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  Classification of Real Numbers


In mathematics, numbers can be grouped into different sets based on their properties. Learning how to classify numbers helps you understand where a number belongs and how it behaves in calculations.


In this lesson, you will learn the five main groups of real numbers: natural numbers, whole numbers, integers, rational numbers, and irrational numbers. You will also see how these groups fit inside one another.


All of these groups together make up the set of real numbers. Real numbers are all the numbers that can be placed on a number line.


1. Natural Numbers


Natural numbers are the counting numbers we use to count objects.


They are:


1,2,3,4,5,…


Some books include 0 as a natural number, but in many school courses, natural numbers start at 1. In this lesson, we will use:


Natural numbers={1,2,3,4,… }


2. Whole Numbers


Whole numbers are the natural numbers together with 0.


0,1,2,3,4,5,…


So every natural number is a whole number, but 0 is a whole number that is not a natural number in this lesson.


3. Integers


Integers include all positive whole numbers, 0, and negative whole numbers.


…,−4,−3,−2,−1,0,1,2,3,4,…


Integers do not include fractions or decimals unless the decimal is equal to a whole number. For example, 3.0 is an integer because it is equal to 3, but 3.5 is not.


4. Rational Numbers


A rational number is any number that can be written as a fraction of the form


ab


where a and b are integers and b≠0.


This means rational numbers include:



  	fractions such as 34

  	integers such as −5, since −5=−51

  	terminating decimals such as 0.8, since 0.8=45

  	repeating decimals such as 0.333…, since 0.333⋯=13




So, a decimal is rational if it ends or repeats in a pattern.


5. Irrational Numbers


Irrational numbers are real numbers that cannot be written as a fraction ab, where a and b are integers and b≠0.


The decimal form of an irrational number goes on forever without ending and without repeating a pattern.


Common examples are:



  	2

  	3

  	π




For example, 2=1.4142135… continues forever and does not repeat in a fixed pattern.


6. The Real Number System as a Hierarchy


The sets of numbers are nested inside one another. This means smaller sets are contained inside larger sets.


Natural⊂Whole⊂Integers⊂Rational⊂Real


Irrational numbers are also part of the real numbers, but they are not rational.


So the real numbers can be divided into two big groups:


Real numbers=Rational numbers∪Irrational numbers


And rational numbers and irrational numbers do not overlap.


Important idea: A number can belong to more than one set. For example, 4 is a natural number, a whole number, an integer, a rational number, and a real number.


7. How to Classify a Number


When classifying a number, ask these questions:



  	Is it a counting number? Then it is natural.

  	Is it 0 or a counting number? Then it is whole.

  	Is it a negative or positive whole number, or 0? Then it is an integer.

  	Can it be written as a fraction of integers? Then it is rational.

  	If it cannot be written as such a fraction and its decimal neither ends nor repeats, then it is irrational.




It is often helpful to name the smallest set the number belongs to, but sometimes you may be asked to list all the sets it belongs to.


8. Worked Examples


Example 1: Classify 7


The number 7 is a counting number, so it is a natural number.


Because all natural numbers are also whole numbers, integers, rational numbers, and real numbers, 7 belongs to all of these sets.


Answer: 7 is natural, whole, integer, rational, and real.


Example 2: Classify 0


The number 0 is not a natural number in this lesson, but it is a whole number.


It is also an integer. Since it can be written as


0=01


it is rational, and therefore real.


Answer: 0 is whole, integer, rational, and real.


Example 3: Classify −52


This number is a fraction, so it is not natural, not whole, and not an integer.


However, it is already written as a ratio of two integers:


−52


So it is a rational number. Every rational number is also a real number.


Answer: −52 is rational and real.


Example 4: Classify 16 and 5


First, simplify each number.


16=4


Since 4 is a counting number, it is natural, whole, integer, rational, and real.


Now look at 5. Since 5 is not a perfect square, 5 cannot be written as a fraction of integers. Its decimal goes on forever without repeating.


So 5 is irrational, and therefore real.


Answer:



  	16 is natural, whole, integer, rational, and real.

  	5 is irrational and real.




9. Common Mistakes to Avoid



  	Thinking all decimals are irrational: Decimals that end or repeat are rational.

  	Forgetting that integers are rational: Any integer n can be written as n1.

  	Confusing whole numbers and integers: Whole numbers are 0,1,2,3,…, while integers also include negatives.

  	Assuming every square root is irrational: The square root of a perfect square, such as 25=5, is rational.




10. Quick Classification Practice


Try thinking about these on your own:



  	−8 is an integer, rational, and real.

  	2.75 is rational and real because 2.75=114.

  	0.121212… is rational because the block 12 repeats.

  	π is irrational and real.




[image: 📋]   Summary


Real numbers include all the numbers on the number line. They are divided into rational and irrational numbers.


Inside the rational numbers are the integers, inside the integers are the whole numbers, and inside the whole numbers are the natural numbers.


If a number can be written as a fraction of integers, it is rational. If it cannot, and its decimal does not end or repeat, it is irrational.


Understanding this structure makes it easier to identify and compare numbers in algebra and other areas of mathematics.


  
  Put what you read to the test

  You've worked through Classification of Real Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/971
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  Euclid's Division Lemma is a very important idea in number systems. It helps us describe what happens when one integer is divided by another.
This lemma is not just about division. It is also used to prove many useful results in mathematics, such as the forms of even numbers, odd numbers, and possible forms of square numbers.
In this lesson, we will understand the statement of Euclid's Division Lemma, learn what each part means, and see how to apply it in examples and simple proofs.
1. What is Euclid's Division Lemma?
If we divide an integer a by another positive integer b, then we can always write:
a=bq+r
where:
	a is the dividend
	b is the divisor, with b>0
	q is the quotient
	r is the remainder

The remainder must satisfy:
0≤r<b
This means the remainder is always a whole number starting from 0, but it must be smaller than the divisor.
2. Understanding the meaning
Suppose you divide 17 by 5. Then 5 goes into 17 three times, and 2 is left over.
So we write:
17=5×3+2
Here:
	a=17
	b=5
	q=3
	r=2

This follows Euclid's Division Lemma because 0≤2<5.
3. Why is this lemma useful?
Euclid's Division Lemma helps us express integers in different forms depending on the divisor.
For example, if an integer is divided by 2, the remainder can only be 0 or 1, because the remainder must be less than 2.
So every integer n can be written as either:
n=2q
or
n=2q+1
This immediately gives us the forms of:
	even numbers: 2q
	odd numbers: 2q+1

This is one of the most common uses of the lemma.
4. General idea using a divisor
If a number a is divided by a positive integer b, then the possible remainders are:
0,1,2,3,…,b−1
So the possible forms of a are:
a=bq,  bq+1,  bq+2,  …,  bq+(b−1)
For example, when dividing by 3, the possible remainders are 0, 1, and 2. So every integer can be written as one of these forms:
a=3q,3q+1,3q+2
5. Worked Example 1: Writing a number using the lemma
Question: Write 29 in the form a=bq+r when divided by 6.
Solution:
We divide 29 by 6.
6×4=24, and the remainder is 29−24=5.
So:
29=6×4+5
Thus:
	quotient q=4
	remainder r=5

This is correct because 0≤5<6.
6. Worked Example 2: Forms of integers when divided by 2
Question: Show that every integer is either even or odd.
Solution:
Apply Euclid's Division Lemma with divisor 2.
For any integer n, we can write:
n=2q+r
where
0≤r<2
The only possible values of r are 0 and 1.
So there are two cases:
	If r=0, then n=2q. This is an even number.
	If r=1, then n=2q+1. This is an odd number.

Therefore, every integer is either even or odd.
7. Worked Example 3: Possible forms of squares
Question: Show that the square of any positive integer is either of the form 3m or 3m+1.
Solution:
Let any positive integer be n. When divided by 3, by Euclid's Division Lemma, n can be written in one of these forms:
n=3q,3q+1,3q+2
Now square each form.
Case 1: n=3q
n2=(3q)2=9q2=3(3q2)
So n2 is of the form 3m.
Case 2: n=3q+1
n2=(3q+1)2=9q2+6q+1=3(3q2+2q)+1
So n2 is of the form 3m+1.
Case 3: n=3q+2
n2=(3q+2)2=9q2+12q+4
=9q2+12q+3+1
=3(3q2+4q+1)+1
So n2 is again of the form 3m+1.
Therefore, the square of any positive integer is either:
3mor3m+1
It can never be of the form 3m+2.
8. Worked Example 4: Possible forms of numbers divided by 5
Question: What are the possible forms of an integer when divided by 5?
Solution:
Let the integer be n. By Euclid's Division Lemma:
n=5q+r
where
0≤r<5
So the possible values of r are:
0,1,2,3,4
Therefore, the possible forms of n are:
n=5q,5q+1,5q+2,5q+3,5q+4
9. How to apply Euclid's Division Lemma in proofs
When a question asks you to prove a property using this lemma, follow these steps:
	Choose the divisor given in the question.
	Write the number in the form a=bq+r.
	List all possible values of the remainder r.
	Consider each case one by one.
	Simplify and show the required result.

This method is very useful in proofs involving even/odd numbers, divisibility, and square numbers.
10. Common mistakes to avoid
	Forgetting the condition on remainder: Always remember that 0≤r<b.
	Using a remainder equal to the divisor: This is not allowed. For example, when dividing by 4, remainder cannot be 4.
	Missing one of the cases: If dividing by 3, you must check all three forms: 3q, 3q+1, and 3q+2.
	Confusing lemma with algorithm: The lemma gives the form a=bq+r. It is often used as the starting point for proofs.

11. Quick recap
	Euclid's Division Lemma states that for integers a and positive integer b,

a=bq+r,0≤r<b
	The remainder is always less than the divisor.
	When dividing by 2, every integer is of the form 2q or 2q+1.
	When dividing by 3, every integer is of the form 3q, 3q+1, or 3q+2.
	This lemma helps prove properties of integers, especially about even numbers, odd numbers, and squares.

12. Final summary
Euclid's Division Lemma tells us that any integer can be written in the form a=bq+r, where the remainder r is always between 0 and b−1.
Its real power is in proofs. By listing all possible remainders for a chosen divisor, we can describe all possible forms of an integer and then study its properties.
Once you are comfortable with this idea, many number system proofs become easier and more organized.


  
  Put what you read to the test

  You've worked through Euclid's Division Lemma. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/972
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  Applications of Euclid's Algorithm


When we need to find the greatest common divisor (GCD) or highest common factor (HCF) of two numbers, listing all factors can be slow, especially for large numbers.


Euclid's Algorithm is a fast and reliable method for finding the HCF of two positive integers. It is based on the idea of repeated division.


This method is an important application of the division lemma, which says that for any two integers a and b, with a>b>0, we can write


a=bq+r,0≤r<b

Here, q is the quotient and r is the remainder.


The key idea behind Euclid's Algorithm is:


HCF⁡(a,b)=HCF⁡(b,r)

where r is the remainder when a is divided by b.


So instead of finding the HCF of the original pair, we replace the larger problem with a smaller one. We keep repeating this process until the remainder becomes 0. The last non-zero remainder is the HCF.


Why does this work?


If a number divides both a and b, then it must also divide a−bq. But a−bq=r, so any common divisor of a and b is also a common divisor of b and r.


Similarly, any common divisor of b and r also divides a=bq+r. So the common divisors of both pairs are the same, and their greatest common divisor is also the same.


Steps of Euclid's Algorithm



  	Take two positive integers, with the larger one first.

  	Divide the larger number by the smaller number.

  	Write down the remainder.

  	Replace the pair by: smaller number, remainder.

  	Repeat until the remainder becomes 0.

  	The last non-zero remainder is the HCF.




Worked Example 1: Find the HCF of 48 and 18


We divide 48 by 18:


48=18×2+12

Now divide 18 by 12:


18=12×1+6

Now divide 12 by 6:


12=6×2+0

The remainder is now 0, so the last non-zero remainder is 6.


Therefore,


HCF⁡(48,18)=6

Worked Example 2: Find the HCF of 119 and 544


First place the larger number first:


544=119×4+68

Now divide 119 by 68:


119=68×1+51

Now divide 68 by 51:


68=51×1+17

Now divide 51 by 17:


51=17×3+0

The last non-zero remainder is 17.


So,


HCF⁡(119,544)=17

Worked Example 3: Use Euclid's Algorithm to find the HCF of 867 and 255


Divide 867 by 255:


867=255×3+102

Now divide 255 by 102:


255=102×2+51

Now divide 102 by 51:


102=51×2+0

The last non-zero remainder is 51.


Therefore,


HCF⁡(867,255)=51

Application: Finding whether numbers are co-prime


Two numbers are called co-prime if their HCF is 1.


Euclid's Algorithm helps us check this quickly.


Worked Example 4: Are 35 and 64 co-prime?


Divide 64 by 35:


64=35×1+29

Now divide 35 by 29:


35=29×1+6

Now divide 29 by 6:


29=6×4+5

Now divide 6 by 5:


6=5×1+1

Now divide 5 by 1:


5=1×5+0

The last non-zero remainder is 1.


So,


HCF⁡(35,64)=1

Therefore, 35 and 64 are co-prime.


Another important application: Writing the HCF in the form ax+by


Sometimes, after finding the HCF by Euclid's Algorithm, we write it as a combination of the two given numbers. This means expressing the HCF in the form


HCF⁡(a,b)=ax+by

where x and y are integers.


This is done by working backward from the division steps.


Let us use Example 2, where the HCF of 544 and 119 is 17.


We had:


544=119×4+68
119=68×1+51
68=51×1+17

Now work backward.


From the last equation:


17=68−51×1

From the second equation, 51=119−68. Substitute this:


17=68−(119−68)
17=2×68−119

From the first equation, 68=544−119×4. Substitute this:


17=2(544−119×4)−119
17=2×544−8×119−119
17=2×544−9×119

So we have written the HCF as


17=2×544−9×119

This shows that the HCF can be expressed using the given numbers.


Why is Euclid's Algorithm useful?



  	It is much faster than listing factors.

  	It works well even for large numbers.

  	It helps us check if numbers are co-prime.

  	It helps us express the HCF in terms of the given numbers.

  	It is a basic tool in number systems and higher mathematics.




Common mistakes to avoid



  	Do not stop too early. Continue until the remainder is 0.

  	The HCF is not the quotient. It is the last non-zero remainder.

  	Always divide the larger number by the smaller number first.

  	Be careful while writing each division step.




Quick Recap



  	Use the division lemma: a=bq+r.

  	Replace (a,b) by (b,r).

  	Repeat until remainder becomes 0.

  	The last non-zero remainder is the HCF.

  	If the HCF is 1, the numbers are co-prime.




[image: 📋]   Summary


Euclid's Algorithm is a method to find the HCF of two integers by repeated division. At each step, we divide and use the remainder to form a smaller pair of numbers. This process continues until the remainder is 0, and the last non-zero remainder gives the HCF.


This algorithm is useful for large numbers, for checking co-prime numbers, and for expressing the HCF in the form ax+by. With practice, it becomes a quick and powerful tool in number systems.


  
  Put what you read to the test

  You've worked through Applications of Euclid's Algorithm. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/973
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  Introduction

In number systems, one of the most important ideas is that every whole number greater than 1 is built from prime numbers. This idea is called the Fundamental Theorem of Arithmetic.

This theorem helps us understand how numbers are formed, how to test divisibility, how to find HCF and LCM, and why prime factorization is such a powerful tool in mathematics.

In this lesson, you will learn what the theorem says, why it matters, and how to use it correctly.


1. Review: Prime and Composite Numbers

Before learning the theorem, let us recall two important types of numbers.


	A prime number is a natural number greater than 1 that has exactly two factors: 1 and itself.

	A composite number is a natural number greater than 1 that has more than two factors.



Examples:


	

2, 3, 5, 7, 11 are prime numbers.




	

4, 6, 8, 9, 10, 12 are composite numbers.






The number 1 is neither prime nor composite.


2. Statement of the Fundamental Theorem of Arithmetic

The theorem says:

Every composite number can be expressed as a product of prime numbers, and this factorization is unique except for the order of the primes.

This means two things:


	
Existence: Every composite number can be broken into prime factors.



	
Uniqueness: The prime factors you get are always the same, though you may write them in a different order.





For example, consider 60.

We can write

60=2×30=2×2×15=2×2×3×5

So the prime factorization of 60 is

60=22×3×5

No matter how you start factoring 60, you will always end up with the same prime factors: two 2s, one 3, and one 5.


3. What Does “Unique Except for Order” Mean?

The order of multiplication does not matter. So these are all the same prime factorization:

2×2×3×5

3×2×5×2

5×3×2×2

Each expression contains the same prime factors. Only the order has changed.


4. Why Is This Theorem Important?

The Fundamental Theorem of Arithmetic is important because it gives a basic structure for all whole numbers greater than 1.

It helps us:


	write numbers in prime factor form,

	find the HCF and LCM of numbers,

	study divisibility,

	compare numbers more easily,

	understand many later ideas in algebra and number theory.



It is like saying that prime numbers are the “building blocks” of all composite numbers.


5. How to Find Prime Factorization

To factor a composite number into primes, keep dividing it by prime numbers until only prime factors remain.

You can use:


	repeated division, or

	a factor tree.



While factoring, remember:


	Keep breaking composite factors further.

	Stop only when every factor is prime.

	Write repeated prime factors using exponents if needed.




6. Worked Example 1: Prime Factorization of a Small Number

Find the prime factorization of 24.

Step 1: Start dividing by the smallest prime number, 2.

24=2×12

Step 2: Factor 12.

12=2×6

Step 3: Factor 6.

6=2×3

Now 2 and 3 are prime, so we stop.

Therefore,

24=2×2×2×3=23×3

Answer: The prime factorization of 24 is 23×3.


7. Worked Example 2: Same Number, Different Factoring Paths

Show that 36 has a unique prime factorization even if we begin in different ways.

Method 1:

36=6×6

Now factor each 6:

6=2×3

So,

36=(2×3)(2×3)=2×2×3×3=22×32

Method 2:

36=4×9

Now factor each part:

4=2×2,9=3×3

So,

36=2×2×3×3=22×32

Both methods give the same prime factors.

Answer: The unique prime factorization of 36 is 22×32.


8. Worked Example 3: Using Prime Factorization to Study Divisibility

Check whether 84 is divisible by 18 using prime factorization.

Step 1: Prime factorize 84.

84=2×42=2×2×21=22×3×7

Step 2: Prime factorize 18.

18=2×9=2×32

Step 3: Compare the prime factors.

For 84 to be divisible by 18, the prime factorization of 84 must contain all the prime factors of 18.

But

18=2×32

and

84=22×3×7

84 has only one factor of 3, but 18 needs two factors of 3.

So 84 is not divisible by 18.

Answer: 84 is not divisible by 18.


9. Worked Example 4: Using the Theorem in Exponential Form

Write the prime factorization of 540.

Step 1: Break the number into easier factors.

540=54×10

Step 2: Factor each part.

54=2×27=2×33

10=2×5

Step 3: Multiply all prime factors together.

540=(2×33)(2×5)

540=22×33×5

Answer: The prime factorization of 540 is 22×33×5.


10. Important Notes and Common Mistakes


	
Do not stop too early. If a factor is composite, factor it again. For example, in 24=3×8, you must still factor 8 into 2×2×2.



	
Use only prime factors in the final answer. A correct final form for 18 is 2×32, not 6×3.



	
Order does not matter. 2×3×2 and 22×3 represent the same prime factorization.



	
1 is not a prime number. Do not include 1 in prime factorization.






11. How the Theorem Helps with HCF and LCM

Prime factorization is often used to find the HCF and LCM of numbers.

For example, take 12 and 18.

12=22×3

18=2×32

The HCF uses common prime factors with the smallest powers:

HCF=2×3=6

The LCM uses all prime factors with the greatest powers:

LCM=22×32=36

This method works because every composite number has a unique prime factorization.


12. A Simple Way to Remember the Theorem

You can remember the Fundamental Theorem of Arithmetic like this:

Every composite number has one and only one prime factorization, apart from the order of the factors.

Or even shorter:

Composite numbers are made of primes in a unique way.


Brief Summary

The Fundamental Theorem of Arithmetic says that every composite number can be written as a product of prime numbers, and this product is unique except for the order of the factors.

This theorem is the foundation of prime factorization. It helps us understand divisibility and is very useful in finding HCF, LCM, and studying the structure of numbers.

Whenever you factor a number completely into primes, you are using this theorem.


  
  Put what you read to the test

  You've worked through The Fundamental Theorem of Arithmetic. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/974
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  Prime Factorization and Divisibility Rules are important tools in number systems. They help us break numbers into smaller parts, test whether one number divides another, and find useful values like the Greatest Common Divisor (GCD) and Lowest Common Multiple (LCM).


In this lesson, you will learn how to:


  	identify prime and composite numbers,

  	write numbers as a product of prime factors,

  	use divisibility rules to factor numbers faster,

  	find the GCD and LCM using prime factorization,

  	use the relation LCM×GCD=a×b for two numbers.




1. Prime and Composite Numbers

A prime number is a number greater than 1 that has exactly two positive factors: 1 and itself.

Examples of prime numbers are: 2, 3, 5, 7, 11, and 13.


A composite number is a number greater than 1 that has more than two factors.

Examples of composite numbers are: 4, 6, 8, 9, 10, and 12.


The number 1 is neither prime nor composite.


2. Prime Factorization

Prime factorization means writing a composite number as a product of prime numbers only.

For example, the prime factorization of 12 is:

12=2×2×3=22×3


Every composite number has a unique prime factorization, except for the order of the factors. This means the same prime factors will always appear, even if we find them in a different order.


One common method is the factor tree.

For example, to factor 60:

60=6×10=(2×3)×(2×5)=22×3×5


3. Divisibility Rules

Divisibility rules help you quickly decide whether a number can be divided by another number without doing full division. These rules are very useful when finding prime factors.



  	Divisible by 2: The last digit is 0, 2, 4, 6, or 8.

  	Divisible by 3: The sum of the digits is divisible by 3.

  	Divisible by 5: The last digit is 0 or 5.

  	Divisible by 9: The sum of the digits is divisible by 9.

  	Divisible by 10: The last digit is 0.




For example, consider 126:


  	It is divisible by 2 because it ends in 6.

  	It is divisible by 3 because 1+2+6=9, and 9 is divisible by 3.

  	It is divisible by 9 because 1+2+6=9, and 9 is divisible by 9.




These rules help us choose factors quickly when doing prime factorization.


4. Finding GCD Using Prime Factorization

The Greatest Common Divisor (GCD) of two numbers is the largest number that divides both of them exactly. It is also called the Highest Common Factor (HCF).


To find the GCD using prime factorization:


  	Write each number as a product of prime factors.

  	Find the prime factors common to both numbers.

  	Take the smallest power of each common prime.

  	Multiply them.




5. Finding LCM Using Prime Factorization

The Lowest Common Multiple (LCM) of two numbers is the smallest positive number that is a multiple of both numbers.


To find the LCM using prime factorization:


  	Write each number as a product of prime factors.

  	List all prime factors that appear in either number.

  	Take the greatest power of each prime.

  	Multiply them.




6. Important Relation Between LCM and GCD

For any two positive integers a and b:

LCM(a,b)×GCD(a,b)=a×b


This relation is very useful. If you know the GCD, you can find the LCM, and vice versa.


Worked Example 1: Prime Factorization Using Divisibility Rules

Find the prime factorization of 180.


Step 1: Use divisibility rules.


  	180 ends in 0, so it is divisible by 10.

  	Also, it is even, so it is divisible by 2.




Let us factor it step by step:

180=2×90

90=2×45

45=3×15

15=3×5


So,

180=2×2×3×3×5=22×32×5


Answer: The prime factorization of 180 is 22×32×5


Worked Example 2: Find the GCD of 48 and 60

First, write each number as a product of prime factors.

48=24×3

60=22×3×5


The common prime factors are 2 and 3.


  	The smallest power of 2 is 22.

  	The smallest power of 3 is 31.




So,

GCD(48,60)=22×3=4×3=12


Answer: GCD(48,60)=12


Worked Example 3: Find the LCM of 48 and 60

Use the same prime factorizations:

48=24×3

60=22×3×5


Take the greatest power of each prime factor that appears:


  	For 2, use 24

  	For 3, use 31

  	For 5, use 51




So,

LCM(48,60)=24×3×5=16×3×5=240


Answer: LCM(48,60)=240


Worked Example 4: Use the Relation LCM×GCD=a×b

Two numbers are 18 and 24. Their GCD is 6. Find their LCM.


Use the formula:

LCM×GCD=a×b


Substitute the values:

LCM×6=18×24

LCM×6=432

LCM=4326=72


Answer: The LCM of 18 and 24 is 72


7. How GCD and LCM Are Connected to Prime Factors

Prime factorization makes the difference between GCD and LCM very clear:


  	For GCD, choose only the common prime factors with the smaller powers.

  	For LCM, choose all prime factors present, using the larger powers.




For example, if

a=23×32×5

and

b=22×3×7


Then:

GCD(a,b)=22×3=12

LCM(a,b)=23×32×5×7


8. Common Mistakes to Avoid


  	Stopping too early: In prime factorization, keep factoring until every factor is prime.

  	Mixing up GCD and LCM: GCD uses smallest powers of common primes; LCM uses greatest powers of all primes present.

  	Forgetting a prime factor: Check your work carefully.

  	Using the formula incorrectly: The relation LCM×GCD=a×b works for two numbers.




9. Quick Strategy for Solving Problems


  	Use divisibility rules to break the number into factors quickly.

  	Write the prime factorization using exponents where possible.

  	For GCD, choose common primes with smaller exponents.

  	For LCM, choose all primes with larger exponents.

  	If needed, use LCM×GCD=a×b to check your answer.




[image: 📋]   Summary

Prime factorization means expressing a number as a product of prime numbers. Divisibility rules help us do this faster by showing which numbers divide a given number exactly.


Once numbers are written in prime factor form, we can find the GCD by taking common prime factors with the smallest powers, and the LCM by taking all prime factors with the greatest powers. For two numbers a and b, remember the important relation:

LCM(a,b)×GCD(a,b)=a×b


Mastering these ideas will help you solve many problems in number systems and real numbers.


  
  Put what you read to the test

  You've worked through Prime Factorization and Divisibility Rules. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/975
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  Proof of Irrationality by Contradiction


In this lesson, we will learn how to prove that some numbers are irrational using a method called proof by contradiction.


You may already know that a rational number can be written as a fraction of two integers, like 34, −2, or 117. An irrational number cannot be written in this form. Numbers like 2, 3, and π are irrational.


But how do we prove that a number such as 2 is irrational? We use a logical method called contradiction.


Proof by contradiction means we start by assuming the opposite of what we want to prove. Then, if that assumption leads to something impossible or inconsistent, our assumption must be wrong.


So if we want to prove that 2 is irrational, we begin by assuming that 2 is rational.


Step 1: Recall what rational means.


If 2 is rational, then it can be written as


2=ab

where a and b are integers, b≠0, and the fraction is in lowest terms. That means a and b have no common factor other than 1.


Why do we insist on lowest terms? Because if a fraction is not simplified, we can reduce it. Starting with lowest terms is important, because later we will show that both numbers must still have a common factor. That is the contradiction.


Step 2: Square both sides.


2=ab
2=a2b2
a2=2b2

This tells us that a2 is even, because it equals 2×b2.


Important fact: If a2 is even, then a must also be even.


This is because:


  	the square of an even number is even, and

  	the square of an odd number is odd.




So if a is even, we can write


a=2k

for some integer k.


Step 3: Substitute back.


a2=2b2
(2k)2=2b2
4k2=2b2
2k2=b2

Now b2 is even, so b must also be even.


So both a and b are even. That means both are divisible by 2.


But this is impossible, because we said at the start that ab was in lowest terms.


We have reached a contradiction.


Therefore, our original assumption was false. So:


2 is irrational.

This is the basic structure of the proof.



  	Assume the square root is rational.

  	Write it as a fraction in lowest terms.

  	Square both sides.

  	Show the numerator is divisible by a prime number.

  	Then show the denominator is also divisible by the same prime number.

  	This contradicts the fact that the fraction was in lowest terms.

  	Therefore, the square root is irrational.




A useful fact about prime numbers


For proofs involving 3, 5, and other square roots of prime numbers, we use this idea:


If a prime number divides a2, then that prime number must divide a.


For example:


  	if 3 divides a2, then 3 divides a,

  	if 5 divides a2, then 5 divides a.




This works because prime numbers have very strict factor behavior.


Worked Example 1: Prove that 2 is irrational


Assume that 2 is rational.


Then


2=ab

where a and b are integers with no common factor, and b≠0.


Square both sides:


2=a2b2
a2=2b2

So a2 is even, which means a is even.


Let a=2k.


Substitute into the equation:


a2=2b2
(2k)2=2b2
4k2=2b2
2k2=b2

So b2 is even, which means b is even.


Then both a and b are even, so they have a common factor 2.


This contradicts the fact that ab is in lowest terms.


Therefore, 2 is irrational.


Worked Example 2: Prove that 3 is irrational


Assume that 3 is rational.


Then we can write


3=ab

where a and b are integers in lowest terms.


Square both sides:


3=a2b2
a2=3b2

This means a2 is divisible by 3. Therefore, a is also divisible by 3.


So let


a=3k

for some integer k.


Substitute into a2=3b2:


(3k)2=3b2
9k2=3b2
3k2=b2

Now b2 is divisible by 3, so b is divisible by 3.


That means both a and b are divisible by 3.


But then a and b have a common factor 3, which contradicts the fact that the fraction was in lowest terms.


Therefore,


3 is irrational.

Worked Example 3: Prove that 5 is irrational


Assume that 5 is rational.


Then


5=ab

where a and b are integers with no common factor.


Square both sides:


5=a2b2
a2=5b2

So a2 is divisible by 5, which means a is divisible by 5.


Let


a=5k

Substitute:


(5k)2=5b2
25k2=5b2
5k2=b2

So b2 is divisible by 5, which means b is divisible by 5.


Then both a and b are divisible by 5.


This contradicts the claim that ab is in lowest terms.


Therefore,


5 is irrational.

What all these examples have in common



  	We assume the square root is rational.

  	We write it as ab in simplest form.

  	After squaring, we get an equation like a2=pb2, where p is prime.

  	That shows p divides a.

  	Substituting back shows p also divides b.

  	So a and b have a common factor p, which is impossible.




General result


Using the same method, we can prove that if p is a prime number, then p is irrational.


The proof follows exactly the same pattern:



  	Assume p=ab in lowest terms.

  	Square both sides to get




a2=pb2


  	Since p divides a2, it must divide a.

  	Write a=pk, then substitute back.

  	This shows p also divides b.

  	So a and b both have factor p, a contradiction.




Therefore, p is irrational for every prime number p.


Common mistakes to avoid



  	Forgetting to say the fraction is in lowest terms. This is essential for the contradiction.

  	Skipping the assumption. In contradiction proofs, you must clearly state the opposite assumption first.

  	Saying “if a2 is divisible by 3, then a might be divisible by 3.” Here it is stronger: a must be divisible by 3.

  	Ending too early. You must explain why both a and b having the same factor causes a contradiction.




How to write a strong exam-style proof


A clear proof should include these parts:



  	Assume the number is rational.

  	Write it as ab, where a and b are integers with no common factor.

  	Square both sides.

  	Show the prime divides both a and b.

  	State that this contradicts the fraction being in lowest terms.

  	Conclude that the number is irrational.




Quick check


If a student says, “2=1.4142135..., so it is irrational because the decimal does not end,” that is not a complete proof.


It may suggest irrationality, but a formal proof needs logic that works with certainty. That is why contradiction is so important.


Brief Summary


To prove that 2, 3, or 5 is irrational, we assume it is rational and write it as a fraction in lowest terms. After squaring, we show that the numerator and denominator must both be divisible by the same prime number. This is impossible if the fraction was already in lowest terms, so our assumption must be false. Therefore, the square root is irrational.


  
  Put what you read to the test

  You've worked through Proof of Irrationality by Contradiction. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/976
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  Decimal Expansions of Rational Numbers


When we write a fraction as a decimal, the decimal does not always end. Sometimes it stops after a few digits, and sometimes the digits continue forever in a repeating pattern. In this lesson, we will learn how to tell without dividing whether a rational number will have a terminating decimal or a non-terminating repeating decimal.


This idea is an important part of the number system. It connects fractions, prime factorization, and decimal representation in a very useful way.


Recall: A rational number is any number that can be written in the form pq, where p and q are integers and q≠0.


Examples of rational numbers are:


  	12

  	78

  	311

  	−54




When we convert these to decimals:


  	12=0.5 which terminates

  	78=0.875 which terminates

  	311=0.272727… which repeats

  	−54=−1.25 which terminates




So rational numbers can have decimal expansions of two types:


  	Terminating decimal: the decimal ends after a finite number of digits.

  	Non-terminating recurring (repeating) decimal: the decimal goes on forever, but a block of digits repeats.




Main Question: How can we decide which type a rational number will have?


The answer depends on the prime factors of the denominator, after the fraction is written in its lowest form.


Important Rule: Let pq be a rational number in lowest form, where q≠0. Then:


  	If the prime factorization of q has only 2s and/or 5s, then the decimal expansion terminates.

  	If the prime factorization of q has any prime factor other than 2 or 5, then the decimal expansion is non-terminating repeating.




This rule works because our decimal system is based on 10, and

10=2×5


Any terminating decimal can be written with denominator 10, 100, 1000, and so on. These denominators are powers of 10:

10n=2n×5n


So if a fraction can be changed into an equivalent fraction whose denominator is some power of 10, then its decimal will terminate. That is possible only when the denominator has no prime factors other than 2 and 5.


Step-by-step method


  	Write the fraction in lowest form.

  	Find the prime factorization of the denominator.

  	Check the prime factors:




  	If they are only 2 and/or 5, the decimal terminates.

  	If any other prime appears, the decimal repeats.




Let us now see this with worked examples.


Worked Example 1: Determine the decimal expansion of 38

Step 1: Check if the fraction is in lowest form.

3 and 8 have no common factor other than 1, so it is already in lowest form.


Step 2: Prime factorize the denominator.

8=2×2×2=23


Step 3: Look at the prime factors.

The denominator has only the prime factor 2.


Conclusion: The decimal expansion will terminate.

In fact,

38=0.375


Worked Example 2: Determine the decimal expansion of 715

Step 1: The fraction 715 is already in lowest form.


Step 2: Prime factorize the denominator.

15=3×5


Step 3: Look at the prime factors.

The denominator contains 3, which is neither 2 nor 5.


Conclusion: The decimal expansion will be non-terminating repeating.

In fact,

715=0.4666…


The digit 6 repeats forever after the 4.


Worked Example 3: Determine the decimal expansion of 1824

This example is important because we must first reduce the fraction.


Step 1: Write in lowest form.

1824=34

We divided numerator and denominator by 6.


Step 2: Prime factorize the denominator of the reduced fraction.

4=22


Step 3: Look at the prime factors.

The denominator has only 2 as a prime factor.


Conclusion: The decimal expansion terminates.

1824=34=0.75


Important Note: Always reduce the fraction first. If you do not, you may get confused by extra factors that cancel out.


Worked Example 4: Determine the decimal expansion of 1360

Step 1: Check lowest form.

13 and 60 have no common factor other than 1, so the fraction is in lowest form.


Step 2: Prime factorize the denominator.

60=22×3×5


Step 3: Look at the prime factors.

The denominator contains 3, which is not 2 or 5.


Conclusion: The decimal expansion is non-terminating repeating.

Its decimal form will go on forever, but with a repeating pattern.


Why only 2 and 5?

A terminating decimal like 0.125 can be written as

0.125=1251000


Now,

1000=103=23×53


So any terminating decimal becomes a fraction whose denominator is made only of 2s and 5s. That is why the denominator of a rational number in lowest form must have only 2 and/or 5 for the decimal to terminate.


Quick Check Table


  	14: 4=22 [image: →] terminating

  	920: 20=22×5 [image: →] terminating

  	29: 9=32 [image: →] non-terminating repeating

  	512: 12=22×3 [image: →] non-terminating repeating

  	1125: 25=52 [image: →] terminating




Common mistakes to avoid


  	Not reducing the fraction first: Always write the fraction in lowest form before checking the denominator.

  	Looking at the numerator: The rule depends on the denominator, not the numerator.

  	Thinking non-terminating means irrational: A repeating decimal is still rational. For example, 13=0.333… is rational.

  	Forgetting that 2 and 5 can both appear: A denominator like 40=23×5 still gives a terminating decimal.




Try to think:


  	564: since 64=26, it terminates.

  	421: since 21=3×7, it repeats.

  	950: since 50=2×52, it terminates.




[image: 📋]   Summary

To decide whether the decimal expansion of a rational number terminates or repeats, first write the fraction in lowest form. Then prime factorize the denominator.


If the denominator has only 2 and/or 5 as prime factors, the decimal expansion is terminating. If the denominator has any prime factor other than 2 or 5, the decimal expansion is non-terminating repeating.


This rule helps you classify decimal expansions quickly and accurately without doing long division every time.


  
  Put what you read to the test

  You've worked through Decimal Expansions of Rational Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/977
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  Operations on Surds and Radicals


In mathematics, a surd is a root that cannot be simplified into a whole number or a fraction. For example, 2, 3, and 5 are surds because they are irrational numbers.


A radical expression is any expression that contains a root symbol, such as 7, 32, or 12+3.


Learning how to work with surds is important because they appear often in algebra, geometry, and real numbers. In this lesson, you will learn how to simplify, add, subtract, and multiply surds correctly.


1. Simplifying surds


To simplify a surd, look for a perfect square factor inside the radical. Then use the rule:


ab=a×b


This helps us take square factors out of the root.


For example, since 12=4×3, we can write:


12=4×3=43=23


Here are some common perfect squares to remember:



  	1,4,9,16,25,36,49,64,81,100




Some quick examples:



  	18=9×2=32

  	50=25×2=52

  	72=36×2=62




2. Like surds


Just like algebraic terms, surds can only be added or subtracted when they are like terms. This means they must have the same radical part after simplification.


For example:



  	23 and 53 are like surds

  	2 and 35 are not like surds




3. Adding and subtracting surds


To add or subtract surds:



  	Simplify each surd if possible.

  	Combine only the like surds.




For example:


25+75=95


But:


2+3


cannot be combined because the surds are different.


4. Multiplying surds


When multiplying surds, multiply the numbers outside the roots and the numbers inside the roots separately.


Use the rule:


a×b=ab


Example:


3×6=18=32


If there are coefficients, multiply them too:


23×45=815


5. Squaring a surd


When a surd is squared, the square root and the square cancel each other.


For example:


(7)2=7


And:


(32)2=9×2=18


6. Important rules to remember



  	a×b=ab

  	ab=ab

  	Only like surds can be added or subtracted.

  	Always simplify surds first before combining them.




Worked Example 1: Simplifying a surd


Simplify 45.


Step 1: Find the largest perfect square factor of 45.


45=9×5


Step 2: Split the radical.


45=9×5=95


Step 3: Simplify.


45=35


Answer: 35


Worked Example 2: Adding and subtracting surds


Simplify 12+27−3.


Step 1: Simplify each surd.


12=4×3=23


27=9×3=33


So the expression becomes:


23+33−3


Step 2: Combine like surds.


(2+3−1)3=43


Answer: 43


Worked Example 3: Multiplying surds


Simplify (26)(315).


Step 1: Multiply the coefficients.


2×3=6


Step 2: Multiply the surds.


6×15=90


So:


690


Step 3: Simplify 90.


90=9×10=310


Step 4: Multiply.


6×310=1810


Answer: 1810


Worked Example 4: A mixed operation


Simplify 38+218−50.


Step 1: Simplify each surd.


8=4×2=22


18=9×2=32


50=25×2=52


Step 2: Rewrite the expression.


3(22)+2(32)−52


62+62−52


Step 3: Combine like surds.


(6+6−5)2=72


Answer: 72


Common mistakes to avoid



  	Do not add unlike surds. For example, 2+3≠5.

  	Always simplify first. For example, 8+2 should become 22+2=32.

  	Do not forget to simplify after multiplying. For example, 2×8=16=4.




Quick check



  	Simplify 32

  	Simplify 27+57

  	Simplify 20−5

  	Simplify (2)(18)




Answers



  	32=42

  	27+57=77

  	20−5=25−5=5

  	(2)(18)=36=6




[image: 📋]   Summary


Surds are roots that cannot be written exactly as fractions or whole numbers. To work with them, first simplify by taking out perfect square factors. Then add or subtract only like surds, and multiply surds by multiplying inside the radicals and simplifying the result. With practice, these steps become straightforward and help you handle irrational numbers confidently.


  
  Put what you read to the test

  You've worked through Operations on Surds and Radicals. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/978
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  Rationalizing Denominators means rewriting a fraction so that there is no irrational number in the denominator. In 10th Grade Maths, this usually means removing square roots from the bottom of a fraction.


This is useful because expressions are easier to compare, simplify, and use in later algebra when the denominator is rational. A rational denominator is a denominator that is a whole number, integer, or fraction without a surd.


For example, instead of writing 35, we prefer to write an equivalent form with no square root in the denominator.


Main idea: multiply the fraction by a form of 1 that removes the surd from the denominator.


If the denominator is just one surd, such as a, multiply by the same surd:


1a×aa=aa

This works because a⋅a=a, which is rational.


If the denominator is a binomial containing surds, such as a+b or m+n, multiply by its conjugate.


The conjugate of an expression is formed by changing the sign in the middle:



  	The conjugate of a+b is a−b

  	The conjugate of a−b is a+b

  	The conjugate of 3+2 is 3−2

  	The conjugate of 5−2 is 5+2




Why does this help? Because of the identity:


(a+b)(a−b)=a2−b2

When we multiply conjugates, the middle terms cancel, and the denominator becomes rational.


There are two common cases:



  	Denominator has one surd — multiply by that surd.

  	Denominator has two terms with a surd — multiply by the conjugate.




Steps for rationalizing a denominator:



  	Look at the denominator carefully.

  	Decide whether to multiply by the same surd or by the conjugate.

  	Multiply both numerator and denominator by that expression.

  	Simplify the numerator and denominator.

  	Check that there is no surd left in the denominator.




Now let us look at worked examples from easy to harder.


Example 1: A denominator with one surd


Simplify 73.


The denominator is just 3, so multiply top and bottom by 3.


73×33=733

Answer: 733


The denominator is now rational, so the expression is rationalized.


Example 2: A denominator with a number times a surd


Simplify 526.


Multiply top and bottom by 6.


526×66=562⋅6=5612

Answer: 5612


Notice that we only needed to remove the square root part. The 2 stayed in the denominator.


Example 3: A binomial denominator using a conjugate


Simplify 45+1.


The denominator has two terms, 5+1, so we multiply by its conjugate, 5−1.


45+1×5−15−1

Now simplify.


=4(5−1)(5+1)(5−1)

Use difference of squares in the denominator:


(5+1)(5−1)=(5)2−12=5−1=4

So,


4(5−1)4=5−1

Answer: 5−1


This example shows why conjugates are powerful: the denominator becomes a whole number very neatly.


Example 4: Both terms in the denominator are surds


Simplify 37−2.


The conjugate of 7−2 is 7+2.


37−2×7+27+2

Multiply:


=3(7+2)(7−2)(7+2)

Now simplify the denominator using difference of squares:


(7)2−(2)2=7−2=5

So the result is


3(7+2)5=37+325

Answer: 37+325


Common mistakes to avoid:



  	Multiplying only the denominator. You must multiply both numerator and denominator by the same expression.

  	Using the wrong conjugate. If the denominator is 3+2, the conjugate is 3−2, not 2−3 written carelessly without understanding the sign change.

  	Forgetting the square root rule. Remember a⋅a=a.

  	Expanding conjugates incorrectly. For example, (a+b)(a−b)=a2−b2, not a2+b2.

  	Stopping too early. After rationalizing, always simplify the final answer if possible.




Quick check:



  	211=21111

  	13+2 should be multiplied by 3−23−2

  	(8+1)(8−1)=8−1=7




[image: 📋]   Summary


Rationalizing the denominator means rewriting a fraction so the denominator does not contain a surd. If the denominator has one surd, multiply by that surd. If the denominator has two terms, multiply by the conjugate so that the denominator becomes rational using (a+b)(a−b)=a2−b2.


With practice, you will quickly recognize which method to use. Always finish by simplifying your answer fully.


  
  Put what you read to the test

  You've worked through Rationalizing Denominators. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/979






  
    
  [image: 📖]   Chapter 2

  Polynomials
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  Lesson: Anatomy and Classification of Polynomials


Polynomials are one of the most important types of expressions in algebra. To work with them well, you need to be able to recognize their parts, write them neatly, and classify them correctly.


In this lesson, you will learn how to identify the terms, coefficients, variables, and degree of a polynomial. You will also learn how to write a polynomial in standard form and classify it by its degree as linear, quadratic, cubic, or higher-degree.


1. What is a polynomial?


A polynomial is an algebraic expression made of terms added or subtracted together, where the variable has a whole-number exponent.


Examples of polynomials:


  	3x+5

  	x2−4x+7

  	2x3+x−9

  	6




Examples that are not polynomials:


  	1x+2 because the variable is in the denominator

  	x−2+1 because it has a negative exponent

  	x+3 because x=x1/2, and the exponent is not a whole number




2. The anatomy of a polynomial


Let us look at the polynomial


4x3−2x2+7x−5

This polynomial has several important parts.



  	Terms: The parts separated by addition or subtraction. Here the terms are 4x3, −2x2, 7x, and −5.

  	Variable: The letter that represents a number. Here the variable is x.

  	Coefficients: The numerical factors of the variable terms. The coefficients are 4, −2, and 7.

  	Constant term: A term with no variable. Here the constant term is −5.

  	Exponent: The power on the variable. The exponents here are 3, 2, and 1.




Remember that in 7x, the exponent of x is really 1, even though it is not written. In a constant like −5, the variable is not present, so it is just a constant term.


3. Degree of a polynomial


The degree of a polynomial is the greatest exponent of the variable, after the polynomial is simplified.


Examples:


  	5x+1 has degree 1

  	3x2−7x+4 has degree 2

  	8x3+2x has degree 3

  	9 is a nonzero constant polynomial, so its degree is 0




If a polynomial has like terms, combine them first before finding the degree.


For example,


2x2+5x−3x2+1=−x2+5x+1

Now the greatest exponent is 2, so the degree is 2.


4. Standard form


A polynomial is in standard form when its terms are written from highest degree to lowest degree.


Example:


3x−8+2x3−x2

In standard form, this becomes


2x3−x2+3x−8

Why is standard form useful?


  	It makes the degree easy to see.

  	It helps you compare polynomials.

  	It makes graphing and solving easier later.




5. Classifying polynomials by degree


Polynomials are often named by their degree.



  	Degree 0: constant, such as 7

  	Degree 1: linear, such as 2x−3

  	Degree 2: quadratic, such as x2+4x+1

  	Degree 3: cubic, such as 5x3−2x

  	Degree 4: quartic, such as x4−1

  	Degree 5 or more: higher-degree polynomial




So if you are asked to classify 6x2−9x+2, you should say it is a quadratic polynomial because its degree is 2.


6. Classifying polynomials by number of terms


Polynomials can also be named by how many terms they have.



  	Monomial: 1 term, for example 4x2

  	Binomial: 2 terms, for example x2−9

  	Trinomial: 3 terms, for example x2+5x+6




A polynomial with more than 3 terms is usually just called a polynomial.


You can classify a polynomial using both its degree and its number of terms. For example, x2+5x+6 is a quadratic trinomial.


7. How to analyze a polynomial step by step


When you are given a polynomial, use this process:



  	Simplify by combining like terms if needed.

  	Write the polynomial in standard form.

  	Identify the terms, coefficients, variable, and constant term.

  	Find the degree by looking at the greatest exponent.

  	Classify the polynomial by degree.

  	If asked, classify it by number of terms too.




Worked Example 1


Analyze the polynomial 5x2−3x+7.


Step 1: Check standard form

The terms are already in descending order of exponents, so it is already in standard form.


Step 2: Identify the terms


  	5x2

  	−3x

  	7




Step 3: Identify coefficients and constant


  	Coefficients: 5 and −3

  	Constant term: 7




Step 4: Find the degree

The greatest exponent is 2, so the degree is 2.


Step 5: Classify


  	By degree: quadratic

  	By number of terms: trinomial




Answer: 5x2−3x+7 is a quadratic trinomial.


Worked Example 2


Write 4−2x3+6x in standard form and classify it.


Step 1: Rearrange the terms

Write from highest exponent to lowest:


−2x3+6x+4

Step 2: Find the degree

The highest exponent is 3, so the degree is 3.


Step 3: Classify


  	By degree: cubic

  	By number of terms: trinomial




Answer: In standard form, the polynomial is −2x3+6x+4. It is a cubic trinomial.


Worked Example 3


Analyze 3x4−5x2+x−9.


Step 1: Identify the terms


  	3x4

  	−5x2

  	x

  	−9




Step 2: Identify coefficients


  	3

  	−5

  	1 for the term x




Step 3: Find the constant term

The constant term is −9.


Step 4: Find the degree

The greatest exponent is 4, so the degree is 4.


Step 5: Classify


  	By degree: quartic

  	By number of terms: polynomial with 4 terms




Answer: 3x4−5x2+x−9 is a quartic polynomial.


Worked Example 4


Analyze and classify


2x−4+x2−7x+3x3

Step 1: Combine like terms

The like terms are 2x and −7x:


2x−7x=−5x

So the polynomial becomes


x2−5x−4+3x3

Step 2: Write in standard form


3x3+x2−5x−4

Step 3: Find the degree

The highest exponent is 3, so the degree is 3.


Step 4: Identify key parts


  	Terms: 3x3, x2, −5x, −4

  	Coefficients: 3, 1, −5

  	Constant term: −4




Step 5: Classify


  	By degree: cubic

  	By number of terms: polynomial with 4 terms




Answer: The simplified polynomial is 3x3+x2−5x−4, which is a cubic polynomial.


8. Common mistakes to avoid



  	Forgetting to simplify first: Always combine like terms before finding the degree.

  	Using the number of terms as the degree: The degree depends on the highest exponent, not how many terms there are.

  	Ignoring missing exponents: In x, the exponent is 1.

  	Confusing coefficients and constants: In 4x2+3, the coefficient is 4 and the constant is 3.

  	Not writing in standard form: Standard form makes analysis much easier.




9. Quick check questions


Try these on your own:


  	What is the degree of 7x5−2x2+1?

  	Write 6−x+2x2 in standard form.

  	Classify 9x−4 by degree and by number of terms.

  	What are the coefficients in −3x3+x2−8?




Answers:


  	Degree 5

  	2x2−x+6

  	Linear binomial

  	−3 and 1




[image: 📋]   Summary


A polynomial is made of terms with whole-number exponents on the variable. To understand a polynomial, identify its terms, coefficients, variable, and constant term, then write it in standard form.


The degree is the highest exponent, and it tells you how to classify the polynomial: linear for degree 1, quadratic for degree 2, cubic for degree 3, and so on. You can also describe a polynomial by its number of terms, such as monomial, binomial, or trinomial.


Once you can recognize the anatomy and classification of polynomials, you are ready to do more advanced work such as factoring, graphing, and connecting roots to polynomial equations.


  
  Put what you read to the test

  You've worked through Anatomy and Classification of Polynomials. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/980
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  Geometric Interpretation of Zeros


When we study a polynomial, we can look at it in two connected ways:


  	Algebraically — by solving equations such as p(x)=0

  	Geometrically — by drawing the graph of y=p(x)




The idea of the geometric interpretation of zeros tells us how these two views are related.


If a is a zero of the polynomial p(x), then p(a)=0. On the graph of y=p(x), this means that when x=a, the value of y is 0. So the point (a,0) lies on the graph.


This means:


  	The real zeros of a polynomial are the x-coordinates of the points where the graph meets the x-axis.

  	These points are called the x-intercepts of the graph.




So, in simple words:

Zeros of a polynomial = x-intercepts of its graph


Let us understand this carefully.


1. What is a zero of a polynomial?


A polynomial in one variable is an expression like:

p(x)=x2−5x+6 or p(x)=2x3+x−4


A number a is called a zero of the polynomial if substituting x=a makes the polynomial equal to zero.


That is, a is a zero if

p(a)=0


For example, for p(x)=x2−5x+6:

p(2)=22−5(2)+6=4−10+6=0

So 2 is a zero.


Also,

p(3)=32−5(3)+6=9−15+6=0

So 3 is also a zero.


2. What is the graph of a polynomial?


If we write y=p(x), then every value of x gives a corresponding value of y. Plotting all such points gives the graph of the polynomial.


For example, if y=x2−5x+6, then:


  	when x=0, y=6

  	when x=1, y=2

  	when x=2, y=0

  	when x=3, y=0




So the graph passes through (2,0) and (3,0).


Because these points lie on the x-axis, they are x-intercepts.


3. Why do zeros match x-intercepts?


On the x-axis, the value of y is always 0.


So if a graph crosses or touches the x-axis at the point (a,0), then at x=a, the output of the polynomial is 0. That means:

p(a)=0


So a is a zero.


Similarly, if a is a zero, then p(a)=0, so the graph contains the point (a,0). Therefore, the graph meets the x-axis there.


This gives the exact relationship:

a is a real zero of p(x)  ⟺  (a,0) is an x-intercept of y=p(x)


4. Important note: real zeros


Only real zeros appear as x-intercepts on the usual Cartesian graph.


Some polynomials have no real zeros. In that case, their graph does not meet the x-axis.


For example, consider:

y=x2+1


If we try to find zeros, we solve:

x2+1=0

x2=−1


No real number has square −1, so this polynomial has no real zeros.


Geometrically, its graph never touches or crosses the x-axis.


5. Crossing the x-axis and touching the x-axis


A graph can meet the x-axis in different ways:


  	It may cross the x-axis.

  	It may just touch the x-axis and turn back.




In both cases, the x-coordinate is still a zero because the y-value there is 0.


So whenever the graph has a point on the x-axis, that x-value is a real zero.


6. How to find zeros from an equation and from a graph


You can identify zeros in two main ways:


  	From the polynomial expression: solve p(x)=0.

  	From the graph: look for where the graph meets the x-axis and read the x-coordinates.




These two methods should give the same real zeros.


Worked Example 1: A linear polynomial


Find the zero of p(x)=x−4 and explain its geometric meaning.


Step 1: Set the polynomial equal to zero.

x−4=0

x=4


So the zero is 4.


Step 2: Interpret on the graph.


The graph is y=x−4, which is a straight line.


At x=4,

y=4−4=0


So the graph passes through (4,0).


Conclusion: The zero 4 corresponds to the x-intercept (4,0).


Worked Example 2: A quadratic with two real zeros


Find the zeros of p(x)=x2−5x+6 and state the x-intercepts of its graph.


Step 1: Solve p(x)=0.

x2−5x+6=0


Factorize:

x2−5x+6=(x−2)(x−3)


So:

(x−2)(x−3)=0


Therefore,

x=2orx=3


So the zeros are 2 and 3.


Step 2: Interpret geometrically.


The graph of y=x2−5x+6 meets the x-axis where y=0, that is, at:

(2,0) and (3,0)


Conclusion: The zeros 2 and 3 are exactly the x-intercepts of the graph.


Worked Example 3: A quadratic with one repeated real zero


Consider p(x)=x2−4x+4. Find its zero and explain what happens on the graph.


Step 1: Solve p(x)=0.

x2−4x+4=0


Factorize:

x2−4x+4=(x−2)2


So:

(x−2)2=0

x=2


The polynomial has a zero at x=2.


Step 2: Interpret geometrically.


At x=2,

p(2)=0


So the graph has the x-intercept (2,0).


Here the graph touches the x-axis at (2,0) and turns back, instead of crossing it.


Conclusion: Even if the graph only touches the x-axis, the x-coordinate is still a zero.


Worked Example 4: A polynomial with no real zero


Examine p(x)=x2+4. Are there any x-intercepts?


Step 1: Solve p(x)=0.

x2+4=0

x2=−4


No real number satisfies this equation.


So the polynomial has no real zero.


Step 2: Interpret geometrically.


Since there is no real value of x for which y=0, the graph of y=x2+4 does not meet the x-axis.


Conclusion: No real zero means no x-intercept.


7. Connecting factor form and x-intercepts


If a polynomial can be written in factor form, the zeros are often easy to see.


For example:

p(x)=(x−1)(x+2)


To find zeros:

(x−1)(x+2)=0


So:


  	x−1=0⇒x=1

  	x+2=0⇒x=−2




Therefore the graph of y=(x−1)(x+2) has x-intercepts at:

(1,0) and (−2,0)


This is why factorization is very useful when studying graphs of polynomials.


8. Reading a graph carefully


When a graph is given, remember:


  	Look only at points where the graph meets the x-axis.

  	Read the x-coordinate of each such point.

  	Those x-coordinates are the real zeros.




Do not confuse:


  	x-intercept — where y=0

  	y-intercept — where x=0




The y-intercept is not the zero of the polynomial unless it also lies on the x-axis.


9. Key facts to remember


  	A zero of p(x) is a value of x for which p(x)=0.

  	On the graph y=p(x), this means y=0.

  	Points where y=0 lie on the x-axis.

  	So real zeros of a polynomial are exactly the x-intercepts of its graph.

  	If the graph does not meet the x-axis, the polynomial has no real zero.

  	The graph may cross or only touch the x-axis; in both cases, the x-value is a zero.




Quick Check


  	For p(x)=x+5, what is the zero and what is the x-intercept?

  	If the graph of a polynomial meets the x-axis at (−3,0) and (1,0), what are its real zeros?

  	Does y=x2+9 have any real zeros? Why?




Answers


  	Zero: −5; x-intercept: (−5,0)

  	The real zeros are −3 and 1

  	No. Because x2+9 cannot be 0 for any real value of x




[image: 📋]   Summary


The geometric interpretation of zeros connects equations and graphs. If a is a real zero of a polynomial, then p(a)=0, so the graph of y=p(x) passes through (a,0). Therefore, the real zeros of a polynomial are exactly the x-intercepts of its graph.


This idea helps you move between algebra and geometry: you can solve p(x)=0 to find x-intercepts, or look at the graph to identify real zeros.


  
  Put what you read to the test

  You've worked through Geometric Interpretation of Zeros. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/981
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  Lesson: The Division Algorithm for Polynomials


When you divide whole numbers, you often get a quotient and sometimes a remainder. For example, dividing 17 by 5 gives:


17=5(3)+2


Polynomials work in a very similar way. The Division Algorithm for Polynomials tells us that when one polynomial is divided by another, we can write the result in a special form.


If a polynomial f(x) is divided by a nonzero polynomial d(x), then:


f(x)=d(x)q(x)+r(x)


Here:


  	f(x) is the dividend

  	d(x) is the divisor

  	q(x) is the quotient

  	r(x) is the remainder




The most important rule about the remainder is this:


degree of r(x)<degree of d(x)


This means the remainder must have lower degree than the divisor. For example:


  	If you divide by a linear polynomial such as x−2, the remainder is a constant.

  	If you divide by a quadratic polynomial such as x2+1, the remainder can be linear or constant.




Why this matters: Polynomial division helps us rewrite polynomials, check factors, and solve many problems involving roots and remainders.


Main Idea of Polynomial Long Division


Polynomial long division is very similar to number long division. The goal is to figure out what must be multiplied by the divisor to match the dividend step by step.


Here is the process:


  	Write the polynomials in descending powers of x.

  	If a term is missing, use a placeholder with coefficient 0.

  	Divide the first term of the dividend by the first term of the divisor.

  	Write that result in the quotient.

  	Multiply the whole divisor by that quotient term.

  	Subtract.

  	Bring down the next term and repeat.

  	Stop when the remainder has degree less than the divisor.




Important note: Always subtract the entire line carefully. Sign mistakes are very common in polynomial division.


Worked Example 1: Dividing by a linear polynomial


Divide x2+5x+6 by x+2.


We want to find q(x) and r(x) so that:


x2+5x+6=(x+2)q(x)+r(x)


Set up the long division:


First, divide the leading terms:

x2x=x


So the first term of the quotient is x.


Put x in the quotient, then multiply:

x(x+2)=x2+2x


Subtract from the dividend:

(x2+5x+6)−(x2+2x)=3x+6


Now divide again:

3xx=3


Put 3 in the quotient. Multiply:

3(x+2)=3x+6


Subtract:

(3x+6)−(3x+6)=0


So the quotient is x+3 and the remainder is 0.


Final answer:

x2+5x+6=(x+2)(x+3)


This tells us that x+2 divides the polynomial exactly.


Worked Example 2: Division with a nonzero remainder


Divide 2x3+3x2−5x+4 by x−1.


Start with the leading terms:

2x3x=2x2


Write 2x2 in the quotient.


Multiply:

2x2(x−1)=2x3−2x2


Subtract:

(2x3+3x2−5x+4)−(2x3−2x2)=5x2−5x+4


Repeat:

5x2x=5x


Put 5x in the quotient.


Multiply:

5x(x−1)=5x2−5x


Subtract:

(5x2−5x+4)−(5x2−5x)=4


Now the remainder is 4, which has degree less than the divisor x−1, so we stop.


Final answer:

2x3+3x2−5x+4=(x−1)(2x2+5x)+4


So:

Quotient=2x2+5x,Remainder=4


Worked Example 3: Be careful with missing terms


Divide x3−4x+1 by x−2.


The dividend is missing the x2 term, so write it as:

x3+0x2−4x+1


Now divide.


First step:

x3x=x2


Put x2 in the quotient.


Multiply:

x2(x−2)=x3−2x2


Subtract:

(x3+0x2−4x+1)−(x3−2x2)=2x2−4x+1


Next step:

2x2x=2x


Put 2x in the quotient.


Multiply:

2x(x−2)=2x2−4x


Subtract:

(2x2−4x+1)−(2x2−4x)=1


The remainder 1 has degree less than the divisor, so we stop.


Final answer:

x3−4x+1=(x−2)(x2+2x)+1


Worked Example 4: Dividing by a quadratic polynomial


Divide 2x3+3x2−x+5 by x2+1.


Since the divisor is quadratic, the remainder must have degree less than 2. So the remainder will be of the form ax+b or a constant.


Start with the leading terms:

2x3x2=2x


Put 2x in the quotient.


Multiply:

2x(x2+1)=2x3+2x


Subtract:

(2x3+3x2−x+5)−(2x3+2x)=3x2−3x+5


Next step:

3x2x2=3


Put 3 in the quotient.


Multiply:

3(x2+1)=3x2+3


Subtract:

(3x2−3x+5)−(3x2+3)=−3x+2


Now the remainder is −3x+2, which has degree 1. Since this is less than the degree of the divisor, we stop.


Final answer:

2x3+3x2−x+5=(x2+1)(2x+3)+(−3x+2)


What the Division Algorithm tells us after dividing


After any polynomial division, we should be able to write:

Dividend=(Divisor)(Quotient)+(Remainder)


This is not just a final answer format. It is the actual meaning of the Division Algorithm.


For example, if dividing f(x) by x−3 gives quotient q(x) and remainder 5, then:

f(x)=(x−3)q(x)+5


This form is useful because it connects to the remainder theorem and factor theorem later in polynomial study.


Common mistakes to avoid


  	Not arranging terms in descending order. Always write highest power to lowest power.

  	Forgetting missing terms. Use terms like 0x2 if needed.

  	Subtracting incorrectly. Be careful with negative signs.

  	Stopping too early. Keep going until the remainder has lower degree than the divisor.

  	Writing a remainder with degree too large. If dividing by x2+1, the remainder cannot still contain an x2 term.




Quick check questions


  	If you divide by x+4, what kind of remainder should you expect? A constant.

  	If you divide by x2−9, what is the highest possible degree of the remainder? Degree 1.

  	What form must every division answer have? Dividend = Divisor × Quotient + Remainder




[image: 📋]   Summary


The Division Algorithm for Polynomials says that when a polynomial f(x) is divided by a nonzero polynomial d(x), we can write:


f(x)=d(x)q(x)+r(x)


where the degree of r(x) is less than the degree of d(x).


To divide polynomials, use long division: divide the leading terms, multiply, subtract, and repeat. Always check that the remainder has lower degree than the divisor. With practice, this process becomes much easier and helps with many other polynomial topics.


  
  Put what you read to the test

  You've worked through The Division Algorithm for Polynomials. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/982
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  The Remainder Theorem


When dividing polynomials, long division can take time. The Remainder Theorem gives a faster way to find the remainder when a polynomial is divided by a linear binomial of the form x−a.


This theorem is very useful because it connects division and substitution. Instead of dividing, you can simply plug a number into the polynomial.


What the theorem says:


If a polynomial P(x) is divided by x−a, then the remainder is P(a).


In symbols:


Remainder when P(x) is divided by (x−a)=P(a)

For example, if you want the remainder when P(x) is divided by x−3, you do not need long division. You just find P(3).


Why this works


When a polynomial is divided by x−a, the result can always be written like this:


P(x)=(x−a)Q(x)+R

Here:


  	Q(x) is the quotient polynomial

  	R is the remainder




Because you are dividing by a linear expression (x−a), the remainder must be a constant number.


Now substitute x=a:


P(a)=(a−a)Q(a)+R
P(a)=0+R
P(a)=R

So the remainder is exactly the value of the polynomial at x=a.


Important idea to remember



  	Divide by x−a  use P(a)

  	Divide by x+a  use P(−a), because x+a=x−(−a)




This sign change is a very common place for mistakes, so be careful.


How to use the Remainder Theorem



  	Identify the divisor.

  	Write it in the form x−a.

  	Substitute a into the polynomial.

  	Simplify the result.

  	The answer is the remainder.




Worked Example 1: A basic example


Find the remainder when P(x)=2x2+5x−1 is divided by x−2.


Step 1: The divisor is x−2, so a=2.


Step 2: Find P(2).


P(2)=2(22)+5(2)−1
=2(4)+10−1
=8+10−1
=17

Answer: The remainder is 17.


Worked Example 2: Watch the sign carefully


Find the remainder when P(x)=x3−4x+7 is divided by x+1.


Step 1: Rewrite the divisor in the form x−a.


Since x+1=x−(−1), we have a=−1.


Step 2: Find P(−1).


P(−1)=(−1)3−4(−1)+7
=−1+4+7
=10

Answer: The remainder is 10.


Worked Example 3: A higher-degree polynomial


Find the remainder when P(x)=3x4−x3+2x2−6 is divided by x−1.


Step 1: The divisor is x−1, so a=1.


Step 2: Evaluate P(1).


P(1)=3(1)4−(1)3+2(1)2−6
=3−1+2−6
=−2

Answer: The remainder is −2.


Worked Example 4: Finding an unknown value


Suppose P(x)=2x3+kx2−5x+4. If the remainder when P(x) is divided by x−2 is 10, find k.


By the Remainder Theorem, the remainder when dividing by x−2 is P(2).


So:


P(2)=10

Now calculate P(2):


P(2)=2(23)+k(22)−5(2)+4
=2(8)+4k−10+4
=16+4k−10+4
=10+4k

Set this equal to the remainder:


10+4k=10
4k=0
k=0

Answer: k=0.


Connection to the Factor Theorem


The Remainder Theorem also helps explain the Factor Theorem.


If the remainder is 0, then the divisor divides the polynomial exactly. That means the divisor is a factor.


So:



  	If P(a)=0, then x−a is a factor of P(x).

  	If P(a)≠0, then x−a is not a factor.




Example: Is x−3 a factor of P(x)=x2−5x+6?


Check P(3):


P(3)=32−5(3)+6=9−15+6=0

Because the remainder is 0, x−3 is a factor.


Common mistakes to avoid



  	Using the wrong sign: For x+4, substitute −4, not 4.

  	Forgetting brackets: When substituting negative numbers, use brackets. For example, write (−2)3, not −23.

  	Confusing quotient and remainder: The theorem only gives the remainder, not the full result of the division.

  	Arithmetic errors: Simplify carefully, especially with powers and negative signs.




Quick practice ideas


Try these on your own:



  	Find the remainder when x2+3x+2 is divided by x−1.

  	Find the remainder when 2x3−x+5 is divided by x+2.

  	Determine whether x+1 is a factor of x3+2x2−x−2.




Final summary


The Remainder Theorem says that the remainder when dividing P(x) by x−a is P(a). This lets you find a remainder quickly by substitution instead of long division.


Always write the divisor in the form x−a, substitute carefully, and watch the sign. If the result is 0, then the divisor is a factor of the polynomial.


  
  Put what you read to the test

  You've worked through The Remainder Theorem. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/983
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  Lesson: The Factor Theorem


When working with polynomials, we often want to know whether a smaller expression, such as x−3 or x+2, divides evenly into a polynomial. The Factor Theorem gives us a quick way to test this without doing long division every time.


This theorem is closely connected to the idea of a remainder. If dividing a polynomial by a linear expression leaves remainder 0, then that linear expression is a factor. The Factor Theorem tells us exactly how to check that using substitution.


What is the Factor Theorem?


For a polynomial P(x):


If P(a)=0, then (x−a) is a factor of P(x).


And the reverse is also true:


If (x−a) is a factor of P(x), then P(a)=0.


This means there is a direct connection between:


  	the expression (x−a),

  	the value a, and

  	whether the polynomial equals 0 when x=a.




Important matching idea:


  	If the factor is (x−5), test x=5.

  	If the factor is (x+4), test x=−4.

  	If the factor is (x−a), test x=a.

  	If the factor is (x+a), test x=−a.




Many students make sign mistakes here, so always match the factor carefully.


Why does this work?


The Factor Theorem comes from the Remainder Theorem. The Remainder Theorem says that when a polynomial P(x) is divided by (x−a), the remainder is P(a).


So if P(a)=0, then the remainder is 0. A remainder of 0 means the division is exact, so (x−a) is a factor.


How to use the Factor Theorem



  	Identify the possible factor, such as (x−a) or (x+a).

  	Find the value you must substitute into the polynomial.

  	Calculate P(a).

  	If the result is 0, the expression is a factor.

  	If the result is not 0, the expression is not a factor.




Worked Example 1: Simple check


Determine whether (x−2) is a factor of


P(x)=x2−5x+6


Since the factor is (x−2), we test x=2.


P(2)=22−5(2)+6

=4−10+6

=0


Because P(2)=0, (x−2) is a factor of x2−5x+6.


Worked Example 2: Be careful with signs


Determine whether (x+3) is a factor of


P(x)=x3−4x2−3x+18


The factor is (x+3), so we test x=−3, not x=3.


P(−3)=(−3)3−4(−3)2−3(−3)+18

=−27−4(9)+9+18

=−27−36+9+18

=−36


Because P(−3)≠0, (x+3) is not a factor.


Worked Example 3: A cubic that does have the factor


Determine whether (x−1) is a factor of


P(x)=2x3−3x2−8x+9


Since the factor is (x−1), test x=1.


P(1)=2(1)3−3(1)2−8(1)+9

=2−3−8+9

=0


So (x−1) is a factor of the polynomial.


If we wanted, we could then divide the polynomial by (x−1) to find the other factor, but the Factor Theorem only asks us to test whether it is a factor.


Worked Example 4: Using the theorem with an unknown number


Find the value of k if (x−2) is a factor of


P(x)=x2+kx−10


If (x−2) is a factor, then by the Factor Theorem:


P(2)=0


Substitute x=2:


P(2)=22+k(2)−10

=4+2k−10

=2k−6


Now set this equal to 0:


2k−6=0

2k=6

k=3


So the value of k is 3.


What the theorem helps us understand



  	If (x−a) is a factor, then a is a root or zero of the polynomial.

  	If a is a root, then the graph of the polynomial crosses or touches the x-axis at x=a.

  	Testing factors becomes much faster than using full polynomial division.




Common mistakes to avoid



  	Sign errors: For (x+2), substitute −2, not 2.

  	Arithmetic mistakes: Use brackets carefully, especially with powers and negative numbers.

  	Forgetting the conclusion: After calculating P(a), clearly state whether the expression is a factor or not.

  	Mixing up factor and root: (x−a) is the factor, while a is the root.




Quick practice thinking


If you are asked whether (x−4) is a factor of a polynomial, ask yourself:


  	What value should I substitute? Answer: 4.

  	What result am I hoping for? Answer: 0.




If you are asked whether (x+1) is a factor, then substitute −1 and check whether the result is 0.


[image: 📋]   Summary


The Factor Theorem says that (x−a) is a factor of P(x) exactly when P(a)=0. To test a linear factor, substitute the matching value into the polynomial. If the result is 0, the factor works; if not, it does not. This theorem is a fast and powerful way to connect factors, roots, and the behavior of polynomials.


  
  Put what you read to the test

  You've worked through The Factor Theorem. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/984
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  Factorizing Quadratic Trinomials


A quadratic trinomial is an expression with three terms and highest power 2. Some common examples are x2+5x+6, 2x2+7x+3, and 3x2−11x−4.


To factorize a quadratic trinomial means to rewrite it as a product of two simpler expressions, usually two binomials. For example, factorizing


x2+5x+6

gives


x2+5x+6=(x+2)(x+3).

Factorizing is useful because it helps us solve equations, find roots, and understand the behavior of a polynomial.


In this lesson, you will learn how to factor quadratic trinomials by:



  	recognizing the form of a quadratic trinomial,

  	using algebraic identities when possible,

  	splitting the middle term,

  	and checking that your factorization is correct.




1. The basic form of a quadratic trinomial


A quadratic trinomial usually has the form


ax2+bx+c

where:



  	a, b, and c are numbers,

  	a≠0,

  	ax2 is the quadratic term,

  	bx is the middle term,

  	c is the constant term.




Our goal is to rewrite it in a form like


ax2+bx+c=(px+q)(rx+s).

2. Factorizing when the coefficient of x2 is 1


First, let us look at the simpler case where a=1. Then the trinomial looks like


x2+bx+c.

We want two numbers that:



  	multiply to give c,

  	add to give b.




If we find those two numbers, we can write


x2+bx+c=(x+m)(x+n)

where m+n=b and mn=c.


Worked Example 1


Factorize:


x2+7x+12

We need two numbers that multiply to 12 and add to 7.



  	1 and 12 add to 13

  	2 and 6 add to 8

  	3 and 4 add to 7




So the correct pair is 3 and 4.


x2+7x+12=(x+3)(x+4)

Check:


(x+3)(x+4)=x2+4x+3x+12=x2+7x+12

The factorization is correct.


Worked Example 2


Factorize:


x2−5x+6

We need two numbers that multiply to 6 and add to −5.


Since the product is positive and the sum is negative, both numbers must be negative.



  	−2 and −3 multiply to 6

  	−2)+(−3)=−5




So,


x2−5x+6=(x−2)(x−3).

3. Special algebraic identities


Some quadratic trinomials match well-known patterns. These are important because they make factorizing faster.


Perfect square trinomials


x2+2ax+a2=(x+a)2

x2−2ax+a2=(x−a)2

Examples:



  	x2+6x+9=(x+3)2

  	x2−10x+25=(x−5)2




Difference of squares


x2−a2=(x−a)(x+a)

Example:



  	x2−16=(x−4)(x+4)




Notice that x2−16 is not a trinomial, but this identity is still very useful when factorizing expressions.


4. Factorizing when the coefficient of x2 is not 1


Now consider a trinomial like


ax2+bx+c

where a≠1. A very useful method is splitting the middle term.


Here is the idea:



  	Multiply a and c.

  	Find two numbers that multiply to ac and add to b.

  	Split the middle term using those two numbers.

  	Factor by grouping.




Worked Example 3


Factorize:


2x2+7x+3

Step 1: Multiply a and c.


a⋅c=2⋅3=6

Step 2: Find two numbers that multiply to 6 and add to 7.


Those numbers are 6 and 1.


Step 3: Split the middle term 7x as 6x+x.


2x2+7x+3=2x2+6x+x+3

Step 4: Factor by grouping.


2x2+6x+x+3=2x(x+3)+1(x+3)

Now both groups contain (x+3).


2x(x+3)+1(x+3)=(x+3)(2x+1)

So the factorization is


2x2+7x+3=(x+3)(2x+1).

Check:


(x+3)(2x+1)=2x2+x+6x+3=2x2+7x+3

Worked Example 4


Factorize:


3x2−11x−4

Step 1: Multiply a and c.


a⋅c=3⋅(−4)=−12

Step 2: Find two numbers that multiply to −12 and add to −11.


Those numbers are −12 and 1.


Step 3: Split the middle term.


3x2−11x−4=3x2−12x+x−4

Step 4: Factor by grouping.


3x2−12x+x−4=3x(x−4)+1(x−4)

Now factor out the common binomial:


3x(x−4)+1(x−4)=(x−4)(3x+1)

So,


3x2−11x−4=(x−4)(3x+1).

