 unit up.


The x-axis is the horizontal axis. It goes left and right. Every point on the x-axis has a y-coordinate of 0.


The y-axis is the vertical axis. It goes up and down. Every point on the y-axis has an x-coordinate of 0.


When you reflect a point, one coordinate stays the same and the other coordinate changes sign.


Reflection across the x-axis: the x-coordinate stays the same, and the y-coordinate changes to its opposite.


Rule:


(x,y)→(x,−y)


This means a point above the x-axis moves the same distance below it, or a point below the x-axis moves the same distance above it.


Reflection across the y-axis: the y-coordinate stays the same, and the x-coordinate changes to its opposite.


Rule:


(x,y)→(−x,y)


This means a point to the right of the y-axis moves the same distance to the left, or a point to the left of the y-axis moves the same distance to the right.


Here is a helpful way to remember:



  	x-axis: change the y

  	y-axis: change the x




You can also think about it this way: the axis you reflect across acts like a mirror. The point keeps the same distance from that mirror line.


Worked Example 1


Reflect the point \,(4,3) across the x-axis.


Use the rule for the x-axis:


(x,y)→(x,−y)


The x-coordinate stays 4. The y-coordinate changes from 3 to \,−3.


So the reflected point is:


(4,3)→(4,−3)


Worked Example 2


Reflect the point \,(−2,5) across the y-axis.


Use the rule for the y-axis:


(x,y)→(−x,y)


The x-coordinate changes from \,−2 to 2. The y-coordinate stays 5.


So the reflected point is:


(−2,5)→(2,5)


Worked Example 3


Reflect the point \,(−6,−1) across the x-axis.


The x-coordinate stays the same. The y-coordinate changes sign.


(−6,−1)→(−6,1)


Even though the y-coordinate is already negative, it still changes to its opposite.


Worked Example 4


A triangle has a vertex at \,(1,4), another at \,(3,2), and another at \,(2,5). Reflect the triangle across the y-axis.


Reflect each point one at a time using \,(x,y)→(−x,y).



  	(1,4)→(−1,4)

  	(3,2)→(−3,2)

  	(2,5)→(−2,5)




So the reflected triangle has vertices at:


(−1,4), (−3,2), (−2,5)


This shows that to reflect a whole figure, you reflect every point in the figure.


Points on an Axis


If a point is already on the axis you are reflecting across, it does not move.



  	If a point is on the x-axis, then \,y=0.

  	If a point is on the y-axis, then \,x=0.




For example, reflect \,(5,0) across the x-axis.


Using the rule gives:


(5,0)→(5,0)


The point stays in the same place because it is already on the x-axis.


Common Mistakes to Avoid



  	Do not change both coordinates when reflecting across just one axis.

  	Across the x-axis, only the y-value changes.

  	Across the y-axis, only the x-value changes.

  	Be careful with negative numbers. Changing sign means positive becomes negative, and negative becomes positive.




Quick Check



  	Reflect \,(2,−7) across the x-axis: \,(2,7)

  	Reflect \,(2,−7) across the y-axis: \,(−2,−7)

  	Reflect \,(−4,0) across the x-axis: \,(−4,0)




[image: 📋]   Summary


Reflecting a point means flipping it across an axis like a mirror image.



  	Across the x-axis: (x,y)→(x,−y)

  	Across the y-axis: (x,y)→(−x,y)




Remember: x-axis changes y, and y-axis changes x. If you reflect a figure, reflect each point in the figure using the same rule.


  
  Put what you read to the test

  You've worked through Reflecting Points Across Axes. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2193
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  Calculating Distance on the Coordinate Plane


The coordinate plane is a grid made from two number lines. One number line goes left and right. This is the x-axis. The other number line goes up and down. This is the y-axis.


A point on the coordinate plane is written as an ordered pair, like (3,5). The first number tells how far to move left or right on the x-axis. The second number tells how far to move up or down on the y-axis.


In this lesson, you will learn how to find the distance between two points when they are lined up horizontally or vertically. This means the points share the same x-coordinate or the same y-coordinate.


Main Idea: If two points are on the same horizontal or vertical line, you can find the distance by subtracting the coordinates that are different and taking the absolute value.


Absolute value means the distance from 0 on a number line, so it is always positive or 0. For example:



  	∣5∣=5

  	∣−5∣=5

  	∣3−8∣=∣−5∣=5




When the points are horizontal:


  	The y-coordinates are the same.

  	You find the distance by comparing the x-coordinates.

  	Use: distance=∣x2−x1∣




When the points are vertical:


  	The x-coordinates are the same.

  	You find the distance by comparing the y-coordinates.

  	Use: distance=∣y2−y1∣




You can think of this as counting how many units apart the points are on a straight line. If the points go left and right, compare the x-values. If the points go up and down, compare the y-values.


How to decide what to do:


  	Look at the two points.

  	Check whether the x-values are the same or the y-values are the same.

  	If the y-values are the same, subtract the x-values.

  	If the x-values are the same, subtract the y-values.

  	Take the absolute value so the answer is positive.




Worked Example 1: Horizontal Distance

Find the distance between (2,4) and (7,4).


Step 1: Look at the coordinates. Both points have the same y-coordinate: 4.

That means the points are on a horizontal line.


Step 2: Subtract the x-coordinates and use absolute value.

∣7−2∣=∣5∣=5


Answer: The distance is 5 units.


Worked Example 2: Vertical Distance

Find the distance between (−3,1) and (−3,6).


Step 1: Both points have the same x-coordinate: −3.

That means the points are on a vertical line.


Step 2: Subtract the y-coordinates and use absolute value.

∣6−1∣=∣5∣=5


Answer: The distance is 5 units.


Worked Example 3: Using Negative Numbers

Find the distance between (−4,−2) and (3,−2).


Step 1: The y-coordinates are the same: −2.

So the points are horizontal.


Step 2: Subtract the x-coordinates.

∣3−(−4)∣=∣3+4∣=∣7∣=7


Answer: The distance is 7 units.


This example shows why absolute value is helpful. Even when coordinates are negative, distance is still a positive number.


Worked Example 4: Vertical Distance with Negative Numbers

Find the distance between (5,−3) and (5,4).


Step 1: The x-coordinates are the same: 5.

So the points are vertical.


Step 2: Subtract the y-coordinates.

∣4−(−3)∣=∣4+3∣=∣7∣=7


Answer: The distance is 7 units.


Important Tips


  	Distance is always given in units.

  	If the points are horizontal, compare the x-values.

  	If the points are vertical, compare the y-values.

  	Use absolute value so your answer is not negative.

  	You can subtract in either order because absolute value makes the result positive.




Common Mistakes to Avoid


  	Mistake 1: Subtracting the wrong coordinates. Always check which coordinates are the same first.

  	Mistake 2: Forgetting absolute value. Distance cannot be negative.

  	Mistake 3: Mixing up horizontal and vertical lines.




For example, if you want the distance between (1,8) and (1,2), do not subtract the x-coordinates. The x-coordinates are the same, so you must subtract the y-coordinates:

∣8−2∣=6


Quick Check


  	Distance between (0,3) and (6,3): ∣6−0∣=6

  	Distance between (−2,−5) and (−2,1): ∣1−(−5)∣=6




[image: 📋]   Summary

To find the distance between two points on the coordinate plane, first see whether the points are horizontal or vertical. If the points have the same y-coordinate, find the absolute difference of the x-coordinates. If the points have the same x-coordinate, find the absolute difference of the y-coordinates.


In short:


  	Same y-coordinate: distance=∣x2−x1∣

  	Same x-coordinate: distance=∣y2−y1∣




With practice, you will get faster at spotting whether to compare x-values or y-values. Remember: distance is how far apart points are, so the answer should always be positive.


  
  Put what you read to the test

  You've worked through Calculating Distance on the Coordinate Plane. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2194
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  Drawing and Analyzing Polygons on the Grid


In this lesson, you will learn how to plot points on a coordinate grid, connect those points to make polygons, and use the coordinates to study the shape.


A polygon is a closed shape made of straight sides. Examples include triangles, rectangles, squares, and pentagons.


When a polygon is drawn on a coordinate plane, each corner of the shape is called a vertex. The plural of vertex is vertices.


By looking at the coordinates of the vertices, you can:


  	draw the polygon correctly,

  	find missing vertices,

  	find side lengths when sides are horizontal or vertical,

  	and calculate the perimeter.




1. Review of the Coordinate Plane


A coordinate plane is a grid made by two number lines:


  	the x-axis, which goes left and right,

  	the y-axis, which goes up and down.




The point where the axes cross is called the origin. Its coordinates are (0,0).


Every point is named with an ordered pair (x,y):


  	The x-coordinate tells how far to move left or right.

  	The y-coordinate tells how far to move up or down.




To plot (3,2), start at the origin, move 3 units right, then 2 units up.


To plot (−4,1), start at the origin, move 4 units left, then 1 unit up.


2. How to Draw a Polygon on the Grid


To draw a polygon from coordinates, follow these steps:


  	Plot each given point carefully.

  	Label the points with letters if needed.

  	Connect the points in the order given.

  	Make sure the last point connects back to the first point so the shape is closed.




If the points are not connected in the correct order, you may get the wrong shape.


3. Finding Side Lengths on the Grid


In 6th Grade, the easiest side lengths to find are horizontal and vertical sides.


A horizontal side goes left to right. Its endpoints have the same y-coordinate.


To find the length of a horizontal side, subtract the x-coordinates:

length=∣x2−x1∣


A vertical side goes up and down. Its endpoints have the same x-coordinate.


To find the length of a vertical side, subtract the y-coordinates:

length=∣y2−y1∣


The absolute value bars mean the distance is always positive.


For example:


  	From (2,5) to (7,5), the side is horizontal, and the length is ∣7−2∣=5.

  	From (4,1) to (4,6), the side is vertical, and the length is ∣6−1∣=5.




4. Finding Perimeter


The perimeter of a polygon is the total distance around it.


To find perimeter:


  	Find the length of each side.

  	Add the side lengths together.




If a rectangle has side lengths 6 and 4, then its perimeter is:

6+4+6+4=20


5. Finding Missing Vertices


Sometimes a problem gives some vertices of a polygon and asks for the missing one.


When the shape is a rectangle or square with sides parallel to the axes:


  	points on the same vertical side share the same x-coordinate,

  	points on the same horizontal side share the same y-coordinate.




This helps you figure out the missing point by matching x-values and y-values.


For example, if three vertices of a rectangle are (1,2), (1,6), and (5,6), then the missing vertex must be (5,2).


Why? The left side uses x=1, the right side uses x=5, the top uses y=6, and the bottom uses y=2.


Worked Example 1: Drawing a Triangle


Plot the points A(1,1), B(5,1), and C(3,4). Then connect them to make a polygon.


Step 1: Plot each point.


  	A(1,1): right 1, up 1

  	B(5,1): right 5, up 1

  	C(3,4): right 3, up 4




Step 2: Connect A to B, B to C, and C back to A.


Result: The polygon is a triangle.


Notice that A and B have the same y-coordinate, so side AB is horizontal.


The length of AB is:

∣5−1∣=4


Worked Example 2: Rectangle and Perimeter


Draw rectangle PQRS with vertices P(2,2), Q(8,2), R(8,5), and S(2,5). Find its perimeter.


Step 1: Plot the points and connect them in order.


Step 2: Find the side lengths.


Side PQ is horizontal because both points have y=2.

PQ=∣8−2∣=6


Side QR is vertical because both points have x=8.

QR=∣5−2∣=3


Opposite sides of a rectangle are equal, so:


  	RS=6

  	SP=3




Step 3: Add all side lengths.

6+3+6+3=18


Answer: The perimeter is 18 units.


Worked Example 3: Finding a Missing Vertex


Three vertices of a rectangle are A(4,1), B(4,6), and C(9,6). Find the fourth vertex.


Step 1: Look at the x-coordinates.


  	A and B both have x=4, so they form a vertical side.

  	C has x=9, so the opposite vertical side must use x=9.




Step 2: Look at the y-coordinates.


  	B and C both have y=6, so they form a horizontal side.

  	The bottom side must use the same y-coordinate as point A, which is y=1.




Step 3: Combine the needed coordinates.

The missing vertex is (9,1).


Answer: The fourth vertex is (9,1).


Worked Example 4: Drawing and Analyzing a Polygon


Plot the vertices M(1,3), N(6,3), O(6,7), and P(1,7). Then name the polygon and find its perimeter.


Step 1: Plot and connect the points in order.


Step 2: Decide what kind of polygon it is.


MN and OP are horizontal. NO and PM are vertical. Opposite sides are equal, and all angles are right angles, so the polygon is a rectangle.


Step 3: Find side lengths.

MN=∣6−1∣=5

NO=∣7−3∣=4


So the perimeter is:

5+4+5+4=18


Answer: The polygon is a rectangle with perimeter 18 units.


Tips for Success


  	Always read coordinates in the correct order: (x,y).

  	Move left or right first, then up or down.

  	Check whether a side is horizontal or vertical before finding its length.

  	Use absolute value so lengths are positive.

  	When finding a missing vertex, match x-values for vertical sides and y-values for horizontal sides.

  	Make sure the polygon is closed.




Common Mistakes to Avoid


  	Mixing up x and y: (2,5) is not the same point as (5,2).

  	Counting spaces incorrectly: each grid square usually represents 1 unit.

  	Forgetting the last side: perimeter must include every side.

  	Subtracting in the wrong direction without absolute value: distance cannot be negative.




Quick Check


  	If points (2,4) and (7,4) are connected, is the side horizontal or vertical?

  	What is the length of the side from (3,1) to (3,8)?

  	What is the missing vertex of a rectangle with vertices (0,0), (0,5), and (6,5)?




Answers:


  	Horizontal, because the y-coordinates are the same.

  	∣8−1∣=7, so the length is 7 units.

  	The missing vertex is (6,0).




[image: 📋]   Summary


Polygons on a coordinate plane are made by plotting vertices and connecting them in order. You can use the coordinates to identify horizontal and vertical sides, find side lengths, and calculate perimeter.


When a vertex is missing, look for matching x-coordinates and y-coordinates to complete the shape. With careful plotting and checking, you can draw and analyze polygons correctly.


  
  Put what you read to the test

  You've worked through Drawing and Analyzing Polygons on the Grid. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2195






  
    
  [image: 📖]   Chapter 12

  2D Geometry: Angles, Shapes, and Area
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  Angle Measurement and Relationships


Angles are everywhere. You can see them in the corners of a book, the hands of a clock, and where two roads meet. In geometry, an angle is formed when two rays meet at one endpoint.


In this lesson, you will learn how to measure angles and how to use angle relationships to find missing angle measures. These relationships help us solve problems even when we do not know every angle right away.


1. What is an angle?


An angle is made of two rays that share a common endpoint. The common endpoint is called the vertex.


Angles are measured in degrees, written with the symbol \,^\circ. For example, an angle measuring 45 degrees is written as 45[image: °].


2. Types of angles by size



  	Acute angle: less than 90[image: °]

  	Right angle: exactly 90[image: °]

  	Obtuse angle: greater than 90[image: °] but less than 180[image: °]

  	Straight angle: exactly 180[image: °]




These angle types help us describe what an angle looks like and check whether an answer makes sense.


3. Measuring angles with a protractor


A protractor is a tool used to measure angles. It is usually shaped like a half-circle and marked with degrees from 0[image: °] to 180[image: °].


To measure an angle:



  	Place the center point of the protractor on the angle's vertex.

  	Line up one ray with the 0[image: °] line on the protractor.

  	Look at where the other ray crosses the numbered scale.

  	Read the correct scale carefully.




Many protractors have two sets of numbers. Start from the side where the ray lines up with 0[image: °]. Then follow that scale to the other ray.


4. Important angle relationships


Some angles are connected in special ways. If you know one angle, you can often find another.



  	Adjacent angles: two angles that share a side and a vertex and are next to each other

  	Vertical angles: opposite angles formed by two intersecting lines

  	Complementary angles: two angles whose measures add to 90[image: °]

  	Supplementary angles: two angles whose measures add to 180[image: °]




Adjacent angles are side by side. They do not overlap.


Vertical angles are always equal. If one vertical angle measures 70[image: °], the angle across from it also measures 70[image: °].


Complementary angles make a right angle together. So their total is always:


a+b=90

Supplementary angles make a straight angle together. So their total is always:


a+b=180

5. Using equations to find unknown angles


Sometimes an unknown angle is shown with a letter, like x. We can use what we know about angle relationships to write an equation and solve it.


For example, if two angles are complementary and one angle is 32[image: °], then:


x+32=90

Subtract 32 from both sides:


x=58

So the missing angle is 58[image: °].


6. Worked Examples


Example 1: Measuring and naming an angle


A protractor shows that an angle measures 40[image: °].


What type of angle is it?


Since 40[image: °] is less than 90[image: °], it is an acute angle.


Answer: 40[image: °], acute angle


Example 2: Complementary angles


Two angles are complementary. One angle measures 27[image: °]. Find the other angle.


Complementary angles add to 90[image: °], so write:


x+27=90

Now solve:


x=90−27
x=63

Answer: The missing angle is 63[image: °].


Example 3: Supplementary angles


Two angles form a straight line. One angle measures 115[image: °]. Find the other angle.


Angles on a straight line are supplementary, so they add to 180[image: °]:


x+115=180

Solve:


x=180−115
x=65

Answer: The missing angle is 65[image: °].


Example 4: Vertical angles with a variable


Two lines cross. One angle is labeled (3x+10)[image: °]. The vertical angle across from it is labeled 70[image: °]. Find x.


Vertical angles are equal, so:


3x+10=70

Subtract 10 from both sides:


3x=60

Divide both sides by 3:


x=20

Now check the angle measure:


3(20)+10=60+10=70

Answer: x=20


7. Tips for solving angle problems



  	First decide what kind of angle relationship you see.

  	If angles are vertical, set them equal.

  	If angles are complementary, add them to get 90[image: °].

  	If angles are supplementary, add them to get 180[image: °].

  	Check whether your answer is reasonable. For example, an acute angle should be less than 90[image: °].




8. Common mistakes to avoid



  	Mixing up complementary and supplementary angles

  	Reading the wrong scale on a protractor

  	Forgetting that vertical angles are equal

  	Forgetting to include the degree symbol in angle measures




9. Quick review



  	Angles are measured in degrees.

  	Acute angles are less than 90[image: °].

  	Right angles are exactly 90[image: °].

  	Obtuse angles are between 90[image: °] and 180[image: °].

  	Straight angles are exactly 180[image: °].

  	Vertical angles are equal.

  	Complementary angles add to 90[image: °].

  	Supplementary angles add to 180[image: °].




[image: 📋]   Summary


Angle measurement helps us describe how wide an angle opens. By using a protractor and understanding angle relationships, you can find missing angle measures.


Remember these key facts: vertical angles are equal, complementary angles add to 90[image: °], and supplementary angles add to 180[image: °]. These rules make solving angle problems much easier.


  
  Put what you read to the test

  You've worked through Angle Measurement and Relationships. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2196
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  Lesson: Classifying Triangles and the Triangle Inequality Theorem


Triangles are one of the most important shapes in geometry. A triangle has 3 sides, 3 angles, and 3 vertices (corner points).


In this lesson, you will learn two big ideas:


  	how to classify triangles by their sides and by their angles

  	how to use the Triangle Inequality Theorem to decide whether 3 side lengths can make a triangle




These skills help you describe triangles correctly and check whether a triangle is even possible.


1. Classifying triangles by side lengths


Triangles can be grouped by how many sides are the same length.



  	Equilateral triangle: all 3 sides are equal

  	Isosceles triangle: exactly 2 sides are equal

  	Scalene triangle: no sides are equal




Examples:


  	Sides: 5,5,5 [image: →] equilateral

  	Sides: 7,7,4 [image: →] isosceles

  	Sides: 3,4,5 [image: →] scalene




A quick way to classify by sides is to look for matches:


  	3 matching sides [image: →] equilateral

  	2 matching sides [image: →] isosceles

  	0 matching sides [image: →] scalene




2. Classifying triangles by angle size


Triangles can also be grouped by the sizes of their angles.



  	Acute triangle: all 3 angles are less than 90[image: °]

  	Right triangle: one angle is exactly 90[image: °]

  	Obtuse triangle: one angle is greater than 90[image: °]




Remember:


  	An acute angle is less than 90[image: °].

  	A right angle is exactly 90[image: °].

  	An obtuse angle is greater than 90[image: °].




Examples:


  	Angles: 60[image: °],60[image: °],60[image: °] [image: →] acute

  	Angles: 30[image: °],60[image: °],90[image: °] [image: →] right

  	Angles: 100[image: °],40[image: °],40[image: °] [image: →] obtuse




Important fact: the angles in any triangle always add up to 180[image: °].


That means if you know two angles, you can find the third angle.


For example, if a triangle has angles 50[image: °] and 60[image: °], then the third angle is


180[image: °]−50[image: °]−60[image: °]=70[image: °]

So the triangle is acute, because all three angles are less than 90[image: °].


3. A triangle can have two names


A triangle can be classified by sides and by angles at the same time.


For example:


  	A triangle with sides 5,5,8 is isosceles by sides.

  	If one of its angles is greater than 90[image: °], it is also obtuse by angles.




So one triangle might be called an isosceles obtuse triangle or a scalene right triangle.


4. The Triangle Inequality Theorem


Not every set of 3 numbers can make a triangle. The side lengths must follow a rule called the Triangle Inequality Theorem.


Triangle Inequality Theorem: In any triangle, the sum of any two side lengths must be greater than the third side length.


If the side lengths are a, b, and c, then all three of these must be true:


a+b>c
a+c>b
b+c>a

The key words are greater than. If the sum is equal to the third side, that does not make a triangle.


Why does this rule make sense?


Imagine trying to connect two short sides to reach across one very long side. If the two short sides together are not longer than the long side, they cannot bend enough to make a closed shape. So no triangle can form.


5. An easier way to check


A quick strategy is to look at the longest side. If the sum of the two shorter sides is greater than the longest side, then the other two checks will also work.