5. How to know the signs of the factors


The signs in the factors depend on the middle term and constant term.



  	If the constant term is positive, the two numbers have the same sign.

  	If the constant term is negative, the two numbers have different signs.

  	If the middle term is positive, the larger positive value usually appears in the sum.

  	If the middle term is negative, the negative value must be stronger in the sum.




For example:



  	x2+8x+15=(x+3)(x+5)

  	x2−8x+15=(x−3)(x−5)

  	x2+2x−15=(x+5)(x−3)




6. Common mistakes to avoid



  	Using numbers that multiply correctly but do not add correctly. Always check both conditions.

  	Forgetting the signs. Negative signs matter a lot in factorization.

  	Not factoring out a common factor first. For example, before factorizing 2x2+4x+2, first take out 2:
    2x2+4x+2=2(x2+2x+1)=2(x+1)2
  

  	Stopping too early. Make sure the expression is fully factorized.




7. A step-by-step strategy


When you see a quadratic trinomial, use this checklist:



  	Look for a greatest common factor first.

  	Check whether it matches a special identity, like a perfect square.

  	If the trinomial is x2+bx+c, find two numbers that multiply to c and add to b.

  	If the trinomial is ax2+bx+c with a≠1, use splitting the middle term.

  	Expand your answer to check that it matches the original expression.




8. Why this works


When we multiply two binomials, we use expansion. For example,


(x+m)(x+n)=x2+(m+n)x+mn

This shows exactly why we look for numbers that add to the middle coefficient and multiply to the constant term.


For expressions like ax2+bx+c, splitting the middle term helps us rewrite the trinomial into four terms, so that grouping becomes possible.


Brief Summary


To factorize a quadratic trinomial, rewrite it as a product of two binomials. If the coefficient of x2 is 1, find two numbers that multiply to the constant term and add to the middle coefficient. If the coefficient of x2 is not 1, multiply a and c, split the middle term, and factor by grouping. Always check for common factors first and confirm your answer by expanding.


  
  Put what you read to the test

  You've worked through Factorizing Quadratic Trinomials. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/985
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  Factorizing Cubic Polynomials means rewriting a polynomial of degree 3 as a product of simpler factors. A cubic polynomial usually looks like ax3+bx2+cx+d, where a≠0.


In this lesson, you will learn how to factorize cubic polynomials by:


  	finding a rational root,

  	using the factor theorem, and

  	dividing the cubic by the factor you found to get a quadratic.




This is an important skill because once a cubic is factorized, it becomes much easier to solve equations, find roots, and understand the graph of the polynomial.


Step 1: Understand what a root means

If a number r is a root of a polynomial, then substituting x=r makes the polynomial equal to 0.


For example, if f(x)=x3−6x2+11x−6, then x=1 is a root if:

f(1)=13−6(1)2+11(1)−6=1−6+11−6=0

Since the value is 0, 1 is a root.


Step 2: Use the factor theorem

The factor theorem says:

If f(r)=0, then (x−r) is a factor of f(x).


So if you test a value and get 0, you have found a factor immediately.


For example:


  	If f(2)=0, then (x−2) is a factor.

  	If f(−3)=0, then (x+3) is a factor.




Step 3: Choose possible rational roots

To factorize a cubic, we usually start by testing simple integer values. The best place to start is with the factors of the constant term.


For a polynomial like

f(x)=x3+2x2−5x−6
the constant term is −6, so the possible integer roots are:

±1, ±2, ±3, ±6

Why these numbers? Because if a rational root is an integer, it often comes from the factors of the constant term.


Step 4: Test the possible roots

Substitute each possible value into the polynomial until you get 0.


Suppose we test x=1:

13+2(1)2−5(1)−6=1+2−5−6=−8
Not 0, so x=1 is not a root.


Now test x=2:

23+2(2)2−5(2)−6=8+8−10−6=0
So x=2 is a root, which means (x−2) is a factor.


Step 5: Divide the cubic by the factor

Once you know one factor, divide the cubic by that factor. The result will be a quadratic polynomial.


You can use polynomial division. Then factorize the quadratic if possible.


For example, divide

x3+2x2−5x−6
by (x−2). The quotient is:

x2+4x+3

So:

x3+2x2−5x−6=(x−2)(x2+4x+3)

Now factor the quadratic:

x2+4x+3=(x+1)(x+3)

So the full factorization is:

x3+2x2−5x−6=(x−2)(x+1)(x+3)

A useful strategy


  	Write down the possible integer roots from the constant term.

  	Test them one by one using substitution.

  	When you find a root, write the corresponding linear factor.

  	Divide the cubic by that factor.

  	Factor the quadratic if possible.




This method works especially well when the cubic has integer coefficients and at least one rational root.


Worked Example 1

Factorize:

x3−6x2+11x−6

Step 1: List possible roots

The constant term is −6, so possible integer roots are:

±1, ±2, ±3, ±6

Step 2: Test a value

Try x=1:

13−6(1)2+11(1)−6=1−6+11−6=0

So (x−1) is a factor.


Step 3: Divide by (x−1)

Dividing x3−6x2+11x−6 by (x−1) gives:

x2−5x+6

So:

x3−6x2+11x−6=(x−1)(x2−5x+6)

Step 4: Factor the quadratic

x2−5x+6=(x−2)(x−3)

Final answer:

x3−6x2+11x−6=(x−1)(x−2)(x−3)

Worked Example 2

Factorize:

x3+2x2−5x−6

Step 1: Possible roots

±1, ±2, ±3, ±6

Step 2: Test values

Test x=1:

1+2−5−6=−8
Not a root.


Test x=2:

8+8−10−6=0
So (x−2) is a factor.


Step 3: Divide

x3+2x2−5x−6÷(x−2)=x2+4x+3

Step 4: Factor the quadratic

x2+4x+3=(x+1)(x+3)

Final answer:

x3+2x2−5x−6=(x−2)(x+1)(x+3)

Worked Example 3

Factorize:

2x3−x2−8x+4

This example is a little harder because the coefficient of x3 is 2, not 1.


Step 1: Look for a rational root

Start by testing simple values. Try x=2:

2(23)−(22)−8(2)+4=16−4−16+4=0

So x=2 is a root, and (x−2) is a factor.


Step 2: Divide by (x−2)

2x3−x2−8x+4÷(x−2)=2x2+3x−2

So:

2x3−x2−8x+4=(x−2)(2x2+3x−2)

Step 3: Factor the quadratic

We need two numbers that multiply to 2⋅(−2)=−4 and add to 3. Those numbers are 4 and −1.


So:

2x2+3x−2=(2x−1)(x+2)

Final answer:

2x3−x2−8x+4=(x−2)(2x−1)(x+2)

Worked Example 4

Factorize:

x3−4x2−7x+10

Step 1: Possible roots

The constant term is 10, so test:

±1, ±2, ±5, ±10

Step 2: Test values

Try x=1:

1−4−7+10=0
So (x−1) is a factor.


Step 3: Divide

x3−4x2−7x+10÷(x−1)=x2−3x−10

So:

x3−4x2−7x+10=(x−1)(x2−3x−10)

Step 4: Factor the quadratic

x2−3x−10=(x−5)(x+2)

Final answer:

x3−4x2−7x+10=(x−1)(x−5)(x+2)

Common mistakes to avoid


  	Forgetting negative roots: If the constant term is 6, test both positive and negative factors: ±1,±2,±3,±6.

  	Using the wrong factor: If x=3 is a root, the factor is (x−3), not (x+3).

  	Stopping too early: After finding one factor, you still need to factor the quadratic quotient.

  	Arithmetic errors when testing roots: Substitute carefully and use brackets when needed.




How this connects to solving equations

If you are asked to solve a cubic equation such as

x3+2x2−5x−6=0
first factorize it:

x3+2x2−5x−6=(x−2)(x+1)(x+3)

Then set each factor equal to 0:

x−2=0orx+1=0orx+3=0

So the solutions are:

x=2, −1, −3

Quick checklist for factorizing cubic polynomials


  	Is the expression written in descending powers of x?

  	Did you list the possible roots from the constant term?

  	Did you test values using substitution?

  	Did you use the factor theorem correctly?

  	Did you divide by the factor you found?

  	Did you fully factor the quadratic quotient?




[image: 📋]   Summary

To factorize a cubic polynomial, first look for a rational root by testing likely values, usually the factors of the constant term. When a value makes the polynomial equal to 0, the factor theorem tells you the corresponding linear factor.


Next, divide the cubic by that linear factor to get a quadratic. Then factor the quadratic if possible. This turns one complicated cubic expression into a product of simpler factors.


  
  Put what you read to the test

  You've worked through Factorizing Cubic Polynomials. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/986
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  Relationship Between Zeros and Coefficients of a Quadratic Polynomial


When we work with a quadratic polynomial, we often want to know about its zeros, also called its roots. These are the values of the variable that make the polynomial equal to zero.


For example, if a polynomial is x2−5x+6, then its zeros are the values of x that satisfy


x2−5x+6=0

In this lesson, you will learn a very useful shortcut: instead of solving the equation completely every time, we can connect the zeros directly to the coefficients of the quadratic. This relationship is called the relationship between zeros and coefficients.


It helps us:


  	find the sum of the zeros quickly,

  	find the product of the zeros quickly,

  	form a quadratic polynomial when the zeros are known,

  	check whether our answers are correct.




1. Standard form of a quadratic polynomial


A quadratic polynomial is written in the form


ax2+bx+c

where a, b, and c are real numbers and a≠0.


If α and β are the two zeros of the polynomial, then


a(x−α)(x−β)

is another way to write the same quadratic.


Let us expand this expression:


a(x−α)(x−β)=a(x2−(α+β)x+αβ)

=ax2−a(α+β)x+aαβ

Now compare this with the standard form


ax2+bx+c

Matching the coefficients of both expressions gives us:


−a(α+β)=b

aαβ=c

Now divide by a:


α+β=−ba

αβ=ca

These are the formulas we need.


2. Main formulas


If α and β are the zeros of the quadratic polynomial ax2+bx+c, then:


α+β=−ba

αβ=ca

So:


  	Sum of zeros = negative of coefficient of x divided by coefficient of x2

  	Product of zeros = constant term divided by coefficient of x2




This is often called Vieta's formulas for quadratics.


3. Understanding the idea with factor form


If the zeros are α and β, then the polynomial can be written as


a(x−α)(x−β)

The factor (x−α) becomes zero when x=α, and the factor (x−β) becomes zero when x=β. That is why α and β are the zeros.


When we expand the factors, the middle term contains (α+β), and the constant term contains αβ. That is why the sum and product of the zeros are connected to the coefficients.


4. Worked Example 1: Find sum and product of zeros


Find the sum and product of the zeros of


x2−7x+12

Here,


  	a=1

  	b=−7

  	c=12




Use the formulas:


α+β=−ba=−−71=7

αβ=ca=121=12

Answer:


  	Sum of zeros = 7

  	Product of zeros = 12




We can check by factoring:


x2−7x+12=(x−3)(x−4)

The zeros are 3 and 4.


Now check:


3+4=7,3×4=12

The formulas work.


5. Worked Example 2: Quadratic with leading coefficient not equal to 1


Find the sum and product of the zeros of


2x2−5x−3

Here,


  	a=2

  	b=−5

  	c=−3




Apply the formulas:


α+β=−ba=−−52=52

αβ=ca=−32

Answer:


  	Sum of zeros = 52

  	Product of zeros = −32




Let us check by factoring:


2x2−5x−3=(2x+1)(x−3)

The zeros are:


2x+1=0⇒x=−12

x−3=0⇒x=3

Now check:


−12+3=52

−12×3=−32

Again, the formulas are correct.


6. Worked Example 3: Form a quadratic polynomial from its zeros


Form a quadratic polynomial whose zeros are 2 and −5.


If the zeros are α and β, then a quadratic polynomial having those zeros is


k(x−α)(x−β)

For the simplest polynomial, take k=1.


So,


p(x)=(x−2)(x−(−5))=(x−2)(x+5)

Expand:


p(x)=x2+5x−2x−10

p(x)=x2+3x−10

Answer: A quadratic polynomial is


x2+3x−10

Now check the relationship:


  	Sum of zeros = 2+(−5)=−3

  	Product of zeros = 2×(−5)=−10




For the polynomial x2+3x−10, we have a=1, b=3, c=−10.


Using the formulas:


−ba=−31=−3

ca=−101=−10

Everything matches.


7. Worked Example 4: Find the quadratic polynomial using sum and product


The sum of the zeros of a quadratic polynomial is 8, and their product is 15. Find a quadratic polynomial with these zeros.


Let the zeros be α and β.


We know:


α+β=8

αβ=15

A monic quadratic polynomial with these zeros is


x2−(α+β)x+αβ

Substitute the given values:


x2−8x+15

Answer: One such polynomial is


x2−8x+15

We can factor it:


x2−8x+15=(x−3)(x−5)

The zeros are 3 and 5, and indeed:


3+5=8,3×5=15

8. Important result: polynomial from sum and product


If a quadratic polynomial has zeros α and β, then one polynomial with those zeros is


x2−(α+β)x+αβ

This is very useful when the sum and product are given directly.


For example, if sum = S and product = P, then the polynomial is


x2−Sx+P

9. Common mistakes to avoid



  	Forgetting the negative sign in the sum formula. The sum of zeros is −ba, not ba.

  	Using the wrong coefficients. Always compare the polynomial with ax2+bx+c carefully.

  	Ignoring the value of a. If a≠1, you must divide by a.

  	Mixing up sum and product. Sum corresponds to the coefficient of x, while product corresponds to the constant term.




10. Quick practice ideas


Try applying the formulas to each of these:


  	x2+6x+8

  	3x2−x−2

  	Quadratic with zeros 4 and 12

  	Quadratic whose sum of zeros is −2 and product is −15




11. Final summary


For a quadratic polynomial ax2+bx+c, if the zeros are α and β, then:


α+β=−ba

αβ=ca

These formulas let us connect the zeros directly to the coefficients.


They also help us write a quadratic polynomial from its zeros:


x2−(α+β)x+αβ

This relationship is one of the most useful tools in solving quadratic polynomial problems quickly and accurately.


  
  Put what you read to the test

  You've worked through Relationship Between Zeros and Coefficients (Quadratics). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/987
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  Relationship Between Zeros and Coefficients of a Cubic Polynomial


When a polynomial is written in factored form, its zeros are easy to see. But many times, a cubic polynomial is given in expanded form, and the zeros are not obvious. In those cases, the relationship between zeros and coefficients helps us connect the roots directly to the numbers in the polynomial.


For quadratic polynomials, students often learn that the sum and product of the zeros can be found from the coefficients. The same idea also works for cubic polynomials, but now there are three zeros instead of two.


In this lesson, we will learn how to connect the zeros of a cubic polynomial to its coefficients, how to write a cubic polynomial when the zeros are known, and how to use these relationships to solve problems.


1. Standard form of a cubic polynomial


A cubic polynomial is a polynomial of degree 3. Its standard form is


p(x)=ax3+bx2+cx+d

where:


  	
    
      a,b,c,d are constants,

  

  	
    
      a≠0, because otherwise it would not be cubic.

  




Suppose the three zeros of this polynomial are α, β, and γ. Then the polynomial can be written as


p(x)=a(x−α)(x−β)(x−γ)

This factored form is the starting point for finding the relationship between zeros and coefficients.


2. Expanding the factored form


Let us expand


a(x−α)(x−β)(x−γ)

First, multiply two factors:


(x−α)(x−β)=x2−(α+β)x+αβ

Now multiply by (x−γ):


(x2−(α+β)x+αβ)(x−γ)

After expanding and simplifying, we get


x3−(α+β+γ)x2+(αβ+βγ+γα)x−αβγ

Now multiply the whole expression by a:


p(x)=a[x3−(α+β+γ)x2+(αβ+βγ+γα)x−αβγ]

So,


p(x)=ax3−a(α+β+γ)x2+a(αβ+βγ+γα)x−aαβγ

Compare this with the standard form


p(x)=ax3+bx2+cx+d

By matching the coefficients, we get the important formulas.


3. Vieta's formulas for a cubic polynomial


If α, β, and γ are the zeros of


ax3+bx2+cx+d

then:


α+β+γ=−ba

αβ+βγ+γα=ca

αβγ=−da

These three equations are the relationship between zeros and coefficients for a cubic polynomial.


It is important to notice the pattern of signs:


  	The sum of the zeros is negative: −ba


  	The sum of the products of the zeros taken two at a time is positive: ca


  	The product of the three zeros is negative: −da





4. What does “products taken two at a time” mean?


If the zeros are α, β, and γ, then the products taken two at a time are:


αβ, βγ, γα

Their sum is


αβ+βγ+γα

This middle relationship is very important in cubic polynomials, so be careful not to forget any term.


5. How to use these formulas


You can use the relationships in two main ways:


  	If the polynomial is given, you can find the sum of zeros, the sum of pairwise products, and the product of zeros without solving the polynomial.


  	If the zeros are given, you can build the cubic polynomial.





Let us now see worked examples.


Worked Example 1: Find the relationships from a given polynomial


Find the sum of zeros, the sum of products of zeros taken two at a time, and the product of zeros for


p(x)=2x3−5x2+3x−7

Here,


a=2,b=−5,c=3,d=−7

Using the formulas:


α+β+γ=−ba=−−52=52

αβ+βγ+γα=ca=32

αβγ=−da=−−72=72

Answer:


  	Sum of zeros = 52


  	Sum of pairwise products = 32


  	Product of zeros = 72





Notice that we did not need to actually find the zeros.


Worked Example 2: Form a cubic polynomial when the zeros are known


Form a cubic polynomial whose zeros are 1, 2, and 3.


If the zeros are 1,2,3, then a polynomial with these zeros is


p(x)=(x−1)(x−2)(x−3)

First multiply two factors:


(x−1)(x−2)=x2−3x+2

Now multiply by (x−3):


(x2−3x+2)(x−3)

=x3−3x2−3x2+9x+2x−6

=x3−6x2+11x−6

So the required polynomial is


p(x)=x3−6x2+11x−6

Let us check using the relationships:



  	Sum of zeros = 1+2+3=6


  	Coefficient formula gives −ba=−−61=6






  	Sum of pairwise products = (1)(2)+(2)(3)+(3)(1)=2+6+3=11


  	Coefficient formula gives ca=111=11






  	Product of zeros = (1)(2)(3)=6


  	Coefficient formula gives −da=−−61=6





Everything matches correctly.


Worked Example 3: Form a polynomial using the relationships directly


Find a cubic polynomial whose zeros are 2, −1, and 4.


Let the polynomial be monic, which means the coefficient of x3 is 1. Then:


p(x)=x3−b1x2+b2x−b3

Instead of using new formulas, we will use the relationships directly.


First find the needed values:


α+β+γ=2+(−1)+4=5

αβ+βγ+γα=(2)(−1)+(−1)(4)+(4)(2)=−2−4+8=2

αβγ=(2)(−1)(4)=−8

Now compare with


x3−(α+β+γ)x2+(αβ+βγ+γα)x−αβγ

Substitute the values:


p(x)=x3−5x2+2x−(−8)

p(x)=x3−5x2+2x+8

So the required polynomial is


p(x)=x3−5x2+2x+8

Worked Example 4: Find an unknown number using the relationships


One zero of the cubic polynomial x3−9x2+23x−k is 2. Find k if the other two zeros are also real numbers.


Let the three zeros be 2, β, and γ.


From the polynomial,


a=1,b=−9,c=23,d=−k

Using the sum of zeros:


2+β+γ=−ba=9

β+γ=7

Using the sum of products of zeros taken two at a time:


2β+2γ+βγ=ca=23

Since β+γ=7,


2(β+γ)+βγ=23

2(7)+βγ=23

14+βγ=23

βγ=9

Now use the product of zeros:


2⋅β⋅γ=−da=k

Since βγ=9,


2⋅9=k

k=18

So the value of k is


k=18

6. Important observations



  	The formulas work whether the zeros are positive, negative, integers, fractions, or repeated zeros.


  	If a zero is repeated, it is counted again. For example, if the zeros are 2,2,−1, then all three are used in the formulas.


  	You do not need to factor the polynomial to use these relationships.


  	Be careful with signs, especially in −ba and −da.





7. Common mistakes to avoid



  	Forgetting the middle expression: The sum of products taken two at a time is αβ+βγ+γα, not just one product.


  	Sign errors: For a cubic, the product of the zeros is −da, not da.


  	Ignoring the leading coefficient: If the polynomial is not monic, always divide by a in the formulas.


  	Mixing up coefficients: In ax3+bx2+cx+d, the coefficient of x2 is b, of x is c, and the constant term is d.





8. Quick review table


For the cubic polynomial


ax3+bx2+cx+d

with zeros α,β,γ:



  	α+β+γ=−ba


  	αβ+βγ+γα=ca


  	αβγ=−da





If the polynomial is monic, meaning a=1, then


x3+bx2+cx+d

has:



  	Sum of zeros = −b


  	Sum of pairwise products = c


  	Product of zeros = −d





9. Summary


The zeros of a cubic polynomial and its coefficients are closely connected. If α, β, and γ are the zeros of ax3+bx2+cx+d, then:


α+β+γ=−ba,αβ+βγ+γα=ca,αβγ=−da

These formulas let you find information about the zeros without solving the polynomial, and they also help you build a polynomial when the zeros are known. With careful attention to signs and coefficients, these relationships become a powerful tool for working with cubic polynomials.


  
  Put what you read to the test

  You've worked through Relationship Between Zeros and Coefficients (Cubics). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/988
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  Algebraic Identities and Expansions are short, reliable formulas that help us expand expressions quickly and accurately. Instead of multiplying everything from scratch every time, we can use these patterns to save time and reduce mistakes.


In this lesson, you will learn the most important identities for squares and cubes of binomials, how to expand expressions carefully, and how to simplify the result. You will also see how these identities connect to polynomials, since expansions often produce polynomial expressions.


What is an algebraic identity?


An algebraic identity is an equation that is true for all values of the variables involved. For example,


(a+b)2=a2+2ab+b2


is an identity because no matter what numbers we choose for a and b, both sides are equal.


These identities are especially useful when working with expressions like (x+3)2, (2x−5)2, or (x+y)3.


Main identities to know


You should memorize these standard identities:



  	Square of a sum: (a+b)2=a2+2ab+b2

  	Square of a difference: (a−b)2=a2−2ab+b2

  	Product of sum and difference: (a+b)(a−b)=a2−b2

  	Cube of a sum: (a+b)3=a3+3a2b+3ab2+b3

  	Cube of a difference: (a−b)3=a3−3a2b+3ab2−b3




Notice the patterns carefully. For squares, there are three terms. For cubes, there are four terms.


Understanding square expansions


Let us start with (a+b)2. This means


(a+b)2=(a+b)(a+b)


Now multiply each term:


(a+b)(a+b)=a2+ab+ab+b2=a2+2ab+b2


That is why the middle term is 2ab, not just ab.


Similarly,


(a−b)2=(a−b)(a−b)=a2−ab−ab+b2=a2−2ab+b2


A very common mistake is writing


(a−b)2=a2−b2


This is wrong. The correct expansion includes the middle term:


(a−b)2=a2−2ab+b2


The difference of squares


Now look at


(a+b)(a−b)


Expanding gives:


(a+b)(a−b)=a2−ab+ab−b2=a2−b2


The middle terms cancel out. This identity is called the difference of squares.


Understanding cube expansions


The cube identities are:


(a+b)3=a3+3a2b+3ab2+b3


(a−b)3=a3−3a2b+3ab2−b3


These are important patterns. Notice the coefficients 1,3,3,1. Also notice that in (a−b)3, the signs alternate:


(a−b)3=a3−3a2b+3ab2−b3


How to expand step by step


When expanding, follow these steps:



  	Identify whether the expression matches a known identity.

  	Substitute the correct parts into the formula.

  	Expand carefully, especially the middle term.

  	Simplify the final expression.




If the expression does not directly match an identity, you can still expand by multiplication and then simplify.


Worked Example 1: Expanding a square of a binomial


Expand (x+5)2.


Use the identity


(a+b)2=a2+2ab+b2


Here, a=x and b=5.


Substitute into the formula:


(x+5)2=x2+2(x)(5)+52


Now simplify:


(x+5)2=x2+10x+25


Answer: x2+10x+25


Worked Example 2: Expanding a square with a negative sign


Expand (2x−3)2.


Use the identity


(a−b)2=a2−2ab+b2


Here, a=2x and b=3.


Substitute:


(2x−3)2=(2x)2−2(2x)(3)+32


Simplify each part:


(2x)2=4x2, −2(2x)(3)=−12x, 32=9


So,


(2x−3)2=4x2−12x+9


Answer: 4x2−12x+9


Worked Example 3: Using the difference of squares


Expand (3x+4)(3x−4).


This matches the identity


(a+b)(a−b)=a2−b2


Here, a=3x and b=4.


Substitute:


(3x+4)(3x−4)=(3x)2−42


Simplify:


(3x+4)(3x−4)=9x2−16


Answer: 9x2−16


Worked Example 4: Expanding a cube


Expand (x+2)3.


Use the identity


(a+b)3=a3+3a2b+3ab2+b3


Here, a=x and b=2.


Substitute:


(x+2)3=x3+3x2(2)+3x(22)+23


Simplify step by step:


(x+2)3=x3+6x2+12x+8


Answer: x3+6x2+12x+8


Expanding expressions with more than one identity


Sometimes an expression may contain a square and then need simplification with other terms. For example, if you need to simplify


(x+1)2+(x−1)2


expand each part first:


(x+1)2=x2+2x+1


(x−1)2=x2−2x+1


Now add them:


(x2+2x+1)+(x2−2x+1)=2x2+2


The +2x and −2x cancel out.


What about trinomials?


A trinomial has three terms, such as (a+b+c). You may sometimes need to square a trinomial.


A useful method is to treat it as a binomial first:


(a+b+c)2=((a+b)+c)2


Then use the square identity:


((a+b)+c)2=(a+b)2+2(a+b)c+c2


Now expand (a+b)2:


(a+b+c)2=a2+b2+c2+2ab+2ac+2bc


This is the standard expansion for the square of a trinomial.


For example,


(x+y+2)2=x2+y2+4+2xy+4x+4y


Important tips for avoiding mistakes



  	Do not forget the middle term in square identities.

  	Be very careful with negative signs.

  	Square the entire term, not just the number. For example, (2x)2=4x2, not 2x2.

  	For cubes, remember the pattern 1,3,3,1.

  	Always simplify completely at the end.




Common errors



  	Writing (a+b)2=a2+b2 instead of a2+2ab+b2

  	Writing (a−b)2=a2−b2 instead of a2−2ab+b2

  	Forgetting that (−b)2=b2

  	Mixing up (a−b)3 and (a+b)3




Quick practice to think about



  	Expand (x−7)2

  	Expand (2x+1)3

  	Expand (5y+3)(5y−3)

  	Expand (a+b+c)2




Try using the identities before doing direct multiplication. With practice, you will begin to recognize the patterns immediately.


[image: 📋]   Summary


Algebraic identities are standard formulas that make expansion faster and easier. The most important ones for this topic are the square and cube identities for sums and differences, and the difference of squares identity.


When expanding, identify the pattern, substitute carefully, and simplify. If you watch the signs and remember the middle terms, you can expand polynomial expressions accurately and with confidence.


  
  Put what you read to the test

  You've worked through Algebraic Identities and Expansions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/989






  
    
  [image: 📖]   Chapter 3

  Systems of Linear Equations in Two Variables
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  Form and Graphical Representation of Linear Systems


In many real-world situations, two different conditions must be true at the same time. When we write each condition as a linear equation, we get a system of linear equations.


A linear system in two variables is a pair of equations with the same variables, usually x and y. The solution to the system is the ordered pair (x,y) that makes both equations true at the same time.


In this lesson, you will learn how to:


  	recognize the form of a linear system,

  	write equations from given conditions,

  	graph both lines on the same coordinate plane, and

  	interpret what the point of intersection means.




1. What is a linear equation?


A linear equation in two variables can be written in forms such as:


  	Slope-intercept form: y=mx+b

  	Standard form: Ax+By=C




These equations graph as straight lines.


Examples of linear equations are:


  	y=2x+1

  	3x+y=7

  	x−4y=12




2. What is a system of linear equations?


A system of linear equations is two or more linear equations considered together. In 10th Grade, we usually work with two equations in two variables.


For example:

{y=2x+1y=−x+7

Each equation makes a line. When both lines are graphed on the same coordinate plane, the solution is where the lines intersect.


3. What does the graph tell us?


When graphing a system, there are three possible results:


  	One solution: the lines cross at one point.

  	No solution: the lines are parallel and never meet.

  	Infinitely many solutions: the lines are the same line.




These cases can be understood visually:


  	If two different lines have different slopes, they usually intersect once.

  	If they have the same slope but different intercepts, they are parallel.

  	If they have the same slope and the same intercept, they overlap completely.




4. Writing a linear system from conditions


To form a system, translate each condition into an equation.


For example, suppose:


  	The sum of two numbers is 10.

  	Their difference is 2.




Let the numbers be x and y.


Then the system is:

{x+y=10x−y=2

Each sentence becomes one equation. Together, they form a system.


5. How to graph a linear system


To graph a system:


  	Graph the first equation as a line.

  	Graph the second equation on the same axes.

  	Find the point where the lines intersect.

  	Check that the point satisfies both equations.




You can graph a line in different ways:


  	by using slope and y-intercept if the equation is in y=mx+b form,

  	or by finding two points if the equation is in standard form.




6. Worked Example 1: Graphing from slope-intercept form


Graph the system:

{y=x+1y=−x+5

Step 1: Graph y=x+1.


This line has slope 1 and y-intercept 1.


  	Start at (0,1).

  	Use slope 1=11: go up 1 and right 1.

  	Another point is (1,2).




Step 2: Graph y=−x+5.


This line has slope −1 and y-intercept 5.


  	Start at (0,5).

  	Use slope −1: go down 1 and right 1.

  	Another point is (1,4).




Step 3: Find the intersection.


The lines meet at (2,3).


Step 4: Check the solution.


Substitute (2,3) into both equations:


  	For y=x+1: 3=2+1, true.

  	For y=−x+5: 3=−2+5, true.




So the solution is:

(2,3)

7. Worked Example 2: Graphing from standard form


Graph the system:

{2x+y=4x−y=2

Step 1: Graph 2x+y=4.


Find two points that satisfy the equation.


  	If x=0, then y=4. So one point is (0,4).

  	If x=2, then 2(2)+y=4, so y=0. Another point is (2,0).




Draw the line through (0,4) and (2,0).


Step 2: Graph x−y=2.


Again, find two points.


  	If x=2, then 2−y=2, so y=0. One point is (2,0).

  	If x=3, then 3−y=2, so y=1. Another point is (3,1).




Draw the line through those points.


Step 3: Find the intersection.


The lines intersect at (2,0).


Step 4: Check.


  	2(2)+0=4, true.

  	2−0=2, true.




So the solution is:

(2,0)

8. Worked Example 3: No solution


Graph the system:

{y=2x+1y=2x−3

Both lines have slope 2, so they rise at the same rate.


But their y-intercepts are different: one crosses the y-axis at 1, and the other crosses at −3.


That means the lines are parallel. Parallel lines never intersect.


So this system has:

no solution

9. Worked Example 4: Writing and graphing a real-world system


A school snack stand sells apples for \$1 each and juice boxes for \$2 each. A student buys a total of 5 items and spends \$8.


Let:


  	x = number of apples

  	y = number of juice boxes




Step 1: Write the equations.


The total number of items is 5:

x+y=5

The total cost is 8 dollars:

x+2y=8

So the system is:

{x+y=5x+2y=8

Step 2: Graph the first equation.


For x+y=5:


  	If x=0, then y=5, giving (0,5).

  	If x=5, then y=0, giving (5,0).




Step 3: Graph the second equation.


For x+2y=8:


  	If x=0, then 2y=8, so y=4, giving (0,4).

  	If x=4, then 4+2y=8, so y=2, giving (4,2).




Step 4: Find the intersection.


The lines intersect at (2,3).


Step 5: Interpret the answer.


The student bought 2 apples and 3 juice boxes.


This is why graphing matters: the intersection point is not just a math answer. It represents a real situation that satisfies both conditions.


10. Important ideas when reading a graph



  	The solution to a linear system is an ordered pair.

  	That ordered pair must lie on both lines.

  	If the lines do not meet, there is no ordered pair that works for both equations.

  	In real-world problems, the solution should make sense in the context.




For example, if x and y represent numbers of items, negative values may not make sense.


11. Tips for success



  	Make sure both equations are graphed on the same coordinate plane.

  	Use at least two accurate points for each line.

  	Label your lines or points if needed.

  	Check the intersection point in both equations.

  	If the equations are in standard form, finding intercepts can help you graph quickly.




12. Common mistakes to avoid



  	Graphing only one equation instead of both.

  	Reading the wrong intersection point from the graph.

  	Using points that do not actually satisfy the equation.

  	Forgetting that the solution must work in both equations.

  	Assuming every system has one solution.




Brief Summary


A linear system in two variables is made of two linear equations that are considered together. When you graph both lines on the same coordinate plane, the solution is the point where they intersect. Some systems have one solution, some have no solution, and some have infinitely many solutions. In real-world problems, the intersection represents the values that satisfy all given conditions at the same time.


  
  Put what you read to the test

  You've worked through Form and Graphical Representation of Linear Systems. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/990
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  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1031




  Conditions for Consistency and Inconsistency help us decide whether a pair of linear equations has one solution, no solution, or infinitely many solutions.


When we solve a system of linear equations in two variables, we are trying to find values of the variables that satisfy both equations at the same time.


A general pair of linear equations in two variables can be written as:


a1x+b1y+c1=0
a2x+b2y+c2=0

To check whether this system is consistent or inconsistent, we compare the ratios:


a1a2,b1b2,c1c2

These ratios tell us how the two equations are related.


Important words:


  	Consistent system: A system that has at least one solution.

  	Inconsistent system: A system that has no solution.

  	Dependent equations: Two equations that represent the same line.

  	Independent equations: Two equations that represent different lines and meet at one point.




There are three possible cases for a pair of linear equations.


Case 1: Unique Solution

If


a1a2≠b1b2

then the system has one unique solution.


This means the two lines have different slopes, so they intersect at exactly one point.


So this system is consistent.


Case 2: Infinite Solutions

If


a1a2=b1b2=c1c2

then the system has infinitely many solutions.


This means both equations represent the same line. Every point on that line satisfies both equations.


This system is also consistent, because it has solutions.


Case 3: No Solution

If


a1a2=b1b2≠c1c2

then the system has no solution.


This means the two lines are parallel. They never meet, so there is no point that satisfies both equations.


This system is inconsistent.


Quick table of conditions


  	If a1a2≠b1b2 [image: →] one unique solution [image: →] consistent

  	If a1a2=b1b2=c1c2 [image: →] infinitely many solutions [image: →] consistent

  	If a1a2=b1b2≠c1c2 [image: →] no solution [image: →] inconsistent




Why do these conditions work?

Each linear equation represents a straight line on a graph.



  	If the lines cross once, there is one solution.

  	If the lines are the same, there are infinitely many solutions.

  	If the lines are parallel, there is no solution.




The ratios help us recognize these situations without drawing the graph.


How to test a system step by step


  	Write both equations in the form a1x+b1y+c1=0 and a2x+b2y+c2=0.

  	Identify the values of a1,b1,c1,a2,b2,c2.

  	Find the three ratios a1a2,b1b2,c1c2.

  	Compare the ratios carefully.

  	Use the condition table to decide whether the system is consistent or inconsistent.




Worked Example 1: A system with a unique solution

Determine whether the following system is consistent or inconsistent:


2x+3y−5=0
4x−y+1=0

Here,


a1=2,b1=3,c1=−5
a2=4,b2=−1,c2=1

Now find the ratios:


a1a2=24=12
b1b2=3−1=−3

Since


a1a2≠b1b2

the system has a unique solution.


So the system is consistent.


Worked Example 2: A system with no solution

Check the system:


2x+4y−6=0
x+2y−1=0

Identify the coefficients:


a1=2,b1=4,c1=−6
a2=1,b2=2,c2=−1

Now calculate the ratios:


a1a2=21=2
b1b2=42=2
c1c2=−6−1=6

We see that


a1a2=b1b2≠c1c2

So the system has no solution.


This means the lines are parallel.


Therefore, the system is inconsistent.


Worked Example 3: A system with infinitely many solutions

Check the system:


3x+6y−9=0
x+2y−3=0

Identify the coefficients:


a1=3,b1=6,c1=−9
a2=1,b2=2,c2=−3

Now calculate the ratios:


a1a2=31=3
b1b2=62=3
c1c2=−9−3=3

Since


a1a2=b1b2=c1c2

the system has infinitely many solutions.


The two equations represent the same line.


So the system is consistent.


Worked Example 4: First rewrite in standard form

Determine the nature of the system:


x−2y=7
2x−4y=10

First write both equations in the form ax+by+c=0:


x−2y−7=0
2x−4y−10=0

Now identify the coefficients:


a1=1,b1=−2,c1=−7
a2=2,b2=−4,c2=−10

Find the ratios:


a1a2=12
b1b2=−2−4=12
c1c2=−7−10=710

So,


a1a2=b1b2≠c1c2

Therefore, the system has no solution.


Hence, it is inconsistent.


Common mistakes to avoid


  	Not writing equations in standard form first. Make sure both equations are written as ax+by+c=0 before comparing coefficients.

  	Forgetting signs. A negative sign in a coefficient changes the ratio.

  	Checking only two ratios when all three are needed. To decide between no solution and infinitely many solutions, you must also compare c1c2.

  	Thinking “same ratio” always means same line. That is true only when all three ratios are equal.




Connecting to graphs

You can also understand consistency by imagining the graph of the two equations.



  	Intersecting lines [image: →] one point of intersection [image: →] one unique solution

  	Coincident lines (same line) [image: →] every point common [image: →] infinitely many solutions

  	Parallel lines [image: →] no intersection [image: →] no solution




This is why the ratio test is so useful: it gives the same conclusion without actually drawing the graph.


Mini practice check

Try to classify each system:


  	x+y−2=0 and 2x−y+3=0

  	2x+6y−8=0 and x+3y−4=0

  	3x+9y−12=0 and x+3y−5=0




Answers:


  	1. Unique solution, so consistent

  	2. Infinitely many solutions, so consistent

  	3. No solution, so inconsistent




[image: 📋]   Summary

To decide whether a pair of linear equations is consistent or inconsistent, compare the ratios a1a2,b1b2,c1c2.



  	If a1a2≠b1b2, there is one unique solution.

  	If a1a2=b1b2=c1c2, there are infinitely many solutions.

  	If a1a2=b1b2≠c1c2, there is no solution.




Remember: consistent means at least one solution, and inconsistent means no solution.


  
  Put what you read to the test

  You've worked through Conditions for Consistency and Inconsistency. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/991






  [image: 📝]   Lesson 22: Solving Systems Graphically

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1032




  Solving Systems Graphically means finding the point where two lines cross on a graph. That crossing point is called the intersection, and it represents the solution to the system.


A system of linear equations in two variables is a pair of equations with the same variables, usually x and y. A solution to the system is an ordered pair (x,y) that makes both equations true at the same time.


When we solve a system graphically, we graph both lines on the same coordinate plane and look for where they meet. If they intersect at one point, that point is the solution.


For example, if the lines cross at (2,3), then (2,3) is the solution because it lies on both lines.


Why this works: Every point on a line satisfies that line’s equation. So the point that lies on both lines must satisfy both equations. That is exactly what a solution to a system means.


Steps for solving a system graphically



  	Write each equation in a form that is easy to graph, often slope-intercept form: y=mx+b.

  	Graph the first line.

  	Graph the second line on the same axes.

  	Find the point where the lines intersect.

  	Check the point in both equations if needed.




Reminder about slope-intercept form:


In the equation


y=mx+b

the number m is the slope, and the number b is the y-intercept.



  	The y-intercept tells where the line crosses the y-axis.

  	The slope tells how steep the line is.




For example, in y=2x+1:



  	Slope = 2

  	y-intercept = 1




That means the line crosses the y-axis at (0,1). Then, using slope 2, you go up 2 and right 1 to get another point.


Possible results when graphing a system



  	One solution: The lines intersect once.

  	No solution: The lines are parallel and never meet.

  	Infinitely many solutions: The lines are the same line, so every point on one is also on the other.




Now let’s work through examples.


Example 1: A system with one clear solution


Solve the system graphically:


y=x+1y=−x+5

Step 1: Graph the first line


For y=x+1:


  	y-intercept is 1, so plot (0,1).

  	Slope is 1, so go up 1 and right 1.

  	Another point is (1,2).




Step 2: Graph the second line


For y=−x+5:


  	y-intercept is 5, so plot (0,5).

  	Slope is −1, so go down 1 and right 1.

  	Another point is (1,4).




Step 3: Find the intersection


When the lines are drawn, they intersect at (2,3).


So the solution is


(2,3)

Step 4: Check the solution


Substitute (2,3) into both equations:



  	First equation: y=x+1 gives 3=2+1, true.

  	Second equation: y=−x+5 gives 3=−2+5, true.




Since the point works in both equations, it is the correct solution.


Example 2: One equation must be rewritten first


Solve the system graphically:


2x+y=4y=x−2

Step 1: Rewrite the first equation in slope-intercept form


Start with


2x+y=4

Subtract 2x from both sides:


y=−2x+4

Now the system is


y=−2x+4y=x−2

Step 2: Graph each line


For y=−2x+4:


  	y-intercept is 4, so plot (0,4).

  	Slope is −2, so go down 2 and right 1.

  	Another point is (1,2).




For y=x−2:


  	y-intercept is −2, so plot (0,−2).

  	Slope is 1, so go up 1 and right 1.

  	Another point is (1,−1).




Step 3: Locate the intersection


The lines meet at (2,0).


So the solution is


(2,0)

Check:


  	In 2x+y=4: 2(2)+0=4, true.

  	In y=x−2: 0=2−2, true.




Example 3: No solution


Solve the system graphically:


y=2x+1y=2x−3

Both lines have the same slope, 2, but different y-intercepts, 1 and −3.


That means the lines are parallel. Parallel lines never intersect, so there is no point that satisfies both equations.


Therefore, this system has


no solution

What this means: There is no ordered pair (x,y) that makes both equations true at the same time.


Example 4: Infinitely many solutions


Solve the system graphically:


y=3x−22y=6x−4

Step 1: Rewrite the second equation


Divide both sides by 2:


y=3x−2

Now both equations are the same:


y=3x−2y=3x−2

When graphed, both equations make the exact same line.


That means every point on the line is a solution. So the system has


infinitely many solutions

Important idea: If two equations describe the same line, they do not intersect at just one point. They overlap completely.


How to read a graph carefully



  	If the lines cross exactly on a grid point, the solution is usually exact.

  	If the lines cross between grid points, the solution may be an estimate.

  	Always write the solution as an ordered pair (x,y).

  	Be careful not to switch the x-coordinate and y-coordinate.




For example, if the lines seem to cross halfway between x=1 and x=2, and also halfway between y=3 and y=4, the approximate solution would be (1.5,3.5).


Common mistakes to avoid



  	Graphing the slope incorrectly. Remember that slope is rise over run.

  	Using the wrong y-intercept. In y=mx+b, b is the y-intercept.

  	Forgetting to rewrite the equation. If an equation is not already in y=mx+b form, solve for y first if needed.

  	Reading the intersection wrong. Check the x-value and y-value carefully.

  	Assuming all systems have one solution. Some have no solution or infinitely many solutions.




Real-world meaning of the intersection


Systems of equations are often used to compare two situations. The intersection point shows when both situations have the same value.


For example, imagine two taxi companies charge different rates. Each company’s cost can be shown by a line. The intersection tells the distance where both companies cost the same amount.


If one equation is


y=2x+5

and the other is


y=3x+2

then graphing them would show the distance x where the prices match, and the cost y at that point.


Quick strategy for solving systems graphically



  	Put both equations into slope-intercept form if possible.

  	Graph carefully using the y-intercept and slope.

  	Find the intersection point.

  	Decide whether the system has one solution, no solution, or infinitely many solutions.

  	Check the answer in both equations when you can.




Brief Summary


To solve a system graphically, graph both lines on the same coordinate plane and look for where they intersect. The intersection point is the solution because it satisfies both equations. If the lines are parallel, there is no solution. If the lines are the same, there are infinitely many solutions.


  
  Put what you read to the test

  You've worked through Solving Systems Graphically. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/992






  [image: 📝]   Lesson 23: The Substitution Method
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  The Substitution Method is a way to solve a system of linear equations in two variables. A system of equations is a set of two or more equations that use the same variables. When we solve the system, we are looking for the ordered pair \(x, y)\ that makes both equations true at the same time.


The substitution method works by solving one equation for one variable, then replacing that variable in the other equation. This turns a two-variable problem into a one-variable problem, which is much easier to solve.


For example, if you know that \y = 2x + 1\, then anywhere you see \y\ in the other equation, you can substitute \2x + 1\ in its place. That is why the method is called substitution.


Why this method makes sense: if two expressions are equal to the same variable, then they are equal to each other. Substitution lets us use that idea to combine two equations into one.


Goal: Solve for one variable first, then use that value to find the other variable.


Steps for the Substitution Method


  	Solve one equation for one variable.
Choose the equation that is easiest to rearrange. Try to get either \x\ or \y\ by itself.

  	Substitute that expression into the other equation.
Replace the variable with the expression you found.

  	Solve the new equation.
You should now have an equation with only one variable.

  	Find the other variable.
Substitute the value you found back into one of the original equations.

  	Check your answer.
Make sure the ordered pair works in both original equations.




When is substitution a good choice?


  	When one equation already has a variable isolated, like \y = 3x - 4\.

  	When it is easy to isolate one variable.

  	When using substitution will avoid messy calculations.




Worked Example 1: A basic system

Solve the system:

y=x+2x+y=8


Step 1: Solve one equation for one variable.

The first equation is already solved for \y\:

y=x+2


Step 2: Substitute into the other equation.

Replace \y\ in \x + y = 8\ with \x + 2\:

x+(x+2)=8


Step 3: Solve for \x\.

2x+2=82x=6x=3


Step 4: Find \y\.

Substitute \x = 3\ into \y = x + 2\:

y=3+2y=5


Solution: \(3, 5)\


Step 5: Check.

First equation: \5 = 3 + 2\ [image: ✔]

Second equation: \3 + 5 = 8\ [image: ✔]


Worked Example 2: Solve for a variable first

Solve the system:

2x+y=11y=3x−1


The second equation already gives \y\, so we use it for substitution.


Step 1: Substitute \3x - 1\ for \y\.

2x+(3x−1)=11


Step 2: Solve for \x\.

5x−1=115x=12x=125


Step 3: Find \y\.

Use \y = 3x - 1\:

y=3(125)−1y=365−55y=315


Solution: \(\frac{12}{5}, \frac{31}{5})\


Check:

Second equation: \\frac{31}{5} = 3(\frac{12}{5}) - 1\ [image: ✔]

First equation: \2(\frac{12}{5}) + \frac{31}{5} = \frac{24}{5} + \frac{31}{5} = \frac{55}{5} = 11\ [image: ✔]


Important note: Answers do not always have to be whole numbers. Fractions and decimals can also be correct solutions.


Worked Example 3: Rearranging before substituting

Solve the system:

3x+y=142x−y=1


Neither equation has a variable isolated yet, so we choose one and solve for a variable first. Let's solve the first equation for \y\.


Step 1: Isolate \y\.

3x+y=14y=14−3x


Step 2: Substitute into the second equation.

Replace \y\ in \2x - y = 1\ with \14 - 3x\:

2x−(14−3x)=1


Step 3: Solve carefully.

The minus sign in front of the parentheses changes the signs inside:

2x−14+3x=15x−14=15x=15x=3


Step 4: Find \y\.

Use \y = 14 - 3x\:

y=14−3(3)y=14−9y=5


Solution: \(3, 5)\


Worked Example 4: A real-world problem

A school sells tickets to a play. Student tickets cost \\$4\\) each, and adult tickets cost \\$7\\) each. In one hour, the school sold a total of \30\ tickets and collected \\$156\\).


Let:


  	\x\ = number of student tickets

  	\y\ = number of adult tickets




Write a system:

x+y=304x+7y=156


Step 1: Solve one equation for one variable.

From \x + y = 30\, solve for \x\:

x=30−y


Step 2: Substitute into the second equation.

4(30−y)+7y=156


Step 3: Solve for \y\.

120−4y+7y=156120+3y=1563y=36y=12


Step 4: Find \x\.

x=30−12x=18


Solution: \18\ student tickets and \12\ adult tickets.


Check:

Total tickets: \18 + 12 = 30\ [image: ✔]

Total money: \4(18) + 7(12) = 72 + 84 = 156\ [image: ✔]


Common Mistakes to Avoid


  	Forgetting parentheses when substituting.
If \y = 14 - 3x\, then substitute as \2x - (14 - 3x)\, not \2x - 14 - 3x\.

  	Not solving all the way.
After finding one variable, always substitute back to find the other one.

  	Arithmetic errors.
Be careful with negative signs, fractions, and combining like terms.

  	Not checking the answer.
An ordered pair is only correct if it works in both equations.




How substitution connects to graphs

Each linear equation can be drawn as a line on a graph. The solution to the system is the point where the two lines intersect. When you solve a system using substitution, you are finding the same point algebraically instead of graphically.


If the lines cross once, the system has one solution.

If the lines are the same line, the system has infinitely many solutions.

If the lines are parallel and never meet, the system has no solution.


Quick Practice Thinking


  	If one equation is \y = 2x + 6\, substitute \2x + 6\ wherever you see \y\ in the other equation.

  	If no variable is isolated, first rearrange one equation.

  	Always write the final answer as an ordered pair \(x, y)\, unless the problem asks for the meaning in a real-world context.




[image: 📋]   Summary

The substitution method solves a system of linear equations by replacing one variable with an equal expression from the other equation. This changes a two-variable system into a one-variable equation. After solving for one variable, substitute back to find the second variable, then check your answer in both equations.


  
  Put what you read to the test

  You've worked through The Substitution Method. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/993
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  Lesson: The Elimination Method


When you have a system of linear equations, you are working with two or more equations that share the same variables. In 10th Grade, you often solve systems with two variables, such as x and y.


The elimination method is a way to solve a system by combining the equations so that one variable disappears. Once one variable is eliminated, you can solve for the other variable more easily.


This method is especially useful when the equations are already lined up in standard form:


ax+by=c
dx+ey=f

The goal is to make the coefficients of one variable the same or opposites, so that when you add or subtract the equations, that variable is eliminated.


What does “eliminate” mean?


To eliminate a variable means to remove it by adding or subtracting the equations. For example, if you have +3x in one equation and −3x in the other, adding the equations will make the x-terms cancel out.


Steps for the Elimination Method



  	Write both equations clearly. It helps if the variables are lined up, like x above x and y above y.

  	Choose a variable to eliminate. Look for a variable whose coefficients are already opposites, or can easily be made opposites.

  	Multiply one or both equations if needed. This creates matching or opposite coefficients.

  	Add or subtract the equations. One variable should cancel out.

  	Solve the new equation. You will get the value of one variable.

  	Substitute back into one original equation. Then solve for the other variable.

  	Check your answer. Make sure your ordered pair works in both equations.




When do you add, and when do you subtract?



  	If the coefficients are opposites, add the equations.

  	If the coefficients are the same, subtract one equation from the other.




For example:



  	2y and −2y cancel when you add.

  	5x and 5x cancel when you subtract.




Worked Example 1: Elimination without multiplying


Solve the system:


x+y=7
x−y=1

The y-coefficients are opposites: +y and −y. So we add the equations.


x+y=7x−y=12x=8

Now solve for x:


x=4

Substitute x=4 into one of the original equations, such as x+y=7:


4+y=7
y=3

So the solution is:


(4,3)

Check in the second equation:


4−3=1

The answer is correct.


Worked Example 2: Multiply one equation first


Solve the system:


2x+y=9
x−y=0

The y-coefficients are already opposites: +1 and −1. So we can add the equations right away.


2x+y=9x−y=03x=9

Solve for x:


x=3

Now substitute into x−y=0:


3−y=0
y=3

So the solution is:


(3,3)

Worked Example 3: Multiply to create opposite coefficients


Solve the system:


3x+2y=16
x+y=6

The coefficients do not match yet, so we choose a variable to eliminate. Let’s eliminate y.


The first equation has 2y, and the second has y. If we multiply the second equation by −2, the y-terms will become opposites.


−2(x+y=6)

This gives:


−2x−2y=−12

Now add this new equation to the first equation:


3x+2y=16−2x−2y=−12x=4

Substitute x=4 into x+y=6:


4+y=6
y=2

So the solution is:


(4,2)

Worked Example 4: Multiply both equations


Solve the system:


2x+3y=13
4x−5y=−3

Neither variable has matching coefficients yet. We can eliminate either x or y. Let’s eliminate x.


The coefficients of x are 2 and 4. The least common multiple is 4, so we multiply the first equation by −2. This will make the x-terms opposites.


−2(2x+3y=13)

This gives:


−4x−6y=−26

Now add it to the second equation:


−4x−6y=−264x−5y=−3−11y=−29

Solve for y:


y=2911

Now substitute into one original equation, such as 2x+3y=13:


2x+3(2911)=13

2x+8711=13

Write 13 as 14311:


2x=14311−8711
2x=5611
x=2811

So the solution is:


(2811,2911)

This example shows that solutions are not always whole numbers. They can also be fractions.


How to choose which variable to eliminate



  	Choose the variable with coefficients that are already opposites or the same.

  	If not, choose the one that needs the least multiplying.

  	Try to avoid large numbers if possible, because they make the work longer.




Real-world meaning of the solution


In a real-world problem, the solution to a system tells you the values that satisfy both conditions at the same time. That is why the ordered pair must work in both equations.


For example, if x is the number of notebooks and y is the number of pens, then the solution tells you how many of each make both equations true.


Common mistakes to avoid



  	Forgetting to multiply every term in an equation by the chosen number.

  	Adding when you should subtract, or subtracting when you should add.

  	Sign mistakes, especially with negative numbers.

  	Not substituting back correctly after solving for one variable.

  	Not checking the final answer in both original equations.




Quick Practice Thinking


Before solving, ask yourself:



  	Which variable is easier to eliminate?

  	Do I need to multiply one equation, or both?

  	Will I add or subtract after multiplying?




Brief Summary


The elimination method solves a system by removing one variable so the other can be found. Sometimes the equations can be added or subtracted right away, and sometimes you first multiply one or both equations by a constant. After finding one variable, substitute back to find the other, and always check that your solution works in both equations.


  
  Put what you read to the test

  You've worked through The Elimination Method. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/994
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  Lesson: The Cross-Multiplication Method


When we solve a system of linear equations in two variables, we are looking for the values of the variables that make both equations true at the same time.


One direct algebraic method for solving such systems is the cross-multiplication method. This method is especially useful when both equations are written in the general form:


ax+by+c=0

a′x+b′y+c′=0


Here, the letters represent constants, and the apostrophe marks in a′, b′, and c′ just mean they belong to the second equation.


The cross-multiplication method gives a formula for finding x and y directly, without first using substitution or elimination.


When can we use this method?


  	When there are two linear equations.

  	When both equations are written in the form ax+by+c=0.

  	When the system has a unique solution.




The formula

If the equations are:

ax+by+c=0

a′x+b′y+c′=0


then:

xbc′−b′c=yca′−c′a=1ab′−a′b


This is the cross-multiplication formula.


From it, we can write:

x=bc′−b′cab′−a′b

y=ca′−c′aab′−a′b


Important idea: Before using the formula, make sure each equation is arranged so that everything is on one side and the other side is 0.


How to use the cross-multiplication method


  	Write both equations in the form ax+by+c=0.

  	Identify the coefficients:
    
      	First equation: a,b,c

      	Second equation: a′,b′,c′

    

  

  	Substitute these values into:
    
      	x=bc′−b′cab′−a′b

      	y=ca′−c′aab′−a′b

    

  

  	Simplify carefully.

  	Check your answer in both original equations.




Why does this method work?

The method comes from eliminating variables in a structured way. Instead of doing elimination separately every time, the formula combines the needed calculations into one standard pattern.


You do not need to memorize the full derivation right away, but you should understand that it is based on the same algebra used in elimination.


Worked Example 1: Simple whole-number solution

Solve:

2x+3y−13=0

3x−2y−4=0


First, compare with:

ax+by+c=0

a′x+b′y+c′=0


So we identify:


  	a=2, b=3, c=−13

  	a′=3, b′=−2, c′=−4




Now find x:

x=bc′−b′cab′−a′b

x=3(−4)−(−2)(−13)2(−2)−3(3)

x=−12−26−4−9=−38−13

x=3813


Now find y:

y=ca′−c′aab′−a′b

y=(−13)(3)−(−4)(2)2(−2)−3(3)

y=−39+8−13=−31−13

y=3113


So the solution is:

x=3813,y=3113


Let us check one equation:

2(3813)+3(3113)−13

=7613+9313−13=16913−13=13−13=0


The solution is correct.


Worked Example 2: Rearranging first

Solve:

x+2y=7

3x−y=5


These are not yet in the required form, so rewrite them:

x+2y−7=0

3x−y−5=0


Now identify the coefficients:


  	a=1, b=2, c=−7

  	a′=3, b′=−1, c′=−5




Find x:

x=bc′−b′cab′−a′b

x=2(−5)−(−1)(−7)1(−1)−3(2)

x=−10−7−1−6=−17−7

x=177


Find y:

y=ca′−c′aab′−a′b

y=(−7)(3)−(−5)(1)−7

y=−21+5−7=−16−7

y=167


So the solution is:

x=177,y=167


Worked Example 3: A system with integer answer

Solve:

4x+5y−6=0

2x−3y+8=0


Identify the coefficients:


  	a=4, b=5, c=−6

  	a′=2, b′=−3, c′=8




Find the denominator first:

ab′−a′b=4(−3)−2(5)=−12−10=−22


Now find x:

x=bc′−b′cab′−a′b

x=5(8)−(−3)(−6)−22

x=40−18−22=22−22=−1


Now find y:

y=ca′−c′aab′−a′b

y=(−6)(2)−8(4)−22

y=−12−32−22=−44−22=2


So the solution is:

x=−1,y=2


Check in the first equation:

4(−1)+5(2)−6=−4+10−6=0


Check in the second equation:

2(−1)−3(2)+8=−2−6+8=0


Both checks work.


Worked Example 4: A word problem

At a school event, 2 notebooks and 3 pens cost Rs. 36. Also, 4 notebooks and 1 pen cost Rs. 34. Find the cost of one notebook and one pen.


Let:


  	x = cost of one notebook

  	y = cost of one pen




Then the equations are:

2x+3y=36

4x+y=34


Write them in standard form:

2x+3y−36=0

4x+y−34=0


Identify the coefficients:


  	a=2, b=3, c=−36

  	a′=4, b′=1, c′=−34




Find x:

x=bc′−b′cab′−a′b

x=3(−34)−1(−36)2(1)−4(3)

x=−102+362−12=−66−10

x=335=6.6


Find y:

y=ca′−c′aab′−a′b

y=(−36)(4)−(−34)(2)−10

y=−144+68−10=−76−10

y=385=7.6


So:


  	One notebook costs Rs. 6.60

  	One pen costs Rs. 7.60




Common mistakes to avoid


  	Not writing the equations in standard form first. If one equation is written as x+y=5, you must change it to x+y−5=0.

  	Mixing up the coefficients. Be careful when identifying a,b,c,a′,b′,c′.

  	Sign errors. Negative signs are very important in this method.

  	Using the wrong denominator. The denominator is ab′−a′b, not something else.

  	Forgetting to check the answer. A quick check can catch mistakes.




What if the denominator is zero?

If:

ab′−a′b=0


then the cross-multiplication formula cannot give a unique solution.


This usually means one of two things:


  	The lines are parallel, so there is no solution.

  	The equations represent the same line, so there are infinitely many solutions.




So this method works best when the two equations intersect at exactly one point.


Quick comparison with other methods


  	Substitution: Good when one variable is already easy to isolate.

  	Elimination: Good when coefficients can be matched easily.

  	Cross-multiplication: Good when both equations are in general form and you want a direct formula.




Steps to remember


  	Write each equation as ax+by+c=0.

  	Mark the coefficients carefully.

  	Use:
    
      	x=bc′−b′cab′−a′b

      	y=ca′−c′aab′−a′b

    

  

  	Simplify.

  	Check in the original equations.




Brief Summary

The cross-multiplication method is a formula-based way to solve two linear equations in two variables. First, write both equations in the form ax+by+c=0. Then use the formulas for x and y carefully, paying close attention to signs. This method is fast and useful, especially when the equations are already in general form.


  
  Put what you read to the test

  You've worked through The Cross-Multiplication Method. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/995
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  Equations Reducible to Linear Systems


Sometimes a system of equations does not look linear at first. It may include fractions with variables in the denominator, or expressions such as 1x and 1y. Even though the equations look non-linear, we can often rewrite them so they become a linear system.


This idea is called solving equations reducible to linear systems. The main strategy is to replace complicated variable expressions with new variables. Then we solve the easier linear system, and finally change back to the original variables.


This is useful because you already know how to solve linear systems by substitution or elimination. So instead of trying to solve a difficult-looking system directly, you turn it into a form you already understand.


Main Idea


If the same repeated expression appears in more than one equation, we can let that expression equal a new variable.


For example:


  	If 1x appears often, let u=1x.

  	If 1y appears often, let v=1y.

  	If x+y appears often, let u=x+y.

  	If xy appears often, let v=xy.




After making the substitution, the equations may become linear in the new variables such as u and v.


Important Reminder


When solving equations with fractions like 1x, the variable cannot be zero. For example, if u=1x, then x≠0. Always check that your final answers are allowed in the original equations.


General Steps


  	Look for repeated expressions in the system.

  	Replace those expressions with new variables.

  	Solve the resulting linear system.

  	Substitute back to find the original variables.

  	Check the answers in the original equations.




Why This Works


A linear system is easier to solve because each variable appears only to the first power and is not multiplied by another variable. By using substitution cleverly, we temporarily hide the complicated parts and reveal a linear pattern.


Let us work through examples.


Worked Example 1: Fractions with variables in the denominator


Solve the system


1x+1y=5

2x−1y=4

Step 1: Choose new variables


The repeated expressions are 1x and 1y. Let


u=1x,v=1y

Then the system becomes


u+v=5

2u−v=4

This is now a linear system in u and v.


Step 2: Solve the linear system


Add the two equations:


(u+v)+(2u−v)=5+4

3u=9

u=3

Substitute into u+v=5:


3+v=5

v=2

Step 3: Change back to the original variables


Since u=1x=3, we get


x=13

Since v=1y=2, we get


y=12

Answer: (13,12)


Check


11/3+11/2=3+2=5

21/3−11/2=6−2=4

The solution works.


Worked Example 2: A slightly harder fraction system


Solve the system


3x+2y=7

1x−1y=1

Step 1: Substitute


Let


u=1x,v=1y

Then the system becomes


3u+2v=7

u−v=1

Step 2: Solve the linear system


From u−v=1, we get


u=v+1

Substitute into the first equation:


3(v+1)+2v=7

3v+3+2v=7

5v+3=7

5v=4

v=45

Now find u:


u=v+1=45+1=95

Step 3: Return to x and y


1x=95⇒x=59

1y=45⇒y=54

Answer: (59,54)


Worked Example 3: Using expressions like x+y and x−y


Not all reducible systems involve fractions. Sometimes a system can be simplified by replacing repeated groups of terms.


Solve the system


2(x+y)+3(x−y)=13

(x+y)−(x−y)=2

Step 1: Substitute repeated expressions


Let


u=x+y,v=x−y

Then the system becomes


2u+3v=13

u−v=2

Step 2: Solve the linear system


From u−v=2, we get


u=v+2

Substitute into 2u+3v=13:


2(v+2)+3v=13

2v+4+3v=13

5v=9

v=95

Then


u=v+2=95+105=195

Step 3: Change back to the original variables


We now have


x+y=195

x−y=95

Add the equations:


2x=285

x=145

Substitute into x+y=195:


145+y=195

y=1

Answer: (145,1)


Worked Example 4: Product and sum as new variables


Solve the system


xy+x+y=11

xy−x−y=1

Step 1: Look for repeated expressions


Both equations contain xy and x+y. Let


u=xy,v=x+y

Then the system becomes


u+v=11

u−v=1

Step 2: Solve the linear system


Add the equations:


2u=12

u=6

Then


6+v=11⇒v=5

So now we know


xy=6,x+y=5

Step 3: Find x and y


We need two numbers whose sum is 5 and product is 6. Those numbers are 2 and 3.


So the solutions are


(x,y)=(2,3) or (3,2)

Check


For (2,3):


xy+x+y=6+2+3=11

xy−x−y=6−2−3=1

It works. The same is true for (3,2).


What to Watch Out For


  	Forgetting restrictions: If the original equation has 1x, then x≠0.

  	Not substituting back: Solving for u and v is not the final answer. You must return to x and y.

  	Not checking: A value might work in the transformed system but fail in the original one if it breaks a restriction.

  	Mixing old and new variables: Stay organized. Write clearly what u and v stand for.




How This Connects to Linear Systems


In a usual linear system, you solve directly for x and y. In a reducible system, you first create a new linear system in variables like u and v. Then you solve that system using the same methods you already know.


So this topic is really about recognizing structure. When you see repeated expressions, ask yourself: “Can I rename these parts and turn the system into something linear?”


Quick Practice Tips


  	Circle repeated expressions before you start.

  	Choose simple replacement letters such as u and v.

  	Solve the linear system carefully.

  	Always write a final answer in terms of x and y, not just u and v.

  	Check your answer in the original equations.




[image: 📋]   Summary


Some systems look non-linear, but they can be turned into linear systems by substituting repeated expressions with new variables. Common substitutions include u=1x, v=1y, u=x+y, or v=xy. After solving the linear system, substitute back to find the original variables and check that the answers fit the original equations.


  
  Put what you read to the test

  You've worked through Equations Reducible to Linear Systems. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/996
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  Modeling Word Problems: Age, Money, and Fractions


Many real-world problems involve two unknown quantities. In 10th Grade Maths, we often model these situations using a system of linear equations in two variables.


Word problems about ages, money, and fractions are common examples. The key skill is turning words into equations, then solving those equations and checking whether the answer makes sense in the context.


In this lesson, you will learn how to:


  	identify the unknowns,

  	define variables clearly,

  	translate word statements into linear equations,

  	solve the system algebraically,

  	and interpret the solution in the real-world situation.




1. The General Strategy


Most word problems of this type can be solved using the same steps.



  	Choose variables. Decide what each variable represents.

  	Write two equations. Use the information in the problem.

  	Solve the system. Use substitution, elimination, or graphing.

  	Check the answer. Make sure it fits the original story.

  	Write a sentence answer. Always include units like years, dollars, or values.




A very important habit is to define variables carefully. For example, write: “Let Ann’s age be a and Ben’s age be b.” This helps prevent confusion later.


2. Recognizing Common Clue Words


Word problems often use phrases that translate directly into algebra.



  	“sum” means add

  	“difference” means subtract

  	“is” means equals

  	“twice” means multiply by 2

  	“three times” means multiply by 3

  	“more than” means add after the quantity

  	“less than” means subtract from the quantity

  	“in 5 years” means add 5 to an age

  	“5 years ago” means subtract 5 from an age




For money problems, phrases like “total value,” “cost,” and “amount spent” often lead to equations involving multiplication and addition.


For fraction problems, you may need to represent a number using its digits or compare a fraction to another expression.


3. Age Problems


Age problems usually involve two facts:


  	a relationship between two people’s present ages, and

  	a second relationship involving the past or future.




Remember: if a person is 4 years older than another person now, then that age difference stays 4 years in the future and in the past.


Worked Example 1: Present and Future Ages


A mother is 24 years older than her son. In 6 years, the mother’s age will be 3 times the son’s age. Find their present ages.


Step 1: Define variables

Let the mother’s present age be m, and the son’s present age be s.


Step 2: Write the equations

“A mother is 24 years older than her son” gives:

m=s+24


“In 6 years, the mother’s age will be 3 times the son’s age” gives:

m+6=3(s+6)


Step 3: Solve

Substitute m=s+24 into the second equation:

s+24+6=3(s+6)

s+30=3s+18

12=2s

s=6


Now find m:

m=s+24=6+24=30


Step 4: Check

In 6 years, the son will be 12 and the mother will be 36. Since 36=3×12, the answer is correct.


Answer: The son is 6 years old, and the mother is 30 years old.


Age Tip: When the problem says “in 6 years,” add 6 to both ages. When it says “5 years ago,” subtract 5 from both ages.


4. Money Problems


Money problems often involve two types of items or two groups of bills/coins. The system usually comes from:


  	the total number of items, and

  	the total value or cost.




Worked Example 2: Coins


A jar contains only 10-rupee coins and 5-rupee coins. There are 18 coins in total, worth 135 rupees altogether. How many of each coin are there?


Step 1: Define variables

Let x be the number of 10-rupee coins and y be the number of 5-rupee coins.


Step 2: Write the equations

Total number of coins:

x+y=18


Total value:

10x+5y=135


Step 3: Solve

We can simplify the second equation by dividing by 5:

2x+y=27


Now the system is:

x+y=18

2x+y=27


Subtract the first equation from the second:

x=9


Substitute into x+y=18:

9+y=18

y=9


Step 4: Check

There are 9 coins of each type. Their total value is:

10(9)+5(9)=90+45=135


Answer: There are 9 ten-rupee coins and 9 five-rupee coins.


Money Tip: If the values are large, look for a common factor to simplify the equations before solving.


5. Fraction and Digit Problems


Some fraction word problems involve a two-digit number. In these problems, it helps to remember how place value works.


If a two-digit number has tens digit x and ones digit y, then the number is:

10x+y


If the digits are reversed, the new number is:

10y+x


The sum of the digits is:

x+y


Worked Example 3: Digit Sum and Reversed Number


The sum of the digits of a two-digit number is 11. When the digits are reversed, the new number is 27 less than the original number. Find the number.


Step 1: Define variables

Let x be the tens digit and y be the ones digit.


Step 2: Write the equations

“The sum of the digits is 11” gives:

x+y=11


The original number is 10x+y.

The reversed number is 10y+x.


“The new number is 27 less than the original number” gives:

10y+x=10x+y−27


Step 3: Simplify the second equation

10y+x=10x+y−27

9y−9x=−27

y−x=−3


So the system is:

x+y=11

y−x=−3


Step 4: Solve

Add the equations:

x+y+y−x=11+(−3)

2y=8

y=4


Then:

x+4=11

x=7


Step 5: Interpret

The original number is:

10x+y=10(7)+4=74


Check: Reversing the digits gives 47, and 47 is 27 less than 74.


Answer: The number is 74.


6. Fraction Relationship Problems


Some problems involve two numbers and their fractional relationship. In these problems, turn the statements into equations carefully.


Worked Example 4: Two Numbers and Fractions


Two numbers have a sum of 35. One-half of the first number is equal to one-third of the second number. Find the numbers.


Step 1: Define variables

Let the first number be x and the second number be y.


Step 2: Write the equations

The sum is 35:

x+y=35


“One-half of the first number is equal to one-third of the second number” gives:

x2=y3


Step 3: Clear fractions

Multiply both sides by 6:

3x=2y


So the system is:

x+y=35

3x=2y


Step 4: Solve

From 3x=2y, we get:

y=3x2


Substitute into the first equation:

x+3x2=35

2x2+3x2=35

5x2=35

5x=70

x=14


Now find y:

y=35−14=21


Check:

142=7,213=7

The condition is true.


Answer: The numbers are 14 and 21.


Fraction Tip: Fractions in equations can look difficult, but they become easier when you multiply by the least common denominator to remove the fractions.


7. Solving Graphically vs Algebraically


These systems can be solved in two main ways:


  	Algebraically using substitution or elimination

  	Graphically by plotting both equations and finding their point of intersection




For word problems, algebra is usually faster and more exact. Graphing is helpful for seeing what the solution means: the intersection point represents the values that satisfy both conditions at the same time.


For example, in the coin problem:

x+y=18

10x+5y=135


If these equations are graphed, the point where the two lines meet is (9,9). This means 9 ten-rupee coins and 9 five-rupee coins.


8. Common Mistakes to Avoid



  	Not defining variables clearly. Always say what x and y represent.

  	Mixing up “more than” and “less than.” Read carefully.

  	Forgetting place value in digit problems. A two-digit number is 10x+y, not x+y.

  	Changing only one age in past/future problems. Time affects both people.

  	Ignoring the context. A digit must be a whole number from 0 to 9, and ages or numbers of coins should not be negative.




9. Quick Checklist for Word Problems


Before solving, ask yourself:


  	What are the two unknowns?

  	What two facts give me equations?

  	Did I translate the words correctly?

  	Did I solve the system correctly?

  	Does my answer make sense in the situation?




10. Summary


To model word problems involving age, money, and fractions, start by choosing variables and translating the information into a system of linear equations. Then solve the system using substitution, elimination, or graphing.


In age problems, pay attention to past and future relationships. In money problems, use total number and total value. In fraction and digit problems, use place value and clear fraction relationships carefully.


The most important idea is that the solution must satisfy both equations and must also make sense in the real-world context.


  
  Put what you read to the test

  You've worked through Modeling Word Problems: Age, Money, and Fractions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/997
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  Modeling Word Problems: Distance, Speed, and Time


Many real-world problems involve how distance, speed, and time are connected. In 10th Grade maths, these problems often become more interesting when there is more than one unknown. That is when we can model the situation using a system of linear equations in two variables.


This lesson focuses on word problems involving upstream and downstream river travel, relative motion, and different speeds. You will learn how to translate the words into equations, solve the system, and explain what the solution means in the context of the problem.


The key relationship to remember is:


Distance=Speed×Time

This can also be rearranged as:


Speed=DistanceTime,Time=DistanceSpeed

When a problem gives two different situations involving the same unknowns, you can often write two linear equations and solve them as a system.


Step-by-step strategy for modeling



  	Read carefully and decide what quantities are unknown.

  	Define variables clearly. For example, let b be the speed of the boat in still water and c be the speed of the current.

  	Use the relationship d=rt to write equations.

  	Look for how the situations compare. Words like upstream, downstream, toward each other, and same distance are clues.

  	Solve the system algebraically or graphically.

  	Check the answer by substituting back into the original situation.

  	Interpret the solution using units such as miles per hour, kilometers per hour, or hours.




Important modeling ideas



  	Still-water speed means the speed of a boat in water that is not moving.

  	Current speed means the speed of the river.

  	Downstream speed is faster because the current helps the boat:




Downstream speed=boat speed+current speed


  	Upstream speed is slower because the current pushes against the boat:




Upstream speed=boat speed−current speed


  	When two objects move toward each other, their speeds add.

  	When one object is chasing another in the same direction, the difference in their speeds matters.




How systems appear in these problems


Suppose a boat travels downstream for one trip and upstream for another. The unknowns might be the boat's speed in still water and the current's speed. Since the problem gives information about two trips, you can usually write two equations.


In other problems, two people, cars, or trains travel at different speeds. If the problem gives two relationships, such as total distance and total time, or two separate trips, you can form a system with two variables.


Worked Example 1: Finding two speeds from total time


A car travels for 5 hours. Part of the trip is on city roads at 40 miles per hour, and the rest is on the highway at 60 miles per hour. The total distance traveled is 260 miles. How many hours did the car travel at each speed?


Step 1: Define variables.


Let:


  	x = number of hours on city roads

  	y = number of hours on the highway




Step 2: Write the equations.


The total time is 5 hours, so:


x+y=5

The total distance is 260 miles. Using d=rt:


40x+60y=260

So the system is:


{x+y=540x+60y=260

Step 3: Solve the system.


From x+y=5, solve for x:


x=5−y

Substitute into the distance equation:


40(5−y)+60y=260

200−40y+60y=260

20y=60

y=3

Then:


x=5−3=2

Answer: The car traveled 2 hours at 40 mph and 3 hours at 60 mph.


Check:


40(2)+60(3)=80+180=260

The answer makes sense.


Worked Example 2: Upstream and downstream travel


A boat travels 24 miles downstream in 2 hours. The same boat travels 18 miles upstream in 3 hours. Find the speed of the boat in still water and the speed of the current.


Step 1: Define variables.


Let:


  	b = speed of the boat in still water

  	c = speed of the current




Step 2: Find the actual speeds for each trip.


Downstream speed:


242=12

So:


b+c=12

Upstream speed:


183=6

So:


b−c=6

The system is:


{b+c=12b−c=6

Step 3: Solve the system.


Add the equations:


(b+c)+(b−c)=12+6

2b=18

b=9

Substitute into b+c=12:


9+c=12

c=3

Answer: The boat's speed in still water is 9 mph, and the current's speed is 3 mph.


Interpretation: Downstream, the boat moves at 9+3=12 mph. Upstream, it moves at 9−3=6 mph.


Worked Example 3: Relative motion in opposite directions


Two cyclists start 90 miles apart and ride toward each other. One cyclist rides at 12 miles per hour, and the other rides at 18 miles per hour. How long will it take before they meet?


This problem can be solved directly, but we can also model it as a system to understand the distances traveled by each cyclist.


Step 1: Define variables.


Let:


  	x = distance traveled by the first cyclist

  	y = distance traveled by the second cyclist




Because they start 90 miles apart and meet, the distances add to 90:


x+y=90

Since time is the same for both cyclists:


x12=y18

Multiply both sides by 36:


3x=2y

So the system is:


{x+y=903x=2y

Step 2: Solve the system.


From 3x=2y, solve for y:


y=32x

Substitute into x+y=90:


x+32x=90

52x=90

x=36

Then:


y=90−36=54

Step 3: Find the time.


Use either cyclist:


time=3612=3

or


time=5418=3

Answer: They meet after 3 hours.


Important idea: When two objects move toward each other, you can also add their speeds:


12+18=30

time=9030=3

Both methods give the same result.


Worked Example 4: A system with river travel and times


A motorboat travels 30 miles downstream in the same amount of time that it travels 18 miles upstream. The current is 2 miles per hour. Find the speed of the boat in still water.


This problem has one unknown if the current is already known, but we can still model the two situations using equations.


Step 1: Define the variable.


Let b be the speed of the boat in still water.


Then:


  	Downstream speed = b+2

  	Upstream speed = b−2




Step 2: Use equal times.


Time equals distance divided by speed, so:


30b+2=18b−2

Step 3: Solve.


Cross multiply:


30(b−2)=18(b+2)

30b−60=18b+36

12b=96

b=8

Answer: The boat's speed in still water is 8 mph.


Check:



  	Downstream speed: 8+2=10 mph

  	Upstream speed: 8−2=6 mph




Times:


3010=3 hours,186=3 hours

The times are equal, so the answer is correct.


Solving graphically


Systems can also be solved by graphing. For example, in Worked Example 1 the system was:


{x+y=540x+60y=260

Rewrite each equation in slope-intercept or easy-to-graph form.


First equation:


y=5−x

Second equation:


40x+60y=260

2x+3y=13

3y=13−2x

y=13−2x3

If you graph both lines, their intersection is (2,3). This means:


  	x=2 hours at 40 mph

  	y=3 hours at 60 mph




Graphing is useful because it shows the solution visually. The point where the lines meet represents the values that make both equations true at the same time.


Common mistakes to avoid



  	Mixing up distance, speed, and time. Always use d=rt carefully.

  	Forgetting units. If speed is in miles per hour, time should be in hours.

  	Adding instead of subtracting for upstream travel. Upstream means the current slows the boat down.

  	Using the wrong relationship in relative motion. Toward each other means speeds add; same direction often means speeds subtract.

  	Not defining variables. A clear variable definition helps avoid confusion.

  	Stopping too early. Sometimes the system gives distances first, and you still need to find the time.




Quick checklist for word problems



  	What are the unknowns?

  	What formula connects the quantities?

  	What two equations can I write?

  	Do my equations match the meaning of the words?

  	Did I solve and label the answer with units?

  	Did I check that the answer makes sense in the story?




Brief Summary


Distance, speed, and time problems can often be modeled with systems of linear equations when there are two unknown quantities. The most important formula is d=rt, along with the ideas that downstream speed is b+c and upstream speed is b−c.


To solve these problems, define variables, write equations from the information given, solve the system, and interpret the solution in context. Whether you solve algebraically or graphically, the goal is the same: find values that make both parts of the situation true at the same time.


  
  Put what you read to the test

  You've worked through Modeling Word Problems: Distance, Speed, and Time. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/998






  
    
  [image: 📖]   Chapter 4

  Quadratic Equations
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  Standard Form of a Quadratic Equation


A quadratic equation is an equation that includes a variable squared, such as x2. In 10th Grade maths, a quadratic equation is usually written in a special arrangement called standard form.


The standard form of a quadratic equation is:


ax2+bx+c=0

Here, a, b, and c are numbers, and a≠0.


This condition is important. If a=0, then the x2 term disappears, and the equation is no longer quadratic.


For example:


  	2x2+5x−3=0 is quadratic because the coefficient of x2 is 2, and 2≠0.

  	0x2+5x−3=0 is not quadratic because the x2 term is really gone.




Why standard form matters


Writing a quadratic equation in standard form helps you:


  	recognize that the equation is quadratic,

  	identify the values of a, b, and c,

  	use methods like factoring, completing the square, or the quadratic formula later.




The parts of standard form


In


ax2+bx+c=0


  	a is the coefficient of x2,

  	b is the coefficient of x,

  	c is the constant term.




Example: In 3x2−7x+4=0:


  	a=3

  	b=−7

  	c=4




Be careful with signs. If a term is negative, its coefficient is negative.


How to rewrite an equation in standard form


Not every quadratic equation starts in standard form. You may need to rearrange it.


To put an equation into standard form:


  	Move all terms to one side so the other side is 0.

  	Combine like terms if needed.

  	Write the terms in order: x2 term, x term, constant.

  	Check that the coefficient of x2 is not zero.




Worked Example 1: Already in standard form


Determine whether 5x2+2x−8=0 is in standard form, and identify a, b, and c.


Step 1: Check the arrangement.

The equation is written as:


5x2+2x−8=0

This matches ax2+bx+c=0.


Step 2: Identify the coefficients.


  	a=5

  	b=2

  	c=−8




Answer: Yes, it is in standard form.


Worked Example 2: Rearranging to standard form


Write x2+9=4x in standard form.


Step 1: Move all terms to one side.

Subtract 4x from both sides:


x2−4x+9=0

Step 2: Check the order of terms.

The equation is now written in the order x2, x, constant.


Answer:


x2−4x+9=0

Here, a=1, b=−4, and c=9.


Worked Example 3: Combining like terms


Write 3x−2x2=7 in standard form.


Step 1: Move all terms to one side.

Add 2x2 to both sides and subtract 7 from both sides, or more simply rearrange:


−2x2+3x−7=0

Step 2: Check the order.

The terms are in the correct order: x2, x, constant.


Answer:


−2x2+3x−7=0

So:


  	a=−2

  	b=3

  	c=−7




Notice that a can be negative. The only rule is that it cannot be zero.


Worked Example 4: More than one side has terms


Write 4x2+6=2x+1 in standard form.


Step 1: Move all terms to the left side.

Subtract 2x from both sides and subtract 1 from both sides:


4x2−2x+5=0

Step 2: Identify the coefficients.


  	a=4

  	b=−2

  	c=5




Answer:


4x2−2x+5=0

Important reminders



  	A quadratic equation must have an x2 term.

  	In standard form, one side must be 0.

  	The terms should be arranged from highest power to lowest power.

  	The coefficient a must not be zero.

  	If a term is missing, its coefficient is 0. For example, in x2+9=0, b=0.




Example with a missing term


Consider:


2x2−5=0

This is still in standard form because it can be seen as:


2x2+0x−5=0

So:


  	a=2

  	b=0

  	c=−5




Common mistakes to avoid



  	Forgetting to set the equation equal to 0.
For example, x2+3x=4 is not yet in standard form.

  	Missing negative signs.
In x2−6x+2=0, the value of b is −6, not 6.

  	Thinking a must be positive.
It does not have to be positive. It only must not be zero.

  	Not writing terms in order.
For example, 3−2x+x2=0 is equivalent, but standard form is better written as x2−2x+3=0.




Quick check


Decide whether each equation is in standard form:


  	x2+7x−1=0 [image: →] Yes

  	2x+x2=5 [image: →] No

  	−3x2+4=0 [image: →] Yes

  	6x−9=0 [image: →] No, because there is no x2 term




[image: 📋]   Summary


The standard form of a quadratic equation is:


ax2+bx+c=0

To write an equation in this form, move all terms to one side, combine like terms, and arrange the terms in descending order. Always check that a≠0, because that is what makes the equation quadratic.


  
  Put what you read to the test

  You've worked through Standard Form of a Quadratic Equation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/999
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  Solving Quadratics by Factorization


A quadratic equation is an equation whose highest power of the variable is 2. A common form is:


ax2+bx+c=0


where a, b, and c are numbers and a≠0.


One important way to solve quadratic equations is factorization. This means rewriting the quadratic expression as a product of two simpler expressions.


For example, instead of working with x2+5x+6, we can rewrite it as:


x2+5x+6=(x+2)(x+3)


Once a quadratic is written as a product, we can use the zero-product property.


Zero-Product Property: If two numbers multiply to give 0, then at least one of them must be 0.


In algebra, this means:


ab=0⇒a=0 or b=0


This idea is the key to solving quadratics by factorization.


Why factorization works


If we have an equation like:


(x+2)(x+3)=0


then either:



  	x+2=0, which gives x=−2,

  	or x+3=0, which gives x=−3.




So the solutions to the quadratic are −2 and −3.


General steps for solving by factorization



  	Write the equation in standard form: ax2+bx+c=0

  	Factor the quadratic expression.

  	Apply the zero-product property.

  	Solve each linear equation.

  	Check your answers by substituting them back into the original equation.




How to factor simple quadratics


For a quadratic like x2+bx+c, we look for two numbers that:



  	multiply to give c,

  	add to give b.




Example: To factor x2+7x+12, we need two numbers that multiply to 12 and add to 7.


Those numbers are 3 and 4, so:


x2+7x+12=(x+3)(x+4)


Worked Example 1: A basic quadratic


Solve:


x2+5x+6=0


Step 1: Factor the quadratic.


We need two numbers that multiply to 6 and add to 5. These are 2 and 3.


So:


x2+5x+6=(x+2)(x+3)


Step 2: Use the zero-product property.


(x+2)(x+3)=0


This means:


x+2=0orx+3=0


Step 3: Solve each equation.


x=−2orx=−3


Answer: The solutions are x=−2 and x=−3.


Check:


Substitute x=−2:


(−2)2+5(−2)+6=4−10+6=0


Substitute x=−3:


(−3)2+5(−3)+6=9−15+6=0


Both values work.


Worked Example 2: When the coefficient of x2 is 1 but signs are different


Solve:


x2−x−12=0


Step 1: Factor.


We need two numbers that multiply to −12 and add to −1.


These numbers are −4 and 3.


So:


x2−x−12=(x−4)(x+3)


Step 2: Apply the zero-product property.


(x−4)(x+3)=0


So:


x−4=0orx+3=0


Step 3: Solve.


x=4orx=−3


Answer: x=4 or x=−3.


Worked Example 3: When the coefficient of x2 is not 1


Solve:


2x2+7x+3=0


Now the first term is 2x2, so factoring takes a little more care.


We want two brackets whose first terms multiply to 2x2 and whose last terms multiply to 3.


Try:


2x2+7x+3=(2x+1)(x+3)


Check by expanding:


(2x+1)(x+3)=2x2+6x+x+3=2x2+7x+3


So the factorization is correct.


Step 2: Apply the zero-product property.


(2x+1)(x+3)=0


So:


2x+1=0orx+3=0


Step 3: Solve each equation.


From 2x+1=0:


2x=−1

x=−12


From x+3=0:


x=−3


Answer: The solutions are x=−12 and x=−3.


Worked Example 4: First move everything to one side


Solve:


x2+9=6x


This equation is not yet in standard form. Before factoring, move everything to one side.


Subtract 6x from both sides:


x2−6x+9=0


Step 2: Factor.


We need two numbers that multiply to 9 and add to −6. These are −3 and −3.


So:


x2−6x+9=(x−3)(x−3)=(x−3)2


Step 3: Apply the zero-product property.


(x−3)2=0


This means:


x−3=0


So:


x=3


Answer: The equation has one repeated solution, x=3.


Important reminders



  	Always make one side equal to 0 before factoring.

  	Factor completely. Do not stop halfway.

  	After factoring, set each factor equal to 0.

  	Be careful with positive and negative signs.

  	Check your solutions in the original equation when possible.




Common mistakes to avoid



  	Forgetting to write the equation as =0 before factoring.

  	Only solving one factor and missing the other solution.

  	Mixing up the signs when choosing factor pairs.

  	Incorrect factoring, especially when the coefficient of x2 is not 1.




Quick factor-pair thinking


When factoring, it helps to list pairs of numbers.


For example, if you need numbers that multiply to 12, the possible pairs are:



  	1 and 12

  	2 and 6

  	3 and 4




Then choose the pair that gives the correct middle term when added or subtracted.


When factorization works best


Factorization is very useful when the quadratic can be factored into simple linear expressions. Not every quadratic factors easily using whole numbers, but many school problems are designed so that they do.


If a quadratic does factor, solving by factorization is often faster than other methods.


[image: 📋]   Summary


To solve a quadratic by factorization, first write it in the form:


ax2+bx+c=0


Next, factor the quadratic into two brackets. Then use the zero-product property: if the product is 0, at least one factor must be 0. Solve each resulting linear equation to get the roots.


With practice, you will get faster at spotting factor pairs and solving quadratics accurately.


  
  Put what you read to the test

  You've worked through Solving Quadratics by Factorization. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1000
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  Solving Quadratics by Completing the Square


A quadratic equation is an equation that can be written in the form ax2+bx+c=0, where a≠0. One way to solve quadratic equations is called completing the square.


This method changes a quadratic expression into a perfect square trinomial, which is an expression that factors neatly into something like (x+3)2 or (x−5)2.


Completing the square is important because it helps you solve equations, understand where the quadratic formula comes from, and rewrite quadratics in a form that is often easier to graph.


1. What is a perfect square trinomial?


A perfect square trinomial has one of these patterns:



  	x2+2ax+a2=(x+a)2

  	x2−2ax+a2=(x−a)2




For example:



  	x2+6x+9=(x+3)2

  	x2−8x+16=(x−4)2




The key idea is that if you have x2+bx, you can turn it into a perfect square by adding a special number.


That special number is:


(b2)2

So for x2+10x, the number to add is:


(102)2=52=25

This gives:


x2+10x+25=(x+5)2

2. The steps for completing the square


To solve a quadratic equation by completing the square, follow these steps.



  	Make sure the equation is in the form ax2+bx+c=0.

  	If a≠1, divide every term by a.

  	Move the constant term to the other side.

  	Take half of the coefficient of x, then square it.

  	Add that number to both sides of the equation.

  	Rewrite the left side as a squared binomial.

  	Take the square root of both sides.

  	Solve for x.




Why do we add the same number to both sides?


Because an equation must stay balanced. If you add a number to only one side, the equation changes. Adding the same number to both sides keeps the equation equivalent.


3. Worked Example 1: A simple quadratic


Solve:


x2+6x−7=0

Step 1: Move the constant term to the other side.


x2+6x=7

Step 2: Take half of 6 and square it.


(62)2=32=9

Step 3: Add 9 to both sides.


x2+6x+9=7+9

x2+6x+9=16

Step 4: Rewrite the left side as a perfect square.


(x+3)2=16

Step 5: Take the square root of both sides.


x+3=±4

Step 6: Solve for x.



  	x+3=4⇒x=1

  	x+3=−4⇒x=−7




Answer: x=1 or x=−7


4. Worked Example 2: A quadratic with a negative middle term


Solve:


x2−10x+9=0

Step 1: Move the constant term.


x2−10x=−9

Step 2: Take half of −10 and square it.


(−102)2=(−5)2=25

Step 3: Add 25 to both sides.


x2−10x+25=−9+25

x2−10x+25=16

Step 4: Rewrite.


(x−5)2=16

Step 5: Take square roots.


x−5=±4

Step 6: Solve.



  	x−5=4⇒x=9

  	x−5=−4⇒x=1




Answer: x=9 or x=1


5. Worked Example 3: When the coefficient of x2 is not 1


Solve:


2x2+8x−10=0

Before completing the square, the coefficient of x2 should be 1.


Step 1: Divide every term by 2.


x2+4x−5=0

Step 2: Move the constant term.


x2+4x=5

Step 3: Take half of 4 and square it.


(42)2=22=4

Step 4: Add 4 to both sides.


x2+4x+4=5+4

x2+4x+4=9

Step 5: Rewrite.


(x+2)2=9

Step 6: Take square roots.


x+2=±3

Step 7: Solve.



  	x+2=3⇒x=1

  	x+2=−3⇒x=−5




Answer: x=1 or x=−5


6. Worked Example 4: Solutions that are not integers


Solve:


x2+2x−1=0

Step 1: Move the constant term.


x2+2x=1

Step 2: Take half of 2 and square it.


(22)2=12=1

Step 3: Add 1 to both sides.


x2+2x+1=1+1

x2+2x+1=2

Step 4: Rewrite.


(x+1)2=2

Step 5: Take square roots.


x+1=±2

Step 6: Solve.


x=−1±2

Answer: x=−1+2 or x=−1−2


7. Common mistakes to avoid



  	Forgetting to move the constant first: It is easier to complete the square when the x2 and x terms are on one side.

  	Not dividing by the coefficient of x2: If the first coefficient is not 1, divide first.

  	Adding the square term to only one side: Always add it to both sides.

  	Forgetting the ± when taking square roots: If x2=16, then x=4 and x=−4.

  	Squaring the wrong value: You must take half of the coefficient of x, then square it.




8. Quick check: turning an expression into a perfect square


Find the number that makes each expression a perfect square trinomial.



  	x2+8x+□

  	Half of 8 is 4, and 42=16

  	So: x2+8x+16=(x+4)2





  	x2−12x+□

  	Half of −12 is −6, and (−6)2=36

  	So: x2−12x+36=(x−6)2




9. Why this method works


Completing the square works because it changes a quadratic expression into a form that is easier to solve:


x2+bx+(b2)2=(x+b2)2

Once the left side is a square, you can use square roots to solve the equation.


10. Final summary


To solve a quadratic by completing the square, first make the coefficient of x2 equal to 1. Then move the constant term, add (b2)2 to both sides, rewrite the trinomial as a square, and solve using square roots.


This method is especially helpful when factoring is difficult. The most important ideas are to keep the equation balanced, use the correct number when completing the square, and remember the ± after taking square roots.


  
  Put what you read to the test

  You've worked through Solving Quadratics by Completing the Square. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1001
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  Derivation and Use of the Quadratic Formula


A quadratic equation is an equation that can be written in the form ax2+bx+c=0, where a, b, and c are numbers and a≠0.


Some quadratic equations can be solved by factoring, but not all of them factor easily. That is why the quadratic formula is so useful. It gives a method that works for every quadratic equation.


In this lesson, you will learn:


  	where the quadratic formula comes from,

  	how to derive it by completing the square,

  	how to use it correctly, and

  	how the expression inside the square root tells us about the roots.




1. Start with the standard form


To use or derive the quadratic formula, the equation must first be written in standard form:


ax2+bx+c=0

Here, a, b, and c are constants, and a≠0.


2. Deriving the quadratic formula


We begin with the general quadratic equation:


ax2+bx+c=0

The goal is to solve for x by completing the square.


Step 1: Move the constant term to the other side.


ax2+bx=−c

Step 2: Divide every term by a so the coefficient of x2 becomes 1.


x2+bax=−ca

Step 3: Complete the square.


Take half of the coefficient of x, then square it:


(12⋅ba)2=(b2a)2=b24a2

Add this value to both sides:


x2+bax+b24a2=−ca+b24a2

The left side is now a perfect square trinomial:


(x+b2a)2=−ca+b24a2

Rewrite the right side with a common denominator of 4a2:


−ca=−4ac4a2

So:


(x+b2a)2=b2−4ac4a2

Step 4: Take the square root of both sides.


x+b2a=±b2−4ac2a

Step 5: Solve for x.


x=−b2a±b2−4ac2a

Combine the terms over a common denominator:


x=−b±b2−4ac2a

This is the quadratic formula.


x=−b±b2−4ac2a

3. What each part means



  	−b is the opposite of the x-coefficient

  	2a is twice the coefficient of x2

  	b2−4ac is called the discriminant

  	The symbol ± means there may be two solutions: one using + and one using −




4. The discriminant and the nature of the roots


The discriminant is:


b2−4ac

It tells us how many real solutions the quadratic equation has.



  	If b2−4ac>0, there are two different real solutions.

  	If b2−4ac=0, there is one real repeated solution.

  	If b2−4ac<0, there are no real solutions.




This is helpful because even before solving, you can tell what kind of answer to expect.


5. How to use the quadratic formula


Follow these steps each time:



  	Write the equation in standard form: ax2+bx+c=0

  	Identify a, b, and c

  	Substitute them into the formula

  	Simplify carefully

  	Check if the square root can be simplified

  	Write both solutions if there are two




Important note: Be very careful with negative signs, especially for b. If b=−5, then −b=−(−5)=5.


Worked Example 1: A simple quadratic


Solve:


x2+5x+6=0

Here:


a=1,b=5,c=6

Use the formula:


x=−5±52−4(1)(6)2(1)

x=−5±25−242

x=−5±12

x=−5±12

Now find both values:


x=−5+12=−42=−2

x=−5−12=−62=−3

Answer: x=−2 or x=−3


Even though this quadratic could be factored, the quadratic formula still works.


Worked Example 2: A quadratic that does not factor easily


Solve:


2x2+3x−7=0

Identify the values:


a=2,b=3,c=−7

Substitute into the formula:


x=−3±32−4(2)(−7)2(2)

x=−3±9+564

x=−3±654

Since 65 is not a perfect square, this is the exact form.


Answer:


x=−3+654orx=−3−654

This example shows why the quadratic formula is important. Factoring would be difficult, but the formula gives the solutions directly.


Worked Example 3: One repeated solution


Solve:


x2−6x+9=0

Identify the values:


a=1,b=−6,c=9

Substitute into the formula:


x=−(−6)±(−6)2−4(1)(9)2(1)

x=6±36−362

x=6±02

x=62=3

Answer: x=3


Because the discriminant is 0, there is only one real repeated root.


Worked Example 4: No real solutions


Solve:


x2+4x+8=0

Identify the values:


a=1,b=4,c=8

Substitute into the formula:


x=−4±42−4(1)(8)2(1)

x=−4±16−322

x=−4±−162

The number under the square root is negative. That means there are no real solutions.


Answer: No real solutions


6. Common mistakes to avoid



  	Forgetting to write the equation in standard form. Always make sure one side is 0.

  	Using the wrong values for a, b, or c. Pay attention to signs.

  	Forgetting parentheses when substituting. For example, write (−6)2, not −62.

  	Missing the ±. This can make you lose one of the solutions.

  	Not simplifying the square root correctly. Leave answers exact unless you are told to round.




7. When should you use the quadratic formula?


You should especially use the quadratic formula when:



  	the equation does not factor easily,

  	you want an exact answer,

  	you want to know the number of real solutions using the discriminant.




It is one of the most reliable ways to solve a quadratic equation.


8. Quick check: identify the discriminant


For each equation, look at b2−4ac.



  	For x2−2x−3=0: (−2)2−4(1)(−3)=4+12=16 [image: →] two real solutions

  	For x2+10x+25=0: 102−4(1)(25)=100−100=0 [image: →] one repeated real solution

  	For x2+2x+5=0: 22−4(1)(5)=4−20=−16 [image: →] no real solutions




9. Summary


The quadratic formula is derived by completing the square on the general equation ax2+bx+c=0. The result is:


x=−b±b2−4ac2a

This formula can solve any quadratic equation, even when factoring is difficult or impossible.


The discriminant, b2−4ac, tells you whether the equation has two real solutions, one repeated real solution, or no real solutions.


If you carefully identify a, b, and c, substitute with the correct signs, and simplify step by step, you can solve quadratic equations confidently using the quadratic formula.


  
  Put what you read to the test

  You've worked through Derivation and Use of the Quadratic Formula. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1002
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  Lesson: The Discriminant and Nature of Roots


When we solve a quadratic equation, we are trying to find the values of the variable that make the equation true. A quadratic equation is usually written in the form:


ax2+bx+c=0


Here, �a�, �b�, and �c� are numbers, and �a � cannot be 0.


Some quadratic equations have two different real solutions, some have one repeated real solution, and some have no real solutions. The discriminant helps us tell which kind of roots a quadratic has without fully solving it.


The discriminant comes from the quadratic formula:


x=−b±b2−4ac2a


The expression inside the square root, b2−4ac, is called the discriminant.


We usually give the discriminant the symbol D, so:


D=b2−4ac


The value of the discriminant tells us about the nature of the roots, which means the type of solutions the quadratic equation has.


Main idea:



  	If D>0, the equation has two real and distinct roots.

  	If D=0, the equation has two real and equal roots (also called one repeated root).

  	If D<0, the equation has two complex and non-real roots.




This happens because of the square root in the quadratic formula.



  	A positive number under the square root gives a real answer.

  	A zero under the square root gives 0, so both roots become the same.

  	A negative number under the square root does not give a real number.




So, by calculating just one value, b2−4ac, we can quickly classify the roots.


How to use the discriminant



  	Write the equation in the form ax2+bx+c=0.

  	Identify the values of a, b, and c.

  	Substitute them into D=b2−4ac.

  	Decide whether D is positive, zero, or negative.

  	Use that to describe the roots.




Important note: Be careful with signs. If b or c is negative, include the negative sign when substituting.


Worked Example 1: Two real and distinct roots


Find the nature of the roots of:


x2−5x+6=0


First, identify the values:



  	a=1

  	b=−5

  	c=6




Now calculate the discriminant:


D=b2−4ac


D=(−5)2−4(1)(6)


D=25−24=1


Since D=1, and 1 is greater than 0, the equation has two real and distinct roots.


Worked Example 2: Real and equal roots


Find the nature of the roots of:


x2−4x+4=0


Identify the values:



  	a=1

  	b=−4

  	c=4




Calculate the discriminant:


D=b2−4ac


D=(−4)2−4(1)(4)


D=16−16=0


Since D=0, the equation has real and equal roots.


This means the quadratic touches the x-axis at exactly one point, and both solutions are the same number.


Worked Example 3: Complex and non-real roots


Find the nature of the roots of:


2x2+3x+5=0


Identify the values:



  	a=2

  	b=3

  	c=5




Calculate the discriminant:


D=b2−4ac


D=32−4(2)(5)


D=9−40=−31


Since D=−31, and this is less than 0, the equation has two complex and non-real roots.


This means there are no real values of x that make the equation equal to 0.


Worked Example 4: Be careful with negative signs


Find the nature of the roots of:


3x2+2x−1=0


Identify the values:



  	a=3

  	b=2

  	c=−1




Now substitute carefully:


D=b2−4ac


D=22−4(3)(−1)


D=4+12=16


Since D=16>0, the equation has two real and distinct roots.


Notice that subtracting a negative number became addition. This is a very common place for mistakes, so always check the signs carefully.


What the discriminant tells us about the graph


A quadratic equation is connected to the graph of a parabola. The roots are the x-values where the graph crosses or touches the x-axis.



  	If D>0, the parabola crosses the x-axis at two points.

  	If D=0, the parabola touches the x-axis at one point.

  	If D<0, the parabola does not meet the x-axis.




This is another useful way to understand the nature of roots.


Common mistakes to avoid



  	Not writing the equation in standard form first. For example, move all terms to one side before choosing a, b, and c.

  	Forgetting that b2 means the whole value of b is squared. For example, if b=−6, then b2=(−6)2=36, not −36.

  	Sign errors with −4ac. Always use brackets when substituting.

  	Confusing “equal roots” with “no roots.” If the discriminant is 0, the roots are real and equal, not missing.




Quick check table


D=b2−4ac



  	D>0  two real and distinct roots

  	D=0  two real and equal roots

  	D<0  two complex and non-real roots




Practice-style questions to think about


Try classifying the roots of these equations by finding the discriminant:



  	x2+6x+5=0

  	x2+8x+16=0

  	x2+2x+10=0




You can check your thinking like this:



  	For x2+6x+5=0: D=36−20=16>0, so two real and distinct roots.

  	For x2+8x+16=0: D=64−64=0, so real and equal roots.

  	For x2+2x+10=0: D=4−40=−36<0, so complex and non-real roots.




[image: 📋]   Summary


The discriminant is the part of the quadratic formula given by b2−4ac. It tells us the type of roots a quadratic equation has without solving the whole equation.


Remember:



  	Positive discriminant  two real and distinct roots

  	Zero discriminant  real and equal roots

  	Negative discriminant  complex and non-real roots




If you can identify a, b, and c correctly and substitute carefully, you can use the discriminant confidently to describe the nature of roots in any quadratic equation.


  
  Put what you read to the test

  You've worked through The Discriminant and Nature of Roots. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1003
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  Forming Quadratic Equations from Roots


Sometimes, instead of solving a quadratic equation to find its roots, we do the reverse: we are given the roots and asked to form the quadratic equation.


This idea is very useful because roots and factors are closely connected. If we know the roots, we can build the factors, and from the factors, we can write the quadratic equation.


In this lesson, you will learn:


  	how roots and factors are related,

  	how to form a quadratic equation from given roots,

  	how to use the sum and product of roots,

  	how to handle whole number, negative, and fractional roots.




1. The key idea: roots and factors


If a number r is a root of a quadratic equation, then (x−r) is a factor of that equation.


So:


  	if r is a root, one factor is (x−r),

  	if s is another root, another factor is (x−s).




That means a quadratic equation with roots r and s can be written as:


(x−r)(x−s)=0

When we expand this, we get the quadratic equation.


2. Expanding the factors


Let the roots be α and β. Then:


(x−α)(x−β)=0

Expanding:


x2−(α+β)x+αβ=0

This gives us a very important result:


  	Sum of roots = α+β

  	Product of roots = αβ




So the quadratic equation formed from roots α and β is:


x2−(sum of roots)x+(product of roots)=0

3. Main formula


If the roots are α and β, then the quadratic equation is:


x2−(α+β)x+αβ=0

This is the quickest method when the leading coefficient is 1.


4. Step-by-step method


To form a quadratic equation from its roots:


  	Write the two roots.

  	Find their sum.

  	Find their product.

  	Substitute into:




x2−(sum)x+(product)=0

You can also form the equation by writing the factors first:


(x−α)(x−β)=0

Then expand and simplify.


5. Worked Examples


Example 1: Roots are 2 and 5


We are given the roots:


α=2,β=5

Find the sum of the roots:


α+β=2+5=7

Find the product of the roots:


αβ=2×5=10

Substitute into the formula:


x2−(α+β)x+αβ=0

x2−7x+10=0

Answer: The required quadratic equation is:


x2−7x+10=0

Let us check using factors:


(x−2)(x−5)=0

x2−5x−2x+10=0

x2−7x+10=0

The result matches.


Example 2: Roots are -3 and 4


Now one root is negative.


α=−3,β=4

Find the sum:


α+β=−3+4=1

Find the product:


αβ=(−3)(4)=−12

Use the formula:


x2−(1)x+(−12)=0

x2−x−12=0

Answer:


x2−x−12=0

Check with factors:


(x−(−3))(x−4)=0

Since x−(−3)=x+3, we get:


(x+3)(x−4)=0

x2−4x+3x−12=0

x2−x−12=0

This confirms the equation.


Example 3: Roots are 12 and 3


Fractional roots are handled in the same way.


α=12,β=3

Find the sum:


α+β=12+3=12+62=72

Find the product:


αβ=12×3=32

Substitute into the formula:


x2−72x+32=0

This is correct, but we usually prefer an equation with integer coefficients. Multiply every term by 2:


2(x2−72x+32)=0

2x2−7x+3=0

Answer:


2x2−7x+3=0

Check with factors:


(x−12)(x−3)=0

To avoid fractions in factors, write x−12 as 2x−1 when forming an equivalent equation:


(2x−1)(x−3)=0

2x2−6x−x+3=0

2x2−7x+3=0

Example 4: Roots are 6 and 6


Here both roots are the same. This is called an equal root or repeated root.


α=6,β=6

Find the sum:


α+β=6+6=12

Find the product:


αβ=6×6=36

Use the formula:


x2−12x+36=0

Answer:


x2−12x+36=0

This can also be written from factors as:


(x−6)(x−6)=0

(x−6)2=0

6. Important sign reminder


Be very careful with signs.



  	If the root is 4, the factor is (x−4).

  	If the root is −4, the factor is (x+4).




This is a common place where students make mistakes.


For example, if the roots are −2 and −7, then:


(x+2)(x+7)=0

Expanding:


x2+9x+14=0

7. Forming the equation directly from sum and product


Sometimes the question gives the sum and product of the roots instead of the roots themselves.


If:


  	sum of roots = S

  	product of roots = P




then the quadratic equation is:


x2−Sx+P=0

For example, if the sum is 8 and product is 15, then:


x2−8x+15=0

8. Quick comparison of the two methods


You can form a quadratic equation in either of these ways:



  	Factor method: Write (x−r)(x−s)=0, then expand.

  	Sum-product method: Use x2−(r+s)x+rs=0.




Both methods give the same result. The sum-product method is often faster.


9. Common mistakes to avoid



  	Wrong sign in the factor: root 3 gives factor (x−3), not (x+3).

  	Forgetting the minus in the formula: it is x2−(sum)x+(product)=0.

  	Errors with negative numbers: check sums and products carefully.

  	Leaving fractions when integer coefficients are expected: multiply through by the denominator.




10. Practice questions


Try these on your own:


  	Form the quadratic equation with roots 1 and 7.

  	Form the quadratic equation with roots −5 and 2.

  	Form the quadratic equation with roots 32 and −1.

  	Form the quadratic equation whose sum of roots is 10 and product is 21.




Answers:


  	x2−8x+7=0

  	x2+3x−10=0

  	2x2−x−3=0

  	x2−10x+21=0




[image: 📋]   Summary


To form a quadratic equation from roots α and β, use the factors (x−α)(x−β) or the formula:


x2−(α+β)x+αβ=0

The coefficient of x comes from the sum of the roots, and the constant term comes from the product of the roots.


If the roots are fractions, you may need to multiply through to remove denominators. Always check signs carefully, especially when roots are negative.


  
  Put what you read to the test

  You've worked through Forming Quadratic Equations from Roots. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1004
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  Equations Reducible to Quadratic Form


Sometimes an equation does not look like a quadratic equation at first. It may have powers like x4, or expressions such as x+1x, or even fractions with variables. But after a clever substitution, the equation can be turned into a quadratic equation.


These are called equations reducible to quadratic form. The main idea is to spot a repeated pattern, replace it with a temporary variable, solve the quadratic, and then substitute back.


This skill is important because many equations that seem difficult become much easier once you recognize the hidden quadratic structure.


1. Review: What is a quadratic equation?


A quadratic equation is an equation that can be written in the form


ax2+bx+c=0

where a, b, and c are numbers and a≠0.


We usually solve quadratic equations by factoring, completing the square, or using the quadratic formula.


2. What does “reducible to quadratic form” mean?


An equation is reducible to quadratic form if we can rewrite it so that it becomes quadratic in some new variable.


For example, suppose we have


x4−5x2+6=0

This is not quadratic in x, because the highest power is 4. But it is quadratic in x2. If we let


u=x2

then the equation becomes


u2−5u+6=0

Now we can solve it like a normal quadratic.


3. When should you use substitution?


Look for equations where powers or expressions repeat in a pattern.



  	Expressions like x4, x2, and constants

  	Expressions like x6, x3, and constants

  	Expressions involving x+1x

  	Rational equations that can be rearranged into a repeated form




Common substitutions include:



  	u=x2

  	u=x3

  	u=x+1x

  	u=1x




4. General method



  	Identify the repeating expression.

  	Let that expression equal a new variable, such as u.

  	Rewrite the equation in terms of u.

  	Solve the quadratic equation in u.

  	Substitute back to find the values of x.

  	Check your answers, especially if the original equation had fractions or square roots.




5. Worked Example 1: A basic hidden quadratic


Solve:


x4−5x2+6=0

Step 1: Choose a substitution.


Because both x4 and x2 appear, let


u=x2

Then x4=(x2)2=u2. The equation becomes


u2−5u+6=0

Step 2: Solve the quadratic.


Factor:


u2−5u+6=(u−2)(u−3)=0

So


u=2oru=3

Step 3: Substitute back.


Since u=x2, we get


x2=2orx2=3

Therefore,


x=±2,x=±3

Answer: x=±2,±3


6. Worked Example 2: Higher powers


Solve:


x6−10x3+9=0

Step 1: Spot the pattern.


The powers are x6 and x3. Since x6=(x3)2, let


u=x3

Then the equation becomes


u2−10u+9=0

Step 2: Solve the quadratic.


u2−10u+9=(u−1)(u−9)=0

So


u=1oru=9

Step 3: Substitute back.


Since u=x3, we get


x3=1orx3=9

Now solve each:


x=1orx=93

Answer: x=1 or x=93


7. Worked Example 3: A rational equation


Solve:


x2+1x2=5

This equation is not obviously quadratic, but it has a useful pattern.


We know that


(x+1x)2=x2+2+1x2

From the given equation,


x2+1x2=5

so add 2 to both sides:


x2+2+1x2=7

Therefore,


(x+1x)2=7

So


x+1x=±7

Now solve each case separately.


Case 1:


x+1x=7

Multiply by x:


x2+1=7x

x2−7x+1=0

Case 2:


x+1x=−7

Multiply by x:


x2+1=−7x

x2+7x+1=0

Now solve both quadratics.


For x2−7x+1=0:


x=7±7−42=7±32

For x2+7x+1=0:


x=−7±7−42=−7±32

Answer:


x=7+32,  7−32,  −7+32,  −7−32

Important: Since the original equation contains 1x2, x≠0. None of these answers is zero, so they are all allowed.


8. Worked Example 4: A fractional equation reducible by substitution


Solve:


2x2+3x2=5

Step 1: Remove the fraction carefully.


Since x≠0, multiply both sides by x2:


2x4+3=5x2

Rearrange:


2x4−5x2+3=0

Step 2: Substitute.


Let


u=x2

Then:


2u2−5u+3=0

Step 3: Solve the quadratic.


2u2−5u+3=(2u−3)(u−1)=0

So


u=32oru=1

Step 4: Substitute back.


x2=32orx2=1

Therefore,


x=±32,x=±1

Answer: x=±1,±32


9. Things to watch out for



  	Do not forget to substitute back. Solving for u is not the final answer unless the question asks for u.

  	Check restrictions. If the original equation has 1x or 1x2, then x≠0.

  	Look for all solutions. If you get x2=4, then x=2 and x=−2.

  	Be careful with powers. If u=x3, then solving u=8 gives x=2, not x=±2.




10. Quick problem-solving checklist



  	Does the equation have a repeated pattern?

  	Can I replace that pattern with a variable like u?

  	Does the new equation become quadratic?

  	After solving, did I replace u with the original expression?

  	Did I check for excluded values, such as x=0?




11. Summary


Equations reducible to quadratic form are equations that can be turned into a quadratic by using substitution. The key is to recognize a repeated expression, such as x2, x3, or another pattern, and replace it with a temporary variable.


Once the equation becomes quadratic, solve it as usual, then substitute back to find the original variable. Always check for restrictions and make sure your final answers satisfy the original equation.


  
  Put what you read to the test

  You've worked through Equations Reducible to Quadratic Form. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1005
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  Modeling Word Problems: Geometry and Optimization


In many real-life problems, you are not given a quadratic equation directly. Instead, you are given a situation involving shapes, lengths, area, or maximum and minimum values. Your job is to model the situation with an equation and then solve it.


In this lesson, you will learn how to turn geometry word problems into quadratic equations. You will also learn how to solve optimization problems, where you must find the largest area, the smallest length, or another best value.


These problems often use ideas you already know:


  	Area formulas

  	Perimeter formulas

  	The Pythagorean theorem

  	Factoring and the quadratic formula




When geometry and algebra work together, quadratics appear naturally.


1. A Strategy for Modeling Word Problems


When solving a geometry word problem, do not rush to solve right away. First, organize the information.



  	Read carefully. Decide what the problem is asking for.

  	Choose a variable. Let an unknown length or quantity be represented by a variable such as x.

  	Write expressions. Use the variable to describe other lengths or quantities.

  	Use a formula. This might be area, perimeter, or the Pythagorean theorem.

  	Build an equation. This is the mathematical model.

  	Solve the quadratic equation.

  	Check the answer in the context. A negative length usually does not make sense.




2. Common Geometry Formulas Used in Quadratic Models


Here are some formulas you will use often.



  	Rectangle area: A=lw

  	Rectangle perimeter: P=2l+2w

  	Triangle area: A=12bh

  	Pythagorean theorem: a2+b2=c2




If a side length is described using words like “3 more than the width” or “2 less than the length,” turn that into an algebraic expression.


For example:


  	If the width is x, then “length is 5 more than the width” becomes x+5.

  	If one leg of a right triangle is x, and the other is 4 longer, then the second leg is x+4.




3. Modeling with Area


Area problems often lead to multiplication of two expressions. Since multiplying variable expressions can produce an x2 term, these problems often become quadratic equations.


Worked Example 1: Rectangle with Known Area


A rectangle has an area of 48 square units. Its length is 4 units more than its width. Find the dimensions.


Step 1: Choose a variable.

Let the width be x.


Step 2: Write the other dimension.

Then the length is x+4.


Step 3: Use the area formula.

Since area of a rectangle is A=lw, we get


x(x+4)=48

Step 4: Write in quadratic form.


x2+4x−48=0

Step 5: Solve.

Factor the quadratic:


x2+4x−48=(x+8)(x−6)=0

So the solutions are


x=−8orx=6

Step 6: Check for reasonableness.

A width cannot be negative, so x=6.


The width is 6 units, and the length is


6+4=10

Answer: The dimensions are 6 units by 10 units.


Important idea: Even when a quadratic has two solutions, only one may make sense in a word problem.


4. Modeling with Perimeter and Area Together


Sometimes a problem gives a perimeter and asks for dimensions with a certain area relationship. In these problems, you may first use the perimeter to write one variable in terms of the other.


Worked Example 2: Rectangle with Given Perimeter


A rectangle has perimeter 30 units and area 56 square units. Find its dimensions.


Step 1: Choose variables.

Let the length be l and the width be w.


Step 2: Use the perimeter.


2l+2w=30

Divide by 2:


l+w=15

Solve for one variable:


l=15−w

Step 3: Use the area.


lw=56

Substitute l=15−w:


w(15−w)=56

Step 4: Write as a quadratic.


15w−w2=56

−w2+15w−56=0

Multiply by −1 to make the leading coefficient positive:


w2−15w+56=0

Factor:


(w−7)(w−8)=0

So w=7 or w=8.


If w=7, then l=8. If w=8, then l=7.


Answer: The rectangle’s dimensions are 7 units and 8 units.


Notice that switching length and width does not change the rectangle.


5. Modeling with the Pythagorean Theorem


Right triangle problems often lead to quadratics because the theorem uses squares:


a2+b2=c2

If one or more side lengths are written with variables, squaring them can create a quadratic equation.


Worked Example 3: Right Triangle Side Lengths


The legs of a right triangle are consecutive integers. The hypotenuse is 13. Find the lengths of the legs.


Step 1: Choose a variable.

Let one leg be x. Since the legs are consecutive integers, the other leg is x+1.


Step 2: Use the Pythagorean theorem.


x2+(x+1)2=132

x2+(x+1)2=169

Step 3: Expand.


x2+x2+2x+1=169

2x2+2x+1=169

2x2+2x−168=0

Divide by 2:


x2+x−84=0

Step 4: Factor.


(x+12)(x−7)=0

So x=−12 or x=7.


A side length cannot be negative, so x=7.


The other leg is


x+1=8

Answer: The legs are 7 and 8.


6. What Optimization Means


An optimization problem asks for the greatest or least possible value of something.


In geometry, common optimization questions include:


  	What dimensions give the greatest area?

  	What dimensions give the smallest perimeter?

  	What is the maximum or minimum value of a measurement?




These problems often produce a quadratic expression. The key idea is that a quadratic can have a maximum or minimum value.


If the quadratic is written as


y=ax2+bx+c

then:


  	If a>0, the parabola opens upward and has a minimum.

  	If a<0, the parabola opens downward and has a maximum.




The x-value of the vertex is


x=−b2a

This is often how we find the best dimensions in an optimization problem.


7. Optimization with Area


Worked Example 4: Maximum Area with Fixed Perimeter


You have 40 meters of fencing to make a rectangular garden. What dimensions give the maximum area?


Step 1: Choose a variable.

Let the width be x meters.


Step 2: Use the perimeter.


2l+2w=40

Substitute w=x:


2l+2x=40

2l=40−2x

l=20−x

Step 3: Write the area function.


A=lw

A=x(20−x)

A=20x−x2

This is a quadratic:


A=−x2+20x

Because the coefficient of x2 is negative, the parabola opens downward, so the area has a maximum.


Step 4: Find the vertex.

Here, a=−1 and b=20. So


x=−b2a=−202(−1)=10

So the width is 10 meters.


Then the length is


20−10=10

Step 5: Find the maximum area.


A=10⋅10=100

Answer: The maximum area occurs when the garden is 10 m by 10 m, and the maximum area is 100 m2.


Important pattern: For rectangles with a fixed perimeter, the maximum area happens when the rectangle is a square.


8. How to Decide Which Solution to Keep


After solving a quadratic in a word problem, always check whether your solution makes sense.



  	Lengths must be positive.

  	Areas must be nonnegative.

  	A value must fit the wording of the problem.




For example, if you solve and get x=12 and x=−3, the negative answer is usually rejected if x represents a side length.


Also, be careful if a value makes another expression zero or negative. For instance, if length is 15−x, then x cannot be greater than 15.


9. Common Mistakes to Avoid



  	Using the wrong formula. Make sure you know whether the problem involves area, perimeter, or the Pythagorean theorem.

  	Forgetting to define the variable. Always say what x stands for.

  	Writing expressions incorrectly. “5 more than width” means x+5, not 5x.

  	Not putting the equation in standard form. Rearranging to ax2+bx+c=0 makes solving easier.

  	Keeping impossible solutions. Check whether answers make sense in the real situation.

  	Stopping too early in optimization. Find both the dimension and the maximum or minimum value if the question asks for both.




10. Problem-Solving Checklist


When you see a geometry word problem that may involve a quadratic, ask yourself:



  	What am I trying to find?

  	What variable should I use?

  	How can I write the other measurements in terms of that variable?

  	Which formula connects the information?

  	What quadratic equation or expression do I get?

  	How do I solve it?

  	Does my answer make sense in the context?




11. Quick Practice Thinking


Here are some examples of how to recognize the model you need:



  	If a rectangle has one side “3 less than twice the other” and you know the area, use the area formula.

  	If a right triangle has legs written with variable expressions, use the Pythagorean theorem.

  	If a rectangle has a fixed perimeter and asks for greatest area, write area as a quadratic function and find the vertex.




12. Summary


Geometry word problems often become quadratic equations when you model them with algebra. Area problems usually involve multiplying expressions, and right triangle problems use squared terms from the Pythagorean theorem.


Optimization problems ask for a maximum or minimum value. In those cases, write the quantity to be optimized as a quadratic expression and use the vertex to find the best value.


The most important steps are to define a variable, write expressions carefully, choose the correct formula, solve the quadratic, and check whether the answer makes sense in the situation.


  
  Put what you read to the test

  You've worked through Modeling Word Problems: Geometry and Optimization. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1006
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  Modeling Word Problems: Kinematics and Rates


Quadratic equations are not just algebra exercises. They are also used to model real situations, especially when something changes in a curved, non-linear way.


In this lesson, you will learn how to turn word problems about motion and rates into quadratic equations. Then you will solve those equations and interpret the answers in the context of the problem.


This idea is especially important in kinematics, the study of motion, and in rate problems, where the speed of work or motion changes over time.


Big Idea: A quadratic model often appears when a quantity depends on time squared, such as height in projectile motion or distance traveled under constant acceleration.


1. Recognizing when a quadratic model is needed


Many word problems can be modeled with a linear equation, but some situations involve a changing rate. In those cases, the equation often includes a squared term like t2, which makes it quadratic.


Common signs that a quadratic model may be needed include:



  	Height of an object thrown upward or dropped

  	Motion with constant acceleration

  	Distance formulas that include squared time

  	Rate situations where a changing amount creates a second-degree equation




A quadratic equation usually has the form


ax2+bx+c=0


To solve a word problem, we usually follow these steps:



  	Define the variable.

  	Write an equation from the situation.

  	Rewrite it in standard quadratic form if needed.

  	Solve by factoring, completing the square, or using the quadratic formula.

  	Check which solution makes sense in the real-world situation.




2. Quadratic models in projectile motion


One of the most common quadratic models in kinematics is the height of an object moving up and down under gravity.


In many school problems, the height in feet after t seconds is modeled by


h(t)=−16t2+v0t+h0


Here:



  	h(t) is the height

  	v0 is the initial upward velocity

  	h0 is the initial height

  	The −16t2 part shows the effect of gravity




The negative coefficient tells us the graph opens downward, which matches real life: the object rises, reaches a highest point, and then falls.


Questions about projectile motion often ask:



  	How high is the object after a certain time?

  	When does the object hit the ground?

  	When does it reach a certain height?

  	What is the maximum height?




3. Quadratic models with constant acceleration


If an object moves with constant acceleration, its distance from a starting point can often be modeled by


d=v0t+12at2


where:



  	d is distance

  	v0 is initial velocity

  	a is acceleration

  	t is time




This is quadratic in t because of the t2 term. If you are given a distance and asked for the time, you may need to solve a quadratic equation.


4. Quadratic equations in rate problems


Not every rate problem is quadratic, but some become quadratic after modeling.


For example, suppose the rate of work changes over time, or one quantity depends on another in a way that creates a product involving a variable. When that product expands, a squared term may appear.


A common strategy in rate problems is:



  	Let a variable represent time, speed, or another unknown.

  	Use a formula such as distance=rate⋅time or a work relationship.

  	Substitute the expressions from the problem.

  	Simplify to get a quadratic equation.




5. Important skill: interpreting solutions


Quadratic equations can have two solutions, one solution, or no real solutions. In word problems, this matters.


For example:



  	A negative time usually does not make sense.

  	Two positive times may both make sense, such as when an object passes the same height once on the way up and once on the way down.

  	A decimal answer may need to be rounded depending on the question.




Always go back to the original situation and ask, Does this answer make sense?


Worked Example 1: Finding when an object hits the ground


A ball is thrown upward from a height of 5 feet with an initial velocity of 48 feet per second. Its height is modeled by


h(t)=−16t2+48t+5


When does the ball hit the ground?


Step 1: Understand what “hits the ground” means.


The ball hits the ground when its height is 0. So set h(t)=0:


−16t2+48t+5=0


Step 2: Use the quadratic formula.


For ax2+bx+c=0, the quadratic formula is


x=−b±b2−4ac2a


Here, a=−16, b=48, and c=5.


t=−48±482−4(−16)(5)2(−16)


t=−48±2304+320−32


t=−48±2624−32


Since 2624≈51.23,


t=−48±51.23−32


This gives two solutions:


t≈3.23−32≈−0.10


t≈−99.23−32≈3.10


Step 3: Interpret the answers.


Negative time does not make sense here, so the meaningful answer is


t≈3.1 seconds


Answer: The ball hits the ground after about 3.1 seconds.


Worked Example 2: Finding when an object reaches a certain height


A firework is launched from the ground. Its height after t seconds is


h(t)=−16t2+80t


At what times is the firework 96 feet above the ground?


Step 1: Set the height equal to 96.


−16t2+80t=96


Step 2: Rewrite in standard form.


−16t2+80t−96=0


Divide every term by −16:


t2−5t+6=0


Step 3: Factor.


(t−2)(t−3)=0


So,


t=2ort=3


Step 4: Interpret the answers.


Both times make sense. The firework is at 96 feet once on the way up and once on the way down.


Answer: The firework is 96 feet high at 2 seconds and 3 seconds.


Worked Example 3: Motion with constant acceleration


A car starts with a speed of 10 meters per second and accelerates at 4 meters per second squared. How long does it take to travel 72 meters?


Use the distance formula


d=v0t+12at2


Step 1: Substitute the known values.


72=10t+12(4)t2


72=10t+2t2


Step 2: Write in standard form.


2t2+10t−72=0


Divide by 2:


t2+5t−36=0


Step 3: Factor.


(t+9)(t−4)=0


So,


t=−9ort=4


Step 4: Interpret the answers.


A negative time does not fit the situation, so the answer is


t=4 seconds


Answer: The car travels 72 meters in 4 seconds.


Worked Example 4: A quadratic rate model


A machine produces parts. After an upgrade, its production rate is (x+4) parts per minute instead of x parts per minute. In 6 minutes, it makes 24 more parts than before. Find the original rate.


Step 1: Write expressions for the number of parts made.


Original number of parts in 6 minutes:


6x


New number of parts in 6 minutes:


6(x+4)


This particular setup is linear, so let us extend the situation slightly to make it quadratic in a realistic modeling way.


Suppose instead that the machine's rate after t minutes is (x+t) parts per minute, starting from x parts per minute. Over x minutes, it produces a total of 60 parts. Model this with a quadratic equation.


Step 2: Build the expression.


If we use the simplified model “number of parts = rate × time,” then total parts are


x(x+x)=60


because time is x minutes and the changing rate expression becomes (x+x)=2x.


So,


2x2=60


x2=30


x=±30


Step 3: Interpret the result.


A production rate cannot be negative, so


x=30≈5.48


Answer: The original rate is about 5.48 parts per minute.


This example shows that even in rate situations, a quadratic equation can appear when a variable is multiplied by another expression involving that same variable.


6. Tips for setting up word problems correctly



  	Choose your variable carefully. Write down what it represents.

  	Look for formulas. In motion problems, common formulas include height, distance, rate, and time.

  	Pay attention to units. Seconds, feet, meters, and minutes should match the formula.

  	Write the equation before solving. The hardest part is often the modeling, not the algebra.

  	Check for reasonable answers. Negative time or impossible distances should be rejected.




7. Common mistakes to avoid



  	Forgetting to set the equation equal to 0 before using factoring or the quadratic formula

  	Using the wrong value for a, b, or c

  	Keeping a negative time answer when it does not make sense

  	Missing the fact that two positive answers can both be correct in projectile problems

  	Ignoring what the question is asking, such as height, time, or maximum value




8. Quick problem-solving checklist



  	What quantity am I trying to find?

  	What variable should I use?

  	What formula or relationship fits the situation?

  	What quadratic equation do I get?

  	How do I solve it?

  	Which solution(s) make sense in context?




[image: 📋]   Summary


Quadratic equations are useful for modeling real-world situations where change is not constant in a straight-line way. In kinematics, they appear in projectile motion and constant acceleration formulas because time is squared.


In rate problems, quadratics can appear when variables multiply expressions involving the same variable. The key is to translate the words into an equation, solve carefully, and then decide which answers are reasonable in the real situation.


  
  Put what you read to the test

  You've worked through Modeling Word Problems: Kinematics and Rates. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1007






  
    
  [image: 📖]   Chapter 5

  Arithmetic Progressions
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  Defining Sequences and Arithmetic Progressions


In Maths, a sequence is a list of numbers written in a special order. Each number in the list is called a term. Sequences can follow many different patterns.


For example, the sequence 2,4,6,8,10 increases by 2 each time. The sequence 1,4,9,16 does not increase by the same amount each time, even though it still follows a pattern.


In this lesson, you will learn how to tell whether a sequence is just a general pattern or a special kind of sequence called an arithmetic progression (often shortened to AP).


1. What is a sequence?


A sequence is an ordered list of numbers. Order matters. This means 3,5,7,9 is a different sequence from 9,7,5,3.


We often label terms using position numbers:


  	1st term: a1

  	2nd term: a2

  	3rd term: a3

  	nth term: an




The symbol an means “the term in position n.”


2. What is an arithmetic progression?


An arithmetic progression is a sequence where the difference between consecutive terms is always the same.


This fixed amount is called the common difference, written as d.


For example, in the sequence 5,8,11,14,17:


  	8−5=3

  	11−8=3

  	14−11=3

  	17−14=3




Because the difference is always 3, this sequence is an arithmetic progression.


3. How to check whether a sequence is arithmetic


To decide if a sequence is an arithmetic progression, subtract each term from the term after it.


If all the differences are equal, then the sequence is arithmetic. If the differences are not all equal, then it is not an arithmetic progression.


Here is the process:


  	Write the sequence clearly.

  	Find the difference between consecutive terms.

  	Compare the differences.

  	If they are all the same, identify the common difference d.




Example: Check whether 12,9,6,3,0 is arithmetic.


  	9−12=−3

  	6−9=−3

  	3−6=−3

  	0−3=−3




All the differences are −3, so this is an arithmetic progression with common difference d=−3.


Important: The common difference can be positive, negative, or zero.


  	Positive difference: the terms increase

  	Negative difference: the terms decrease

  	Zero difference: all terms stay the same




For instance, 7,7,7,7 is still an arithmetic progression because the common difference is 0.


4. General sequences versus arithmetic progressions


Not every sequence is arithmetic. Some sequences follow other types of patterns.


Look at these examples:


  	3,6,9,12,15 [image: →] differences are +3,+3,+3,+3, so this is arithmetic.

  	2,4,8,16 [image: →] differences are +2,+4,+8, so this is not arithmetic.

  	1,4,9,16 [image: →] differences are +3,+5,+7, so this is not arithmetic.

  	20,15,10,5,0 [image: →] differences are −5,−5,−5,−5, so this is arithmetic.




A sequence can have a pattern without being arithmetic. For it to be an arithmetic progression, the pattern must involve adding or subtracting the same number each time.


5. Parts of an arithmetic progression


An arithmetic progression is usually described using:


  	First term: a1

  	Common difference: d

  	nth term: an




If you know the first term and the common difference, you can build the whole sequence.


For example, if a1=4 and d=6, the sequence is:

4,10,16,22,28,…


Each new term is found by adding 6.


6. The nth term formula for an arithmetic progression


The nth term of an arithmetic progression can be found using this formula:


an=a1+(n−1)d

This formula works because:


  	The first term is a1

  	To get to the second term, you add d once

  	To get to the third term, you add d twice

  	To get to the nth term, you add d a total of n−1 times




This formula helps you find any term without writing the entire sequence.


Worked Example 1: Decide whether a sequence is arithmetic


Determine whether 7,11,15,19,23 is an arithmetic progression.


Step 1: Find the differences.


  	11−7=4

  	15−11=4

  	19−15=4

  	23−19=4




Step 2: Compare the differences.

They are all equal to 4.


Conclusion: Yes, this is an arithmetic progression with common difference d=4.


Worked Example 2: Decide whether a sequence is not arithmetic


Determine whether 2,5,10,17,26 is an arithmetic progression.


Step 1: Find the differences.


  	5−2=3

  	10−5=5

  	17−10=7

  	26−17=9




Step 2: Compare the differences.

The differences are 3,5,7,9, which are not all the same.


Conclusion: This sequence is not an arithmetic progression.


Worked Example 3: Find the nth term


Find the nth term of the arithmetic progression 6,10,14,18,22,…


Step 1: Identify the first term and common difference.


  	First term: a1=6

  	Common difference: d=4




Step 2: Use the formula.


an=a1+(n−1)d

Substitute the values:


an=6+(n−1)(4)

Simplify:


an=6+4n−4
an=4n+2

Answer: The nth term is


an=4n+2

You can check it:


  	When n=1, a1=4(1)+2=6

  	When n=2, a2=4(2)+2=10




Worked Example 4: Find a specific term


The first term of an arithmetic progression is 3, and the common difference is 5. Find the 12th term.


Step 1: Write the formula.


an=a1+(n−1)d

Step 2: Substitute a1=3, d=5, and n=12.


a12=3+(12−1)(5)
a12=3+11×5
a12=3+55
a12=58

Answer: The 12th term is 58.


7. Writing an arithmetic progression from given information


Sometimes you are given the first term and the common difference, and you must write the sequence.


Example: Write the first five terms of an arithmetic progression with a1=−2 and d=3.


Start with −2, then keep adding 3:


  	1st term: −2

  	2nd term: 1

  	3rd term: 4

  	4th term: 7

  	5th term: 10




So the sequence is −2,1,4,7,10.


8. Common mistakes to avoid


  	Looking only at the first two terms: You must check all consecutive differences given.

  	Mixing up subtraction order: Always do “next term minus previous term.”

  	Assuming every pattern is arithmetic: A pattern may exist without a constant difference.

  	Using the nth term formula on a non-arithmetic sequence: First verify the common difference is constant.




9. Quick test for yourself



  	Is 14,18,22,26 arithmetic? Yes, because the difference is always 4.

  	Is 5,10,20,40 arithmetic? No, because the differences are 5,10,20.

  	If a1=9 and d=−2, what are the first four terms? 9,7,5,3.




Brief Summary


A sequence is an ordered list of numbers, and an arithmetic progression is a special sequence with a constant common difference.


To check if a sequence is arithmetic, subtract consecutive terms and see whether the difference stays the same. If it does, the sequence is arithmetic.


For an arithmetic progression, the nth term formula is


an=a1+(n−1)d

This formula lets you describe the pattern and find any term in the sequence.


  
  Put what you read to the test

  You've worked through Defining Sequences and Arithmetic Progressions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1008
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  Lesson: The General Term of an Arithmetic Progression


In many number patterns, the same amount is added each time to get the next term. These patterns are called arithmetic progressions, or APs.


For example, in the sequence 3, 7, 11, 15, 19, ... each term increases by 4. Because the increase is constant, this is an arithmetic progression.


In this lesson, you will learn how to find a rule for any term in an arithmetic progression. This rule is called the general term, and it helps you find any term without listing all the earlier ones.


1. What is an arithmetic progression?


An arithmetic progression is a sequence in which the difference between consecutive terms is always the same.



  	The first term is usually called a.

  	The common difference is usually called d.

  	The nth term, or general term, is written as an.




For example, in the sequence 10, 13, 16, 19, 22, ...



  	First term: a=10

  	Common difference: d=3




We can see the pattern by writing each term as repeated addition:



a1=10

a2=10+3

a3=10+3+3=10+2(3)

a4=10+3+3+3=10+3(3)



This shows an important pattern: to get the nth term, we start with the first term and add the common difference n−1 times.


2. The formula for the general term


The general term of an arithmetic progression is:


an=a+(n−1)d

This formula means:



  	Start with the first term a

  	Multiply the common difference d by n−1

  	Add the result to a




Why is it n−1 and not n?


Because the first term already starts at a. To reach the 2nd term, you add the difference once. To reach the 3rd term, you add it twice. So to reach the nth term, you add the difference n−1 times.


3. Understanding the formula with a pattern


Suppose the arithmetic progression is:


5, 8, 11, 14, 17, ...


Here:


  	a=5

  	d=3




Using the formula:


an=a+(n−1)d
an=5+(n−1)(3)

So the general term is:


an=5+3(n−1)

This can also be simplified:


an=5+3n−3=3n+2

So both of these are correct:



  	an=5+3(n−1)

  	an=3n+2




They mean the same thing.


4. How to find the general term


When you are given an arithmetic progression, follow these steps:



  	Find the first term a.

  	Find the common difference d by subtracting one term from the next.

  	Substitute into the formula an=a+(n−1)d.

  	Simplify if needed.




Worked Example 1: Find the general term


Find the general term of the arithmetic progression:


4, 9, 14, 19, 24, ...


Step 1: Identify the first term.

a=4


Step 2: Find the common difference.

9−4=5, so d=5


Step 3: Use the formula.


an=a+(n−1)d
an=4+(n−1)(5)

Step 4: Simplify.


an=4+5n−5
an=5n−1

Answer: The general term is an=5n−1.


Check:


  	For n=1: 5(1)−1=4

  	For n=2: 5(2)−1=9

  	For n=3: 5(3)−1=14




The rule works.


Worked Example 2: Find a specific term


The arithmetic progression is:

12, 17, 22, 27, ...


Find the 20th term.


Step 1: Identify a and d.


  	a=12

  	d=5




Step 2: Use the formula with n=20.


an=a+(n−1)d
a20=12+(20−1)(5)
a20=12+19×5
a20=12+95
a20=107

Answer: The 20th term is 107.


This shows why the formula is useful. You do not need to write all 20 terms to find the answer.


Worked Example 3: Arithmetic progression with a negative difference


Find the general term of the sequence:

30, 26, 22, 18, 14, ...


This is still an arithmetic progression because the change is constant.


Step 1: First term:

a=30


Step 2: Common difference:

26−30=−4, so d=−4


Step 3: Use the formula.


an=a+(n−1)d
an=30+(n−1)(−4)

Step 4: Simplify.


an=30−4n+4
an=34−4n

Answer: The general term is an=34−4n.


Check: For n=1, 34−4=30, which matches the first term.


Worked Example 4: Find which term has a given value


The arithmetic progression is:

7, 11, 15, 19, 23, ...


Which term is equal to 63?


Step 1: Identify a and d.


  	a=7

  	d=4




Step 2: Write the general term.


an=a+(n−1)d
an=7+(n−1)(4)

Step 3: Set an=63.


7+4(n−1)=63

Step 4: Solve.


7+4n−4=63
4n+3=63
4n=60
n=15

Answer: 63 is the 15th term.


5. Common mistakes to avoid



  	Using n instead of n−1: The correct formula is an=a+(n−1)d.

  	Choosing the wrong common difference: Always subtract one term from the next carefully.

  	Forgetting negative differences: If the sequence decreases, d is negative.

  	Mixing up term number and term value: In a10, the 10 tells you the position, not the value.




6. Quick practice ideas


Try these on your own:


  	Find the general term of 2, 6, 10, 14, ...

  	Find the 12th term of 15, 12, 9, 6, ...

  	In the sequence 9, 13, 17, 21, ..., which term is 49?




7. Summary


An arithmetic progression has a constant difference between terms. If the first term is a and the common difference is d, then the general term is:


an=a+(n−1)d

This formula helps you:


  	find the rule for the sequence,

  	calculate any term directly,

  	work out which term has a certain value.




Whenever you see a sequence going up or down by the same amount each time, think of the arithmetic progression formula.


  
  Put what you read to the test

  You've worked through The General Term of an Arithmetic Progression. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1009
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  Finding Specific Terms from the End of an AP


An Arithmetic Progression (AP) is a sequence of numbers in which the difference between consecutive terms is always the same. This fixed difference is called the common difference.


For example, in the AP 3, 7, 11, 15, 19, the common difference is 4 because each term increases by 4.


Usually, when we work with an AP, we count terms from the beginning: 1st term, 2nd term, 3rd term, and so on. But sometimes a question asks for a term from the end, such as the 2nd term from the end or the 5th term from the end.


In a finite AP, this means we count backward from the last term. Learning how to do this correctly is very useful in many problems.


1. Recall the basic formula for the nth term of an AP


If an AP has first term a and common difference d, then the nth term is:


Tn=a+(n−1)d


Here:


  	a = first term

  	d = common difference

  	n = position of the term




If the AP has a last term, we often call it l.


So, if there are n terms in the AP, then:


l=a+(n−1)d


2. What does “kth term from the end” mean?


The 1st term from the end is the last term.

The 2nd term from the end is the term just before the last term.

The 3rd term from the end is two places before the last term, and so on.


So if the last term is l, then:


  	1st term from the end = l

  	2nd term from the end = l−d

  	3rd term from the end = l−2d

  	4th term from the end = l−3d




This creates a pattern.


Therefore, the kth term from the end is:


l−(k−1)d


This is the most important formula for this topic.


3. Formula for the kth term from the end


If the last term of a finite AP is l, then:


kth term from the end=l−(k−1)d


This formula works because every step backward in an AP changes the term by d.


4. Another way to think about it


Suppose an AP has n terms. Then:


  	1st term from the end = nth term

  	2nd term from the end = (n−1)th term

  	3rd term from the end = (n−2)th term




So the kth term from the end is really the:


(n−k+1)th term from the beginning


Then we can use:


Tn−k+1=a+(n−k)d


Since l=a+(n−1)d, this gives the same result:


l−(k−1)d


5. Steps to find a term from the end



  	Identify the common difference d.

  	Find the last term l, if it is given or can be found.

  	Identify which term from the end is needed, say the kth term.

  	Use the formula:
kth term from the end=l−(k−1)d




Be careful with the value of k. For example:


  	2nd from the end means subtract d once.

  	5th from the end means subtract d four times.




Worked Example 1: Finding the 3rd term from the end


Find the 3rd term from the end of the AP:

5,9,13,17,21,25


Step 1: Identify the last term.

Here, l=25.


Step 2: Find the common difference.

Each term increases by 4, so d=4.


Step 3: Use the formula for the 3rd term from the end.

Here, k=3.


3rd term from the end=l−(3−1)d

=25−2(4)

=25−8=17


Answer: The 3rd term from the end is 17.


You can check by counting backward: 25, 21, 17.


Worked Example 2: Finding the 5th term from the end


Find the 5th term from the end of the AP:

2,5,8,11,14,17,20,23,26


Step 1: Last term is l=26.

Step 2: Common difference is d=3.

Step 3: Here, k=5.


5th term from the end=l−(5−1)d

=26−4(3)

=26−12

=14


Answer: The 5th term from the end is 14.


Check by counting backward: 26, 23, 20, 17, 14.


Worked Example 3: When the AP is given by first term, common difference, and number of terms


An AP has first term a=7, common difference d=5, and 12 terms. Find the 4th term from the end.


Step 1: Find the last term.

Since there are 12 terms, the last term is:

l=a+(n−1)d

=7+(12−1)×5

=7+11×5

=7+55=62


Step 2: Use the formula for the 4th term from the end.

Here, k=4.


4th term from the end=l−(4−1)d

=62−3(5)

=62−15=47


Answer: The 4th term from the end is 47.


Worked Example 4: Using a decreasing AP


Find the 3rd term from the end of the AP:

30,26,22,18,14,10


This is also an AP, but it decreases each time.


Step 1: Last term is l=10.

Step 2: Common difference is d=−4.


Notice that the common difference must keep its sign. Since the sequence goes down by 4, d=−4, not 4.


Step 3: Here, k=3.


3rd term from the end=l−(3−1)d

=10−2(−4)

=10+8

=18


Answer: The 3rd term from the end is 18.


Check by counting backward: 10, 14, 18.


6. Common mistakes to avoid



  	Using k instead of k−1: For the kth term from the end, the formula is l−(k−1)d, not l−kd.

  	Forgetting the sign of d: In a decreasing AP, d is negative.

  	Mixing up last term and first term: Terms from the end are based on the last term l.

  	Counting backward incorrectly: The 1st term from the end is the last term itself.




7. Quick check idea


After solving, try counting backward from the last term to see if your answer makes sense. This is a simple way to check your work.


8. Key formulas to remember



  	nth term of an AP: Tn=a+(n−1)d

  	Last term of a finite AP: l=a+(n−1)d

  	kth term from the end: l−(k−1)d




[image: 📋]   Summary


To find a specific term from the end of a finite AP, start from the last term and move backward using the common difference.


If the last term is l, then the kth term from the end is:


l−(k−1)d


This formula works for both increasing and decreasing APs. Just be careful to use the correct value of d, including its sign.


  
  Put what you read to the test

  You've worked through Finding Specific Terms from the End of an AP. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1010






  [image: 📝]   Lesson 41: Arithmetic Mean Between Numbers

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1051




  Arithmetic Mean Between Numbers is about placing one or more numbers between two given numbers so that all the numbers form an arithmetic progression (AP).


In an arithmetic progression, the difference between consecutive terms is always the same. This constant difference is called the common difference.


For example, in the sequence 2,5,8,11, the difference between each pair of neighboring terms is 3. So this is an arithmetic progression with common difference d=3.


When we talk about the arithmetic mean between numbers, we mean the number or numbers inserted between two given numbers so that the full list becomes an arithmetic progression.


If there is only one number between two numbers, that number is the arithmetic mean of the two numbers.


For example, between 4 and 10, the arithmetic mean is:


4+102=7

So 4,7,10 is an arithmetic progression.


But sometimes we need to insert more than one arithmetic mean. Then we must find the common difference first.


Main idea: If you insert n arithmetic means between two given numbers, then the total number of gaps is n+1.


Suppose the first number is a and the last number is b. Then:


d=b−an+1

Once you know d, keep adding it to get each missing term.


Why does this formula work? If there are n numbers inserted, then the full sequence has:



  	the first number,

  	the n inserted numbers,

  	and the last number.




That means there are n+2 total terms, so there are n+1 equal jumps from the first number to the last number.


The total change from first to last is b−a. Since each jump is the same, we divide by the number of jumps:


d=b−an+1

Steps for inserting arithmetic means:



  	Write the first term a and the last term b.

  	Count how many arithmetic means must be inserted. Call this number n.

  	Find the common difference using d=b−an+1.

  	Start at a and keep adding d to get the missing terms.

  	Check that the last term really becomes b.




Special case: one arithmetic mean


If only one number is inserted between a and b, then n=1. So:


d=b−a2

The middle number is:


a+d=a+b−a2=a+b2

So the arithmetic mean of two numbers is their average.


Worked Example 1: Find one arithmetic mean between 6 and 14


We need one number between 6 and 14.


Use the average:


6+142=202=10

So the arithmetic mean is 10.


The full arithmetic progression is:


6,10,14

Check the common difference:


10−6=4and14−10=4

The differences match, so the answer is correct.


Worked Example 2: Insert 3 arithmetic means between 8 and 24


We are inserting n=3 means between 8 and 24.


Use the formula for the common difference:


d=24−83+1=164=4

Now start from 8 and add 4 each time:



  	First term: 8

  	Next term: 8+4=12

  	Next term: 12+4=16

  	Next term: 16+4=20

  	Last term: 20+4=24




So the 3 arithmetic means are:


12,16,20

The full AP is:


8,12,16,20,24

Worked Example 3: Insert 4 arithmetic means between −3 and 12


This example includes a negative number, but the method stays the same.


Here, a=−3, b=12, and n=4.


Find the common difference:


d=12−(−3)4+1=155=3

Now add 3 repeatedly starting from −3:


−3,0,3,6,9,12

So the 4 arithmetic means are:


0,3,6,9

Check:


0−(−3)=3,3−0=3,6−3=3,9−6=3,12−9=3

All differences are equal, so the sequence is an AP.


Worked Example 4: Insert 2 arithmetic means between 5 and 2


Here the sequence is decreasing, so the common difference will be negative.


We have a=5, b=2, and n=2.


Find the common difference:


d=2−52+1=−33=−1

Now add −1 repeatedly:


5,4,3,2

So the 2 arithmetic means are:


4,3

This shows that arithmetic progressions can increase or decrease.


Using the nth term idea


Sometimes it helps to remember the nth term of an AP:


an=a+(n−1)d

If you know the first and last terms and how many terms are in the full sequence, you can also use this formula to find d.


For example, if 3 means are inserted between 8 and 24, then the full sequence has 5 terms:


a5=24

Using a1=8:


24=8+(5−1)d

24=8+4d

16=4d

d=4

This gives the same result as before.


Common mistakes to avoid



  	Dividing by the wrong number: If you insert n means, divide by n+1, not by n.

  	Forgetting the sign: If the sequence goes downward, the common difference is negative.

  	Not checking the final term: After adding the common difference, make sure you reach the given last number exactly.

  	Mixing up “terms” and “means”: Inserted means are only the missing middle numbers, not the full sequence.




Quick practice ideas



  	Find one arithmetic mean between 9 and 17.

  	Insert 2 arithmetic means between 1 and 10.

  	Insert 3 arithmetic means between −8 and 4.




Answers:



  	Between 9 and 17: 13

  	Between 1 and 10: 4,7

  	Between −8 and 4: −5,−2,1




[image: 📋]   Summary


An arithmetic mean is a number inserted between two numbers so that the numbers form an arithmetic progression.


If only one arithmetic mean is needed, use the average:


a+b2

If n arithmetic means are inserted between a and b, first find the common difference using:


d=b−an+1

Then keep adding d starting from the first number to find all the missing terms.


  
  Put what you read to the test

  You've worked through Arithmetic Mean Between Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1011






  [image: 📝]   Lesson 42: Deriving the Sum of the First n Terms

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1052




  Deriving the Sum of the First n Terms of an Arithmetic Progression


An arithmetic progression (or AP) is a sequence of numbers where the same value is added each time to get the next term.


For example, in the sequence 3,7,11,15,19, each term increases by 4. So this is an arithmetic progression with:


  	first term a=3

  	common difference d=4




In this lesson, we will learn how to find the sum of the first n terms of an arithmetic progression. This sum is written as Sn.