For example, with side lengths 4, 6, and 9:



  	Longest side is 9

  	Check: 4+6=10

  	Since 10>9, these side lengths can make a triangle




But if the side lengths are 2, 3, and 5:


  	Longest side is 5

  	Check: 2+3=5

  	Since 5 is not greater than 5, these side lengths cannot make a triangle




6. Worked Examples


Example 1: Classify a triangle by sides


A triangle has side lengths 8, 8, and 5. What type of triangle is it by sides?


Step 1: Look for equal side lengths.


  	Two sides are 8 and 8

  	One side is 5




Step 2: Decide the type.


Because exactly two sides are equal, this is an isosceles triangle.


Example 2: Classify a triangle by angles


A triangle has angles 90[image: °], 55[image: °], and 35[image: °]. What type of triangle is it by angles?


Step 1: Look for a right angle.


  	One angle is 90[image: °]




Step 2: Decide the type.


If a triangle has one angle of 90[image: °], it is a right triangle.


Example 3: Find the missing angle and classify


A triangle has angles 45[image: °] and 45[image: °]. Find the third angle and classify the triangle by angles.


Step 1: Use the fact that triangle angles add to 180[image: °].


180[image: °]−45[image: °]−45[image: °]=90[image: °]

Step 2: Identify the triangle type.


Since one angle is 90[image: °], the triangle is a right triangle.


Extra note: Because two angles are equal, the triangle is also isosceles by sides. So it is an isosceles right triangle.


Example 4: Use the Triangle Inequality Theorem


Can side lengths 3, 4, and 8 make a triangle?


Step 1: Find the longest side.


  	The longest side is 8




Step 2: Add the two shorter sides.


3+4=7

Step 3: Compare the sum to the longest side.


  	Is 7>8? No.




Since the sum of the two shorter sides is not greater than the longest side, these lengths cannot make a triangle.


7. Common mistakes to avoid



  	Mixing up side names and angle names
Equilateral, isosceles, and scalene describe sides. Acute, right, and obtuse describe angles.

  	Forgetting that the angle sum is 180[image: °]
Always use 180[image: °] to find a missing angle in a triangle.

  	Using equal to instead of greater than
In the Triangle Inequality Theorem, the sum must be greater than the third side, not just equal to it.

  	Only checking whether the numbers look close
Always do the addition to be sure.




8. Quick practice ideas



  	Sides 6,6,6 [image: →] equilateral

  	Sides 4,4,7 [image: →] isosceles

  	Sides 2,5,9 [image: →] not a triangle, because 2+5=7 and 7 is not greater than 9

  	Angles 80[image: °],70[image: °],30[image: °] [image: →] acute

  	Angles 110[image: °],40[image: °],30[image: °] [image: →] obtuse




[image: 📋]   Summary


Triangles can be classified in two ways. By sides, they are equilateral, isosceles, or scalene. By angles, they are acute, right, or obtuse.


Also, three side lengths can only form a triangle if the sum of any two side lengths is greater than the third side length. This is the Triangle Inequality Theorem.


If you remember these rules, you will be able to describe triangles correctly and decide whether a triangle is possible.


  
  Put what you read to the test

  You've worked through Classifying Triangles and the Triangle Inequality Theorem. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2197
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  Lesson: The Sum of Interior Angles in a Triangle


Triangles are one of the most important shapes in geometry. No matter what kind of triangle you draw, it always has 3 sides, 3 vertices, and 3 interior angles.


In this lesson, you will learn a very important rule: the interior angles in any triangle always add up to 180 degrees.


This means that if you know two angles in a triangle, you can figure out the third one.


What are interior angles?


Interior angles are the angles inside a shape. In a triangle, the three corners each make one interior angle.


If a triangle has angles labeled A, B, and C, then the rule is:


A+B+C=180[image: °]

This is true for every triangle:


  	small triangles

  	large triangles

  	skinny triangles

  	wide triangles

  	right triangles

  	acute triangles

  	obtuse triangles




Why is the sum always 180 degrees?


A straight line measures 180[image: °]. If you look at the three interior angles of a triangle in the right way, they fit together to make a straight angle. That is why their total is always 180[image: °].


You do not have to prove this every time, but it is important to remember the rule:


Angle 1+Angle 2+Angle 3=180[image: °]

How to find a missing angle


If you know two angles in a triangle, you can find the missing angle in two steps:



  	Add the two known angles.

  	Subtract that sum from 180[image: °].




In symbols:


Missing angle=180[image: °]−(angle 1+angle 2)

Worked Example 1


A triangle has angles of 50[image: °] and 60[image: °]. Find the third angle.


Step 1: Add the known angles.


50[image: °]+60[image: °]=110[image: °]

Step 2: Subtract from 180[image: °].


180[image: °]−110[image: °]=70[image: °]

Answer: The third angle is 70[image: °].


Check:


50[image: °]+60[image: °]+70[image: °]=180[image: °]

Worked Example 2


A triangle has angles of 90[image: °] and 35[image: °]. Find the third angle.


Step 1: Add the known angles.


90[image: °]+35[image: °]=125[image: °]

Step 2: Subtract from 180[image: °].


180[image: °]−125[image: °]=55[image: °]

Answer: The third angle is 55[image: °].


Check:


90[image: °]+35[image: °]+55[image: °]=180[image: °]

This triangle is a right triangle because one angle is 90[image: °]. Even in a right triangle, the angle sum is still 180[image: °].


Worked Example 3


A triangle has angles of x, 65[image: °], and 75[image: °]. Find x.


Use the triangle angle sum rule:


x+65[image: °]+75[image: °]=180[image: °]

Add the known angles:


65[image: °]+75[image: °]=140[image: °]

Now solve for x:


x=180[image: °]−140[image: °]

x=40[image: °]

Answer: x=40[image: °]


Worked Example 4


A triangle has two equal angles. One of them is 48[image: °]. Find all three angles.


If two angles are equal and one is 48[image: °], then the other equal angle is also 48[image: °].


Add those two angles:


48[image: °]+48[image: °]=96[image: °]

Subtract from 180[image: °] to find the third angle:


180[image: °]−96[image: °]=84[image: °]

Answer: The three angles are 48[image: °], 48[image: °], and 84[image: °].


Important ideas to remember



  	The angles inside a triangle are called interior angles.

  	The sum of the interior angles in any triangle is always 180[image: °].

  	To find a missing angle, subtract the sum of the known angles from 180[image: °].

  	Your final three angles should add up to 180[image: °].




Common mistakes



  	Forgetting to subtract from 180: First add the known angles, then subtract.

  	Adding incorrectly: Be careful when adding the two known angles.

  	Using an answer that is too large: A missing angle in a triangle must make the total exactly 180[image: °].

  	Mixing up interior and outside angles: This lesson is about angles inside the triangle.




Quick practice



  	A triangle has angles 40[image: °] and 80[image: °]. What is the third angle?

  	A triangle has angles 90[image: °] and 40[image: °]. What is the third angle?

  	A triangle has angles x, 30[image: °], and 100[image: °]. Find x.




Answers to quick practice



  	180[image: °]−(40[image: °]+80[image: °])=60[image: °]

  	180[image: °]−(90[image: °]+40[image: °])=50[image: °]

  	x=180[image: °]−(30[image: °]+100[image: °])=50[image: °]




[image: 📋]   Summary


The three interior angles of any triangle always add up to 180[image: °]. This rule works for every type of triangle.


When you know two angles, add them together and subtract from 180[image: °] to find the missing angle. Always check by making sure all three angles total 180[image: °].


  
  Put what you read to the test

  You've worked through The Sum of Interior Angles in a Triangle. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2198
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  Quadrilateral Properties and Hierarchy


A quadrilateral is a polygon with 4 sides, 4 angles, and 4 vertices.


In this lesson, you will learn how to identify different kinds of quadrilaterals by looking at their sides and angles. You will also learn how these shapes fit into a hierarchy, which means an organized family tree of shapes.


When classifying quadrilaterals, we pay attention to these important properties:


	Parallel sides: lines that never meet

	Congruent sides: sides that have the same length

	Right angles: angles that measure 90[image: °]




One useful fact is that the sum of the inside angles of any quadrilateral is:

360[image: °]


This fact helps us check whether angle measures in a quadrilateral make sense.


1. The general quadrilateral


A general quadrilateral is any 4-sided shape. It does not need to have parallel sides, equal sides, or right angles.


So, every square is a quadrilateral, every rectangle is a quadrilateral, and every rhombus is a quadrilateral. But not every quadrilateral is one of those special shapes.


2. Trapezoid


A trapezoid is a quadrilateral with at least one pair of parallel sides.


The parallel sides are called the bases. The other two sides are called the legs.


Example of what to look for:


	1 pair of parallel sides [image: →] trapezoid

	The other pair does not need to be parallel




3. Parallelogram


A parallelogram is a quadrilateral with 2 pairs of parallel sides.


Parallelograms have several important properties:


	Opposite sides are parallel

	Opposite sides are congruent

	Opposite angles are equal




This means if one side is 8 cm, the opposite side is also 8 cm. If one angle is 70[image: °], the opposite angle is also 70[image: °].


4. Rectangle


A rectangle is a special kind of parallelogram.


A rectangle has:


	2 pairs of parallel sides

	4 right angles




Since a rectangle is a parallelogram, it also has congruent opposite sides.


Important idea: Every rectangle is a parallelogram, but not every parallelogram is a rectangle.


5. Rhombus


A rhombus is also a special kind of parallelogram.


A rhombus has:


	2 pairs of parallel sides

	4 congruent sides




The angles in a rhombus do not have to be right angles. Some rhombuses look slanted.


Important idea: Every rhombus is a parallelogram, but not every parallelogram is a rhombus.


6. Square


A square is the most special quadrilateral in this lesson because it belongs to more than one group.


A square has:


	2 pairs of parallel sides

	4 congruent sides

	4 right angles




Because of these properties, a square is:


	a quadrilateral

	a parallelogram

	a rectangle

	a rhombus




This is an important part of the hierarchy. A square fits in all of those groups because it has all of their properties.


The hierarchy of quadrilaterals


Here is one way to organize these shapes from general to more special:


	Quadrilateral

	Trapezoid

	Parallelogram

	Rectangle

	Rhombus

	Square (both a rectangle and a rhombus)












You can think of this as a family tree. The more properties a shape has, the more special it becomes.


How to classify a quadrilateral


When you see a quadrilateral, ask these questions in order:


	Does it have 4 sides? If yes, it is a quadrilateral.

	Does it have any parallel sides?

	Does it have 2 pairs of parallel sides? If yes, it is a parallelogram.

	Does it have 4 right angles? If yes, it is a rectangle.

	Does it have 4 equal sides? If yes, it is a rhombus.

	Does it have both 4 right angles and 4 equal sides? If yes, it is a square.




Worked Example 1: Classifying by parallel sides


A shape has 4 sides. One pair of opposite sides is parallel, but the other pair is not parallel.


Step 1: It has 4 sides, so it is a quadrilateral.

Step 2: It has at least one pair of parallel sides.

Conclusion: The shape is a trapezoid.


Worked Example 2: Classifying a parallelogram


A quadrilateral has 2 pairs of parallel sides. Its side lengths are 6 cm, 9 cm, 6 cm, and 9 cm. It does not have right angles.


Step 1: With 2 pairs of parallel sides, it is a parallelogram.

Step 2: The sides are not all equal, so it is not a rhombus.

Step 3: It does not have right angles, so it is not a rectangle.

Conclusion: The most specific name is parallelogram.


Worked Example 3: Rectangle or square?


A quadrilateral has 4 right angles and side lengths 5 cm, 8 cm, 5 cm, and 8 cm.


Step 1: It has 2 pairs of equal opposite sides.

Step 2: It has 4 right angles, so it is a rectangle.

Step 3: Not all 4 sides are equal, so it is not a square.

Conclusion: The shape is a rectangle.


Worked Example 4: Using angles to classify


A quadrilateral has 4 congruent sides. One angle measures 90[image: °].


Step 1: Four congruent sides means the shape is a rhombus.

Step 2: One angle is 90[image: °]. In a parallelogram, if one angle is a right angle, then all angles are right angles.

Step 3: So this rhombus also has 4 right angles.

Conclusion: The shape is a square.


Using the angle sum of a quadrilateral


Remember that the angle sum is:

360[image: °]


If three angles of a quadrilateral are 90[image: °], 90[image: °], and 100[image: °], then the fourth angle is:

360[image: °]−(90[image: °]+90[image: °]+100[image: °])=80[image: °]


This helps you check the shape. Since not all four angles are right angles, the quadrilateral cannot be a rectangle or a square.


Common mistakes to avoid


	Thinking a square is not a rectangle. A square is a rectangle because it has 4 right angles.

	Thinking a square is not a rhombus. A square is a rhombus because it has 4 equal sides.

	Forgetting that a rectangle must have 4 right angles, not just one.

	Forgetting that a parallelogram must have 2 pairs of parallel sides.

	Mixing up equal sides and parallel sides. These are different properties.




Quick comparison chart


	Quadrilateral: any 4-sided shape

	Trapezoid: at least 1 pair of parallel sides

	Parallelogram: 2 pairs of parallel sides

	Rectangle: a parallelogram with 4 right angles

	Rhombus: a parallelogram with 4 congruent sides

	Square: a parallelogram with 4 congruent sides and 4 right angles




[image: 📋]   Summary


Quadrilaterals are 4-sided shapes. We classify them by checking parallel sides, equal side lengths, and angle measures.


The hierarchy helps us see that some shapes belong to more than one group. For example, every square is both a rectangle and a rhombus, and both of those are parallelograms.


If you classify carefully from general to special, you can name each quadrilateral correctly.


  
  Put what you read to the test

  You've worked through Quadrilateral Properties and Hierarchy. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2199
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  Area of Rectangles and Parallelograms


When we find the area of a shape, we are finding how much surface it covers.


Area is measured in square units, such as square centimeters \cm^2\, square meters \m^2\, or square inches \in^2\.


In this lesson, you will learn how to find the area of rectangles and parallelograms, and why both formulas are based on multiplying a base by a height.


1. Area of a Rectangle


A rectangle has four right angles. To find its area, multiply its length by its width.


The formula is:


A=l×w

Some books also use base and height instead of length and width. Then the formula looks like this:


A=b×h

This works because a rectangle is made of rows of equal squares.


For example, if a rectangle is 5 units long and 3 units wide, it has 3 rows of 5 squares, or 5 columns of 3 squares. Either way, the total number of square units is:


5×3=15

So the area is \15\ square units.


2. Why Multiplication Works for Rectangles


Imagine a rectangle drawn on grid paper. If it is 4 squares across and 6 squares down, then it contains 6 rows with 4 squares in each row.


You can add them:


4+4+4+4+4+4=24

Multiplication is a faster way to do the same thing:


6×4=24

So the area is \24\ square units.


3. Area of a Parallelogram


A parallelogram is a four-sided shape with two pairs of opposite sides parallel.


It may look slanted, but you can still find its area using a very similar formula:


A=b×h

Here, \b\ is the base, and \h\ is the height.


The height is the straight up-and-down distance from the base to the opposite side. It must be perpendicular to the base, which means it forms a right angle.


Important: The slanted side of a parallelogram is usually not the height.


4. Why the Parallelogram Formula Works


A parallelogram can be changed into a rectangle without changing its area.


Imagine cutting a small triangle off one side of the parallelogram and moving it to the other side. The new shape becomes a rectangle.


The rectangle has the same base and the same height as the parallelogram. Since the area of the rectangle is \b \times h\, the area of the parallelogram is also:


A=b×h

This is why both shapes use the same kind of formula.


5. Be Careful About Height


Students often make a mistake by multiplying the base by the slanted side.


For a parallelogram, you must use the perpendicular height, not just any side length.



  	Base: the side you choose to measure along the bottom

  	Height: the shortest distance straight up to the opposite side

  	Slanted side: usually not used for area unless it is also perpendicular




6. Steps for Finding Area


For both rectangles and parallelograms, you can follow these steps:



  	Identify the base.

  	Identify the height.

  	Multiply base by height.

  	Write the answer in square units.




Worked Example 1: Rectangle


Find the area of a rectangle with length 8 cm and width 5 cm.


Use the formula:


A=l×w

Substitute the numbers:


A=8×5=40

The area is 40 \cm^2\.


Worked Example 2: Rectangle on a Grid


A rectangle covers 7 squares across and 4 squares down. What is its area?


Multiply:


A=7×4=28

The area is 28 square units.


Worked Example 3: Parallelogram


A parallelogram has a base of 9 m and a height of 6 m. Find its area.


Use the formula:


A=b×h

Substitute the values:


A=9×6=54

The area is 54 \m^2\.


Worked Example 4: Watch Out for the Slanted Side


A parallelogram has a base of 10 in, a height of 4 in, and a slanted side of 6 in. What is its area?


Only the base and the perpendicular height are used.


So:


A=b×h=10×4=40

The area is 40 \in^2\.


The 6-inch slanted side is not needed.


7. Comparing Rectangle and Parallelogram Area


Suppose a rectangle and a parallelogram both have base 12 units and height 3 units.


Rectangle area:


12×3=36

Parallelogram area:


12×3=36

Even though the shapes look different, they have the same area because they have the same base and height.


8. Common Mistakes to Avoid



  	Forgetting to write square units

  	Using the slanted side instead of the height in a parallelogram

  	Adding side lengths instead of multiplying base and height

  	Mixing up area and perimeter




Remember:



  	Area tells how much space is inside a shape.

  	Perimeter tells the distance around a shape.




9. Quick Practice Ideas


Try these on your own:



  	A rectangle with length 11 cm and width 2 cm

  	A parallelogram with base 7 m and height 8 m

  	A rectangle with base 9 units and height 9 units

  	A parallelogram with base 13 in and height 5 in




Use \A = b \times h\ or \A = l \times w\.


[image: 📋]   Summary


The area of a rectangle is found by multiplying length by width:


A=l×w

The area of a parallelogram is found by multiplying base by height:


A=b×h

A parallelogram can be rearranged into a rectangle, which shows why the formula works.


Always make sure you use the perpendicular height and write your answer in square units.


  
  Put what you read to the test

  You've worked through Area of Rectangles and Parallelograms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2200
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  Area of Triangles


When we find the area of a shape, we are finding how much space is inside it. Area is measured in square units, such as square centimeters \cm^2\, square meters \m^2\, or square inches \in^2\.


In this lesson, you will learn how to find the area of a triangle and why the triangle area formula works. A triangle’s area is connected to the area of a parallelogram that has the same base and height.


Main Idea: The area of a triangle is exactly half the area of a parallelogram with the same base and height.


If a parallelogram has base \b\ and height \h\, its area is:


A=b×h

A diagonal can split that parallelogram into 2 equal triangles. So each triangle has half the area:


A=12bh

This gives us the formula for the area of a triangle:


Area of a triangle=12×base×height

Or, using variables:


A=12bh

What do base and height mean?



  	Base: any side of the triangle you choose as the bottom.

  	Height: the straight up-and-down distance from the base to the opposite vertex.




The height must be perpendicular to the base. That means it meets the base at a right angle, \90^\circ\.


Sometimes the height is inside the triangle. Sometimes it is shown outside the triangle with a dashed line. Either way, the height is always the distance straight from the base to the opposite point.


Why does the formula make sense?


Imagine two copies of the same triangle. If you put them together, they can form a parallelogram. The parallelogram has the same base and the same height as the triangle.


Since the area of the parallelogram is \b \times h\, one triangle must be half of that:


12(b×h)=12bh

This is why triangle area always uses \\frac{1}{2}\.


Steps for finding the area of a triangle



  	Find the base.

  	Find the height that matches that base.

  	Multiply base and height.

  	Take half of the product.

  	Write the answer in square units.




So the process is:


A=12bh

Important reminder: Do not use a slanted side as the height unless it is actually perpendicular to the base.


Worked Example 1: Basic triangle


A triangle has a base of \8\ cm and a height of \5\ cm. Find its area.


Use the formula:


A=12bh

Substitute the values:


A=12(8)(5)

A=12(40)

A=20

The area is \20\,cm^2\.


Worked Example 2: Larger numbers


A triangle has a base of \14\ m and a height of \9\ m. Find its area.


A=12bh

A=12(14)(9)

A=12(126)

A=63

The area is \63\,m^2\.


Worked Example 3: Understanding the parallelogram connection


A parallelogram has base \10\ cm and height \6\ cm.


First find the area of the parallelogram:


A=bh=10×6=60

If the parallelogram is cut along a diagonal, it makes 2 equal triangles.


So the area of each triangle is:


602=30

Each triangle has area \30\,cm^2\.


We can also check with the triangle formula:


A=12(10)(6)=30

The answer matches.


Worked Example 4: Choosing the correct height


A triangle has a base of \12\ in and a height of \7\ in. Another side is \9\ in. Find the area.


Even though one side is \9\ in, we only use the height that is perpendicular to the base.


So we use base \12\ in and height \7\ in:


A=12(12)(7)

A=12(84)

A=42

The area is \42\,in^2\.


Common mistakes to avoid



  	Forgetting to divide by 2.

  	Using a side length that is not the height.

  	Forgetting to write square units.

  	Mixing up area and perimeter. Area measures the space inside the triangle, not the distance around it.




Quick check


Try these on your own:



  	A triangle has base \6\ cm and height \4\ cm.

  	A triangle has base \15\ m and height \8\ m.

  	A triangle comes from half of a parallelogram with area \50\\,ft^2\. What is the triangle’s area?




Answers:



  	\A = \frac{1}{2}(6)(4) = 12\,cm^2\

  	\A = \frac{1}{2}(15)(8) = 60\,m^2\

  	\25\,ft^2\




[image: 📋]   Summary


The area of a triangle is found with the formula:


A=12bh

This formula works because a triangle is half of a parallelogram with the same base and height. To find area correctly, always use a base and the matching perpendicular height, then remember to divide by 2 and write square units.


  
  Put what you read to the test

  You've worked through Area of Triangles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2201
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  Lesson: Area of Trapezoids and Composite Polygons


In geometry, area means the amount of space inside a flat shape. We measure area in square units, such as square centimeters cm^2, square meters m^2, or square inches in^2.


In this lesson, you will learn how to find the area of a trapezoid and how to find the area of a composite polygon. A composite polygon is a shape made by joining simpler shapes, like rectangles and triangles.


These skills are useful because many real shapes are not just one simple rectangle or triangle. If you can break a shape into parts, you can find its total area.


1. What is a trapezoid?


A trapezoid is a quadrilateral with one pair of parallel sides. The parallel sides are called the bases. The distance straight up and down between the bases is called the height.


Be careful: the height must be the perpendicular distance between the bases. It is not usually one of the slanted sides.


Formula for the area of a trapezoid


To find the area of a trapezoid, add the two bases, multiply by the height, and then divide by 2.


A=(b1+b2)h2

Here:


  	b1 and b2 are the lengths of the two bases

  	h is the height

  	A is the area




You can also think of this formula as:


A=(b1+b22)h

This means: find the average of the two bases, then multiply by the height.


Why does the trapezoid formula make sense?


A trapezoid can be split into simpler shapes, like a rectangle and triangles. When those parts are added together, the formula becomes:


A=(b1+b2)h2

So even though the formula may look new, it comes from shapes you already know.


2. Steps for finding the area of a trapezoid



  	Identify the two parallel bases.

  	Find the height, the straight distance between the bases.

  	Substitute the values into the formula.

  	Simplify carefully.

  	Write the answer in square units.




Worked Example 1: Find the area of a trapezoid


A trapezoid has bases of 8 cm and 14 cm. Its height is 5 cm. Find the area.


Step 1: Write the formula.


A=(b1+b2)h2

Step 2: Substitute the numbers.


A=(8+14)(5)2

Step 3: Add inside the parentheses.


A=22⋅52

Step 4: Multiply.


A=1102

Step 5: Divide.


A=55

Answer: The area is 55 cm2.


Worked Example 2: Watch out for the height


A trapezoid has bases of 12 m and 18 m. One slanted side is 7 m, and the height is 6 m. Find the area.


The slanted side is not the height. Use the perpendicular height of 6 m.


A=(12+18)(6)2

A=30⋅62

A=1802

A=90

Answer: The area is 90 m2.


3. What is a composite polygon?


A composite polygon is a larger shape made from two or more smaller shapes. For example, a shape might be made from:


  	a rectangle and a triangle,

  	two rectangles,

  	a trapezoid and a rectangle.




To find the area of a composite polygon, you usually break it into simpler shapes whose areas you already know.


Helpful area formulas to remember



  	Rectangle: A=lw

  	Triangle: A=12bh

  	Trapezoid: A=(b1+b2)h2




4. Steps for finding the area of a composite polygon



  	Look at the shape carefully.

  	Split it into familiar shapes, such as rectangles, triangles, or trapezoids.

  	Find the area of each smaller shape.

  	Add the areas together.

  	Write the final answer in square units.




Sometimes a shape may have a missing corner or cut-out part. In that case, you can:


  	find the area of a larger simple shape, then

  	subtract the area of the missing part.




Worked Example 3: Composite polygon made of two rectangles


An L-shaped figure is made of two rectangles:


  	Rectangle 1: length 10 cm and width 4 cm

  	Rectangle 2: length 6 cm and width 3 cm




Find the total area.


Step 1: Find the area of Rectangle 1.


A1=10⋅4=40

Step 2: Find the area of Rectangle 2.


A2=6⋅3=18

Step 3: Add the areas.


Atotal=40+18=58

Answer: The total area is 58 cm2.


Worked Example 4: Composite polygon made of a rectangle and a triangle


A shape looks like a house. It has:


  	a rectangle with width 8 m and height 5 m

  	a triangle on top with base 8 m and height 3 m




Find the total area.


Step 1: Find the area of the rectangle.


Arectangle=8⋅5=40

Step 2: Find the area of the triangle.


Atriangle=12(8)(3)=12

Step 3: Add the areas.


Atotal=40+12=52

Answer: The total area is 52 m2.


5. Using subtraction with composite polygons


Sometimes a composite shape is easier to solve by thinking of it as a large rectangle with a smaller piece missing.


For example, imagine a large rectangle measuring 12 cm by 9 cm, with a small rectangle cut out that measures 4 cm by 2 cm.


Step 1: Find the area of the large rectangle.


Alarge=12⋅9=108

Step 2: Find the area of the cut-out rectangle.


Acutout=4⋅2=8

Step 3: Subtract.


Aremaining=108−8=100

Answer: The area of the composite shape is 100 cm2.


6. Tips for success



  	Always check the height. For trapezoids and triangles, the height is the straight up-and-down distance, not a slanted side.

  	Label parts clearly. Writing the lengths on a sketch can help you see which formula to use.

  	Split shapes in a smart way. Try to make rectangles, triangles, and trapezoids.

  	Use square units. Area is always measured in square units.

  	Add or subtract carefully. Composite shapes often need more than one step.




7. Common mistakes to avoid



  	Using a slanted side as the height of a trapezoid

  	Forgetting to divide by 2 in the trapezoid formula

  	Adding side lengths instead of finding area

  	Forgetting to include all parts of a composite figure

  	Leaving off the square units




8. Quick check for understanding


Try these on your own:


  	A trapezoid has bases 9 cm and 15 cm and height 4 cm. What is its area?

  	A composite figure is made of a rectangle measuring 7 m by 5 m and a triangle with base 7 m and height 2 m. What is the total area?




Answers:


1. A=(9+15)(4)2=24⋅42=48 so the area is 48 cm2.


2. Rectangle: 7⋅5=35 Triangle: 12(7)(2)=7 Total: 35+7=42 so the area is 42 m2.


[image: 📋]   Summary


The area of a trapezoid is found with the formula A=(b1+b2)h2, where the bases are the parallel sides and the height is the perpendicular distance between them.


To find the area of a composite polygon, break the figure into smaller shapes such as rectangles, triangles, and trapezoids. Find each area, then add them together, or subtract if part of the shape is missing.


When solving area problems, work carefully, use the correct height, and always write your answer in square units.


  
  Put what you read to the test

  You've worked through Area of Trapezoids and Composite Polygons. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2202
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  Area of Triangles and Parallelograms


In geometry, area means the amount of space inside a flat shape. We measure area in square units, such as square centimeters, square inches, or square meters.


You may already know how to find the area of a rectangle. For a rectangle, we multiply length times width:


Area of a rectangle=length×width


In this lesson, you will learn how to find the area of parallelograms and triangles. We will connect both of these shapes to rectangles, so the formulas make sense and are easier to remember.


1. What is a parallelogram?


A parallelogram is a four-sided shape with two pairs of opposite sides that are parallel. Its opposite sides are the same length.


To find its area, we use the shape's base and height.



  	The base is one side you choose to be the bottom.

  	The height is the straight up-and-down distance from the base to the opposite side.




The height must make a right angle with the base. It is not usually the slanted side.


Important: In a parallelogram, the slanted side is often longer than the height. Do not confuse the slanted side with the height.


2. Why does the parallelogram formula work?


A parallelogram can be changed into a rectangle without changing its area. Imagine cutting off a triangular piece from one side and moving it to the other side. The new shape becomes a rectangle.


The rectangle has the same base and the same height as the parallelogram. Since the area of a rectangle is base times height, the area of a parallelogram is also base times height.


Area of a parallelogram=b×h


Here, b means base and h means height.


3. What is a triangle?


A triangle is a three-sided shape. Just like with parallelograms, we find its area using a base and a height.


The height is the shortest distance from the base to the opposite corner. It must meet the base at a right angle.


4. Why does the triangle formula work?


If you put two matching triangles together, they can make a parallelogram. That means one triangle is half of that parallelogram.


Since the area of the parallelogram is b×h, the area of one triangle is half of that:


Area of a triangle=12×b×h


You can also write it as:


A=bh2


5. Steps for finding area


For both shapes, start by finding the base and the height. Make sure the height is the distance straight up from the base, not a slanted side unless it makes a right angle.


For a parallelogram:



  	Find the base.

  	Find the height.

  	Multiply: b×h.

  	Write the answer in square units.




For a triangle:



  	Find the base.

  	Find the height.

  	Multiply: b×h.

  	Divide by 2.

  	Write the answer in square units.




6. Worked Examples


Example 1: Area of a parallelogram


A parallelogram has a base of 8 cm and a height of 5 cm. Find its area.


Use the formula:


A=b×h


Substitute the numbers:


A=8×5=40


The area is 40 square centimeters, or 40 cm2.


Example 2: Watch out for the slanted side


A parallelogram has a base of 10 m, a height of 6 m, and a slanted side of 7 m. Find its area.


We use the base and the height, not the slanted side.


A=b×h


A=10×6=60


The area is 60 square meters, or 60 m2.


Example 3: Area of a triangle


A triangle has a base of 12 in and a height of 4 in. Find its area.


Use the formula:


A=12×b×h


Substitute the numbers:


A=12×12×4


First multiply 12×4=48.


Then divide by 2:


A=482=24


The area is 24 square inches, or 24 in2.


Example 4: A triangle from a parallelogram idea


A triangle has a base of 9 cm and a height of 10 cm. Find its area.


A=12×b×h


A=12×9×10


Multiply first:


9×10=90


Now divide by 2:


A=902=45


The area is 45 square centimeters, or 45 cm2.


7. Comparing the formulas



  	Parallelogram: A=b×h

  	Triangle: A=12×b×h




The only difference is that a triangle is half of a matching parallelogram, so we divide by 2.


8. Common mistakes to avoid



  	Do not use the slanted side as the height unless it forms a right angle with the base.

  	Do not forget to divide by 2 when finding the area of a triangle.

  	Do not forget to write square units, like cm2 or m2.

  	Make sure you multiply the correct base and height that go together.




9. Quick practice thinking


If a parallelogram has base 7 and height 3, its area is:


7×3=21


If a triangle has the same base 7 and height 3, its area is half of 21:


212=10.5


So the triangle's area is 10.5 square units.


This shows clearly that a triangle with the same base and height has half the area of a parallelogram.


10. Summary


Area tells us how much space is inside a shape. To find the area of a parallelogram, multiply the base by the height:


A=b×h


To find the area of a triangle, multiply the base by the height and divide by 2:


A=12×b×h


These formulas make sense because a parallelogram can be rearranged into a rectangle, and a triangle is half of a matching parallelogram. Always use the straight-up height, not just any side length, and always label your answer with square units.


  
  Put what you read to the test

  You've worked through Area of Triangles and Parallelograms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/553
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  Parts of a Circle and Pi (π)


Circles are all around us: wheels, coins, clocks, and plates are all shaped like circles. In this lesson, you will learn the important parts of a circle and understand what pi, written as (\pi), means.


By the end of the lesson, you should be able to name the radius, diameter, and chord of a circle, and explain why (\pi) is special for every circle.


1. What is a circle?


A circle is a round shape made of all the points that are the same distance from one fixed point. That fixed point is called the center.


If you pick any point on the edge of the circle, it will be the same distance from the center as every other point on the edge.


2. Important parts of a circle


To understand circles, we need to know the names of some important parts.



  	Center: the point exactly in the middle of the circle.

  	Radius: a line segment from the center to any point on the circle.

  	Diameter: a line segment that goes across the circle through the center, with both ends on the circle.

  	Chord: a line segment with both ends on the circle.

  	Circumference: the distance all the way around the circle.




3. Radius and diameter


The radius and diameter are closely connected.


A diameter is made of two radii placed end to end through the center. Because of this, the diameter is always twice the radius.


We can write this relationship as:


d=2r

And if you know the diameter, you can find the radius by dividing by 2:


r=d2

Here, (r) stands for radius and (d) stands for diameter.


4. What is a chord?


A chord is any line segment that connects two points on the circle.


The diameter is actually a very special chord because it goes through the center. This means:



  	Every diameter is a chord.

  	Not every chord is a diameter.




A chord can be short or long. The longest chord in a circle is the diameter.


5. What is circumference?


The circumference is the distance around a circle. It is like the perimeter of a polygon, but since a circle has no straight sides, we use the special word circumference.


If you wrapped a string all the way around a can and then measured the string, that length would be the circumference of the circle on the top of the can.


6. Discovering pi, (\pi)


Now for the special number pi, written as (\pi).


For every circle, if you divide the circumference by the diameter, you always get the same number. That number is pi.


In math symbols:


π=Cd

Here, (C) means circumference and (d) means diameter.


This is amazing because it works for small circles, large circles, and every circle in between.


Pi is approximately:


π≈3.14

This means the circumference is a little more than 3 times the diameter.


For example, if a circle has diameter 1 unit, then its circumference is about 3.14 units. If a circle has diameter 10 units, then its circumference is about 31.4 units.


7. Circumference formulas using pi


Since


π=Cd

we can multiply both sides by (d) to get a formula for circumference:


C=πd

Because the diameter is twice the radius, (d = 2r), we can also write:


C=2πr

Both formulas mean the same thing. Use whichever one matches the information you are given.



  	If you know the diameter, use (C = \pi d).

  	If you know the radius, use (C = 2\pi r).




8. Worked Examples


Example 1: Find the diameter when the radius is 6 cm.


Use the relationship:


d=2r

Substitute (r = 6):


d=2(6)=12

Answer: The diameter is 12 cm.


Example 2: Find the radius when the diameter is 18 m.


Use the relationship:


r=d2

Substitute (d = 18):


r=182=9

Answer: The radius is 9 m.


Example 3: Find the circumference when the diameter is 10 in. Use (\pi \approx 3.14).


Use the formula:


C=πd

Substitute (d = 10) and (\pi \approx 3.14):


C≈3.14×10=31.4

Answer: The circumference is about 31.4 inches.


Example 4: Find the circumference when the radius is 7 cm. Use (\pi \approx 3.14).


Use the formula:


C=2πr

Substitute (r = 7):


C≈2×3.14×7

C≈6.28×7=43.96

Answer: The circumference is about 43.96 cm.


9. How to tell the parts apart



  	A radius goes from the center to the circle.

  	A diameter goes across the whole circle and passes through the center.

  	A chord connects two points on the circle, but it does not have to go through the center.




One easy way to remember is:



  	Radius = from the middle to the rim

  	Diameter = all the way across through the middle

  	Chord = across the circle from one edge to another edge




10. Common mistakes to avoid



  	Mixing up radius and diameter: the diameter is always twice the radius.

  	Thinking every chord is a diameter: only the chord that goes through the center is a diameter.

  	Using the wrong formula: make sure you know whether you are given radius or diameter.

  	Forgetting that (\pi) is about 3.14: when asked for a decimal answer, use (\pi \approx 3.14) unless your teacher says otherwise.




11. Quick review



  	The center is the middle of the circle.

  	The radius goes from the center to the circle.

  	The diameter goes across the circle through the center.

  	A chord connects two points on the circle.

  	The circumference is the distance around the circle.

  	(\pi) is the constant ratio of circumference to diameter:




π=Cd

And the circumference formulas are:


C=πd

C=2πr

[image: 📋]   Summary


A circle has important parts called the radius, diameter, and chord. The diameter is twice the radius, and it is also the longest chord.


The distance around a circle is called the circumference. Pi, written as (\pi), is the number you get when you divide any circle's circumference by its diameter. This is why we use (C = \pi d) or (C = 2\pi r) to find circumference.


  
  Put what you read to the test

  You've worked through Parts of a Circle and Pi (π). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2203
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  Circumference of a Circle


Have you ever traced your finger around the edge of a coin, plate, or wheel? The distance all the way around a circle is called its circumference.


Circumference is like the perimeter of a circle. Since a circle has no straight sides, we use a special formula to find the distance around it.


To understand circumference, we first need to know two important parts of a circle.



  	Radius: the distance from the center of the circle to the edge.

  	Diameter: the distance across the circle through the center.




The diameter is always twice the radius.


d=2r


This also means the radius is half the diameter.


r=d2


Another very important number for circles is pi, written as π. Pi is a number that helps us connect the diameter of a circle to its circumference.


For 6th Grade math, we often use:



  	π≈3.14

  	Sometimes π≈227




The two formulas for circumference are:


C=πd


and


C=2πr


These formulas mean:



  	If you know the diameter, use C=πd.

  	If you know the radius, use C=2πr.




Both formulas give the same answer because the diameter is twice the radius.


How to find circumference



  	Read the problem carefully.

  	Decide whether you know the radius or diameter.

  	Choose the correct formula.

  	Substitute the number into the formula.

  	Multiply.

  	Write the correct unit, such as cm, m, or in.




Worked Example 1: Using the diameter


A circle has a diameter of 8 cm. Find its circumference.


Use the formula:


C=πd


Substitute d=8:


C=3.14×8


C=25.12


So, the circumference is 25.12 cm.


Worked Example 2: Using the radius


A circle has a radius of 5 m. Find its circumference.


Use the formula:


C=2πr


Substitute r=5:


C=2×3.14×5


C=31.4


So, the circumference is 31.4 m.


Worked Example 3: Radius given, but first think carefully


A circular garden has a radius of 7 ft. What is the distance around the garden?


The distance around means the circumference.


Use:


C=2πr


Substitute r=7:


C=2×3.14×7


C=43.96


So, the circumference is 43.96 ft.


Worked Example 4: Diameter is not given directly


A circular clock has a radius of 6 in. Find the circumference.


You can solve this in two ways.


Method 1: Use the radius formula


C=2πr


C=2×3.14×6


C=37.68


Method 2: Find the diameter first


d=2r=2×6=12


Now use:


C=πd


C=3.14×12=37.68


Both methods give the same answer, so the circumference is 37.68 in.


Important things to remember



  	Circumference means the distance around a circle.

  	Radius goes from the center to the edge.

  	Diameter goes across the circle through the center.

  	The diameter is twice the radius.

  	Use C=πd when you know the diameter.

  	Use C=2πr when you know the radius.




Common mistakes to avoid



  	Mixing up radius and diameter: If the problem gives the radius, do not use it as the diameter.

  	Forgetting the 2 in 2πr: The formula needs the 2 when using radius.

  	Leaving off units: Always write cm, m, ft, in, or the correct unit.

  	Using area instead of circumference: Circumference is around the circle, not inside it.




Quick check


If a circle has a diameter of 10 cm, then:


C=πd=3.14×10=31.4


So the circumference is 31.4 cm.


If a circle has a radius of 10 cm, then:


C=2πr=2×3.14×10=62.8


So the circumference is 62.8 cm.


Notice that a radius of 10 cm makes a bigger circle than a diameter of 10 cm. That is why the answers are different.


[image: 📋]   Summary


The circumference of a circle is the distance around it. To find circumference, use C=πd if you know the diameter, or use C=2πr if you know the radius. Always check whether the number given is a radius or diameter, and remember to include units in your answer.


  
  Put what you read to the test

  You've worked through Circumference of a Circle. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2204
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  Area of a Circle


When we talk about the area of a shape, we mean how much space is inside it.


For a circle, the area tells us how much flat surface the circle covers. This is different from the circumference, which is the distance around the circle.


In this lesson, you will learn what the parts of a circle are, how to use the area formula, and how to solve area of a circle problems step by step.


1. Parts of a Circle


Before finding the area, it is important to know two circle measurements:



  	Radius: the distance from the center of the circle to the edge

  	Diameter: the distance across the circle through the center




The radius and diameter are related by this rule:


d=2r

This also means:


r=d2

2. The Formula for Area


The formula for the area of a circle is:


A=πr2

In this formula:



  	
    A means area
  

  	
    r means radius
  

  	
    π is a special number that is about 3.14
  

  	
    r2 means radius times radius
  




So to find the area of a circle, follow these steps:



  	Find the radius.

  	Square the radius.

  	Multiply by π.




3. Important Reminder: Area and Circumference Are Not the Same


Students sometimes mix up area and circumference. Here is the difference:



  	Area = space inside the circle

  	Circumference = distance around the circle




If a question asks for how much surface is covered, you need area.


If a question asks for the distance around the edge, you need circumference.


4. Units for Area


Area is measured in square units.



  	square centimeters = cm2

  	square meters = m2

  	square inches = in2




The answer must be in square units because area measures a surface.


5. Worked Examples


Example 1: Radius is given


Find the area of a circle with radius 4 cm.


Use the formula:


A=πr2

Substitute r=4:


A=π(4)2

Square the radius:


A=π⋅16

Use π≈3.14:


A≈3.14×16=50.24

So the area is:


50.24 cm2

Example 2: A larger radius


Find the area of a circle with radius 7 m.


Start with the formula:


A=πr2

Substitute r=7:


A=π(7)2

Square the radius:


A=π⋅49

Use π≈3.14:


A≈3.14×49=153.86

So the area is:


153.86 m2

Example 3: Diameter is given instead of radius


Find the area of a circle with diameter 12 in.


First, find the radius:


r=d2=122=6

Now use the area formula:


A=πr2

Substitute r=6:


A=π(6)2

Square the radius:


A=π⋅36

Use π≈3.14:


A≈3.14×36=113.04

So the area is:


113.04 in2

Example 4: Word problem


A circular garden has a radius of 5 feet. What is the area of the garden?


Use the formula:


A=πr2

Substitute r=5:


A=π(5)2

Square the radius:


A=π⋅25

Use π≈3.14:


A≈3.14×25=78.5

So the area of the garden is:


78.5 ft2

6. Common Mistakes to Avoid



  	Using the diameter instead of the radius
Always check whether the number given is the radius or diameter.

  	Forgetting to square the radius
The formula is A=πr2, not A=πr.

  	Confusing area with circumference
Area is inside the circle. Circumference is around it.

  	Forgetting square units
Area answers should be written in units like cm2, m2, or in2.




7. Quick Step-by-Step Method



  	Read the problem carefully.

  	Find the radius. If only the diameter is given, divide by 2.

  	Use the formula A=πr2

  	Square the radius.

  	Multiply by 3.14 if needed.

  	Write the answer with square units.