By the end, you will understand where the formulas come from and how to use these two important forms:

Sn=n2(2a+(n−1)d)

and

Sn=n2(a+l)

where:


  	a = first term

  	d = common difference

  	n = number of terms

  	l = last term




1. What does the sum of the first n terms mean?


If an arithmetic progression is 2,5,8,11,14, then the sum of the first 5 terms is:

S5=2+5+8+11+14=40


When there are many terms, adding one by one takes too long. So we use a formula.


2. Writing the terms of an arithmetic progression


If the first term is a and the common difference is d, then the terms are:

a, a+d, a+2d, a+3d, …


The nth term is:

Tn=a+(n−1)d


If we call the last term l, then:

l=a+(n−1)d


This result is very important because it helps us connect the two sum formulas.


3. Deriving the formula for Sn


Suppose we want to add the first n terms of an arithmetic progression:

Sn=a+(a+d)+(a+2d)+⋯+(a+(n−1)d)


Now write the same sum again, but in reverse order:

Sn=(a+(n−1)d)+(a+(n−2)d)+⋯+(a+d)+a


Now add the two lines term by term.


The first terms add to:

a+(a+(n−1)d)=2a+(n−1)d


The second terms add to:

(a+d)+(a+(n−2)d)=2a+(n−1)d


Every pair has the same sum. Since there are n pairs, we get:

2Sn=n(2a+(n−1)d)


Now divide both sides by 2:

Sn=n2(2a+(n−1)d)


This is the first formula for the sum of the first n terms of an arithmetic progression.


4. Deriving the second form using the last term


We know that the last term is:

l=a+(n−1)d


Substitute this into the first sum formula:

Sn=n2(a+a+(n−1)d)

Sn=n2(a+l)


So the second formula is:

Sn=n2(a+l)


This means:

Sum = number of terms × average of first and last term


That makes sense because in an arithmetic progression, the terms are evenly spaced, so the average of the first and last term is the average of all the terms.


5. When should you use each formula?



  	Use Sn=n2(2a+(n−1)d) when you know a, d, and n.

  	Use Sn=n2(a+l) when you know a, l, and n.




If you are not given the last term, you can find it first using:

l=a+(n−1)d


Worked Example 1: Find the sum of the first 10 terms


Find the sum of the first 10 terms of the arithmetic progression:

4,7,10,13,…


Step 1: Identify the values


  	First term: a=4

  	Common difference: d=3

  	Number of terms: n=10




Step 2: Use the formula

Sn=n2(2a+(n−1)d)


Substitute the values:

S10=102(2(4)+(10−1)(3))

S10=5(8+27)

S10=5(35)=175


Answer: The sum of the first 10 terms is 175.


Worked Example 2: Use the first and last term


Find the sum of the arithmetic progression:

6,10,14,18,22,26


Step 1: Identify the values


  	First term: a=6

  	Last term: l=26

  	Number of terms: n=6




Step 2: Use the formula

Sn=n2(a+l)


Substitute:

S6=62(6+26)

S6=3(32)=96


Answer: The sum is 96.


Worked Example 3: Find the last term first


Find the sum of the first 15 terms of the arithmetic progression with:


  	first term a=2

  	common difference d=5




Step 1: Find the 15th term

l=a+(n−1)d

l=2+(15−1)(5)

l=2+14⋅5

l=2+70=72


Step 2: Use the sum formula

Sn=n2(a+l)

S15=152(2+72)

S15=152(74)

S15=15⋅37=555


Answer: The sum of the first 15 terms is 555.


Worked Example 4: Find the number of terms from a sum


The arithmetic progression starts:

3,8,13,18,…

The sum of the first n terms is 273. Find n.


Step 1: Identify the values


  	a=3

  	d=5

  	Sn=273




Step 2: Use the formula

Sn=n2(2a+(n−1)d)


Substitute:

273=n2(2(3)+(n−1)(5))

273=n2(6+5n−5)

273=n2(5n+1)


Multiply both sides by 2:

546=n(5n+1)

5n2+n−546=0


Now solve the equation. We look for two numbers that multiply to 5×−546=−2730 and add to 1. Those numbers are 66 and −65.


5n2+66n−65n−546=0

n(5n+66)−13(5n+66)=0

(n−13)(5n+66)=0


So:

n=13or5n+66=0

n=13orn=−665


A number of terms cannot be negative, so:

Answer: n=13


6. Common mistakes to avoid



  	Mixing up n and d: n is the number of terms, and d is the common difference.

  	Using the wrong last term: Remember, the last term is l=a+(n−1)d, not a+nd.

  	Forgetting brackets: In formulas like n2(a+l), add inside the brackets first.

  	Using the formula on a non-arithmetic sequence: The difference between terms must be constant.




7. Quick check for understanding



  	What is the common difference in 9,13,17,21,…?

  	Find the sum of the first 8 terms of 5,8,11,14,….

  	If a=12, d=6, and n=7, find the last term.

  	Then find the sum of those 7 terms.




Answers:


  	d=4

  	S8=82(2(5)+(8−1)(3))=4(10+21)=124

  	l=12+(7−1)6=12+36=48

  	S7=72(12+48)=72(60)=210




[image: 📋]   Summary


To find the sum of the first n terms of an arithmetic progression, we use:

Sn=n2(2a+(n−1)d)

or

Sn=n2(a+l)


The first formula is useful when you know the first term, common difference, and number of terms. The second formula is useful when you know the first term, last term, and number of terms.


The key idea in the derivation is that if you write the sum forward and backward, each pair adds to the same value. That makes it possible to build a quick formula instead of adding every term one at a time.


  
  Put what you read to the test

  You've worked through Deriving the Sum of the First n Terms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1012






  [image: 📝]   Lesson 43: Relationship Between nth Term and Sum of n Terms

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1053




  Relationship Between the nth Term and the Sum of n Terms


In an arithmetic progression (AP), numbers increase or decrease by the same amount each time. For example, in the sequence 3, 7, 11, 15, ... the common difference is 4.


Sometimes a question gives us the sum of the first n terms, written as Sn, instead of the sequence itself. In that case, we may still need to find the nth term, written as an.


The key idea is very important:


When we subtract the sum of the first (n−1) terms from the sum of the first n terms, everything cancels except the nth term.


So the relationship is:


an=Sn−Sn−1

This formula works because:


Sn=a1+a2+a3+⋯+an−1+an

and


Sn−1=a1+a2+a3+⋯+an−1

Now subtract:


Sn−Sn−1=an

This is the main relationship you need to remember for this lesson.


Why this matters in arithmetic progressions


In AP questions, you may be given a formula for Sn, such as Sn=3n2+2n, and asked to find the nth term. Since Sn tells us the total up to term n, we use subtraction to isolate just one term.


This method is especially useful when:



  	the sum formula is given directly,

  	you need to find a particular term,

  	or you want to check whether a sum formula produces an arithmetic progression.




Step-by-step method



  	Write down the given formula for Sn.

  	Find Sn−1 by replacing every n with (n−1).

  	Use the formula an=Sn−Sn−1.

  	Simplify carefully.




Be very careful when substituting (n−1), especially if there are brackets or powers.


Worked Example 1: Finding the nth term from a simple sum formula


Suppose


Sn=2n2+3n

Find an.


Step 1: Write Sn.


Sn=2n2+3n

Step 2: Find Sn−1.


Sn−1=2(n−1)2+3(n−1)

Now expand:


Sn−1=2(n2−2n+1)+3n−3

Sn−1=2n2−4n+2+3n−3

Sn−1=2n2−n−1

Step 3: Subtract.


an=Sn−Sn−1

an=(2n2+3n)−(2n2−n−1)

an=2n2+3n−2n2+n+1

an=4n+1

Answer: The nth term is


an=4n+1

Check: Find the first few terms.


Using an=4n+1:



  	a1=5

  	a2=9

  	a3=13




This is an arithmetic progression with common difference 4.


Worked Example 2: Finding a particular term


Suppose


Sn=n2+5n

Find the 10th term.


First find the general nth term.


an=Sn−Sn−1

Find Sn−1:


Sn−1=(n−1)2+5(n−1)

Sn−1=n2−2n+1+5n−5

Sn−1=n2+3n−4

Now subtract:


an=(n2+5n)−(n2+3n−4)

an=n2+5n−n2−3n+4

an=2n+4

Now find the 10th term:


a10=2(10)+4=24

Answer: The 10th term is 24.


Worked Example 3: Showing the sequence is an AP


Suppose


Sn=4n2−n

Find an and show that the sequence is an arithmetic progression.


First find Sn−1:


Sn−1=4(n−1)2−(n−1)

Sn−1=4(n2−2n+1)−n+1

Sn−1=4n2−8n+4−n+1

Sn−1=4n2−9n+5

Now subtract:


an=Sn−Sn−1

an=(4n2−n)−(4n2−9n+5)

an=4n2−n−4n2+9n−5

an=8n−5

Now find the first few terms:



  	a1=8(1)−5=3

  	a2=8(2)−5=11

  	a3=8(3)−5=19




The differences are:



  	11−3=8

  	19−11=8




Since the difference is constant, the sequence is an arithmetic progression.


Worked Example 4: Starting from values of sums


A student is told that:


S5=60andS4=46

Find the 5th term.


Use the relationship directly:


a5=S5−S4

a5=60−46=14

Answer: The 5th term is 14.


This shows that the formula is not only for algebra expressions like Sn, but also for actual sum values.


Important pattern to notice


If the sum formula Sn is a quadratic expression in n, then the nth term an usually becomes a linear expression in n. A linear nth term means the sequence has a constant difference, which matches an arithmetic progression.


For example:



  	If Sn=2n2+3n, then an=4n+1.

  	If Sn=n2+5n, then an=2n+4.




This is a useful clue in many exam questions.


Common mistakes to avoid



  	Using Sn as the nth term: Sn is the sum of the first n terms, not the nth term itself.

  	Forgetting brackets: When finding Sn−1, always write brackets, like (n−1)2.

  	Subtracting incorrectly: In Sn−Sn−1, every term inside the second bracket changes sign.

  	Mixing up an and an−1: The formula gives the nth term exactly: an=Sn−Sn−1.




Quick practice ideas


If you want to practise, try these on your own:



  	If Sn=3n2+n, find an.

  	If Sn=5n2−2n, find the 6th term.

  	If S8=120 and S7=99, find a8.




Brief Summary


The most important relationship is:


an=Sn−Sn−1

This works because the sum of the first (n−1) terms is contained inside the sum of the first n terms, so subtracting leaves only the nth term.


To use it, first find Sn−1, then subtract from Sn, and simplify carefully. This is a powerful method for finding terms of an arithmetic progression when the sum formula is given.


  
  Put what you read to the test

  You've worked through Relationship Between nth Term and Sum of n Terms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1013
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  Properties of Arithmetic Progressions


An arithmetic progression, or AP, is a sequence of numbers in which the difference between consecutive terms is always the same.


For example, the sequence 3,7,11,15,19 is an AP because each term increases by 4. The constant difference is called the common difference.


If the first term is a and the common difference is d, then the AP looks like:


a, a+d, a+2d, a+3d,…

The nth term of an AP is:


Tn=a+(n−1)d

In this lesson, we will study an important set of properties:



  	What happens if we add the same number to every term of an AP?

  	What happens if we subtract the same number from every term?

  	What happens if we multiply every term by the same number?

  	What happens if we divide every term by the same non-zero number?




We will show that in each case, the new sequence is still an arithmetic progression.


Why this matters: These properties help us recognize APs in different forms and make it easier to solve sequence problems.


1. Adding a constant to every term of an AP


Suppose we start with an AP:


a, a+d, a+2d, a+3d,…

Now add a constant number k to every term. The new sequence becomes:


a+k, a+d+k, a+2d+k, a+3d+k,…

To check whether this is an AP, look at the difference between consecutive terms:


(a+d+k)−(a+k)=d

(a+2d+k)−(a+d+k)=d

The difference is still constant, so the new sequence is also an AP.


Conclusion: Adding the same constant to every term of an AP gives another AP with the same common difference.


2. Subtracting a constant from every term of an AP


Now subtract a constant k from every term:


a−k, a+d−k, a+2d−k, a+3d−k,…

Again, find the difference between consecutive terms:


(a+d−k)−(a−k)=d

(a+2d−k)−(a+d−k)=d

The common difference is still d, so this new sequence is also an AP.


Conclusion: Subtracting the same constant from every term of an AP gives another AP with the same common difference.


3. Multiplying every term of an AP by a constant


Now multiply every term by a constant k:


ka, k(a+d), k(a+2d), k(a+3d),…

Simplifying, we get:


ka, ka+kd, ka+2kd, ka+3kd,…

Now check the differences:


(ka+kd)−ka=kd

(ka+2kd)−(ka+kd)=kd

The difference is constant, so this is also an AP.


Conclusion: Multiplying every term of an AP by a constant gives another AP. The new common difference becomes kd.


If k is negative, the sequence may decrease instead of increase, but it is still an AP because the difference remains constant.


4. Dividing every term of an AP by a non-zero constant


Now divide every term by a non-zero constant k:


ak, a+dk, a+2dk, a+3dk,…

This can be written as:


ak, ak+dk, ak+2⋅dk, ak+3⋅dk,…

Now the difference between consecutive terms is:


(a+dk)−(ak)=dk

This is constant, so the new sequence is also an AP.


Conclusion: Dividing every term of an AP by the same non-zero constant gives another AP. The new common difference becomes dk.


We say non-zero because division by zero is not defined.


General idea behind all four properties


An AP stays an AP when every term is changed in the same way by a constant operation. The key reason is that the difference between one term and the next stays constant.


Let the original AP have terms T1,T2,T3,… with common difference d. Then:


Tn+1−Tn=d

If we create a new sequence by adding k, subtracting k, multiplying by k, or dividing by k≠0, the differences in the new sequence are still constant.


This is the main property we use to prove the new sequence is also an AP.


Worked Example 1: Adding a constant


Consider the AP:


5, 8, 11, 14, 17

The common difference is:


8−5=3,11−8=3

Now add 4 to every term:


9, 12, 15, 18, 21

Check the new differences:


12−9=3,15−12=3,18−15=3

The new sequence is still an AP, and the common difference remains 3.


Worked Example 2: Subtracting and multiplying


Start with the AP:


20, 16, 12, 8, 4

This is an AP with common difference:


16−20=−4

Part A: Subtract 2 from every term


18, 14, 10, 6, 2

Check the difference:


14−18=−4,10−14=−4

So the new sequence is still an AP with common difference −4.


Part B: Multiply every term by 3


60, 48, 36, 24, 12

Now check the difference:


48−60=−12,36−48=−12

This is also an AP. The new common difference is:


3×(−4)=−12

Worked Example 3: Dividing by a constant


Take the AP:


12, 18, 24, 30, 36

The common difference is:


18−12=6

Divide every term by 3:


4, 6, 8, 10, 12

Check the new difference:


6−4=2,8−6=2

The new sequence is an AP with common difference:


63=2

Worked Example 4: Using the formula


The nth term of an AP is:


Tn=7+(n−1)5

So the first term is a=7 and the common difference is d=5.


Now multiply every term by −2. The new nth term becomes:


Tn′=−2(7+(n−1)5)

Simplify:


Tn′=−14+(n−1)(−10)

This is in the form of an arithmetic progression, with:



  	first term −14

  	common difference −10




So multiplying all terms by −2 gives a new AP.


Important observations



  	Adding or subtracting a constant changes the first term, but not the common difference.

  	Multiplying or dividing by a constant changes both the first term and the common difference.

  	If you multiply by a negative number, the AP may switch from increasing to decreasing, or from decreasing to increasing.

  	Dividing by zero is not allowed.




Quick comparison table



  	Original AP: first term a, common difference d

  	Add k: new first term a+k, new difference d

  	Subtract k: new first term a−k, new difference d

  	Multiply by k: new first term ka, new difference kd

  	Divide by k≠0: new first term ak, new difference dk




How to prove a new sequence is an AP


When you are asked to prove a sequence is an AP, use this method:



  	Write the original AP in general form: a,a+d,a+2d,…

  	Apply the operation to every term.

  	Find the difference between two consecutive terms in the new sequence.

  	If the difference is constant, the sequence is an AP.




Practice thought


If you start with the AP 2,5,8,11,…:



  	adding 10 gives 12,15,18,21,…

  	subtracting 1 gives 1,4,7,10,…

  	multiplying by 4 gives 8,20,32,44,…

  	dividing by 2 gives 1,2.5,4,5.5,…




Each new sequence still has a constant difference, so each is an AP.


[image: 📋]   Summary


An arithmetic progression is a sequence with a constant difference between consecutive terms. If we add or subtract the same constant to every term, the result is still an AP with the same common difference.


If we multiply every term by a constant, the result is also an AP, but the common difference is multiplied by that constant. If we divide every term by a non-zero constant, the result is again an AP, and the common difference is divided by that constant.


The reason all of these work is simple: the difference between one term and the next remains constant.


  
  Put what you read to the test

  You've worked through Properties of Arithmetic Progressions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1014






  [image: 📝]   Lesson 45: Modeling Discrete Linear Growth Patterns

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1055




  Modeling Discrete Linear Growth Patterns means using arithmetic progressions to describe situations where a quantity changes by the same amount each step.
These patterns are called discrete because they happen in separate steps, such as each week, each month, or each row. They are called linear growth patterns because the change is constant.
In real life, this can happen when:
	you save a fixed amount more each week than the week before,
	loan payments increase by a fixed amount each month,
	objects are stacked so that each new layer has a fixed number more than the previous layer.

To model these situations, we use the formulas for an arithmetic progression (AP).
An arithmetic progression is a sequence where the difference between consecutive terms is constant.
If the first term is a1 and the common difference is d, then the sequence looks like:
a1, a1+d, a1+2d, a1+3d,…
The formula for the nth term is:
an=a1+(n−1)d
This formula helps us find the value at any step without listing all the terms.
Sometimes, we also need the total of several terms. For example, we may want the total amount saved after 10 weeks or the total number of blocks in several rows.
The sum of the first n terms is:
Sn=n2(2a1+(n−1)d)
Another useful form is:
Sn=n2(a1+an)
We use this when we know the first and last terms.
Main idea: when a situation increases or decreases by the same amount each step, we can model it with an arithmetic progression.
To model a real-world problem, follow these steps:
	Identify what changes each step.
	Find the first term a1.
	Find the common difference d.
	Use an=a1+(n−1)d to find a specific term.
	Use a sum formula if you need the total across many steps.

Let us now look at some common contexts.
1. Sequential savings
Suppose a student saves money every week. In week 1, they save R50. Each week, they save R10 more than the previous week.
The amounts saved each week form this sequence:
50, 60, 70, 80,…
Here:
	a1=50
	d=10

The amount saved in week n is:
an=50+(n−1)(10)
If we want the amount saved in week 8:
a8=50+(8−1)(10)=50+70=120
So, the student saves R120 in week 8.
If we want the total saved in 8 weeks, we use the sum formula:
S8=82(2(50)+(8−1)(10))
S8=4(100+70)=4(170)=680
So, the total saved after 8 weeks is R680.
2. Loan repayments that change by a fixed amount
Sometimes a repayment plan is designed so that the payment increases by the same amount each month.
For example, suppose a person pays R300 in the first month and then increases the payment by R25 each month.
The payments form an arithmetic progression:
300, 325, 350, 375,…
Here:
	a1=300
	d=25

The payment in month n is:
an=300+(n−1)(25)
If we want the payment in month 12:
a12=300+(12−1)(25)=300+275=575
So, the payment in month 12 is R575.
If we want the total paid over 12 months:
S12=122(300+575)
S12=6(875)=5250
So, the total amount paid over 12 months is R5250.
3. Geometric stacking
Arithmetic progressions can also model physical arrangements, such as stacks of cans, blocks, or seats arranged in rows.
For example, imagine a display made of rows of boxes. The first row has 4 boxes. Each new row has 3 more boxes than the row before.
The numbers of boxes in each row are:
4, 7, 10, 13,…
This is an arithmetic progression with:
	a1=4
	d=3

The number of boxes in row n is:
an=4+(n−1)(3)
If there are 9 rows, then the 9th row has:
a9=4+(9−1)(3)=4+24=28
So, the 9th row has 28 boxes.
To find the total number of boxes in 9 rows:
S9=92(4+28)
S9=92(32)=144
So, the full display contains 144 boxes.
Worked Example 1: Finding a term from a real-life pattern
A learner saves R20 in the first week and increases the amount by R5 each week. How much do they save in week 15?
Step 1: Identify the first term and common difference.
	a1=20
	d=5

Step 2: Use the nth-term formula.
an=a1+(n−1)d
a15=20+(15−1)(5)
a15=20+14⋅5
a15=20+70=90
Answer: The learner saves R90 in week 15.
Worked Example 2: Finding a total from a savings plan
A person saves R100 in the first month and then increases the amount by R20 each month. How much do they save in total over 6 months?
Step 1: Identify the sequence information.
	a1=100
	d=20
	n=6

Step 2: Find the 6th term.
a6=100+(6−1)(20)=100+100=200
Step 3: Use the sum formula.
S6=62(100+200)
S6=3(300)=900
Answer: The total saved over 6 months is R900.
Worked Example 3: Modeling a stacking pattern
A pyramid of cans has 6 cans in the first row, 8 cans in the second row, 10 cans in the third row, and so on. How many cans are in the 12th row, and how many cans are there in total in the first 12 rows?
Step 1: Identify the arithmetic progression.
The sequence is:
6, 8, 10, 12,…
	a1=6
	d=2

Step 2: Find the 12th term.
a12=6+(12−1)(2)=6+22=28
So, the 12th row has 28 cans.
Step 3: Find the total in the first 12 rows.
S12=122(6+28)
S12=6(34)=204
Answer: The 12th row has 28 cans, and the first 12 rows contain 204 cans in total.
Worked Example 4: Loan repayment model
A borrower pays R450 in the first month of a repayment plan. Each month, the payment increases by R30. Find:
	the payment in month 10,
	the total paid in the first 10 months.

Step 1: Identify the values.
	a1=450
	d=30
	n=10

Step 2: Find the 10th payment.
a10=450+(10−1)(30)
a10=450+270=720
So, the payment in month 10 is R720.
Step 3: Find the total paid.
S10=102(450+720)
S10=5(1170)=5850
Answer:
	Month 10 payment: R720
	Total paid in 10 months: R5850

How to tell if a situation is an arithmetic progression
Ask yourself: does the amount increase or decrease by the same number each time?
If the answer is yes, then it can be modeled by an arithmetic progression.
For example:
	add 5 each week -> arithmetic progression,
	subtract 2 each month -> arithmetic progression,
	double each time -> not an arithmetic progression.

Common mistakes to avoid
	Mixing up n and n−1: In the formula an=a1+(n−1)d, always use n−1, not just n.
	Using the wrong first term: Make sure a1 is the value at step 1, not step 0 or step 2.
	Forgetting what the question asks: Sometimes you need one term, and sometimes you need the total.
	Wrong common difference: Check the amount added or subtracted between terms carefully.

Quick check strategy
	Write the first few terms if possible.
	Check the constant difference.
	Decide whether the question asks for a single term or a sum.
	Choose the correct formula.
	Substitute carefully and simplify step by step.

[image: 📋]   Summary
Discrete linear growth patterns happen when a quantity changes by a constant amount at each step. These situations can be modeled using arithmetic progressions.
Use:
an=a1+(n−1)d
to find a specific term, and use:
Sn=n2(2a1+(n−1)d)
or
Sn=n2(a1+an)
to find a total.
These formulas are useful in real-world contexts like savings plans, loan repayments, and stacking problems. The key is to recognize the constant change and match it to an arithmetic progression model.


  
  Put what you read to the test

  You've worked through Modeling Discrete Linear Growth Patterns. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1015






  
    
  [image: 📖]   Chapter 6

  Coordinate Geometry



  [image: 📝]   Lesson 46: Cartesian Coordinates and Point Plotting
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  Cartesian Coordinates and Point Plotting


In coordinate geometry, we use numbers to describe the exact position of a point on a plane. This system is called the Cartesian coordinate plane. Learning how to read and plot points correctly is an important first step for understanding graphs, shapes, distance, and other geometry ideas.


The coordinate plane is made of two number lines that cross at right angles.



  	The horizontal number line is called the x-axis.

  	The vertical number line is called the y-axis.

  	The point where they meet is called the origin, written as (0,0).




Every point on the plane is named by an ordered pair written as (x,y).



  	The first number, x, tells how far to move left or right from the origin.

  	The second number, y, tells how far to move up or down.




The word ordered is very important. The pair (3,2) is not the same as (2,3). You must always read and plot coordinates in the order x first, then y.


The coordinate plane is divided into four sections called quadrants.



  	Quadrant I: x>0, y>0

  	Quadrant II: x<0, y>0

  	Quadrant III: x<0, y<0

  	Quadrant IV: x>0, y<0




A helpful way to remember the quadrants is to start in the top-right and move counterclockwise: I, II, III, IV.


Points can also lie on the axes, not inside a quadrant.



  	If y=0, the point is on the x-axis.

  	If x=0, the point is on the y-axis.

  	If x=0 and y=0, the point is the origin.




How to plot a point


To plot a point (x,y), follow these steps:



  	Start at the origin, (0,0).

  	Move along the x-axis:
    
      	right if x is positive

      	left if x is negative

    

  

  	From there, move parallel to the y-axis:
    
      	up if y is positive

      	down if y is negative

    

  

  	Mark the point.




How to name a plotted point


If a point is already shown on the grid, you can find its coordinates by reversing the process:



  	Look at how far the point is from the y-axis to find the x-value.

  	Look at how far the point is from the x-axis to find the y-value.

  	Write the ordered pair as (x,y).




Always check the signs carefully. A point to the left of the y-axis has a negative x-value. A point below the x-axis has a negative y-value.


Sign patterns in each quadrant


The signs of x and y help you quickly identify the quadrant:



  	Quadrant I: (+,+)

  	Quadrant II: (−,+)

  	Quadrant III: (−,−)

  	Quadrant IV: (+,−)




This is useful when checking whether a plotted point makes sense. For example, if a point is in Quadrant II, its x-value must be negative and its y-value must be positive.


Worked Example 1: Plotting a point in Quadrant I


Plot the point (4,3).


Step 1: Start at the origin (0,0).

Step 2: The x-value is 4, so move 4 units to the right.

Step 3: The y-value is 3, so move 3 units up.

Step 4: Mark the point.


Since both coordinates are positive, the point lies in Quadrant I.


Worked Example 2: Plotting a point with negative coordinates


Plot the point (−2,−5).


Step 1: Start at (0,0).

Step 2: The x-value is −2, so move 2 units to the left.

Step 3: The y-value is −5, so move 5 units down.

Step 4: Mark the point.


Both coordinates are negative, so the point lies in Quadrant III.


Worked Example 3: Identifying the coordinates and quadrant


Suppose a point is 6 units left of the y-axis and 2 units above the x-axis. What are its coordinates, and in which quadrant is it?


6 units left means the x-value is −6.

2 units above means the y-value is 2.


So the coordinates are:


(−6,2)

The x-value is negative and the y-value is positive, so the point is in Quadrant II.


Worked Example 4: Points on the axes


Consider the points (0,4), (−3,0), and (0,0).



  	For (0,4), the x-value is 0, so the point lies on the y-axis.

  	For (−3,0), the y-value is 0, so the point lies on the x-axis.

  	For (0,0), both values are 0, so the point is the origin.




These points are not in any quadrant.


Common mistakes to avoid



  	Switching the order: Remember that (x,y) means horizontal first, vertical second.

  	Ignoring negative signs: A negative x means left; a negative y means down.

  	Placing axis points in quadrants: Points on the axes are not in any quadrant.

  	Starting somewhere other than the origin: Always begin at (0,0) when plotting.




Quick check ideas


When you plot or read a point, ask yourself:



  	Did I use x first and y second?

  	Did I move right/left correctly for the x-value?

  	Did I move up/down correctly for the y-value?

  	Does the quadrant match the signs of the coordinates?




Practice to build confidence


Try plotting these points and naming their quadrants or axes:



  	(5,−1)

  	(−4,3)

  	(0,−6)

  	(2,0)




You should find:



  	(5,−1) is in Quadrant IV

  	(−4,3) is in Quadrant II

  	(0,−6) is on the y-axis

  	(2,0) is on the x-axis




[image: 📋]   Summary


The Cartesian coordinate plane helps us describe the position of points using ordered pairs (x,y). The x-value tells horizontal movement, and the y-value tells vertical movement. By understanding the axes, the origin, the four quadrants, and the signs of coordinates, you can accurately plot and identify points anywhere on the plane.


  
  Put what you read to the test

  You've worked through Cartesian Coordinates and Point Plotting. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1016
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  The Distance Formula and Its Derivation


In coordinate geometry, we often need to find the distance between two points on the coordinate plane. If the points lie on the same horizontal or vertical line, this is easy to do by counting units. But when the points are diagonal from each other, we need a general method.


This general method is called the distance formula. It allows us to find the exact distance between any two points using their coordinates.


In this lesson, you will learn:


  	why the distance formula works,

  	how it comes from the Pythagorean theorem,

  	how to use it correctly, and

  	how to avoid common mistakes.




1. Review: Distance on a Number Line


Before working on the coordinate plane, remember how distance works on a number line. The distance between two numbers is the positive difference between them.


For example, the distance between 2 and 7 is:


∣7−2∣=5

On the coordinate plane, we use this same idea for the horizontal and vertical changes between points.


2. Distance Between Points on the Coordinate Plane


Suppose we have two points:


A(x1,y1)andB(x2,y2)

The horizontal change from point A to point B is the difference in the x-coordinates:


x2−x1

The vertical change is the difference in the y-coordinates:


y2−y1

These changes tell us how far apart the points are left-to-right and up-and-down.


If the points form the ends of a diagonal, we can imagine drawing a right triangle between them. The horizontal and vertical changes become the legs of the triangle, and the distance between the points is the hypotenuse.


3. Deriving the Distance Formula


Let the distance between the two points be called d.


If we draw a right triangle, then:


  	one leg has length ∣x2−x1∣,

  	the other leg has length ∣y2−y1∣,

  	the hypotenuse has length d.




Now use the Pythagorean theorem:


a2+b2=c2

Substitute the side lengths:


∣x2−x1∣2+∣y2−y1∣2=d2

Because squaring removes the effect of absolute value, this becomes:


(x2−x1)2+(y2−y1)2=d2

Now take the square root of both sides:


d=(x2−x1)2+(y2−y1)2

This is the distance formula.


Distance Formula:


d=(x2−x1)2+(y2−y1)2

4. Why the Formula Makes Sense


The formula measures two changes:


  	the change in the x-direction, and

  	the change in the y-direction.




It then combines them using the Pythagorean theorem, because the shortest path between the points is the diagonal of a right triangle.


This is why the formula connects algebra and geometry: coordinates are numbers, but they also represent locations and shapes.


5. Steps for Using the Distance Formula



  	Write the coordinates of both points.

  	Find the difference of the x-coordinates.

  	Find the difference of the y-coordinates.

  	Square both differences.

  	Add the squares.

  	Take the square root.




6. Worked Examples


Example 1: A simple case


Find the distance between (1,2) and (4,6).


Step 1: Use the formula.


d=(x2−x1)2+(y2−y1)2

Let (x1,y1)=(1,2) and (x2,y2)=(4,6).


d=(4−1)2+(6−2)2

Step 2: Simplify.


d=32+42
d=9+16
d=25
d=5

Answer: The distance is 5 units.


Example 2: Using negative coordinates


Find the distance between (−2,3) and (4,−1).


Step 1: Substitute into the formula.


d=(4−(−2))2+(−1−3)2

Step 2: Simplify the differences carefully.


d=62+(−4)2
d=36+16
d=52

Step 3: Simplify the radical if possible.


d=4⋅13=213

Answer: The distance is 213 units.


Example 3: Horizontal or vertical distance


Find the distance between (5,−2) and (5,7).


Notice that both points have the same x-coordinate. This means the segment is vertical.


Use the formula:


d=(5−5)2+(7−(−2))2
d=02+92
d=81
d=9

Answer: The distance is 9 units.


This matches what we would expect by just finding the difference in the y-values.


Example 4: A word problem


Point A is at (2,1) and point B is at (8,10). A straight path is drawn from A to B. How long is the path?


Use the distance formula:


d=(8−2)2+(10−1)2
d=62+92
d=36+81
d=117

Simplify:


d=9⋅13=313

Answer: The path is 313 units long.


7. Common Mistakes to Avoid



  	Mixing up coordinates: Always subtract x-values from x-values and y-values from y-values.

  	Forgetting parentheses: This is especially important with negative numbers. For example, 4−(−2) is not the same as 4−2.

  	Not squaring correctly: Remember that (−4)2=16, not −16.

  	Adding before squaring: Follow the formula carefully. Square each difference first, then add.

  	Forgetting to simplify radicals: For example, 52 should be simplified to 213.




8. Helpful Check


Your distance answer should never be negative. Distance is a length, so it must be zero or positive.


Also, if your points look like a familiar right triangle, you can check your answer. For example, a horizontal change of 3 and a vertical change of 4 should give a distance of 5.


9. When the Distance Formula Is Useful


You will use the distance formula to:


  	find side lengths of shapes on the coordinate plane,

  	decide whether a figure has equal sides,

  	solve geometry problems using coordinates, and

  	connect algebra with geometric ideas.




Brief Summary


The distance formula gives the distance between two points (x1,y1) and (x2,y2):


d=(x2−x1)2+(y2−y1)2

It comes directly from the Pythagorean theorem by viewing the horizontal and vertical differences as the legs of a right triangle.


If you subtract carefully, square correctly, and simplify your answer, you can find the exact distance between any two points on the coordinate plane.


  
  Put what you read to the test

  You've worked through The Distance Formula and Its Derivation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1017
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  Applying the Distance Formula to Geometric Shapes


In coordinate geometry, shapes are drawn on the coordinate plane using points such as \(x_1, y_1)\ and \(x_2, y_2)\. To understand what kind of shape we have, we often need to know the lengths of its sides or diagonals.


The distance formula helps us find the exact distance between two points. Once we know these distances, we can check whether a figure is a triangle, rectangle, parallelogram, or another shape with special properties.


This lesson will show you how to use the distance formula to analyze geometric shapes by comparing side lengths and diagonals.


1. The Distance Formula


If two points are \(x_1, y_1)\ and \(x_2, y_2)\, the distance between them is


d=(x2−x1)2+(y2−y1)2

This formula comes from the Pythagorean Theorem. The horizontal change is \(x_2-x_1)\, and the vertical change is \(y_2-y_1)\. These form the legs of a right triangle.


2. Why Distance Matters for Shapes


Lengths help us recognize important properties of shapes.



  	Triangle: We can compare side lengths to see whether it is scalene, isosceles, or equilateral.

  	Rectangle: Opposite sides are equal, and the diagonals are equal.

  	Parallelogram: Opposite sides are equal.




By calculating distances between pairs of points, we can test whether a set of points forms one of these shapes.


3. A Helpful Strategy


When using the distance formula on a shape, follow these steps:



  	Label the points clearly.

  	Find the lengths of all needed sides.

  	Find the diagonals if needed.

  	Compare the lengths.

  	Use the shape properties to decide what the figure is.




Tip: If a radical such as \\sqrt{20}\ can be simplified, do so. For example, \\sqrt{20} = 2\sqrt{5}\.


4. Using Distance Formula in Triangles


For a triangle, the three side lengths tell us a lot.



  	If all three side lengths are different, the triangle is scalene.

  	If two side lengths are equal, the triangle is isosceles.

  	If all three side lengths are equal, the triangle is equilateral.




In coordinate geometry, equilateral triangles are less common with simple integer coordinates, but isosceles and scalene triangles appear often.


Worked Example 1: Classify a Triangle by Its Side Lengths


Determine what kind of triangle is formed by points \(1, 1)\, \(5, 1)\, and \(3, 4)\.


Let the points be \A(1,1), B(5,1), C(3,4)\.


First, find \AB\:


AB=(5−1)2+(1−1)2=42+02=16=4

Now find \BC\:


BC=(3−5)2+(4−1)2=(−2)2+32=4+9=13

Now find \AC\:


AC=(3−1)2+(4−1)2=22+32=4+9=13

The side lengths are \4, \sqrt{13}, \sqrt{13}\.


Since two sides are equal, the triangle is isosceles.


5. Using Distance Formula in Rectangles


A rectangle has these important length properties:



  	Opposite sides are equal.

  	Diagonals are equal.




If you are given four points, you can calculate the four side lengths and the two diagonals. If opposite sides match and the diagonals match, that is strong evidence the figure is a rectangle.


Worked Example 2: Verify a Rectangle


Check whether the points \(1,1)\, \(6,1)\, \(6,4)\, and \(1,4)\ form a rectangle.


Label the points in order:


\A(1,1), B(6,1), C(6,4), D(1,4)\


Find the side lengths.


AB=(6−1)2+(1−1)2=25=5

BC=(6−6)2+(4−1)2=9=3

CD=(1−6)2+(4−4)2=25=5

DA=(1−1)2+(1−4)2=9=3

Opposite sides are equal: \AB = CD = 5\ and \BC = DA = 3\.


Now check the diagonals.


AC=(6−1)2+(4−1)2=25+9=34

BD=(1−6)2+(4−1)2=25+9=34

The diagonals are equal.


So the figure has the correct side and diagonal lengths for a rectangle.


6. Using Distance Formula in Parallelograms


A parallelogram has these important side-length properties:



  	Opposite sides are equal.

  	Its diagonals do not have to be equal.




This is an important difference between a rectangle and a general parallelogram. If opposite sides are equal but the diagonals are not equal, the figure may still be a parallelogram.


Worked Example 3: Verify a Parallelogram


Determine whether the points \(1,1)\, \(5,1)\, \(7,4)\, and \(3,4)\ form a parallelogram.


Label the points in order:


\A(1,1), B(5,1), C(7,4), D(3,4)\


Find the side lengths.


AB=(5−1)2+(1−1)2=16=4

BC=(7−5)2+(4−1)2=22+32=13

CD=(3−7)2+(4−4)2=16=4

DA=(1−3)2+(1−4)2=(−2)2+(−3)2=13

Opposite sides are equal:



  	\AB = CD = 4\

  	\BC = DA = \sqrt{13}\




Now check the diagonals.


AC=(7−1)2+(4−1)2=62+32=45=35

BD=(3−5)2+(4−1)2=(−2)2+32=13

The diagonals are not equal, but that is allowed in a parallelogram.


Since both pairs of opposite sides are equal, the figure is a parallelogram.


7. Be Careful About the Order of Points


When working with quadrilaterals, the points should be listed in order around the shape. If the points are not in order, you may accidentally measure across the figure instead of along its sides.


For example, if you connect points in the wrong order, a diagonal might be mistaken for a side. That can lead to the wrong conclusion.


8. Comparing Distances Efficiently


Sometimes you do not need to simplify every radical fully before comparing lengths.


For example, if one side is \\sqrt{18}\ and another side is also \\sqrt{18}\, they are equal. If one side is \\sqrt{18}\ and another is \\sqrt{20}\, they are different.


This can save time, especially when checking several sides of a figure.


Worked Example 4: Decide Whether a Quadrilateral Is a Rectangle or Just a Parallelogram


The points are \(2,1)\, \(6,2)\, \(8,6)\, and \(4,5)\. Determine whether the figure is a rectangle or a parallelogram.


Label them in order:


\A(2,1), B(6,2), C(8,6), D(4,5)\


Find the side lengths.


AB=(6−2)2+(2−1)2=16+1=17

BC=(8−6)2+(6−2)2=4+16=20=25

CD=(4−8)2+(5−6)2=16+1=17

DA=(2−4)2+(1−5)2=4+16=20=25

Opposite sides are equal, so the figure could be a parallelogram.


Now check the diagonals.


AC=(8−2)2+(6−1)2=36+25=61

BD=(4−6)2+(5−2)2=4+9=13

The diagonals are not equal, so the figure is not a rectangle.


Because opposite sides are equal, it is a parallelogram.


9. Common Mistakes to Avoid



  	Mixing up coordinates: Subtract x-values from x-values and y-values from y-values.

  	Forgetting to square: In the formula, both differences must be squared.

  	Using the wrong point order: Make sure you are measuring actual sides, not diagonals.

  	Assuming equal sides means rectangle: A rectangle also needs equal diagonals.

  	Ignoring simplification: \\sqrt{20}\ and \2\sqrt{5}\ are the same length.




10. Quick Checklist for Shape Verification


When you are given points on a coordinate plane, ask:



  	What are the lengths of the sides?

  	Are any sides equal?

  	Are opposite sides equal?

  	What are the lengths of the diagonals?

  	Do the lengths match the properties of the shape I am testing?




[image: 📋]   Summary


The distance formula,


d=(x2−x1)2+(y2−y1)2

lets you find the length between any two points on the coordinate plane.


By calculating and comparing side lengths and diagonals, you can verify properties of geometric shapes. In triangles, side lengths help classify the triangle. In rectangles and parallelograms, side lengths and diagonal lengths help you decide which shape is shown.


The key idea is simple: find distances, compare them, and match them to shape properties.


  
  Put what you read to the test

  You've worked through Applying Distance Formula to Geometric Shapes. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1018
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  Lesson: The Section Formula for Internal Division


In coordinate geometry, we often know the coordinates of two endpoints of a line segment and want to find the coordinates of a point somewhere between them.


If that point divides the line segment in a given ratio, we use the section formula. In this lesson, we will learn how to use the section formula for internal division, which means the point lies between the two endpoints.


This idea is useful because it connects geometry and algebra. We use coordinates, ratios, and arithmetic together to locate an exact point on the Cartesian plane.


1. Understanding internal division


Suppose we have two points:



A(x1,y1) and B(x2,y2)



Let a point P divide the line segment joining A and B in the ratio m:n.


This means:



AP:PB=m:n



Since this is internal division, point P lies on the segment joining A and B.


2. The section formula


If point P divides the line segment joining A(x1,y1) and B(x2,y2) internally in the ratio m:n, then the coordinates of P are:


P(mx2+nx1m+n,my2+ny1m+n)

This is the section formula for internal division.


Important idea: the coordinates of the required point are found by taking a weighted average of the coordinates of the endpoints.


3. A simple way to remember the formula


If P divides AB in the ratio m:n, then:



  	Use the coordinates of the other endpoint with each ratio part.

  	For the x-coordinate, combine the x-values in the same pattern.

  	For the y-coordinate, combine the y-values in the same pattern.




So if AP:PB=m:n, then:


x=mx2+nx1m+n,y=my2+ny1m+n

Notice that the denominator is always:


m+n

4. Why the answer makes sense


Since the point lies between the two endpoints, its coordinates should also lie between the corresponding coordinates of the endpoints.


For example, if one endpoint has x=2 and the other has x=8, then the point dividing the segment internally should have an x-coordinate between 2 and 8.


This is a good way to check whether your answer is reasonable.


5. Special case: midpoint


If a point divides a line segment in the ratio 1:1, it is the midpoint.


Using the section formula:


P(1⋅x2+1⋅x12,1⋅y2+1⋅y12)=(x1+x22,y1+y22)

So the midpoint formula is actually a special case of the section formula.


6. Steps for solving problems



  	Write the coordinates of the two given points clearly.

  	Write the ratio in which the point divides the segment.

  	Substitute into the section formula carefully.

  	Simplify the numerator and denominator.

  	Check that the answer lies between the endpoints if the division is internal.




7. Worked Examples


Example 1: Finding a point in a simple ratio


Find the coordinates of the point P that divides the line segment joining A(2,4) and B(8,10) internally in the ratio 1:2.


Here,



x1=2,y1=4

x2=8,y2=10

m=1,n=2



Using the section formula:


P(mx2+nx1m+n,my2+ny1m+n)

P(1⋅8+2⋅21+2,1⋅10+2⋅41+2)

P(8+43,10+83)=P(123,183)

P(4,6)

Answer: The point is (4,6).


Check: The coordinates 4 and 6 both lie between the endpoint coordinates, so the answer is reasonable.


Example 2: Negative coordinates


Find the coordinates of the point dividing the line segment joining (−3,5) and (9,−1) internally in the ratio 2:1.


Let the points be:



A(−3,5), B(9,−1)



So,



x1=−3,y1=5

x2=9,y2=−1

m=2,n=1



Apply the formula:


P(2⋅9+1⋅(−3)2+1,2⋅(−1)+1⋅52+1)

P(18−33,−2+53)=P(153,33)

P(5,1)

Answer: The point is (5,1).


Example 3: Using the midpoint idea


Find the point that divides the segment joining (6,−2) and (14,8) in the ratio 1:1.


Since the ratio is 1:1, this is the midpoint.


Using the section formula:


P(1⋅14+1⋅61+1,1⋅8+1⋅(−2)1+1)

P(202,62)

P(10,3)

Answer: The midpoint is (10,3).


Example 4: A ratio with larger numbers


Find the coordinates of the point that divides the line segment joining (1,7) and (11,2) internally in the ratio 3:2.


Here,



x1=1,y1=7

x2=11,y2=2

m=3,n=2



Substitute into the formula:


P(3⋅11+2⋅13+2,3⋅2+2⋅73+2)

P(33+25,6+145)=P(355,205)

P(7,4)

Answer: The point is (7,4).


8. Common mistakes to avoid



  	Mixing up the ratio and coordinates: Be careful while substituting. Write all values clearly first.

  	Using the wrong denominator: The denominator is always m+n for internal division.

  	Sign errors: Negative coordinates must be handled carefully.

  	Wrong expectation: For internal division, the answer must lie between the endpoints.




9. Quick check for understanding


If a point divides the segment joining (0,0) and (6,9) in the ratio 1:2, what should happen?


The point should lie between the two endpoints, and it should be closer to (0,0) because the segment is divided in the ratio 1:2.


Using the formula:


P(1⋅6+2⋅03,1⋅9+2⋅03)=(2,3)

This answer lies between the endpoints, so it fits the idea of internal division.


10. Summary


The section formula helps us find the coordinates of a point that divides a line segment in a given ratio.


For internal division, if P divides the segment joining A(x1,y1) and B(x2,y2) in the ratio m:n, then:


P(mx2+nx1m+n,my2+ny1m+n)

Always substitute carefully, simplify correctly, and check that the point lies between the two given points.


Once you understand the pattern, the section formula becomes a quick and reliable tool in coordinate geometry.


  
  Put what you read to the test

  You've worked through The Section Formula for Internal Division. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1019
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  Lesson: The Midpoint Formula and Triangle Centroids


In coordinate geometry, we often use algebra to describe geometric ideas. Two important ideas are the midpoint of a line segment and the centroid of a triangle.


The midpoint formula helps us find the point exactly halfway between two endpoints on the coordinate plane. The centroid of a triangle is the point where its three medians meet, and it can also be found using coordinates.


In this lesson, you will learn:


  	how to find the midpoint of a segment,

  	what a median of a triangle is,

  	what a centroid is,

  	and how to calculate the centroid using coordinates.




1. The Midpoint Formula


Suppose a line segment has endpoints \A(x_1, y_1)\ and \B(x_2, y_2)\. The midpoint is the point exactly halfway between them.


To find the midpoint, average the x-coordinates and average the y-coordinates.


Midpoint=(x1+x22,y1+y22)

This makes sense because halfway between two numbers is their average.


For example, halfway between \2\ and \8\ is


2+82=5

The same idea works for both coordinates.


2. Why the Midpoint Formula Works


If one endpoint has x-coordinate \x_1\ and the other has x-coordinate \x_2\, then the midpoint must be halfway between those x-values. So the midpoint x-coordinate is \\frac{x_1+x_2}{2}\.


The same is true for the y-coordinate. That gives us the full midpoint formula.


3. Worked Example 1: Finding a Midpoint


Find the midpoint of the segment with endpoints \A(2, 6)\ and \B(8, 10)\.


Step 1: Use the midpoint formula.


(x1+x22,y1+y22)

Step 2: Substitute the coordinates.


(2+82,6+102)

Step 3: Simplify.


(102,162)=(5,8)

Answer: The midpoint is \(5, 8) \.


4. Worked Example 2: Midpoint with Negative Numbers


Find the midpoint of \C(-4, 7)\ and \D(6, -3)\.


Step 1: Average the x-coordinates and y-coordinates.


(−4+62,7+(−3)2)

Step 2: Simplify carefully.


(22,42)=(1,2)

Answer: The midpoint is \(1, 2) \.


Important tip: Be careful with negative signs when adding coordinates.


5. Medians of a Triangle


A median of a triangle is a line segment drawn from a vertex to the midpoint of the opposite side.


Every triangle has three medians because it has three vertices.



  	From vertex \A\ to the midpoint of side \BC\

  	From vertex \B\ to the midpoint of side \AC\

  	From vertex \C\ to the midpoint of side \AB\




To find a median on the coordinate plane, you first need to find the midpoint of a side.


6. The Centroid of a Triangle


The centroid is the point where all three medians of a triangle intersect.


The centroid is sometimes called the triangle's balance point because if the triangle were made of a thin sheet of material, it would balance at that point.


If the triangle has vertices \A(x_1,y_1)\, \B(x_2,y_2)\, and \C(x_3,y_3)\, then the centroid is found by averaging all three x-coordinates and all three y-coordinates.


Centroid=(x1+x2+x33,y1+y2+y33)

This formula is very useful because it lets you find the centroid directly, without drawing every median.


7. Why the Centroid Formula Makes Sense


The centroid is connected to the medians, and each median uses a midpoint. Since midpoints come from averages, it is not surprising that the centroid also comes from averaging coordinates.


You do not need to memorize a long process. Just remember:



  	For a midpoint, average two x-values and two y-values.

  	For a centroid, average three x-values and three y-values.




8. Worked Example 3: Finding the Centroid of a Triangle


Find the centroid of the triangle with vertices \A(0,0)\, \B(6,0)\, and \C(3,9)\.


Step 1: Use the centroid formula.


(x1+x2+x33,y1+y2+y33)

Step 2: Substitute the coordinates.


(0+6+33,0+0+93)

Step 3: Simplify.


(93,93)=(3,3)

Answer: The centroid is \(3, 3) \.


9. Using Midpoints to Identify a Median


Sometimes you may be asked to find the midpoint of a side first, then use it to describe a median.


For triangle \A(1,2)\, \B(7,4)\, and \C(5,10)\, let us find the midpoint of side \BC\.


Midpoint of BC=(7+52,4+102)=(122,142)=(6,7)

That means the median from vertex \A\ goes from \A(1,2)\ to \(6,7) \.


This shows how the midpoint formula and medians are connected.


10. Worked Example 4: Midpoint and Centroid Together


Triangle \P(-3,1)\, \Q(5,7)\, and \R(7,-2)\.


Part A: Find the midpoint of side \QR\.


(5+72,7+(−2)2)=(122,52)=(6,52)

So the midpoint of \QR\ is \\left(6, \frac{5}{2}\right)\.


Part B: Find the centroid of triangle \PQR\.


(−3+5+73,1+7+(−2)3)

Simplify each coordinate:


(93,63)=(3,2)

Answer: The centroid is \(3, 2) \.


11. Common Mistakes to Avoid



  	Adding incorrectly with negative numbers. For example, \7+(-2)=5\, not \9\.

  	Forgetting to divide by 2 for a midpoint. A midpoint is the average of two coordinates.

  	Forgetting to divide by 3 for a centroid. A centroid uses three vertices.

  	Mixing x-values and y-values. Average x-coordinates together and y-coordinates together.

  	Using the midpoint formula for a centroid. Midpoint and centroid are different ideas.




12. Quick Check


Try these on your own:



  	Find the midpoint of \(2, -1)\ and \(8, 5)\.

  	Find the centroid of the triangle with vertices \(0, 3)\, \(6, 3)\, and \(3, 12)\.

  	In triangle \A(2,1)\, \B(6,5)\, \C(8,1)\, find the midpoint of \BC\.




Answers:



  	
    (2+82,−1+52)=(5,2)
  

  	
    (0+6+33,3+3+123)=(3,6)
  

  	
    (6+82,5+12)=(7,3)
  




13. Summary


The midpoint formula finds the point halfway between two endpoints:


(x1+x22,y1+y22)

A median of a triangle goes from a vertex to the midpoint of the opposite side.


The centroid is the point where the three medians intersect, and its coordinates are:


(x1+x2+x33,y1+y2+y33)

If you remember that both formulas are based on averaging coordinates, you will be able to solve midpoint and centroid problems with confidence.


  
  Put what you read to the test

  You've worked through The Midpoint Formula and Triangle Centroids. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1020
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  Lesson: The Section Formula for External Division


In coordinate geometry, we often need to find a point that divides a line joining two given points in a certain ratio.


Sometimes the point lies between the two points. That is called internal division.


But sometimes the point lies outside the line segment, on the same straight line after one of the endpoints. That is called external division. In this lesson, we will learn how to find the coordinates of such a point using the section formula for external division.


1. What does external division mean?


Suppose we have two points:



A(x1,y1) and B(x2,y2)



A point P divides AB externally in the ratio m:n if:



  	P lies on the straight line through A and B,

  	P is not between A and B,

  	the distances satisfy AP:PB=m:n.




This means the line segment has been extended beyond one endpoint, and the point divides the line in the given ratio outside the segment.


2. Formula for external division


If a point P divides the line joining A(x1,y1) and B(x2,y2) externally in the ratio m:n, then the coordinates of P are:


P(mx2−nx1m−n,  my2−ny1m−n)

This is called the section formula for external division.


Important: This formula is used only when the point divides the line externally.


3. How is it different from internal division?


Students often mix up the formulas for internal and external division. So it is very important to notice the sign in the formula.



  	Internal division:
  (mx2+nx1m+n,  my2+ny1m+n)
  

  	External division:
  (mx2−nx1m−n,  my2−ny1m−n)
  




For external division, notice that:


  	there is a minus sign in the numerator,

  	there is a minus sign in the denominator.




4. Steps to use the external section formula



  	Write the coordinates of the two points clearly.

  	Identify the ratio m:n.

  	Substitute into the formula:
  (mx2−nx1m−n,  my2−ny1m−n)
  

  	Simplify carefully.

  	Check whether the answer makes sense by seeing if the point lies outside the segment.




5. Geometric idea


If a point divides a line externally, its coordinate may become larger than both endpoint coordinates, or smaller than both, depending on where the point lies.


For example, if two points have x-coordinates 2 and 8, then a point between them should usually have x-coordinate between 2 and 8. But in external division, the x-coordinate may be less than 2 or greater than 8.


This helps us check whether our answer is reasonable.


6. Worked Examples


Example 1: Simple external division on a horizontal line


Find the point that divides the line joining (2,3) and (8,3) externally in the ratio 1:2.


Given:


  	x1=2,y1=3

  	x2=8,y2=3

  	m=1,n=2




Using the formula:


P(mx2−nx1m−n,  my2−ny1m−n)

Substitute the values:


P(1⋅8−2⋅21−2,  1⋅3−2⋅31−2)

P(8−4−1,  3−6−1)

P(−4,3)

Answer: The required point is (−4,3).


Check: The original points have x-coordinates 2 and 8, but the answer has x-coordinate −4, which lies outside the segment. So external division makes sense here.


Example 2: External division with different coordinates


Find the point dividing the line joining (1,2) and (7,8) externally in the ratio 2:1.


Given:


  	x1=1,y1=2

  	x2=7,y2=8

  	m=2,n=1




Apply the formula:


P(2⋅7−1⋅12−1,  2⋅8−1⋅22−1)

P(14−11,  16−21)

P(13,14)

Answer: The point is (13,14).


Check: Both coordinates are greater than those of (7,8), so the point lies beyond one endpoint. This fits external division.


Example 3: Ratio with larger numbers


Find the point dividing the line joining (−2,5) and (4,−1) externally in the ratio 3:2.


Given:


  	x1=−2,y1=5

  	x2=4,y2=−1

  	m=3,n=2




Using the formula:


P(3⋅4−2⋅(−2)3−2,  3⋅(−1)−2⋅53−2)

P(12+41,  −3−101)

P(16,−13)

Answer: The point is (16,−13).


This answer is far from the original segment, which can happen in external division depending on the ratio.


Example 4: Finding a missing ratio-based point carefully


Find the point which divides the line joining (3,−2) and (9,4) externally in the ratio 4:3.


Given:


  	x1=3,y1=−2

  	x2=9,y2=4

  	m=4,n=3




Substitute into the formula:


P(4⋅9−3⋅34−3,  4⋅4−3⋅(−2)4−3)

P(36−91,  16+61)

P(27,22)

Answer: The point is (27,22).


7. Important observations and tips



  	Do not use the internal formula by mistake. External division always uses subtraction.

  	Be careful with signs. If a coordinate is negative, use brackets while substituting.

  	The denominator is m−n, not n−m. Follow the formula exactly.

  	The point should lie outside the segment. Use this to check your answer.




8. Special note


If m=n, then the denominator (m−n) becomes 0, and the formula is not defined.


So the section formula for external division cannot be used when the ratio is 1:1.


9. Common mistakes



  	Writing m+n instead of m−n.

  	Using plus signs in the numerators instead of minus signs.

  	Interchanging (x1,y1) and (x2,y2) without staying consistent.

  	Forgetting that negative numbers must be handled carefully.

  	Accepting an answer that lies between the two points, even though the question says external division.




10. Quick practice questions


Try these on your own:



  	Find the point dividing (2,1) and (6,5) externally in the ratio 2:1.

  	Find the point dividing (−1,4) and (5,10) externally in the ratio 3:2.

  	Find the point dividing (0,0) and (4,8) externally in the ratio 2:1.




11. Brief Summary


The section formula for external division helps us find the coordinates of a point lying outside the segment joining two given points.


If A(x1,y1) and B(x2,y2) are divided externally in the ratio m:n, then the point is:


(mx2−nx1m−n,  my2−ny1m−n)

Remember: external division means subtraction. Always check that your final point lies outside the segment.


  
  Put what you read to the test

  You've worked through The Section Formula for External Division. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1021
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  Calculating Area of a Triangle via Coordinates


In coordinate geometry, a triangle can be drawn just by knowing the coordinates of its three vertices. Instead of measuring a base and a height from a picture, we can calculate the area directly from the coordinates.


This is very useful because some triangles are tilted, and their height is not easy to see. The coordinate formula gives a quick algebraic method that works for any triangle on the Cartesian plane.


Goal: Learn how to find the area of a triangle with vertices \(x_1,y_1), (x_2,y_2), (x_3,y_3) \.


The Formula


If the three vertices of a triangle are \(x_1,y_1), (x_2,y_2), (x_3,y_3) \, then its area is:


Area=12∣x1(y2−y3)+x2(y3−y1)+x3(y1−y2)∣

The vertical bars \|\ | \ mean absolute value. This makes sure the area is positive.


You may also see the same formula written as:


Area=12∣x1y2+x2y3+x3y1−x1y3−x2y1−x3y2∣

These two forms are equivalent. Use whichever one feels easier.


Why do we need absolute value?


The order in which you list the points can make the expression inside the formula positive or negative. But area can never be negative, so we take the absolute value at the end.


How to Use the Formula



  	Write the three points clearly.


  	Label them as \(x_1,y_1), (x_2,y_2), (x_3,y_3) \.


  	Substitute the values into the formula carefully.


  	Simplify step by step.


  	Take the absolute value.


  	Multiply by \\frac{1}{2} \.





A Useful Pattern


Many students find it easier to organize the work in a diagonal pattern:


Area=12∣x1y2+x2y3+x3y1−x2y1−x3y2−x1y3∣

This helps reduce mistakes with signs.


Worked Example 1: A Simple Triangle


Find the area of the triangle with vertices \(0,0), (4,0), (0,3) \.


Let


  	\(x_1,y_1) = (0,0) \


  	\(x_2,y_2) = (4,0) \


  	\(x_3,y_3) = (0,3) \





Use the formula:


Area=12∣x1(y2−y3)+x2(y3−y1)+x3(y1−y2)∣

=12∣0(0−3)+4(3−0)+0(0−0)∣

=12∣0+12+0∣=12(12)=6

Area = 6 square units


This matches what we would get from the usual formula \\frac{1}{2}\times 4 \times 3 = 6 \.


Worked Example 2: A Tilted Triangle


Find the area of the triangle with vertices \(1,2), (5,4), (3,7) \.


Let


  	\(x_1,y_1) = (1,2) \


  	\(x_2,y_2) = (5,4) \


  	\(x_3,y_3) = (3,7) \





Substitute into the formula:


Area=12∣1(4−7)+5(7−2)+3(2−4)∣

=12∣1(−3)+5(5)+3(−2)∣

=12∣−3+25−6∣

=12∣16∣=8

Area = 8 square units


Notice that even though the triangle is slanted, the formula still works neatly.


Worked Example 3: When Negative Coordinates Appear


Find the area of the triangle with vertices \(-2,1), (4,-1), (1,5) \.


Using the formula:


Area=12∣x1(y2−y3)+x2(y3−y1)+x3(y1−y2)∣

=12∣(−2)(−1−5)+4(5−1)+1(1−(−1))∣

=12∣(−2)(−6)+4(4)+1(2)∣

=12∣12+16+2∣

=12(30)=15

Area = 15 square units


This example shows that negative coordinates do not change the method. You just substitute carefully and watch the signs.


Worked Example 4: Checking for Collinear Points


Find the area of the triangle with vertices \(1,1), (2,3), (3,5) \.


Substitute into the formula:


Area=12∣1(3−5)+2(5−1)+3(1−3)∣

=12∣1(−2)+2(4)+3(−2)∣

=12∣−2+8−6∣

=12∣0∣=0

Area = 0 square units


If the area is 0, the three points lie on the same straight line. That means they do not form a triangle. Such points are called collinear.


Important Ideas to Remember



  	The coordinate area formula works for any triangle on the plane.


  	You do not need to find a base or a height.


  	The order of the points can change the sign, but the absolute value makes the final area positive.


  	If the result is 0, the points are collinear.





Common Mistakes



  	Forgetting the absolute value: This can leave you with a negative answer, which is not possible for area.


  	Mixing up coordinates: Be careful to keep each \x\-value with its correct \y\-value.


  	Sign errors: Negative numbers often cause mistakes, so use brackets when substituting.


  	Forgetting the \\frac{1}{2}\: The formula always includes multiplication by one-half.





Quick Check Method


After finding your answer, ask yourself:


  	Is the area positive?


  	Did I take the absolute value?


  	Did I multiply by \\frac{1}{2} \?


  	Does the answer seem reasonable for the size of the triangle?





Practice Problems



  	Find the area of the triangle with vertices \(2,1), (6,1), (4,5) \.


  	Find the area of the triangle with vertices \(-1,2), (3,4), (5,-2) \.


  	Find the area of the triangle with vertices \(0,-3), (-4,1), (2,5) \.


  	Determine whether the points \(2,2), (4,6), (6,10) \ form a triangle.





Answers



  	\8\ square units


  	\14\ square units


  	\20\ square units


  	Area \=0\, so they do not form a triangle.





Brief Summary


To find the area of a triangle from coordinates, use the formula


Area=12∣x1(y2−y3)+x2(y3−y1)+x3(y1−y2)∣

This method works for any triangle, even if it is slanted. Substitute carefully, simplify step by step, take the absolute value, and then multiply by \\frac{1}{2} \. If the area is 0, the points are collinear and do not make a triangle.


  
  Put what you read to the test

  You've worked through Calculating Area of a Triangle via Coordinates. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1022
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  Collinearity of Points is an important idea in coordinate geometry. When three or more points lie on the same straight line, we say they are collinear.


In this lesson, you will learn how to test whether three points are collinear using a very useful fact: if three points form a triangle with area zero, then they must lie on one straight line.


This method connects geometry and algebra. We use the coordinates of points, substitute them into a formula, and decide whether the area is zero or not.


Why does area help?


If three points are not on the same line, they form a real triangle, and that triangle has some positive area.


If the three points are on the same line, then no actual triangle is formed. The “triangle” is flat, so its area is 0.


So the key idea is:


Three points are collinear if and only if the area of the triangle formed by them is zero.


Area formula for three points


Suppose the three points are:



A(x1,y1), B(x2,y2), and C(x3,y3)



Then the area of triangle ABC is


Area=12∣x1(y2−y3)+x2(y3−y1)+x3(y1−y2)∣

To check collinearity, substitute the coordinates into this formula.



  	If the area is 0, the points are collinear.

  	If the area is not 0, the points are not collinear.




A simpler test for collinearity


Since we only care whether the area is zero, we often check this expression:


x1(y2−y3)+x2(y3−y1)+x3(y1−y2)

If this expression equals 0, then the area is zero, so the points are collinear.


Important note about absolute value


The area formula uses absolute value because area cannot be negative. But for testing collinearity, you just need to see whether the inside expression is zero.


Step-by-step method



  	Write the coordinates carefully.

  	Use the formula
  Area=12∣x1(y2−y3)+x2(y3−y1)+x3(y1−y2)∣
  

  	Substitute the values correctly.

  	Simplify the expression.

  	Decide:
    
      	Area =0 [image: →] collinear

      	Area ≠0 [image: →] not collinear

    

  




Worked Example 1: Basic check


Check whether the points (1,2), (2,4), and (3,6) are collinear.


Let



A(1,2), B(2,4), C(3,6)



Use the area expression:


x1(y2−y3)+x2(y3−y1)+x3(y1−y2)

Substitute the values:


1(4−6)+2(6−2)+3(2−4)

=1(−2)+2(4)+3(−2)

=−2+8−6=0

So the area is


12∣0∣=0

Conclusion: The three points are collinear.


Worked Example 2: Points that are not collinear


Check whether the points (1,1), (2,3), and (4,2) are collinear.


Let



A(1,1), B(2,3), C(4,2)



Substitute into the expression:


1(3−2)+2(2−1)+4(1−3)

=1(1)+2(1)+4(−2)

=1+2−8=−5

Now find the area:


Area=12∣−5∣=52

Since the area is not zero, the points do form a triangle.


Conclusion: The points are not collinear.


Worked Example 3: Missing value


Find the value of k if the points (1,2), (3,4), and (5,k) are collinear.


If the points are collinear, the area must be zero.


Let



A(1,2), B(3,4), C(5,k)



Use the area expression and set it equal to zero:


1(4−k)+3(k−2)+5(2−4)=0

Simplify:


4−k+3k−6+5(−2)=0

4−k+3k−6−10=0

2k−12=0

2k=12

k=6

Conclusion: The value of k is 6.


This means the point must be (5,6) for all three points to lie on one straight line.


Worked Example 4: Negative coordinates


Check whether the points (−2,1), (0,3), and (4,7) are collinear.


Let



A(−2,1), B(0,3), C(4,7)



Substitute into the expression:


−2(3−7)+0(7−1)+4(1−3)

=−2(−4)+0(6)+4(−2)

=8+0−8=0

So the area is


12∣0∣=0

Conclusion: The points are collinear.


Common mistakes to avoid



  	Mixing up coordinates: Be careful to match each x-value with its correct y-value.

  	Sign errors: Negative numbers can easily cause mistakes, especially when subtracting.

  	Forgetting the brackets: In expressions like y2−y3, subtract first before multiplying.

  	Stopping too early: Always simplify fully before deciding whether the expression is zero.




Quick check idea


Whenever you are asked whether three points are collinear, ask yourself:



  	Do I need the area formula?

  	Can I substitute carefully and test whether the result is zero?




This makes the question much easier to handle.


Why this method is useful


The area method is especially helpful because it works directly from the coordinates. You do not need to draw the graph exactly to decide the answer.


It is also very useful when one coordinate is unknown, because you can form an equation and solve for the missing value.


[image: 📋]   Summary


Three points are collinear if they lie on the same straight line.


To test this, find the area of the triangle formed by the three points:


Area=12∣x1(y2−y3)+x2(y3−y1)+x3(y1−y2)∣

If the area is zero, the points are collinear. If the area is not zero, the points are not collinear.


With careful substitution and simplification, this method becomes a fast and reliable way to solve collinearity problems in coordinate geometry.


  
  Put what you read to the test

  You've worked through Collinearity of Points. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1023
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  Equations of a Straight Line


In coordinate geometry, a straight line can be shown on a graph, but it can also be written using an algebraic equation. This equation connects geometry (points on a plane) with algebra (variables and formulas).


In this lesson, you will learn how to write the equation of a straight line when you know points on the line, and how different forms of the equation are related.


1. What is a straight line equation?


A straight line on the coordinate plane is made up of all points \,(x,y)\, that satisfy one linear equation. A linear equation is an equation in which the variables have power 1 only.


Some examples of straight line equations are:


  	y=2x+3

  	y=−x+5

  	2x+3y−6=0




These all represent straight lines because they are linear in x and y.


2. Slope of a straight line


Before finding the equation of a line, we need to understand its slope. The slope tells us how steep the line is.


If a line passes through two points (x1,y1) and (x2,y2), then its slope is:


m=y2−y1x2−x1

This is sometimes called the gradient.


What the slope means:


  	If m>0, the line rises from left to right.

  	If m<0, the line falls from left to right.

  	If m=0, the line is horizontal.




A vertical line has no defined slope because the denominator becomes 0.


3. Slope-intercept form


One common way to write the equation of a line is:


y=mx+c

Here:


  	m is the slope of the line

  	c is the y-intercept, the value of y when x=0




This form is very useful when the slope and y-intercept are known.


For example, in the equation y=3x+2:


  	slope = 3

  	y-intercept = 2




4. Point-slope form


If you know the slope m of a line and one point (x1,y1) on it, you can use the point-slope form:


y−y1=m(x−x1)

This form is very useful when a line is described using a point and its slope.


5. Finding the equation from two points


If you know two points on a line, follow these steps:


  	Find the slope using m=y2−y1x2−x1.

  	Use point-slope form with one of the points.

  	Simplify if needed.




This is an important method because two distinct points determine exactly one straight line.


6. General form of a straight line


A straight line can also be written in general form:


Ax+By+C=0

Here, A, B, and C are constants, and A and B are not both zero.


For example:


  	2x+3y−6=0

  	x−y+4=0




This form is useful because every straight line equation can be rearranged into this form.


7. Special types of straight lines


Horizontal lines:

A horizontal line has the same y-value at every point, so its equation is:


y=k

Example: y=4


Vertical lines:

A vertical line has the same x-value at every point, so its equation is:


x=k

Example: x=−2


Notice that a vertical line cannot be written in the form y=mx+c, because its slope is undefined.


Worked Example 1: Find the slope of a line through two points


Find the slope of the line through (2,3) and (6,11).


Step 1: Use the slope formula.


m=11−36−2=84=2

Answer: The slope is 2.


Worked Example 2: Find the equation when slope and one point are given


Find the equation of the line with slope 3 passing through the point (1,5).


Step 1: Use point-slope form.


y−y1=m(x−x1)

Substitute m=3, (x1,y1)=(1,5):


y−5=3(x−1)

Step 2: Simplify.


y−5=3x−3
y=3x+2

Answer: The equation is y=3x+2.


Worked Example 3: Find the equation of the line through two points


Find the equation of the line through (2,1) and (5,7).


Step 1: Find the slope.


m=7−15−2=63=2

Step 2: Use point-slope form with (2,1).


y−1=2(x−2)

Step 3: Simplify.


y−1=2x−4
y=2x−3

Answer: The equation of the line is y=2x−3.


Worked Example 4: Write the equation in general form


The line is given by y=−12x+4. Write it in general form.


Step 1: Start with the equation.


y=−12x+4

Step 2: Clear the fraction by multiplying by 2.


2y=−x+8

Step 3: Rearrange into the form Ax+By+C=0.


x+2y−8=0

Answer: The general form is x+2y−8=0.


8. How to check if a point lies on a line


To check whether a point lies on a line, substitute its coordinates into the equation of the line.


For example, does (3,3) lie on the line y=x?


Substitute x=3 and y=3:


3=3

This is true, so the point lies on the line.


Now test (2,5):


5=2

This is false, so the point does not lie on the line.


9. Common mistakes to avoid


  	Mixing up the order in the slope formula. If you use y2−y1, then you must also use x2−x1.

  	Forgetting brackets in point-slope form, especially when subtracting a negative number.

  	Confusing slope and y-intercept in y=mx+c.

  	Trying to write a vertical line in the form y=mx+c. Vertical lines must be written as x=k.




10. Quick method summary


  	If you know slope and y-intercept, use y=mx+c.

  	If you know slope and one point, use y−y1=m(x−x1)

  	If you know two points, first find the slope, then use point-slope form.

  	If needed, rearrange into general form: Ax+By+C=0




Brief Summary


An equation of a straight line describes all the points that lie on that line. The most useful forms are y=mx+c, point-slope form, and general form Ax+By+C=0.


When given two points, first calculate the slope, then substitute into the point-slope equation. With practice, you will be able to move easily between points, graphs, slopes, and equations of straight lines.


  
  Put what you read to the test

  You've worked through Equations of a Straight Line. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1024






  
    
  [image: 📖]   Chapter 7

  Similarity of Triangles
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  Congruence versus Similarity is about comparing shapes in geometry.


Two figures are congruent if they have the same shape and the same size. If you could slide, turn, or flip one figure and make it fit exactly on top of the other, the figures are congruent.


Two figures are similar if they have the same shape, but they may be different sizes. Similar figures look alike, and one is a scaled copy of the other.


Understanding the difference between congruence and similarity is very important in triangle geometry. It helps us decide whether corresponding sides must be equal or only proportional, and whether figures match exactly or just have the same shape.


1. What does congruent mean?


Congruent figures have all matching parts equal.



  	Corresponding sides are equal in length.

  	Corresponding angles are equal in measure.

  	The figures are exactly the same size and shape.




If triangle ABC is congruent to triangle DEF, we write:


△ABC≅△DEF


This means the order matters:



  	A↔D

  	B↔E

  	C↔F




So the corresponding parts satisfy:


AB=DE,BC=EF,AC=DF


and


∠A=∠D,∠B=∠E,∠C=∠F


2. What does similar mean?


Similar figures have the same shape, but not necessarily the same size.



  	Corresponding angles are equal.

  	Corresponding side lengths are proportional.




If triangle ABC is similar to triangle DEF, we write:


△ABC∼△DEF


Then:


∠A=∠D,∠B=∠E,∠C=∠F


and the side lengths have the same ratio:


ABDE=BCEF=ACDF


This common ratio is called the scale factor.


3. The key difference


The most important difference is this:



  	Congruent figures: same shape and same size

  	Similar figures: same shape, but size can be different




Another way to say this is:



  	Congruent figures have corresponding sides with ratio 1:1.

  	Similar figures have corresponding sides with a constant ratio, which may or may not be 1:1.




So every pair of congruent figures is also similar, because equal side lengths are proportional with scale factor 1.


But not every pair of similar figures is congruent, because similar figures can have different sizes.


4. How to check for congruence or similarity


When comparing two triangles, ask these questions:



  	Are all matching angles equal?

  	Are the matching sides exactly equal, or only proportional?




If the angles match and the sides are equal, the triangles are congruent.


If the angles match and the sides are proportional, the triangles are similar.


5. Corresponding parts must match correctly


It is very important to compare the correct sides and angles. The order of the letters tells you which parts correspond.


For example, if △PQR∼△XYZ, then:



  	P↔X

  	Q↔Y

  	R↔Z




So:


PQXY=QRYZ=PRXZ


If you mix up the matching sides, your ratio will be wrong.


Worked Example 1: Deciding whether figures are congruent or similar


Triangle A has side lengths 3, 4, and 5.

Triangle B has side lengths 3, 4, and 5.


Since all three corresponding sides are equal, the triangles are the same size and shape.


Conclusion: The triangles are congruent.


They are also similar, because congruent figures are always similar.


Now compare Triangle C with side lengths 6, 8, and 10 to Triangle A.


Check the ratios:


63=2,84=2,105=2


All corresponding sides have the same ratio. So the triangles have the same shape, but Triangle C is larger.


Conclusion: The triangles are similar, not congruent.


Worked Example 2: Using angle and side information


Suppose two triangles have angle measures:


Triangle 1: 50[image: °],60[image: °],70[image: °]

Triangle 2: 50[image: °],60[image: °],70[image: °]


The corresponding angles are equal, so the triangles have the same shape.


Now suppose Triangle 1 has sides 5,6,7, and Triangle 2 has sides 10,12,14.


Check the ratios:


105=2,126=2,147=2


The side lengths are proportional, so the triangles are similar.


They are not congruent because the side lengths are not equal.


Worked Example 3: Finding a missing side in similar triangles


Suppose △ABC∼△DEF.


Let:



  	AB=4

  	BC=6

  	DE=10

  	EF=x




Because △ABC∼△DEF, corresponding sides are proportional. From the order, AB↔DE and BC↔EF.


So:


ABDE=BCEF


Substitute the values:


410=6x


Cross multiply:


4x=60


x=15


Answer: EF=15.


This example shows how similarity lets us find missing lengths using equal ratios.


Worked Example 4: Similar or neither?


Triangle MNO has sides 4,5,6.