8. Brief Summary


The area of a circle tells how much space is inside the circle. To find it, use the formula A=πr2 where r is the radius.


If the diameter is given, divide it by 2 first to get the radius. Then square the radius, multiply by π, and write the answer in square units.


  
  Put what you read to the test

  You've worked through Area of a Circle. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2205
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  Constant Perimeter with Changing Area


Sometimes two shapes can have the same perimeter but different areas. This is an important idea in measurement.


Perimeter is the distance around a shape. If you walked all the way around the edge, the total distance is the perimeter.


Area is the amount of space inside a shape. It tells how many square units cover the inside.


In this lesson, we will learn that when the perimeter stays the same, the area can still change. We will look at rectangles to understand this idea.


Big idea: A shape can keep the same border length, but the inside space can grow or shrink.


Let’s start by remembering how to find perimeter and area of a rectangle.



  	Perimeter of a rectangle: add all 4 sides.

  	Area of a rectangle: multiply length by width.




For a rectangle with length \, and width \, we can write:


P=l+w+l+w=2l+2w

A=l×w

You do not need to memorize the letters. Just remember:


  	Perimeter = distance around

  	Area = space inside




Now let’s see what happens when the perimeter stays the same.


Suppose we have 12 units of border. That means the perimeter is always 12 units.


We can make different rectangles with perimeter 12:


  	
1 by 5

  	2 by 4

  	3 by 3




Check the perimeter of each one:


  	
1 by 5: 1+5+1+5=12

  	2 by 4: 2+4+2+4=12

  	3 by 3: 3+3+3+3=12




All of these rectangles have the same perimeter: 12 units.


But now look at the area:


  	1 by 5: 1×5=5 square units

  	2 by 4: 2×4=8 square units

  	3 by 3: 3×3=9 square units




The perimeter stayed the same, but the area changed.


This shows that same perimeter does not mean same area.


Let’s think about why this happens.


If one side gets very short and the other side gets very long, the rectangle becomes skinny. Skinny rectangles usually have less area.


If the side lengths are closer together, the rectangle looks more like a square. For a fixed perimeter, a square gives the greatest area.


So for rectangles with the same perimeter:


  	More square-like shapes have more area.

  	More skinny shapes have less area.




This is a very useful pattern.


Worked Example 1

A rectangle has perimeter 16 units. Find the area of a rectangle that is 1 unit by 7 units.


Step 1: Check the perimeter.

1+7+1+7=16


Yes, the perimeter is 16 units.


Step 2: Find the area.

1×7=7


The area is 7 square units.


Worked Example 2

Another rectangle also has perimeter 16 units. Its side lengths are 2 units and 6 units. What is its area?


Step 1: Check the perimeter.

2+6+2+6=16


Step 2: Find the area.

2×6=12


The area is 12 square units.


Compare Example 1 and Example 2:


  	Both have perimeter 16 units.

  	The 1 by 7 rectangle has area 7 square units.

  	The 2 by 6 rectangle has area 12 square units.




Even though the border length stayed the same, the inside space got bigger.


Worked Example 3

Find the rectangle with perimeter 16 units that has the greatest area.


Let’s list the whole-number side lengths that work:


  	1 by 7

  	2 by 6

  	3 by 5

  	4 by 4




Now find each area:


  	1×7=7

  	2×6=12

  	3×5=15

  	4×4=16




The greatest area is 16 square units.


So the rectangle with the greatest area is 4 by 4, which is a square.


Worked Example 4

A farmer has 20 meters of fencing to make a rectangular garden. The fencing is the perimeter. Which garden gives more planting space: 1 m by 9 m, 2 m by 8 m, or 5 m by 5 m?


Step 1: Check that each garden has perimeter 20 meters.


  	1 by 9: 1+9+1+9=20

  	2 by 8: 2+8+2+8=20

  	5 by 5: 5+5+5+5=20




Step 2: Find the area of each garden.


  	1 by 9: 1×9=9 square meters

  	2 by 8: 2×8=16 square meters

  	5 by 5: 5×5=25 square meters




Step 3: Compare the areas.

The 5 m by 5 m garden gives the most planting space.


This is another example that shows a square gives the greatest area when the perimeter stays fixed.


How to think about these problems


  	Read the perimeter carefully.

  	Make sure the side lengths really add to that perimeter.

  	Find the area by multiplying the two side lengths.

  	Compare the areas.




Important pattern to remember


  	Same perimeter can make different areas.

  	Rectangles that are closer to a square have greater area.

  	Rectangles that are long and skinny have smaller area.




Common mistake

Some students think that if two shapes have the same perimeter, they must also have the same area. That is not true.


For example:


  	2 by 6 has perimeter 16 and area 12

  	4 by 4 has perimeter 16 and area 16




Same perimeter. Different area.


Try it yourself

If the perimeter is 18 units, what whole-number rectangles can you make?


You can list them:


  	1 by 8

  	2 by 7

  	3 by 6

  	4 by 5




Now find the area of each:


  	1×8=8

  	2×7=14

  	3×6=18

  	4×5=20




The rectangle with the greatest area is 4 by 5.


Notice that 4 and 5 are close together. That rectangle is the least skinny.


[image: 📋]   Summary

Perimeter is the distance around a shape. Area is the space inside a shape.


When the perimeter stays the same, the area can change. For rectangles, shapes that are more like squares have larger areas, and long skinny rectangles have smaller areas.


So if you keep the border the same, you can still change how much space is inside.


  
  Put what you read to the test

  You've worked through Constant Perimeter with Changing Area. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/426






  
    
  [image: 📖]   Chapter 13

  3D Geometry: Surface Area and Volume
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  Identifying Polyhedra, Faces, Edges, and Vertices


When we move from flat shapes to solid shapes, we begin studying 3D geometry. A 3D shape has length, width, and height. Some 3D shapes are made only of flat surfaces. These special solids are called polyhedra.


In this lesson, you will learn how to recognize a polyhedron and how to identify its faces, edges, and vertices. You will also learn how these parts help us name and classify solids such as prisms and pyramids.


What is a polyhedron?


A polyhedron is a 3D solid made up of flat polygon faces. A polygon is a flat shape with straight sides, such as a triangle, rectangle, square, or pentagon.


For a solid to be a polyhedron:


  	All of its surfaces must be flat.

  	Its surfaces must be polygons.

  	Its sides must be straight, not curved.




Examples of polyhedra:


  	Cube

  	Rectangular prism

  	Triangular prism

  	Square pyramid




Not polyhedra:


  	Sphere

  	Cylinder

  	Cone




These are not polyhedra because they have curved surfaces.


The parts of a polyhedron


Every polyhedron has important parts that help us describe it.



  	Face: A flat surface of a solid.

  	Edge: A line segment where two faces meet.

  	Vertex: A point where edges meet. The plural of vertex is vertices.




Think of a cardboard box:


  	Each flat side is a face.

  	The lines where the sides join are edges.

  	The corners are vertices.




How to count faces, edges, and vertices


When counting parts of a solid, go slowly and use a system so you do not count the same part twice.



  	Count the faces first by finding each flat surface.

  	Count the edges by tracing each line where two faces meet.

  	Count the vertices by counting each corner point.




Sometimes it helps to imagine turning the solid in your hands so you can see the hidden parts on the back or bottom.


Prisms


A prism is a polyhedron with:


  	Two matching, parallel faces called bases

  	Side faces that connect the bases




The prism is named by the shape of its bases.


  	A triangular prism has triangular bases.

  	A rectangular prism has rectangular bases.

  	A pentagonal prism has pentagonal bases.




In a prism, the two bases are the same shape and size.


Pyramids


A pyramid is a polyhedron with:


  	One base

  	Triangular faces that meet at one top point




That top point is called an apex. The pyramid is named by the shape of its base.


  	A triangular pyramid has a triangular base.

  	A square pyramid has a square base.

  	A pentagonal pyramid has a pentagonal base.




Common polyhedra and their parts


Here are some important solids to know:



  	Cube: 6 faces, 12 edges, 8 vertices

  	Rectangular prism: 6 faces, 12 edges, 8 vertices

  	Triangular prism: 5 faces, 9 edges, 6 vertices

  	Square pyramid: 5 faces, 8 edges, 5 vertices

  	Triangular pyramid: 4 faces, 6 edges, 4 vertices




Worked Example 1: Cube


Question: How many faces, edges, and vertices does a cube have?


Step 1: Count the faces. A cube has a top, bottom, front, back, left side, and right side. That is 6 faces.


Step 2: Count the edges. A cube has 4 edges on the top, 4 edges on the bottom, and 4 vertical edges connecting them.


4+4+4=12


So, a cube has 12 edges.


Step 3: Count the vertices. A cube has 4 corners on top and 4 corners on bottom.


4+4=8


So, a cube has 8 vertices.


Answer: A cube has 6 faces, 12 edges, and 8 vertices.


Worked Example 2: Triangular Prism


Question: How many faces, edges, and vertices does a triangular prism have?


Step 1: Think about the bases. A triangular prism has 2 triangular bases.


Step 2: Count the side faces. Each side of the triangle connects to the matching side on the other triangle. A triangle has 3 sides, so there are 3 rectangular side faces.


Total faces:

2+3=5


So, the prism has 5 faces.


Step 3: Count the edges.


  	3 edges on the front triangle

  	3 edges on the back triangle

  	3 edges connecting the triangles




3+3+3=9


So, the triangular prism has 9 edges.


Step 4: Count the vertices.


  	3 vertices on one triangle

  	3 vertices on the other triangle




3+3=6


So, the triangular prism has 6 vertices.


Answer: A triangular prism has 5 faces, 9 edges, and 6 vertices.


Worked Example 3: Square Pyramid


Question: How many faces, edges, and vertices does a square pyramid have?


Step 1: Count the faces.


  	1 square base

  	4 triangular side faces




1+4=5


So, the square pyramid has 5 faces.


Step 2: Count the edges.


  	4 edges around the square base

  	4 edges from the base corners to the apex




4+4=8


So, the square pyramid has 8 edges.


Step 3: Count the vertices.


  	4 vertices on the square base

  	1 apex




4+1=5


So, the square pyramid has 5 vertices.


Answer: A square pyramid has 5 faces, 8 edges, and 5 vertices.


Worked Example 4: Is it a polyhedron?


Question: Which of these is a polyhedron: a cylinder or a rectangular prism?


Step 1: Check the surfaces.


  	A cylinder has a curved surface.

  	A rectangular prism has only flat rectangular faces.




Step 2: Use the definition. A polyhedron must have only flat polygon faces.


Answer: The rectangular prism is a polyhedron. The cylinder is not.


Helpful patterns


You may notice patterns when comparing solids.



  	Prisms have two matching bases.

  	Pyramids have one base and all side faces meet at one point.

  	If a solid has a curved surface, it is not a polyhedron.




These patterns can help you identify a shape even before you count its parts.


Tips for avoiding mistakes



  	Do not count curved surfaces as faces of a polyhedron.

  	Do not forget hidden edges or back vertices.

  	Remember that vertices are corners, not sides.

  	Remember that edges are where two faces meet.

  	Look at the base to help name a prism or pyramid.




Quick check questions



  	Is a cone a polyhedron? No, because it has a curved surface.

  	How many vertices does a rectangular prism have? 8.

  	What shape are the bases of a triangular prism? Triangles.

  	How many faces does a triangular pyramid have? 4.




[image: 📋]   Summary


A polyhedron is a 3D solid made only of flat polygon faces. Its parts are faces (flat surfaces), edges (where faces meet), and vertices (corners).


To identify and classify polyhedra, look at the shape of the base and count the faces, edges, and vertices carefully. Prisms have two matching bases, while pyramids have one base and triangular sides that meet at a point.


  
  Put what you read to the test

  You've worked through Identifying Polyhedra, Faces, Edges, and Vertices. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2206
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  Lesson: Nets of Three-Dimensional Figures


In 3D geometry, a net is a flat, 2D pattern that can be folded to make a 3D solid. You can think of a net as an unfolded box or solid.


Learning about nets helps you picture shapes in space. It also helps when you study surface area, because a net shows all the outside faces of a solid at once.


In this lesson, you will learn how to recognize nets, match nets to solids, and decide whether a flat pattern can really fold into a 3D figure.


1. What is a net?


A three-dimensional figure is a solid shape, such as a cube, rectangular prism, triangular prism, or pyramid. These solids are made of faces, which are flat surfaces.


A net shows all of those faces laid out flat. When you fold along the edges, the faces meet to form the solid.



	A cube has 6 square faces, so its net must have 6 squares.

	A rectangular prism has 6 rectangular faces, so its net must have 6 rectangles (some may be the same size).

	A triangular prism has 2 triangular faces and 3 rectangular faces.

	A square pyramid has 1 square base and 4 triangular faces.




2. Important idea: faces must match the solid


To decide whether a net matches a solid, first count the faces and check their shapes.


For example, a cube must have exactly 6 squares. If a pattern has 5 squares, it cannot be a cube. If it has 6 shapes but one of them is a triangle, it also cannot be a cube.


This is the first check: Do the number and shapes of the faces match the solid?


3. Important idea: the faces must fold without overlapping


Even if a pattern has the correct number of faces, it may still not be a net. When folded, the faces must meet properly to close the solid.


If two faces try to cover the same space, or if there is a gap, then the pattern is not a correct net.


So the second check is: Can the faces fold up and meet correctly?


4. Nets of common solids


Cube

A cube has 6 congruent square faces. Many different nets can fold into a cube, but every correct cube net uses 6 connected squares.


Rectangular prism

A rectangular prism also has 6 faces, but the faces may have different side lengths. Opposite faces are the same size. A net must show all 6 rectangles arranged so they can fold into a box shape.


Triangular prism

A triangular prism has 5 faces total:


	2 triangles

	3 rectangles



A correct net must include those exact faces.


Square pyramid

A square pyramid has 5 faces total:


	1 square

	4 triangles



The triangles fold up around the square base and meet at one top point.


5. How to identify a net


When you look at a flat pattern, use these steps:



	Count the faces.

	Check the shapes of the faces.

	Picture the folding. Ask: Which face is the base? Which faces fold up around it?

	Check for overlap or gaps. Do the faces close the solid exactly?




6. Worked Examples


Example 1: Is this a net for a cube?


A pattern has 6 equal squares connected edge-to-edge.


Step 1: A cube needs 6 square faces.

This pattern has 6 squares, so it passes the first check.


Step 2: Imagine folding the side squares up and the last square over the top.


If the squares meet without overlapping, then the pattern is a net of a cube.


Answer: Yes, it could be a cube net, as long as the arrangement folds correctly.


Example 2: Which solid matches this net?


A net has 1 square and 4 triangles.


Step 1: Count the faces.

There are 5 faces total.


Step 2: Match the face shapes to a solid.


	1 square base

	4 triangular sides




This matches a square pyramid.


Answer: The net folds into a square pyramid.


Example 3: Is this a net for a triangular prism?


A pattern has 2 triangles and 3 rectangles.


Step 1: A triangular prism has:


	2 triangular faces

	3 rectangular faces




The pattern has the correct number and type of faces.


Step 2: Imagine the 3 rectangles wrapping around the sides, while the 2 triangles close the ends.


If the rectangles form the side surface and the triangles fit on opposite ends, then it is a correct net.


Answer: Yes, this can be a net for a triangular prism.


Example 4: Why is this not a cube net?


A pattern has 6 squares, but when folded, two squares land on top of each other and one side is left open.


Step 1: The number of faces is correct.


Step 2: But the folding does not work.


	Two faces overlap

	The solid does not close properly




Answer: It is not a cube net, because a correct net must fold into the solid without overlap or gaps.


7. How nets connect to surface area


A net is useful because it shows every outside face of a solid. This makes it easier to find surface area.


For example, if a cube has side length 4 units, each square face has area


4×4=16


Since a cube has 6 faces, the total surface area is


6×16=96


The net helps you see all 6 faces at once.


8. Tips for success



	Count carefully. Make sure the net has the right number of faces.

	Check face shapes. A prism and a pyramid have different kinds of faces.

	Visualize folding. Try to imagine the faces standing up.

	Watch for overlap. A correct net must fold neatly.

	Use the base. Find the base first, then see what folds around it.




9. Quick review of common solids and their faces



	Cube: 6 squares

	Rectangular prism: 6 rectangles

	Triangular prism: 2 triangles and 3 rectangles

	Square pyramid: 1 square and 4 triangles




[image: 📋]   Summary


A net is a flat pattern that folds to make a 3D solid. To recognize a net, check the number of faces, the shapes of the faces, and whether the pattern can fold without gaps or overlap.


Nets are important because they help you understand solids and find surface area. When you can picture a solid unfolding and folding back up, you are building strong 3D geometry skills.


  
  Put what you read to the test

  You've worked through Nets of Three-Dimensional Figures. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2207
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  Surface Area of Prisms and Pyramids


When we look at a 3D shape, it has outside surfaces called faces. The surface area of a solid figure is the total area of all its faces.


You can think of surface area like the amount of paper needed to wrap a box or cover a solid shape. To find it, we add the areas of all the flat faces on the outside.


In this lesson, we will learn how to find the surface area of prisms and pyramids by using their nets.


1. What is a prism?


A prism is a 3D shape with:


  	two matching faces called bases, and

  	side faces that are rectangles.




Examples of prisms are rectangular prisms and triangular prisms.


2. What is a pyramid?


A pyramid is a 3D shape with:


  	one base, and

  	triangular faces that meet at one point at the top.




An example is a square pyramid, which has a square base and 4 triangular side faces.


3. What is a net?


A net is a flat pattern that shows all the faces of a 3D shape opened up. Nets are very helpful because they let us see every face clearly.


To find surface area from a net, follow these steps:


  	Identify every face.

  	Find the area of each face.

  	Add all the face areas together.




4. Area formulas you need


To find surface area, you need to know how to find the area of rectangles, squares, and triangles.



  	Rectangle: A=l×w

  	Square: A=s×s

  	Triangle: A=12bh




In a triangle, b is the base and h is the height.


5. Surface area of a prism


A prism has two matching bases and some rectangular side faces. The total surface area is:


Surface Area=area of all faces

This means we add:


  	the area of the first base,

  	the area of the second base, and

  	the areas of all the side rectangles.




Worked Example 1: Rectangular Prism


Find the surface area of a rectangular prism with length 6 cm, width 4 cm, and height 3 cm.


A rectangular prism has 6 faces:


  	Top and bottom: each is 6×4

  	Front and back: each is 6×3

  	Left and right: each is 4×3




Find each pair of faces:


2(6×4)=2(24)=48
2(6×3)=2(18)=36
2(4×3)=2(12)=24

Add them:


48+36+24=108

The surface area is 108 square centimeters, or 108 cm2.


Worked Example 2: Triangular Prism


A triangular prism has:


  	2 triangular bases, each with base 8 cm and height 5 cm

  	3 rectangular side faces with areas 24 cm², 40 cm², and 30 cm²




First find the area of one triangular base:


A=12bh=12(8)(5)=20

There are 2 triangles:


2×20=40

Now add the rectangular side faces:


24+40+30=94

Add everything together:


40+94=134

The surface area is 134 square centimeters, or 134 cm2.


6. Surface area of a pyramid


A pyramid has one base and triangular side faces. To find its surface area, add:


  	the area of the base, and

  	the areas of all the triangles.




Surface Area=base area+areas of triangular faces

Worked Example 3: Square Pyramid


A square pyramid has:


  	a square base with side length 10 cm

  	4 triangular faces, each with base 10 cm and height 6 cm




First find the area of the square base:


A=s×s=10×10=100

Now find the area of one triangle:


A=12bh=12(10)(6)=30

There are 4 triangles:


4×30=120

Add the base and the triangles:


100+120=220

The surface area is 220 square centimeters, or 220 cm2.


Worked Example 4: Rectangular Prism from a Net


A net shows a rectangular prism with these faces:


  	2 rectangles of 7 cm×2 cm

  	2 rectangles of 7 cm×5 cm

  	2 rectangles of 2 cm×5 cm




Find the area of each pair:


2(7×2)=2(14)=28
2(7×5)=2(35)=70
2(2×5)=2(10)=20

Add the areas:


28+70+20=118

The surface area is 118 square centimeters, or 118 cm2.


7. Tips for solving surface area problems


  	Use the net if one is given. It helps you see every face.

  	Check that you counted all faces. Missing one face gives the wrong answer.

  	Use the correct area formula for each face.

  	Write square units in your answer, like cm2, m2, or in2.

  	Add carefully. Surface area is the total of all outside faces.




8. Common mistakes to avoid


  	Confusing surface area with volume. Surface area covers the outside; volume measures space inside.

  	Forgetting one or more faces.

  	Using l×w for a triangle instead of 12bh.

  	Forgetting to multiply when there are matching faces.

  	Leaving off the square units.




9. Quick check

Ask yourself these questions when solving:


  	What shape is each face?

  	How many of each face are there?

  	Did I find every area correctly?

  	Did I add all the face areas?

  	Did I write my answer in square units?




[image: 📋]   Summary


The surface area of a prism or pyramid is the total area of all its outside faces. A net helps us see those faces clearly.


For a prism, add the areas of the two bases and the rectangular side faces. For a pyramid, add the area of the base and the areas of the triangular faces.


If you work carefully, find each face area, and add them all together, you can find the surface area of many 3D shapes.


  
  Put what you read to the test

  You've worked through Surface Area of Prisms and Pyramids. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2208
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  Volume of Rectangular Prisms


When we talk about volume, we mean how much space is inside a solid figure. A rectangular prism is a 3D shape like a box, a brick, or a cereal container. It has a length, width, and height.


To find the volume of a rectangular prism, we imagine filling it with tiny cubes called unit cubes. Each unit cube is 1 unit long, 1 unit wide, and 1 unit tall, so it has a volume of 1 cubic unit.


If a prism can be packed with 24 unit cubes, then its volume is 24 cubic units. Volume tells us the prism’s cubic capacity, or how much it can hold.


Important idea: Volume is measured in cubic units, such as cubic centimeters, cubic inches, or cubic feet. We write these as cm3, in3, or ft3.


The Formula


For a rectangular prism, the volume is found by multiplying the three dimensions:


V=l×w×h

Here:


  	l = length

  	w = width

  	h = height




You can also think of volume in two steps:


  	Find the area of the base: l×w

  	Multiply by the height: base area ×h




So another way to write the formula is:


V=B×h

where B means the area of the base.


Why the Formula Works


Imagine the bottom layer of a rectangular prism. If the base is 4 units long and 3 units wide, then one layer has:


4×3=12

unit cubes.


If the prism is 5 units high, then there are 5 layers of 12 cubes each:


12×5=60

So the prism has a volume of 60 cubic units.


This is why multiplying length, width, and height gives the total number of unit cubes that fit inside.


Steps for Finding Volume


  	Identify the length, width, and height.

  	Multiply the three numbers.

  	Write the answer in cubic units.




Worked Example 1


Find the volume of a rectangular prism with length 6 cm, width 4 cm, and height 3 cm.


Use the formula:


V=l×w×h

V=6×4×3

V=24×3=72

The volume is 72 cubic centimeters.


Answer: 72 cm3


Worked Example 2


A storage box is 8 in long, 5 in wide, and 2 in high. What is its volume?


V=8×5×2

V=40×2=80

The volume is 80 cubic inches.


Answer: 80 in3


Worked Example 3


A prism has a base that is 7 ft by 3 ft, and it is 4 ft tall. Find the volume.


First find the area of the base:


B=7×3=21

Now multiply by the height:


V=B×h

V=21×4=84

The volume is 84 cubic feet.


Answer: 84 ft3


Worked Example 4: Fractional Edge Lengths


Rectangular prisms can also have side lengths that are fractions. The process is the same: multiply the length, width, and height.


Find the volume of a rectangular prism with length 12 m, width 3 m, and height 2 m.


V=l×w×h

V=12×3×2

Multiply step by step:


12×3=32

32×2=3

The volume is 3 cubic meters.


Answer: 3 m3


You can also picture this prism as being filled with smaller fractional unit cubes. Even when the edges are fractions, volume still counts how much 3D space is inside.


Another Fraction Example


Find the volume of a rectangular prism with side lengths 34 in, 2 in, and 4 in.


V=34×2×4

34×2=32

32×4=6

The volume is 6 cubic inches.


Answer: 6 in3


Common Mistakes to Avoid


  	Forgetting one dimension: You must multiply length, width, and height.

  	Using square units instead of cubic units: Volume is always in cubic units, not square units.

  	Mixing up surface area and volume: Surface area measures the outside. Volume measures the space inside.

  	Not labeling the answer: Always include units like cm3 or ft3.




Helpful Check


Ask yourself: Does my answer make sense for the size of the box? If the prism is fairly large, the volume should not be tiny. Also check that you multiplied all three dimensions.


Practice Thinking


  	If a prism is 2 units by 2 units by 2 units, then 2×2×2=8. So it holds 8 unit cubes.

  	If one dimension doubles, the volume also doubles, as long as the other two dimensions stay the same.

  	If a side length is a fraction, the volume can still be a whole number or a fraction, depending on the dimensions.




[image: 📋]   Summary


Volume tells how much space is inside a rectangular prism. You can find it by counting unit cubes or by using the formula V=l×w×h. Always remember to write the answer in cubic units.


  
  Put what you read to the test

  You've worked through Volume of Rectangular Prisms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2209
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  Cross-Sections of Three-Dimensional Figures


When we cut a three-dimensional, or 3D, solid, the flat shape we see on the cut surface is called a cross-section.


A cross-section is always a 2D shape. That means it is flat, like a circle, rectangle, triangle, or oval.


Learning about cross-sections helps us understand how 3D shapes are built. It also helps us picture what happens when a solid is sliced in different ways.


Think about real life. If you slice a loaf of bread, each piece shows a cross-section. If you cut a cucumber, the cut face is also a cross-section. The shape you see depends on how you cut.


Main idea: The cross-section depends on two things:


  	the 3D figure being sliced

  	the direction of the slice




Let’s look at common 3D figures and the cross-sections they can make.


1. Cube and Rectangular Prism


A cube has square faces. A rectangular prism has rectangular faces. If you slice these solids, you can get different flat shapes.



  	If you slice straight across, parallel to the top or bottom, you get a square or rectangle.

  	If you slice straight up and down, parallel to a side face, you also get a rectangle.

  	If you slice at a slant, you may get other shapes, but in 6th Grade we usually focus on simple cross-sections like squares and rectangles.




For a cube, a straight slice parallel to a face gives a square.


For a rectangular prism, a straight slice parallel to a face gives a rectangle.


2. Cylinder


A cylinder has two circular bases and one curved surface.



  	If you slice it parallel to the circular base, the cross-section is a circle.

  	If you slice it straight up and down through the cylinder, the cross-section is a rectangle.

  	If you slice it at a slant, the cross-section can look like an oval.




So one 3D shape can make different 2D cross-sections depending on how it is cut.


3. Cone


A cone has one circular base and comes to a point.



  	If you slice parallel to the base, you get a circle.

  	If you slice straight down through the point and the base, you get a triangle.

  	If you slice at a slant, you may get an oval.




4. Sphere


A sphere is a perfectly round solid, like a basketball.


No matter how you slice a sphere, the cross-section is always a circle.


The size of the circle can change. A slice through the middle makes the largest circle. A slice near the top or bottom makes a smaller circle.


5. Pyramid


A pyramid has a base and triangular faces that meet at one point.



  	If you slice parallel to the base, the cross-section has the same shape as the base.

  	If you slice through the top point, you often get a triangle.




For example, a square pyramid sliced parallel to its base makes a smaller square.


6. Triangular Prism


A triangular prism has two triangular bases and rectangular side faces.



  	If you slice parallel to the triangular bases, the cross-section is a triangle.

  	If you slice parallel to a rectangular face, the cross-section is a rectangle.




Important pattern to remember



  	A slice parallel to a face or base usually gives the same shape as that face or base.

  	Changing the direction of the slice can change the cross-section.

  	The cross-section is always flat, so it is always a 2D shape.




How to identify a cross-section



  	Name the 3D solid.

  	Notice which way it is sliced.

  	Ask: Is the slice parallel to a face or base?

  	Picture the flat cut surface.

  	Name the 2D shape you would see.




Worked Example 1


A cylinder is sliced parallel to its circular base. What is the cross-section?


Step 1: The solid is a cylinder.

Step 2: The slice is parallel to the base.

Step 3: The base of a cylinder is a circle.

Answer: The cross-section is a circle.


Worked Example 2


A rectangular prism is sliced parallel to one of its side faces. What shape is the cross-section?


Step 1: The solid is a rectangular prism.

Step 2: The slice is parallel to a side face.

Step 3: A side face of a rectangular prism is a rectangle.

Answer: The cross-section is a rectangle.


Worked Example 3


A cone is sliced straight down through its top point and through the base. What is the cross-section?


Step 1: The solid is a cone.

Step 2: The slice goes through the point and the base.

Step 3: That kind of slice creates a flat shape with three sides.

Answer: The cross-section is a triangle.


Worked Example 4


A sphere is sliced near its top. What shape is the cross-section?


Step 1: The solid is a sphere.

Step 2: Any slice of a sphere makes a circle.

Step 3: Since the slice is near the top, the circle will be smaller than the middle slice.

Answer: The cross-section is a circle.


Comparing solids and cross-sections



  	Cube  square cross-section when sliced parallel to a face

  	Rectangular prism  rectangle cross-section when sliced parallel to a face

  	Cylinder  circle or rectangle

  	Cone  circle or triangle

  	Sphere  circle only

  	Pyramid  often the same shape as the base, or a triangle

  	Triangular prism  triangle or rectangle




Common mistakes to avoid



  	Do not name the 3D solid as the answer. A cross-section is a 2D shape, not a 3D figure.

  	Do not forget that the direction of the slice matters.

  	Do not assume one solid has only one cross-section. Many solids can make different shapes.




Quick check questions



  	If a cube is sliced parallel to a face, what shape do you get? Square

  	If a cylinder is sliced straight up and down, what shape can you get? Rectangle

  	If a cone is sliced parallel to its base, what shape do you get? Circle

  	If a sphere is sliced anywhere, what shape do you get? Circle




[image: 📋]   Summary


A cross-section is the flat 2D shape made when a 3D solid is sliced. The shape of the cross-section depends on the solid and the direction of the slice.


Remember: slices parallel to a base or face often make the same shape as that base or face. By practicing with cubes, prisms, cylinders, cones, pyramids, and spheres, you can get better at visualizing the 2D shapes hidden inside 3D solids.


  
  Put what you read to the test

  You've worked through Cross-Sections of Three-Dimensional Figures. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2210
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  Surface Area Foundations means finding the total area on the outside of a 3D shape.
Think about wrapping a gift box with paper. The amount of paper needed to cover the whole box is like the surface area of the box.
To find surface area, we break a 3D figure into its flat faces. These flat faces make a net. Then we find the area of each face and add them together.
In this lesson, we will learn how to:
	understand what surface area means,
	use nets to see all the faces of a 3D figure,
	find the area of each face,
	add the face areas to get total surface area.

Important idea: Surface area is measured in square units, such as square centimeters \cm^2\ or square inches \in^2\.
Step 1: Know the difference between 2D and 3D
A 2D shape is flat, like a rectangle or square. A 3D figure has length, width, and height, like a box or cube.
Surface area belongs to 3D figures, but we find it by using the areas of their 2D faces.
Step 2: Understand faces
A face is a flat side of a 3D figure. For example:
	A cube has 6 square faces.
	A rectangular prism has 6 rectangular faces.

When we unfold a 3D figure into a flat pattern, we get a net.
Step 3: Find the area of each face
Before finding surface area, we need to remember area formulas for flat shapes.
	Area of a rectangle: \A=l \times w\
	Area of a square: \A=s \times s\

Then add all the face areas:
Surface Area=sum of the areas of all faces
Step 4: Look for matching faces
Many 3D figures have faces that are the same size.
For example, a rectangular prism has:
	a top and bottom that match,
	a front and back that match,
	a left side and right side that match.

This helps us work faster because we can find one face area and count it twice.
Cube surface area
A cube has 6 equal square faces. If each side is \s\, then one face has area:
s×s=s2
Since there are 6 faces, the total surface area is:
6×s2
Rectangular prism surface area
A rectangular prism has 3 pairs of matching faces.
If the length is \l\, width is \w\, and height is \h\, then the face areas are:
	top and bottom: \l \times w\
	front and back: \l \times h\
	left and right: \w \times h\

Add both of each pair:
2(l×w)+2(l×h)+2(w×h)
You do not need to memorize this right away. You can always use the net and add the faces one by one.
Worked Example 1: Surface area of a cube
A cube has side length \4\ cm. Find the surface area.
Step 1: Find the area of one face.
4×4=16
So one face has area \16\,cm^2\.
Step 2: Multiply by 6 because a cube has 6 faces.
6×16=96
Answer: The surface area is \96\,cm^2\.
Worked Example 2: Rectangular prism with different side lengths
A box is \5\ cm long, \3\ cm wide, and \2\ cm high. Find the surface area.
Step 1: Find the three different face areas.
	Top/bottom: \5 \times 3 = 15\
	Front/back: \5 \times 2 = 10\
	Left/right: \3 \times 2 = 6\

Step 2: Count each pair twice.
2(15)+2(10)+2(6)
30+20+12=62
Answer: The surface area is \62\,cm^2\.
Worked Example 3: Using a net
A rectangular prism has these face areas in its net:
	2 faces of \12\,in^2\
	2 faces of \8\,in^2\
	2 faces of \6\,in^2\

Find the surface area.
Add all 6 faces:
12+12+8+8+6+6=52
Answer: The surface area is \52\,in^2\.
This example shows that sometimes the face areas are already given. Then you just add them.
Worked Example 4: Finding a missing total from the dimensions
A storage box is \7\ in long, \4\ in wide, and \3\ in high. Find the surface area.
Step 1: Find each type of face.
	Top/bottom: \7 \times 4 = 28\
	Front/back: \7 \times 3 = 21\
	Left/right: \4 \times 3 = 12\

Step 2: Double each one and add.
2(28)+2(21)+2(12)
56+42+24=122
Answer: The surface area is \122\,in^2\.
Tips for success
	Draw the net if the 3D figure feels confusing.
	Label each face with its dimensions.
	Find area carefully using multiplication.
	Add all faces to get the total outside area.
	Check units: surface area must be in square units.

Common mistakes to avoid
	Do not add the side lengths. That would be perimeter, not surface area.
	Do not forget hidden faces like the bottom or the back.
	Do not use plain units like cm or in. Use \cm^2\ or \in^2\.
	Do not count a face only once when there are matching pairs.

How to think about surface area
Imagine painting all the outside faces of a box. Surface area tells how much space the paint covers.
Imagine cutting a box open and laying it flat. The area of that flat pattern, or net, is the same as the surface area of the box.
Quick practice questions
	A cube has side length \2\ ft. What is its surface area?
	A rectangular prism has dimensions \6\ cm by \2\ cm by \1\ cm. What is its surface area?
	A net has face areas of \9, 9, 12, 12, 6, 6\ square units. What is the total surface area?

Answers to quick practice
	One face: \2 \times 2 = 4\, so total is \6 \times 4 = 24\,ft^2\.
	2(6×2)+2(6×1)+2(2×1)=24+12+4=40 cm2
	9+9+12+12+6+6=54 square units

[image: 📋]   Summary
Surface area is the total area on the outside of a 3D figure. We find it by looking at all the flat faces, finding each face area, and adding them together.
Nets are helpful because they show every face clearly. If you can find the area of rectangles and squares, you can build a strong foundation for finding surface area.


  
  Put what you read to the test

  You've worked through Surface Area Foundations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/556






  
    
  [image: 📖]   Chapter 14

  Statistics and Data Distributions
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  Lesson: Formulating Statistical Questions


In statistics, we often ask questions so we can collect data and learn something from it. But not every question is a statistical question.


A statistical question is a question that expects different answers from different people, objects, or times. It is answered by collecting data that can vary.


A non-statistical question has one exact answer, or it does not expect much variation. These questions do not need a set of different data values to answer them.


Learning the difference is important because statistics is about studying variability. Variability means that the data values are not all the same.


1. What makes a question statistical?


A question is statistical if it does both of these things:



  	It can be answered by collecting data.

  	It expects the data to have variation, meaning the answers will not all be identical.




For example, think about the question: "How many minutes do 6th grade students spend reading each night?"


This is a statistical question because if you ask many 6th grade students, their answers will probably be different. Some may read for 10 minutes, some for 20 minutes, and some for 30 minutes or more.


2. What makes a question non-statistical?


A non-statistical question usually asks for one exact fact.


For example: "How many days are in one week?"


This is not a statistical question because the answer is always 7. There is no variability.


Another example is: "What is the height of the classroom door?"


If you mean one specific door, then the question has one measurement answer. It does not ask for a group of data values that vary.


3. A helpful way to decide


When you read a question, ask yourself:



  	Am I collecting data from a group, or am I just finding one fact?

  	Do I expect the answers to be different?




If the answers are expected to vary, then the question is likely statistical.


If there is only one exact answer, then it is not statistical.


4. Look for words that suggest variability


Statistical questions often include words or ideas like these:



  	students, people, cars, pets

  	how many, how much, how long

  	in our class, in the school, during the week




These clues often show that you are asking about a group, and groups usually have different values.


But be careful: just because a question says how many does not automatically make it statistical.


For example, "How many months are in a year?" is still not statistical, because the answer is always 12.


5. Changing a non-statistical question into a statistical question


Sometimes a question is close to being statistical, but it needs to be rewritten.


Here is a non-statistical question: "What is my shoe size?"


This has one answer for one person. It is not statistical.


Now change it to: "What are the shoe sizes of students in our class?"


Now it is statistical because different students will likely have different shoe sizes.


Here is another example:



  	Non-statistical: "How old is the principal?"

  	Statistical: "How old are the teachers at our school?"




The second question expects a range of ages, not one exact answer.


6. Worked Examples


Example 1: Is this a statistical question?


Question: "How many letters are in the word 'triangle'?"


Step 1: Does it ask for data from a group? No.

Step 2: Will the answer vary? No.

Answer: This is not a statistical question.


There is one exact answer: the word triangle has 8 letters.


We can write that as 8 letters.


Example 2: Is this a statistical question?


Question: "How many siblings do students in our class have?"


Step 1: Does it ask for data from a group? Yes, it asks about students in the class.

Step 2: Will the answers vary? Yes. Some students may have 0 siblings, some may have 1, 2, or more.

Answer: This is a statistical question.


A possible set of answers might be:


0, 1, 2, 2, 3, 1, 4


These values show variability because they are not all the same.


Example 3: Rewrite the question


Original question: "What is the temperature outside right now?"


This is not a statistical question because it asks for one measurement at one time.


To make it statistical, we need a question that expects different data values.


Improved question: "What are the outdoor temperatures at noon during the next 10 days?"


Now the answers can vary from day to day, so it is a statistical question.


A possible data set could be:


72, 74, 71, 69, 73, 75, 70, 68, 72, 74


Example 4: Compare two questions


Question A: "How tall is Maria?"

Question B: "How tall are the girls in Maria's basketball team?"


Question A is non-statistical because it asks about one person and expects one measurement.


Question B is statistical because it asks about a group, and the heights will likely vary.


So only Question B is a statistical question.


7. Common mistakes to avoid



  	Mistake 1: Thinking every question with numbers is statistical. A question can include numbers and still have only one exact answer.

  	Mistake 2: Thinking every question about a group is statistical. If all answers are guaranteed to be the same, then it is not statistical.

  	Mistake 3: Forgetting about variability. Variability is the key idea in statistical questions.




8. Practice thinking


Decide whether each question is statistical or non-statistical:



  	"How many books does each student in our class have at home?"

  	"How many wheels does a bicycle have?"

  	"How long does it take students in our class to get to school?"

  	"What is the name of our school?"




Answers:



  	Statistical — book counts will vary.

  	Non-statistical — a bicycle has one exact number of wheels, which is 2.

  	Statistical — travel times will vary.

  	Non-statistical — there is one exact school name.




9. Summary


A statistical question is a question that expects variation in the answers. It is answered by collecting data from a group or over time.


A non-statistical question has one exact answer and does not expect variability.


To tell the difference, ask yourself: "Will the answers vary?" If yes, the question is probably statistical.


  
  Put what you read to the test

  You've worked through Formulating Statistical Questions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2211
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  Measures of Center: Mean, Median, and Mode


When we collect data, we often want to know what a typical value is. For example, if a class records how many books students read, we may want one number that describes the center of the data.


Three common ways to describe the center of a data set are mean, median, and mode. These are called measures of center.


In this lesson, you will learn what each one means, how to find each one, and when each one is helpful.


1. What is a data set?


A data set is a group of numbers collected for a purpose. Here is an example data set showing the number of minutes 6 students read last night:



15,20,20,25,30,40



We can use this data set to find the mean, median, and mode.


2. Mean


The mean is what many people call the average. To find the mean, add all the numbers in the data set and then divide by how many numbers there are.


Steps for finding the mean:


	Add all the values.

	Count how many values there are.

	Divide the total by the number of values.




For the data set 15,20,20,25,30,40:


15+20+20+25+30+40=150

There are 6 numbers, so:


Mean=1506=25

So, the mean is 25.


You can think of the mean as the number each value would be if the total were shared equally.


3. Median


The median is the middle value in a data set when the numbers are placed in order from least to greatest.


Steps for finding the median:


	Put the numbers in order from least to greatest.

	Find the middle number.

	If there are 2 middle numbers, add them and divide by 2.




Our data set is already in order:



15,20,20,25,30,40



There are 6 numbers, which is an even number. That means there are 2 middle numbers: the 3rd and 4th values.


The 3rd and 4th values are 20 and 25.


Median=20+252=452=22.5

So, the median is 22.5.


4. Mode


The mode is the value that appears most often in a data set.


In the data set 15,20,20,25,30,40, the number 20 appears 2 times. All the other numbers appear only once.


So, the mode is 20.


Important notes about mode:


	A data set can have one mode.

	A data set can have more than one mode if several numbers tie for appearing most often.

	A data set can have no mode if no number repeats.




5. Comparing mean, median, and mode


Each measure of center tells us something a little different.



	Mean: uses every value in the data set.

	Median: shows the middle value when data is ordered.

	Mode: shows the most common value.




Sometimes all three are close together. Sometimes they are different.


If one number in the data set is much larger or much smaller than the others, the mean can change a lot. The median is often less affected by that kind of unusual value.


For example, look at this data set:



8,9,10,10,11,50



Most values are near 10, but 50 is much larger than the others.


Mean=8+9+10+10+11+506=986≈16.3

The mean is about 16.3, even though most of the data is near 10.


The median is the average of the 3rd and 4th values:


Median=10+102=10

The mode is also 10.


This shows that the median and mode may better describe the center when one value is far away from the rest.


6. Worked Examples


Example 1: Find the mean


The data set is:

6,8,10,12,14


Step 1: Add the numbers.


6+8+10+12+14=50

Step 2: Count how many numbers there are. There are 5.


Step 3: Divide.


Mean=505=10

Answer: The mean is 10.


Example 2: Find the median


The data set is:

3,7,9,11,15


The numbers are already in order. There are 5 numbers, so the median is the middle one.


The middle number is the 3rd value, which is 9.


Answer: The median is 9.


Example 3: Find the mode


The data set is:

4,6,6,7,9,9,9,12


Count how many times each number appears:


	4: 1 time

	6: 2 times

	7: 1 time

	9: 3 times

	12: 1 time




The number 9 appears most often.


Answer: The mode is 9.


Example 4: Find all three measures of center


The data set is:

5,7,7,8,10,13


Mean:


5+7+7+8+10+13=50

Mean=506≈8.3

Median:


There are 6 numbers, so find the average of the 3rd and 4th values. Those values are 7 and 8.