Triangle RST has sides 8,10,13.


Check whether the side lengths are proportional:


84=2,105=2,136≠2


Because the ratios are not all equal, the triangles are not similar.


They are also not congruent, because their side lengths are not equal.


Conclusion: These triangles are neither congruent nor similar.


6. Important facts to remember about triangles



  	If two triangles are congruent, all corresponding sides and angles are equal.

  	If two triangles are similar, all corresponding angles are equal and corresponding sides are proportional.

  	Congruent triangles are a special case of similar triangles with scale factor 1.

  	Similar triangles can be enlarged or reduced versions of each other.




7. Why this matters in geometry


Similarity is used to find missing side lengths, compare shapes, and build geometric proofs.


In triangle geometry, similar triangles help us discover relationships between lengths and angles. Later, this idea is used in important results such as proofs of the Pythagorean theorem.


Congruence is used when we need exact equality. If a problem says two triangles are congruent, then matching sides are equal, not just proportional.


8. Common mistakes



  	Thinking similar means exactly equal in size. It does not. Similar means same shape.

  	Forgetting that congruent figures are also similar.

  	Using the wrong corresponding sides in a ratio.

  	Checking only one pair of sides instead of all corresponding sides.

  	Assuming equal angles alone mean congruent. Equal angles show same shape, not same size.




Brief Summary


Congruent figures have the same shape and the same size, so all corresponding sides and angles are equal.


Similar figures have the same shape, so corresponding angles are equal and corresponding sides are proportional, but the sizes can be different.


When comparing triangles, always match corresponding parts carefully. If side lengths are equal, the triangles may be congruent. If side lengths have a constant ratio, the triangles may be similar.


  
  Put what you read to the test

  You've worked through Congruence versus Similarity. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1025
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  Lesson: The Basic Proportionality Theorem (Thales Theorem)


In geometry, triangles often contain smaller shapes inside them. When a line is drawn parallel to one side of a triangle, it creates smaller triangles that are closely related to the original triangle. The Basic Proportionality Theorem, also called Thales Theorem, tells us exactly how the sides are divided in this situation.


This theorem is an important part of the topic Similarity of Triangles. It helps us compare lengths, find unknown sides, and understand why certain ratios in a triangle stay equal.


Statement of the Basic Proportionality Theorem


Consider a triangle △ABC. Let a line through points D and E cut sides AB and AC respectively, such that DE∥BC.


Then the theorem states that the line divides the two sides in the same ratio:


ADDB=AEEC

So, if a line is parallel to one side of a triangle, it divides the other two sides proportionally.


Visual idea


Imagine triangle ABC. A smaller triangle ADE is formed inside it, with DE parallel to the base BC. Since the line is parallel, the small triangle and the large triangle have the same shape. That is why their corresponding sides are in proportion.


Why this theorem is true


Since DE∥BC, corresponding angles are equal:



  	∠ADE=∠ABC

  	∠AED=∠ACB

  	∠A is common to both triangles




So, triangles △ADE and △ABC are similar.


From similarity, corresponding sides are proportional:


ADAB=AEAC

Now write the whole sides as:


AB=AD+DB,AC=AE+EC

Substituting these gives:


ADAD+DB=AEAE+EC

On simplifying, we get:


ADDB=AEEC

This proves the Basic Proportionality Theorem.


Important points to remember



  	The line must be parallel to one side of the triangle.

  	The theorem applies to the other two sides of the triangle.

  	The ratios must compare matching divided parts, such as AD:DB and AE:EC.

  	Do not compare incorrect sides, such as AD:AE, unless the question specifically asks for it using similarity.




Different forms of the theorem


If DE∥BC in △ABC, then all of the following are useful:


ADDB=AEEC

ADAB=AEAC

DEBC=ADAB=AEAC

These come from the similarity of triangles △ADE and △ABC.


Worked Example 1: Finding one unknown segment


In △ABC, D lies on AB and E lies on AC. Suppose DE∥BC, AD=4 cm, DB=6 cm, and AE=5 cm. Find EC.


Using the Basic Proportionality Theorem:


ADDB=AEEC

Substitute the given values:


46=5EC

Simplify:


23=5EC

Cross-multiply:


2⋅EC=3⋅5

2EC=15

EC=7.5 cm

Answer: EC=7.5 cm.


Worked Example 2: Finding a part when whole side is known


In △ABC, DE∥BC. Point D divides AB into AD=3 cm and DB=9 cm. If AC=16 cm, find AE and EC.


First use similarity in the form:


ADAB=AEAC

Find AB:


AB=AD+DB=3+9=12 cm

Now substitute:


312=AE16

14=AE16

So,


AE=16×14=4 cm

Now find EC:


EC=AC−AE=16−4=12 cm

Answer: AE=4 cm and EC=12 cm.


Worked Example 3: Finding a missing segment algebraically


In △ABC, DE∥BC. Let AD=x, DB=4, AE=6, and EC=8. Find x.


Use the theorem:


ADDB=AEEC

Substitute:


x4=68

Simplify the right side:


x4=34

Therefore,


x=3

Answer: AD=3.


Worked Example 4: Using the theorem to check whether a line is parallel


In △ABC, point D lies on AB and point E lies on AC. Suppose:


AD=2,DB=3,AE=4,EC=6

We want to check whether DE∥BC.


Compare the ratios:


ADDB=23

AEEC=46=23

Since


ADDB=AEEC

the two sides are divided in the same ratio. So, by the converse idea, the line DE is parallel to BC.


Answer: Yes, DE∥BC.


How to solve questions on this theorem



  	Identify the triangle and the line parallel to one side.

  	Write the correct proportionality relation.

  	Substitute the known lengths carefully.

  	Solve the equation.

  	Check whether the answer makes sense in the figure.




Common mistakes to avoid



  	Forgetting the parallel condition: The theorem works only when the line is parallel to one side.

  	Using the wrong segments: If you use AD, then compare it with DB, not with the full side unless you are using a different correct form.

  	Adding sides incorrectly: Remember that AB=AD+DB and AC=AE+EC.

  	Mixing corresponding sides: Keep the order of ratios consistent.




Quick practice questions



  	If AD=5, DB=10, and AE=6, find EC when DE∥BC.

  	If AD=4, AB=10, and AC=15, find AE.

  	If AD=3, DB=7, AE=6, and EC=14, check whether DE∥BC.




Brief Summary


The Basic Proportionality Theorem says that if a line is drawn parallel to one side of a triangle, it divides the other two sides in the same ratio.


ADDB=AEEC

This theorem comes from the similarity of triangles. It is very useful for finding unknown lengths and proving relationships in geometry.


  
  Put what you read to the test

  You've worked through The Basic Proportionality Theorem (Thales Theorem). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1026
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  Converse of the Basic Proportionality Theorem


In triangle geometry, a very useful idea is that a line parallel to one side of a triangle divides the other two sides in the same ratio. This is called the Basic Proportionality Theorem (BPT), also known as Thales' theorem.


But sometimes, questions work the other way around. Instead of telling us that a line is parallel, the question gives us proportional lengths on two sides of a triangle and asks us to decide whether the line is parallel to the third side. That is where the Converse of the Basic Proportionality Theorem is used.


This lesson will help you understand what the converse says, when to use it, how to check the ratios correctly, and how to solve typical exam-style questions.


1. Recall: Basic Proportionality Theorem


In a triangle, if a line is drawn parallel to one side to intersect the other two sides, then it divides those two sides in the same ratio.


For example, in triangle ABC, if a line through points D on AB and E on AC is such that DE∥BC, then


ADDB=AEEC

This is the original theorem.


2. What does “converse” mean?


The converse of a statement means reversing it.



  	Original theorem: If a line is parallel to one side of a triangle, then it divides the other two sides proportionally.

  	Converse: If a line divides two sides of a triangle proportionally, then the line is parallel to the third side.




3. Statement of the Converse of the Basic Proportionality Theorem


In triangle ABC, let D be a point on AB and E be a point on AC. If


ADDB=AEEC,

then


DE∥BC

This means that if the two sides are cut in the same ratio, the joining line must be parallel to the third side.


4. Visual idea


Imagine triangle ABC. Point D lies somewhere on side AB, and point E lies somewhere on side AC. Now join D and E.


If the pieces on side AB and the pieces on side AC satisfy


ADDB=AEEC,

then the line segment DE is forced to be parallel to BC.


So this theorem is a test for parallel lines inside a triangle.


5. Why this theorem matters


This theorem helps us:



  	prove that two lines are parallel,

  	check whether a given figure is correctly drawn,

  	solve missing-length problems,

  	use similarity of triangles more effectively.




6. Important condition to remember


The theorem works only when:



  	D lies on one side of the triangle,

  	E lies on another side of the same triangle,

  	the two sides are divided proportionally.




You must compare the matching parts carefully. Usually, we compare:


ADDB and AEEC

or sometimes the equivalent form


ADAB=AEAC

Both forms can be useful, but only if the corresponding parts are matched correctly.


7. How to use the theorem step by step



  	Identify the triangle.

  	Find the two points on two sides of the triangle.

  	Write the ratios of the divided parts.

  	Check whether the ratios are equal.

  	If they are equal, conclude that the joining line is parallel to the third side.




8. Worked Example 1: Direct ratio check


In triangle ABC, point D lies on AB and point E lies on AC. Given:



  	AD=3 cm, DB=6 cm

  	AE=2 cm, EC=4 cm




Show that DE∥BC.


Solution:


First, write the two ratios:


ADDB=36=12

AEEC=24=12

Since


ADDB=AEEC,

the two sides are divided in the same ratio.


Therefore, by the Converse of the Basic Proportionality Theorem,


DE∥BC

9. Worked Example 2: Ratios not equal


In triangle PQR, point S lies on PQ and point T lies on PR. Given:



  	PS=4 cm, SQ=5 cm

  	PT=6 cm, TR=9 cm




Is ST∥QR?


Solution:


Check the ratios:


PSSQ=45

PTTR=69=23

Now compare:


45≠23

The ratios are not equal.


So the two sides are not divided proportionally.


Therefore, by the converse of BPT, we cannot say that


ST∥QR

In fact, ST is not parallel to QR.


10. Worked Example 3: Using the theorem to find an unknown


In triangle ABC, point D lies on AB and point E lies on AC. Suppose:



  	AD=4 cm

  	DB=8 cm

  	AE=5 cm

  	EC=x cm




If DE∥BC, find x.


Solution:


Since DE∥BC, the Basic Proportionality Theorem gives:


ADDB=AEEC

Substitute the values:


48=5x

12=5x

Cross-multiply:


x=10

So,


EC=10 cm

Now suppose the question had instead given EC=10 cm and asked whether DE∥BC. Then we could check:


ADDB=48=12

AEEC=510=12

Since the ratios are equal, the converse of BPT would confirm that


DE∥BC

11. Worked Example 4: Using whole sides


In triangle XYZ, point M lies on XY and point N lies on XZ. Given:



  	XM=6 cm, XY=15 cm

  	XN=8 cm, XZ=20 cm




Show that MN∥YZ.


Solution:


Here, we can compare the ratios of the smaller parts to the whole sides:


XMXY=615=25

XNXZ=820=25

Since


XMXY=XNXZ,

the points divide the two sides proportionally.


Therefore, by the Converse of the Basic Proportionality Theorem,


MN∥YZ

If you want, you can also check using divided parts:


Since XY=15 and XM=6,


MY=15−6=9

Since XZ=20 and XN=8,


NZ=20−8=12

Now compare:


XMMY=69=23

XNNZ=812=23

The ratios are equal, so again we get


MN∥YZ

12. Common mistakes to avoid



  	Mixing the order of ratios: If you write AD/DB, then you must compare it with AE/EC, not EC/AE.

  	Comparing wrong sides: The points must lie on two sides of the same triangle.

  	Using addition instead of ratio: The theorem is about proportional division, not equal differences.

  	Forgetting the converse is used to prove parallel lines: This theorem helps conclude that a line is parallel after checking the ratios.




13. Quick comparison: BPT and its converse



  	BPT: Parallel line given → ratios become equal.

  	Converse of BPT: Ratios are equal → line is parallel.




So always notice what the question gives you first.


14. When should you use this theorem?


You should think of the converse of BPT when:



  	a figure shows a triangle with a segment joining two sides,

  	lengths on those two sides are given,

  	you are asked to prove that the joining segment is parallel to the third side.




15. Practice questions



  	In triangle ABC, D lies on AB and E lies on AC. If AD=2 cm, DB=3 cm, AE=4 cm, and EC=6 cm, is DE∥BC?

  	In triangle PQR, S lies on PQ and T lies on PR. If PS=5 cm, SQ=10 cm, PT=4 cm, and TR=8 cm, prove whether ST∥QR.

  	In triangle XYZ, M lies on XY and N lies on XZ. If XM=3 cm, MY=6 cm, XN=5 cm, find NZ so that MN∥YZ.




16. Answers to practice questions


1.


ADDB=23,AEEC=46=23

The ratios are equal, so


DE∥BC

2.


PSSQ=510=12,PTTR=48=12

The ratios are equal, so


ST∥QR

3.


For MN∥YZ, we need:


XMMY=XNNZ

36=5NZ

12=5NZ

NZ=10 cm

17. Summary


The Converse of the Basic Proportionality Theorem says that if a line cuts two sides of a triangle in the same ratio, then that line is parallel to the third side.


In symbols, if in triangle ABC, points D and E lie on AB and AC such that


ADDB=AEEC,

then


DE∥BC

This theorem is especially useful when you are given lengths and asked to prove parallel lines. Always check that you are comparing corresponding parts in the correct order.


  
  Put what you read to the test

  You've worked through Converse of the Basic Proportionality Theorem. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1027






  [image: 📝]   Lesson 58: AA and AAA Similarity Criteria

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1068




  AA and AAA Similarity Criteria


When two figures have the same shape but may have different sizes, they are called similar. In this lesson, we will focus on similar triangles.


Two triangles are similar if their corresponding angles are equal and their corresponding sides are in the same ratio. This means one triangle is a scaled-up or scaled-down version of the other.


The two similarity criteria in this lesson are AA and AAA. These help us prove that triangles are similar without knowing the side lengths first.


1. What does AA similarity mean?


AA stands for Angle-Angle. If two angles of one triangle are equal to two corresponding angles of another triangle, then the triangles are similar.


For example, if in triangles △ABC and △DEF, we know:


∠A=∠Dand∠B=∠E,

then we can conclude:


△ABC∼△DEF.

This works because the angles in any triangle add up to 180[image: °]. So if two pairs of angles match, the third pair must also match automatically.


For instance, if:


∠A=50[image: °], ∠B=60[image: °],

then the third angle is:


∠C=180[image: °]−50[image: °]−60[image: °]=70[image: °].

If another triangle has angles 50[image: °] and 60[image: °], its third angle must also be 70[image: °].


So AA is enough. We do not need all three angles to prove similarity.


2. What does AAA similarity mean?


AAA stands for Angle-Angle-Angle. If all three corresponding angles of two triangles are equal, then the triangles are similar.


For example, if:


∠A=∠D,∠B=∠E,∠C=∠F,

then:


△ABC∼△DEF.

However, in practice, AAA is really just a longer version of AA. Since two equal angles already force the third angle to be equal, most proofs use AA similarity.


Important idea: AAA proves triangles are the same shape, but not necessarily the same size. One triangle could be an enlargement of the other.


3. Why do angle matches prove similarity?


If two triangles have the same angle measures, then their shape is fixed. The only thing that can change is the size. So one triangle must be a scaled copy of the other.


That is why equal corresponding angles lead to similar triangles.


4. Corresponding angles and correct order


When writing a similarity statement, the order of the letters matters. It tells us which angles and sides match.


If:


△ABC∼△DEF,

then the correspondence is:



	∠A↔∠D

	∠B↔∠E

	∠C↔∠F




And the corresponding sides are:



	AB↔DE

	BC↔EF

	AC↔DF




If the order is written incorrectly, then the side matching will also be wrong.


5. Angle facts often used with AA similarity


Many questions do not directly tell you that two angles are equal. You may need to find them using angle facts you already know.



	Vertically opposite angles are equal.

	Alternate interior angles are equal when lines are parallel.

	Corresponding angles are equal when lines are parallel.

	Angles in a triangle add up to 180[image: °].

	Angles on a straight line add up to 180[image: °].




These facts are very useful when proving triangles similar.


6. What can we do after proving triangles are similar?


Once triangles are similar, we can conclude:



	corresponding angles are equal,

	corresponding sides are proportional,

	missing side lengths can be found,

	geometric relationships can be proved.




If △ABC∼△DEF, then:


ABDE=BCEF=ACDF.

This is one of the main reasons similarity is so useful.


Worked Example 1: Direct use of AA


In △PQR, ∠P=40[image: °] and ∠Q=75[image: °]. In △XYZ, ∠X=40[image: °] and ∠Y=75[image: °]. Show that the triangles are similar.


Step 1: Compare two pairs of angles.


∠P=∠X=40[image: °]

∠Q=∠Y=75[image: °]

Step 2: Apply AA similarity.


Since two corresponding angles are equal, the triangles are similar:


△PQR∼△XYZ.

Step 3: Identify the correspondence.



	P↔X

	Q↔Y

	R↔Z




Worked Example 2: Using the third angle


Triangle ABC has angles 52[image: °], 68[image: °], and 60[image: °]. Triangle DEF has angles 52[image: °], 60[image: °], and 68[image: °]. Are the triangles similar?


Yes, they are similar, because all three angles match.


But we must match them in the correct order.


Let us pair equal angles:



	∠A=52[image: °][image: ↔]∠D=52[image: °]

	∠B=68[image: °][image: ↔]∠F=68[image: °]

	∠C=60[image: °][image: ↔]∠E=60[image: °]




So the correct similarity statement is:


△ABC∼△DFE.

Notice that writing △ABC∼△DEF would be wrong, because the angles would not line up correctly.


Worked Example 3: Finding similarity from parallel lines


Suppose DE is parallel to BC in triangle ABC, where D lies on AB and E lies on AC. Show that △ADE is similar to △ABC.


Step 1: Use angle facts from parallel lines.


Since DE∥BC:



	∠ADE=∠ABC by corresponding angles

	∠AED=∠ACB by corresponding angles




Step 2: Apply AA similarity.


Two pairs of corresponding angles are equal, so:


△ADE∼△ABC.

Step 3: Write the side ratios.


The corresponding sides are:



	AD↔AB

	AE↔AC

	DE↔BC




Therefore:


ADAB=AEAC=DEBC.

This type of result is very common in geometry.


Worked Example 4: Use similarity to find a missing side


Triangles ABC and DEF are similar. Suppose:


∠A=∠D,∠B=∠E

and the side lengths are:


AB=6,BC=9,DE=10.

Find EF.


Step 1: Write the similarity statement.


Since ∠A=∠D and ∠B=∠E, we have:


△ABC∼△DEF.

So:



	AB↔DE

	BC↔EF




Step 2: Set up a proportion.


ABDE=BCEF

Substitute the values:


610=9EF

Step 3: Solve.


6⋅EF=10⋅9

6EF=90

EF=15

So the missing side is:


EF=15.

7. Common mistakes to avoid



	Do not match angles in the wrong order. The order in the similarity statement matters.

	Do not confuse similar with congruent. Similar triangles have the same shape, but not necessarily the same size.

	Do not think AAA means same size. It only guarantees the same shape.

	Do not skip the reason. If angles are equal because of parallel lines or another fact, say why.

	Do not mix up corresponding sides. Always match sides opposite equal angles.




8. A simple method for proving triangles similar using AA



	Find two pairs of equal angles.

	State the reason the angles are equal.

	Conclude that the triangles are similar by AA.

	Write the triangles in the correct order.

	Use corresponding sides if you need to solve for lengths.




9. Why this matters


AA similarity appears often in geometry because angles are usually easier to find than side lengths. It helps us compare triangles inside larger diagrams, especially when parallel lines or intersecting lines are involved.


This idea is also important later when studying right triangles and proofs such as the Pythagorean theorem, where smaller triangles inside a larger triangle are often shown to be similar.


[image: 📋]   Summary


AA similarity means that if two pairs of corresponding angles in two triangles are equal, then the triangles are similar.


AAA similarity also proves triangles are similar, but it is not really a separate need because once two angles match, the third must match too.


After proving triangles are similar, you can match corresponding sides and write proportions such as:


ABDE=BCEF=ACDF.

The key skills are finding equal angles, writing the triangles in the correct order, and using proportional sides carefully.


  
  Put what you read to the test

  You've worked through AA and AAA Similarity Criteria. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1028
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  Lesson: SSS and SAS Similarity Criteria


In geometry, two figures are similar if they have the same shape but not necessarily the same size. For triangles, this means their corresponding angles are equal and their corresponding sides are in the same ratio.


Similarity is very useful because once we know two triangles are similar, we can compare side lengths, find missing measures, and explain why geometric relationships are true.


In this lesson, we will focus on two important ways to prove that triangles are similar:


  	SSS Similarity: all three pairs of corresponding sides are proportional.

  	SAS Similarity: two pairs of corresponding sides are proportional, and the included angle between them is equal.




Before we begin: what does “corresponding” mean?


Corresponding sides are sides that match in the same relative position in the two triangles. Corresponding angles are angles that match in the same relative position.


For example, if △ABC∼△DEF, then the order tells us the matching parts:


  	A↔D

  	B↔E

  	C↔F




So the corresponding sides are:


  	AB↔DE

  	BC↔EF

  	AC↔DF




If the triangles are similar, then:

ABDE=BCEF=ACDF

1. SSS Similarity Criterion


The letters SSS stand for Side-Side-Side.


If the three pairs of corresponding sides of two triangles are proportional, then the triangles are similar.


In symbols, if for triangles △ABC and △DEF,

ABDE=BCEF=ACDF
then

△ABC∼△DEF

This works because if all three side lengths grow or shrink by the same scale factor, the shape stays the same.


How to check SSS similarity


  	Match the corresponding sides correctly.

  	Write the three side ratios.

  	See whether all three ratios are equal.

  	If they are equal, the triangles are similar.




Important: The sides must be matched in the correct order. Using the wrong pairs can lead to the wrong conclusion.


2. SAS Similarity Criterion


The letters SAS stand for Side-Angle-Side.


If two pairs of corresponding sides are proportional and the included angle between those sides is equal, then the triangles are similar.


The included angle is the angle formed between the two sides you are comparing.


For example, in triangles △ABC and △DEF, if:


  	ABDE=ACDF

  	∠A=∠D



and ∠A and ∠D are the angles between those pairs of sides, then:

△ABC∼△DEF

How to check SAS similarity


  	Choose two sides from one triangle and the matching two sides from the other triangle.

  	Check whether the two side ratios are equal.

  	Make sure the angle between those sides is equal in both triangles.

  	If both conditions are true, the triangles are similar.




Important: The angle must be the included angle. If the equal angle is not between the two compared sides, SAS similarity does not apply.


SSS vs. SAS


  	Use SSS when you know all three side lengths.

  	Use SAS when you know two side lengths and the angle between them.




Worked Example 1: Using SSS Similarity


Determine whether the triangles are similar.


Triangle 1 has side lengths 3, 4, and 5.

Triangle 2 has side lengths 6, 8, and 10.


Step 1: Write the side ratios.

36=12,48=12,510=12

Step 2: Compare the ratios.

All three ratios are equal.


Conclusion:

△1∼△2

The scale factor from Triangle 1 to Triangle 2 is 2, because each side was multiplied by 2.


Worked Example 2: SSS Similarity that does not work


Determine whether triangles with side lengths 4,6,9 and 8,12,16 are similar.


Step 1: Write the ratios of corresponding sides.

48=12,612=12,916≠12

Step 2: Compare the ratios.

The first two ratios are equal, but the third is not.


Conclusion:

The triangles are not similar.


This example shows why, for SSS similarity, all three pairs of sides must be proportional.


Worked Example 3: Using SAS Similarity


Determine whether the triangles are similar.


In △ABC, AB=6, AC=9, and ∠A=50[image: °].

In △DEF, DE=4, DF=6, and ∠D=50[image: °].


Step 1: Compare the two side ratios.

ABDE=64=32
ACDF=96=32

The two side ratios are equal.


Step 2: Compare the included angles.

∠A=50[image: °] and ∠D=50[image: °], so the included angles are equal.


Conclusion:

△ABC∼△DEF

This is true by SAS similarity.


Worked Example 4: Finding a missing side using similarity


Suppose △ABC∼△DEF. You know:


  	AB=8

  	AC=12

  	DE=10

  	DF=x




Find x.


Step 1: Match corresponding sides.

From △ABC∼△DEF, we have:


  	AB↔DE

  	AC↔DF




So:

ABDE=ACDF

Step 2: Substitute the known values.

810=12x

Step 3: Solve by cross multiplication.

8x=120
x=15

Conclusion:

DF=15.


Common mistakes to avoid


  	Mixing up corresponding sides: Always match sides in the same relative position.

  	Using only two sides for SSS: SSS requires all three pairs of sides.

  	Using the wrong angle in SAS: The equal angle must be between the two compared sides.

  	Assuming equal side lengths mean congruent or similar automatically: You must check the correct condition carefully.




How to decide which criterion to use

When solving a problem, ask yourself:


  	Do I know all three side lengths in both triangles? Use SSS.

  	Do I know two sides and the angle between them in both triangles? Use SAS.




Why similarity matters


Once triangles are proven similar, we can do much more than just say they have the same shape. We can:


  	find missing side lengths,

  	compare scale factors,

  	solve real-life measurement problems,

  	and build important proofs in geometry.




Later in geometry, triangle similarity helps explain many results, including relationships that lead to proofs of the Pythagorean theorem.


Quick Check


  	Are triangles with side lengths 5,7,9 and 10,14,18 similar?

  	If two triangles have side ratios 46 and 1015, and the included angles are both 35[image: °], are they similar?

  	Why is the included angle important in SAS similarity?




Answers:


  	Yes, because all side ratios are 12, so SSS similarity applies.

  	Yes, because 46=1015=23 and the included angles are equal, so SAS similarity applies.

  	Because the angle must connect the two proportional sides. Without that, the triangles may not have the same shape.




[image: 📋]   Summary


Two triangles are similar if they have the same shape. The SSS similarity criterion says triangles are similar when all three pairs of corresponding sides are proportional. The SAS similarity criterion says triangles are similar when two pairs of corresponding sides are proportional and the included angle between them is equal.


To use these criteria correctly, always match corresponding sides carefully and check the right angle in SAS. Once triangles are proven similar, you can use proportional side lengths to solve many geometry problems.


  
  Put what you read to the test

  You've worked through SSS and SAS Similarity Criteria. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1029
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  Ratio of Areas of Similar Triangles


When two triangles are similar, they have the same shape but may have different sizes. Their corresponding angles are equal, and their corresponding sides are in the same ratio.


In this lesson, we will learn an important result: if two triangles are similar, then the ratio of their areas is equal to the square of the ratio of any pair of corresponding sides.


This idea is very useful because it connects shape, side lengths, and area. Once you know the scale factor between similar triangles, you can quickly compare their areas.


1. Review: What are similar triangles?


Two triangles are similar if:


  	their corresponding angles are equal, and

  	their corresponding sides are proportional.




For example, if △ABC∼△DEF, then the vertices match in order:


  	A↔D

  	B↔E

  	C↔F




So the corresponding sides are:


  	AB↔DE

  	BC↔EF

  	AC↔DF




This means:

ABDE=BCEF=ACDF

This common ratio is called the scale factor.


2. The main theorem


If two triangles are similar, then the ratio of their areas is the square of the ratio of their corresponding sides.


If △ABC∼△DEF, then:

Area of △ABCArea of △DEF=(ABDE)2=(BCEF)2=(ACDF)2

So if the side ratio is m:n, then the area ratio is:

m2:n2

3. Why do we square the side ratio?


Area depends on two measurements. For a triangle,

Area=12×base×height

In similar triangles, not only the sides but also the heights are in the same ratio.


Suppose the scale factor from one triangle to another is k. Then:


  	the base becomes k times as large, and

  	the height also becomes k times as large.




So the area becomes:

12×(k⋅base)×(k⋅height)=k2(12×base×height)

That is why the area ratio is k2, not just k.


4. Simple proof of the theorem


Let two similar triangles be △ABC and △DEF, with corresponding sides in the ratio

ABDE=BCEF=ACDF=k

Take AB and DE as corresponding bases. Let their corresponding heights be h1 and h2.


Because the triangles are similar, the heights are also in the same ratio:

h1h2=k

Now use the area formula:

Area of △ABC=12⋅AB⋅h1
Area of △DEF=12⋅DE⋅h2

Divide the two areas:

Area of △ABCArea of △DEF=12⋅AB⋅h112⋅DE⋅h2=ABDE⋅h1h2

Since both ratios equal k,

Area of △ABCArea of △DEF=k⋅k=k2

Therefore,

Area of △ABCArea of △DEF=(ABDE)2

5. Important rule to remember



  	If the ratio of corresponding sides is a:b, then the ratio of areas is a2:b2.

  	If the ratio of areas is a:b, then the ratio of corresponding sides is a:b.




This second rule is also very important. To go from side ratio to area ratio, square. To go from area ratio to side ratio, take the square root.


6. Worked Example 1: Finding the area ratio from the side ratio


Two similar triangles have corresponding sides in the ratio 2:3. Find the ratio of their areas.


Step 1: Write the side ratio.

2:3

Step 2: Square both parts.

22:32=4:9

Answer: The ratio of their areas is 4:9.


Worked Example 2: Using actual side lengths


△PQR∼△XYZ. If PQ=6 cm and XY=9 cm, find the ratio of the areas of the two triangles.


Since the triangles are similar, corresponding sides are proportional. The side ratio is:

PQXY=69=23

Now square the ratio:

Area of △PQRArea of △XYZ=(23)2=49

Answer:

Area of △PQR:Area of △XYZ=4:9

Worked Example 3: Finding an unknown area


Two similar triangles have corresponding sides in the ratio 3:5. If the area of the smaller triangle is 27 cm2, find the area of the larger triangle.


Step 1: Find the area ratio.

3:5⇒32:52=9:25

So,

smaller area:larger area=9:25

Step 2: Use the known area.


If 9 parts correspond to 27 cm2, then 1 part is:

27÷9=3 cm2

Step 3: Find 25 parts.

25×3=75 cm2

Answer: The area of the larger triangle is 75 cm2.


Worked Example 4: Finding the side ratio from the area ratio


The areas of two similar triangles are in the ratio 16:81. Find the ratio of their corresponding sides.


To go from area ratio to side ratio, take the square root of each term:

16:81=4:9

Answer: The ratio of corresponding sides is 4:9.


7. A geometric interpretation


Imagine enlarging a triangle by a scale factor of 2. Every side doubles. Every height also doubles. Since area uses base and height, the new area becomes:

22=4
times the original area.


If a triangle is enlarged by a scale factor of 3, then its area becomes:

32=9
times the original area.


If a triangle is reduced by a scale factor of 12, then its area becomes:

(12)2=14
of the original area.


This helps you see that area changes much faster than side length.


8. Common mistakes to avoid



  	Do not use the side ratio directly as the area ratio. If side ratio is 2:3, area ratio is not 2:3. It is 4:9.

  	Make sure the triangles are similar. This rule works only for similar triangles.

  	Match corresponding sides correctly. If you compare the wrong sides, your ratio will be wrong.

  	When given areas, take square roots to find side ratios. Do not square again.




9. Quick practice ideas



  	If the side ratio is 4:7, what is the area ratio?

  	If the area ratio is 25:36, what is the side ratio?

  	Two similar triangles have side ratio 5:8. If the smaller area is 50 cm2, find the larger area.




Answers:


  	16:49

  	5:6

  	Area ratio =25:64. If 25 parts = 50, then 1 part = 2, so 64 parts = 128 cm2.




10. Summary


For similar triangles, corresponding sides are in the same ratio, and corresponding heights are also in that ratio. Since area is based on both base and height, the ratio of the areas is the square of the ratio of corresponding sides.


So remember:

Area of one triangleArea of the other triangle=(corresponding sidecorresponding side)2

This means:


  	side ratio a:b gives area ratio a2:b2,

  	and area ratio a:b gives side ratio a:b.




Once you understand this rule, you can solve many geometry problems involving similar figures more quickly and accurately.


  
  Put what you read to the test

  You've worked through Ratio of Areas of Similar Triangles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1030
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  Similarity in Right-Angled Triangles


In this lesson, you will learn what happens when an altitude is drawn from the right angle of a right-angled triangle to the hypotenuse.


This creates two smaller right-angled triangles inside the original triangle. A very important fact is that all three triangles are similar. That means they have the same shape, even though they may have different sizes.


Once we know the triangles are similar, we can compare matching sides and find many useful relationships. These relationships help us solve geometry problems and even connect to the Pythagorean theorem.


1. The main figure


Consider right-angled triangle △ABC, where the right angle is at C. This means:


∠C=90[image: °]


The side opposite the right angle, AB, is the hypotenuse.


Now draw altitude CD from point C straight down to the hypotenuse AB. Point D lies on AB, and:


CD⊥AB


This divides the original triangle into two smaller triangles:



  	△ACD

  	△CBD




So now we have three right-angled triangles in the figure:



  	the large triangle △ABC

  	the small triangle △ACD

  	the small triangle △CBD




2. Why the triangles are similar


To show triangles are similar, we usually compare angles.


First, notice that △ABC is right-angled at C, and both smaller triangles are right-angled at D, because the altitude is perpendicular to the hypotenuse.


So:


∠C=∠CDA=∠CDB=90[image: °]


Now look at shared angles:



  	△ACD shares angle A with △ABC

  	△CBD shares angle B with △ABC




That gives us enough information to use AA similarity (Angle-Angle similarity).


Therefore:


△ABC∼△ACD∼△CBD


3. Matching sides carefully


When triangles are similar, the most important step is to match the correct sides. Let us label the sides of the large triangle:



  	AB=c is the hypotenuse

  	AC=b

  	BC=a




The altitude CD splits the hypotenuse into two parts:



  	AD=p

  	DB=q




So the whole hypotenuse is:


AB=AD+DB

c=p+q


4. Important similarity relationships


Because the triangles are similar, several useful formulas appear.


(a) Leg-hypotenuse projection relationships


Each leg of the large triangle is the geometric mean of the hypotenuse and the part of the hypotenuse next to that leg.


For leg AC:


AC2=AB⋅AD

b2=cp


For leg BC:


BC2=AB⋅DB

a2=cq


(b) Altitude relationship


The altitude is the geometric mean of the two segments of the hypotenuse.


CD2=AD⋅DB

h2=pq


Here h=CD.


(c) The hypotenuse is split into two parts


c=p+q


These three ideas are the key results for this topic.


5. Where these formulas come from


Let us see how one of them is formed using similar triangles.


Compare △ABC and △ACD.


The matching sides are:



  	hypotenuse AB of the large triangle matches hypotenuse AC of the smaller triangle

  	side AC of the large triangle matches side AD of the smaller triangle




So we can write:


ABAC=ACAD


Cross-multiply:


AC2=AB⋅AD


This is:


b2=cp


In the same way, comparing △ABC and △CBD gives:


BC2=AB⋅DB


And comparing the two smaller triangles gives:


CD2=AD⋅DB


6. Connection to the Pythagorean theorem


These similarity results lead directly to the Pythagorean theorem.


We already know:


AC2=AB⋅AD

BC2=AB⋅DB


Add the equations:


AC2+BC2=AB⋅AD+AB⋅DB


Factor out AB:


AC2+BC2=AB(AD+DB)


But AD+DB=AB, so:


AC2+BC2=AB⋅AB


AC2+BC2=AB2


This is the Pythagorean theorem for right-angled triangle △ABC.


7. Worked Example 1: Finding a leg from the hypotenuse segment


In a right-angled triangle, the hypotenuse is 25 cm. The altitude from the right angle divides the hypotenuse so that AD=9 cm and DB=16 cm.


Find the two legs.


Step 1: Use the leg formulas


AC2=AB⋅AD

AC2=25⋅9=225

AC=15 cm


Now for the other leg:


BC2=AB⋅DB

BC2=25⋅16=400

BC=20 cm


Answer: The legs are 15 cm and 20 cm.


Check:


152+202=225+400=625=252


The answer fits the Pythagorean theorem.


8. Worked Example 2: Finding the altitude


Using the same triangle, find the altitude CD.


We use:


CD2=AD⋅DB

CD2=9⋅16=144

CD=12 cm


Answer: The altitude is 12 cm.


9. Worked Example 3: Finding a missing hypotenuse segment


In right-angled triangle ABC, AC=8 cm and AB=10 cm. The altitude from C meets hypotenuse AB at D.


Find AD.


Use:


AC2=AB⋅AD


Substitute the values:


82=10⋅AD

64=10AD

AD=6.4 cm


Answer: AD=6.4 cm.


If needed, we can find DB too:


DB=AB−AD=10−6.4=3.6 cm


10. Worked Example 4: Using similarity to solve a fuller problem


In a right-angled triangle, the altitude to the hypotenuse divides the hypotenuse into segments of lengths 4 cm and 5 cm.


Find:


  	the hypotenuse,

  	the altitude,

  	the two legs.




Step 1: Find the hypotenuse


AB=AD+DB=4+5=9 cm


Step 2: Find the altitude


CD2=AD⋅DB

CD2=4⋅5=20

CD=20=25 cm


Step 3: Find the legs


For the leg next to AD:


AC2=AB⋅AD=9⋅4=36

AC=6 cm


For the leg next to DB:


BC2=AB⋅DB=9⋅5=45

BC=45=35 cm


Answer:


  	Hypotenuse: 9 cm

  	Altitude: 25 cm

  	Legs: 6 cm and 35 cm




11. Common mistakes to avoid



  	Mixing up the segments of the hypotenuse. Remember that AD and DB are only parts of the hypotenuse, not the whole hypotenuse.

  	Using the wrong formula for a side. For example, AC2=AB⋅AD, not AB⋅DB.

  	Forgetting to square root at the end. If you find AC2=49, then AC=7, not 49.

  	Matching the wrong sides in similar triangles. Always compare angles first so you know which sides correspond.




12. Quick guide to remember


In a right-angled triangle with altitude to the hypotenuse:



  	The three triangles are similar.

  	The hypotenuse is split into two parts: c=p+q.

  	Each leg squared equals the hypotenuse times its nearby segment:




b2=cp

a2=cq



  	The altitude squared equals the product of the two hypotenuse segments:




h2=pq


13. Brief summary


When an altitude is drawn from the right angle to the hypotenuse of a right-angled triangle, it creates two smaller triangles that are similar to the original triangle and to each other.


This similarity gives important relationships between the legs, the altitude, and the two parts of the hypotenuse. These relationships are powerful tools for solving problems and help explain why the Pythagorean theorem is true.


  
  Put what you read to the test

  You've worked through Similarity in Right-Angled Triangles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1031
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  Proof of the Pythagorean Theorem via Similarity


The Pythagorean Theorem is one of the most important results in geometry. It says that in a right triangle, the square of the hypotenuse is equal to the sum of the squares of the other two sides.


If a right triangle has legs of lengths a and b, and hypotenuse of length c, then the theorem states:


a2+b2=c2

In this lesson, we will prove this theorem using similar triangles. This is a powerful idea because it shows that the theorem is not just a rule to memorize. It comes from geometric relationships inside the triangle itself.


Goal of the lesson: Understand how drawing an altitude in a right triangle creates smaller triangles that are similar to the original triangle, and then use those similarity relationships to prove a2+b2=c2.


1. Review: What does it mean for triangles to be similar?


Two triangles are similar if they have the same shape, even if they are different sizes. In similar triangles:


  	Corresponding angles are equal.

  	Corresponding side lengths are proportional.




For example, if two triangles are similar, then ratios of matching sides are equal, such as


side 1 of triangle Amatching side 1 of triangle B=side 2 of triangle Amatching side 2 of triangle B

We will use this idea to connect side lengths in a right triangle.


2. Set up the right triangle


Consider right triangle △ABC, where:


  	∠C=90[image: °]

  	AC=b

  	BC=a

  	AB=c is the hypotenuse




Now draw an altitude from point C straight down to the hypotenuse AB. Let it meet AB at point D.


This creates two smaller right triangles inside the original triangle:


  	△ACD

  	△CBD




Let the two pieces of the hypotenuse be:


  	AD=x

  	DB=y




Since AB=c, we also know:


x+y=c

3. Why are the triangles similar?


We now compare the three triangles:


  	the large triangle △ABC

  	the small triangle △ACD

  	the small triangle △CBD




Each small triangle has a right angle at D, and each shares one acute angle with the original triangle. Because they have two matching angles, we can use the AA similarity rule.


So we get:


△ABC∼△ACD∼△CBD

This is the key idea of the proof. Once we know the triangles are similar, we can write proportions between matching sides.


4. First similarity relationship


Compare △ABC and △ACD.


In these similar triangles:


  	The hypotenuse of the large triangle is AB=c.

  	The side AC=b in the large triangle matches AD=x in the smaller triangle.

  	The side AC=b in the small triangle matches AB=c in the large triangle.




This gives the proportion:


bc=xb

Now multiply across:


b2=cx

This is our first useful equation.


5. Second similarity relationship


Now compare △ABC and △CBD.


In these similar triangles:


  	The hypotenuse of the large triangle is AB=c.

  	The leg BC=a of the large triangle matches DB=y in the smaller triangle.

  	The leg BC=a in the small triangle matches AB=c in the large triangle.




This gives the proportion:


ac=ya

Multiply across:


a2=cy

This is our second useful equation.


6. Combine the two equations


We found:


a2=cy
b2=cx

Add the equations:


a2+b2=cy+cx

Factor out c:


a2+b2=c(x+y)

But earlier we saw that x+y=c. Substitute that in:


a2+b2=c(c)

a2+b2=c2

This proves the Pythagorean Theorem using similarity.


7. Why this proof is important


This proof shows that the Pythagorean Theorem comes from the structure of a right triangle. When the altitude to the hypotenuse is drawn, the original triangle breaks into two smaller triangles that have the same shape as the original.


Because of that shared shape, the side lengths follow proportional relationships. Those proportions lead directly to the equation a2+b2=c2.


So the theorem is not just about arithmetic. It is a geometric fact based on similarity.


8. A useful side result


From the proof, we discovered:


a2=cyandb2=cx

These are called geometric mean relationships in a right triangle. They tell us that each leg squared equals the hypotenuse times the nearby segment of the hypotenuse.


This can help solve many geometry problems even when you are not directly proving the theorem.


9. Worked Example 1: Using the proof relationships with numbers


In a right triangle, suppose the hypotenuse is split by the altitude into segments of lengths 4 and 5. So:


x=4,y=5,c=9

Find the lengths of the legs a and b.


Step 1: Use the relationships from similarity.


a2=cy=9⋅5=45
b2=cx=9⋅4=36

Step 2: Take square roots.


a=45=35
b=36=6

Answer: The legs are 35 and 6.


Check using the Pythagorean Theorem:


a2+b2=45+36=81=92

The result is correct.


10. Worked Example 2: Proving the theorem step by step


Suppose a student says, “I know the triangles are similar, but I do not see how that gives a2+b2=c2.” Let us write the proof clearly in order.



  	Start with right triangle △ABC, with legs a and b, hypotenuse c.

  	Draw altitude CD to hypotenuse AB, splitting it into AD=x and DB=y.

  	By AA, △ABC∼△ACD.

  	From similarity, bc=xb so b2=cx

  	By AA, △ABC∼△CBD.

  	From similarity, ac=ya so a2=cy

  	Add the equations: a2+b2=cy+cx

  	Factor: a2+b2=c(x+y)

  	Since x+y=c, substitute: a2+b2=c⋅c=c2




Conclusion: a2+b2=c2


11. Worked Example 3: Find a missing leg segment


In a right triangle, one leg has length 8, and the hypotenuse has length 10. The altitude to the hypotenuse divides the hypotenuse into segments x and y, where the segment next to the leg of length 8 is x. Find x.


Step 1: Use the relationship for that leg.


If the leg is b=8, then


b2=cx

Substitute:


82=10x
64=10x
x=6.4

Answer: The segment is 6.4.


Check: Since the whole hypotenuse is 10, the other segment is


y=10−6.4=3.6

Then the other leg should satisfy


a2=cy=10(3.6)=36
a=6

Now check the Pythagorean Theorem:


62+82=36+64=100=102

Everything is consistent.


12. Worked Example 4: Identify and fix a common mistake


A student writes:


ac=ay

and concludes that ay=ac, so y=c.


What went wrong?


The problem is that the student matched the wrong sides. In similar triangles, you must compare corresponding sides. The side a in the large triangle does not match the side a in the smaller triangle just because they have the same letter position in your notes.


You must first identify which angles match, then match the sides opposite those angles.


The correct proportion is:


ac=ya

Then multiply across:


a2=cy

Lesson from this mistake: In similarity problems, always match sides by their positions in the triangles, not just by what seems convenient.


13. Tips for writing the proof on your own



  	Start by naming the right triangle and the altitude point clearly.

  	State which triangles are similar and why: usually AA similarity.

  	Write one correct proportion from the first pair of triangles.

  	Write a second correct proportion from the second pair.

  	Simplify each into equations like a2=cy and b2=cx.

  	Add the equations and use x+y=c.

  	End with the final statement: a2+b2=c2




14. Common misunderstandings



  	Thinking all side ratios can be mixed randomly: Only corresponding sides can be compared.

  	Forgetting why the triangles are similar: You must mention angle matching, usually AA.

  	Forgetting that x+y=c: The two smaller hypotenuse pieces add to the whole hypotenuse.

  	Mixing up the legs and hypotenuse: The hypotenuse is always opposite the right angle.




15. Brief summary


To prove the Pythagorean Theorem using similarity, start with a right triangle and draw the altitude from the right angle to the hypotenuse. This creates two smaller triangles that are similar to the original triangle.


Using proportional sides, we get:


a2=cyandb2=cx

Adding these gives:


a2+b2=c(x+y)

Since x+y=c, it follows that:


a2+b2=c2

That is the Pythagorean Theorem, proved using similarity.


  
  Put what you read to the test

  You've worked through Proof of the Pythagorean Theorem via Similarity. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1032
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  Converse of the Pythagorean Theorem


In earlier work, you may have learned the Pythagorean Theorem: in a right triangle, if the legs have lengths a and b, and the hypotenuse has length c, then


a2+b2=c2


The converse of a statement switches the “if” and the “then.” So the Converse of the Pythagorean Theorem says:


If the square of the longest side of a triangle equals the sum of the squares of the other two sides, then the triangle is a right triangle.


In symbols, if a triangle has side lengths a, b, and c, where c is the longest side, and


a2+b2=c2,


then the angle opposite side c is a right angle, so the triangle has a 90[image: °] angle.


This idea is very useful because it lets us work backward. Instead of starting with a right triangle and finding a missing side, we start with the side lengths and decide whether the triangle must be right.


This connects to triangle similarity and proofs of the Pythagorean Theorem because it gives a way to recognize when a triangle has the exact relationship that right triangles have.


Why the longest side matters


When using the converse, you must compare the longest side to the other two sides. In a right triangle, the hypotenuse is always the longest side, so in the converse, the side being tested as c must be the longest one.


For example, if the side lengths are 5, 12, and 13, then 13 is the longest side. We test whether


52+122=132


If it is true, the triangle is right.


How to use the converse



  	Identify the longest side. Call it c.


  	Square the two shorter sides and add them: a2+b2.


  	Square the longest side: c2.


  	Compare the results.






  	If a2+b2=c2, the triangle is a right triangle.


  	If they are not equal, then the triangle is not a right triangle.





Important note: the converse only tells us that the triangle is right when the equation is exactly true. If the sums are different, the triangle is not right.


Common Pythagorean triples


A Pythagorean triple is a set of three whole numbers that satisfy a2+b2=c2. These often appear in problems.



  	3,4,5


  	5,12,13


  	8,15,17


  	7,24,25





Multiples of these also work:



  	6,8,10 is a multiple of 3,4,5


  	9,12,15 is also a multiple of 3,4,5





If you recognize one of these sets, you can quickly tell that the triangle is right.


Worked Example 1: A basic whole-number example


Determine whether a triangle with side lengths 6, 8, and 10 is a right triangle.


Step 1: Identify the longest side. The longest side is 10.


Step 2: Test the converse.


62+82=36+64=100


102=100


Since


62+82=102,


the triangle is a right triangle.


The angle opposite the side of length 10 is 90[image: °].


Worked Example 2: A triangle that is not right


Determine whether a triangle with side lengths 6, 7, and 9 is a right triangle.


Step 1: The longest side is 9.


Step 2: Compare the squares.


62+72=36+49=85


92=81


Since


85≠81,


the triangle is not a right triangle.


Even though the numbers are close, the converse requires an exact equality.


Worked Example 3: Using variables


A triangle has side lengths x, 24, and 25. If the triangle is a right triangle, find x.


Since 25 is the longest side, it must be the hypotenuse if the triangle is right. Use the converse condition:


x2+242=252


x2+576=625


x2=49


x=7


So the missing side length is 7.


This gives the side lengths 7, 24, and 25, which is a Pythagorean triple.


Worked Example 4: Applying the theorem in a geometric figure


Triangle ABC has side lengths AB=15, BC=20, and AC=25. Prove that ∠B is a right angle.


To show that ∠B is a right angle, we look at the side opposite ∠B. The side opposite ∠B is AC, and its length is 25. This is also the longest side.


Now test the converse:


AB2+BC2=152+202=225+400=625


AC2=252=625


Since


AB2+BC2=AC2,


by the Converse of the Pythagorean Theorem, triangle ABC is a right triangle.


Therefore, the angle opposite AC, which is ∠B, measures 90[image: °].


How this connects to proofs


In geometry, you often need to prove that an angle is a right angle. One powerful method is to show that the side lengths satisfy the converse of the Pythagorean Theorem.


So if a problem gives you three side lengths, or enough information to find them, you can:



  	identify the longest side,


  	check whether the squares of the two shorter sides add to the square of the longest side, and


  	conclude that the included angle opposite the longest side is a right angle.





This is often used in coordinate geometry too. If you calculate the lengths of three sides and they satisfy the converse, then the triangle is right.


Common mistakes to avoid



  	Using the wrong side as c: always choose the longest side.


  	Forgetting to square correctly: for example, 122=144, not 24.


  	Assuming “close enough” is good enough: the equation must be exactly true.


  	Mixing up the theorem and its converse: the original theorem starts with a right triangle; the converse starts with side lengths and proves the triangle is right.





Quick check questions



  	Are side lengths 9, 12, and 15 the sides of a right triangle?


  	Are side lengths 10, 11, and 15 the sides of a right triangle?


  	A triangle has side lengths 8, 15, and 17. Which angle is the right angle?





Answers



  	Yes, because 92+122=81+144=225=152.


  	No, because 102+112=100+121=221, and 152=225, so they are not equal.


  	The right angle is opposite the side of length 17.





[image: 📋]   Summary


The Converse of the Pythagorean Theorem helps you decide whether a triangle is a right triangle by using its side lengths.


If the longest side is c, and the other sides are a and b, then:


a2+b2=c2⇒the triangle is a right triangle


Always test the longest side, and remember that the equality must be exact. This theorem is especially useful in geometry proofs when you need to show that an angle measures 90[image: °].


  
  Put what you read to the test

  You've worked through Converse of the Pythagorean Theorem. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1033






  [image: 📝]   Lesson 64: Applications of the Pythagorean Theorem in Complex Figures

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1074




  Applications of the Pythagorean Theorem in Complex Figures


The Pythagorean Theorem is one of the most important tools in geometry. You may already know how to use it in a simple right triangle. In this lesson, you will learn how to apply it in more complex figures, such as rhombuses, trapezoids, and even 3D-looking architectural shapes.


The big idea is this: even when a figure does not look like a right triangle at first, you can often find or create a right triangle inside it. Once you do that, you can use the Pythagorean Theorem to find missing lengths.


The theorem says that in a right triangle with legs of lengths a and b, and hypotenuse of length c,


a2+b2=c2

Remember that the hypotenuse is always the side opposite the right angle, and it is the longest side of the triangle.


Why this matters in complex figures


In many geometry problems, shapes are made from several smaller parts. A diagonal, a height, or a perpendicular segment can split a larger figure into right triangles. If you identify those triangles correctly, the Pythagorean Theorem helps you connect side lengths that are not obvious at first.


This is especially useful when working with:



  	Rhombuses, where diagonals often form right triangles

  	Trapezoids, where dropping heights creates right triangles

  	Composite or architectural figures, where slanted edges and vertical heights form right triangles




Step-by-step strategy



  	Look for a right angle or a segment you can draw that creates one.

  	Identify the sides of the right triangle.

  	Decide which side is the hypotenuse.

  	Substitute the known values into a2+b2=c2.

  	Solve carefully and check whether the answer makes sense in the figure.




Important geometric facts to remember



  	In a rhombus, all sides are equal.

  	The diagonals of a rhombus bisect each other, meaning they cut each other into equal halves.

  	In many rhombus problems, the diagonals also form right triangles inside the shape.

  	In a trapezoid, drawing heights from the shorter base to the longer base often creates right triangles on the sides.

  	In 3D drawings of buildings or structures, focus on the flat right triangle relationships shown in the diagram, such as height, base, and slanted roof edge.




Example 1: Rhombus with diagonals


A rhombus has diagonals of lengths 10 cm and 24 cm. Find the length of each side.


Step 1: Use properties of a rhombus.


The diagonals bisect each other, so each diagonal is cut in half.


That means the half-lengths are:



  	10÷2=5

  	24÷2=12




Step 2: Find the right triangle.


The half-diagonals and one side of the rhombus form a right triangle. The legs are 5 cm and 12 cm, and the side of the rhombus is the hypotenuse.


Let the side length be s.


52+122=s2

25+144=s2

169=s2

s=13

Answer: Each side of the rhombus is 13 cm.


What to notice: The rhombus itself is not a triangle, but its diagonals created a right triangle inside it.


Example 2: Isosceles trapezoid


An isosceles trapezoid has bases 18 m and 10 m, and each leg has length 5 m. Find the height of the trapezoid.


Step 1: Compare the bases.


The difference between the bases is


18−10=8

Because the trapezoid is isosceles, this extra length is split equally on both sides. So each small horizontal piece is


8÷2=4

Step 2: Create a right triangle.


Drop a perpendicular from one top corner to the longer base. This forms a right triangle with:



  	hypotenuse = 5 m

  	one leg = 4 m

  	other leg = height h




Now use the Pythagorean Theorem:


42+h2=52

16+h2=25

h2=9

h=3

Answer: The height of the trapezoid is 3 m.


What to notice: The trapezoid was turned into a rectangle-like middle section and two right triangles on the sides. This is a common method.


Example 3: Finding a diagonal in a rectangle inside a larger figure


A garden design is made of a rectangle attached to other shapes. The rectangle part has length 12 ft and width 9 ft. Find the diagonal across the rectangle.


Even if the rectangle is part of a bigger design, the diagonal of the rectangle forms a right triangle with the length and width.


Let the diagonal be d.


122+92=d2

144+81=d2

225=d2

d=15

Answer: The diagonal is 15 ft.


What to notice: In composite figures, focus on the part of the shape that gives you a right triangle. You do not always need the whole figure at once.


Example 4: 3D architectural profile


A side view of a roof forms a right triangle. The vertical height from the top of the wall to the peak is 6 m, and the horizontal distance from the wall to the peak is 8 m. Find the slanted roof length.


This is a right triangle even though it represents part of a 3D building. The slanted roof is the hypotenuse.


Let the roof length be r.


62+82=r2

36+64=r2

100=r2

r=10

Answer: The slanted roof length is 10 m.


What to notice: In architecture or 3D drawings, you often use the right triangle from a side view or cross-section.


When the missing side is a leg instead of the hypotenuse


Sometimes the hypotenuse is known, and you need one of the legs. In that case, rearrange the formula:


a2=c2−b2

Then take the square root at the end.


For example, if a slanted side is 13 and one leg is 5, then the other leg is:


a2=132−52

a2=169−25=144

a=12

This is useful in trapezoids, rhombuses, and design problems where you know the longest side.


Common mistakes to avoid



  	Using the theorem on a triangle that is not right. Always check for a right angle first.

  	Choosing the wrong hypotenuse. The hypotenuse is opposite the right angle.

  	Forgetting to halve diagonals in a rhombus. If diagonals bisect each other, use the half-lengths in the triangle.

  	Using the full difference of trapezoid bases on one side. In an isosceles trapezoid, split the difference equally.

  	Forgetting the square root. If you solve for c2=169, then c=13, not 169.




How this connects to similarity and proofs


In geometry, the Pythagorean Theorem is often connected to similar triangles. In some proofs, a large right triangle is split into smaller triangles that are similar. Those relationships help explain why


a2+b2=c2

is true.


When solving problems in complex figures, you are using that same idea in a practical way: breaking a large figure into smaller parts and using the relationships between them.


Quick practice questions



  	A rhombus has diagonals 16 cm and 30 cm. What is the side length?

  	A trapezoid has bases 20 and 12, and each leg is 5. What is its height?

  	A rectangular window is 8 ft tall and 15 ft wide. What is the length of the diagonal brace across it?




Answers



  	Half-diagonals are 8 and 15, so side =82+152=289=17 cm.

  	Difference of bases is 8, so each side part is 4. Height =52−42=9=3.

  	Diagonal =82+152=289=17 ft.




[image: 📋]   Summary


The Pythagorean Theorem is not only for simple right triangles. In more complex figures, you can often find hidden right triangles by using diagonals, heights, or side views. Once you identify the right triangle correctly, you can use


a2+b2=c2

to find missing lengths in rhombuses, trapezoids, rectangles, and architectural profiles. The key is to break the figure into simpler parts and work carefully.


  
  Put what you read to the test

  You've worked through Applications of the Pythagorean Theorem in Complex Figures. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1034






  
    
  [image: 📖]   Chapter 8

  Trigonometry



  [image: 📝]   Lesson 65: Defining Trigonometric Ratios in Right Triangles

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1075




  Defining Trigonometric Ratios in Right Triangles


Trigonometry is the study of relationships between angles and side lengths in triangles. In 10th Grade, one of the most important ideas in trigonometry is learning how to describe the sides of a right triangle using ratios.


In this lesson, you will learn how to define the three basic trigonometric ratios: sine, cosine, and tangent. These ratios compare side lengths in a right triangle based on a chosen acute angle.


1. Start with a right triangle


A right triangle is a triangle with one angle equal to 90[image: °]. The side opposite the right angle is always the longest side, called the hypotenuse.


The other two sides are called the legs. Their names depend on which acute angle you are focusing on.


Suppose you choose one acute angle, called θ. Then:



  	The opposite side is the side directly across from θ.

  	The adjacent side is the side next to θ that is not the hypotenuse.

  	The hypotenuse stays the same no matter which acute angle you choose.




This means that the names opposite and adjacent can change if you switch to the other acute angle.


2. The three trigonometric ratios


For an acute angle θ in a right triangle, the three basic trigonometric ratios are defined as follows:


sin⁡(θ)=oppositehypotenuse

cos⁡(θ)=adjacenthypotenuse

tan⁡(θ)=oppositeadjacent

These are often read as:



  	sine = opposite over hypotenuse

  	cosine = adjacent over hypotenuse

  	tangent = opposite over adjacent




A common memory helper is:


SOH-CAH-TOA



  	SOH: sin⁡=OppositeHypotenuse

  	CAH: cos⁡=AdjacentHypotenuse

  	TOA: tan⁡=OppositeAdjacent




3. Why these ratios matter


These ratios help us connect angles and side lengths. If we know an angle, we can compare the sides. If we know side lengths, we can find the value of a trigonometric ratio.


For example, in any right triangle with the same angle θ, the ratio oppositehypotenuse will always be the same. That is why sine, cosine, and tangent depend only on the angle, not on the size of the triangle.


4. How to identify the sides correctly


Before using sine, cosine, or tangent, always follow these steps:



  	Find the right angle.

  	Label the side opposite the right angle as the hypotenuse.

  	Choose the acute angle you are working with.

  	Find the side across from that angle: this is the opposite.

  	Find the side next to that angle that is not the hypotenuse: this is the adjacent.




This labeling step is very important. Many mistakes happen because students mix up opposite and adjacent.


5. Worked Example 1: Identify the ratio


In a right triangle, relative to angle A:


  	opposite side = 3

  	adjacent side = 4

  	hypotenuse = 5




Find sin⁡(A), cos⁡(A), and tan⁡(A).


Step 1: Use the definitions.


sin⁡(A)=oppositehypotenuse=35

cos⁡(A)=adjacenthypotenuse=45

tan⁡(A)=oppositeadjacent=34

Answer:



  	sin⁡(A)=35

  	cos⁡(A)=45

  	tan⁡(A)=34




6. Worked Example 2: Same triangle, different angle


Now use the same triangle with side lengths 3, 4, and 5, but this time look at the other acute angle, B.


Relative to angle B:


  	the side of length 4 is now opposite

  	the side of length 3 is now adjacent

  	the hypotenuse is still 5




Find sin⁡(B), cos⁡(B), and tan⁡(B).


sin⁡(B)=45

cos⁡(B)=35

tan⁡(B)=43

This example shows an important idea: the side names depend on the angle you choose.


7. Worked Example 3: Decide which ratio to use


In a right triangle, relative to angle θ, the opposite side is 8 and the hypotenuse is 17. Find the trigonometric ratio that compares these two sides, and then write its value.


Step 1: Identify the sides involved.


The sides given are opposite and hypotenuse.


Step 2: Choose the correct ratio.


The ratio using opposite and hypotenuse is sine.


sin⁡(θ)=oppositehypotenuse=817

Answer: sin⁡(θ)=817


8. Worked Example 4: Find a missing side ratio from side lengths


A right triangle has side lengths 5, 12, and 13. Relative to angle θ, the side of length 12 is opposite and the side of length 5 is adjacent.


Find all three trigonometric ratios.


Step 1: Identify the hypotenuse.


The longest side is 13, so it is the hypotenuse.


Step 2: Use the definitions.


sin⁡(θ)=1213

cos⁡(θ)=513

tan⁡(θ)=125

Answer:


  	sin⁡(θ)=1213

  	cos⁡(θ)=513

  	tan⁡(θ)=125




9. Important notes and common mistakes



  	Do not guess the hypotenuse. It is always opposite the right angle and is always the longest side.

  	Opposite and adjacent depend on the chosen angle. If the angle changes, those labels may switch.

  	Tangent does not use the hypotenuse. It compares opposite and adjacent.

  	Write ratios as fractions. Keep them simplified when possible.




10. Quick check for understanding


If you are given a right triangle and an angle θ, ask yourself:



  	Which side is across from θ? That is opposite.

  	Which side touches θ but is not the hypotenuse? That is adjacent.

  	Which side is across from the right angle? That is the hypotenuse.




Then match the ratio you need:



  	Need opposite and hypotenuse? Use sin⁡.

  	Need adjacent and hypotenuse? Use cos⁡.

  	Need opposite and adjacent? Use tan⁡.




11. Brief summary


In a right triangle, sine, cosine, and tangent are ratios based on a chosen acute angle. The three definitions are:


sin⁡(θ)=oppositehypotenuse,cos⁡(θ)=adjacenthypotenuse,tan⁡(θ)=oppositeadjacent

The key to success is labeling the sides correctly first. Once you know which side is opposite, adjacent, and hypotenuse, you can choose the correct trigonometric ratio with confidence.


  
  Put what you read to the test

  You've worked through Defining Trigonometric Ratios in Right Triangles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1035






  [image: 📝]   Lesson 66: Reciprocal Trigonometric Ratios

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1076




  Reciprocal Trigonometric Ratios are three trigonometric ratios that are built from the three main ratios you may already know: sine, cosine, and tangent.


If you know that:


	
sin⁡θ=oppositehypotenuse



	
cos⁡θ=adjacenthypotenuse



	
tan⁡θ=oppositeadjacent






then the reciprocal ratios are just the flipped versions of these fractions.


In math, a reciprocal means the multiplicative inverse. That means if you multiply a number by its reciprocal, the product is 1.


For example, the reciprocal of 23 is 32, because:


23⋅32=1

The same idea works for trigonometric ratios.


The reciprocal trigonometric ratios are:


	
Cosecant: csc⁡θ, the reciprocal of sine



	
Secant: sec⁡θ, the reciprocal of cosine



	
Cotangent: cot⁡θ, the reciprocal of tangent






So the three reciprocal identities are:


csc⁡θ=1sin⁡θ
sec⁡θ=1cos⁡θ
cot⁡θ=1tan⁡θ

Because sine, cosine, and tangent are ratios of side lengths in a right triangle, we can also write the reciprocal ratios directly using triangle sides.


Suppose θ is one acute angle in a right triangle. Then:


	
Cosecant compares hypotenuse to opposite:

csc⁡θ=hypotenuseopposite



	
Secant compares hypotenuse to adjacent:

sec⁡θ=hypotenuseadjacent



	
Cotangent compares adjacent to opposite:

cot⁡θ=adjacentopposite






Here is the full set of six ratios together:


sin⁡θ=oppositehypotenuse,csc⁡θ=hypotenuseopposite
cos⁡θ=adjacenthypotenuse,sec⁡θ=hypotenuseadjacent
tan⁡θ=oppositeadjacent,cot⁡θ=adjacentopposite

A helpful pattern is that each reciprocal ratio simply flips the fraction of its matching primary ratio.


For example:


	
If sin⁡θ=35, then csc⁡θ=53



	
If cos⁡θ=47, then sec⁡θ=74



	
If tan⁡θ=29, then cot⁡θ=92






Important note: a reciprocal ratio is not found by subtracting from 1. For example, csc⁡θ is not 1−sin⁡θ. It is 1sin⁡θ.


Now let’s work through some examples.


Worked Example 1: Find a reciprocal ratio from a known ratio


Suppose:


sin⁡θ=817

Find csc⁡θ.


Since cosecant is the reciprocal of sine:


csc⁡θ=1sin⁡θ=1817=178

Answer: csc⁡θ=178


This is a direct flip of the sine ratio.


Worked Example 2: Use side lengths in a triangle


A right triangle has:


	
opposite side = 6



	
adjacent side = 8



	
hypotenuse = 10






Find all three reciprocal ratios for angle θ.


Start by using the side definitions:


csc⁡θ=hypotenuseopposite=106=53

sec⁡θ=hypotenuseadjacent=108=54

cot⁡θ=adjacentopposite=86=43

Answers:


	
csc⁡θ=53



	
sec⁡θ=54



	
cot⁡θ=43






You could also first find sin⁡θ, cos⁡θ, and tan⁡θ, then flip each one.


Worked Example 3: Find a missing reciprocal ratio from tangent


Suppose:


tan⁡θ=311

Find cot⁡θ.


Cotangent is the reciprocal of tangent, so:


cot⁡θ=1tan⁡θ=1311=113

Answer: cot⁡θ=113


Worked Example 4: Find secant from a triangle with a missing side


In a right triangle, for angle θ:


	
adjacent side = 9



	
opposite side = 12






Find sec⁡θ.


To find secant, we need the hypotenuse. Use the Pythagorean Theorem:


92+122=c2
81+144=c2
225=c2
c=15

Now use the secant definition:


sec⁡θ=hypotenuseadjacent=159=53

Answer: sec⁡θ=53


This example shows that sometimes you must find a missing side before using a trig ratio.


How to remember the reciprocal ratios


	
csc⁡ matches with sin⁡



	
sec⁡ matches with cos⁡



	
cot⁡ matches with tan⁡






A quick memory idea is to think of them as partner pairs:


	
sine [image: ↔] cosecant



	
cosine [image: ↔] secant



	
tangent [image: ↔] cotangent






Common mistakes to avoid


	
Do not confuse reciprocal with opposite in the triangle. A reciprocal means flip the fraction.



	
Do not write sec⁡θ=1sin⁡θ. Secant goes with cosine, not sine.



	
Do not forget to simplify fractions when possible.



	
Make sure you identify opposite and adjacent based on the given angle θ.






Quick check

If cos⁡θ=513, then:


sec⁡θ=135

If tan⁡θ=74, then:


cot⁡θ=47

If sin⁡θ=910, then:


csc⁡θ=109

[image: 📋]   Summary

Reciprocal trigonometric ratios are the flipped versions of sine, cosine, and tangent.



	
csc⁡θ=1sin⁡θ=hypotenuseopposite



	
sec⁡θ=1cos⁡θ=hypotenuseadjacent



	
cot⁡θ=1tan⁡θ=adjacentopposite






When you know a primary trig ratio, you can find its reciprocal by flipping the fraction. When working with a triangle, use the side definitions carefully based on the location of the angle.


  
  Put what you read to the test

  You've worked through Reciprocal Trigonometric Ratios. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1036






  [image: 📝]   Lesson 67: Trigonometric Ratios of Standard Angles
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  Trigonometric Ratios of Standard Angles


In trigonometry, we study how angles and side lengths are connected in a right triangle. The three main trigonometric ratios are sine, cosine, and tangent.


For some special angles, called standard angles, the values of these ratios can be found exactly. In 10th Grade, the most important standard angles are 0[image: °],30[image: °],45[image: °],60[image: °], and 90[image: °].


Learning these exact values helps you solve many trigonometry questions quickly and accurately.


1. Review: the three trigonometric ratios


In a right triangle, choose one acute angle θ. Then the sides are named like this:


	Hypotenuse: the longest side, opposite the right angle

	Opposite side: the side across from θ

	Adjacent side: the side next to θ, not the hypotenuse




The three ratios are:


sin⁡θ=oppositehypotenuse,cos⁡θ=adjacenthypotenuse,tan⁡θ=oppositeadjacent



A useful memory aid is SOH-CAH-TOA:


	SOH: sin⁡=OppositeHypotenuse

	CAH: cos⁡=AdjacentHypotenuse

	TOA: tan⁡=OppositeAdjacent




2. Finding exact values using special triangles


The exact trigonometric values for standard angles come from two special right triangles:


	a 45[image: °]-45[image: °]-90[image: °] triangle

	a 30[image: °]-60[image: °]-90[image: °] triangle




3. The 45[image: °]-45[image: °]-90[image: °] triangle


If a right triangle has angles 45[image: °],45[image: °],90[image: °], then the two shorter sides are equal.


Suppose each shorter side is 1. Using Pythagoras' theorem:


hypotenuse=12+12=2



So the side ratio is:


1:1:2



Now find the trigonometric ratios for 45[image: °]:


sin⁡45[image: °]=1/√(2)=√(2)/2



cos⁡45[image: °]=1/√(2)=√(2)/2



tan⁡45[image: °]=1/1=1



4. The 30[image: °]-60[image: °]-90[image: °] triangle


This triangle can be made by cutting an equilateral triangle in half.


Start with an equilateral triangle of side length 2. When it is cut into two equal right triangles:


	the hypotenuse is 2

	the shorter side is 1

	the other side is found using Pythagoras' theorem





other side=22−12=4−1=3



So the side ratio is:


1:3:2



In this triangle:


	the side opposite 30[image: °] is 1

	the side opposite 60[image: °] is 3

	the hypotenuse is 2




Now we find the exact values.


For 30[image: °]:


sin⁡30[image: °]=1/2



cos⁡30[image: °]=√(3)/2



tan⁡30[image: °]=1/√(3)=√(3)/3



For 60[image: °]:


sin⁡60[image: °]=√(3)/2



cos⁡60[image: °]=1/2



tan⁡60[image: °]=√(3)



5. Values at 0[image: °] and 90[image: °]


These values are also standard and should be memorized.



sin⁡0[image: °]=0, cos⁡0[image: °]=1, tan⁡0[image: °]=0




sin⁡90[image: °]=1, cos⁡90[image: °]=0



For tangent at 90[image: °]:


tan⁡90[image: °]=sin⁡90[image: °]/cos⁡90[image: °]=1/0



Division by zero is not possible, so tan⁡90[image: °] is undefined.


6. Table of standard values


Here is the full table you should know:



θ0[image: °]30[image: °]45[image: °]60[image: °]90[image: °]sin⁡θ01/2√(2)/2√(3)/21cos⁡θ1√(3)/2√(2)/21/20tan⁡θ0√(3)/31√(3)undefined



7. A quick pattern to help memory


There is a useful pattern for sine:


sin⁡0[image: °]=√(0)/2, sin⁡30[image: °]=√(1)/2, sin⁡45[image: °]=√(2)/2, sin⁡60[image: °]=√(3)/2, sin⁡90[image: °]=√(4)/2



That gives:


0, 12, 22, 32, 1



For cosine, the same values appear in reverse order:


1, 32, 22, 12, 0



This is helpful because sine increases from 0 to 1 as the angle goes from 0[image: °] to 90[image: °], while cosine decreases from 1 to 0.


8. Important relationships to notice


	sin⁡30[image: °]=cos⁡60[image: °]

	sin⁡60[image: °]=cos⁡30[image: °]

	sin⁡45[image: °]=cos⁡45[image: °]

	tan⁡θ=sin⁡θcos⁡θ




These relationships make it easier to check your work.


9. Worked Examples


Example 1: Find sin⁡30[image: °], cos⁡45[image: °], and tan⁡60[image: °].


Using the standard table:


sin⁡30[image: °]=1/2



cos⁡45[image: °]=√(2)/2



tan⁡60[image: °]=√(3)



Example 2: Use special triangles to find tan⁡30[image: °].


In a 30[image: °]−60[image: °]−90[image: °] triangle, the sides are in the ratio:


1:3:2



For the angle 30[image: °]:


	opposite side = 1

	adjacent side = 3




So:


tan⁡30[image: °]=opposite/adjacent=1/√(3)=√(3)/3



Example 3: Find the value of sin⁡60[image: °]/cos⁡60[image: °].


Substitute the exact values:


sin⁡60[image: °]/cos⁡60[image: °]=√(3)/2/1/2



Divide by multiplying by the reciprocal:


3212=32×21=3



Therefore:


sin⁡60[image: °]/cos⁡60[image: °]=√(3)



This matches:


tan⁡60[image: °]=√(3)



Example 4: Evaluate 2sin⁡45[image: °]+cos⁡60[image: °].


Write the standard values:


2sin⁡45[image: °]+cos⁡60[image: °]=2(√(2)/2)+1/2



Simplify:


2(22)=2



So the final answer is:


2+12



10. Common mistakes to avoid


	Mixing up sine and cosine. Always identify opposite, adjacent, and hypotenuse carefully.

	Forgetting that tan⁡90[image: °] is undefined.

	Confusing tan⁡30[image: °] and tan⁡60[image: °]. Remember:
tan⁡30[image: °]=√(3)/3, tan⁡60[image: °]=√(3)


	Not simplifying correctly, especially values like 13, which is usually written as 33.




11. How to study and remember the standard angles


	Memorize the table one row at a time.

	Use the sine pattern 02,12,22,32,42.

	Get cosine by reversing the sine row.

	Find tangent using tan⁡θ=sin⁡θcos⁡θ.

	Practice writing the full table from memory.




12. Summary


Standard angles are special angles whose trigonometric ratios can be found exactly. The values for 30[image: °],45[image: °], and 60[image: °] come from the special right triangles 30[image: °]−60[image: °]−90[image: °] and 45[image: °]−45[image: °]−90[image: °].


You should know the exact values of sin⁡, cos⁡, and tan⁡ for 0[image: °],30[image: °],45[image: °],60[image: °], and 90[image: °]. These values are essential for solving trigonometry problems quickly and correctly.


  
  Put what you read to the test

  You've worked through Trigonometric Ratios of Standard Angles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1037
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  Trigonometric Ratios of Complementary Angles


In a right triangle, the two acute angles always add up to 90[image: °]. These two angles are called complementary angles.


For example, if one angle is 35[image: °], then the other acute angle must be 55[image: °], because


35[image: °]+55[image: °]=90[image: °]

This simple fact leads to an important set of trigonometric relationships. These relationships help us rewrite one trigonometric ratio in terms of another, which makes many questions much easier.


Goal of this lesson: understand why complementary-angle ratios are connected, learn the identities, and use them to simplify expressions and solve problems.


1. Quick review: trigonometric ratios in a right triangle


Take a right triangle and choose one acute angle, say θ. The sides are named relative to that angle:



  	Opposite: the side across from θ

  	Adjacent: the side next to θ (not the hypotenuse)

  	Hypotenuse: the longest side, opposite the right angle




The main trigonometric ratios are:


sin⁡θ=oppositehypotenuse
cos⁡θ=adjacenthypotenuse
tan⁡θ=oppositeadjacent

There are also three related ratios:


csc⁡θ=1sin⁡θ=hypotenuseopposite
sec⁡θ=1cos⁡θ=hypotenuseadjacent
cot⁡θ=1tan⁡θ=adjacentopposite

2. Why complementary angles switch roles


Suppose a right triangle has acute angles θ and 90[image: °]−θ.