Median=7+82=7.5

Mode:


The number 7 appears twice. All other numbers appear once.


So the mode is 7.


Answers:


	Mean: 8.3 (about)

	Median: 7.5

	Mode: 7




7. How to decide which measure is most useful


Sometimes one measure of center is more helpful than the others.



	Use the mean when you want to use all the values in the data set.

	Use the median when you want the middle value, especially if one number is much bigger or smaller than the rest.

	Use the mode when you want to know the most common value.




For example:


	If you want the average quiz score, the mean is often useful.

	If you want a typical house price when one house is much more expensive than the others, the median may be better.

	If you want to know the most common shoe size in a class, the mode is helpful.




8. Common mistakes to avoid



	Forgetting to put numbers in order before finding the median.

	Dividing by the wrong number when finding the mean. Always divide by how many values are in the data set.

	Choosing the largest number for the mode. The mode is not the largest number; it is the number that appears most often.

	Thinking every data set has a mode. Some data sets have no repeated values, so they have no mode.




9. Quick check


Find the mean, median, and mode of this data set:

2,4,4,6,8


Mean:


2+4+4+6+8=24

Mean=245=4.8

Median:


There are 5 numbers, so the middle value is the 3rd number: 4.


Mode:


The number 4 appears most often.


Answers:


	Mean: 4.8

	Median: 4

	Mode: 4




[image: 📋]   Summary


Mean, median, and mode are all ways to describe the center of a data set.



	The mean is found by adding all values and dividing by the number of values.

	The median is the middle value in an ordered list.

	The mode is the value that appears most often.




By learning all three, you can better understand data and choose the measure of center that best describes what is typical.


  
  Put what you read to the test

  You've worked through Measures of Center: Mean, Median, and Mode. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2212
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  Measures of Variability: Range and IQR


When we look at a set of data, we do not only want to know the middle or typical value. We also want to know how spread out the data is. This is called variability.


Two important ways to measure variability are the range and the interquartile range, or IQR. These help us describe whether data values are close together or far apart.


In this lesson, you will learn:


	what range means,

	how to find the range,

	what quartiles are,

	how to find the IQR,

	and how range and IQR help describe data.




1. What is variability?


Variability tells us how much the numbers in a data set differ from each other. If the numbers are all close together, the variability is small. If the numbers are spread far apart, the variability is large.


For example, compare these two data sets:


	Set A: 7, 8, 8, 9, 8

	Set B: 2, 6, 8, 10, 14




Both sets have a middle value near 8, but Set B is much more spread out. That means Set B has greater variability.


2. Range


The range is the difference between the greatest value and the least value in a data set.


The formula is:

Range=greatest value−least value


To find the range:


	Put the data in order from least to greatest.

	Find the smallest number.

	Find the largest number.

	Subtract.




Worked Example 1: Finding the Range


A student records the number of books read by 6 friends in one month:

3, 7, 5, 9, 4, 8


First, put the data in order:

3, 4, 5, 7, 8, 9


The least value is 3. The greatest value is 9.

Range=9−3=6


Answer: The range is 6.


What range tells us: The data values stretch across 6 units from the smallest to the largest.


3. A note about outliers


Sometimes one value is much smaller or much larger than the rest. This kind of value can make the range much bigger. A value like that is often called an outlier.


That is one reason why range is useful, but sometimes it does not tell the whole story. To understand the spread of the middle part of the data, we use the IQR.


4. Quartiles


The word quartile comes from a word meaning “four parts.” Quartiles split ordered data into 4 equal parts.


To find quartiles, the data must be listed from least to greatest.


The three important quartiles are:


	First quartile, or Q1: the middle of the lower half of the data

	Second quartile: the median of the whole data set

	Third quartile, or Q3: the middle of the upper half of the data




For IQR, we focus on Q1 and Q3.


5. What is the Interquartile Range?


The interquartile range, or IQR, measures the spread of the middle 50% of the data.


The formula is:

IQR=Q3−Q1


This means we subtract the first quartile from the third quartile.


The IQR is useful because it ignores the lowest 25% and highest 25% of the data. This means it is less affected by unusually small or large values.


6. How to find the IQR


Follow these steps:


	Put the data in order from least to greatest.

	Find the median of the whole data set.

	Separate the data into a lower half and an upper half.

	Find the median of the lower half. This is Q1.

	Find the median of the upper half. This is Q3.

	Subtract: IQR=Q3−Q1




When finding Q1 and Q3, do not include the median of the whole set in either half if there is one middle number.


Worked Example 2: Finding the IQR with an Odd Number of Values


Find the IQR of this data set:

2, 4, 5, 7, 8, 10, 12


The data is already in order.


Step 1: Find the median.

There are 7 values, so the median is the middle value, which is 7.


Step 2: Split the data into two halves.

Lower half: 2, 4, 5

Upper half: 8, 10, 12


We do not include the median 7 in either half.


Step 3: Find Q1 and Q3.

The median of 2, 4, 5 is 4, so Q1=4.

The median of 8, 10, 12 is 10, so Q3=10.


Step 4: Find the IQR.

IQR=Q3−Q1=10−4=6


Answer: The IQR is 6.


What this means: The middle 50% of the data is spread across 6 units.


Worked Example 3: Finding the IQR with an Even Number of Values


Find the IQR of this data set:

1, 3, 4, 6, 8, 9, 11, 15


The data is already in order.


Step 1: Find the median.

There are 8 values, so the median is the average of the two middle values, 6 and 8.

Median=6+82=7


Step 2: Split the data into two halves.

Lower half: 1, 3, 4, 6

Upper half: 8, 9, 11, 15


Step 3: Find Q1 and Q3.

For the lower half, the middle two numbers are 3 and 4.

Q1=3+42=3.5


For the upper half, the middle two numbers are 9 and 11.

Q3=9+112=10


Step 4: Find the IQR.

IQR=10−3.5=6.5


Answer: The IQR is 6.5.


7. Comparing range and IQR


Both range and IQR measure spread, but they do it in different ways.



	Range uses only the smallest and largest values.

	IQR uses the middle 50% of the data.




This means:


	Range can change a lot if there is one unusual value.

	IQR usually gives a better picture of the spread of the middle of the data.




Look at this example:


	Data Set A: 4, 5, 6, 7, 8

	Data Set B: 4, 5, 6, 7, 20




For Data Set A:

Range=8−4=4


For Data Set B:

Range=20−4=16


The range became much larger because of the 20.


But the middle values in both sets are still similar. That is why IQR can be helpful when a data set has an unusual value.


Worked Example 4: Finding Both Range and IQR


The daily temperatures for 9 days are:

12, 14, 15, 15, 16, 18, 19, 22, 30


The data is already in order.


Find the range.

Least value = 12

Greatest value = 30

Range=30−12=18


Find the IQR.

There are 9 values, so the median is the middle value: 16.


Lower half: 12, 14, 15, 15

Upper half: 18, 19, 22, 30


Find Q1:

The middle two values in the lower half are 14 and 15.

Q1=14+152=14.5


Find Q3:

The middle two values in the upper half are 19 and 22.

Q3=19+222=20.5


Now subtract:

IQR=20.5−14.5=6


Answer:


	Range = 18

	IQR = 6




What this tells us: The full data set stretches 18 units, but the middle 50% is packed into just 6 units. The value 30 makes the range larger.


8. Common mistakes to avoid



	Do not forget to order the data first. Range and IQR are much easier to find when the numbers are in order.

	Do not subtract in the wrong direction. Always do greatest minus least for range, and Q3−Q1 for IQR.

	Do not include the median in both halves when there is one middle value.

	Be careful when there are an even number of values. Sometimes you need to average two middle numbers.




9. Quick step-by-step guide


To find range:


	Order the data.

	Find the smallest and largest values.

	Subtract: largest−smallest




To find IQR:


	Order the data.

	Find the median.

	Find the lower half and upper half.

	Find Q1, the median of the lower half.

	Find Q3, the median of the upper half.

	Subtract: Q3−Q1




10. Summary


Range and IQR are both measures of variability. They help us describe how spread out a data set is.


The range uses the smallest and largest values:

Range=greatest value−least value


The IQR uses the middle 50% of the data:

IQR=Q3−Q1


Range is quick to find, but it can be affected a lot by one unusual value. IQR gives a better look at the spread of the middle part of the data.


When you work with data, ask yourself two questions:


	How far apart are the smallest and largest values?

	How spread out is the middle 50%?




If you can answer both, you understand two important ways to describe variability.


  
  Put what you read to the test

  You've worked through Measures of Variability: Range and IQR. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2213
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  Mean Absolute Deviation (MAD) helps us understand how spread out a set of data is.


The mean is the average of the data. The mean absolute deviation, or MAD, tells us how far the data values are from the mean on average.


If the MAD is small, the data values are close to the mean. If the MAD is large, the data values are more spread out.


Think of MAD as a way to measure variability. Variability means how much the numbers in a data set differ from one another.


What does “absolute deviation” mean?


A deviation is the distance between a data value and the mean. We find it by subtracting:


deviation=data value−mean


But some answers may be negative. Since distance should not be negative, we use the absolute value. Absolute value means how far a number is from 0, without caring about direction.


So the absolute deviation is:


absolute deviation=∣data value−mean∣


Then we average all those absolute deviations. That average is the MAD.


Steps for finding MAD



  	Find the mean of the data set.

  	Find the absolute deviation for each data value by subtracting the mean and taking the absolute value.

  	Add all the absolute deviations.

  	Divide by the number of data values.




In a formula, MAD is:


MAD=sum of absolute deviationsnumber of data values

Let’s practice with some examples.


Worked Example 1: A small data set


Find the MAD of the data set: 4,6,8


Step 1: Find the mean.


Mean=4+6+83=183=6

Step 2: Find each absolute deviation from the mean.



  	For 4: ∣4−6∣=2

  	For 6: ∣6−6∣=0

  	For 8: ∣8−6∣=2




Step 3: Add the absolute deviations.


2+0+2=4

Step 4: Divide by the number of values.


MAD=43=113

Answer: The MAD is 113.


This means the data values are, on average, 113 units away from the mean.


Worked Example 2: Data with repeated values


Find the MAD of the data set: 2,2,4,6,6


Step 1: Find the mean.


Mean=2+2+4+6+65=205=4

Step 2: Find the absolute deviations.



  	∣2−4∣=2

  	∣2−4∣=2

  	∣4−4∣=0

  	∣6−4∣=2

  	∣6−4∣=2




Step 3: Add them.


2+2+0+2+2=8

Step 4: Divide by 5.


MAD=85=1.6

Answer: The MAD is 1.6.


Worked Example 3: Comparing two data sets


Which data set has more variability?



  	Set A: 5,5,5,5,5

  	Set B: 1,3,5,7,9




We compare variability by comparing the MADs.


Set A


Mean:


5+5+5+5+55=5

Absolute deviations:



  	∣5−5∣=0

  	∣5−5∣=0

  	∣5−5∣=0

  	∣5−5∣=0

  	∣5−5∣=0




MAD:


0+0+0+0+05=0

Set B


Mean:


1+3+5+7+95=255=5

Absolute deviations:



  	∣1−5∣=4

  	∣3−5∣=2

  	∣5−5∣=0

  	∣7−5∣=2

  	∣9−5∣=4




MAD:


4+2+0+2+45=125=2.4

Answer: Set B has the greater MAD, so Set B has more variability.


This makes sense. In Set A, all values are the same. In Set B, the values are spread out from the mean.


Worked Example 4: A data set with a decimal MAD


Find the MAD of the data set: 3,7,7,11


Step 1: Find the mean.


Mean=3+7+7+114=284=7

Step 2: Find the absolute deviations.



  	∣3−7∣=4

  	∣7−7∣=0

  	∣7−7∣=0

  	∣11−7∣=4




Step 3: Add them.


4+0+0+4=8

Step 4: Divide by 4.


MAD=84=2

Answer: The MAD is 2.


Important ideas to remember



  	The MAD is always 0 or greater. It can never be negative.

  	If all values are the same, the MAD is 0.

  	A larger MAD means the data are more spread out.

  	A smaller MAD means the data are closer to the mean.




Common mistakes to avoid



  	Forgetting to find the mean first. MAD is based on distance from the mean.

  	Not using absolute value. Negative and positive deviations should not cancel each other out.

  	Dividing by the wrong number. Divide by the number of data values, not by the sum.




Quick check


Try this on your own: Find the MAD of 1,2,3,4,5.


Solution:


Mean:


1+2+3+4+55=3

Absolute deviations:



  	∣1−3∣=2

  	∣2−3∣=1

  	∣3−3∣=0

  	∣4−3∣=1

  	∣5−3∣=2




Add:


2+1+0+1+2=6

Divide by 5:


MAD=65=1.2

Answer: The MAD is 1.2.


[image: 📋]   Summary


Mean Absolute Deviation, or MAD, measures the average distance between each data value and the mean.


To find it, first find the mean. Then find the absolute deviation of each value, add those distances, and divide by the number of values.


MAD helps us describe how much a data set varies. A small MAD means the data are clustered near the mean, and a large MAD means the data are more spread out.


  
  Put what you read to the test

  You've worked through Mean Absolute Deviation (MAD). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2214
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  Creating and Interpreting Histograms


When we collect numerical data, we often want to see how the values are spread out. A histogram is a graph that helps us do that.


A histogram shows how many data values fall within certain number ranges. These number ranges are called intervals or bins.


For example, if we recorded the number of minutes students read each night, we might group the data into bins like 0–9 minutes, 10–19 minutes, 20–29 minutes, and so on. Then we count how many students fall into each bin.


This lesson will help you learn how to make a histogram and how to read what it tells you.


What Is a Histogram?


A histogram is a graph used for numerical data that has been grouped into intervals.



	The horizontal axis shows the intervals or bins.

	The vertical axis shows the frequency, which means how many data values are in each bin.

	The bars touch each other because the intervals are connected number ranges.




Important idea: Histograms are different from bar graphs.



	A bar graph is usually used for categories, like favorite fruits or pet types.

	A histogram is used for numerical data grouped into intervals, like heights, test scores, or times.

	In a bar graph, the bars usually do not touch.

	In a histogram, the bars usually do touch.




Steps for Creating a Histogram



	Collect the data.

	Choose equal-width bins. This means each interval covers the same amount.

	Tally the data. Count how many values go into each bin.

	Draw the axes.

	Label the horizontal axis with the intervals.

	Label the vertical axis with frequency.

	Draw bars for each interval up to the correct frequency.




Choosing Good Bins


The bins should make the data easy to understand. If the bins are too wide, you lose detail. If the bins are too narrow, the graph can be hard to read.


It is also important that the bins are equal in size. For example, these are equal-width bins:


0–4, 5–9, 10–14, 15–19


Each bin covers 5 numbers.


This set would not be a good choice:


0–4, 5–14, 15–19


These bins are not all the same width.


Worked Example 1: Making a Histogram from Data


The number of books read by 15 students over the summer is:


2, 5, 7, 8, 4, 6, 11, 13, 9, 10, 3, 5, 12, 7, 6


Step 1: Choose bins.


We can use these intervals:



	0–3

	4–7

	8–11

	12–15




Each bin has width 4.


Step 2: Count the frequencies.



	0–3: 2, 3 [image: →] frequency 2

	4–7: 4, 5, 5, 6, 6, 7, 7 [image: →] frequency 7

	8–11: 8, 9, 10, 11 [image: →] frequency 4

	12–15: 12, 13 [image: →] frequency 2




We can organize this in a table:



0–3: 2

4–7: 7

8–11: 4

12–15: 2



Step 3: Draw the histogram.


The horizontal axis shows the bins. The vertical axis shows frequency. The bar heights are 2, 7, 4, and 2.


What does the histogram show?



	Most students read between 4 and 7 books.

	Very few students read fewer than 4 books.

	Very few students read 12 or more books.




Worked Example 2: Reading a Histogram


A class measured the lengths of 20 leaves in centimeters. A histogram was made with these frequencies:



	0–2 cm: 1

	3–5 cm: 5

	6–8 cm: 8

	9–11 cm: 4

	12–14 cm: 2




Question 1: Which interval has the greatest frequency?


The interval 6–8 cm has frequency 8, which is the greatest.


Question 2: How many leaves were shorter than 6 cm?


Shorter than 6 cm means the first two bins:


1+5=6

So, 6 leaves were shorter than 6 cm.


Question 3: About how many leaves were at least 9 cm long?


At least 9 cm means the last two bins:


4+2=6

So, 6 leaves were at least 9 cm long.


Question 4: What does the histogram tell us?



	Most leaves are between 6 and 8 cm.

	Very short leaves and very long leaves are less common.




Worked Example 3: Creating a Histogram with Larger Numbers


Here are the scores on a quiz for 18 students:


54, 61, 67, 72, 75, 77, 81, 83, 84, 86, 88, 90, 91, 73, 69, 64, 79, 85


Step 1: Choose equal-width bins.


Let’s use bins of width 10:



	50–59

	60–69

	70–79

	80–89

	90–99




Step 2: Count the scores in each bin.



	50–59: 54 [image: →] 1

	60–69: 61, 64, 67, 69 [image: →] 4

	70–79: 72, 73, 75, 77, 79 [image: →] 5

	80–89: 81, 83, 84, 85, 86, 88 [image: →] 6

	90–99: 90, 91 [image: →] 2




Step 3: Interpret the histogram.



	The tallest bar would be 80–89.

	Most students scored between 80 and 89.

	Only 1 student scored in the 50s.

	2 students scored in the 90s.




This histogram shows that many scores are in the middle to high range.


How Histograms Help Us Understand Data


Histograms help us answer questions like these:



	Where are most of the data values?

	Which intervals have the highest or lowest frequencies?

	Is the data spread out or clustered together?

	Are there only a few very small or very large values?




When you look at a histogram, pay attention to:



	The tallest bars — these show the most common intervals.

	The shortest bars — these show less common intervals.

	The overall spread — this shows how far the data goes from smallest to largest.




Common Mistakes to Avoid



	Using unequal bin widths. Keep the intervals the same size.

	Leaving spaces between bars. In a histogram, the bars touch.

	Mixing up a histogram and a bar graph. Histograms are for numerical intervals, not categories.

	Counting data into the wrong bin. Check each value carefully.

	Forgetting labels. Always label both axes.




Quick Check


Suppose these are the ages of pets at a vet clinic:


1, 2, 2, 3, 4, 4, 5, 6, 7, 7, 8, 9


Use bins:



	0–2

	3–5

	6–8

	9–11




Count the frequencies:



	0–2: 1, 2, 2 [image: →] 3

	3–5: 3, 4, 4, 5 [image: →] 4

	6–8: 6, 7, 7, 8 [image: →] 4

	9–11: 9 [image: →] 1




If you drew the histogram, the bar heights would be 3, 4, 4, and 1.


What can we say?



	Most pets are between 3 and 8 years old.

	Very few pets are between 9 and 11 years old.




[image: 📋]   Summary


A histogram is a graph that shows how numerical data is grouped into intervals. The bars touch because the intervals are connected. To create a histogram, choose equal-width bins, count how many values fall in each bin, and draw bars to show the frequencies.


To interpret a histogram, look for the tallest and shortest bars and notice how the data is spread out. Remember: a histogram is different from a bar graph because it shows grouped numerical data, not separate categories.


  
  Put what you read to the test

  You've worked through Creating and Interpreting Histograms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2215
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  Creating and Interpreting Box Plots


A box plot is a graph that helps us understand a set of numerical data. It shows how the data is spread out by using five important values called the five-number summary.


The five-number summary is:


	Minimum: the smallest value

	First quartile (Q1): the middle of the lower half of the data

	Median: the middle value of the whole data set

	Third quartile (Q3): the middle of the upper half of the data

	Maximum: the greatest value




Box plots are useful because they help us quickly see:


	the center of the data

	how spread out the data is

	where the data is clustered

	whether one half of the data is more spread out than another




Step 1: Put the data in order


Before making a box plot, always write the data from least to greatest. This is very important, because the median and quartiles depend on the order.


For example, if the data is:


12,7,18,10,15


First put it in order:


7,10,12,15,18



Step 2: Find the median


The median is the middle number in an ordered data set.


If there is an odd number of data values, the median is the middle number.

If there is an even number of data values, the median is the average of the two middle numbers.


Example:


	For 3,5,7, the median is 5.

	For 4,6,8,10, the median is 6+82=7




Step 3: Find Q1 and Q3


After finding the median, split the data into two halves.


	The lower half is the data below the median.

	The upper half is the data above the median.




Then find the median of each half:


	The median of the lower half is Q1.

	The median of the upper half is Q3.




When the data set has an odd number of values, do not include the overall median in either half.


Step 4: Find the minimum and maximum


These are the smallest and largest numbers in the ordered data set.


Step 5: Draw the box plot


To draw a box plot:


	Draw a number line that fits the data.

	Mark the minimum, Q1, median, Q3, and maximum.

	Draw a box from Q1 to Q3.

	Draw a line inside the box at the median.

	Draw a line, called a whisker, from the minimum to Q1.

	Draw another whisker from Q3 to the maximum.




The box shows the middle half of the data. The whiskers show the lower and upper ends of the data.


Worked Example 1: Finding the five-number summary


Data: 4,7,9,10,12,15,18


The data is already in order.


There are 7 values, so the median is the middle value:


Median = 10



Lower half: 4,7,9

Upper half: 12,15,18


The middle of the lower half is 7, so:


Q1=7



The middle of the upper half is 15, so:


Q3=15



The minimum is 4 and the maximum is 18.


So the five-number summary is:


Minimum =4, Q1 =7, Median =10, Q3 =15, Maximum =18



Worked Example 2: A data set with an even number of values


Data: 2,5,6,8,9,11,13,20


There are 8 values, so the median is the average of the two middle numbers:


8+92=8.5



Lower half: 2,5,6,8

Upper half: 9,11,13,20


Find Q1 by averaging the middle two numbers in the lower half:


Q1=5+62=5.5



Find Q3 by averaging the middle two numbers in the upper half:


Q3=11+132=12



Minimum =2, Maximum =20


So the five-number summary is:


Minimum =2, Q1 =5.5, Median =8.5, Q3 =12, Maximum =20



To draw the box plot:


	Place points at 2,5.5,8.5,12,20 on a number line.