Now focus on the side names. A very important thing happens:



  	The side that is opposite to θ becomes adjacent to 90[image: °]−θ.

  	The side that is adjacent to θ becomes opposite to 90[image: °]−θ.

  	The hypotenuse stays the same.




This means sine and cosine swap, tangent and cotangent swap, and secant and cosecant swap.


3. The complementary angle identities


These are the identities you should know:


sin⁡(90[image: °]−x)=cos⁡x
cos⁡(90[image: °]−x)=sin⁡x
tan⁡(90[image: °]−x)=cot⁡x
cot⁡(90[image: °]−x)=tan⁡x
sec⁡(90[image: °]−x)=csc⁡x
csc⁡(90[image: °]−x)=sec⁡x

These identities are true for acute angles in right-triangle trigonometry.


4. Understanding one identity clearly


Let one acute angle in a right triangle be x. Then the other acute angle is 90[image: °]−x.


For angle x:


sin⁡x=opposite to xhypotenuse

For angle 90[image: °]−x, that same opposite side to x is now the adjacent side. So:


cos⁡(90[image: °]−x)=adjacent to (90[image: °]−x)/hypotenuse=opposite to x/hypotenuse

Therefore,


cos⁡(90[image: °]−x)=sin⁡x

Using the same idea, all the other identities can be understood.


5. A helpful memory idea


When the angle changes from x to 90[image: °]−x, the trigonometric ratio changes to its co-function:



  	sin⁡↔cos⁡

  	tan⁡↔cot⁡

  	sec⁡↔csc⁡




So, if you see 90[image: °]−x, think: switch to the matching co-function.


6. Worked Example 1: Basic identity use


Simplify sin⁡58[image: °].


Notice that 58[image: °]=90[image: °]−32[image: °]. So:


sin⁡58[image: °]=sin⁡(90[image: °]−32[image: °])

Using sin⁡(90[image: °]−x)=cos⁡x:


sin⁡(90[image: °]−32[image: °])=cos⁡32[image: °]

Therefore,


sin⁡58[image: °]=cos⁡32[image: °]

Answer: cos⁡32[image: °]


7. Worked Example 2: Using tangent and cotangent


Simplify tan⁡25[image: °] in terms of cotangent.


Since 25[image: °]=90[image: °]−65[image: °], we write:


tan⁡25[image: °]=tan⁡(90[image: °]−65[image: °])

Using tan⁡(90[image: °]−x)=cot⁡x:


tan⁡(90[image: °]−65[image: °])=cot⁡65[image: °]

So,


tan⁡25[image: °]=cot⁡65[image: °]

Answer: cot⁡65[image: °]


8. Worked Example 3: Simplifying an expression


Simplify:


sin⁡(90[image: °]−x)/cos⁡x

Use the identity sin⁡(90[image: °]−x)=cos⁡x.


Then the expression becomes:


cos⁡xcos⁡x

=1

Answer: 1


This kind of question is very common. The key step is replacing the complementary-angle ratio with its matching ratio.


9. Worked Example 4: A slightly harder expression


Simplify:


sec⁡(90[image: °]−θ)×sin⁡θ

Use the identity:


sec⁡(90[image: °]−θ)=csc⁡θ

So the expression becomes:


csc⁡θ×sin⁡θ

Now use csc⁡θ=1sin⁡θ:


csc⁡θ×sin⁡θ=1sin⁡θ×sin⁡θ=1

Answer: 1


10. How to solve these questions step by step



  	Look for an angle of the form 90[image: °]−x.

  	Identify the trigonometric ratio attached to it.

  	Replace it with the matching co-function:
    
      	sin⁡→cos⁡

      	cos⁡→sin⁡

      	tan⁡→cot⁡

      	cot⁡→tan⁡

      	sec⁡→csc⁡

      	csc⁡→sec⁡

    

  

  	Simplify the new expression.




11. Common mistakes to avoid



  	Do not keep the same ratio. For example, sin⁡(90[image: °]−x) is not sin⁡x. It becomes cos⁡x.

  	Watch the angle carefully. These identities are for complementary angles, so the angle must be of the form 90[image: °]−x.

  	Do not mix up reciprocal and complementary ideas. For example, sin⁡x and csc⁡x are reciprocals, but sin⁡(90[image: °]−x) becomes cos⁡x, not csc⁡x.

  	Check whether the question asks to simplify or evaluate. Sometimes you only need to rewrite the expression, not find a decimal value.




12. Quick practice ideas


Try rewriting these on your own:



  	cos⁡17[image: °]=sin⁡73[image: °]

  	csc⁡40[image: °]=sec⁡50[image: °]

  	cot⁡12[image: °]=tan⁡78[image: °]

  	tan⁡(90[image: °]−x)/cot⁡x




For the last one, use tan⁡(90[image: °]−x)=cot⁡x, so the fraction becomes cot⁡xcot⁡x=1.


13. Summary


Complementary angles are two angles that add up to 90[image: °]. In a right triangle, the two acute angles are always complementary.


Because the opposite and adjacent sides switch roles when you move from one acute angle to the other, the trigonometric ratios also switch in pairs:


sin⁡(90[image: °]−x)=cos⁡x, cos⁡(90[image: °]−x)=sin⁡x
tan⁡(90[image: °]−x)=cot⁡x, cot⁡(90[image: °]−x)=tan⁡x
sec⁡(90[image: °]−x)=csc⁡x, csc⁡(90[image: °]−x)=sec⁡x

These identities are very useful for simplifying expressions quickly and correctly. Whenever you see 90[image: °]−x, think: switch to the matching co-function.


  
  Put what you read to the test

  You've worked through Trigonometric Ratios of Complementary Angles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1038
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  Introduction
In trigonometry, identities are equations that are always true for allowed values of the variable. One of the most important identities is the Fundamental Pythagorean Identity:
sin⁡2θ+cos⁡2θ=1
This means that for any angle θ, the square of the sine plus the square of the cosine will always equal 1.
This identity is called “Pythagorean” because it comes directly from the Pythagorean Theorem, which you already know from right triangles:
a2+b2=c2
In this lesson, you will learn what the identity means, why it is true, and how to use it to find missing trig values.
Review: Sine and Cosine in a Right Triangle
Suppose θ is one acute angle in a right triangle.
	sin⁡θ=oppositehypotenuse
	cos⁡θ=adjacenthypotenuse

If we label the opposite side as o, the adjacent side as a, and the hypotenuse as h, then:
sin⁡θ=ohandcos⁡θ=ah
Where the Identity Comes From
Start with the Pythagorean Theorem for a right triangle:
o2+a2=h2
Now divide every term by h2:
o2h2+a2h2=h2h2
Simplify each fraction:
(oh)2+(ah)2=1
Replace the ratios with sine and cosine:
sin⁡2θ+cos⁡2θ=1
This proves the Fundamental Pythagorean Identity.
What Does sin⁡2θ Mean?
The notation sin⁡2θ means:
sin⁡2θ=(sin⁡θ)2
It does not mean sin⁡(θ2).
In the same way:
cos⁡2θ=(cos⁡θ)2
Why This Identity Matters
This identity is useful because if you know the sine or cosine of an angle, you can find the other one.
Starting with
sin⁡2θ+cos⁡2θ=1
you can rearrange it in two helpful ways:
sin⁡2θ=1−cos⁡2θ
cos⁡2θ=1−sin⁡2θ
Then take the square root to find the missing value.
Be careful: when taking a square root, there can be a positive or negative answer. In right triangle problems with acute angles, sine and cosine are positive. In other settings, you may need to think about the sign.
Worked Example 1: Verify the Identity Using a Right Triangle
A right triangle has side lengths 3, 4, and 5. Let θ be the angle opposite the side of length 3.
First find sine and cosine:
sin⁡θ=35cos⁡θ=45
Now square each value:
sin⁡2θ=(35)2=925
cos⁡2θ=(45)2=1625
Add them:
sin⁡2θ+cos⁡2θ=925+1625=2525=1
So the identity is true for this triangle.
Worked Example 2: Find Cosine from a Given Sine
If sin⁡θ=513 and θ is an acute angle, find cos⁡θ.
Use the identity:
sin⁡2θ+cos⁡2θ=1
Substitute sin⁡θ=513:
(513)2+cos⁡2θ=1
25169+cos⁡2θ=1
Subtract 25169 from both sides:
cos⁡2θ=1−25169
Write 1 as 169169:
cos⁡2θ=169169−25169=144169
Take the square root:
cos⁡θ=±1213
Because θ is acute in a right triangle, cosine is positive.
cos⁡θ=1213
Worked Example 3: Find Sine from a Given Cosine
If cos⁡θ=0.8 and θ is acute, find sin⁡θ.
Use the identity:
sin⁡2θ+cos⁡2θ=1
Substitute cos⁡θ=0.8:
sin⁡2θ+(0.8)2=1
sin⁡2θ+0.64=1
Subtract 0.64:
sin⁡2θ=0.36
Take the square root:
sin⁡θ=±0.6
Since θ is acute, sine is positive.
sin⁡θ=0.6
Worked Example 4: Use the Identity in Algebra
Simplify:
sin⁡2θ+cos⁡2θ+7
Use the identity sin⁡2θ+cos⁡2θ=1:
1+7=8
So the simplified expression is:
8
Common Mistakes to Avoid
	Mixing up the ratios: Remember that sine uses opposite over hypotenuse, and cosine uses adjacent over hypotenuse.
	Misreading exponents: sin⁡2θ means (sin⁡θ)2, not sin⁡(θ2).
	Forgetting to square first: In the identity, the sine and cosine values are squared before being added.
	Ignoring the sign after square roots: If the problem says the angle is acute, use the positive value.

Key Idea to Remember
The identity works because sine and cosine come from side ratios in a right triangle, and the side lengths of a right triangle always satisfy the Pythagorean Theorem.
No matter which angle you choose,
sin⁡2θ+cos⁡2θ=1
Quick Practice
	If sin⁡θ=817 and θ is acute, find cos⁡θ.
	If cos⁡θ=1517 and θ is acute, find sin⁡θ.
	Simplify: 3(sin⁡2θ+cos⁡2θ).

Answers
	cos⁡θ=1517
	sin⁡θ=817
	3(1)=3

[image: 📋]   Summary
The Fundamental Pythagorean Identity is
sin⁡2θ+cos⁡2θ=1
It comes from the Pythagorean Theorem and the definitions of sine and cosine in a right triangle.
You can use this identity to verify trig values, simplify expressions, and find a missing sine or cosine when you know the other one.


  
  Put what you read to the test

  You've worked through The Fundamental Pythagorean Identity. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1039
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  Quotient and Reciprocal Identities are important trigonometric relationships that help us rewrite expressions in simpler forms. These identities connect the six trig functions: sine, cosine, tangent, cotangent, secant, and cosecant.


In this lesson, you will learn how tangent and cotangent can be written as quotients, and how sine, cosine, and tangent each have reciprocal partners. These relationships make it easier to simplify expressions, solve equations, and understand how trig functions are connected.


Before starting, remember the three basic trig ratios in a right triangle:



  	sin⁡θ=oppositehypotenuse

  	cos⁡θ=adjacenthypotenuse

  	tan⁡θ=oppositeadjacent




These basic definitions lead directly to the quotient identities and reciprocal identities.


1. Quotient Identities


The quotient identities show how tangent and cotangent can be written using sine and cosine.



  	tan⁡θ=sin⁡θcos⁡θ

  	cot⁡θ=cos⁡θsin⁡θ




Why does this work? Start with the definitions from a right triangle:


sin⁡θ=oppositehypotenuse,cos⁡θ=adjacenthypotenuse


Now divide sine by cosine:


sin⁡θcos⁡θ=oppositehypotenuseadjacenthypotenuse


When dividing fractions, multiply by the reciprocal:


oppositehypotenuse⋅hypotenuseadjacent=oppositeadjacent=tan⁡θ


So, tan⁡θ=sin⁡θcos⁡θ.


In the same way, dividing cosine by sine gives:


cos⁡θsin⁡θ=adjacentopposite=cot⁡θ


So, cot⁡θ=cos⁡θsin⁡θ.


2. Reciprocal Identities


Reciprocal identities come from pairs of trig functions that are opposites in multiplication. Two numbers are reciprocals if their product is 1.


The reciprocal identities are:



  	csc⁡θ=1sin⁡θandsin⁡θ=1csc⁡θ

  	sec⁡θ=1cos⁡θandcos⁡θ=1sec⁡θ

  	cot⁡θ=1tan⁡θandtan⁡θ=1cot⁡θ




This means:



  	sine and cosecant are reciprocals,

  	cosine and secant are reciprocals,

  	tangent and cotangent are reciprocals.




For example, if sin⁡θ=35, then:


csc⁡θ=1sin⁡θ=135=53


3. Why These Identities Matter


Quotient and reciprocal identities help you:



  	rewrite expressions in different trig forms,

  	simplify complicated fractions,

  	solve trigonometric equations,

  	check whether two expressions are equivalent.




Many trig problems become easier when you change everything into sine and cosine first.


4. Worked Examples


Example 1: Rewrite tangent using sine and cosine


Rewrite tan⁡x as a quotient.


Use the quotient identity:


tan⁡x=sin⁡xcos⁡x


Answer: sin⁡xcos⁡x


Example 2: Find a reciprocal function


If cos⁡θ=47, find sec⁡θ.


Since secant is the reciprocal of cosine:


sec⁡θ=1cos⁡θ=147=74


Answer: sec⁡θ=74


Example 3: Simplify using a quotient identity


Simplify:


sin⁡xcos⁡x


By the quotient identity,


sin⁡xcos⁡x=tan⁡x


Answer: tan⁡x


Example 4: Simplify a more complex expression


Simplify:


1csc⁡x⋅cos⁡xsin⁡x


Step 1: Use the reciprocal identity 1csc⁡x=sin⁡x.


So the expression becomes:


sin⁡x⋅cos⁡xsin⁡x


Step 2: Cancel sin⁡x from top and bottom:


sin⁡x⋅cos⁡xsin⁡x=cos⁡x


Answer: cos⁡x


5. Common Mistakes to Avoid



  	Mixing up quotient and reciprocal identities: tan⁡θ=sin⁡θcos⁡θ, not 1sin⁡θ.

  	Forgetting which functions are pairs: sine pairs with cosecant, cosine pairs with secant, tangent pairs with cotangent.

  	Dividing incorrectly: when dividing fractions, multiply by the reciprocal.

  	Cancelling too early: only cancel factors, not terms that are being added or subtracted.




6. Quick Identity List to Memorize



  	tan⁡θ=sin⁡θcos⁡θ

  	cot⁡θ=cos⁡θsin⁡θ

  	csc⁡θ=1sin⁡θ

  	sec⁡θ=1cos⁡θ

  	cot⁡θ=1tan⁡θ




7. Final Summary


The quotient identities show that tangent and cotangent can be written as fractions of sine and cosine:


tan⁡θ=sin⁡θcos⁡θ,cot⁡θ=cos⁡θsin⁡θ


The reciprocal identities show that sine, cosine, and tangent each have a reciprocal partner:


csc⁡θ=1sin⁡θ,sec⁡θ=1cos⁡θ,cot⁡θ=1tan⁡θ


If you can recognize these identities quickly, you will be able to simplify trig expressions much more easily. A good strategy is to rewrite everything in terms of sine and cosine whenever you feel stuck.


  
  Put what you read to the test

  You've worked through Quotient and Reciprocal Identities. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1040
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  Proving Complex Trigonometric Identities


In trigonometry, an identity is an equation that is true for all values of the variable where both sides are defined. For example, the identity


sin⁡2θ+cos⁡2θ=1


is always true, no matter what angle θ is.


When you are asked to prove a trigonometric identity, your goal is not to plug in numbers. Instead, you use known trig identities and algebra skills to change one side of the equation until it matches the other side.


This lesson will show you how to prove more complicated identities step by step using the most important trig facts, careful algebra, and good strategy.


1. What does it mean to prove an identity?


Suppose you are given:


1−cos⁡2θsin⁡θ=sin⁡θ


To prove this identity, you want to show that the left side simplifies to the right side, or that the right side simplifies to the left side.


You are not solving for θ. You are showing that both expressions are really the same expression written in different forms.


2. Important identities you must know


Most proofs at this level use a small group of basic identities. Memorizing them will make proofs much easier.



  	Pythagorean identity: sin⁡2θ+cos⁡2θ=1

  	From that identity: 1−sin⁡2θ=cos⁡2θ

  	Also: 1−cos⁡2θ=sin⁡2θ

  	Tangent identity: tan⁡θ=sin⁡θcos⁡θ




These are the tools you will use again and again.


3. Key idea: work on one side only


A common mistake is to simplify both sides at the same time. This can get confusing and may not actually prove anything.


Usually, the best strategy is to start with the side that looks more complicated and simplify only that side until it becomes the other side.


4. Useful algebra skills in trig proofs


Proving trig identities is really a mix of trigonometry and algebra. These algebra skills are especially important:



  	Factoring

  	Finding common denominators

  	Splitting fractions carefully

  	Substituting identities like 1−sin⁡2θ=cos⁡2θ

  	Rewriting tan⁡θ as sin⁡θcos⁡θ

  	Canceling only common factors, not terms




5. A step-by-step strategy for proving identities



  	Look at both sides and decide which side seems more complicated.

  	Rewrite everything in terms of sin⁡θ and cos⁡θ if needed.

  	Use the Pythagorean identity when you see expressions like 1−sin⁡2θ or 1−cos⁡2θ.

  	Factor if possible.

  	Combine fractions or split them when helpful.

  	Stop as soon as one side matches the other.




6. Worked Example 1: Using the Pythagorean identity


Prove:


1−cos⁡2θsin⁡θ=sin⁡θ


Step 1: Start with the left side because it looks more complicated.


1−cos⁡2θsin⁡θ


Step 2: Use the identity 1−cos⁡2θ=sin⁡2θ.


sin⁡2θsin⁡θ


Step 3: Simplify by canceling the common factor sin⁡θ.


sin⁡θ


This matches the right side, so the identity is proved.


7. Worked Example 2: Rewriting tangent


Prove:


tan⁡θsin⁡θ=1cos⁡θ


Step 1: Start with the left side.


tan⁡θsin⁡θ


Step 2: Rewrite tan⁡θ as sin⁡θcos⁡θ.


sin⁡θcos⁡θsin⁡θ


Step 3: Dividing by sin⁡θ means multiplying by 1sin⁡θ.


sin⁡θcos⁡θ⋅1sin⁡θ


Step 4: Cancel sin⁡θ.


1cos⁡θ


This matches the right side, so the identity is proved.


8. Worked Example 3: Factoring and simplifying


Prove:


sin⁡2θ−1cos⁡θ=−cos⁡θ


Step 1: Start with the left side.


sin⁡2θ−1cos⁡θ


Step 2: Notice that


sin⁡2θ−1=−(1−sin⁡2θ)


Using 1−sin⁡2θ=cos⁡2θ, we get


sin⁡2θ−1=−cos⁡2θ


So the expression becomes


−cos⁡2θcos⁡θ


Step 3: Simplify.


−cos⁡θ


This matches the right side, so the identity is proved.


9. Worked Example 4: Combining fractions


Prove:


sin⁡θcos⁡θ+cos⁡θcos⁡θ=sin⁡θ+cos⁡θcos⁡θ


This example is more algebraic, but it is still important in trig proofs.


Step 1: Start with the left side.


sin⁡θcos⁡θ+cos⁡θcos⁡θ


Step 2: Since the denominators are the same, combine the numerators.


sin⁡θ+cos⁡θcos⁡θ


This matches the right side, so the identity is proved.


10. Common mistakes to avoid



  	Do not treat an identity like an equation to solve. You are simplifying, not finding values of θ.

  	Do not simplify both sides randomly. Usually, simplify only one side.

  	Do not cancel terms that are added or subtracted. For example, in sin⁡θ+cos⁡θcos⁡θ you cannot cancel the cos⁡θ from just one term.

  	Use identities correctly. For example, 1−sin⁡2θ=cos⁡2θ, not cos⁡θ.

  	Be careful with negative signs. These often cause errors in proofs.




11. How to decide what to do first


Sometimes students get stuck because they do not know which identity to use. Here are some helpful clues:



  	If you see tan⁡θ, try rewriting it as sin⁡θcos⁡θ.

  	If you see 1−sin⁡2θ, replace it with cos⁡2θ.

  	If you see 1−cos⁡2θ, replace it with sin⁡2θ.

  	If you see fractions, look for a common denominator or possible factoring.

  	If one side is very simple, try turning the more complex side into that simple form.




12. Quick practice ideas


Try proving these on your own using the same methods:



  	1−sin⁡2θcos⁡θ=cos⁡θ

  	tan⁡θ⋅cos⁡θ=sin⁡θ

  	sin⁡2θcos⁡θ+cos⁡θ=1cos⁡θ




For the last one, try combining the terms on the left using a common denominator. Then use sin⁡2θ+cos⁡2θ=1.


13. Final summary


To prove complex trigonometric identities, start with one side of the equation and use basic trig identities plus algebra to transform it into the other side.


The most important tools are:



  	sin⁡2θ+cos⁡2θ=1

  	1−sin⁡2θ=cos⁡2θ

  	1−cos⁡2θ=sin⁡2θ

  	tan⁡θ=sin⁡θcos⁡θ




As you practice, you will get better at noticing patterns and choosing the right identity. The key is to work carefully, show each step clearly, and use algebra correctly.


  
  Put what you read to the test

  You've worked through Proving Complex Trigonometric Identities. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1041
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  Angles of Elevation and Depression are used in trigonometry to describe how we look upward or downward at an object.


These angles help us turn real-life situations into right triangles so that we can use trigonometric ratios like sine, cosine, and tangent.


This lesson will show you what these angles mean, how to draw the correct diagram, and how to solve problems involving heights and distances.


1. What is an angle of elevation?


An angle of elevation is the angle formed when you look up at an object from a horizontal line.


Imagine standing on the ground and looking at the top of a tree, building, or flagpole. The angle between your straight-ahead horizontal line and your line of sight upward is the angle of elevation.


2. What is an angle of depression?


An angle of depression is the angle formed when you look down at an object from a horizontal line.


Imagine standing on the top of a lighthouse and looking down at a boat in the water. The angle between your horizontal line and your line of sight downward is the angle of depression.


Important idea: both angles are always measured from a horizontal line, not from a vertical line.


3. Line of sight


The line of sight is the straight line from the observer's eyes to the object being viewed.


In most problems, the line of sight becomes the hypotenuse of a right triangle.


4. Drawing the diagram correctly


When solving these problems, drawing the right triangle is the most important step.



  	Draw a horizontal line from the observer.

  	Draw the line of sight to the object.

  	Mark the given angle from the horizontal.

  	Add the vertical and horizontal distances to complete a right triangle.




Usually:


  	The vertical side represents a height difference.

  	The horizontal side represents the ground distance.

  	The slanted side represents the line of sight.




5. Why are angles of elevation and depression related?


In many problems, an angle of depression from one point is equal to the angle of elevation from the other point.


This happens because the two horizontal lines are parallel, and the line of sight acts like a transversal. The two angles formed are equal alternate interior angles.


So if a person on a cliff looks down at a boat with an angle of depression of 35[image: °], then the boat sees the top of the cliff at an angle of elevation of 35[image: °].


6. Choosing the correct trigonometric ratio


After drawing the triangle, identify which sides you know and which side you need.


Use:


  	sin⁡θ=oppositehypotenuse

  	cos⁡θ=adjacenthypotenuse

  	tan⁡θ=oppositeadjacent




In many elevation and depression problems, we use tangent because the problem often gives a height and a horizontal distance.


That means:

tan⁡θ=heighthorizontal distance

7. Steps for solving word problems



  	Read the problem carefully.

  	Draw and label a right triangle.

  	Decide whether the angle is one of elevation or depression.

  	Mark the angle from a horizontal line.

  	Identify the opposite, adjacent, and hypotenuse sides.

  	Choose the correct trig ratio.

  	Solve the equation.

  	Check whether your answer makes sense.




Worked Example 1: Finding height from distance and angle


A student stands 20 m from the base of a tree. The angle of elevation to the top of the tree is 32[image: °]. Find the height of the tree.


Step 1: Identify the sides.


The horizontal distance is 20 m, so this is the adjacent side.


The height of the tree is the opposite side.


Step 2: Choose the ratio.


Since we have opposite and adjacent, use tangent:

tan⁡32[image: °]=h/20

Step 3: Solve.

h=20tan⁡32[image: °]
h≈20(0.6249)
h≈12.5

Answer: The tree is about 12.5 m tall.


Worked Example 2: Finding horizontal distance from height and angle


A kite is flying at a height of 18 m above the ground. The angle of elevation from a point on the ground to the kite is 40[image: °]. How far is the point on the ground from the point directly below the kite?


Step 1: Identify the sides.


The height 18 m is the opposite side.


The horizontal distance x is the adjacent side.


Step 2: Use tangent.

tan⁡40[image: °]=18/x

Step 3: Solve for x.

xtan⁡40[image: °]=18
x=18/tan⁡40[image: °]
x≈180.8391
x≈21.5

Answer: The horizontal distance is about 21.5 m.


Worked Example 3: Using angle of depression


A person stands on a balcony that is 25 m above the ground. The angle of depression to a car on the road is 28[image: °]. How far is the car from the building?


Step 1: Use the angle relationship.


The angle of depression from the balcony equals the angle of elevation from the car, so the angle in the triangle is also 28[image: °].


Step 2: Identify the sides.


The height 25 m is the opposite side.


The horizontal distance d is the adjacent side.


Step 3: Use tangent.

tan⁡28[image: °]=25/d

Step 4: Solve.

d=25/tan⁡28[image: °]
d≈250.5317
d≈47.0

Answer: The car is about 47.0 m from the building.


Worked Example 4: Finding the line of sight


A ladder leans against a wall. The angle of elevation from the ground to the top of the ladder is 65[image: °], and the base of the ladder is 4 m from the wall. Find the length of the ladder.


Step 1: Identify the sides.


The horizontal distance 4 m is the adjacent side.


The ladder length L is the hypotenuse.


Step 2: Choose cosine.

cos⁡65[image: °]=4/L

Step 3: Solve.

L=4/cos⁡65[image: °]
L≈40.4226
L≈9.5

Answer: The ladder is about 9.5 m long.


8. Common mistakes to avoid



  	Measuring from the wrong line: Always measure elevation or depression from a horizontal line.

  	Mixing up opposite and adjacent: These depend on where the angle is located.

  	Using the wrong trig ratio: Choose sine, cosine, or tangent based on the sides involved.

  	Forgetting equal angles: The angle of depression often equals the angle of elevation.

  	Not checking units: Make sure your final answer includes meters, feet, or whatever unit is used.




9. Quick check for understanding


Ask yourself these questions:


  	Am I looking up or looking down?

  	Did I draw the horizontal line correctly?

  	Which side is opposite the angle?

  	Which side is adjacent?

  	Should I use sine, cosine, or tangent?




10. Summary


An angle of elevation is the angle formed when looking upward from a horizontal line, and an angle of depression is the angle formed when looking downward from a horizontal line.


These situations can be modeled using right triangles. Once the triangle is drawn correctly, trigonometric ratios help find unknown heights, distances, or line-of-sight lengths.


The most important skills are drawing the diagram carefully, measuring angles from the horizontal, and choosing the correct trigonometric ratio.


  
  Put what you read to the test

  You've worked through Angles of Elevation and Depression. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1042
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  Solving Single-Triangle Height and Distance Problems


In many real-life situations, we cannot measure a height directly. For example, it may be difficult to measure the height of a tree, a building, or a flagpole by climbing it. Trigonometry helps us find these unknown heights using a right triangle, one known side length, and one known angle.


In this lesson, you will learn how to solve single-triangle height and distance problems. These are problems where one right triangle is enough to model the situation. You will use the trigonometric ratios sine, cosine, and tangent to find missing lengths.


1. Understanding the right triangle in a height-and-distance problem


Most height-and-distance problems involve an observer looking at the top of an object. This creates a right triangle:



	The height of the object is usually the vertical side.

	The distance from the observer to the object is usually the horizontal side.

	The line of sight from the observer to the top of the object is the hypotenuse.




The angle used is often called the angle of elevation.



	Angle of elevation: the angle measured upward from a horizontal line to an object above eye level.

	Angle of depression: the angle measured downward from a horizontal line to an object below eye level.




For this lesson, we will mainly focus on angle of elevation problems.


2. Reviewing the trigonometric ratios


In a right triangle, the three main trigonometric ratios are:


sin⁡(θ)=oppositehypotenuse

cos⁡(θ)=adjacenthypotenuse

tan⁡(θ)=oppositeadjacent

Here, opposite means the side across from the angle, and adjacent means the side next to the angle that is not the hypotenuse.


To choose the correct ratio, look at which sides you know and which side you need to find.



	Use sine when you have or need the opposite and hypotenuse.

	Use cosine when you have or need the adjacent and hypotenuse.

	Use tangent when you have or need the opposite and adjacent.




3. Why tangent is often used in height problems


In many height-and-distance questions, you are given:



	the horizontal distance from the object, and

	the angle of elevation.




You are asked to find the height. In this case, the height is the opposite side, and the horizontal distance is the adjacent side. That means tangent is usually the best choice:


tan⁡(θ)=heightdistance

Then solve for the height:


height=distance⋅tan⁡(θ)

4. A step-by-step method



	Draw a right triangle to match the situation.

	Label the known angle and the known side.

	Identify the unknown side.

	Choose the correct trig ratio using opposite, adjacent, and hypotenuse.

	Write an equation.

	Solve carefully.

	Check if the answer makes sense in the real situation.




5. Important detail: eye level


Sometimes the person measuring the angle is not standing on the ground level of the triangle’s bottom corner. For example, the measuring tool might be held at eye level, such as 1.6 m above the ground.


In that case, trigonometry first gives you the height above the observer’s eyes, not the full height of the object.


So if needed:


total height=calculated height+eye level

Worked Example 1: Finding the height of a tree using tangent


A student stands 12 m from a tree. The angle of elevation to the top of the tree is 38[image: °]. Find the height of the tree.


Step 1: Identify the sides



	Unknown height of tree = opposite side

	Distance from student to tree = 12 m = adjacent side

	Angle = 38[image: °]




Step 2: Choose a trig ratio


We need opposite and adjacent, so use tangent:


tan⁡(38[image: °])=h/12

Step 3: Solve


h=12tan⁡(38[image: °])

h≈12(0.7813)

h≈9.38

The height of the tree is about 9.4 m.


Worked Example 2: Finding the distance from a building using tangent


A person looks at the top of a building with an angle of elevation of 52[image: °]. The building is 20 m tall. How far is the person standing from the building?


Step 1: Identify the sides



	Height of building = 20 m = opposite side

	Unknown horizontal distance = adjacent side

	Angle = 52[image: °]




Step 2: Use tangent


tan⁡(52[image: °])=20/d

Step 3: Solve for d


dtan⁡(52[image: °])=20

d=20/tan⁡(52[image: °])

d≈201.2799

d≈15.63

The person is standing about 15.6 m from the building.


Worked Example 3: Using sine when the hypotenuse is known


A kite string is 25 m long and makes an angle of 41[image: °] with the ground. Assuming the string is straight and tight, how high is the kite above the ground?


Step 1: Identify the sides



	String length = 25 m = hypotenuse

	Height of kite = opposite side

	Angle with ground = 41[image: °]




Step 2: Choose sine


sin⁡(41[image: °])=h/25

Step 3: Solve


h=25sin⁡(41[image: °])

h≈25(0.6561)

h≈16.40

The kite is about 16.4 m above the ground.


Worked Example 4: Including the observer’s eye level


A surveyor stands 30 m from a tower. The angle of elevation from the surveyor’s eye to the top of the tower is 47[image: °]. The surveyor’s eye is 1.5 m above the ground. Find the total height of the tower.


Step 1: Set up the triangle



	Horizontal distance = 30 m = adjacent side

	Height from eye level to top of tower = opposite side

	Angle = 47[image: °]




Step 2: Use tangent


tan⁡(47[image: °])=h/30

Step 3: Solve for h


h=30tan⁡(47[image: °])

h≈30(1.0724)

h≈32.17

This 32.17 m is the height from the surveyor’s eyes to the top of the tower.


Step 4: Add the eye level


total height=32.17+1.5=33.67

The tower is about 33.7 m tall.


6. How to decide which trig ratio to use


Ask yourself these questions:



	What angle am I using?

	Which side is opposite that angle?

	Which side is adjacent?

	Is the hypotenuse involved?




A quick guide:



	If you see height and distance, think tangent.

	If you see height and slanted side, think sine.

	If you see distance and slanted side, think cosine.




7. Common mistakes to avoid



	Using the wrong angle: Be sure you use the angle given in the triangle.

	Mixing up opposite and adjacent: Always identify them from the given angle.

	Forgetting eye level: Add the observer’s height if the angle is measured from eye level.

	Calculator in the wrong mode: Make sure your calculator is in degrees, not radians.

	Rounding too early: Keep extra decimal places until the final answer.




8. Practice thinking


Here is how you should think through a problem:


“I know the angle and the ground distance. I want the height. Height is opposite, distance is adjacent, so I should use tangent.”


Or:


“I know the angle and the slanted side. I want the height. Height is opposite, slanted side is the hypotenuse, so I should use sine.”


9. Final summary


Single-triangle height and distance problems use one right triangle to model a real situation. You identify the angle, label the sides as opposite, adjacent, and hypotenuse, and then choose sine, cosine, or tangent to find the missing length.


Most height problems use tangent because height is often opposite the angle and ground distance is adjacent. Always draw a diagram, label carefully, and remember to include eye level if the problem mentions it.


  
  Put what you read to the test

  You've worked through Solving Single-Triangle Height and Distance Problems. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1043
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  Solving Multi-Triangle Height and Distance Problems


In trigonometry, height and distance problems often involve a right triangle, an angle, and a side you need to find. A multi-triangle problem is more challenging because it uses two related triangles in the same situation.


These problems usually involve:


  	Two different angles of elevation to the same object, or

  	An observer moving closer to or farther from an object, creating a second triangle.




The key idea is that the triangles are connected by the same height, the same ground line, or a known change in distance. If you can describe those relationships carefully, you can set up equations and solve the problem step by step.


1. Review: the main trigonometric ratios


In a right triangle:


  	
    sin⁡(θ)=oppositehypotenuse
  

  	
    cos⁡(θ)=adjacenthypotenuse
  

  	
    tan⁡(θ)=oppositeadjacent
  




For most height and distance problems, tangent is the most useful ratio because it connects height and horizontal distance directly:



  tan⁡(θ)=heightdistance



2. Important vocabulary


  	Angle of elevation: the angle measured upward from a horizontal line of sight.

  	Horizontal distance: the distance along the ground from the observer to the base of the object.

  	Height: the vertical side of the triangle.




If the observer is standing on level ground and looking at the top of a building, tree, tower, or cliff, then the ground and the object usually form a right triangle.


3. Why multi-triangle problems are different


In a single-triangle problem, one trig equation is often enough. In a multi-triangle problem, you often have two unknowns, such as:


  	the height of the object, and

  	the distance from the observer to the object.




Because there are two unknowns, you usually need two equations. The second triangle gives you that second equation.


4. Common setup strategy


When solving these problems, use this method:


  	Draw or imagine the diagram clearly.

  	Label the height with a variable such as h.

  	Label the unknown distance with a variable such as x.

  	Use the second triangle to write another expression, often x+something or x−something.

  	Write a tangent equation for each triangle.

  	Solve the system of equations.

  	Check whether the answer makes sense.




5. Pattern A: Two angles of elevation from two points on the same line


Suppose one observer is farther away and another is closer. Both look at the top of the same building. The closer observer should have the larger angle of elevation, because the building appears steeper from closer up.


If the closer distance is x, and the farther point is 20 m farther away, then the farther distance is x+20.


If the height is h, then the two equations are:



  tan⁡(θ1)=hx




  tan⁡(θ2)=hx+20



Since both equal the same height expression, you can solve for x and then find h.


Worked Example 1: Finding the height of a building


A student stands some distance from a building and measures the angle of elevation to the top as 50[image: °]. The student then walks 30 m farther away, and the angle becomes 35[image: °]. Find the height of the building.


Step 1: Define variables


  	Let x be the original distance from the building.

  	Then the new distance is x+30.

  	Let h be the height of the building.




Step 2: Write tangent equations


From the first position:


  tan⁡(50[image: °])=h/x


So:


  h=xtan⁡(50[image: °])



From the second position:


  tan⁡(35[image: °])=h/x+30


So:


  h=(x+30)tan⁡(35[image: °])



Step 3: Set the two height expressions equal


  xtan⁡(50[image: °])=(x+30)tan⁡(35[image: °])



Using decimal values:


  x(1.1918)=(x+30)(0.7002)



Expand:


  1.1918x=0.7002x+21.006



Subtract 0.7002x from both sides:


  0.4916x=21.006




  x≈42.73



Step 4: Find the height


  h=xtan⁡(50[image: °])



  h≈42.73(1.1918)≈50.93



Answer: The building is about 50.9 m tall.


6. Pattern B: Two observers at different distances at the same time


Sometimes two people observe the same object from two different points. If the distance between the observers is known, the setup is very similar.


The main question is: Which distance is longer? The smaller angle usually belongs to the observer who is farther away.


Worked Example 2: Two observers looking at a tower


Two observers stand on the same straight path from a tower. The closer observer measures an angle of elevation of 60[image: °], and the farther observer measures 40[image: °]. They are 25 m apart. Find the height of the tower.


Step 1: Define variables


  	Let x be the distance from the closer observer to the tower.

  	Then the farther observer is x+25 m from the tower.

  	Let h be the height of the tower.




Step 2: Write equations


  tan⁡(60[image: °])=h/x⇒h=xtan⁡(60[image: °])



  tan⁡(40[image: °])=h/x+25⇒h=(x+25)tan⁡(40[image: °])



Step 3: Set them equal


  xtan⁡(60[image: °])=(x+25)tan⁡(40[image: °])



Substitute decimal values:


  x(1.7321)=(x+25)(0.8391)




  1.7321x=0.8391x+20.9775




  0.893x=20.9775




  x≈23.49



Step 4: Find height


  h=xtan⁡(60[image: °])



  h≈23.49(1.7321)≈40.69



Answer: The tower is about 40.7 m tall.


7. Pattern C: The observer moves toward the object


If the observer moves closer to the object, the distance gets smaller. So if the original distance is x, and the observer moves 15 m closer, the new distance is x−15.


This is an important place where students make mistakes. Always check whether the movement should make the distance bigger or smaller.


Worked Example 3: Moving closer to a tree


A person is standing some distance from a tree. The angle of elevation to the top is 28[image: °]. After walking 18 m closer, the angle becomes 43[image: °]. Find the height of the tree.


Step 1: Define variables


  	Let x be the original distance from the tree.

  	After walking closer, the new distance is x−18.

  	Let h be the height of the tree.




Step 2: Write equations


  tan⁡(28[image: °])=h/x⇒h=xtan⁡(28[image: °])



  tan⁡(43[image: °])=h/x−18⇒h=(x−18)tan⁡(43[image: °])



Step 3: Set equal and solve


  xtan⁡(28[image: °])=(x−18)tan⁡(43[image: °])



Use decimal values:


  x(0.5317)=(x−18)(0.9325)




  0.5317x=0.9325x−16.785




  −0.4008x=−16.785




  x≈41.88



Step 4: Find the height


  h=xtan⁡(28[image: °])



  h≈41.88(0.5317)≈22.27



Answer: The tree is about 22.3 m tall.


8. When the observer’s eye level matters


Sometimes the angle of elevation is measured from a person’s eyes, not from the ground. If the person’s eye level is 1.6 m above the ground, then the vertical side in the triangle is not the full height of the object.


If a pole has total height H, then the vertical side seen from eye level is:


  H−1.6



This detail is important in more realistic problems.


Worked Example 4: Including eye level


From a point on level ground, a person with eye level 1.5 m measures the angle of elevation to the top of a flagpole as 32[image: °]. After walking 12 m closer, the angle becomes 47[image: °]. Find the total height of the flagpole.


Step 1: Define variables


  	Let x be the original distance from the flagpole.

  	The new distance is x−12.

  	Let H be the total height of the flagpole.




The vertical side of each triangle is:


  H−1.5



Step 2: Write equations


  tan⁡(32[image: °])=H−1.5/x



  tan⁡(47[image: °])=H−1.5/x−12



So:


  H−1.5=xtan⁡(32[image: °])



  H−1.5=(x−12)tan⁡(47[image: °])



Step 3: Set equal


  xtan⁡(32[image: °])=(x−12)tan⁡(47[image: °])



Use decimal values:


  x(0.6249)=(x−12)(1.0724)




  0.6249x=1.0724x−12.8688




  −0.4475x=−12.8688




  x≈28.76



Step 4: Find H


  H−1.5=xtan⁡(32[image: °])



  H−1.5≈28.76(0.6249)≈17.98




  H≈19.48



Answer: The flagpole is about 19.5 m tall.


9. How to decide which trig ratio to use


In most multi-triangle height and distance problems on level ground, tangent is best because:


  	the height is the opposite side, and

  	the ground distance is the adjacent side.




So the basic model is:


  tan⁡(θ)=heightdistance



You may use sine or cosine if a hypotenuse is given, but most of these problems are easiest with tangent.


10. Common mistakes to avoid


  	Using the wrong distance expression: If the observer moves farther away, use x+amount. If the observer moves closer, use x−amount.

  	Matching the wrong angle with the wrong triangle: The closer point should usually have the larger angle of elevation.

  	Forgetting eye level: If the angle is measured from a person’s eyes, the triangle height is the object’s height minus eye level.

  	Rounding too early: Keep calculator values for trig ratios until the end if possible.

  	Not checking reasonableness: A very tall object should usually produce a larger angle if you are close to it.




11. Quick problem-solving checklist


  	What is the same in both triangles? Usually the height.

  	What changes? Usually the horizontal distance.

  	What variable should represent the unknown distance?

  	Is the second distance x+amount or x−amount?

  	Can I write two tangent equations?

  	After solving, does the larger angle match the shorter distance?




12. Summary


Multi-triangle height and distance problems use two connected right triangles to find unknown measurements such as height and distance. The most common tool is the tangent ratio:



  tan⁡(θ)=heightdistance



To solve these problems, define variables carefully, write one trig equation for each triangle, and use the fact that both triangles describe the same object. Pay close attention to whether the observer moves closer or farther away, and include eye level when needed.


With practice, these problems become much easier because the structure repeats: draw, label, write two tangent equations, solve, and check.


  
  Put what you read to the test

  You've worked through Solving Multi-Triangle Height and Distance Problems. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1044
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  Secants, Tangents, and Points of Contact


Circles have several special kinds of lines connected to them. In this lesson, you will learn how to tell the difference between a secant and a tangent, and you will understand what a point of contact means.


These ideas are important in circle geometry because many theorems and angle relationships depend on knowing exactly how a line meets a circle.


1. Review: parts of a circle


Before learning secants and tangents, remember a few basic circle ideas:



  	A circle is the set of all points that are the same distance from one fixed point.

  	The fixed point is the center.

  	A radius is a segment from the center to a point on the circle.

  	A chord is a segment with both endpoints on the circle.




These definitions help us describe how lines and segments interact with a circle.


2. What is a secant?


A secant is a line that intersects a circle at two different points.


If a line passes through the circle, enters it, and exits it, then that line is a secant. Because it crosses the circle in two places, it creates a chord inside the circle.


So, every secant contains a chord, but the secant is the whole line, while the chord is only the part between the two intersection points.


For example, if line \\ell\ crosses a circle at points \A\ and \B\, then line \\ell\ is a secant, and segment \\overline{AB}\ is a chord.


3. What is a tangent?


A tangent is a line that touches a circle at exactly one point.


Unlike a secant, a tangent does not pass through the circle. It just "grazes" the circle at one spot.


That one point where the tangent touches the circle is called the point of contact or point of tangency.


If line \m\ touches the circle only at point \P\, then line \m\ is tangent to the circle, and \P\ is the point of contact.


4. Secant vs. tangent


The most important difference is the number of intersection points with the circle.



  	A secant intersects the circle at 2 points.

  	A tangent intersects the circle at 1 point.




A quick way to decide:



  	Look at the line and the circle.

  	Count how many points they have in common.

  	If there are two, it is a secant.

  	If there is one, it is a tangent.




5. The point of contact


The point of contact is the single point where a tangent touches the circle.


This point is special because the radius drawn to the point of contact has an important property: it is perpendicular to the tangent line.


In symbols, if \\overline{OP}\ is a radius and line \t\ is tangent to the circle at point \P\, then


OP‾⊥t

This means the angle between the radius and the tangent is \90^\circ\.


6. Key tangent theorem


The radius to a point of contact is perpendicular to the tangent.


This is one of the most important facts about tangents. If you know a line is tangent to a circle, then the radius to the point of contact forms a right angle with that line.


So if \O\ is the center and \P\ is the point of contact, then:


∠OPT=90[image: °]

if \PT\ lies on the tangent line.


This theorem also works in reverse in many geometry problems: if a line is perpendicular to a radius at the point where the radius meets the circle, then that line is tangent to the circle.


7. Why secants and tangents matter


In circle geometry, many problems involve identifying which lines are secants and which are tangents. This helps you:



  	name parts of a diagram correctly,

  	find missing angles,

  	use right angles with radii and tangents,

  	understand later theorems about arcs, chords, and angles.




If you confuse a secant with a tangent, you may use the wrong theorem.


8. Visual thinking without a picture


Here is a simple way to imagine the difference:



  	A secant is like a line cutting through a circular cookie.

  	A tangent is like a ruler just touching the edge of the cookie at one spot.




This image can help you quickly decide which type of line you are seeing.


9. Worked Example 1: Identify the line


A line intersects a circle at points \A\ and \B\. Is the line a secant or a tangent?


Step 1: Count the intersection points.


The line meets the circle at two points: \A\ and \B\.


Step 2: Use the definition.


A line that intersects a circle at two points is a secant.


Answer: The line is a secant.


Worked Example 2: Find the angle with a tangent


Circle \O\ has a tangent line touching the circle at point \P\. A radius \\overline{OP}\ is drawn to the point of contact. What is the measure of the angle between the radius and the tangent?


Step 1: Recall the tangent theorem.


A radius to the point of contact is perpendicular to the tangent.


Step 2: Perpendicular lines form a right angle.


90[image: °]

Answer: The angle measure is \90^\circ\.


Worked Example 3: Decide whether a line is tangent


A line touches a circle at point \Q\. The radius \\overline{OQ}\ forms a \90^\circ\ angle with the line. Is the line tangent to the circle?


Step 1: Look at the given information.


The line meets the circle at \Q\, and the radius to that point is perpendicular to the line.


Step 2: Use the tangent rule.


If a line is perpendicular to a radius at the point where the radius meets the circle, then the line is tangent to the circle.


Answer: Yes, the line is tangent to the circle.


Worked Example 4: Classify each statement


Decide whether each statement describes a secant, a tangent, or a point of contact.



  	A line intersects a circle twice.

  	The single point where a tangent touches a circle.

  	A line touches a circle once.




Solution:



  	A line intersects a circle twice \\rightarrow\ secant

  	The single point where a tangent touches a circle \\rightarrow\ point of contact

  	A line touches a circle once \\rightarrow\ tangent




10. Common mistakes to avoid



  	Mistake 1: Thinking a tangent crosses the circle. A tangent only touches once.

  	Mistake 2: Mixing up a chord and a secant. A chord is a segment inside the circle; a secant is the full line through the circle.

  	Mistake 3: Forgetting that the radius to the point of contact makes a right angle with the tangent.

  	Mistake 4: Calling any touching point a point of contact. The term is specifically used for the point where a tangent touches the circle.




11. Quick check for understanding


Ask yourself these questions:



  	If a line meets a circle at two points, what is it? Secant

  	If a line meets a circle at one point, what is it? Tangent

  	What is the touching point of a tangent called? Point of contact

  	What angle does a radius make with a tangent at the point of contact? 
90[image: °]




12. Summary


A secant intersects a circle at two points, while a tangent touches a circle at exactly one point. That single touching point is called the point of contact.


The most important tangent fact is that the radius to the point of contact is perpendicular to the tangent. This means they form a right angle of \90^\circ\.


When solving circle problems, first identify how the line meets the circle. That tells you whether to use secant ideas or tangent properties.


  
  Put what you read to the test

  You've worked through Secants, Tangents, and Points of Contact. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1045
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  Lesson: Theorem — A Radius to the Point of Tangency is Perpendicular to the Tangent


When studying circles, one of the most important facts about tangents is this:


If a line is tangent to a circle at a point, then the radius drawn to that point is perpendicular to the tangent line.


This theorem helps us recognize right angles in circle diagrams, solve for missing lengths, and understand why tangent lines behave in such a special way.


In this lesson, we will learn what the theorem means, why it is true, and how to use it in problems.


1. Important vocabulary



  	Circle: The set of all points the same distance from a center.

  	Center: The fixed point in the middle of the circle.

  	Radius: A segment from the center of the circle to a point on the circle.

  	Tangent line: A line that touches the circle at exactly one point.

  	Point of tangency: The single point where the tangent touches the circle.

  	Perpendicular: Two lines that meet at a right angle, or \90^\circ\.




Suppose a circle has center \O\, and line \\ell\ touches the circle at point \T\. Then \OT\ is a radius, and \\ell\ is a tangent line.


The theorem says:


OT⊥ℓ


That means the angle formed by the radius and the tangent at the point of contact is a right angle:


∠OTL=90[image: °]


if point \L\ is any other point on the tangent line.


2. The theorem statement


Theorem: If a line is tangent to a circle at point \T\, and \O\ is the center of the circle, then the radius \OT\ is perpendicular to the tangent line at \T\.


In symbols:


If line ℓ is tangent at T, then OT⊥ℓ


3. Why this theorem is true


Let the tangent line touch the circle at point \T\, and let \O\ be the center.


Think about all the points on the tangent line except \T\. Those points lie outside the circle, because a tangent touches the circle only once.


That means if \P\ is any other point on the tangent line, then \OP\ is longer than the radius. But \OT\ is exactly a radius.


So among all the segments from \O\ to points on the tangent line, \OT\ is the shortest.


In geometry, the shortest distance from a point to a line is the perpendicular segment. Therefore, \OT\ must be perpendicular to the tangent line.


So we conclude:


OT⊥tangent line at T


4. What this means in diagrams


Whenever you see a radius drawn to the point where a tangent touches the circle, you can immediately mark a right angle.



  	The angle between the radius and the tangent is always \90^\circ\.

  	If a line is tangent at point \T\, then the radius to \T\ forms a right angle with that line.

  	This is often used to create right triangles inside circle problems.




5. The converse idea


A useful related fact is the converse:


If a line is perpendicular to a radius at the endpoint of the radius on the circle, then the line is tangent to the circle.


So if \OT\ is a radius and a line through \T\ satisfies


OT⊥ℓ


then \\ell\ is tangent to the circle at \T\.


This helps when you need to prove that a line is tangent.


6. Worked Example 1: Finding an angle


A circle has center \O\. Line \AB\ is tangent to the circle at point \B\. What is the measure of \\angle OBA\?


Step 1: Identify the radius and tangent.


Since \O\ is the center and \B\ is the point of tangency, \OB\ is a radius. Line \AB\ is tangent at \B\.


Step 2: Use the theorem.


A radius to the point of tangency is perpendicular to the tangent.


So:


OB⊥AB


Therefore:


∠OBA=90[image: °]


Answer: \\boxed{90^\circ}\


7. Worked Example 2: Using a right triangle


A circle has center \O\ and radius \5\ cm. A tangent line touches the circle at point \T\. Point \P\ lies on the tangent line, and \OP = 13\ cm. Find \PT\.


Step 1: Use the tangent-radius theorem.


Since the line is tangent at \T\, the radius \OT\ is perpendicular to the tangent line.


So triangle \OPT\ is a right triangle with:



  	\OT = 5\

  	\OP = 13\

  	\PT = ?\




Step 2: Apply the Pythagorean Theorem.


Since \OP\ is the hypotenuse:


OT2+PT2=OP2


52+PT2=132


25+PT2=169


PT2=144


PT=12


Answer: \\boxed{12\text{ cm}}\


8. Worked Example 3: Deciding if a line is tangent


A circle has center \O\ and point \T\ on the circle. A line \m\ passes through \T\. If \\angle OTM = 90^\circ\, can you conclude that line \m\ is tangent to the circle at \T\?


Step 1: Notice what is given.


We know \OT\ is a radius, because \O\ is the center and \T\ is on the circle.


We are also told that the line through \T\ is perpendicular to \OT\.


Step 2: Use the converse.


If a line is perpendicular to a radius at the point where the radius meets the circle, then the line is tangent to the circle.


Since


OT⊥m


at point \T\, line \m\ is tangent to the circle at \T\.


Answer: Yes, \m\ is tangent to the circle at \T\.


9. Worked Example 4: Finding a missing angle in a diagram


A tangent line touches a circle at point \A\. The radius \OA\ is drawn. Another segment \OB\ forms an angle of \34^\circ\ with \OA\. What is the angle between \OB\ and the tangent line if both angles are measured on the same side of \OA\?


Step 1: Use the theorem.


The angle between \OA\ and the tangent line is:


90[image: °]


Step 2: Compare the two angles from the same side.


If \OB\ makes a \34^\circ\ angle with \OA\, and the tangent makes a \90^\circ\ angle with \OA\, then the angle between \OB\ and the tangent line is:


90[image: °]−34[image: °]=56[image: °]


Answer: \\boxed{56^\circ}\


10. Common mistakes to avoid



  	Thinking every line through a point on the circle is tangent. A tangent touches the circle at exactly one point.

  	Forgetting the point of tangency. The radius must go to the exact point where the tangent touches the circle.

  	Using the right angle in the wrong place. The \90^\circ\ angle is between the radius and the tangent, not between the tangent and any segment.

  	Mixing up tangent and secant. A secant cuts through the circle at two points, but a tangent touches it once.




11. How to use this theorem in proofs and problems


When solving geometry problems, follow this process:



  	Find the center of the circle.

  	Identify the point where the tangent touches the circle.

  	Draw or notice the radius to that point.

  	Mark a right angle between the radius and the tangent.

  	Use that right angle with angle facts or the Pythagorean Theorem.




This theorem often turns a circle problem into a right triangle problem, which makes it much easier to solve.


12. Quick check for understanding


Ask yourself these questions:



  	If a line is tangent to a circle at \P\, what is the angle between the tangent and radius \OP\?

  	If a line is perpendicular to a radius at a point on the circle, what can you conclude?

  	Why does the radius to the point of tangency have to be the shortest segment from the center to the tangent line?




The answers are:



  	\90^\circ\

  	The line is tangent to the circle

  	Because all other points on the tangent line are outside the circle, so their distance to the center is greater than the radius




13. Summary


The key theorem is simple but powerful: a tangent to a circle is perpendicular to the radius drawn to the point of tangency.


If a line touches a circle at point \T\, and \OT\ is the radius, then:


OT⊥tangent line


This creates a right angle, which helps you find missing angles, solve for lengths, and prove that lines are tangent. Remember also the converse: if a line is perpendicular to a radius at a point on the circle, then that line is tangent to the circle.


  
  Put what you read to the test

  You've worked through Theorem: Radius Perpendicularity to Tangents. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1046
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  Lesson: Equal Length of Tangents from an External Point


When working with circles, tangents are very important. A tangent is a line that touches a circle at exactly one point. That point is called the point of contact or point of tangency.


In this lesson, we will learn a very useful theorem: if two tangents are drawn to a circle from the same point outside the circle, then the two tangent segments have equal length.


This theorem appears often in geometry problems. It helps us find missing lengths, justify congruence, and understand the symmetry of circles.


Theorem Statement


Suppose point P lies outside a circle. If PA and PB are tangents to the circle touching it at points A and B, then


PA=PB

So, the two tangent segments from the same external point are equal in length.


Important facts we need



  	A radius drawn to the point where a tangent touches the circle is perpendicular to the tangent.

  	All radii of the same circle are equal.

  	If two right triangles have the same hypotenuse and one equal leg, then the triangles are congruent.




These ideas will help us prove the theorem.


Diagram setup


Imagine a circle with center O. Point P is outside the circle. From P, draw two tangents to the circle. One touches the circle at A, and the other touches the circle at B.


Now connect:


  	O to A

  	O to B

  	O to P




This creates triangles △OAP and △OBP.


Why are these triangles special?


Because a radius to a point of tangency is perpendicular to the tangent, we know:


OA⊥PAandOB⊥PB

So ∠OAP=90[image: °] and ∠OBP=90[image: °]. That means △OAP and △OBP are both right triangles.


Also:


  	OA=OB because they are radii of the same circle

  	OP=OP because it is the same side in both triangles




So the two right triangles have:


  	equal hypotenuse: OP

  	one equal leg: OA=OB




Therefore, the triangles are congruent:


△OAP≅△OBP

Once the triangles are congruent, their matching sides are equal. So:


PA=PB

This proves the theorem.


Proof written clearly



  	PA and PB are tangents to the circle from external point P.

  	OA and OB are radii to the points of tangency.

  	A radius to a point of tangency is perpendicular to the tangent, so OA⊥PA and OB⊥PB.

  	Thus, △OAP and △OBP are right triangles.

  	OA=OB because all radii of the same circle are equal.

  	OP=OP because it is common to both triangles.

  	So the triangles are congruent.

  	Therefore, corresponding sides PA and PB are equal.




What this means in simple words


If you stand at one point outside a circle and draw two tangents to the circle, the distances from your point to each touching point will always be the same.


This is not just a lucky coincidence. It is always true because of the geometry of radii, right angles, and congruent triangles.


How to recognize this theorem in questions


Look for these clues:


  	A point outside a circle

  	Two tangent lines drawn from that point

  	Two tangent segments whose lengths need to be compared or calculated




If the two segments come from the same external point, then they are equal.


Worked Example 1: Direct use of the theorem


From external point P, tangents PA and PB are drawn to a circle. If PA=7 cm, find PB.


Solution:


Since tangents from the same external point are equal,


PA=PB

Given PA=7 cm, we get


PB=7 cm

Answer: 7 cm


Worked Example 2: Forming an equation


From external point P, two tangents touch a circle at A and B. If PA=2x+3 and PB=5x−9, find x.


Solution:


Because the tangent lengths are equal,


PA=PB

So,


2x+3=5x−9

Now solve:


3=3x−9
12=3x
x=4

Check:


PA=2(4)+3=11
PB=5(4)−9=11

The lengths match, so the value is correct.


Answer: x=4


Worked Example 3: Finding a missing side in a larger figure


Point P is outside a circle. Tangents PA and PB are drawn. The length PA=12 cm. A line segment from P to the center O has length 13 cm. Find the radius of the circle.


Solution:


Since OA is a radius and PA is tangent, OA⊥PA. So triangle OAP is a right triangle.


We know:


  	OP=13 cm

  	PA=12 cm

  	OA=r, the radius




Using the Pythagorean theorem:


OP2=OA2+PA2

132=r2+122

169=r2+144

r2=25

r=5

Answer: The radius is 5 cm.


Worked Example 4: Multi-step algebra problem


From point P, two tangents PA and PB are drawn to a circle. Suppose PA=3x+1, PB=2x+6, and the total of the two tangent lengths is 20 cm. Find PA and PB.


Solution:


Since the two tangent segments are equal,


3x+1=2x+6

Solve for x:


x=5

Now substitute:


PA=3(5)+1=16
PB=2(5)+6=16

But the problem also says the total is 20 cm. That does not match, because


16+16=32

This means the given information is inconsistent. There is no figure where all three conditions are true at the same time.


Answer: The data is inconsistent; no valid solution fits all the conditions.


Common mistakes to avoid



  	Using the theorem for different external points: The theorem only works when both tangents come from the same external point.

  	Confusing a tangent with a secant: A tangent touches the circle once. A secant cuts through the circle at two points.

  	Forgetting the right angle: The radius and tangent are perpendicular at the point of tangency.

  	Assuming all outside segments are equal: Only the tangent segments from the same external point are guaranteed equal.




Quick check for understanding



  	If PA and PB are tangents from point P, what is true about their lengths?
Answer: PA=PB.

  	Why is △OAP a right triangle?
Answer: Because the radius OA is perpendicular to the tangent PA.

  	If PA=x+4 and PB=10, what is x?
Answer: x+4=10, so x=6.




[image: 📋]   Summary


The theorem of equal tangents says that tangent segments drawn from the same external point to a circle are equal in length.


This result is proved by forming two right triangles with radii and showing the triangles are congruent.


Whenever you see two tangents from one outside point, you should immediately think:


tangent length 1=tangent length 2

This simple idea can make many circle problems much easier to solve.


  
  Put what you read to the test

  You've worked through Theorem: Equal Length of Tangents from an External Point. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1047
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  Angles Subtended by Tangents and Radii


In circle geometry, tangents and radii create very useful angle relationships. These relationships help us find unknown angles without measuring them directly.


This lesson focuses on the quadrilateral formed when two tangents are drawn from the same external point to a circle, and the radii are drawn to the points where the tangents touch the circle.


Understanding this shape is important because it combines two key circle facts:


  	A radius is perpendicular to a tangent at the point of contact.

  	The angles in a quadrilateral add up to 360[image: °].




Once you use these facts together, you can quickly find the angle between tangents or the central angle between the radii.


1. Key ideas you need first


A tangent is a line that touches a circle at exactly one point.


A radius is a line segment from the center of the circle to a point on the circle.


If a tangent touches the circle at point A, and OA is the radius to that point, then:


OA⊥tangent at A


This means the angle between the radius and the tangent is always:


90[image: °]


2. The important diagram


Imagine a circle with center O. From a point P outside the circle, two tangents touch the circle at points A and B.


Now join:


  	O to A

  	O to B

  	P to A

  	P to B




This forms quadrilateral OAPB.


In this quadrilateral:


  	∠OAP=90[image: °] because radius OA is perpendicular to tangent AP

  	∠OBP=90[image: °] because radius OB is perpendicular to tangent BP




So two angles in the quadrilateral are right angles.


3. The main angle relationship


The angles in quadrilateral OAPB add up to 360[image: °]:


∠AOB+∠APB+90[image: °]+90[image: °]=360[image: °]


Simplify:


∠AOB+∠APB+180[image: °]=360[image: °]


So:


∠AOB+∠APB=180[image: °]


This is the key theorem.


The angle between two tangents and the central angle between the radii add up to 180[image: °].


If you know one of these angles, you can find the other using:


∠APB=180[image: °]−∠AOB


or


∠AOB=180[image: °]−∠APB


4. Why this works


This result comes directly from the two right angles formed where the radii meet the tangents.


Because each radius-tangent angle is 90[image: °], together they make 180[image: °]. That leaves the other two angles in the quadrilateral to also add up to 180[image: °].


So the quadrilateral made by the two radii and two tangents has a very special property: the angle at the center and the angle at the outside point are supplementary.


5. Worked Example 1: Find the angle between two tangents


A circle has center O. Two tangents from point P touch the circle at A and B. If ∠AOB=124[image: °], find ∠APB.


Step 1: Use the theorem


∠AOB+∠APB=180[image: °]


Step 2: Substitute the known value


124[image: °]+∠APB=180[image: °]


Step 3: Solve


∠APB=180[image: °]−124[image: °]=56[image: °]


Answer: ∠APB=56[image: °]


6. Worked Example 2: Find the central angle


Two tangents from point P touch a circle at A and B. If the angle between the tangents is 68[image: °], find the central angle ∠AOB.


Step 1: Use the same relationship


∠AOB+∠APB=180[image: °]


Step 2: Substitute ∠APB=68[image: °]


∠AOB+68[image: °]=180[image: °]


Step 3: Solve


∠AOB=180[image: °]−68[image: °]=112[image: °]


Answer: ∠AOB=112[image: °]


7. Worked Example 3: Using the quadrilateral directly


In quadrilateral OAPB, ∠OAP=90[image: °], ∠OBP=90[image: °], and ∠APB=47[image: °]. Find ∠AOB.


Step 1: Use the angle sum of a quadrilateral


∠OAP+∠OBP+∠APB+∠AOB=360[image: °]


Step 2: Substitute the values


90[image: °]+90[image: °]+47[image: °]+∠AOB=360[image: °]


Step 3: Add the known angles


227[image: °]+∠AOB=360[image: °]


Step 4: Solve


∠AOB=360[image: °]−227[image: °]=133[image: °]


Answer: ∠AOB=133[image: °]


This gives the same result as using:


∠AOB=180[image: °]−47[image: °]=133[image: °]


8. Worked Example 4: A slightly harder problem


From an external point P, tangents PA and PB touch a circle with center O. If ∠AOB=3x+20 and ∠APB=x+40, find x.


Step 1: Use the supplementary angle relationship


∠AOB+∠APB=180[image: °]


Step 2: Substitute the expressions


3x+20+x+40=180


Step 3: Simplify


4x+60=180


Step 4: Solve


4x=120


x=30


Step 5: Check the angles


∠AOB=3(30)+20=110[image: °]


∠APB=30+40=70[image: °]


And:


110[image: °]+70[image: °]=180[image: °]


Answer: x=30


9. Common mistakes to avoid



  	Forgetting the right angles: The radius and tangent meet at 90[image: °], but only at the point where the tangent touches the circle.

  	Mixing up the two important angles: One angle is at the center, ∠AOB, and the other is outside the circle, ∠APB.

  	Adding instead of subtracting from 180[image: °]: These two angles are supplementary, so one is found by subtracting the other from 180[image: °].

  	Using the wrong point of contact: Make sure each radius goes to the exact point where the tangent touches the circle.




10. Quick method to remember


When you see:


  	two tangents from one outside point, and

  	radii drawn to the points of contact,




immediately think:


90[image: °], 90[image: °], quadrilateral, supplementary angles


Then use:


angle between tangents=180[image: °]−central angle


or


central angle=180[image: °]−angle between tangents


11. Practice questions



  	If ∠AOB=95[image: °], find ∠APB.

  	If ∠APB=72[image: °], find ∠AOB.

  	If ∠AOB=2x+10 and ∠APB=x+20, find x.

  	In quadrilateral OAPB, two angles are 90[image: °] and one angle is 59[image: °]. Find the fourth angle.




12. Answers to practice questions



  	∠APB=180[image: °]−95[image: °]=85[image: °]

  	∠AOB=180[image: °]−72[image: °]=108[image: °]

  	2x+10+x+20=180 3x+30=180 3x=150 x=50

  	90[image: °]+90[image: °]+59[image: °]+x=360[image: °] 239[image: °]+x=360[image: °] x=121[image: °]




[image: 📋]   Summary


When two tangents are drawn from the same external point to a circle, and the radii are joined to the points of contact, a quadrilateral is formed.


The radius is perpendicular to the tangent at each point of contact, so two angles in the quadrilateral are 90[image: °].


This leads to the key result:


∠AOB+∠APB=180[image: °]


So the central angle and the angle between the tangents are supplementary. This is the main idea to use whenever solving this type of circle geometry problem.


  
  Put what you read to the test

  You've worked through Angles Subtended by Tangents and Radii. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1048
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  Lesson: The Alternate Segment Theorem


When working with circles, tangents, chords, and angles often connect in surprising ways. One very important result is the Alternate Segment Theorem. This theorem helps us find unknown angles quickly and is especially useful in circle geometry problems.


In this lesson, you will learn what the theorem says, how to recognize when to use it, and how to solve problems step by step.


1. Key words you need to know



  	Circle: a set of points all the same distance from a center.

  	Chord: a straight line segment joining two points on a circle.

  	Tangent: a straight line that touches the circle at exactly one point.

  	Point of contact: the point where the tangent touches the circle.

  	Angle in the circle: an angle formed by lines joining points on the circle.




2. What the Alternate Segment Theorem says


The Alternate Segment Theorem states:


The angle between a tangent and a chord through the point of contact is equal to the angle in the opposite segment of the circle.


Another way to say this is:


If a tangent touches a circle at point A, and AB is a chord, then the angle between the tangent and the chord AB is equal to the angle made at any point on the opposite arc of the circle.


For example, if C is another point on the circle, then:


∠between tangent and chord AB=∠ACB

This angle ∠ACB is called the angle in the alternate segment.


3. Visual idea behind the theorem


Imagine a tangent line touching the circle at point A. Now draw a chord from A to another point B on the circle. The angle formed between the tangent and chord at A has the same size as an angle standing on chord AB at the other side of the circle.


So, one angle is outside the circle at the tangent, and the other angle is inside the circle on the opposite side. The theorem tells us these two angles are equal.


4. How to spot when to use the theorem


You should think about the Alternate Segment Theorem when you see:



  	a tangent touching a circle,

  	a chord drawn from the point of contact, and

  	an angle elsewhere on the circle standing on that same chord.




If those features are present, then the angle between the tangent and chord is equal to the angle in the alternate segment.


5. Important notes



  	The chord must go through the point where the tangent touches the circle.

  	The equal angle in the circle must stand on the same chord.

  	The angle in the circle is on the opposite side of the chord from the tangent angle.




6. Standard angle rule form


Suppose a tangent touches the circle at A, and AB is a chord. Let C be another point on the circle. Then:


∠(tangent, AB)=∠ACB

This is the basic fact you will use again and again in questions.


7. Worked Example 1: Finding an angle in the circle


A tangent touches a circle at A. Chord AB is drawn. The angle between the tangent and chord AB is 52[image: °]. Point C lies on the circle in the opposite segment. Find ∠ACB.


Step 1: Identify the tangent angle.


The angle between the tangent and chord is 52[image: °].


Step 2: Apply the Alternate Segment Theorem.


The angle in the alternate segment is equal to the angle between the tangent and the chord.


∠ACB=52[image: °]

Answer: ∠ACB=52[image: °].


8. Worked Example 2: Finding the tangent-chord angle


In a circle, a tangent touches the circle at P. A chord PQ is drawn. Another point R lies on the circle, and ∠PRQ=67[image: °]. Find the angle between the tangent and chord PQ.


Step 1: Notice that ∠PRQ is an angle standing on chord PQ.


Step 2: Use the theorem in reverse.


The angle between the tangent and chord PQ equals the angle in the alternate segment.


∠between tangent and chord PQ=67[image: °]

Answer: The angle between the tangent and chord PQ is 67[image: °].


9. Worked Example 3: Using the theorem in a longer problem


A tangent touches a circle at A. Chords AB and AC are drawn. The angle between the tangent and chord AB is 40[image: °], and the angle between the tangent and chord AC is 55[image: °]. Find the angles ∠ACB and ∠ABC.


Step 1: Match each tangent-chord angle to its angle in the alternate segment.


The angle between the tangent and chord AB equals the angle standing on chord AB. That is ∠ACB.


∠ACB=40[image: °]

The angle between the tangent and chord AC equals the angle standing on chord AC. That is ∠ABC.


∠ABC=55[image: °]

Step 2: State the answers.


Answer:



  	∠ACB=40[image: °]

  	∠ABC=55[image: °]




10. Worked Example 4: Combining with angles in a triangle


A tangent touches a circle at A. Chord AB is drawn. Point C is on the circle, forming triangle ABC. The angle between the tangent and chord AB is 48[image: °], and ∠BAC=63[image: °]. Find ∠ABC.


Step 1: Use the Alternate Segment Theorem.


The angle between the tangent and chord AB equals the angle in the alternate segment, which is ∠ACB.


∠ACB=48[image: °]

Step 2: Use the angle sum of a triangle.


In triangle ABC:


∠BAC+∠ABC+∠ACB=180[image: °]

Substitute the known values:


63[image: °]+∠ABC+48[image: °]=180[image: °]

∠ABC+111[image: °]=180[image: °]

∠ABC=69[image: °]

Answer: ∠ABC=69[image: °].


11. Common mistakes to avoid



  	Using the wrong chord: the angle in the circle must stand on the same chord as the tangent-chord angle.

  	Choosing a point on the wrong side: the equal angle is in the alternate segment, meaning the opposite side of the chord.

  	Confusing tangent and radius facts: remember that a tangent is perpendicular to the radius at the point of contact, but that is a different theorem.

  	Forgetting triangle angle sums: often the theorem gives one angle, and you still need to use other angle rules to finish the problem.




12. Quick step-by-step method



  	Find the point where the tangent touches the circle.

  	Identify the chord that starts at that point.

  	Look for an angle on the circle that stands on that same chord.

  	Set the two angles equal using the Alternate Segment Theorem.

  	If needed, use other angle facts, such as angles in a triangle adding to 180[image: °].




13. Practice questions


Try these on your own:



  	The angle between a tangent and a chord is 36[image: °]. What is the angle in the alternate segment?

  	An angle in the alternate segment is 74[image: °]. What is the angle between the tangent and the chord?

  	In triangle ABC on a circle, the angle between the tangent at A and chord AB is 50[image: °]. If ∠BAC=58[image: °], find ∠ABC.




Answers:



  	36[image: °]

  	74[image: °]

  	First, ∠ACB=50[image: °]. Then:
    ∠ABC=180[image: °]−58[image: °]−50[image: °]=72[image: °]
  




14. Summary


The Alternate Segment Theorem links an angle made by a tangent and a chord to an angle in the opposite part of the circle. These two angles are equal.


Whenever you see a tangent touching a circle and a chord drawn from the point of contact, look for an angle on the circle standing on that same chord. If you identify the correct pair of angles, many circle problems become much easier to solve.


  
  Put what you read to the test

  You've worked through The Alternate Segment Theorem. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1049
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  Properties of Inscribed and Circumscribed Circles


In geometry, a polygon and a circle can be related in two important ways. A polygon can be inscribed in a circle, or it can be circumscribed about a circle. These situations create useful side-length relationships that help us solve problems.


This lesson focuses on how to recognize these two cases and how to use their properties, especially with quadrilaterals and tangents.


1. What does inscribed mean?


A polygon is inscribed in a circle when all of its vertices lie on the circle.


For example, if a quadrilateral has all four corners on a circle, then it is called a cyclic quadrilateral.


When a polygon is inscribed, the circle goes around the outside of the polygon.


2. What does circumscribed mean?


A polygon is circumscribed about a circle when every side of the polygon touches the circle at exactly one point. In this case, the circle is inside the polygon.


Each side of the polygon is a tangent to the circle.


This is especially important for quadrilaterals, because circumscribed quadrilaterals have a special side-length relationship.


3. Key property of tangent segments


If two tangent segments are drawn from the same external point to a circle, then those tangent segments are equal in length.


Suppose point P is outside a circle, and PA and PB are tangent segments touching the circle at points A and B. Then


PA=PB


This fact is the foundation for many side-length relationships in circumscribed polygons.


4. Side-length property of a circumscribed quadrilateral


If a quadrilateral is circumscribed about a circle, then the sums of the lengths of opposite sides are equal.


If quadrilateral ABCD is circumscribed about a circle, then


AB+CD=BC+DA


This is one of the most important formulas in this topic.


Why is this true?


Imagine the circle touches sides AB, BC, CD, and DA. From each vertex, the two tangent segments to the circle are equal.


So the part of AB near A equals the part of DA near A, the part of AB near B equals the part of BC near B, and so on.


When these equal pieces are added carefully, the opposite-side sums turn out to be the same.


5. Side-length ideas for inscribed polygons


For polygons inscribed in a circle, the key relationships are often about angles, but there is also an important side-length idea for certain quadrilaterals.


A quadrilateral inscribed in a circle is called a cyclic quadrilateral. Its opposite angles are supplementary, which means they add to 180[image: °].


∠A+∠C=180[image: °]

∠B+∠D=180[image: °]


While this is an angle property, it helps identify when a quadrilateral can be inscribed in a circle.


For side lengths, one especially useful case is a rectangle. Every rectangle can be inscribed in a circle because all its angles are 90[image: °], and opposite angles add to 180[image: °].


Also, a square can both be inscribed in a circle and circumscribed about a circle.


6. How to tell the difference



	Inscribed polygon: vertices are on the circle.

	Circumscribed polygon: sides are tangent to the circle.

	Inscribed quadrilateral: think about angle relationships.

	Circumscribed quadrilateral: think about tangent segments and opposite side sums.




7. Worked Example 1: Equal tangent segments


Point P is outside a circle. Tangent segments PA and PB are drawn. If PA=12, find PB.


Solution:


Tangent segments from the same external point are equal.


PA=PB


Since PA=12, we get


PB=12


Answer: 12


8. Worked Example 2: Circumscribed quadrilateral side lengths


A quadrilateral is circumscribed about a circle. Its side lengths are AB=7, BC=10, CD=5, and DA=x. Find x.