	Draw the box from 5.5 to 12.

	Draw a line at 8.5 inside the box.

	Draw whiskers from 2 to 5.5 and from 12 to 20.




How to interpret a box plot


Once a box plot is drawn, you can learn a lot from it.



	The median shows the middle of the data.

	The box shows the middle 50% of the data.

	A longer section means the data in that part is more spread out.

	A shorter section means the data in that part is more closely packed together.




Each part of the box plot contains about one-fourth of the data:


	from minimum to Q1

	from Q1 to median

	from median to Q3

	from Q3 to maximum




If one of these parts is long, then that fourth of the data is spread out. If one part is short, that fourth of the data is crowded close together.


Worked Example 3: Interpreting a box plot


A box plot has these values:


Minimum =3, Q1 =6, Median =8, Q3 =14, Maximum =16



What can we say about the data?



	The middle value is 8, so about half the data is below 8 and about half is above 8.

	The middle 50% of the data is between 6 and 14.

	The section from 8 to 14 is longer than the section from 6 to 8, so that part of the data is more spread out.

	The section from 14 to 16 is short, so the highest values are close together.




Worked Example 4: Create and interpret a box plot from data


Data: 1,3,4,6,7,8,10,12,13


The data is already in order.


There are 9 values, so the median is the 5th value:


Median =7



Lower half: 1,3,4,6

Upper half: 8,10,12,13


Find Q1:


Q1=3+42=3.5



Find Q3:


Q3=10+122=11



Minimum =1, Maximum =13


Five-number summary:


1,3.5,7,11,13



Now interpret it:


	The middle 50% of the data is from 3.5 to 11.

	The lower whisker goes from 1 to 3.5, which is length 2.5.

	The upper whisker goes from 11 to 13, which is length 2.

	The section from 7 to 11 is longer than the section from 3.5 to 7, so the data above the median is more spread out than the data just below the median.




Common mistakes to avoid


	Do not forget to order the data first.

	Do not confuse the median with Q1 or Q3. The median is for the whole data set. Q1 and Q3 are medians of the halves.

	When there is an odd number of data values, do not include the median in the lower or upper half.

	Make sure the box starts at Q1 and ends at Q3.

	Make sure the whiskers go to the minimum and maximum.




Helpful way to remember

A box plot is built from 5 numbers:


minimum, Q1, median, Q3, maximum



You can think of it like this:


	Find the smallest and largest values.

	Find the middle of the whole set.

	Find the middle of the lower half.

	Find the middle of the upper half.

	Plot all 5 numbers on a number line.




[image: 📋]   Summary


A box plot is a simple way to show how data is spread out. To create one, first order the data, then find the minimum, Q1, median, Q3, and maximum. Draw a box from Q1 to Q3, place a line at the median, and draw whiskers to the minimum and maximum.


To interpret a box plot, look at the lengths of the parts. Longer parts mean the data is more spread out there, and shorter parts mean the data is more packed together. Box plots help us compare distributions and understand where values are clustered.


  
  Put what you read to the test

  You've worked through Creating and Interpreting Box Plots. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2216






  [image: 📝]   Lesson 110: Analyzing the Shape of Data Distributions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/2236




  Analyzing the Shape of Data Distributions


When we collect data, we often organize it in a graph such as a dot plot, bar graph, or histogram. Looking at the graph can tell us more than just the smallest and largest values. It can also show us the shape of the data.


The shape of a data distribution is the overall pattern the data makes on a graph. Learning to describe the shape helps us understand what the data is doing.


In this lesson, you will learn how to describe a data distribution as:


  	symmetrical,

  	skewed left,

  	skewed right,

  	or having clusters and gaps.




You do not need to do difficult calculations for this skill. You mostly need to look carefully at the graph and describe what you see.


1. What is a data distribution?


A data distribution is the way data values are spread out. If you make a graph of the data, the distribution is the shape formed by the points or bars.


For example, imagine the number of books read by students in one month. If most students read about 4 or 5 books, the graph will be tallest around 4 and 5. If only a few students read 0 or 10 books, the graph will be lower at the ends.


When you study the shape, ask yourself these questions:


  	Where are most of the data values?

  	Does one side stretch out farther than the other?

  	Are there spaces where no data appears?

  	Are there groups of values close together?




2. Symmetrical distributions


A distribution is symmetrical when the left side and the right side look about the same. It is like the graph could be folded in half, and both sides would almost match.


In a symmetrical distribution:


  	the middle has the most data,

  	the ends have less data,

  	and both sides are balanced.




Here is a simple example of counts that are symmetrical:


1 value at 1, 2 values at 2, 3 values at 3, 2 values at 4, 1 value at 5



The counts go up and then back down in the same way. That makes the shape symmetrical.


3. Skewed right distributions


A distribution is skewed right when most of the data is on the left or middle, but the graph stretches out farther to the right.


This long stretched part is sometimes called a tail. In a skewed right distribution, the tail points right.


In a skewed right distribution:


  	many values are small or medium,

  	only a few values are very large,

  	and the graph trails off to the right.




For example, if most students finish a quiz in 10 to 15 minutes, but a few students take 20, 25, or 30 minutes, the graph may be skewed right.


4. Skewed left distributions


A distribution is skewed left when most of the data is on the right or middle, but the graph stretches out farther to the left.


In a skewed left distribution, the tail points left.


In a skewed left distribution:


  	many values are large or medium,

  	only a few values are very small,

  	and the graph trails off to the left.




For example, if many students score between 80 and 100 on a test, but only a few score much lower, the graph may be skewed left.


5. Clusters and gaps


Sometimes a graph has parts that are grouped together and parts that are empty.


A cluster is a group of data values that are close together.


A gap is a part of the graph where there are few or no data values.


For example, imagine these values:


2, 3, 3, 4, 4, 15, 16, 16, 17



There is one cluster around 2 to 4 and another cluster around 15 to 17. There is a large gap between 5 and 14 because there are no values there.


Clusters and gaps help us notice that the data may not all belong to one big group.


6. Uniform distributions


Sometimes the graph looks fairly flat, with about the same amount of data in each part. This is called uniform.


In a uniform distribution:


  	the bars or dots are spread out evenly,

  	there is no big peak in the middle,

  	and no side is much longer than the other.




For example, if the numbers 1 through 6 each appear about the same number of times, the graph may look uniform.


7. How to describe the shape of a graph


When you look at a data graph, follow these steps:


  	Find where most of the data is. Look for the tallest bars or the greatest number of dots.

  	Check both sides. Does the graph look balanced, or does one side stretch out more?

  	Look for a tail. A longer tail on the right means skewed right. A longer tail on the left means skewed left.

  	Look for groups and spaces. Groups are clusters. Empty spaces are gaps.

  	Decide whether the graph is symmetrical, skewed, uniform, or has clusters and gaps.




8. Important tip about skew


Students sometimes think the skew direction is where most of the data is. That is not correct.


The direction of the skew is named by the direction of the tail.


  	Tail to the right → skewed right

  	Tail to the left → skewed left




So even if most data is on the left, the graph can still be skewed right if the long tail goes to the right.


Worked Example 1: Identifying a symmetrical distribution


A dot plot has these counts:


  	1 dot at 2

  	2 dots at 3

  	3 dots at 4

  	2 dots at 5

  	1 dot at 6




Question: What is the shape of the distribution?


Step 1: Look at the center. The most dots are at 4.

Step 2: Compare the sides. The counts on the left of 4 are 2 and 1. The counts on the right of 4 are also 2 and 1.

Step 3: The graph rises to the middle and falls the same way on both sides.


Answer: The distribution is symmetrical.


Worked Example 2: Identifying skewed right


A graph shows the number of minutes students spend reading each night. Most students are between 10 and 20 minutes. A few students are at 25, 30, and 40 minutes.


Question: What is the shape of the distribution?


Step 1: Most of the data is grouped between 10 and 20.

Step 2: The graph stretches farther on the right because of 25, 30, and 40.

Step 3: The tail points right.


Answer: The distribution is skewed right.


Worked Example 3: Identifying skewed left


Test scores for a class are mostly between 75 and 100. Only a few scores are 40, 50, and 60.


Question: What is the shape of the distribution?


Step 1: Most of the scores are on the high end, between 75 and 100.

Step 2: The graph stretches farther on the left because of 40, 50, and 60.

Step 3: The tail points left.


Answer: The distribution is skewed left.


Worked Example 4: Identifying clusters and gaps


Suppose the data values are:


2, 3, 3, 4, 5, 12, 13, 13, 14, 20



Question: What features does this distribution have?


Step 1: Look for groups of values. There is a group from 2 to 5 and another group from 12 to 14.

Step 2: Look for empty spaces. There are no values from 6 to 11, so that is a gap.

Step 3: Notice that 20 stands alone and is far from the others.


Answer: The distribution has clusters at 2 to 5 and 12 to 14, and a gap from 6 to 11.


9. Comparing different shapes


Here is a quick way to tell the shapes apart:


  	Symmetrical: both sides look about the same.

  	Skewed right: the tail stretches to the right.

  	Skewed left: the tail stretches to the left.

  	Uniform: values are spread fairly evenly.

  	Clusters: values form groups.

  	Gaps: spaces with few or no values.




10. Common mistakes to avoid


  	Do not name the skew by where most of the data is. Name it by the direction of the tail.

  	Do not assume every graph has only one feature. A graph can be skewed and also have a gap or a cluster.

  	Do not focus on just one value. Look at the whole graph.

  	Do not worry if a graph is not perfect. Real data often only looks approximately symmetrical or approximately uniform.




11. Practice thinking questions


  	If the left and right sides match closely, the graph is probably symmetrical.

  	If most values are low and a few large values stretch right, the graph is probably skewed right.

  	If most values are high and a few small values stretch left, the graph is probably skewed left.

  	If values are grouped in sections, the graph has clusters.

  	If there are empty spaces between values, the graph has gaps.




[image: 📋]   Summary


Analyzing the shape of a data distribution means describing the overall pattern of a graph. A distribution can be symmetrical, skewed left, skewed right, or uniform. It can also have clusters and gaps.


To describe the shape, look for where most of the data is, compare the left and right sides, check for a tail, and notice any groups or empty spaces. The more you practice looking at whole graphs, the easier it becomes to describe data distributions clearly and correctly.


  
  Put what you read to the test

  You've worked through Analyzing the Shape of Data Distributions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2217
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  Identifying Outliers and Their Effects


When we collect data, most values often stay close together. But sometimes one value is much bigger or much smaller than the others. That unusual value is called an outlier.


Outliers are important because they can change how we understand a data set. In this lesson, you will learn how to spot an outlier and how it affects the mean and the median.


First, let’s review two measures of center.



	Mean: the average. Add all the data values, then divide by how many values there are.

	Median: the middle value when the data is put in order.




We often use the mean and median to describe the center of a data set. But they do not react the same way when there is an outlier.


What is an outlier?


An outlier is a data value that is far away from the other values in the set. It does not fit the general pattern of the data.


For example, in the data set 4,5,5,6,6,7,30, the number 30 is much larger than the other values. That makes 30 an outlier.


How can you identify an outlier?


In 6th Grade, a simple way to identify an outlier is to look for a value that is:



	much larger than most of the data, or

	much smaller than most of the data.




If nearly all the values are grouped together and one value is far away, that far-away value is likely an outlier.


Why do outliers matter?


Outliers can change the mean a lot because the mean uses every value in the data set.


The median usually changes very little, or not at all, because it only depends on the middle position of the ordered data.


This is why we say:



	The mean is affected strongly by outliers.

	The median is resistant to outliers.




Let’s prove this with numbers.


Suppose the data set is 8,9,10,11,12.


Find the mean:


Mean=8+9+10+11+125=505=10

Find the median:


The data is already in order, and the middle value is 10.


So:



	Mean = 10

	Median = 10




Now add an outlier: 50.


The new data set is 8,9,10,11,12,50.


New mean:


Mean=8+9+10+11+12+506=1006≈16.7

New median:


There are now 6 numbers, so the median is the average of the 3rd and 4th values:


Median=10+112=10.5

Look at what happened:



	The mean changed from 10 to about 16.7. That is a big jump.

	The median changed from 10 to 10.5. That is a small change.




This shows mathematically that the outlier pulled the mean much more than the median.


Worked Example 1: Spot the outlier


Data set: 3,4,4,5,5,6,25


Step 1: Look for a value far from the others.


The numbers 3,4,4,5,5,6 are close together. But 25 is far away.


So the outlier is 25.


Worked Example 2: Compare the mean and median with no outlier


Data set: 6,7,8,8,9


Mean:


Mean=6+7+8+8+95=385=7.6

Median:


The middle number is 8.


So:



	Mean = 7.6

	Median = 8




These two measures are close because the data values are close together.


Worked Example 3: Add an outlier and see the effect


Start with the same data: 6,7,8,8,9


Add an outlier: 30


New data set: 6,7,8,8,9,30


New mean:


Mean=6+7+8+8+9+306=686≈11.3

New median:


There are 6 numbers, so use the 3rd and 4th values:


Median=8+82=8

Compare before and after:



	Mean changed from 7.6 to about 11.3.

	Median stayed at 8.




This is a strong example of how the mean is distorted by an outlier, while the median resists change.


Worked Example 4: A very small outlier


Data set: 14,15,15,16,17


Original mean:


Mean=14+15+15+16+175=775=15.4

Original median:


The middle value is 15.


Now add a very small outlier, 1.


New data set in order: 1,14,15,15,16,17


New mean:


Mean=1+14+15+15+16+176=786=13

New median:


Median=15+152=15

Compare:



	Mean changed from 15.4 to 13.

	Median stayed at 15.




So a small outlier can pull the mean downward, just like a large outlier can pull the mean upward.


How to decide whether the mean or median is better


If a data set has an outlier, the median is often a better way to describe the center because it is not strongly affected.


If the data does not have outliers and the values are fairly close together, the mean can work well.


Steps for solving problems about outliers



	Put the data in order.

	Look for any value far away from the others.

	Find the mean and median.

	Ask: Did one unusual value pull the mean up or down?

	Compare how much the mean changed and how much the median changed.




Important idea to remember


The mean uses all the data values, so an extreme value changes the total sum a lot. Because of that, the mean can move a lot.


The median depends on the middle of the ordered list, so one extreme value at the end usually does not change the middle very much.


Quick Check


Consider the data set 5,6,6,7,8,40.



	The outlier is 40.

	The median is the average of 6 and 7, which is 6.5.

	The mean is 5+6+6+7+8+406=726=12.




Notice that 12 is much larger than most of the values in the set. That tells us the mean is being pulled by the outlier.


[image: 📋]   Summary


An outlier is a value much larger or smaller than the rest of the data. Outliers can strongly change the mean because the mean uses every number in the set.


The median is usually more stable because it depends on the middle value or middle two values. So when a data set has an outlier, the median is often the better measure of center.


  
  Put what you read to the test

  You've worked through Identifying Outliers and Their Effects. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2218






  
    
  [image: 📖]   Chapter 15

  Probability and Chance
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  Probability is a way to describe how likely something is to happen.
We use probability every day, even if we do not say the word. For example, you might say, “It will probably rain,” or “I am sure the bus will come soon.” In math, probability helps us describe these chances using numbers.
The probability of an event is shown on a scale from 0 to 1.
	0 means the event is impossible. It cannot happen.
	1 means the event is certain. It will definitely happen.
	A number between 0 and 1 means the event is possible, but not guaranteed.

You can think of probability like a number line:
Impossible ����� Possible ����� Certain
0121
If an event has a probability close to 0, it is unlikely. If it has a probability close to 1, it is likely. If it is right in the middle, around 12, it is equally likely to happen or not happen.
Ways to describe likelihood
We can describe chance with words or numbers.
	Impossible � probability 0
	Unlikely � probability closer to 0
	Equally likely � probability 12 or 0.5 or 50%
	Likely � probability closer to 1
	Certain � probability 1

This means probability can be written in different forms:
	as a fraction, like 14
	as a decimal, like 0.25
	as a percent, like 25%

These forms all mean the same amount. For example:
12=0.5=50%
14=0.25=25%
34=0.75=75%
Finding probability
To find the probability of an event, use this rule:
Probability=number of favorable outcomestotal number of possible outcomes
A favorable outcome is an outcome you want to happen.
The total number of possible outcomes means all the different results that could happen.
This rule works best when all outcomes are equally likely. That means each outcome has the same chance.
For example, when rolling a fair number cube, the numbers 1 through 6 are all equally likely.
Worked Example 1: Rolling a number cube
Question: What is the probability of rolling a 3 on a fair 6-sided number cube?
Step 1: Count the favorable outcomes.
There is only 1 favorable outcome: rolling a 3.
Step 2: Count the total possible outcomes.
A 6-sided number cube has 6 possible outcomes: 1, 2, 3, 4, 5, 6.
Step 3: Write the probability.
16
Step 4: Write it in decimal and percent form.
16≈0.17≈17%
Answer: The probability of rolling a 3 is 16, about 0.17, or about 17%.
This is unlikely because it is closer to 0 than to 1.
Worked Example 2: Picking a colored marble
Question: A bag has 4 red marbles and 6 blue marbles. What is the probability of picking a red marble?
Step 1: Count the favorable outcomes.
There are 4 red marbles.
Step 2: Count the total possible outcomes.
There are 4+6=10 marbles altogether.
Step 3: Write the probability.
410
Step 4: Simplify if possible.
410=25
Step 5: Change to decimal and percent.
25=0.4=40%
Answer: The probability of picking a red marble is 25, or 0.4, or 40%.
This is still unlikely, but it is closer to equally likely than Example 1.
Worked Example 3: Probability of an even number
Question: What is the probability of rolling an even number on a fair 6-sided number cube?
Step 1: List the even numbers.
The even numbers are 2, 4, and 6.
Step 2: Count the favorable outcomes.
There are 3 favorable outcomes.
Step 3: Count the total possible outcomes.
There are 6 total possible outcomes.
Step 4: Write the probability.
36=12
Step 5: Change to decimal and percent.
12=0.5=50%
Answer: The probability of rolling an even number is 12, or 0.5, or 50%.
This means rolling an even number is equally likely as not rolling an even number.
Worked Example 4: A spinner
Question: A spinner has 8 equal sections. 6 sections are green and 2 sections are yellow. What is the probability of landing on green?
Step 1: Count the favorable outcomes.
There are 6 green sections.
Step 2: Count the total possible outcomes.
There are 8 sections in all.
Step 3: Write the probability.
68
Step 4: Simplify.
68=34
Step 5: Change to decimal and percent.
34=0.75=75%
Answer: The probability of landing on green is 34, or 0.75, or 75%.
This is likely because it is close to 1.
Special probability values
Some probabilities are important to recognize quickly.
	If an event cannot happen, its probability is 0.
	If an event must happen, its probability is 1.
	If an event has the same chance of happening as not happening, its probability is 12.

Examples:
	Rolling a 7 on a 6-sided number cube: 0 because it is impossible.
	Picking a month from the year and getting a month with fewer than 32 days: 1 because every month has fewer than 32 days.
	Flipping a fair coin and getting heads: 12 because heads and tails are equally likely.

Comparing probabilities
You can compare probabilities to decide which event is more likely.
A larger probability means a greater chance of happening.
For example:
	0.8 is greater than 0.3, so an event with probability 0.8 is more likely.
	25% is less than 50%, so an event with probability 25% is less likely.
	34 is greater than 14, so 34 is more likely.

Sometimes it helps to write them in the same form before comparing.
For example:
12=0.5=50%
310=0.3=30%
Since 50%>30%, 12 is more likely than 310.
Using words, fractions, decimals, and percents together
It is important to move between different ways of showing probability.
	Word	Fraction	Decimal	Percent
	Impossible	0	0.0	0%
	Unlikely	less than 12	less than 0.5	less than 50%
	Equally likely	12	0.5	50%
	Likely	more than 12	more than 0.5	more than 50%
	Certain	1	1.0	100%

Common mistakes to avoid
	Do not make the probability bigger than 1. Probability must be from 0 to 1.
	Do not forget the total number of outcomes. The denominator shows all possible outcomes.
	Do not confuse favorable outcomes with total outcomes. Favorable outcomes are only the ones you want.
	Remember to simplify fractions when possible.

For example, if a bag has 3 red marbles and 5 blue marbles, the probability of red is not 35. It is:
38
That is because there are 8 marbles in total, not 5.
Quick practice ideas
Try asking yourself these questions:
	If you flip a fair coin, what is the probability of tails?
	If a bag has 7 white beads and 3 black beads, what is the probability of black?
	If a spinner has 5 equal sections and all 5 are orange, what is the probability of orange?
	If you roll a fair number cube, what is the probability of rolling a number greater than 4?

You can solve each one by using:
Probability=favorable outcomestotal outcomes
[image: 📋]   Summary
Probability tells how likely an event is to happen.
It is always a number from 0 to 1, where 0 means impossible and 1 means certain.
You can write probability as a fraction, decimal, or percent.
To find probability, divide the number of favorable outcomes by the total number of possible outcomes.
Then decide whether the event is impossible, unlikely, equally likely, likely, or certain.


  
  Put what you read to the test

  You've worked through The Concept of Probability and Likelihood. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2219
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  Experimental Probability and Relative Frequency


Sometimes we want to know how likely something is to happen. In math, this is called probability.


One way to find probability is by using actual results from an experiment. When we use results we observed, we are finding experimental probability.


Another name for this idea is relative frequency. Relative frequency tells us how often an event happened compared to the total number of trials.


This lesson will show you how to calculate experimental probability and relative frequency, how to write the answers as fractions, decimals, or percents, and how to use data from real experiments.


1. What is an experiment?


An experiment is an action or trial that has a result you can record.



  	Flipping a coin

  	Rolling a number cube

  	Spinning a spinner

  	Pulling a colored cube from a bag




Each time you do the action, it is called a trial.