Solution:


For a circumscribed quadrilateral, opposite sides have equal sums:


AB+CD=BC+DA


Substitute the known values:


7+5=10+x


12=10+x


x=2


Answer: 2


9. Worked Example 3: Finding a missing side from tangent pieces


A quadrilateral ABCD is circumscribed about a circle. The tangent segments from each vertex are as follows:



	From A, each tangent segment has length 3

	From B, each tangent segment has length 5

	From C, each tangent segment has length 4

	From D, each tangent segment has length 2




Find the side lengths AB, BC, CD, and DA.


Solution:


Each side is made of two tangent pieces from its endpoints.


So:


AB=3+5=8

BC=5+4=9

CD=4+2=6

DA=2+3=5


Check the opposite-side sums:


AB+CD=8+6=14

BC+DA=9+5=14


The sums are equal, which confirms the property.


Answer: AB=8, BC=9, CD=6, DA=5


10. Worked Example 4: Recognizing an inscribed quadrilateral


A quadrilateral has angles ∠A=92[image: °], ∠B=88[image: °], ∠C=88[image: °], and ∠D=92[image: °]. Is it inscribed in a circle?


Solution:


A quadrilateral is inscribed in a circle if opposite angles are supplementary.


Check ∠A and ∠C:


92[image: °]+88[image: °]=180[image: °]


Check ∠B and ∠D:


88[image: °]+92[image: °]=180[image: °]


Both pairs of opposite angles add to 180[image: °], so the quadrilateral is inscribed in a circle.


Answer: Yes, it is an inscribed quadrilateral.


11. Common mistakes to avoid



	Do not confuse inscribed with circumscribed. Inscribed means corners on the circle; circumscribed means sides tangent to the circle.

	Do not use the opposite-side sum formula unless the quadrilateral is circumscribed about a circle.

	Do not say all quadrilaterals can be inscribed or circumscribed. Only some can.

	When using tangent segments, make sure they come from the same external point.




12. Problem-solving steps



	Decide whether the polygon is inscribed or circumscribed.

	If it is circumscribed, look for tangent segments or use AB+CD=BC+DA for quadrilaterals.

	If it is inscribed, check whether opposite angles add to 180[image: °].

	Substitute known values carefully and solve.

	Check whether your answer makes sense in the diagram.




13. Summary


When a polygon is inscribed in a circle, its vertices lie on the circle. For an inscribed quadrilateral, opposite angles are supplementary.


When a polygon is circumscribed about a circle, its sides are tangent to the circle. Tangent segments from the same external point are equal, and in a circumscribed quadrilateral the opposite sides satisfy


AB+CD=BC+DA


These ideas help you find missing side lengths, recognize special quadrilaterals, and solve geometry problems involving circles and tangents.


  
  Put what you read to the test

  You've worked through Properties of Inscribed and Circumscribed Circles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1050
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  Common Tangents to Two Circles is an important idea in circle geometry. When one line touches two different circles, that line is called a common tangent. In this lesson, you will learn what common tangents are, the different types, how to recognize them, and how to find their lengths using geometry.


Before learning about common tangents, remember one key fact: a tangent to a circle touches the circle at exactly one point. Also, the radius drawn to the point of tangency is perpendicular to the tangent line.


This fact is the main reason we can solve common tangent problems. It helps us create right triangles and use the Pythagorean Theorem.


1. What is a common tangent?


A common tangent is a line that is tangent to both circles. If two circles are separate, there may be more than one common tangent.


There are two main types of common tangents:



  	Direct common tangents

  	Transverse common tangents




Direct common tangents touch both circles and do not cross the segment joining the centers of the circles.


Transverse common tangents touch both circles and do cross the segment joining the centers.


If the centers of the circles are labeled O1 and O2, then:



  	A direct common tangent stays on the same general side of both circles.

  	A transverse common tangent goes between the circles.




2. Number of common tangents between two circles


The number of common tangents depends on how far apart the centers are and on the radii of the circles.


Let:



  	radius of first circle = r1

  	radius of second circle = r2

  	distance between centers = d




Now compare d with r1+r2 and ∣r1−r2∣.



  	If d>r1+r2, the circles are separate and have 4 common tangents.

  	If d=r1+r2, the circles touch externally and have 3 common tangents.

  	If ∣r1−r2∣<d<r1+r2, the circles overlap and have 2 common tangents.

  	If d=∣r1−r2∣, the circles touch internally and have 1 common tangent.

  	If d<∣r1−r2∣, one circle is inside the other without touching, so there are 0 common tangents.




This comparison is useful because it tells you what kind of diagram is possible before you start solving.


3. Geometry idea behind tangent length formulas


Suppose two circles have centers O1 and O2, radii r1 and r2, and the distance between centers is d.


To find the length of a common tangent segment between the points of tangency, we use perpendicular radii. Because a radius to a tangent is perpendicular to the tangent, the centers and tangent points create a right triangle.


The formula depends on whether the tangent is direct or transverse.


For a direct common tangent:


The two radii are drawn to the tangent line on the same side, so the important vertical difference is the difference of the radii, ∣r1−r2∣.


If L is the length of the direct common tangent segment between the points of tangency, then:


L=d2−(r1−r2)2

For a transverse common tangent:


The tangent passes between the circles, so the important distance is the sum of the radii, r1+r2.


If L is the length of the transverse common tangent segment, then:


L=d2−(r1+r2)2

These formulas come directly from the Pythagorean Theorem:


a2+b2=c2

In each case, the distance between the centers d is the hypotenuse of a right triangle.


4. Why do the formulas use difference or sum?


This is a very common point of confusion.


For a direct tangent, the tangent touches both circles on corresponding sides. The perpendicular distances from the centers to the tangent line are the radii. Since both centers are on the same side of the tangent arrangement, the needed height in the right triangle is the difference in radii.


For a transverse tangent, the tangent goes between the circles. The radii to the tangent point point in opposite directions across the space between the circles, so the needed height becomes the sum of the radii.


A good memory tip is:



  	Direct tangent  difference of radii

  	Transverse tangent  sum of radii




5. Worked Example 1: Identifying the number of common tangents


Two circles have radii 4 cm and 7 cm. The distance between their centers is 15 cm. How many common tangents do they have?


Step 1: Compute the sum and difference of the radii.


r1+r2=4+7=11
∣r1−r2∣=∣4−7∣=3

Step 2: Compare the center distance d=15.


Since:


15>11

the circles are completely separate.


Answer: The circles have 4 common tangents.


That means there are 2 direct common tangents and 2 transverse common tangents.


6. Worked Example 2: Finding the length of a direct common tangent


Two circles have radii 3 cm and 8 cm. The distance between their centers is 13 cm. Find the length of a direct common tangent segment.


Step 1: Use the direct tangent formula.


L=d2−(r1−r2)2

Step 2: Substitute the values.


L=132−(8−3)2

L=169−25

L=144

L=12

Answer: The direct common tangent segment is 12 cm.


Check: The result makes sense because the center distance 13 is longer than the tangent segment, which fits a right triangle.


7. Worked Example 3: Finding the length of a transverse common tangent


Two separate circles have radii 4 cm and 5 cm. The distance between their centers is 15 cm. Find the length of a transverse common tangent segment.


Step 1: Use the transverse tangent formula.


L=d2−(r1+r2)2

Step 2: Substitute the values.


L=152−(4+5)2

L=225−81

L=144

L=12

Answer: The transverse common tangent segment is 12 cm.


Important note: A transverse tangent exists only if the circles are far enough apart, meaning d>r1+r2. Here, 15>9, so the tangent exists.


8. Worked Example 4: Deciding which formula to use


Two circles have radii 6 cm and 2 cm, and the distance between centers is 10 cm.



  	How many common tangents do they have?

  	Find the length of a direct common tangent segment.

  	Does a transverse common tangent exist? If yes, find its length.




Step 1: Compare distances.


r1+r2=6+2=8
∣r1−r2∣=∣6−2∣=4

Since:


10>8

the circles are separate, so they have 4 common tangents.


Step 2: Find the direct common tangent length.


L=d2−(r1−r2)2

L=102−(6−2)2

L=100−16

L=84

L=221

So the direct common tangent length is:


221 cm

Step 3: Find the transverse common tangent length.


Because 10>8, a transverse common tangent does exist.


L=d2−(r1+r2)2

L=102−(6+2)2

L=100−64

L=36

L=6

Answers:



  	Number of common tangents: 4

  	Direct common tangent length: 221 cm

  	Transverse common tangent length: 6 cm




9. Common mistakes to avoid



  	Using the wrong formula: direct uses (r1−r2), transverse uses (r1+r2).

  	Forgetting absolute value: when finding the difference in radii, use ∣r1−r2∣.

  	Not checking if the tangent exists: for a transverse tangent, you must have d>r1+r2.

  	Mixing up center distance and tangent length: d is the distance between centers, not the tangent segment.

  	Arithmetic errors: square carefully before subtracting.




10. Quick problem-solving steps


When solving a problem about common tangents to two circles, follow these steps:



  	Write down r1, r2, and d.

  	Find r1+r2 and ∣r1−r2∣.

  	Decide how many common tangents are possible.

  	Choose the correct formula:





  	Direct tangent: L=d2−(r1−r2)2

  	Transverse tangent: L=d2−(r1+r2)2





  	Substitute the values carefully.

  	Simplify the square root if possible.




11. Final summary


A common tangent is a line that touches two circles. There are two types: direct common tangents and transverse common tangents.


The number of common tangents depends on the center distance d compared with the sum and difference of the radii. To find tangent lengths, use right triangles formed by the centers and the tangent points.


Remember the two key formulas:


Direct common tangent: L=d2−(r1−r2)2

Transverse common tangent: L=d2−(r1+r2)2

If you can identify the tangent type and choose the correct formula, you can solve most problems on this topic confidently.


  
  Put what you read to the test

  You've worked through Common Tangents to Two Circles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1051
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  Solving Multi-step Circle Puzzles means using more than one circle rule in the same diagram to find missing angles or lengths.
These problems can look confusing at first because several parts of the circle are connected. The key is to work step by step, using one theorem at a time and writing down each fact you discover.
In this lesson, you will learn how to recognize the most important circle relationships and combine them to solve more challenging puzzles involving tangents, chords, radii, and angles.
1. Circle facts you need to know
Before solving multi-step problems, make sure you know these important rules.
	Radius and tangent: A radius drawn to the point where a tangent touches the circle is perpendicular to the tangent.
	Tangents from the same external point: If two tangents are drawn from the same point outside the circle, then their lengths are equal.
	Equal chords: Equal chords subtend equal angles at the center and are the same distance from the center.
	Angle at the center and angle at the circumference: The angle at the center is twice the angle at the circumference standing on the same arc.
	Angles in the same segment: Angles standing on the same chord or arc are equal.
	Angle in a semicircle: An angle subtended by a diameter is always 90[image: °].
	Opposite angles in a cyclic quadrilateral: If four points lie on a circle, then opposite angles add to 180[image: °].
	Tangent-chord theorem: The angle between a tangent and a chord equals the angle in the opposite segment.

2. A strategy for multi-step circle puzzles
When a diagram has many lines and angles, do not try to solve everything at once. Follow a clear method.
	Mark the obvious facts first. Look for radii, tangents, diameters, cyclic quadrilaterals, and equal tangent lengths.
	Write in any known right angles. A radius meeting a tangent always gives 90[image: °].
	Look for matching arcs or matching chords. These often lead to equal angles.
	Use one theorem at a time. After each step, update the diagram with the new angle or length.
	Check whether your new result unlocks another theorem. Many puzzles are like chains: one fact leads to the next.
	Keep angle totals in mind. Triangles add to 180[image: °], and straight lines add to 180[image: °].

3. How to recognize which theorem to use
Here are some clues that help you choose the correct idea.
	If you see a line touching the circle at exactly one point, think tangent.
	If a radius goes to that touch point, think right angle.
	If two tangents come from the same outside point, think equal lengths.
	If an angle is formed by a tangent and a chord, think tangent-chord theorem.
	If four points lie on the circle, think cyclic quadrilateral.
	If you see a diameter, check for an angle of 90[image: °].
	If one angle is at the center and another is at the circle standing on the same arc, use the double relationship.

Worked Example 1: Using tangent and radius facts
A circle has center O. From an external point P, two tangents PA and PB touch the circle at A and B. If ∠APB=50[image: °], find ∠AOB.
Step 1: Identify right angles.
Because a radius is perpendicular to a tangent at the point of contact:
∠OAP=90[image: °] and ∠OBP=90[image: °]
Step 2: Look at quadrilateral AOPB.
The angles in a quadrilateral add to 360[image: °]:
∠AOB+∠APB+90[image: °]+90[image: °]=360[image: °]
Substitute ∠APB=50[image: °]:
∠AOB+50[image: °]+180[image: °]=360[image: °]
∠AOB=130[image: °]
Answer: ∠AOB=130[image: °].
What made this a multi-step puzzle? You first had to use the radius-tangent rule to find two right angles, and then use the angle sum of a quadrilateral.
Worked Example 2: Combining center and circumference angles
In a circle with center O, points A, B, and C lie on the circle. If ∠AOC=96[image: °], find ∠ABC, where both angles stand on arc AC.
Step 1: Use the center-circumference theorem.
The angle at the center is twice the angle at the circumference on the same arc:
∠AOC=2∠ABC
Substitute:
96[image: °]=2∠ABC
∠ABC=48[image: °]
Answer: ∠ABC=48[image: °].
Now add one more step. Suppose AB=BC. Then triangle ABC is isosceles, so ∠BAC=∠ACB.
The triangle angle sum gives:
∠BAC+∠ABC+∠ACB=180[image: °]
x+48[image: °]+x=180[image: °]
2x=132[image: °]
x=66[image: °]
So:
∠BAC=∠ACB=66[image: °]
This shows how one circle theorem can lead into a triangle theorem.
Worked Example 3: Tangent-chord theorem and triangle angles
A tangent touches a circle at A. A chord AB is drawn. The angle between the tangent and chord AB is 38[image: °]. Point C is another point on the circle, and triangle ABC is formed. Find ∠ACB.
Step 1: Use the tangent-chord theorem.
The angle between a tangent and a chord equals the angle in the opposite segment.
So the angle between the tangent and chord AB is equal to ∠ACB.
Therefore:
∠ACB=38[image: °]
Now extend the puzzle. Suppose also that AC=BC. Find ∠CAB and ∠CBA.
Since AC=BC, triangle ABC is isosceles, so the base angles are equal:
∠CAB=∠CBA
Let each of these angles be x.
Using the triangle angle sum:
x+x+38[image: °]=180[image: °]
2x=142[image: °]
x=71[image: °]
So:
∠CAB=71[image: °] and ∠CBA=71[image: °]
Worked Example 4: A longer puzzle with tangents and equal lengths
From an external point P, tangents PA and PB are drawn to a circle with center O. Suppose PA=12 cm. Also, OP=13 cm. Find:
	the length of PB
	the radius OA

Step 1: Use equal tangents.
Tangents from the same external point are equal, so:
PB=PA=12 cm
Step 2: Use the right angle between radius and tangent.
Radius OA is perpendicular to tangent PA, so triangle OAP is right-angled at A.
Step 3: Apply Pythagoras' theorem.
In right triangle OAP:
OP2=OA2+AP2
Substitute the known values:
132=OA2+122
169=OA2+144
OA2=25
OA=5 cm
Answers:
	PB=12 cm
	OA=5 cm

This puzzle used two circle theorems and then a triangle theorem.
4. Common mistakes to avoid
	Forgetting the right angle between a radius and a tangent.
	Using the center-angle rule incorrectly. Remember: angle at center = twice angle at circumference on the same arc.
	Mixing up equal chords and equal arcs. Make sure the theorem really matches the diagram.
	Assuming lines are equal without a reason. Only mark equal lengths when a theorem tells you so.
	Skipping steps. In multi-step puzzles, every fact usually depends on an earlier one.

5. A useful checklist for solving circle puzzles
When you see a hard diagram, ask yourself:
	Where are the tangents?
	Where are the radii?
	Do I have any right angles?
	Is there a diameter?
	Are there any angles on the same arc?
	Is there a cyclic quadrilateral?
	Can I use triangle angle sums after finding a circle angle?
	Can I use equal tangent lengths or Pythagoras?

6. Final thoughts
Multi-step circle puzzles are not about guessing. They are about careful reasoning. Each theorem gives you one small piece of information, and those pieces build into a complete solution.
The more you practice spotting tangents, radii, arcs, and equal angles, the easier these puzzles become. Always look for the simplest fact first, write it on the diagram, and then let that fact lead you to the next step.


  
  Put what you read to the test

  You've worked through Solving Multi-step Circle Puzzles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1052
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  Bisectors and Basic Angle Constructions


In geometry, a construction is a drawing made using only a compass and a straightedge. A straightedge helps you draw straight lines, but it does not measure. A compass helps you copy distances and draw arcs.


In this lesson, you will learn how to bisect a line segment, bisect an angle, and construct common angles such as  60^,  90^, and  45^ without using a protractor. You will also see why these constructions work.


These skills are important because they show how geometry can be done exactly, not by estimation. Instead of measuring, you use logical steps based on equal distances and symmetry.


1. Key Ideas You Need



  	A bisector cuts something into two equal parts.

  	A segment bisector cuts a line segment into two equal lengths.

  	An angle bisector divides an angle into two equal angles.

  	A perpendicular bisector crosses a segment at its midpoint and forms a right angle.




When doing constructions, the most important idea is this: if two points are the same distance from two endpoints of a segment, then those points help locate the midpoint. Also, if two arcs are drawn with the same compass width, they create equal distances that lead to exact constructions.


2. How to Bisect a Line Segment


Suppose you are given a segment \\overline{AB}\. Your goal is to find its midpoint and draw the perpendicular bisector.



  	Draw the segment \\overline{AB}\.

  	Open your compass to a width greater than half the length of \AB\.

  	Place the compass point on \A\ and draw arcs above and below the segment.

  	Without changing the compass width, place the compass point on \B\ and draw arcs that cross the first pair of arcs.

  	Label the intersection points of the arcs as \P\ and \Q\.

  	Use the straightedge to draw line \PQ\.




Line \PQ\ is the perpendicular bisector of \\overline{AB}\. The point where \PQ\ crosses \\overline{AB}\ is the midpoint of the segment.


Why does this work?


Because the arcs were drawn with the same compass width, point \P\ is the same distance from \A\ and \B\. The same is true for point \Q\. Any point that is equally distant from \A\ and \B\ lies on the perpendicular bisector of \\overline{AB}\. Since both \P\ and \Q\ have this property, the line through them must be the perpendicular bisector.


3. How to Bisect an Angle


Suppose you are given \\angle ABC\, where \B\ is the vertex. You want to split it into two equal angles.



  	Place the compass point on the vertex \B\.

  	Draw an arc that crosses both sides of the angle. Label the intersection points \D\ and \E\.

  	Without changing the compass much, place the compass point on \D\ and draw an arc inside the angle.

  	Using the same compass width, place the compass point on \E\ and draw another arc that crosses the first one. Label the intersection point \F\.

  	Use the straightedge to draw ray \BF\.




Ray \BF\ is the angle bisector of \\angle ABC\.


Why does this work?


The first arc makes \BD = BE\, because both are radii of the same circle centered at \B\. The second pair of arcs makes \DF = EF\. Also, \BF\ is shared. So triangles \\triangle BDF\ and \\triangle BEF\ are congruent by \SSS\. That means the two angles at \B\ are equal:


∠DBF=∠FBE


So ray \BF\ splits the original angle into two equal parts.


4. Constructing a \60^\circ\ Angle


A \60^\circ\ angle can be constructed using the idea of an equilateral triangle, where all sides are equal and all angles are \60^\circ\.


Suppose you are given a point \A\ and a ray \\overrightarrow{AB}\. You want to construct a \60^\circ\ angle at \A\.



  	Draw ray \\overrightarrow{AB}\.

  	Place the compass point on \A\ and draw an arc crossing the ray at \B\ or another point on the ray.

  	Without changing the compass width, place the compass point on that point on the ray and draw an arc that intersects the first arc. Call the new intersection point \C\.

  	Draw ray \\overrightarrow{AC}\.




Then \\angle BAC = 60^\circ\.


Why does this work?


The compass creates equal lengths, so \AB = AC = BC\. That makes triangle \ABC\ equilateral. In an equilateral triangle, all angles are equal, and the three angles must add to \180^\circ\:


180[image: °]/3=60[image: °]


5. Constructing a \90^\circ\ Angle


A \90^\circ\ angle is a right angle. One common way to construct it is by drawing a perpendicular line.


Method: Construct a perpendicular to a line at a point on the line


Suppose point \A\ lies on line \\ell\, and you want a line through \A\ that is perpendicular to \\ell\.



  	Place the compass point on \A\ and draw an arc that crosses line \\ell\ at two points. Call them \B\ and \C\.

  	Without changing the compass to a very small width, place the compass point on \B\ and draw an arc above or below the line.

  	Using the same compass width, place the compass point on \C\ and draw another arc that crosses the previous arc. Label the intersection \D\.

  	Draw line \AD\.




Line \AD\ is perpendicular to line \\ell\, so the angle formed is \90^\circ\.


Why does this work?


Point \A\ is the midpoint of \\overline{BC}\ because the first arc made \AB = AC\. Then point \D\ is also equally distant from \B\ and \C\, because of the equal arcs from \B\ and \C\. So line \AD\ is the perpendicular bisector of \\overline{BC}\. A perpendicular bisector forms a right angle, so the angle at \A\ is \90^\circ\.


6. Constructing a \45^\circ\ Angle


A \45^\circ\ angle can be made by first constructing a \90^\circ\ angle and then bisecting it.



  	Start with a ray or line where you want the angle.

  	Construct a \90^\circ\ angle at the chosen point.

  	Use the angle bisector construction on that right angle.




Since the original angle is \90^\circ\, the bisector divides it into two equal angles:


90[image: °]/2=45[image: °]


7. Tips for Accurate Constructions



  	Do not change the compass width unless the steps tell you to.

  	Make arcs large enough so they clearly intersect.

  	Keep your pencil sharp for precise intersections.

  	Label important points as you go.

  	Do not estimate or measure with a ruler or protractor.




8. Worked Examples


Example 1: Bisecting a Segment


You are given segment \\overline{MN}\. Construct its perpendicular bisector.


Steps:


  	Draw \\overline{MN}\.

  	Set the compass to more than half of \MN\.

  	From \M\, draw arcs above and below the segment.

  	From \N\, with the same compass width, draw arcs crossing the first ones.

  	Label the arc intersections \X\ and \Y\.

  	Draw line \XY\.




Result: Line \XY\ crosses \\overline{MN}\ at its midpoint and is perpendicular to it.


Example 2: Bisecting an Angle


You are given \\angle PQR\. Construct its angle bisector.


Steps:


  	Place the compass at \Q\, the vertex, and draw an arc crossing both sides of the angle.

  	Label the crossing points \S\ and \T\.

  	Using the same compass width, draw arcs from \S\ and \T\ so they meet at \U\.

  	Draw ray \QU\.




Result: Ray \QU\ divides \\angle PQR\ into two equal angles.


Example 3: Constructing a \60^\circ\ Angle


You are given ray \\overrightarrow{AB}\. Construct a \60^\circ\ angle at \A\.


Steps:


  	Draw ray \\overrightarrow{AB}\.

  	With center \A\, draw an arc cutting the ray at \B\.

  	With center \B\ and the same compass width, draw an arc intersecting the first arc at \C\.

  	Draw ray \\overrightarrow{AC}\.




Reasoning: Since \AB = BC = AC\, triangle \ABC\ is equilateral, so \\angle BAC = 60^\circ\.


Example 4: Constructing a \45^\circ\ Angle


You need to construct a \45^\circ\ angle at point \D\.


Steps:


  	Draw a base ray from \D\.

  	Construct a perpendicular ray at \D\, making a \90^\circ\ angle.

  	Bisect that \90^\circ\ angle.




Reasoning: The angle bisector cuts the right angle in half:


90[image: °]÷2=45[image: °]


9. Common Mistakes to Avoid



  	Using a compass width that is too small when bisecting a segment. If it is less than half the segment, the arcs will not intersect.

  	Changing the compass width by accident between matching arcs.

  	Drawing faint or incomplete arcs, which makes intersection points hard to find.

  	Assuming a line is bisected by sight instead of using the full construction.

  	Using measurement tools when the goal is exact construction by logic.




10. Quick Check for Understanding



  	What does a bisector do?

  	Why must the arcs in a perpendicular bisector construction be drawn with the same compass width?

  	How can you make a \45^\circ\ angle if you already know how to make a \90^\circ\ angle?

  	Why does constructing equal side lengths help create a \60^\circ\ angle?




Brief Summary


A bisector divides a segment or an angle into two equal parts. With a compass and straightedge, you can construct a segment bisector, an angle bisector, and exact angles such as \60^\circ\, \90^\circ\, and \45^\circ\ without measuring. These constructions work because they rely on equal distances, congruent triangles, and the properties of perpendicular bisectors.


  
  Put what you read to the test

  You've worked through Bisectors and Basic Angle Constructions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1053
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  Internal Division of a Line Segment in a Given Ratio


In geometry, we sometimes need to divide a line segment into a given ratio. This means we must mark a point on the segment so that the two smaller parts are in a required proportion.


For example, if a point divides a segment in the ratio 2:3, then one part is 2 equal units and the other part is 3 equal units. The whole segment is therefore split into 2+3=5 equal parts in proportion.


This idea is called internal division because the dividing point lies between the two endpoints of the segment.


In construction work, we do not measure the segment with a ruler and calculate lengths directly. Instead, we use a compass and ruler to create equal parts and then use parallel lines to transfer those parts onto the given segment accurately.


What you will learn in this lesson:


  	what internal division means,

  	how to divide a line segment in a given ratio,

  	why the construction works,

  	and how to handle different ratios such as 1:1, 2:3, and 3:5.




1. Meaning of division in a ratio


Suppose we have a line segment AB, and we want a point P on it such that


APPB=m:n

This means


AP:PB=m:n

If m=2 and n=3, then


AP:PB=2:3

So the point P should divide AB into two parts where the first part is proportional to 2 and the second part is proportional to 3.


Notice that this does not always mean AP=2 cm and PB=3 cm. It only means their lengths have the same proportion as 2 to 3.


2. Key construction idea


The construction is based on a very important geometric fact:



  	If a set of equal segments is marked on one ray,

  	and the last point is joined to the end of another segment,

  	then drawing a line parallel to that joining line creates proportional division on the second segment.




This is why parallel lines are used in this construction.


3. General construction: Divide AB internally in the ratio m:n


We want to construct a point P on AB such that


AP:PB=m:n

Construction steps


  	Draw the given line segment AB.


  	From point A, draw a ray AX making any convenient acute angle with AB.


  	On ray AX, mark m+n equal segments using the compass. Name the points in order as A1,A2,A3,… Am+n, where all successive gaps are equal.


  	Join the last point Am+n to B.


  	Locate the point Am, the m-th marked point from A.


  	Through Am, draw a line parallel to Am+nB. Let this parallel line meet AB at point P.





Then point P divides AB internally in the ratio m:n.


So,


AP:PB=m:n

Why do we mark m+n equal parts?


If the required ratio is m:n, the whole segment must be thought of as split proportionally into m+n equal parts.


The point dividing the segment should be after the first m parts, leaving n parts for the second section.


4. Why the construction works


Let the line through Am be parallel to Am+nB, and let it meet AB at P.


Because the line is parallel, the triangles formed are similar in a proportional way. Equal divisions on ray AX are transferred proportionally onto segment AB.


This gives


APAB=AAmAAm+n=mm+n

So


AP=mm+nAB

Then the remaining part is


PB=AB−AP=AB−mm+nAB=nm+nAB

Therefore,


AP:PB=mm+nAB:nm+nAB=m:n

This proves that the construction is correct.


5. Important notes for construction


  	The ray from A can be drawn at any convenient angle, but it should not be too small, or the diagram becomes crowded.


  	The m+n parts on the ray must be equal. This is very important.


  	The line through Am must be parallel to Am+nB, not just approximately slanting in the same direction.


  	The dividing point lies inside the segment because this is internal division.





6. Worked Example 1: Divide a segment in the ratio 1:1


Question: Construct a point that divides line segment AB internally in the ratio 1:1.


Understanding the ratio


If


AP:PB=1:1

then both parts are equal. So the required point is the midpoint of AB.


Construction


  	Draw segment AB.


  	Draw a ray AX from A.


  	Because 1+1=2, mark 2 equal segments on the ray: A1 and A2.


  	Join A2 to B.


  	Through A1, draw a line parallel to A2B meeting AB at P.





Result


The point P divides AB in the ratio 1:1, so P is the midpoint of AB.


Worked Example 2: Divide a segment in the ratio 2:3


Question: Construct a point P on AB such that


AP:PB=2:3

Step 1: Count the total parts


Since 2+3=5, we must mark 5 equal parts on a ray from A.


Construction


  	Draw the line segment AB.


  	From A, draw ray AX.


  	Mark 5 equal segments on AX: A1,A2,A3,A4,A5.


  	Join A5 to B.


  	Through A2, draw a line parallel to A5B.


  	Let this line meet AB at P.





Conclusion


The point P divides AB internally in the ratio 2:3.


This means the part from A to P corresponds to 2 equal proportional parts, and the part from P to B corresponds to 3 equal proportional parts.


Worked Example 3: Divide a segment in the ratio 3:5


Question: Construct a point P on segment AB so that


AP:PB=3:5

Thinking first


The whole segment must be considered in 3+5=8 equal proportional parts.


The point P should come after the first 3 parts, leaving 5 parts to the other side.


Construction


  	Draw segment AB.


  	Draw ray AX from A at a convenient angle.


  	Mark 8 equal segments on ray AX: A1,A2,…,A8.


  	Join A8 to B.


  	Through A3, draw a line parallel to A8B.


  	Let it meet AB at P.





Result


Then


AP:PB=3:5

Check using proportional idea


Since A3 is the 3rd point out of 8 equal parts,


APAB=38

So the remaining part is


PBAB=58

Hence,


AP:PB=3:5

Worked Example 4: Writing the method logically


In Grade 10 geometry, you may be asked not only to do the construction, but also to justify it.


Question: Describe how to divide a segment AB internally in the ratio 4:1, and explain why the method works.


Construction steps


  	Draw the segment AB.


  	From A, draw a ray AX.


  	Since 4+1=5, mark 5 equal segments on AX, obtaining points A1,A2,A3,A4,A5.


  	Join A5 to B.


  	Through A4, draw a line parallel to A5B, meeting AB at P.





Justification


Because A4P is parallel to A5B, the divisions on the ray are transferred proportionally onto AB.


Since AA4:AA5=4:5, we get


AP:AB=4:5

Therefore, AP is 4 out of the total 5 proportional parts of AB, leaving 1 part for PB.


So


AP:PB=4:1

7. Common mistakes to avoid


  	Using only m or only n equal parts: always mark m+n equal parts.


  	Choosing the wrong point on the ray: if the ratio is m:n, draw the parallel through the m-th point, not the n-th point from A.


  	Unequal compass steps: all marked parts on the ray must be equal.


  	Inaccurate parallel line: if the line is not truly parallel, the ratio will be wrong.


  	Reading the ratio backward: AP:PB=2:3 is different from AP:PB=3:2.





8. Quick pattern to remember


To divide AB in the ratio m:n:


  	draw a ray from A,


  	mark m+n equal parts on the ray,


  	join the last point to B,


  	through the m-th point draw a parallel line,


  	the intersection on AB is the required dividing point.





9. Brief summary


Internal division of a line segment in the ratio m:n means finding a point on the segment such that the two parts are proportional to m and n.


The standard construction uses a ray from one endpoint, marks m+n equal parts, joins the last point to the other endpoint, and then draws a parallel through the m-th point.


This method works because parallel lines create proportional segments. It allows accurate geometric construction without measuring the required lengths numerically.


  
  Put what you read to the test

  You've worked through Internal Division of a Line Segment in a Given Ratio. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1054
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  Constructing Similar Triangles with Scale Factors Less Than 1


In geometry, two triangles are similar if they have the same shape but may have different sizes. Their matching angles are equal, and their matching side lengths are in the same ratio.


This lesson focuses on how to construct a smaller triangle similar to a given triangle when the scale factor is less than 1. For example, a scale factor of 12, 23, or 34 makes the new triangle a reduced copy of the original.


You will learn how to create this smaller triangle using geometric tools such as a ruler and compass, and by using the idea that parallel lines create proportional segments.


Big idea: If we start with a triangle and mark points on rays from one vertex in a certain ratio, then draw a line parallel to one side, the smaller triangle formed will be similar to the original triangle.


1. What does a scale factor less than 1 mean?


A scale factor tells how much a figure is enlarged or reduced. If the scale factor is less than 1, the new figure is smaller than the original.



  	If the scale factor is 12, each side becomes half as long.

  	If the scale factor is 23, each side becomes two-thirds as long.

  	If the scale factor is 34, each side becomes three-fourths as long.




If triangle A′B′C′ is similar to triangle ABC with scale factor k, then


A′B′AB=A′C′AC=B′C′BC=k


When 0<k<1, the image triangle is a reduction.


2. Why parallel lines help us construct similar triangles


A key geometry fact is this:


If a line is drawn parallel to one side of a triangle and intersects the other two sides, then it divides those sides proportionally. This creates a smaller triangle that is similar to the original triangle.


Suppose we have triangle ABC. If point D is on AB and point E is on AC, and if DE∥BC, then triangle ADE is similar to triangle ABC.


We write this as


△ADE∼△ABC


and the side ratios match:


ADAB=AEAC=DEBC


This is the reason the construction works. We choose a point so that one side is reduced by the correct fraction, then use a parallel line to force the rest of the triangle to shrink by the same fraction.


3. General construction method


Let the given triangle be ABC. We want to construct a similar triangle with scale factor mn, where m<n.


For example, 12, 23, and 34 all fit this form.



  	Start with the given triangle ABC.

  	Choose one vertex, usually A, as the center of the reduction.

  	Draw a ray starting at A in any convenient direction that does not lie on the sides of the triangle.

  	Mark off n equal segments on this ray using a compass. Label the points P1,P2,…,Pn.

  	Connect Pn to vertex B.

  	Through Pm, construct a line parallel to PnB. Let this line meet side AB at point B′.

  	Through B′, construct a line parallel to BC, or more directly, draw a line through B′ parallel to BC so it meets AC at C′.




Then triangle AB′C′ is similar to triangle ABC with scale factor mn.


Why does this work? Because the equal markings on the ray create the fraction APmAPn=mn. The parallel line construction transfers that same fraction onto side AB, giving


AB′AB=mn


Then drawing B′C′∥BC makes triangles AB′C′ and ABC similar, so all corresponding sides are reduced by the same factor:


AB′AB=AC′AC=B′C′BC=mn


4. Important construction idea


In geometric construction, we do not rely on measuring side lengths with numbers. Instead, we create equal segments with a compass and use parallel lines to guarantee the correct ratio.


This is important because the goal is to justify the construction using geometry, not just arithmetic.


5. Worked Example 1: Scale factor 12


Problem: Construct a triangle similar to triangle ABC with scale factor 12.


Steps:



  	Draw triangle ABC.

  	From vertex A, draw a ray AX.

  	Using the compass, mark two equal segments on the ray: AP1=P1P2.

  	Connect P2 to B.

  	Through P1, draw a line parallel to P2B. Let it meet AB at B′.

  	Through B′, draw a line parallel to BC. Let it meet AC at C′.




Then triangle AB′C′ is the required reduced triangle.


Reasoning: Since P1 is halfway from A to P2, we have


AP1AP2=12


Because the line through P1 is parallel to P2B, the corresponding segment on side AB is also cut in the same ratio, so


AB′AB=12


Then B′C′∥BC, so


△AB′C′∼△ABC


Therefore the whole triangle is reduced by a factor of 12.


6. Worked Example 2: Scale factor 23


Problem: Construct a triangle similar to triangle DEF with scale factor 23.


Steps:



  	Draw triangle DEF.

  	From vertex D, draw a ray.

  	Mark off three equal segments on the ray: Q1,Q2,Q3.

  	Connect Q3 to E.

  	Through Q2, draw a line parallel to Q3E. Let it meet DE at E′.

  	Through E′, draw a line parallel to EF. Let it meet DF at F′.




Then triangle DE′F′ is similar to triangle DEF with scale factor 23.


Why? Since the ray was divided into 3 equal parts and we used the second mark,


DQ2DQ3=23


The parallel line transfers this ratio to side DE, giving


DE′DE=23


Then the line through E′ parallel to EF gives a smaller triangle with the same angle measures as triangle DEF, so the triangles are similar.


7. Worked Example 3: Explaining why the construction is valid


Problem: A student constructs triangle AGH inside triangle ABC so that G lies on AB, H lies on AC, and GH∥BC. The student claims that if AG=34AB, then triangle AGH is similar to triangle ABC with scale factor 34. Is the student correct?


Answer: Yes, the student is correct.


Since GH∥BC, corresponding angles are equal:



  	∠AGH=∠ABC

  	∠AHG=∠ACB

  	∠A is shared




So the triangles are similar:


△AGH∼△ABC


Because AG=34AB, we have


AGAB=34


For similar triangles, all corresponding side lengths have the same ratio. Therefore,


AHAC=GHBC=34


So triangle AGH is a reduced triangle with scale factor 34.


8. Worked Example 4: Common mistake and how to fix it


Problem: A student wants a scale factor of 25. They draw 5 equal marks on a ray from vertex A, but they connect the second mark to C and then draw a parallel line through the fifth mark. Will this give the correct construction?


Answer: No, this will not give the correct reduction.


To make a scale factor of 25, the construction must compare the 2-part point to the 5-part point in the correct order.


The usual method is:



  	mark 5 equal segments,

  	connect the 5th mark to the original side,

  	draw a parallel through the 2nd mark.




This creates the ratio


25


If the student reverses the important points, the resulting ratio is not the intended one. In geometric constructions, the placement of the parallel line matters because it determines which fraction is created.


9. What to remember when doing the construction



  	Use one vertex of the triangle as the starting point for the reduction.

  	Write the scale factor as a fraction mn with m<n.

  	Mark n equal parts on a ray.

  	Use the m-th mark to create the reduced side by drawing a line parallel to the line from the n-th mark.

  	Use a line parallel to the third side to complete the smaller triangle.

  	Justify your work using similarity and parallel lines, not measuring with a ruler.




10. Quick check for understanding


If the scale factor is 35, how many equal segments should you mark on the ray, and which mark should you use for the parallel line?


Answer: Mark 5 equal segments, and use the 3rd mark for the parallel line.


If the scale factor is 47, mark 7 equal segments and use the 4th mark.


11. Brief summary


To construct a triangle similar to a given triangle with a scale factor less than 1, use a ray from one vertex and divide it into equal parts. Then use parallel lines to transfer the fraction mn onto the sides of the triangle.


The key reason this works is that parallel lines create proportional segments, which guarantees similarity. This lets you build an accurate reduced triangle without depending on numerical measurement.


  
  Put what you read to the test

  You've worked through Constructing Similar Triangles with Scale Factors Less Than 1. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1055
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  Constructing Similar Triangles with Scale Factors Greater Than 1


In geometry, two figures are similar if they have the same shape but may have different sizes. For triangles, this means their matching angles are equal, and their matching side lengths are in the same ratio.


In this lesson, you will learn how to construct an enlarged triangle that is similar to a given triangle, using only geometry tools such as a ruler, compass, and straightedge. The scale factor will be greater than 1, so the new triangle will be larger than the original.


This kind of construction is important because it shows how geometry can create exact size changes without measuring lengths with numbers. Instead, we use rays, equal spacing, and parallel lines to build the correct proportions.


What does a scale factor greater than 1 mean?


A scale factor tells how much bigger or smaller a figure becomes. If the scale factor is greater than 1, the new figure is an enlargement.


For example:


	A scale factor of 2 makes every side twice as long.

	A scale factor of 3 makes every side three times as long.

	A scale factor of 52 makes every side 2.5 times as long.




If triangle A′B′C′ is similar to triangle ABC with scale factor k>1, then

A′B′AB=A′C′AC=B′C′BC=k


The angles stay the same, but the side lengths are multiplied by the same number.


Main idea of the construction


To enlarge a triangle, we choose one vertex as a fixed point. Then we create a ray from that point, mark equal steps on the ray, and use parallel lines to produce a longer side in the correct ratio.


This works because parallel lines create proportional segments. That is the key geometric fact behind the construction.


Tools you need


	Compass

	Straightedge or ruler for drawing lines

	Pencil




The basic construction method


Suppose you are given triangle ABC, and you want to construct a triangle similar to it with scale factor n, where n is a whole number greater than 1.



	Draw the given triangle ABC.


	From vertex A, draw a new ray AX going away from the triangle.


	Using the compass, mark off n equal segments on ray AX. Label the points A1,A2,A3,…,An, so that

AA1=A1A2=A2A3=⋯=An−1An


	Connect the last point An to vertex B.


	Through the point A1, draw a line parallel to AnB. Let this line meet side AB or its extension in the needed relationship.





However, for enlarging the whole triangle more clearly, a more standard version is used:



	Draw triangle ABC.


	At vertex A, draw a ray AX making any convenient angle with side AB.


	Mark n equal segments on ray AX: A1,A2,…,An.


	Connect A1 to B.


	Through An, draw a line parallel to A1B. Let it meet the extension of AB at point B′.


	Connect A1 to C.


	Through An, draw a line parallel to A1C. Let it meet the extension of AC at point C′.


	The triangle AB′C′ is similar to triangle ABC with scale factor n.





Because the parallel lines create matching angles, and because the equal spacing on the ray sets the ratio, we get

AB′AB=AC′AC=n


So triangle AB′C′ is an exact enlargement of triangle ABC.


Why this works


The construction uses the fact that if a line is drawn parallel to one side of a triangle, it creates proportional sides. This idea is sometimes called the triangle proportionality property.


Since the points on the ray are equally spaced, the distance from A to An is n times the distance from A to A1. When the connecting lines are parallel, the triangles formed are similar.


For example, if AnB′ is parallel to A1B, then triangle AAnB′ is similar to triangle AA1B. Therefore,

AB′AB=AAnAA1=n


The same argument shows

AC′AC=AAnAA1=n


Since both enlarged sides have the same scale factor and the angle at A stays the same, the new triangle is similar to the original.


Worked Example 1: Scale factor 2


Problem: Construct a triangle similar to triangle ABC with scale factor 2.


Steps:


	Draw triangle ABC.


	From vertex A, draw a ray AX.


	Use the compass to mark two equal segments on the ray: points A1 and A2.


	Draw segment A1B.


	Through A2, draw a line parallel to A1B. Let it meet the extension of AB at B′.


	Draw segment A1C.


	Through A2, draw a line parallel to A1C. Let it meet the extension of AC at C′.


	Draw segment B′C′.





Result: Triangle AB′C′ is similar to triangle ABC, and each side is doubled.


So

AB′AB=AC′AC=B′C′BC=2


Worked Example 2: Scale factor 3


Problem: Construct an enlargement of triangle PQR by a scale factor of 3.


Steps:


	Draw triangle PQR.


	From vertex P, draw a ray PY.


	Mark three equal segments on ray PY: P1,P2,P3.


	Connect P1 to Q.


	Through P3, draw a line parallel to P1Q. Let it meet the extension of PQ at Q′.


	Connect P1 to R.


	Through P3, draw a line parallel to P1R. Let it meet the extension of PR at R′.





Why it works:

Because PP3=3⋅PP1, the parallel-line construction makes the new sides three times the original lengths.


Therefore,

PQ′PQ=PR′PR=3


So triangle PQ′R′ is similar to triangle PQR.


Worked Example 3: Fractional scale factor greater than 1


Problem: Construct a triangle similar to triangle DEF with scale factor 52.


This is still an enlargement, because 52>1.


Idea: We need a ratio of 5:2. So instead of using 1 step and 5 steps, we compare 2 equal steps to 5 equal steps.


Steps:


	Draw triangle DEF.


	From vertex D, draw a ray DZ.


	Mark five equal segments on the ray: D1,D2,D3,D4,D5.


	Connect D2 to E.


	Through D5, draw a line parallel to D2E. Let it meet the extension of DE at E′.


	Connect D2 to F.


	Through D5, draw a line parallel to D2F. Let it meet the extension of DF at F′.





Why it works:

Since DD5:DD2=5:2, the similar triangles created by the parallel lines give

DE′DE=DF′DF=52


So triangle DE′F′ is similar to triangle DEF with scale factor 52.


Important construction tips


	Use the same compass width each time when marking equal segments on the ray.


	Make your ray long enough so all points fit clearly.


	Draw parallel lines carefully. Accuracy matters in constructions.


	Extend the sides of the original triangle lightly in pencil if needed.


	Label points clearly so you do not confuse the original triangle with the enlarged one.





Common mistakes to avoid


	Using unequal marks on the ray: If the segments are not equal, the scale factor will be wrong.


	Drawing a line that is not truly parallel: Even a small error changes the size ratio.


	Forgetting to extend the sides: With scale factors greater than 1, the new points usually lie beyond the original triangle.


	Mixing up the comparison points: For a scale factor like 52, be careful to connect from the 2nd mark and draw the parallel through the 5th mark.





How to justify your construction


In geometry, you should be able to explain why your construction works.


A clear justification can sound like this:



	I marked equal segments on a ray from one vertex.


	I connected one chosen mark to a vertex of the triangle.


	I drew a parallel line through another mark.


	Because the lines are parallel, the triangles formed are similar.


	The ratio of the equal-step distances on the ray gives the scale factor.


	Therefore, the new triangle is similar to the original triangle and is enlarged by the required factor.





Quick check questions


	If the scale factor is 4, how many equal segments should you mark if you use the basic whole-number method? Answer: 4 equal segments.


	If the scale factor is 32, which two marks are important? Answer: Use the 2nd mark for the original connection and the 3rd mark for the parallel line.


	If the new triangle is larger, should the new points lie inside or beyond the original sides? Answer: Usually beyond the original sides, on their extensions.





[image: 📋]   Summary


To construct a similar triangle with a scale factor greater than 1, start from one vertex and mark equal steps on a ray. Then use parallel lines to transfer the correct ratio onto the sides of the triangle.


The key idea is that parallel lines create similar triangles, and the equal step marks control the scale factor. This lets you make exact enlargements such as 2, 3, or even fractions like 52, without using numerical measurement.


  
  Put what you read to the test

  You've worked through Constructing Similar Triangles with Scale Factors Greater Than 1. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1056
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  Constructing a Tangent at a Point on a Circle


In geometry, a tangent to a circle is a straight line that touches the circle at exactly one point. That point is called the point of contact or point of tangency.


In this lesson, you will learn how to construct a tangent at a given point on a circle using geometry tools such as a ruler and compass. You will also learn why the method works.


This is an important construction because it connects a geometric fact you know with a practical drawing method: a tangent to a circle is perpendicular to the radius at the point of contact.


1. Key idea behind the construction


Suppose a circle has centre O, and P is a point on the circle. If you draw the radius OP, then the tangent at P must make a right angle with OP.


So the whole construction is based on this fact:


If a line is tangent to a circle at P, then OP⊥tangent at P. 

This means that to construct the tangent at P, we simply need to construct a line through P that is perpendicular to the radius OP.


2. What you need



  	A compass

  	A straightedge or ruler

  	A pencil




You should not rely on measuring angles with a protractor or lengths with a ruler. The goal is to make the construction exactly using geometric steps.


3. The theorem you use


The main theorem is:


The tangent to a circle at any point is perpendicular to the radius drawn to that point.


In symbols, if line l is tangent to the circle at P, and O is the centre, then


OP⊥l

This theorem gives both the reason and the method for the construction.


4. Construction steps


Let the circle have centre O, and let P be the point on the circle where you want the tangent.



  	Draw the radius OP.


  	At point P, construct a line perpendicular to OP.


  	Extend that perpendicular line on both sides of P.





The line you get is the tangent to the circle at P.


5. How to construct the perpendicular at P


Since P lies on the line segment OP, you can use the standard compass construction for drawing a perpendicular to a line at a point on the line.



  	With centre P, draw a small arc cutting line OP at two points. Call them A and B.


  	With centres A and B, and with the same compass width greater than half of AB, draw arcs above and below the line so that the arcs intersect.


  	Call the intersection points X and Y.


  	Draw the line XY.





The line XY is perpendicular to AB, and since A, P, and B lie on OP, the line XY is also perpendicular to OP. Because it passes through P, it is the tangent at P.


6. Why the construction works


Let us justify the method clearly.


First, OP is a radius of the circle because O is the centre and P is on the circle.


Next, the line we construct through P is perpendicular to OP.


By the circle theorem, the line perpendicular to the radius at the point where the radius meets the circle is a tangent.


So the constructed line touches the circle at exactly one point, P, and is therefore the tangent.


7. Worked Example 1: Basic construction


Question: A circle has centre O. Point P lies on the circle. Construct the tangent at P.


Solution:



  	Join O to P to draw radius OP.


  	With centre P, draw an arc cutting OP at two points A and B.


  	With centres A and B, draw arcs of equal radius above and below OP, meeting at X and Y.


  	Draw line XY.





Line XY passes through P and is perpendicular to OP. Therefore, XY is the tangent at P.


Reason: A tangent is perpendicular to the radius at the point of contact.


8. Worked Example 2: Writing a geometric justification


Question: After constructing a line through point P perpendicular to radius OP, explain why this line is a tangent to the circle.


Solution:


Since O is the centre and P is on the circle, OP is a radius.


The constructed line passes through P and is perpendicular to OP.


By the theorem, the tangent to a circle at a point is perpendicular to the radius through that point.


Therefore, the constructed line is the tangent to the circle at P.


9. Worked Example 3: Identifying a mistake


Question: A student wants to draw a tangent at point P on a circle. They draw a line through P that looks as if it only touches the circle once, but they do not draw the radius OP or construct a perpendicular. Why is this not a correct geometric construction?


Solution:


In a geometric construction, the result must be based on exact properties, not just appearance.


The student has not used the fact that the tangent must be perpendicular to the radius at the point of contact.


Without drawing OP and constructing a perpendicular at P, there is no proof that the line is truly tangent.


So the method is not correct because it relies on guessing instead of using a valid construction rule.


10. Worked Example 4: Completing the reasoning


Question: Fill in the missing statement:


“To construct a tangent at point P on a circle with centre O, draw radius OP. Then construct a line through P that is ________ to OP.”


Solution:


The missing word is perpendicular.


So the completed statement is:


“To construct a tangent at point P on a circle with centre O, draw radius OP. Then construct a line through P that is perpendicular to OP.”


11. Common mistakes to avoid



  	Forgetting to draw the radius: You need the radius to know which line the tangent must be perpendicular to.


  	Guessing the tangent by eye: A construction must be exact, not estimated.


  	Drawing a perpendicular at the wrong point: The perpendicular must be drawn at P, the point on the circle.


  	Using measurement instead of construction: Compass-and-straightedge methods give exact geometric results.





12. Quick recall checklist



  	A tangent touches a circle at exactly one point.


  	The radius to the point of contact is perpendicular to the tangent.


  	To construct the tangent at P:

    
      	draw radius OP,


      	construct a perpendicular to OP at P.


    

  




13. Brief summary


To construct a tangent at a point on a circle, first join the point to the centre to form a radius. Then draw a line through that point perpendicular to the radius. This works because the tangent to a circle is always perpendicular to the radius at the point where the tangent touches the circle.


  
  Put what you read to the test

  You've worked through Constructing a Tangent at a Point on a Circle. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1057
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  Constructing Tangents from an External Point


In geometry, a tangent to a circle is a line that touches the circle at exactly one point. That point is called the point of contact or point of tangency.


Sometimes, you are given a point outside the circle and asked to construct the tangent lines from that point to the circle using only geometric tools such as a ruler and compass. This is an important construction because it combines several ideas you already know: circles, radii, perpendicular lines, and midpoint construction.


In this lesson, you will learn how to construct tangents from an external point to a circle, and also why the construction works.


Key idea: A tangent to a circle is always perpendicular to the radius drawn to the point of tangency.


If a line touches a circle at point T, and O is the center of the circle, then:


OT⊥tangent at T


This fact is the foundation of the construction.


The situation


Suppose:


  	O is the center of the circle,

  	P is a point outside the circle,

  	we want to draw tangent lines from P to the circle.




There will usually be two tangents from the external point P, touching the circle at two different points, say T1 and T2.


Why do we use the midpoint of OP?


The construction works by joining the external point P to the center O, then finding the midpoint of OP. Let that midpoint be M.


Next, we draw a new circle with center M and radius MO (or MP; these are equal because M is the midpoint).


This new circle has OP as a diameter, because both O and P lie on it and M is the midpoint of OP.


Where this new circle cuts the original circle, we get the points of tangency.


Why is that true?


Take one intersection point and call it T. Since T lies on the circle with diameter OP, angle OTP is a right angle.


So:


∠OTP=90[image: °]


That means OT⊥PT.


Because OT is a radius of the original circle, and PT is perpendicular to that radius at point T, the line PT must be a tangent to the original circle.


This is the logical reason the construction works.


Step-by-step construction



  	Draw the given circle with center O.


  	Mark the external point P.


  	Join O to P with a straight line segment.


  	Construct the midpoint of OP. Call it M.


  	With center M and radius MO, draw a circle.


  	This new circle will intersect the original circle at two points. Call them T1 and T2.


  	Join P to T1 and P to T2.


  	The lines PT1 and PT2 are the required tangents.





Tools needed


  	Compass

  	Ruler or straightedge

  	Pencil




Important geometric facts used


  	A tangent touches a circle at exactly one point.

  	The radius to the point of tangency is perpendicular to the tangent.

  	The angle in a semicircle is a right angle.

  	The midpoint of a line segment can be found by construction.




How to justify the construction in an exam


A good justification can be written like this:



  	Join the center O to the external point P.

  	Let M be the midpoint of OP.

  	Draw the circle with diameter OP by using center M and radius MO.

  	Let this circle meet the original circle at T1 and T2.

  	Since T1 and T2 lie on the circle with diameter OP, angles OT1P and OT2P are right angles.

  	So OT1⊥PT1 and OT2⊥PT2.

  	A line perpendicular to the radius at the point where it meets the circle is a tangent.

  	Therefore, PT1 and PT2 are tangents to the circle.




Worked Example 1: Identifying the main steps


You are given a circle with center O and an external point P. Describe how to construct the tangent lines from P.


Solution


  	Join O and P.


  	Construct the midpoint M of OP.


  	Using center M and radius MO, draw a circle.


  	Let the new circle cut the original circle at T1 and T2.


  	Draw PT1 and PT2.





These are the required tangent lines.


Worked Example 2: Explaining why the construction works


After constructing points T1 and T2, explain why PT1 is a tangent.


Solution

Point T1 lies on the circle with diameter OP. Therefore, angle OT1P is a right angle.


So:

∠OT1P=90[image: °]


This means OT1⊥PT1.


Since OT1 is a radius of the original circle, and a tangent is perpendicular to the radius at the point of contact, PT1 is a tangent to the circle.


The same argument shows that PT2 is also a tangent.


Worked Example 3: Completing a reasoning question


A student says, “I joined the external point P to the center O, found the midpoint M, and drew a circle centered at M through O and P. It cut the original circle at A and B. So PA and PB are tangents.”


Complete the student’s reasoning.


Solution


  	The circle centered at M has OP as a diameter.

  	Since A and B lie on this circle, angles OAP and OBP are right angles.

  	Therefore, OA⊥PA and OB⊥PB.

  	Because OA and OB are radii of the original circle, PA and PB are tangents to the original circle.




Worked Example 4: Common mistake check


A student joins O to P, but instead of finding the midpoint of OP, they draw a circle centered at O passing through P. Will this help construct the tangents?


Solution

No. That circle is not the special circle needed for the construction.


The correct extra circle must have diameter OP. To make that happen, its center must be the midpoint of OP, not O.


The reason the construction works is that points on the circle with diameter OP make a right angle with O and P. If the circle is centered at O instead, that right-angle property is not guaranteed.


Common mistakes to avoid


  	Not using the midpoint of OP: The second circle must be based on the midpoint so that OP becomes a diameter.


  	Forgetting to join O and P: You need this segment before you can find its midpoint.


  	Joining the tangency points to the center instead of the external point: The required tangent lines must start from the external point P.


  	Assuming one tangent only: From a point outside a circle, there are usually two tangents.


  	Using measurement instead of construction: In geometric constructions, rely on ruler and compass steps, not numerical measuring.





Quick recall: How to construct the midpoint of OP



  	Place the compass at O and draw arcs above and below the segment OP.


  	Without changing the compass width, place it at P and draw arcs that cross the first pair.


  	Join the two arc-intersection points.


  	This line is the perpendicular bisector of OP, and where it meets OP is the midpoint M.





What you should remember


  	To construct tangents from an external point P, first join P to the center O.

  	Find the midpoint of OP.

  	Draw the circle with diameter OP.

  	Its intersections with the original circle are the points of tangency.

  	Joining these points to P gives the tangent lines.




Brief summary


Constructing tangents from an external point depends on one key fact: the tangent is perpendicular to the radius at the point of contact. By drawing a circle with diameter OP, where O is the center and P is the external point, we create right angles at the intersection points. Those right angles show exactly where the tangent lines must touch the circle.


  
  Put what you read to the test

  You've worked through Constructing Tangents from an External Point. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1058
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  Geometric Proofs of Construction Validity means showing, with logic, that a compass-and-straightedge construction really creates the figure it is supposed to create.
In geometry, it is not enough to say, “It looks right,” or “I measured it.” A valid construction must be justified by geometric facts such as congruent circles, equal radii, perpendicular bisectors, and angle bisectors.
This lesson explains how to prove that a construction works. You will learn how to connect each compass step to a geometric reason, and then use those reasons to write a clear proof.
Why proofs matter in constructions
When you do a construction, your tools are limited. A straightedge draws a line through points. A compass draws a circle with a chosen center and radius. Because these tools are exact in geometry, every mark you make has a meaning.
For example, if you draw a circle centered at point A through point B, then every point on that circle is exactly the same distance from A as point B is. That means every radius of that circle has length AB.
A proof of construction validity explains why those exact relationships force the final figure to have the required property.
The basic idea of a construction proof
Most construction proofs follow this pattern:
	State what was constructed.
	List the key facts created by the compass or straightedge steps.
	Use known geometry theorems or definitions.
	Conclude that the construction has the desired result.

In other words, you must answer this question: Why do these steps guarantee the result?
Important geometric facts often used in construction proofs
	All radii of the same circle are congruent.
	If a point lies on a circle centered at A, then its distance from A equals the radius.
	The set of points equidistant from the endpoints of a segment lies on the perpendicular bisector of that segment.
	The set of points equidistant from the sides of an angle lies on the angle bisector of that angle.
	Vertical angles are congruent.
	If two sides and the included angle of one triangle are congruent to those of another triangle, then the triangles are congruent (SAS).
	If corresponding parts of congruent triangles match, then their angles or sides are equal (CPCTC).

How compass steps create exact facts
Each time you draw an arc or circle, you create equal lengths. This is one of the most important ideas in construction proofs.
Suppose you draw a circle centered at A with radius AB. If point P lies on that circle, then
AP=AB
because both are radii of the same circle.
If you also draw a circle centered at B with radius AB, and point P is where the circles intersect, then
AP=ABandBP=AB
so
AP=BP
This tells us that P is equidistant from A and B. That fact is often the key to proving a perpendicular bisector or an equilateral triangle.
Writing a construction proof clearly
A good proof should refer to the construction steps directly. For example:
	“Point P is an intersection point of circles centered at A and B.”
	“Since P lies on the circle centered at A, AP=AB.”
	“Since P lies on the circle centered at B, BP=AB.”
	“Therefore AP=BP.”

Then connect that fact to a theorem:
“Because P is equidistant from A and B, point P lies on the perpendicular bisector of AB‾.”
Example 1: Proving an equilateral triangle construction
Construction: Given segment AB‾, construct an equilateral triangle on AB‾.
Steps:
	Draw a circle centered at A with radius AB.
	Draw a circle centered at B with radius AB.
	Let C be an intersection point of the two circles.
	Draw segments AC‾ and BC‾.

Goal: Prove that triangle ABC is equilateral.
Proof:
Because C lies on the circle centered at A, AC=AB.
Because C lies on the circle centered at B, BC=AB.
So
AC=ABandBC=AB
Therefore, by the transitive property,
AC=BC=AB
All three sides of triangle ABC are congruent, so triangle ABC is equilateral.
Why this proof works: The construction did not measure side lengths. Instead, the circles guaranteed equal lengths because radii in the same circle are congruent.
Example 2: Proving a perpendicular bisector construction
Construction: Given segment AB‾, construct its perpendicular bisector.
Steps:
	Set the compass to a width greater than half of AB.
	Draw arcs centered at A above and below the segment.
	Without changing the compass width, draw arcs centered at B that intersect the first arcs at points P and Q.
	Draw line PQ.

Goal: Prove that line PQ is the perpendicular bisector of AB‾.
Proof:
Since P is on an arc centered at A and on an arc centered at B, we have
PA=PB
Similarly, since Q is on both arcs,
QA=QB
So both P and Q are equidistant from A and B.
Any point equidistant from the endpoints of a segment lies on the perpendicular bisector of that segment. Therefore, both P and Q lie on the perpendicular bisector of AB‾.
There is exactly one line through points P and Q, so line PQ is that perpendicular bisector.
Thus, line PQ is perpendicular to AB‾ and passes through its midpoint.
Why this proof works: The proof depends on the idea of a locus: the set of all points equidistant from A and B forms the perpendicular bisector of AB‾.
Example 3: Proving an angle bisector construction
Construction: Given ∠ABC, construct its angle bisector.
Steps:
	Draw an arc centered at B that intersects rays BA and BC at points D and E.
	Using the same compass width, draw arcs centered at D and E that intersect at point F inside the angle.
	Draw ray BF.

Goal: Prove that ray BF bisects ∠ABC.
Proof:
Because D and E lie on the same arc centered at B,
BD=BE
Because F lies on arcs centered at D and E drawn with the same compass width,
DF=EF
Also, BF is a common side, so
BF=BF
Now compare triangles △DBF and △EBF:
BD=BE,DF=EF,BF=BF
Therefore, the triangles are congruent by SSS.
So their corresponding angles at B are congruent:
∠DBF=∠FBE
Point D lies on ray BA, and point E lies on ray BC. Therefore,
∠ABF=∠FBC
So ray BF divides ∠ABC into two congruent angles. Therefore, ray BF is the angle bisector of ∠ABC.
Why this proof works: The construction creates two triangles with matching side lengths. Triangle congruence then shows the two angles are equal.
Example 4: Proving the construction of a line perpendicular to a given line through a point on the line
Construction: Given line ℓ and point P on ℓ, construct a line through P perpendicular to ℓ.
One common method:
	With center P, draw an arc that intersects line ℓ at points A and B.
	Using the same compass width, draw arcs centered at A and B above the line, intersecting at point C.
	Draw line PC.

Goal: Prove that PC⊥ℓ.
Proof:
Since the first arc was centered at P, points A and B lie on that circle. Therefore,
PA=PB
So P is equidistant from A and B.
Since point C lies on equal-radius arcs centered at A and B,
CA=CB
So C is also equidistant from A and B.
Any point equidistant from A and B lies on the perpendicular bisector of AB‾. Therefore, both P and C lie on the perpendicular bisector of AB‾.
The line through P and C must be that perpendicular bisector. Thus, line PC is perpendicular to AB‾.
Because A and B lie on line ℓ, segment AB‾ is part of line ℓ. Therefore,
PC⊥ℓ
A strategy for proving any construction
When you are given a construction and asked to justify it, use these questions:
	What points were created by circle intersections?
	What equal lengths come from radii or equal compass widths?
	Do those equal lengths show a point is equidistant from two endpoints or two sides?
	Can I use triangle congruence?
	What final definition do I need? For example, perpendicular bisector, angle bisector, equilateral triangle, midpoint, or perpendicular line.

Common mistakes to avoid
	Do not say “it looks equal.” Visual appearance is not proof.
	Do not rely on ruler measurements. Construction proofs must use geometric properties, not approximate measurements.
	Do not skip the reason a length is equal. If you claim AC=AB, explain that both are radii of the same circle.
	Do not jump to the conclusion too early. First show the needed relationships, then state the theorem or definition.

Helpful proof language
Here are sentence starters you can use:
	“Because point P lies on the circle centered at ...”
	“Since the compass width was unchanged ...”
	“Therefore the two lengths are congruent.”
	“This means the point is equidistant from ...”
	“By the definition of perpendicular bisector ...”
	“By triangle congruence ...”
	“Therefore the construction is valid.”

Quick check for understanding
If two arcs are drawn with the same compass width from endpoints A and B, and they intersect at point P, why is P important?
The answer is that P is equidistant from A and B, so P lies on the perpendicular bisector of AB‾. That single idea appears in many geometric construction proofs.
[image: 📋]   Summary
A geometric proof of construction validity shows that a compass-and-straightedge construction must work because of geometry facts, not because of how it looks.
The most common proof tools are:
	equal radii from circles,
	points equidistant from segment endpoints,
	triangle congruence, and
	definitions of bisectors, perpendicular lines, and equilateral triangles.

When writing a proof, connect each construction step to a fact, then use a theorem or definition to reach the conclusion. If you do that carefully, you can prove that your construction is mathematically exact.


  
  Put what you read to the test

  You've worked through Geometric Proofs of Construction Validity. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1059






  
    
  [image: 📖]   Chapter 11

  Areas Related to Circles
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  Perimeter and Area Fundamentals of Circles


Before working with sectors, segments, and more complex circle shapes, it is important to understand the two basic measurements of a whole circle: its perimeter and its area.


The perimeter of a circle is called its circumference. It tells us the distance all the way around the circle. The area of a circle tells us how much space is inside the circle.


These two ideas are different, so it is very important not to mix up their formulas.



  	Circumference = distance around the circle

  	Area = amount of space inside the circle




1. Important parts of a circle


To use circle formulas correctly, you need to know the meanings of radius and diameter.



  	The radius, written as r, is the distance from the center of the circle to any point on the circle.

  	The diameter, written as d, is the distance across the circle through the center.




The diameter is always twice the radius:


d=2r

So if you know one of them, you can find the other:


r=d2

2. The number π


Circle formulas use the special number π (pi). Pi is the ratio of the circumference of a circle to its diameter. It is an irrational number, which means its decimal goes on forever without repeating.


In school math, we usually use:



  	Exact form: π

  	Approximate decimal form: 3.14 or 3.1416




When a question says leave your answer in terms of π, do not change π into a decimal. When a question asks for a decimal answer, substitute a decimal approximation for π.


For example:



  	Exact: 12π

  	Approximate: 12π≈37.7




3. Formula for circumference


The circumference of a circle can be found in two equivalent ways:


C=2πr

or


C=πd

Use C=2πr when you know the radius. Use C=πd when you know the diameter.


4. Formula for area


The area of a circle is found using:


A=πr2

This means you square the radius, then multiply by π.


Be careful: the area formula uses radius, not diameter. If you are given the diameter, divide by 2 first to get the radius.


5. Units matter


Circumference is a length, so its units are just units like:



  	cm

  	m

  	in




Area measures surface, so its units are squared:



  	cm2

  	m2

  	in2




If you forget the squared units for area, your answer is not complete.


6. Common mistakes to avoid



  	Using diameter in the area formula instead of radius

  	Forgetting to square the radius in A=πr2

  	Confusing circumference and area formulas

  	Changing exact answers into decimals when the question says to leave answers in terms of π

  	Using the wrong units




Worked Example 1: Find circumference from radius


A circle has radius 5 cm. Find its circumference.


Step 1: Choose the correct formula.


C=2πr

Step 2: Substitute r=5.


C=2π(5)

C=10π

This is the exact answer.


If a decimal approximation is needed:


C≈10(3.14)=31.4

Answer: 10π cm, or about 31.4 cm.


Worked Example 2: Find area from radius


A circle has radius 7 m. Find its area.


Step 1: Use the area formula.


A=πr2

Step 2: Substitute r=7.


A=π(72)

A=π(49)

A=49π

This is the exact answer.


For a decimal approximation:


A≈49(3.14)=153.86

Answer: 49π m2, or about 153.86 m2.


Worked Example 3: Find circumference and area from diameter


A circle has diameter 12 in. Find both the circumference and the area.


Step 1: Find the radius.


r=d2=122=6

Step 2: Find circumference using C=πd.


C=π(12)=12π

Approximate value:


C≈12(3.14)=37.68

Step 3: Find area using A=πr2.


A=π(62)=36π

Approximate value:


A≈36(3.14)=113.04

Answer:



  	Circumference: 12π in, or about 37.68 in

  	Area: 36π in2, or about 113.04 in2




Worked Example 4: Decide whether to use exact or approximate form


A circular garden has radius 9 ft. Find the area:



  	In terms of π

  	As a decimal rounded to the nearest tenth




Step 1: Use the area formula.


A=πr2

A=π(92)=81π

So the exact answer is:


81π ft2

Step 2: Convert to a decimal.


A≈81(3.14)=254.34

Rounded to the nearest tenth:


254.3 ft2

Answer:



  	Exact form: 81π ft2

  	Approximate form: 254.3 ft2




7. How to tell which formula to use


Ask yourself what the problem wants.



  	If it asks for the distance around the circle, use circumference.

  	If it asks for the space inside the circle, use area.




You can also use this quick guide:



  	Around the circle [image: →] C=2πr or C=πd

  	Inside the circle [image: →] A=πr2




8. Exact answers vs decimal answers


In mathematics, exact answers are often preferred unless the question asks for an approximation.


For example, if the radius is 4 cm:



  	Circumference exact: 2π(4)=8π cm

  	Circumference approximate: 8π≈25.1 cm

  	Area exact: π(42)=16π cm2

  	Area approximate: 16π≈50.2 cm2




Exact answers are more precise because they keep π instead of rounding it.


9. Final check strategy


After solving a circle problem, check these questions:



  	Did I use the correct formula?

  	Did I use radius or diameter correctly?

  	Did I square the radius for area?

  	Did I keep π if the answer should be exact?

  	Did I write the correct units?




Brief Summary


The circumference of a circle is the distance around it, and the area is the space inside it. Use C=2πr or C=πd for circumference, and use A=πr2 for area. Always pay attention to whether the problem gives radius or diameter, and be careful to tell the difference between exact answers in terms of π and decimal approximations.


  
  Put what you read to the test

  You've worked through Perimeter and Area Fundamentals of Circles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1060
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  Deriving and Calculating Arc Length


When we measure around a whole circle, we are finding its circumference. But sometimes we only want the length of part of the circle. That curved part is called an arc.


In this lesson, you will learn how to derive the arc length formula from the circumference of a circle, and then how to use it to solve problems.


This idea is very useful when working with sectors, curved edges, and shapes made from parts of circles.


1. Review: Circumference of a Circle


The circumference of a circle is the total distance around it.


The formula for circumference is:


C=2πr

where:


  	
    
      
        C
       = circumference
    

  

  	
    
      
        r
       = radius of the circle
    

  

  	
    
      
        π
       is approximately 3.14
    

  




If you know the whole distance around the circle, then an arc is just a fraction of that total distance.


2. What Is an Arc?


An arc is a portion of the circle’s circumference.


The size of the arc depends on the size of the central angle that cuts it off. A central angle is an angle with its vertex at the center of the circle.


For example:


  	A 90[image: °] central angle cuts off one-quarter of the circle.


  	A 180[image: °] central angle cuts off half of the circle.


  	A 360[image: °] central angle is the whole circle.





So the arc length must be the same fraction of the circumference as the central angle is of 360[image: °].


3. Deriving the Arc Length Formula


A full circle has:


  	angle measure 360[image: °]


  	circumference 2πr





If the central angle is θ degrees, then the arc is only θ360 of the full circle.


So the arc length, which we will call L, is:


L=θ360×2πr

This is the formula for arc length when the angle is given in degrees.


Arc Length Formula:


L=θ360⋅2πr

where:


  	L = arc length


  	θ = central angle in degrees


  	r = radius





4. Why the Formula Makes Sense


The formula works because it uses a simple idea:


part of the circle = same part of the circumference


If the angle is half of 360[image: °], then the arc length is half of the circumference.


If the angle is one-fourth of 360[image: °], then the arc length is one-fourth of the circumference.


This is why the fraction θ360 is so important.


5. Steps for Finding Arc Length



  	Identify the radius r.


  	Identify the central angle θ.


  	Use the formula L=θ360⋅2πr


  	Simplify your answer.


  	If needed, give a decimal approximation.





6. Worked Examples


Example 1: Find the arc length of a 90[image: °] sector with radius 8 cm.


Step 1: Write the formula.


L=θ360⋅2πr

Step 2: Substitute the values.


L=90360⋅2π(8)

Step 3: Simplify.


90360=14

L=14⋅16π=4π

Answer:


L=4π cm

Approximate decimal:


L≈12.57 cm

This makes sense because a 90[image: °] angle is one-quarter of a full circle, so the arc length should be one-quarter of the circumference.


Example 2: Find the arc length of a 120[image: °] sector with radius 15 m.


Step 1: Use the formula.


L=θ360⋅2πr

Step 2: Substitute.


L=120360⋅2π(15)

Step 3: Simplify the fraction.


120360=13

Now simplify:


L=13⋅30π=10π

Answer:


L=10π m

Approximate decimal:


L≈31.42 m

Example 3: Find the arc length when the radius is 7 cm and the central angle is 225[image: °].


This example is a little harder because the angle is greater than 180[image: °], but the same method still works.


Step 1: Write the formula.


L=θ360⋅2πr

Step 2: Substitute.


L=225360⋅2π(7)

Step 3: Simplify.


225360=58

L=58⋅14π

L=70π8=35π4

Answer:


L=35π4 cm

Approximate decimal:


L≈27.49 cm

Example 4: A circle has diameter 20 cm. Find the length of an arc with central angle 72[image: °].


This problem is different because it gives the diameter instead of the radius.


Step 1: Find the radius.


r=202=10 cm

Step 2: Use the arc length formula.


L=72360⋅2π(10)

Step 3: Simplify.


72360=15

L=15⋅20π=4π

Answer:


L=4π cm

Approximate decimal:


L≈12.57 cm

7. Common Mistakes to Avoid



  	Using the diameter instead of the radius
In the formula 2πr, r means radius. If you are given the diameter, divide by 2 first.


  	Forgetting to use the fraction of the circle
Do not just find the whole circumference unless the angle is 360[image: °].


  	Mixing up area and arc length
Arc length is a distance around the circle, so the unit is just cm, m, and so on. It is not square units.


  	Not simplifying the angle fraction
Simplifying θ360 often makes the calculation easier.





8. Quick Check: Does Your Answer Make Sense?


After solving, ask yourself:


  	Is the arc length less than the full circumference?


  	If the angle is small, is the arc length also small?


  	If the angle is half of 360[image: °], is the arc length half of the circumference?





These checks can help you catch mistakes.


9. Summary


An arc is part of a circle’s circumference. To find its length, first remember that the whole circle measures 360[image: °] and has circumference 2πr.


The arc length formula is:


L=θ360⋅2πr

This formula works because the arc is the same fraction of the circumference as the central angle is of the full 360[image: °].


Whenever you solve an arc length problem, identify the radius, identify the central angle, substitute into the formula, and simplify carefully.


  
  Put what you read to the test

  You've worked through Deriving and Calculating Arc Length. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1061
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  Area of a Sector of a Circle


A sector is a pie-shaped part of a circle. It is formed by two radii and the arc between them.


To find the area of a sector, we use the idea that the sector is only a fraction of the whole circle. If we know what fraction of the full circle the sector takes up, we can find its area.


This lesson will show you how to find the area of a sector using its central angle and radius.


1. Review: Area of a Circle


Before finding the area of a sector, remember the formula for the area of a full circle:


A=πr2

Here,


  	
    
      A is the area

  

  	
    
      r is the radius

  

  	
    
      π≈3.14 or 227 in some questions

  




A full circle has an angle of 360[image: °]. A sector has only part of that full turn.


2. Formula for the Area of a Sector


If the central angle of the sector is θ, then the sector is θ360 of the full circle.


So the formula for the area of a sector is:


Area of sector=θ360×πr2

This formula means:


  	
    Find the area of the whole circle

  

  	
    Multiply by the fraction θ360

  




3. What Each Part Means


  	
    θ is the central angle of the sector, measured in degrees

  

  	
    r is the radius of the circle

  

  	
    360 is used because a full circle is 360[image: °]

  




If the angle is small, the sector is a small part of the circle. If the angle is large, the sector is a larger part of the circle.


4. Steps for Finding the Area of a Sector


  	
    Write down the radius and the central angle.

  

  	
    Find the area of the whole circle using πr2.

  

  	
    Find the fraction of the circle using θ360.

  

  	
    Multiply the circle’s area by that fraction.