For example, if you flip a coin 20 times, you have done 20 trials.


2. What is experimental probability?


Experimental probability is the probability of an event based on what actually happened in an experiment.


The formula is:


Experimental Probability=Number of times the event happenedTotal number of trials

This means:



  	The top number tells how many times the event happened.

  	The bottom number tells how many trials there were in all.




3. What is relative frequency?


Relative frequency is another way to describe the same idea. It compares the number of times an event happened to the total number of trials.


So, in this lesson, experimental probability and relative frequency are found the same way:


Relative Frequency=Frequency of the eventTotal frequency

For example, if a spinner lands on red 8 times out of 20 spins, then:


820=25=0.4=40%

So the experimental probability, or relative frequency, of landing on red is 2/5, or 0.4, or 40%.


4. Important words to know



  	Outcome: a possible result, like heads on a coin toss

  	Event: the result you are interested in, like rolling an even number

  	Trial: one time doing the experiment

  	Frequency: the number of times something happened

  	Total trials: the number of times the experiment was done




5. How to find experimental probability


Follow these steps:



  	Identify the event you want to study.

  	Count how many times the event happened.

  	Count the total number of trials.

  	Write a fraction: event happened over total trials.

  	Simplify if possible.

  	If needed, change the answer to a decimal or percent.




6. Worked Example 1: Flipping a coin


A coin is flipped 12 times. It lands on heads 7 times. What is the experimental probability of heads?


Step 1: Number of times heads happened = 7

Step 2: Total number of flips = 12


Use the formula:


Experimental Probability of Heads=712

This fraction cannot be simplified.


As a decimal,


712≈0.58

As a percent, that is about 58%.


Answer: The experimental probability of heads is 712, or about 0.58, or about 58%.


7. Worked Example 2: Rolling a number cube


A number cube is rolled 30 times. The number 4 appears 6 times. What is the relative frequency of rolling a 4?


Step 1: Event happened 6 times

Step 2: Total trials = 30


Relative Frequency of rolling 4=630

Simplify:


630=15

As a decimal:


15=0.2

As a percent:


0.2=20%

Answer: The relative frequency of rolling a 4 is 15, or 0.2, or 20%.


8. Worked Example 3: Using a table of data


A spinner was spun 25 times. The results are shown below:



  	Red: 9

  	Blue: 7

  	Green: 5

  	Yellow: 4




What is the experimental probability of landing on blue?


Step 1: Blue happened 7 times.

Step 2: Total spins = 25.


Experimental Probability of Blue=725

This fraction is already simplified.


As a decimal:


725=0.28

As a percent:


0.28=28%

Answer: The experimental probability of blue is 725, or 0.28, or 28%.


9. Worked Example 4: Finding probability of a group of outcomes


A bag contains tiles with numbers. A tile is chosen, recorded, and put back. This is done 40 times. The results are:



  	1: 8 times

  	2: 11 times

  	3: 9 times

  	4: 12 times




What is the experimental probability of choosing an even number?


Even numbers here are 2 and 4.


Step 1: Count how many times an even number happened.


11+12=23

Step 2: Total trials = 40


Experimental Probability of even number=2340

As a decimal:


2340=0.575

As a percent:


0.575=57.5%

Answer: The experimental probability of choosing an even number is 2340, or 0.575, or 57.5%.


10. Writing answers in different forms


Experimental probability can be written in three common forms:



  	Fraction: 310

  	Decimal: 0.3

  	Percent: 30%




These forms all mean the same amount. Be ready to change from one form to another.


11. Experimental probability compared to what we expect


Sometimes the results of an experiment are not exactly what we expect.


For example, if you flip a coin 10 times, you might not get exactly 5 heads and 5 tails. You might get 6 heads and 4 tails, or 7 heads and 3 tails.


This is normal. In a small number of trials, results can vary.


If you do more trials, the experimental probability often gets closer to the probability you would expect.


For example, if you flip a coin many, many times, the relative frequency of heads will often get closer to 12, or 50%.


12. Why experimental probability is useful


Experimental probability is useful because it is based on real data.


It helps us:



  	study what actually happened

  	make predictions from data

  	compare different results

  	understand chance in real-life situations




For example, if a basketball player makes 18 out of 30 free throws in practice, the experimental probability of making a free throw is:


1830=35=0.6=60%

This can help predict how often the player may score on future free throws.


13. Common mistakes to avoid



  	Using the wrong total: Always use the total number of trials in the denominator.

  	Forgetting to add results: If the event includes more than one outcome, add those frequencies first.

  	Not simplifying fractions: Simplify when possible.

  	Mixing up event and trials: The numerator is how many times the event happened, not how many times it could have happened.




14. Quick check


Suppose a spinner is spun 15 times and lands on green 3 times.


The experimental probability of green is:


315=15=0.2=20%

So green happened in 20% of the spins.


15. Summary


Experimental probability tells how likely an event is based on actual results from an experiment.


Relative frequency is another name for comparing how often an event happened to the total number of trials.


Use this formula:


Experimental Probability=Number of times the event happenedTotal number of trials

You can write the answer as a fraction, decimal, or percent.


The more trials you do, the more the experimental probability may settle into a more consistent pattern.


  
  Put what you read to the test

  You've worked through Experimental Probability and Relative Frequency. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2220
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  Lesson: Theoretical Probability of Simple Events


Probability helps us describe how likely something is to happen. We use probability when we talk about chance, such as getting heads on a coin flip or rolling an even number on a die.


In this lesson, you will learn about theoretical probability. This means figuring out probability using math, not by doing the experiment over and over.


A simple event is an event with one outcome or a small group of outcomes from one action. For example, rolling a 3 on a number cube is a simple event. Getting an even number on one roll is also a simple event because it comes from one roll.


1. What is theoretical probability?


Theoretical probability tells how likely an event is to happen based on all the possible outcomes, when each outcome is equally likely.


For example, on a fair 6-sided number cube, each number from 1 to 6 has the same chance of being rolled.


The formula is:


Theoretical Probability=number of favorable outcomestotal number of possible outcomes


Favorable outcomes are the outcomes you want. Total possible outcomes means all outcomes that could happen.


2. Understanding the sample space


The sample space is the list of all possible outcomes.


Here are some sample spaces:



	For flipping a coin: {H, T}

	For rolling a 6-sided number cube: {1,2,3,4,5,6}

	For spinning a spinner with 4 equal sections labeled A, B, C, D: {A,B,C,D}




To find theoretical probability, first identify the sample space. Then count how many outcomes are favorable.


3. Probability as a fraction, decimal, or percent


Probabilities are usually written as fractions, but they can also be written as decimals or percents.


For example, if the probability is 12, it can also be written as:



	Decimal: 0.5

	Percent: 50%




4. The size of probability


A probability must always be between 0 and 1.



	0 means the event is impossible.

	1 means the event is certain.

	A probability closer to 1 means the event is more likely.

	A probability closer to 0 means the event is less likely.




Examples:



	The probability of rolling a 7 on a standard 6-sided number cube is 0.

	The probability of rolling a number less than 7 on a standard 6-sided number cube is 1.




5. Steps for finding theoretical probability



	List or think about all possible outcomes.

	Count the total number of outcomes.

	Count the favorable outcomes.

	Write the probability as a fraction:




P(event)=favorable outcomestotal outcomes


Then simplify the fraction if possible.


Worked Example 1: Flipping a coin


Question: What is the theoretical probability of flipping heads on a fair coin?


Step 1: List the sample space: {H, T}


Step 2: Count total outcomes: 2


Step 3: Count favorable outcomes: 1 outcome is heads


Step 4: Write the probability:


P(heads)=12


So, the probability of flipping heads is 12, or 0.5, or 50%.


Worked Example 2: Rolling a number cube


Question: What is the theoretical probability of rolling an even number on a fair 6-sided number cube?


Step 1: List the sample space: {1,2,3,4,5,6}


Step 2: Find the even numbers: 2,4,6


Step 3: Count outcomes:



	Favorable outcomes: 3

	Total outcomes: 6




Step 4: Write the probability:


P(even number)=36=12


So, the probability of rolling an even number is 12.


Worked Example 3: Spinner


A spinner has 8 equal sections labeled: 1, 2, 3, 4, 5, 6, 7, 8.


Question: What is the theoretical probability of landing on a number greater than 5?


Step 1: List the favorable outcomes: numbers greater than 5 are 6,7,8


Step 2: Count outcomes:



	Favorable outcomes: 3

	Total outcomes: 8




Step 3: Write the probability:


P(number greater than 5)=38


This probability can also be written as 0.375 or 37.5%.


Worked Example 4: Bag of colored marbles


A bag has 4 red marbles, 3 blue marbles, and 1 green marble. One marble is chosen without looking.


Question: What is the theoretical probability of choosing a blue marble?


Step 1: Count all marbles:


4+3+1=8


Step 2: Count favorable outcomes: there are 3 blue marbles


Step 3: Write the probability:


P(blue)=38


So, the probability of choosing a blue marble is 38.


6. Important idea: equally likely outcomes


Theoretical probability works best when all outcomes are equally likely.


If a coin is fair, heads and tails are equally likely. If a number cube is fair, each number from 1 to 6 is equally likely. If the sections on a spinner are equal in size, each section is equally likely.


If the outcomes are not equally likely, then this simple probability model does not work the same way.


7. Comparing probabilities


You can compare probabilities to decide which event is more likely.


Example: On a fair 6-sided number cube:



	Probability of rolling a 1 is 16

	Probability of rolling a number greater than 3 is 36=12




Since 12>16, rolling a number greater than 3 is more likely than rolling a 1.


8. Common mistakes to avoid



	Forgetting to count all possible outcomes. Always find the total first.

	Counting the wrong favorable outcomes. Make sure the outcomes match the event in the question.

	Not simplifying the fraction. For example, 36 should be simplified to 12.

	Using theoretical probability when outcomes are not equally likely. Check that the object is fair or the sections are equal.




9. Quick practice thinking


Try these in your head:



	What is the probability of rolling a 5 on a fair 6-sided number cube? 16

	What is the probability of choosing a vowel from the letters {A,B,C,E}? Favorable outcomes are A and E, so 24=12

	What is the probability of landing on red if a spinner has 5 equal sections and 2 are red? 25




[image: 📋]   Summary


Theoretical probability tells how likely an event is by comparing the number of favorable outcomes to the total number of equally likely outcomes.


Use this formula:


P(event)=favorable outcomestotal possible outcomes


Remember to find the sample space, count carefully, and simplify when you can. Probability helps us make predictions about what might happen before the event takes place.


  
  Put what you read to the test

  You've worked through Theoretical Probability of Simple Events. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2221
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  Sample Spaces for Compound Events


In probability, a sample space is the complete list of all possible outcomes of an event.


A compound event happens when there are two or more actions together, usually in order. For example, flipping a coin and then rolling a number cube is a compound event.


When we find the sample space for a compound event, we must make sure we list every possible outcome and do not leave any out.


This lesson will show you how to make organized lists and tables so you can find all outcomes for compound events.


1. What is a sample space?


A sample space is the set of all outcomes that can happen.



  	If you flip one coin, the sample space is: {H,T}

  	If you roll one number cube, the sample space is: {1,2,3,4,5,6}




These are simple events because only one action happens.


2. What is a compound event?


A compound event combines two simple events.



  	flip a coin and roll a number cube

  	spin a spinner and pick a card

  	roll one number cube twice




For compound events, each outcome has two parts or more. Order often matters because the actions happen one after another.


For example, rolling a 2 and then a 5 is different from rolling a 5 and then a 2.


3. How to find a sample space for a compound event


There are two very helpful methods:



  	organized lists

  	tables




Both methods help you make sure the sample space is exhaustive, which means it includes all possible outcomes.


Method A: Organized List


Choose one outcome from the first event, then pair it with every outcome from the second event. Repeat until all first-event outcomes are used.


Method B: Table


Write the outcomes of the first event across the top. Write the outcomes of the second event down the side. Then fill in each box with the matching pair.


4. Worked Example 1: Flip a coin and roll a number cube


Question: What is the sample space for flipping a coin and then rolling a number cube?


The coin outcomes are H and T.


The number cube outcomes are 1,2,3,4,5,6.


Use an organized list:


Start with H:


  	(H,1)

  	(H,2)

  	(H,3)

  	(H,4)

  	(H,5)

  	(H,6)




Now use T:


  	(T,1)

  	(T,2)

  	(T,3)

  	(T,4)

  	(T,5)

  	(T,6)




So the sample space is:


{(H,1),(H,2),(H,3),(H,4),(H,5),(H,6),(T,1),(T,2),(T,3),(T,4),(T,5),(T,6)}


There are 2×6=12 total outcomes.


5. Worked Example 2: Roll a number cube twice


Question: What is the sample space for rolling a number cube two times?


The first roll can be 1,2,3,4,5,6.

The second roll can also be 1,2,3,4,5,6.


We write each outcome as an ordered pair: (first roll,second roll).


Use an organized list:


When the first roll is 1:

(1,1),(1,2),(1,3),(1,4),(1,5),(1,6)


When the first roll is 2:

(2,1),(2,2),(2,3),(2,4),(2,5),(2,6)


Continue this pattern until the first roll is 6.


The full sample space is:


{(1,1),(1,2),(1,3),(1,4),(1,5),(1,6),

(2,1),(2,2),(2,3),(2,4),(2,5),(2,6),

(3,1),(3,2),(3,3),(3,4),(3,5),(3,6),

(4,1),(4,2),(4,3),(4,4),(4,5),(4,6),

(5,1),(5,2),(5,3),(5,4),(5,5),(5,6),

(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)}


There are 6×6=36 outcomes.


Important: (2,5) and (5,2) are different outcomes because the rolls happen in order.


6. Worked Example 3: Use a table for a compound event


Question: A spinner has colors red, blue, and green. Then a coin is flipped. What is the sample space?


Spinner outcomes: R,B,G

Coin outcomes: H,T


We can organize the outcomes in a table idea:



  	For red: (R,H),(R,T)

  	For blue: (B,H),(B,T)

  	For green: (G,H),(G,T)




So the sample space is:


{(R,H),(R,T),(B,H),(B,T),(G,H),(G,T)}


There are 3×2=6 outcomes.


7. Worked Example 4: Check if a list is complete


Question: Jamal rolls a number cube and flips a coin. He writes this sample space:


{(1,H),(2,H),(3,H),(4,H),(5,H),(6,H),(1,T),(2,T),(3,T)}


Is his sample space complete?


No, it is not complete.


He listed all outcomes with heads, but for tails he only listed (1,T),(2,T),(3,T).


He is missing:



  	(4,T)

  	(5,T)

  	(6,T)




The complete sample space should have 6×2=12 outcomes.


8. How to know if your sample space is exhaustive


Ask yourself these questions:



  	Did I include every outcome from the first event?

  	Did I match each one with every outcome from the second event?

  	Did I keep the order correct?

  	Did I count the total number of outcomes?




A quick way to check is to multiply:


number of outcomes in first event×number of outcomes in second event


If the first event has a outcomes and the second event has b outcomes, then the compound event has:


a×b


total outcomes.


For example:


  	coin and number cube: 2×6=12

  	number cube twice: 6×6=36

  	3-color spinner and coin: 3×2=6




9. Common mistakes to avoid



  	Forgetting outcomes — make your list organized so you do not skip any.

  	Repeating outcomes — check that each pair appears only once.

  	Ignoring order — in sequential events, the order matters.

  	Not checking the total — multiply to see how many outcomes there should be.




10. Summary


A sample space is the full list of all possible outcomes.


A compound event has two or more actions, like flipping a coin and rolling a number cube.


You can find sample spaces for compound events by using an organized list or a table.


To make sure your sample space is complete, pair each outcome from the first event with every outcome from the second event and check the total by multiplying.


  
  Put what you read to the test

  You've worked through Sample Spaces for Compound Events. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2222
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  Tree Diagrams for Probability


Probability helps us describe how likely something is to happen. Some chance events happen in more than one step. For example, you might flip a coin and then roll a die. When an event has stages, it can be hard to list all the possible outcomes in an organized way.


A tree diagram is a picture that helps us show all the possible outcomes of a multi-step chance event. It helps us count outcomes carefully so we do not miss any and do not count any twice.


In this lesson, you will learn how to read a tree diagram, draw your own tree diagram, and use it to find probabilities.


1. What is a tree diagram?


A tree diagram starts with one point. From that point, we draw branches to show the possible results of the first step. Then, from each of those branches, we draw more branches to show the possible results of the next step.


Each path from the start to the end shows one complete outcome.


For example, if you flip a coin, the outcomes are:


	Heads

	Tails




If you flip a coin twice, the first flip has 2 choices, and then the second flip has 2 choices again. A tree diagram helps us list all the outcomes:


	HH

	HT

	TH

	TT




There are 4 possible outcomes in total.


2. How to make a tree diagram


To draw a tree diagram, follow these steps:


	Write the possible results of the first event.

	From each result, draw branches for the possible results of the second event.

	If there is a third event, keep branching again.

	List the complete outcomes at the ends of the branches.

	Count the total number of outcomes.




Important: Each stage must show all possible results. Be careful to branch from every result in the earlier stage.


3. Using tree diagrams to find probability


Once the tree diagram shows all possible outcomes, we can find probability by using this rule:


Probability=number of favorable outcomestotal number of possible outcomes


A favorable outcome is an outcome that matches the event we want.


For example, if there are 6 possible outcomes and 2 of them are what we want, then:


26=13


So the probability is 13.


4. Worked Example 1: Flipping a coin twice


Question: A coin is flipped two times. What is the probability of getting exactly one head?


Step 1: Draw or imagine the tree diagram.



	First flip: H or T

	Second flip after H: H or T

	Second flip after T: H or T




The complete outcomes are:


	HH

	HT

	TH

	TT




Step 2: Find the favorable outcomes.


Exactly one head means one H and one T. The favorable outcomes are:


	HT

	TH




So there are 2 favorable outcomes out of 4 total outcomes.


Step 3: Write the probability.


24=12


Answer: The probability of getting exactly one head is 12.


5. Worked Example 2: Rolling a die and flipping a coin


Question: You roll a number cube with numbers 1 to 6, and then flip a coin. What is the probability of rolling an even number and getting tails?


Step 1: Show the first stage.


The die can land on:


	1, 2, 3, 4, 5, 6




Step 2: Show the second stage.


After each die result, the coin can land on:


	H

	T




Step 3: Count all outcomes.


Each of the 6 die results connects to 2 coin results, so there are:


6×2=12


possible outcomes.


We can list some of them:


	1H, 1T

	2H, 2T

	3H, 3T

	4H, 4T

	5H, 5T

	6H, 6T




Step 4: Find favorable outcomes.


Even numbers are 2, 4, and 6. We want tails, so the favorable outcomes are:


	2T

	4T

	6T




There are 3 favorable outcomes.


Step 5: Write the probability.


312=14


Answer: The probability is 14.


6. Worked Example 3: Choosing from colors


Question: A spinner has 3 equal sections: red, blue, and green. It is spun twice. What is the probability of getting red both times?


Step 1: First spin outcomes.


	R

	B

	G




Step 2: Second spin outcomes from each branch.


	R, B, G




Step 3: List all complete outcomes.


	RR

	RB

	RG

	BR

	BB

	BG

	GR

	GB

	GG




There are 9 total outcomes.


Step 4: Find the favorable outcomes.


Getting red both times means only:


	RR




So there is 1 favorable outcome.


Step 5: Write the probability.


19


Answer: The probability of getting red both times is 19.


7. Worked Example 4: A two-stage choice with words


Question: A lunch special lets you choose 1 sandwich and 1 drink.


	Sandwiches: cheese or tuna

	Drinks: juice, water, or milk



If each choice is equally likely, what is the probability of choosing tuna and milk?


Step 1: First stage


	Cheese

	Tuna




Step 2: Second stage from each sandwich


	Juice

	Water

	Milk




Step 3: List all outcomes.


	Cheese + Juice

	Cheese + Water

	Cheese + Milk

	Tuna + Juice

	Tuna + Water

	Tuna + Milk




There are 6 possible outcomes.


Step 4: Find the favorable outcome.


We want:


	Tuna + Milk




There is 1 favorable outcome.


Step 5: Write the probability.


16


Answer: The probability is 16.


8. A useful pattern


In many tree diagrams, the total number of outcomes can be found by multiplying the number of choices at each stage.


For example:


	2 coin results and 2 coin results gives 2×2=4 outcomes

	6 die results and 2 coin results gives 6×2=12 outcomes

	3 spinner results and 3 spinner results gives 3×3=9 outcomes




This works because each choice in one stage connects to all the choices in the next stage.


9. Common mistakes to avoid


	Forgetting branches: Make sure every first-stage result has all the second-stage branches.

	Missing outcomes: Check each full path from start to finish.

	Counting the wrong favorable outcomes: Read the question carefully. For example, “exactly one head” is not the same as “at least one head.”

	Not simplifying fractions: If possible, write the probability in simplest form.




10. How to check your work


After finishing a tree diagram, ask yourself:


	Did I show all the results for the first stage?

	Did I branch correctly for the next stage?

	Did I count all complete outcomes?

	Did I count only the outcomes the question asks for?

	Did I simplify my fraction?




11. Quick practice thinking


If you toss a coin and then choose a card labeled A or B, the outcomes are:


	HA

	HB

	TA

	TB




If you want the probability of getting tails and B, there is 1 favorable outcome out of 4 total outcomes, so the probability is:


14


This is exactly how tree diagrams help: they turn a complicated event into an organized list.


[image: 📋]   Summary


A tree diagram is a tool for showing all possible outcomes in a chance event with more than one step. Each branch shows a possible result, and each full path shows one complete outcome.


To find a probability with a tree diagram, count the total number of outcomes and then count the favorable outcomes. Then use:


Probability=favorable outcomestotal outcomes


When you draw carefully and count carefully, tree diagrams make probability much easier to understand.


  
  Put what you read to the test

  You've worked through Tree Diagrams for Probability. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/2223
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