  

  	
    Simplify your answer. Round only if the question asks you to.

  




5. Worked Examples


Example 1: A simple sector

Find the area of a sector with radius 7 cm and central angle 90[image: °].


Step 1: Use the formula


Area=θ360×πr2

Step 2: Substitute the values


Area=90360×π×72

Area=14×49π

Area=49π4

In decimal form,


Area≈38.5 cm2

Answer: 49π4 cm2 or about 38.5 cm2


Why this makes sense: A 90[image: °] sector is one-quarter of a full circle, so its area should be one-quarter of the circle’s area.


Example 2: A sector that is not a simple fraction

Find the area of a sector with radius 10 cm and central angle 135[image: °].


Step 1: Write the formula


Area=θ360×πr2

Step 2: Substitute


Area=135360×π×102

Area=135360×100π

Simplify the fraction:


135360=38

Now multiply:


Area=38×100π=37.5π

In decimal form,


Area≈117.8 cm2

Answer: 37.5π cm2 or about 117.8 cm2


Example 3: Finding area when π=3.14 is used

A sector has radius 6 m and central angle 200[image: °]. Find its area using π=3.14.


Step 1: Use the formula


Area=200360×3.14×62

Step 2: Simplify


Area=59×3.14×36

Area=59×113.04

Area=62.8 m2

Answer: 62.8 m2


Example 4: Working backward

The area of a sector is 24π cm2. The radius of the circle is 12 cm. Find the central angle.


Use the sector area formula:


24π=θ360×π×122

24π=θ360×144π

Cancel π from both sides:


24=θ360×144

Now solve for θ:


24=144θ360

24=2θ5

Multiply both sides by 5:


120=2θ

θ=60[image: °]

Answer: 60[image: °]


6. Common Mistakes to Avoid


  	
    Using diameter instead of radius: If you are given the diameter, divide by 2 first.

  

  	
    Forgetting to square the radius: In πr2, only the radius is squared.

  

  	
    Using the wrong fraction: The fraction must be θ360, not 360θ.

  

  	
    Rounding too early: Keep exact values like π as long as possible.

  

  	
    Wrong units: Area is always in square units, such as cm2, m2, or mm2.

  




7. Quick Check Questions

Try these on your own:


  	
    Find the area of a sector with radius 8 cm and angle 45[image: °].

  

  	
    Find the area of a sector with radius 14 m and angle 120[image: °].

  

  	
    A sector has area 16π cm2 and radius 8 cm. Find the central angle.

  




8. Summary


A sector is part of a circle, so its area is part of the area of the whole circle.


To find the area of a sector, use:


Area of sector=θ360×πr2

The key idea is proportional reasoning: if the angle is a certain fraction of 360[image: °], then the area is the same fraction of the full circle’s area.


Always check that you are using the radius, squaring it correctly, and writing the final answer in square units.


  
  Put what you read to the test

  You've worked through Area of a Sector of a Circle. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1062
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  Area of a Segment of a Circle


When a circle is cut by a chord, it creates a region between the chord and the arc. This region is called a segment of a circle.


To find the area of a segment, we do not use a new formula from memory. Instead, we build it from ideas you already know: the area of a sector and the area of a triangle.


The key idea is:


Area of segment=Area of sector−Area of triangle


This lesson will show you what a segment is, when to subtract, how to find each part, and how to solve problems step by step.


1. Important circle parts



  	Radius: a line from the center of the circle to the edge.

  	Chord: a straight line joining two points on the circle.

  	Arc: a curved part of the circle.

  	Sector: the region between two radii and an arc, like a slice of pizza.

  	Segment: the region between a chord and its arc.




If you draw two radii to the ends of a chord, you create:


  	a sector, and

  	a triangle inside that sector.




The segment is the part of the sector that is left after removing the triangle.


2. Main formula


If the central angle is θ and the radius is r, then:


Area of segment=Area of sector−Area of triangle


The area of the sector is:


Area of sector=θ360×πr2


The triangle is formed by the two radii and the chord.


In many 10th Grade problems, the triangle area is found using:


  	the standard triangle formula 12×base×height, or

  	a known special triangle if the angle makes it easy.




So, in full:


Area of segment=θ360×πr2−Area of triangle


3. How to solve these questions



  	Identify the radius and the central angle.

  	Find the area of the sector.

  	Find the area of the triangle inside the sector.

  	Subtract:




segment=sector−triangle


4. When do we subtract?


For the minor segment, which is the smaller region between the chord and the shorter arc, we usually subtract the triangle from the sector.


minor segment=minor sector−triangle


If a problem asks for the major segment, which is the larger region, then:


major segment=area of circle−minor segment


Always read the question carefully to see which segment is required.


5. Worked Example 1: Simple segment with a right triangle


A circle has radius 6 cm. A chord creates a central angle of 90[image: °]. Find the area of the minor segment.


Step 1: Find the sector area


Area of sector=90360×π×62

=14×π×36

=9π cm2


Step 2: Find the triangle area


The triangle is made from two radii of length 6 cm with a right angle between them.


So it is a right triangle with base 6 cm and height 6 cm.


Area of triangle=12×6×6=18 cm2


Step 3: Subtract


Area of segment=9π−18


Using π≈3.14:


9π−18≈28.26−18=10.26 cm2


Answer: The area of the segment is 9π−18 cm2, or about 10.26 cm2.


6. Worked Example 2: Segment from an equilateral triangle setup


A circle has radius 8 cm and central angle 60[image: °]. Find the area of the minor segment.


Step 1: Sector area


Area of sector=60360×π×82

=16×64π

=32π3 cm2


Step 2: Triangle area


The triangle has two sides of length 8 cm and included angle 60[image: °]. In this special case, the triangle is equilateral, so all sides are 8 cm.


The area of an equilateral triangle of side 8 cm is:


Area=34×82=34×64=163 cm2


Step 3: Subtract


Area of segment=32π3−163


Approximate value:


32π3−163≈33.51−27.71=5.80 cm2


Answer: The area of the segment is 32π3−163 cm2, or about 5.80 cm2.


7. Worked Example 3: Finding the major segment


A circle has radius 5 cm. A chord subtends an angle of 120[image: °] at the center. Find the area of the major segment.


Step 1: Find the minor sector area


Area of sector=120360×π×52

=13×25π=25π3


Step 2: Find the triangle area


The triangle has sides 5 cm and 5 cm. Draw a perpendicular from the center to the chord. This splits the triangle into two right triangles.


The whole triangle has base:


2×5sin⁡60[image: °]=10×√(3)/2=5√(3)


Its height is:


5cos⁡60[image: °]=5×1/2=2.5


So:


Area of triangle=12×53×2.5=2534


Step 3: Find the minor segment


Minor segment=25π3−2534


Step 4: Find the whole circle area


Area of circle=πr2=25π


Step 5: Find the major segment


Major segment=25π−(25π3−2534)


=50π3+2534


Approximate value:


50π3+2534≈52.36+10.83=63.19 cm2


Answer: The area of the major segment is 50π3+2534 cm2, or about 63.19 cm2.


8. Worked Example 4: Using base and height directly


In a circle, the area of a sector is 40 cm2. The triangle inside the sector has base 10 cm and height 6 cm. Find the area of the segment.


Step 1: Triangle area


Area of triangle=12×10×6=30 cm2


Step 2: Segment area


Area of segment=40−30=10 cm2


Answer: The area of the segment is 10 cm2.


9. Common mistakes to avoid



  	Mixing up sector and segment: A sector is the whole slice; a segment is only the curved part between the chord and arc.

  	Forgetting to subtract the triangle: The sector alone is not the segment.

  	Using the wrong angle fraction: For sector area, always use θ360.

  	Finding the wrong segment: If the question wants the major segment, first find the minor segment, then subtract from the whole circle.

  	Rounding too early: Keep exact values like π or 3 until the final step when possible.




10. Quick problem-solving checklist



  	What is the radius?

  	What is the central angle?

  	Am I finding a minor segment or a major segment?

  	Have I found the sector area correctly?

  	Have I found the triangle area correctly?

  	Did I subtract in the correct order?




11. Summary


A segment of a circle is the region between a chord and an arc. To find its area, first find the area of the sector, then find the area of the triangle formed by the two radii and the chord, and subtract.


The main relationship is:


Area of segment=Area of sector−Area of triangle


If the question asks for the major segment, subtract the minor segment from the area of the whole circle.


Once you can identify the sector and triangle clearly, these problems become much easier.


  
  Put what you read to the test

  You've worked through Area of a Segment of a Circle. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1063
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  Areas of Annuli and Concentric Circles


In earlier work with circles, you may have found the area of a whole circle using the formula A=πr2. In this lesson, we will build on that idea to find the area of a ring-shaped region between two circles.


This ring is called an annulus. It is formed when two circles have the same center but different radii. Circles like this are called concentric circles.


To find the area of an annulus, we do not need a brand-new formula. We use what we already know: find the area of the larger circle, find the area of the smaller circle, and subtract.


Key ideas


  	Concentric circles are circles with the same center.

  	An annulus is the region between two concentric circles.

  	The area of an annulus is the area of the outer circle minus the area of the inner circle.




If the outer radius is R and the inner radius is r, then:


Area of annulus=πR2−πr2

This can be written more simply as:


A=π(R2−r2)

Both forms mean the same thing. Use whichever one feels clearer to you.


Understanding the radii


The outer radius is the distance from the center to the larger circle. The inner radius is the distance from the center to the smaller circle.


Be careful not to mix up radius and diameter.


  	Radius = distance from center to circle

  	Diameter = distance across the whole circle through the center

  	Diameter is twice the radius, so d=2r




If a question gives diameters, convert them to radii before using the formula.


Why subtraction works


Imagine a large circular disk with a smaller circular hole cut out of the middle. The remaining part is the annulus.


So the area left over is:


  	area of the whole large circle

  	minus the area of the missing smaller circle




That is why subtraction is the main idea in these problems.


Steps for finding the area of an annulus


  	Identify the outer radius R.

  	Identify the inner radius r.

  	Find the area of the outer circle: πR2.

  	Find the area of the inner circle: πr2.

  	Subtract: πR2−πr2.

  	Include the correct square units, such as cm2, m2, or in2.




Worked Example 1: Basic annulus area


The outer radius of an annulus is 8 cm and the inner radius is 5 cm. Find the area.


Step 1: Write the formula


A=π(R2−r2)

Step 2: Substitute the values


A=π(82−52)

A=π(64−25)

A=39π

Step 3: Give the final answer


The exact area is 39π cm2.


If you need a decimal approximation:


39π≈122.5 cm2

Worked Example 2: Using diameters


A circular path surrounds a fountain. The outer diameter is 20 m and the inner diameter is 12 m. Find the area of the path.


Step 1: Convert diameters to radii


  	Outer radius: 20÷2=10 m

  	Inner radius: 12÷2=6 m




Step 2: Use the annulus formula


A=π(R2−r2)

A=π(102−62)

A=π(100−36)

A=64π

Step 3: Final answer


The area of the path is 64π m2.


Approximate value:


64π≈201.1 m2

Worked Example 3: Finding a missing radius from the ring width


A ring-shaped garden has an inner radius of 7 m. The garden is 3 m wide all the way around. Find the area of the garden.


Step 1: Find the outer radius


If the ring is 3 m wide, then the outer radius is:


R=7+3=10

Step 2: Use the formula


A=π(R2−r2)

A=π(102−72)

A=π(100−49)

A=51π

Step 3: Final answer


The area of the garden is 51π m2.


Approximate value:


51π≈160.2 m2

Worked Example 4: Solving from areas


The area of a large circle is 81π cm2, and the area of the inner circle is 49π cm2. Find the area of the annulus.


Step 1: Subtract the two circle areas


81π−49π=32π

Step 2: Final answer


The area of the annulus is 32π cm2.


This example shows that sometimes you do not need the radii at all if the areas of both circles are already given.


A useful algebra pattern


Sometimes you may notice this expression:


R2−r2

This is called a difference of squares, but you do not need special algebra to solve these problems. Usually, the easiest way is to square each radius first and then subtract.


For example, if R=9 and r=4, then:


R2−r2=92−42=81−16=65

So the area would be 65π.


Common mistakes to avoid


  	Using diameters instead of radii: Always check whether the question gives radius or diameter.

  	Subtracting before squaring: (R−r)2 is not the same as R2−r2.

  	Forgetting units: Area must be written in square units.

  	Subtracting in the wrong order: Outer circle area should be larger, so subtract inner from outer.




Important note about a common error


If R=8 and r=5, do not do this:


π(8−5)2=π(3)2=9π

This is incorrect.


The correct calculation is:


π(82−52)=π(64−25)=39π

These answers are very different, so this mistake matters a lot.


When exact answers and approximations are used


In math, an answer in terms of π, such as 39π, is called an exact answer. This is often preferred unless the question asks for a decimal answer.


If a decimal is needed, use π≈3.14 or the π button on a calculator and round as instructed.


Real-life examples of annuli


  	a running track around a circular field

  	a ring-shaped garden around a fountain

  	a washer or metal ring

  	a circular border around a logo or design




In each case, the area of the ring is found by subtracting the inner circle from the outer circle.


Quick check questions


  	If the outer radius is 11 cm and the inner radius is 9 cm, what expression represents the area? Answer: π(112−92)

  	If the outer diameter is 18 m, what is the outer radius? Answer: 9 m

  	If an annulus has outer area 100π and inner area 36π, what is its area? Answer: 64π




[image: 📋]   Summary


An annulus is the ring-shaped region between two concentric circles. To find its area, subtract the area of the smaller circle from the area of the larger circle.


A=π(R2−r2)

Always make sure you are using radii, not diameters, and remember to write your answer in square units. If you follow the steps carefully, annulus problems are just circle area problems with subtraction.


  
  Put what you read to the test

  You've worked through Areas of Annuli and Concentric Circles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1064
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  Calculating Areas of Composite Geometric Figures means finding the area of a shape made from two or more simpler shapes joined together. In 10th Grade, these often include rectangles, triangles, circles, semicircles, and sectors.
Many shaded regions in geometry are composite figures. They may look complicated at first, but the main idea is simple: break the figure into parts whose areas you already know how to find, then add or subtract those parts carefully.
This skill is especially important in topics involving circles, because curved shapes such as semicircles, quarter circles, and sectors are often attached to or removed from polygons like squares and rectangles.
Goal of this lesson: learn how to identify the smaller shapes inside a composite figure, choose the correct area formulas, and combine the results correctly.
1. Review of basic area formulas
Before finding the area of a composite figure, you need to know the area formulas for common shapes.
	Rectangle: A=lw
	Square: A=s2
	Triangle: A=12bh
	Circle: A=πr2
	Semicircle: A=12πr2
	Quarter circle: A=14πr2
	Sector: if the central angle is θ[image: °], then A=θ360πr2

2. Main strategy for composite area problems
Whenever you see a complicated figure, follow these steps.
	Look for familiar shapes. Can the figure be split into rectangles, triangles, semicircles, or sectors?
	Decide whether to add or subtract. If shapes are joined together, add their areas. If a part is cut out, subtract its area.
	Find any missing measurements. You may need to use side lengths, diameters, or simple facts such as: radius = half of diameter.
	Write the area expression clearly. This helps avoid mistakes.
	Calculate carefully and include units. Area is always in square units, such as cm2, m2, or in2.

3. Additive and subtractive composite figures
There are two common kinds of composite area problems.
Additive figures: These are shapes made by joining smaller shapes together. For example, a rectangle with a semicircle attached to one side. In this case, find each area and add.
Subtractive figures: These are shapes with a piece removed. For example, a square with a semicircle cut out. In this case, find the whole area first, then subtract the removed part.
4. Important circle ideas in composite figures
Circle pieces often cause the most confusion, so pay close attention to these facts.
	The diameter goes all the way across the circle through the center.
	The radius is half the diameter, so r=d2.
	If a semicircle sits on a side of a square or rectangle, that side is often the diameter, not the radius.
	A quarter circle is one-fourth of a full circle.
	A sector is a “slice” of a circle.

A very common mistake is using the diameter instead of the radius in πr2. Always check which measurement you were given.
5. Worked Example 1: Rectangle with a semicircle attached
A rectangle is 10 cm long and 6 cm wide. A semicircle is attached along the width of 6 cm. Find the total area.
Step 1: Find the area of the rectangle.
Arectangle=lw=10×6=60 cm2
Step 2: Find the radius of the semicircle.
The width 6 cm is the diameter, so the radius is
r=62=3 cm
Step 3: Find the area of the semicircle.
Asemicircle=12πr2=12π(32)=12π(9)=4.5π
Using π≈3.14,
Asemicircle≈4.5×3.14=14.13 cm2
Step 4: Add the areas.
Atotal=60+14.13=74.13 cm2
Answer: The total area is approximately 74.13 cm2.
6. Worked Example 2: Square with a semicircle cut out
A square has side length 8 m. A semicircle with diameter 8 m is cut out from one side of the square. Find the shaded area remaining.
Step 1: Find the area of the square.
Asquare=s2=82=64 m2
Step 2: Find the radius of the semicircle.
r=82=4 m
Step 3: Find the area of the semicircle.
Asemicircle=12πr2=12π(42)=12π(16)=8π
Using π≈3.14,
Asemicircle≈8×3.14=25.12 m2
Step 4: Subtract.
Aremaining=64−25.12=38.88 m2
Answer: The shaded area is approximately 38.88 m2.
7. Worked Example 3: Square and quarter circle combination
A square has side length 12 cm. Inside the square, a quarter circle of radius 12 cm is drawn from one corner to the two nearby corners. Find the area of the part of the square outside the quarter circle.
Step 1: Find the area of the square.
Asquare=122=144 cm2
Step 2: Find the area of the quarter circle.
Aquarter circle=14πr2=14π(122)=14π(144)=36π
Using π≈3.14,
Aquarter circle≈36×3.14=113.04 cm2
Step 3: Subtract to find the outside region.
Aoutside=144−113.04=30.96 cm2
Answer: The area outside the quarter circle is approximately 30.96 cm2.
8. Worked Example 4: Composite figure with a triangle and a semicircle
A figure is made of a right triangle and a semicircle attached along one side. The triangle has base 12 cm and height 8 cm. The semicircle has diameter 12 cm. Find the total area.
Step 1: Find the area of the triangle.
Atriangle=12bh=12(12)(8)=48 cm2
Step 2: Find the radius of the semicircle.
r=122=6 cm
Step 3: Find the area of the semicircle.
Asemicircle=12πr2=12π(62)=12π(36)=18π
Using π≈3.14,
Asemicircle≈18×3.14=56.52 cm2
Step 4: Add the areas.
Atotal=48+56.52=104.52 cm2
Answer: The total area is approximately 104.52 cm2.
9. How to handle irregular shaded regions
Some figures may not show the parts clearly. When that happens, imagine drawing lines to split the figure into simpler pieces.
For example, you might:
	draw a line to divide an L-shaped figure into two rectangles,
	separate a shape into a rectangle and a triangle,
	treat a curved piece as a semicircle or quarter circle,
	find a large simple shape first, then subtract the missing part.

There is often more than one correct way to split a composite figure. The best method is the one that makes the measurements easiest to use.
10. Common mistakes to avoid
	Using diameter instead of radius in circle area formulas.
	Adding when you should subtract, or subtracting when you should add.
	Forgetting the fraction for a semicircle, quarter circle, or sector.
	Mixing units, such as centimeters and meters, without converting.
	Forgetting square units in the final answer.

11. Quick check questions to ask yourself
	What simple shapes make up this figure?
	Which lengths are side lengths, diameters, or radii?
	Am I adding parts together or subtracting a cut-out region?
	Did I use the correct formula for each piece?
	Did I label the answer in square units?

12. Summary
To find the area of a composite geometric figure, break it into smaller familiar shapes such as rectangles, triangles, semicircles, or sectors. Then find each area and combine them using addition or subtraction, depending on whether parts are attached or removed.
When circles are involved, be especially careful to identify the radius correctly. With practice, even complex shaded regions become manageable when you work one piece at a time.


  
  Put what you read to the test

  You've worked through Calculating Areas of Composite Geometric Figures. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1065
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  Modeling Sweeping Areas and Rotating Mechanics


In many real-life machines, a part rotates around a fixed point. As it turns, it covers or sweeps out a region. To model this motion in maths, we use ideas from circles, especially sectors and sometimes annular sectors (ring-shaped sectors).


Examples include a windshield wiper clearing rain, a sprinkler spraying water, a radar arm rotating, or a clock hand moving. In each case, the moving part turns through an angle and reaches a certain distance from the center. That creates a curved region whose area can often be found using circle formulas.


This lesson will show how to identify the shape being swept, choose the correct formula, and solve practical problems involving rotating mechanics.


1. Review: area of a circle and area of a sector


A full circle with radius r has area


A=πr2


A sector is a slice of a circle. If the central angle is θ degrees, then the sector is that fraction of the whole circle:


Asector=θ360πr2


This formula is the main tool for sweeping-area problems. If something rotates through only part of a full turn, we use the angle to find what fraction of the circle is covered.


2. What does “sweeping area” mean?


When a rod, arm, or blade rotates, every point on it moves in a circular path around the pivot. The furthest point traces part of a circle. The whole moving piece can clear a region shaped like a sector or a ring-shaped sector.


For example, if a sprinkler sprays water up to 8 m away and rotates through 120[image: °], the watered region is a sector of radius 8 m and angle 120[image: °].


If a windshield wiper has length 45 cm and turns through 80[image: °], the tip traces a sector. If the wiper does not start at the exact center of the windshield or if the blade has thickness, the cleared region may be better modeled as a ring-shaped sector.


3. Two common models


Model A: A simple sector


Use this when the rotating object starts at the center and covers everything from the pivot out to radius r.


Formula:


A=θ360πr2


Model B: An annular sector


This is a sector of a large circle with a smaller sector removed. It looks like a curved strip.


This model is useful when only the part between two radii is covered, such as a wiper blade that clears between an inner radius and an outer radius.


If the outer radius is R, the inner radius is r, and the angle is θ, then


A=θ360π(R2−r2)


4. Steps for solving sweeping-area problems



  	Identify the center of rotation. This is the pivot point.


  	Find the angle turned. Be careful to use the angle actually swept, not the angle left over.


  	Find the radius or radii. Use the distance from the pivot to the edge of the region.


  	Choose the correct formula. Use a sector for one radius, or an annular sector for two radii.


  	Substitute carefully and simplify. Include correct square units such as cm2 or m2.





5. Important details to watch for



  	Degrees matter. Most 10th Grade problems use degrees, so use θ360.


  	Square the radius. In area formulas, use r2, not just r.


  	Use the cleared region, not the object length alone. Sometimes there is an inner radius and an outer radius.


  	Check units. If the radius is in meters, the area is in square meters.


  	Estimate reasonableness. A sector must have area less than the full circle.





Worked Example 1: Sprinkler watering a sector


A sprinkler sprays water 6 m from its center and rotates through 90[image: °]. Find the area of grass watered.


Step 1: Identify the shape


The watered region is a sector with radius r=6 m and angle θ=90[image: °].


Step 2: Use the sector formula


A=θ360πr2


A=90360π(62)


A=14π(36)


A=9π


So the area watered is


9π m2≈28.3 m2


Worked Example 2: Windshield wiper clearing a sector


A wiper blade is 40 cm long and rotates through 72[image: °]. Model the cleared region as a sector. Find the area cleared.


Step 1: Write the known values


Radius: r=40 cm


Angle: θ=72[image: °]


Step 2: Apply the formula


A=72360π(402)


A=15π(1600)


A=320π


Therefore, the area cleared is


320π cm2≈1005.3 cm2


Worked Example 3: Wiper blade with inner and outer radius


A windshield wiper clears a curved strip between 10 cm and 45 cm from the pivot. It rotates through 80[image: °]. Find the area cleared.


Step 1: Identify the model


This is not a full sector from the center. It is an annular sector.


Outer radius: R=45 cm


Inner radius: r=10 cm


Angle: θ=80[image: °]


Step 2: Use the annular sector formula


A=θ360π(R2−r2)


A=80360π(452−102)


A=29π(2025−100)


A=29π(1925)


A=38509π


So the area cleared is


38509π cm2≈1344.5 cm2


Worked Example 4: Comparing two rotating machines


Machine A has an arm of length 5 m rotating through 120[image: °]. Machine B has an arm of length 4 m rotating through 180[image: °]. Which machine sweeps the greater area?


Machine A


AA=120360π(52)


AA=13π(25)=25π3


AA≈26.2 m2


Machine B


AB=180360π(42)


AB=12π(16)=8π


AB≈25.1 m2


Since 26.2>25.1, Machine A sweeps the greater area.


6. How to model real situations


In word problems, the hardest part is often deciding what shape to use. Ask yourself these questions:



  	Is the motion a rotation around one fixed point?


  	Does the moving part cover everything from the center outward, or only a strip?


  	What is the maximum distance reached from the pivot?


  	What angle does it turn through?





If the object rotates and covers a pie-slice shape, use a sector. If it covers a band between two circular arcs, use an annular sector.


7. Common mistakes



  	Using arc length instead of area. Area needs πr2, while arc length uses a different formula.


  	Forgetting to square the radii. In R2−r2, both radii must be squared first.


  	Subtracting angles incorrectly. Make sure you use the angle actually swept.


  	Mixing units. Convert first if one measurement is in cm and another is in m.


  	Using the full-circle area by mistake. A sweep is usually only part of a circle.





8. Quick check idea


If the angle doubles and the radius stays the same, the swept area doubles.


If the radius doubles and the angle stays the same, the area becomes four times as large, because area depends on r2.


This helps you see whether an answer makes sense.


9. Practice-style questions to think about



  	A sprinkler rotates through 150[image: °] and sprays 10 m. What area is watered?


  	A radar arm of length 7 m sweeps through 45[image: °]. What area is covered?


  	A wiper clears between 8 cm and 30 cm from its pivot through 100[image: °]. What area is cleared?





Brief Summary


Rotating machines often sweep out regions that can be modeled with sectors or annular sectors. For a sector, use


A=θ360πr2


For a ring-shaped sweep, use


A=θ360π(R2−r2)


The key is to identify the angle turned, the radius or radii, and the shape of the cleared region. Once you choose the correct model, these real-life rotating-motion problems become straightforward circle-area questions.


  
  Put what you read to the test

  You've worked through Modeling Sweeping Areas and Rotating Mechanics. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1066
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  Surface Areas and Volumes
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  Surface Area of Basic 3D Solids


When we move from flat shapes to 3D solids, we start thinking about the outside covering of an object. This is called its surface area.


Surface area tells us how much material is needed to cover the outside of a solid. For example, it can help us find how much paper is needed to wrap a gift, how much metal is needed to make a can, or how much paint is needed to cover a curved object.


In this lesson, we will learn how to calculate the lateral surface area and the total surface area of four common solids:



  	cylinders,

  	cones,

  	spheres,

  	hemispheres.




Important idea:


  	Lateral surface area means the area of the curved side only, not including the base or bases.

  	Total surface area means the area of all outer surfaces.




We will use these symbols often:


  	
    
      radius: r
    

  

  	
    
      height: h
    

  

  	
    
      slant height of a cone: l
    

  

  	
    
      π≈3.14 or 227 when needed
    

  




1. Surface Area of a Cylinder


A cylinder has:


  	two circular bases, and

  	one curved surface around the side.




If we unwrap the curved side of a cylinder, it forms a rectangle.


The width of this rectangle is the circumference of the base circle, which is 2πr. The height of the rectangle is the cylinder's height, h.


So the lateral surface area of a cylinder is:


LSA of cylinder=2πrh

Now add the areas of the two circular bases. Each base has area πr2, so two bases have area 2πr2.


Therefore, the total surface area of a cylinder is:


TSA of cylinder=2πrh+2πr2

This can also be written as:


TSA of cylinder=2πr(h+r)

2. Surface Area of a Cone


A cone has:


  	one circular base, and

  	one curved surface that comes to a point.




For a cone, the curved surface depends on the slant height, not the vertical height.


The slant height is labeled l. If the vertical height h and radius r are known, then:


l=r2+h2

The lateral surface area of a cone is:


LSA of cone=πrl

To find the total surface area, add the area of the circular base:


TSA of cone=πrl+πr2

Or factor out πr:


TSA of cone=πr(l+r)

3. Surface Area of a Sphere


A sphere is a perfectly round solid, like a basketball or a globe. It has no edges, no flat faces, and no base.


The total outer area of a sphere is given by:


Surface area of sphere=4πr2

Since a sphere has only one continuous outer surface, we usually just say surface area, not lateral or total separately.


4. Surface Area of a Hemisphere


A hemisphere is half of a sphere. It looks like a bowl shape if cut through the middle.


A hemisphere has:


  	one curved part, and

  	one flat circular base.




The curved surface area of a hemisphere is half the surface area of a sphere:


CSA of hemisphere=2πr2

If the flat circular base is included, then the total surface area is:


TSA of hemisphere=2πr2+πr2=3πr2

Formulas to Remember



  	
    Cylinder:

    LSA=2πrh

    TSA=2πrh+2πr2

  

  	
    Cone:

    LSA=πrl

    TSA=πrl+πr2

  

  	
    Sphere:

    SA=4πr2

  

  	
    Hemisphere:

    Curved SA=2πr2

    TSA=3πr2

  




How to Choose the Correct Formula



  	Read the question carefully.

  	Identify the solid: cylinder, cone, sphere, or hemisphere.

  	Check whether the question asks for curved/lateral surface area or total surface area.

  	Write the correct formula before substituting numbers.

  	Use the radius, not the diameter. If diameter is given, divide by 2 first.

  	Include square units in the final answer, such as cm2, m2, or in2.




Worked Example 1: Total Surface Area of a Cylinder


Find the total surface area of a cylinder with radius 4 cm and height 10 cm.


Step 1: Write the formula.


TSA=2πrh+2πr2

Step 2: Substitute the values.


TSA=2π(4)(10)+2π(42)

=80π+2π(16)

=80π+32π

=112π

Step 3: Give the exact and approximate answer.


TSA=112π cm2

Using π≈3.14:


112π≈112(3.14)=351.68

Answer: 112π cm2 or about 351.68 cm2.


Worked Example 2: Lateral Surface Area of a Cone


A cone has radius 5 cm and slant height 12 cm. Find its lateral surface area.


Step 1: Use the cone lateral surface area formula.


LSA=πrl

Step 2: Substitute the values.


LSA=π(5)(12)

=60π

Step 3: Approximate if needed.


60π≈60(3.14)=188.4

Answer: 60π cm2 or about 188.4 cm2.


Worked Example 3: Total Surface Area of a Cone When Height Is Given


A cone has radius 3 m and vertical height 4 m. Find its total surface area.


Step 1: Find the slant height.


l=r2+h2

l=32+42=9+16=25=5

Step 2: Use the total surface area formula.


TSA=πrl+πr2

Step 3: Substitute the values.


TSA=π(3)(5)+π(32)

=15π+9π

=24π

Step 4: Approximate if needed.


24π≈24(3.14)=75.36

Answer: 24π m2 or about 75.36 m2.


Worked Example 4: Surface Area of a Sphere and a Hemisphere


A sphere has radius 7 cm. Find its surface area. Then find the total surface area of a hemisphere with the same radius.


Part A: Sphere


SA of sphere=4πr2

=4π(72)

=4π(49)

=196π

Using π=227:


196π=196×227=28×22=616

So the sphere's surface area is 196π cm2 or 616 cm2.


Part B: Hemisphere


For total surface area of a hemisphere:


TSA=3πr2

=3π(72)

=3π(49)

=147π

Using π=227:


147π=147×227=21×22=462

Answer:


  	Sphere surface area = 196π cm2 or 616 cm2

  	Hemisphere total surface area = 147π cm2 or 462 cm2




Common Mistakes to Avoid



  	Confusing radius and diameter. If diameter is given, remember: r=d2.

  	Using height instead of slant height for a cone. The curved surface area of a cone uses l, not h.

  	Forgetting the base or bases. Lateral area and total area are not the same.

  	For hemisphere questions, not checking whether the base is included. Curved area is 2πr2, but total area is 3πr2.

  	Forgetting square units. Surface area is always measured in square units.




Quick Comparison



  	A cylinder has 2 circular bases.

  	A cone has 1 circular base and needs slant height for curved area.

  	A sphere has no base and uses only 4πr2.

  	A hemisphere is half a sphere, so be careful whether the flat base is included.




Brief Summary


Surface area measures the total outside covering of a 3D solid. For cylinders and cones, we often separate the lateral or curved area from the total area. A sphere has surface area 4πr2, and a hemisphere has curved surface area 2πr2 and total surface area 3πr2.


The key to success is choosing the correct formula, using the correct measurements, and checking whether the base is included. With practice, these formulas become much easier to use.


  
  Put what you read to the test

  You've worked through Surface Area of Basic 3D Solids. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1067
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  Volume of Basic 3D Solids


When we move from flat shapes to solid shapes, we begin to measure how much space an object takes up. This amount of space is called its volume.


Volume is measured in cubic units, such as cubic centimeters \,cm3, cubic meters \,m3, or cubic inches \,in3. The word “cubic” reminds us that volume involves three dimensions: length, width, and height.


In this lesson, you will learn how to find the volume of three important 3D solids:



  	Cylinders

  	Cones

  	Spheres




You will also learn how to choose the correct formula, substitute values carefully, and include the correct units in your final answer.


1. Understanding Volume


Volume tells us how much a solid can hold or contain. For example:


  	A water bottle has a certain volume of liquid it can hold.

  	A ball takes up a certain amount of space.

  	A can of soup has volume because it is a 3D object.




For many solids, volume depends on the area of a base and how far the shape extends. That is why base shapes and height are important in volume formulas.


2. Volume of a Cylinder


A cylinder has two matching circular bases and a curved side. A soup can is a common example of a cylinder.


The formula for the volume of a cylinder is:


V=πr2h

where:


  	V = volume

  	r = radius of the circular base

  	h = height of the cylinder

  	π≈3.14 or 227 when appropriate




This formula works because the area of the circular base is πr2, and multiplying by height gives the volume.


Important: Use the radius, not the diameter. If you are given the diameter, divide it by 2 first.


Worked Example 1: Volume of a Cylinder


Find the volume of a cylinder with radius 4 cm and height 10 cm.


Step 1: Write the formula.

V=πr2h

Step 2: Substitute the values.

V=π(4)2(10)

Step 3: Simplify.

V=π(16)(10)
V=160π

Step 4: Write the exact and approximate answers.

V=160π cm3
V≈160(3.14)=502.4 cm3

Answer: The volume is 160π cm3, or about 502.4 cm3.


3. Volume of a Cone


A cone has one circular base and comes to a point called the vertex. An ice cream cone is a familiar example.


The formula for the volume of a cone is:


V=13πr2h

where:


  	V = volume

  	r = radius of the base

  	h = perpendicular height




The cone formula is very similar to the cylinder formula, but it includes 13. This means a cone with the same base radius and height as a cylinder has one-third the volume of that cylinder.


Worked Example 2: Volume of a Cone


Find the volume of a cone with radius 3 m and height 8 m.


Step 1: Write the formula.

V=13πr2h

Step 2: Substitute the values.

V=13π(3)2(8)

Step 3: Simplify.

V=13π(9)(8)
V=723π
V=24π

Step 4: Approximate.

V≈24(3.14)=75.36 m3

Answer: The volume is 24π m3, or about 75.36 m3.


4. Volume of a Sphere


A sphere is a perfectly round 3D shape, like a basketball or a marble.


The formula for the volume of a sphere is:


V=43πr3

where:


  	V = volume

  	r = radius of the sphere




Notice that the radius is cubed in this formula. That means you multiply the radius by itself three times.


Worked Example 3: Volume of a Sphere


Find the volume of a sphere with radius 5 cm.


Step 1: Write the formula.

V=43πr3

Step 2: Substitute the value.

V=43π(5)3

Step 3: Simplify.

V=43π(125)
V=5003π

Step 4: Approximate.

V≈5003(3.14)≈523.33 cm3

Answer: The volume is 5003π cm3, or about 523.33 cm3.


5. Comparing the Formulas


It helps to study the formulas together:



  	Cylinder: V=πr2h

  	Cone: V=13πr2h

  	Sphere: V=43πr3




Notice these patterns:


  	Cylinder and cone both use r2h because they depend on a circular base and a height.

  	The cone has one-third the volume of a matching cylinder.

  	The sphere uses r3 and does not have a height in the formula.




6. Be Careful with Radius and Diameter


Many mistakes happen because students use the diameter instead of the radius.


Remember:

radius=diameter2

If the diameter of a sphere is 12 cm, then the radius is:

r=122=6 cm

Always check whether the problem gives you radius or diameter before using a formula.


Worked Example 4: Using Diameter First


A sphere has a diameter of 14 in. Find its volume.


Step 1: Find the radius.

r=142=7 in

Step 2: Use the sphere formula.

V=43πr3

Step 3: Substitute.

V=43π(7)3
V=43π(343)
V=13723π

Step 4: Approximate.

V≈13723(3.14)≈1435.01 in3

Answer: The volume is 13723π in3, or about 1435.01 in3.


7. Units of Volume


Since volume measures space inside a 3D object, the units must always be cubic units.


Examples:


  	cm3

  	m3

  	ft3




If your measurements are in centimeters, your final answer should be in cubic centimeters. If your measurements are in meters, your answer should be in cubic meters.


8. Common Mistakes to Avoid



  	Using diameter instead of radius without dividing by 2.

  	Forgetting the 13 in the cone formula.

  	Forgetting to cube the radius in the sphere formula.

  	Leaving off units or writing square units instead of cubic units.

  	Entering values incorrectly into a calculator. Use parentheses when needed.




9. Problem-Solving Tips



  	Identify the solid: cylinder, cone, or sphere.

  	Write the correct formula.

  	Check whether you have radius or diameter.

  	Substitute carefully.

  	Simplify step by step.

  	Include cubic units in your final answer.




10. Quick Practice Check


Try these on your own:


  	A cylinder with radius 2 cm and height 9 cm

  	A cone with radius 6 m and height 4 m

  	A sphere with radius 3 in




Answers:


  	Cylinder: V=π(2)2(9)=36π cm3

  	Cone: V=13π(6)2(4)=48π m3

  	Sphere: V=43π(3)3=36π in3




[image: 📋]   Summary


Volume measures how much space a 3D solid takes up, and it is written in cubic units. For a cylinder, use V=πr2h. For a cone, use V=13πr2h. For a sphere, use V=43πr3.


To solve volume problems correctly, first identify the shape, then make sure you are using the radius. Substitute carefully, simplify step by step, and always include the correct cubic units in your answer.


  
  Put what you read to the test

  You've worked through Volume of Basic 3D Solids. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1068
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  Cavalieri's Principle is a powerful idea in geometry that helps us compare the volumes of solids.


It says that if two solids have the same height, and if the areas of their cross-sections are equal at every level, then the two solids have the same volume.


In simpler words: imagine slicing two different 3D shapes horizontally. If every slice in one shape has the same area as the slice at the same height in the other shape, then both shapes take up the same amount of space.


This idea is called Cavalieri's Principle, named after the mathematician Bonaventura Cavalieri.


Why is this useful? Sometimes two solids look different, but their slices match perfectly in area. Instead of finding volume in a complicated way, we can use Cavalieri's Principle to show the volumes are equal.


The principle:


If two solids have:


  	the same height, and

  	equal cross-sectional areas at every height,



then their volumes are equal.


We can write this idea as:

if for every height level,

A1=A2,

and both solids have the same height, then

V1=V2.


What is a cross-section?

A cross-section is the 2D shape made when a solid is sliced by a plane.


For Cavalieri's Principle, we usually imagine slices that are:


  	parallel to the base,

  	very thin, and

  	taken at the same height in both solids.




For example, if you slice a stack of papers straight across, each paper acts like a thin cross-section.


Key idea to remember: The solids do not need to have the same shape. They only need:


  	equal height, and

  	equal slice area at every matching height.




This is why a slanted solid and a straight solid can sometimes have the same volume.


A common example: prisms

Think about a right prism and an oblique prism.


A right prism stands straight up. An oblique prism leans to one side. They may look different, but if they have:


  	the same base area, and

  	the same height,



then every horizontal slice has the same area.


So by Cavalieri's Principle, their volumes are equal.


This supports the prism volume formula:

V=Bh,

where:


  	
    
      B is the area of the base
    

  

  	
    
      h is the height
    

  




Another common example: cylinders

A right cylinder and a slanted cylinder can also have the same volume if they have the same base area and the same height.


Even though one leans, each horizontal slice is still a circle of the same area at the same height.


So their volumes are equal too.


How to use Cavalieri's Principle


  	
    Check that the two solids have the same height.

  

  	
    Compare the cross-sectional area at any height.

  

  	
    If those areas are equal for every height, then the volumes are equal.

  




Worked Example 1: Right prism and oblique prism

A right prism and an oblique prism each have base area 20 cm2 and height 8 cm. Do they have the same volume? What is the volume?


Step 1: Compare heights

Both have height 8 cm.


Step 2: Compare cross-sections

At every horizontal level, each slice has the same area as the base, which is 20 cm2.


Step 3: Apply Cavalieri's Principle

Their cross-sectional areas match at every height, so the two prisms have the same volume.


Step 4: Calculate the volume

V=Bh=20×8=160 cm3


Answer: Yes, they have the same volume, and each volume is 160 cm3.


Worked Example 2: Two cylinders

Cylinder A stands straight. Cylinder B is slanted. Both have radius 3 cm and height 10 cm. Show that they have equal volume.


Step 1: Find the area of a horizontal slice

Each horizontal slice is a circle with radius 3 cm.


So the slice area is:

A=πr2=π(3)2=9π cm2


Step 2: Compare heights

Both cylinders have height 10 cm.


Step 3: Apply Cavalieri's Principle

At every height, both cylinders have equal cross-sectional area 9π cm2. Since the heights are equal, the volumes are equal.


Step 4: Calculate volume

V=Bh=9π×10=90π cm3


Answer: The cylinders have equal volume, and each has volume 90π cm3.


Worked Example 3: Matching slices

Two solids each have height 12 cm. At every height h, the cross-sectional area of Solid A is 15 cm2, and the cross-sectional area of Solid B is also 15 cm2. Compare their volumes.


Step 1: Compare heights

Both heights are 12 cm.


Step 2: Compare slice areas

At every height, the cross-sectional areas are equal:

AA=15 cm2andAB=15 cm2


Step 3: Use Cavalieri's Principle

Since the heights are equal and all matching cross-sections have equal area, the volumes are equal.


Answer: The two solids have the same volume.


Notice that in this example we do not even need to know the exact shape of either solid.


Worked Example 4: When Cavalieri's Principle does not apply

Solid X and Solid Y each have height 9 cm. At some heights, their cross-sectional areas are equal, but at other heights they are different. Can we conclude that their volumes are equal?


Step 1: Check the height

Yes, the heights are equal.


Step 2: Check the slice areas

The areas are only equal at some heights, not at every height.


Conclusion

No, we cannot use Cavalieri's Principle.


Answer: We cannot conclude that the volumes are equal, because the cross-sectional areas must match at every level.


Important reminders


  	
    The solids can look different and still have equal volume.

  

  	
    The slices must be compared at the same height.

  

  	
    The cross-sectional areas must be equal for all heights, not just one or two.

  

  	
    The solids must have the same total height.

  




Common mistakes


  	
    Thinking two solids need to have the same shape. They do not.

  

  	
    Checking only the base areas. Equal bases alone are not enough unless the slice areas match all the way up.

  

  	
    Ignoring height. Even if slice areas match, different heights can give different volumes.

  

  	
    Comparing slices taken in different directions. The slices should be parallel and measured at matching heights.

  




Why this matters in volume formulas

Cavalieri's Principle helps explain why many volume formulas work even when solids are slanted.


For example, a slanted prism has the same volume as a straight prism with the same base area and height. A slanted cylinder has the same volume as a straight cylinder with the same base area and height.


So the formula

V=Bh

still works for these solids.


Quick check questions


  	
    If two solids have equal height and equal cross-sectional area at every level, what can you say about their volumes?

  

  	
    Can two solids have the same volume even if they look different?

  

  	
    If two solids have the same base area and same height, does Cavalieri's Principle always apply automatically?

  




Answers:


  	
    Their volumes are equal.

  

  	
    Yes, as long as the conditions of Cavalieri's Principle are met.

  

  	
    No. We need equal cross-sectional areas at every height, not just equal base area.

  




[image: 📋]   Summary

Cavalieri's Principle says that if two solids have the same height and equal cross-sectional areas at every height, then they have equal volume.


This principle helps us compare different-looking solids and explains why slanted and straight versions of some shapes can have the same volume.


When using it, always check both conditions: same height and equal slice area at every level.


  
  Put what you read to the test

  You've worked through Cavalieri's Principle. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/938






  [image: 📝]   Lesson 100: Surface Area of Composite Solids
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  Surface Area of Composite Solids is about finding the total area of all the outside faces that are exposed on a 3D object made by joining two or more simple solids.
In Grade 10, this often means combining shapes such as prisms, cylinders, cones, hemispheres, and pyramids. The key idea is simple: only count the surfaces you can see from the outside. Any face where two solids are joined together is inside the object, so it is not included in the surface area.
This lesson will show you how to recognize visible surfaces, choose the correct surface area formulas, and avoid the common mistake of counting hidden bases.
1. What is a composite solid?
A composite solid is a 3D shape made by putting together two or more basic solids.
Examples include:
	a cylinder with a hemisphere on top
	a cone mounted on a hemisphere
	two rectangular prisms joined together
	a cube with a square pyramid on top

To find the surface area of a composite solid, you do not always add the total surface areas of the separate solids directly. You must first think about which parts are hidden where the solids touch.
2. Main idea: Add exposed surfaces only
When two solids are attached, the touching faces are inside the shape. Since they are not exposed to the outside, they should not be counted.
A good strategy is:
	Draw or imagine the composite solid clearly.
	Identify each surface on the outside.
	Mark any surfaces that are hidden because of joining.
	Use the correct formulas for only the visible parts.
	Add those visible areas together.

3. Useful surface area formulas
Here are the formulas you will most often use.
Rectangular prism
If the length is l, width is w, and height is h, then
SA=2(lw+lh+wh)
Cube
If each edge is a, then
SA=6a2
Cylinder
Total surface area:
SA=2πr2+2πrh
The two circular bases give 2πr2, and the curved surface gives 2πrh.
Cone
Total surface area:
SA=πr2+πrl
where r is the radius and l is the slant height.
The curved surface area only is:
πrl
Sphere
SA=4πr2
Hemisphere
A hemisphere is half a sphere.
Its curved surface area is:
2πr2
If you include the flat circular base, the total becomes:
3πr2
In composite solids, the flat base is often attached to another solid, so usually you count only the curved part.
Square pyramid
If the base side length is a and slant height is l, then the lateral surface area is
2al
If you include the base, total surface area is
a2+2al
4. Important idea: Total surface area vs curved/lateral surface area
For composite solids, sometimes you need the whole surface area formula, and sometimes you need only the curved or lateral part.
For example:
	If a cone sits on a hemisphere, the cone’s base circle and the hemisphere’s flat circular face are touching, so both are hidden.
	That means you use the cone’s curved area πrl, not its full formula πr2+πrl.
	You also use the hemisphere’s curved area 2πr2, not 3πr2.

This is one of the most common places students lose marks.
5. A step-by-step method
Whenever you see a composite solid, use this method:
	Break the object into basic solids.
	List the outside surfaces.
	Remove hidden surfaces. If two shapes are joined, the touching faces are not exposed.
	Write the formula for each visible part.
	Substitute values carefully.
	Add the visible areas.
	Write the units. Surface area is always in square units such as cm2, m2, or in2.

Worked Example 1: Two rectangular prisms joined together
A solid is made by joining two identical cubes of side 4 cm face to face. Find the exposed surface area.
Step 1: Find the surface area of one cube.
SA=6a2=6(42)=6(16)=96 cm2
So two separate cubes would have
2×96=192 cm2
Step 2: Subtract the hidden faces.
When the cubes are joined, one square face from each cube is hidden.
Area of one square face:
42=16 cm2
Two hidden faces:
2×16=32 cm2
Step 3: Subtract.
192−32=160 cm2
Answer: The exposed surface area is 160 cm2.
Why this works: We started with all faces from both solids, then removed the parts that became internal when the solids were joined.
Worked Example 2: Cylinder with a hemisphere on top
A cylinder of radius 3 cm and height 8 cm has a hemisphere of the same radius attached on top. Find the exposed surface area.
Step 1: Identify visible parts.
	curved surface of the cylinder
	bottom circular base of the cylinder
	curved surface of the hemisphere

The top circle of the cylinder and the flat circular base of the hemisphere are touching, so they are hidden.
Step 2: Write formulas.
Cylinder curved surface area:
2πrh=2π(3)(8)=48π
Bottom base of cylinder:
πr2=π(32)=9π
Hemisphere curved surface area:
2πr2=2π(32)=18π
Step 3: Add visible areas.
48π+9π+18π=75π
Answer:
75π cm2
or approximately
75π≈235.6 cm2
Worked Example 3: Cone mounted on a hemisphere
A cone is mounted on a hemisphere. Both have radius 5 cm. The cone has slant height 12 cm. Find the exposed surface area.
Step 1: Identify visible surfaces.
	the curved surface of the cone
	the curved surface of the hemisphere

The cone’s circular base and the hemisphere’s flat base are joined together, so neither is exposed.
Step 2: Find the cone’s curved surface area.
πrl=π(5)(12)=60π
Step 3: Find the hemisphere’s curved surface area.
2πr2=2π(52)=2π(25)=50π
Step 4: Add.
60π+50π=110π
Answer:
110π cm2
or approximately
110π≈345.6 cm2
Important note: A common mistake is to add πr2 for the cone’s base or another πr2 for the hemisphere’s flat face. Those are inside the solid, so they must not be counted.
Worked Example 4: Cube with a square pyramid on top
A cube has side length 6 cm. A square pyramid with base side length 6 cm and slant height 5 cm is placed on top of the cube. Find the exposed surface area.
Step 1: Identify hidden and visible parts.
The square base of the pyramid sits exactly on the top face of the cube.
So:
	the top face of the cube is hidden
	the base of the pyramid is hidden
	the other 5 faces of the cube are exposed
	the 4 triangular faces of the pyramid are exposed

Step 2: Find exposed area of the cube.
Each face of the cube has area
62=36 cm2
Five exposed faces:
5×36=180 cm2
Step 3: Find lateral area of the pyramid.
For a square pyramid, lateral area is
2al
Substitute a=6 and l=5:
2(6)(5)=60 cm2
Step 4: Add.
180+60=240 cm2
Answer: The exposed surface area is 240 cm2.
6. Common mistakes to avoid
	Counting hidden faces. If two solids touch, that shared face is inside and should not be included.
	Using total surface area when only curved area is needed. For cones, cylinders, and hemispheres, check whether bases are exposed.
	Forgetting the bottom. In shapes like a cylinder with something on top, the bottom may still be visible.
	Mixing up radius and diameter. If the diameter is given, divide by 2 to get the radius.
	Wrong units. Surface area must be written in square units.

7. Quick checklist before finishing a problem
	Did I identify all the solids correctly?
	Did I include only the outer, visible surfaces?
	Did I exclude all joined faces?
	Did I use the correct formulas?
	Did I write the answer in square units?

8. How to think about these problems
Imagine wrapping the solid in paper or painting its outside. The amount of paper or paint needed matches the exposed surface area.
If a face is glued to another solid, paper or paint cannot reach it. That means it should not be counted.
This way of thinking can help you decide which surfaces belong in the final answer.
[image: 📋]   Summary
To find the surface area of a composite solid, break the shape into simpler solids and add the areas of only the visible outside surfaces. Do not count faces or bases that are hidden where solids are joined. Always choose the correct formula for each exposed part, then add carefully and include square units in your final answer.


  
  Put what you read to the test

  You've worked through Surface Area of Composite Solids. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1069
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  Lesson: Volume of Composite Solids


In 2D geometry, you find the area of shapes. In 3D geometry, you find the volume of solids. Volume tells us how much space a solid takes up.


A composite solid is a 3D object made by joining two or more simple solids, such as prisms, cylinders, cones, pyramids, or hemispheres. To find the volume of a composite solid, you usually break it into simpler parts, find the volume of each part, and then add the volumes.


This lesson focuses on cases where the total volume is found by simply summing the volumes of the pieces.


1. Key Idea


If a solid is made from several smaller solids joined together, then:


Total Volume=Volume of Part 1+Volume of Part 2+Volume of Part 3+⋯

This works when the parts fit together without overlapping in a way that would count the same space twice.


2. Common Volume Formulas


Before working with composite solids, you need to know the volume formulas for basic solids.



  	Rectangular prism: V=lwh

  	Cube: V=s3

  	Cylinder: V=πr2h

  	Triangular prism: V=(area of triangular base)×(length)

  	Sphere: V=43πr3

  	Hemisphere: V=12(43πr3)=23πr3

  	Cone: V=13πr2h

  	Pyramid: V=13(area of base)h




3. Steps for Finding the Volume of a Composite Solid



  	Identify the simple solids that make up the composite figure.

  	Write the dimensions for each part clearly.

  	Choose the correct volume formula for each part.

  	Calculate each volume carefully.

  	Add the volumes.

  	Write the answer in cubic units, such as cm3, m3, or in3.




4. Important Reminders



  	All measurements must be in the same unit before calculating volume.

  	Volume is always measured in cubic units.

  	If the figure looks complicated, draw lines to split it into familiar solids.

  	Check that you are adding because the solids are combined. In some other problems, you may need subtraction, but this lesson focuses on addition only.




Worked Example 1: Two Rectangular Prisms


A solid is made by joining two rectangular prisms.



  	Prism A: length 8 cm, width 4 cm, height 3 cm

  	Prism B: length 5 cm, width 4 cm, height 2 cm




Find the total volume.


Step 1: Find the volume of Prism A


VA=lwh=8×4×3=96 cm3

Step 2: Find the volume of Prism B


VB=lwh=5×4×2=40 cm3

Step 3: Add the volumes


Vtotal=96+40=136 cm3

Answer: The total volume is 136 cm3.


Worked Example 2: Rectangular Prism and Cylinder


A toy is made from a rectangular prism with a cylinder attached on top.



  	Rectangular prism: length 10 cm, width 6 cm, height 4 cm

  	Cylinder: radius 2 cm, height 7 cm




Find the total volume. Use π≈3.14.


Step 1: Volume of the rectangular prism


Vprism=lwh=10×6×4=240 cm3

Step 2: Volume of the cylinder


Vcylinder=πr2h=3.14×22×7
=3.14×4×7=87.92 cm3

Step 3: Add the volumes


Vtotal=240+87.92=327.92 cm3

Answer: The total volume is 327.92 cm3.


Worked Example 3: Triangular Prism and Rectangular Prism


A solid is made from a rectangular prism with a triangular prism on top, like a simple house shape.



  	Rectangular prism: length 12 m, width 5 m, height 4 m

  	Triangular prism on top: triangular base has base 5 m and height 3 m, and the prism length is 12 m




Find the total volume.


Step 1: Volume of the rectangular prism


Vrect=lwh=12×5×4=240 m3

Step 2: Find the area of the triangular base


A△=12bh=12(5)(3)=7.5 m2

Step 3: Volume of the triangular prism


Vtri prism=A△×length=7.5×12=90 m3

Step 4: Add the volumes


Vtotal=240+90=330 m3

Answer: The total volume is 330 m3.


Worked Example 4: Cylinder and Hemisphere


A solid is made of a cylinder with a hemisphere on top.



  	Cylinder: radius 3 cm, height 10 cm

  	Hemisphere: radius 3 cm




Find the total volume. Leave your answer in terms of π, then give a decimal approximation.


Step 1: Volume of the cylinder


Vcylinder=πr2h=π(32)(10)=90π cm3

Step 2: Volume of the hemisphere


Vhemisphere=23πr3=23π(33)=23π(27)=18π cm3

Step 3: Add the volumes


Vtotal=90π+18π=108π cm3

Step 4: Decimal approximation


108π≈108(3.14)=339.12 cm3

Answer: The total volume is 108π cm3, or about 339.12 cm3.


5. How to Recognize Composite Solids in Problems


Many real-life objects are composite solids. For example:



  	a building made of prism-shaped sections

  	a water tank with a cylindrical body and a rounded top

  	a toy block made by stacking shapes

  	a tent shape made from a prism and a triangular prism




When you see a shape like this, ask yourself:



  	What simple solids do I recognize?

  	What dimensions belong to each part?

  	Do I need to add all the volumes?




6. Common Mistakes to Avoid



  	Using the wrong formula: Make sure you know whether the part is a prism, cylinder, cone, or another solid.

  	Forgetting part of the shape: Check that every section is included.

  	Mixing units: Do not combine centimeters and meters without converting first.

  	Using square units instead of cubic units: Volume should be written as units cubed.

  	Confusing radius and diameter: If given the diameter, divide by 2 to get the radius.




7. Quick Check


Try these on your own:



  	A composite solid is made of two cubes. One has side length 3 cm, and the other has side length 2 cm. What is the total volume?

  	A rectangular prism has dimensions 9 m×4 m×2 m. A cylinder with radius 1 m and height 5 m is attached. What is the total volume in terms of π?




Answers:



  	33+23=27+8=35 cm3

  	Rectangular prism: 9×4×2=72 m3; cylinder: π(12)(5)=5π m3; total: 72+5π m3




[image: 📋]   Summary


The volume of a composite solid is found by splitting the solid into simple 3D shapes, finding the volume of each one, and adding them together.


The most important skills are recognizing the parts, choosing the correct formula for each part, and keeping units consistent. If you work step by step, even complicated solids become much easier to handle.


  
  Put what you read to the test

  You've worked through Volume of Composite Solids. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1070
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  Concept of Cavities and Material Removed


In many 3D geometry problems, a solid object does not stay completely full. Sometimes a part is cut out, drilled out, or hollowed out. The empty part inside the solid is called a cavity.


To solve these questions, we usually need to find one or both of these:


  	Volume of material left after removing a part

  	New surface area after the cavity is made




This idea is very useful in real life. For example, a metal block may be drilled to make a pipe opening, or a wooden cube may have a hole cut through it. In such cases, the amount of material used changes, and the visible surface also changes.


In this lesson, you will learn how to:


  	Find the volume of a solid after a cavity is removed

  	Find the surface area after drilling or cutting out a shape

  	Decide which surfaces are lost and which new surfaces are created




1. Main Idea: Volume After Material Is Removed


When a shape is cut out from a solid, the remaining volume is:


Volume left=Original volume−Volume removed

This is the most important rule for cavity questions.


For example, if a cylindrical hole is drilled through a cuboid, then:


  	First find the volume of the cuboid

  	Then find the volume of the cylinder removed

  	Subtract the cylinder from the cuboid




Useful volume formulas


  	Cuboid: V=lbh

  	Cube: V=a3

  	Cylinder: V=πr2h

  	Cone: V=13πr2h

  	Sphere: V=43πr3




2. Surface Area After Material Is Removed


Surface area questions are a little more careful than volume questions. When material is removed, two things may happen:


  	Some old surface may disappear

  	Some new inner surface may be exposed




So we do not always just subtract areas. We must think about the new shape carefully.


General method for surface area


  	Start with the original surface area.

  	Subtract the area of any surface parts that are cut away.

  	Add the area of any new surfaces created inside the cavity.




For a cylinder drilled straight through a block:


  	The circular openings remove two circles from the outer faces.

  	The curved wall of the cylindrical hole becomes a new exposed surface.




The curved surface area of a cylinder is:


2πrh

The area of one circular opening is:


πr2

3. How to Think About a Drilled Hole


Suppose a cylindrical hole of radius r is drilled completely through a block of thickness h.


Then:


  	Volume removed = volume of the cylinder = πr2h

  	New inside area added = curved surface area of cylinder = 2πrh

  	Area removed from outer faces = area of the circular openings




If the hole goes through both ends, then two circles are removed, so total area removed from the original outside faces is:


2πr2

So if a cylindrical hole goes right through a solid, the new surface area often becomes:


New SA=Original SA−2πr2+2πrh

This formula works only when the hole goes fully through and creates two circular openings.


4. Blind Cavities and Through Holes


There are two common kinds of cavities:


  	Through hole: the hole passes completely through the solid

  	Blind hole: the hole goes in only part of the way




For a blind cylindrical hole:


  	Only one circle is removed from the outer face

  	The curved surface inside is added

  	The circular base at the bottom of the hole is also a new exposed surface




So for a blind cylindrical cavity of depth h:


  	Volume removed = πr2h

  	New surfaces added = curved area 2πrh and bottom circle πr2

  	Area removed from outside = one top circle πr2




Notice something interesting: the one removed circle and the one bottom circle are equal. So in some cases they cancel each other, and only the curved surface changes the total area. But you should still think through the surfaces instead of memorizing blindly.


5. Worked Example 1: Volume Left After a Cylindrical Hole Is Drilled Through a Cuboid


A cuboid has length 12 cm, breadth 8 cm, and height 10 cm. A cylindrical hole of radius 2 cm is drilled completely through the height of the cuboid. Find the volume of material left.


Step 1: Find the volume of the cuboid


Vcuboid=lbh=12×8×10=960 cm3

Step 2: Find the volume of the cylindrical hole


The height of the cylinder is the same as the height of the cuboid, so h=10 cm.


Vcylinder=πr2h=π×22×10=40π cm3

Using π≈3.14:


Vcylinder≈40×3.14=125.6 cm3

Step 3: Subtract


Volume left=960−40π

Approximately,


Volume left≈960−125.6=834.4 cm3

Answer: The volume of material left is 960−40π cm3, or about 834.4 cm3.


6. Worked Example 2: New Surface Area of the Same Cuboid


Using the same cuboid and cylindrical hole as above, find the new total surface area.


Step 1: Find the original surface area of the cuboid


SAcuboid=2(lb+bh+lh)

=2(12×8+8×10+12×10)

=2(96+80+120)=2(296)=592 cm2

Step 2: Subtract the two circular parts removed


The hole passes completely through, so two circular openings are formed.


Area removed=2πr2=2π×22=8π

Step 3: Add the curved surface area of the cylindrical hole


Curved area added=2πrh=2π×2×10=40π

Step 4: Find the new surface area


New SA=592−8π+40π=592+32π

Using π≈3.14:


New SA≈592+32(3.14)=592+100.48=692.48 cm2

Answer: The new surface area is 592+32π cm2, or about 692.48 cm2.


7. Worked Example 3: Blind Cylindrical Cavity in a Cube


A cube has side 10 cm. A cylindrical cavity of radius 3 cm and depth 6 cm is drilled into one face of the cube. Find:


  	the volume of material left

  	the new surface area




Step 1: Volume of the cube


Vcube=a3=103=1000 cm3

Step 2: Volume removed


Vremoved=πr2h=π×32×6=54π cm3

Step 3: Volume left


Volume left=1000−54π

Approximately,


1000−54(3.14)=1000−169.56=830.44 cm3

Now the surface area


Step 4: Original surface area of cube


SAcube=6a2=6×102=600 cm2

Step 5: Surface changes


  	One circular top piece is removed: πr2=9π

  	Curved inner surface is added: 2πrh=2π×3×6=36π

  	Bottom circular base of cavity is added: πr2=9π




Step 6: New surface area


New SA=600−9π+36π+9π=600+36π

Approximately,


600+36(3.14)=600+113.04=713.04 cm2

Answer:


  	Volume left = 1000−54π cm3 ≈830.44 cm3

  	New surface area = 600+36π cm2 ≈713.04 cm2




8. Worked Example 4: Conical Cavity in a Cylinder


A solid cylinder has radius 5 cm and height 12 cm. A conical cavity with the same radius 5 cm and height 12 cm is carved out from the top. Find the volume of material left.


Step 1: Volume of cylinder


Vcylinder=πr2h=π×52×12=300π cm3

Step 2: Volume of cone removed


Vcone=13πr2h=13π×52×12=100π cm3

Step 3: Volume left


Volume left=300π−100π=200π cm3

Approximately,


200π≈200(3.14)=628 cm3

If a surface area question is asked here, remember that the top circular face of the cylinder is removed and the curved inner surface of the cone becomes exposed.


9. Common Mistakes to Avoid


  	Forgetting to subtract the removed volume. Always start with original volume, then subtract the cavity volume.

  	Using the wrong height. In a drilled hole, the height of the cylinder is the depth or thickness through which it is drilled.

  	Ignoring new inner surfaces. A hole creates inside walls that count in surface area.

  	Subtracting surface area only. Surface area must be adjusted by both removing old exposed parts and adding new exposed parts.

  	Mixing radius and diameter. If diameter is given, remember r=d2.




10. Problem-Solving Steps


Whenever you see a cavities question, use this simple plan:


  	Identify the original solid.

  	Identify the shape removed.

  	Write the needed formulas.

  	For volume, do:

  Original volume−Removed volume

  	For surface area, carefully list:

    
      	surfaces lost

      	surfaces added

    

  

  	Check units: volume in cm3, surface area in cm2.




11. Quick Recap of Important Formulas


  	Cuboid volume: lbh

  	Cube volume: a3

  	Cylinder volume: πr2h

  	Cone volume: 13πr2h

  	Cuboid surface area: 2(lb+bh+lh)

  	Cube surface area: 6a2

  	Curved surface area of cylinder: 2πrh

  	Area of circle: πr2




[image: 📋]   Summary


A cavity means some material is removed from a solid. To find the remaining volume, subtract the volume of the removed part from the original volume.


For surface area, think carefully about what outer surface is cut away and what new inner surface is exposed. This is the key to solving drilling and hollowing problems correctly.


With practice, these questions become easier if you always separate the problem into original solid, removed shape, volume change, and surface area change.


  
  Put what you read to the test

  You've worked through Concept of Cavities and Material Removed. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1071
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  Lesson: Conversion of Solids via Melting and Recasting


In many real-life situations, a solid object is melted and then recast into a new shape. For example, a metal cube may be melted and made into small spheres, or a cylindrical candle may be melted and shaped into another cylinder.


The most important idea in these questions is this: when a solid is melted and recast, its volume stays the same, as long as there is no loss of material.


This means we do not compare surface areas. We compare only volumes.


Main Principle


If one solid is melted and turned into another solid, then


Volume of original solid=Volume of new solid


This single idea helps us solve all recasting problems.


Why volume stays the same


Volume tells us how much space a solid occupies. When a material like metal, wax, or clay is melted and reshaped, the amount of material does not change. Only the shape changes.


So if a large object is converted into many smaller objects, the total volume of all the smaller objects will be equal to the volume of the large object.


Important note


If the question says there is some loss of material, then the volumes will not be exactly equal. But in most standard school questions, we assume no loss unless told otherwise.


Common solids and their volume formulas



  	Cube: V=a3, where a is the side

  	Cuboid: V=l×b×h

  	Cylinder: V=πr2h

  	Cone: V=13πr2h

  	Sphere: V=43πr3

  	Hemisphere: V=23πr3




How to solve melting and recasting questions



  	Identify the original solid and write its volume formula.

  	Identify the new solid and write its volume formula.

  	If one solid is made into many identical solids, multiply the volume of one new solid by the number of solids.

  	Set the volumes equal.

  	Solve for the unknown quantity.




In short:


Original volume=Total recast volume


Case 1: One solid is recast into one new solid


If a solid is melted and made into one other solid, then we simply equate the two volumes.


For example, if a cube is melted into a sphere:


a3=43πr3


Case 2: One solid is recast into many identical solids


If one large solid is melted to make many smaller identical solids, then:


Volume of large solid=n×Volume of one small solid


where n is the number of smaller solids.


For example, if a sphere is melted to make 8 identical smaller spheres:


43πR3=8×43πr3


Worked Example 1: Cylinder recast into smaller cylinders


A solid cylinder of radius 6 cm and height 16 cm is melted and recast into 4 identical cylinders of radius 3 cm each. Find the height of each small cylinder.


Step 1: Volume of original cylinder


V=πr2h=π×62×16=π×36×16=576π


Step 2: Volume of one small cylinder


If the height of each small cylinder is h cm, then


V=π×32×h=9πh


Step 3: Total volume of 4 small cylinders


4×9πh=36πh


Step 4: Equate volumes


576π=36πh


Cancel π:


576=36h


h=57636=16


Answer: The height of each small cylinder is 16 cm.


Observation: The radius became half, but since 4 cylinders were made, the height remained the same in this case.


Worked Example 2: Cube melted and recast into spheres


A metallic cube of side 6 cm is melted and recast into 9 identical solid spheres. Find the radius of each sphere.


Step 1: Volume of the cube


V=a3=63=216 cm3


Step 2: Volume of 9 spheres


If the radius of each sphere is r cm, then volume of one sphere is


43πr3


So volume of 9 spheres is


9×43πr3=12πr3


Step 3: Equate volumes


216=12πr3


r3=21612π=18π


Using π=227:


r3=18×722=6311


So


r=63113


This is approximately


r≈1.79 cm


Answer: The radius of each sphere is approximately 1.79 cm.


Worked Example 3: Sphere recast into smaller spheres


A solid sphere of radius 8 cm is melted and recast into small spheres of radius 2 cm each. How many small spheres are formed?


Step 1: Volume of the large sphere


V=43π(8)3=43π×512


Step 2: Volume of one small sphere


V=43π(2)3=43π×8


Step 3: Number of small spheres


n=Volume of large sphereVolume of one small sphere


n=43π×51243π×8


Cancel common factors:


n=5128=64


Answer: 64 small spheres are formed.


Shortcut idea: Since both shapes are spheres, the number formed is the cube of the ratio of radii:


(82)3=43=64


Worked Example 4: Cone recast into a cylinder


A solid cone of radius 6 cm and height 12 cm is melted and recast into a cylinder of radius 3 cm. Find the height of the cylinder.


Step 1: Volume of cone


V=13πr2h


V=13π×62×12


V=13π×36×12=144π


Step 2: Volume of cylinder


If the height of the cylinder is h, then


V=πr2h=π×32×h=9πh


Step 3: Equate volumes


144π=9πh


Cancel π:


144=9h


h=16


Answer: The height of the cylinder is 16 cm.


Things students often get wrong



  	Using surface area instead of volume: Melting and recasting depends on volume, not surface area.

  	Forgetting the number of new solids: If many objects are made, multiply the volume of one object by the number of objects.

  	Using wrong formulas: Be careful to choose the correct volume formula for each solid.

  	Not writing units: Volume is usually in cubic units such as cm3, and lengths are in cm or m.

  	Not checking if material is lost: If the question says some material is wasted, then subtract that loss before equating volumes.




Quick strategy for solving any recasting problem



  	Write the volume formula of the first shape.

  	Write the volume formula of the second shape.

  	If there are many new shapes, multiply by the number.

  	Set both sides equal.

  	Simplify and solve.




Practice thinking


Ask yourself these questions when solving:



  	What is the original solid?

  	What is the new solid?

  	Is it one object or many objects?

  	Which quantity is unknown: radius, height, number of solids, or side length?

  	Have I used volume and not surface area?




Brief Summary


In conversion of solids by melting and recasting, the key idea is that volume remains unchanged if no material is lost. So we equate the volume of the original solid to the volume of the new solid, or to the total volume of all new solids.


Once you know the volume formulas for common solids like cube, cuboid, cylinder, cone, sphere, and hemisphere, you can solve these questions by forming one equation and finding the unknown value.


  
  Put what you read to the test

  You've worked through Conversion of Solids via Melting and Recasting. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1072
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  Liquid Flow Rate and Capacity Problems connect ideas from geometry and measurement. In these questions, we use the size of a tank or container together with the rate at which liquid flows in or out to find time, volume, or flow rate.


This topic is important because many real-life problems involve filling and emptying containers, such as water tanks, swimming pools, fuel containers, and pipes. To solve these problems correctly, we must understand both capacity and rate.


In this lesson, you will learn how to:


  	find the volume or capacity of a tank,

  	use flow rate formulas,

  	connect cross-sectional area, speed, and flow rate,

  	calculate the time needed to fill a container,

  	solve problems where liquid is flowing in or out.




1. Understanding capacity

Capacity is the amount of liquid a container can hold. In mathematics, capacity is usually measured using volume units such as cubic centimetres, cubic metres, or litres.


The most useful conversion is:

1 litre=1000 cm3
Also,

1 m3=1000 litres

This means you must pay close attention to units. A very common mistake is mixing cubic units and litre units without converting.


2. Volume formulas you may need

To solve flow problems, you often first find the volume of the tank. Here are some common formulas:


  	Rectangular prism: V=lwh

  	Cylinder: V=πr2h

  	Cuboid tank filled partly: V=(base area)(depth of liquid)




If a tank has a constant cross-section, then the volume of liquid inside is:

Volume=cross-sectional area×height or length of liquid

3. Flow rate

Flow rate tells us how much liquid moves each second, minute, or hour. It can be measured in units like:


  	litres per second,

  	litres per minute,

  	cubic metres per hour,

  	cubic centimetres per second.




The key relationship is:

Flow rate=VolumeTime

From this, we can rearrange to get two more useful formulas:

Volume=Flow rate×Time
Time=VolumeFlow rate

These three formulas are the main tools for solving capacity and filling problems.


4. Flow rate from cross-sectional area and speed

Sometimes the question gives the speed of the liquid in a pipe instead of the volume per second. In that case, flow rate is found using:

Flow rate=cross-sectional area×speed

This works because in 1 second, the liquid moves a distance equal to its speed. So the volume passing through the pipe in 1 second is:

area×distance
and since distance per second is speed, we get:

Q=Av
where:


  	Q = flow rate,

  	A = cross-sectional area of the pipe,

  	v = speed of the liquid.




If the pipe is circular, then its cross-sectional area is:

A=πr2

5. A step-by-step method for solving problems


  	Read the question carefully.

  	Identify what shape the tank or pipe is.

  	Find the volume or capacity if needed.

  	Make sure all units match.

  	Use the correct formula: Q=Vt, V=Qt, t=VQ, or Q=Av.

  	Check if the answer should be in seconds, minutes, litres, or cubic metres.




Worked Example 1: Filling a rectangular tank

A rectangular water tank is 2 m long, 1.5 m wide, and 1.2 m high. Water flows into it at 0.3 m3 per minute. How long will it take to fill the tank?


Step 1: Find the volume of the tank.

V=lwh=2×1.5×1.2=3.6 m3

Step 2: Use the time formula.

t=VQ=3.60.3=12

So, the tank will take 12 minutes to fill.


Worked Example 2: Converting litres and cubic centimetres

A container holds 18 litres of water. A tap pours water at 600 cm3 per second. How many seconds will it take to fill the container from empty?


Step 1: Convert litres to cubic centimetres.

Since 1 litre=1000 cm3,

18 litres=18×1000=18000 cm3

Step 2: Use the time formula.

t=VQ=18000600=30

So, it takes 30 seconds to fill the container.


Worked Example 3: Using area and speed to find flow rate

Water flows through a circular pipe of radius 4 cm at a speed of 5 cm/s. Find the flow rate.


Step 1: Find the cross-sectional area of the pipe.

A=πr2=π(4)2=16π cm2

Step 2: Use Q=Av.

Q=Av=16π×5=80π cm3/s

Step 3: Give an approximate value if needed.

80π≈251.3

So, the flow rate is 80π cm3/s, or about 251.3 cm3/s.


Worked Example 4: Pipe filling a cylindrical tank

A cylindrical tank has radius 35 cm and height 80 cm. Water enters through a pipe of radius 2 cm at a speed of 10 cm/s. How long will it take to fill the tank?


Step 1: Find the volume of the tank.

V=πr2h=π(35)2(80)=π(1225)(80)=98000π cm3

Step 2: Find the flow rate of the pipe.

The cross-sectional area of the pipe is:

A=πr2=π(2)2=4π cm2

Now use Q=Av:

Q=4π×10=40π cm3/s

Step 3: Find the filling time.

t=VQ=98000π40π=2450

So, the tank takes 2450 seconds to fill.


Step 4: Convert to minutes and seconds.

2450÷60=40 remainder 50

So, the time is 40 minutes 50 seconds.


6. Problems with liquid already in the tank

Sometimes a tank is not empty at the start. Then you only need to fill the remaining volume.


For example, if a tank holds 500 litres and already contains 120 litres, then the amount still needed is:

500−120=380 litres

You then use the remaining volume in the formula:

t=remaining volumeflow rate

7. Problems with inflow and outflow

Some questions involve one pipe filling a tank while another pipe empties it. In that case, use the net flow rate.


If water enters at 15 L/min and leaves at 4 L/min, then the actual increase in water is:

15−4=11 L/min

Then use:

Time=Volumenet flow rate

If the outflow is greater than the inflow, the tank will empty instead of fill.


8. Common mistakes to avoid


  	Forgetting unit conversions: litres and cubic centimetres are not the same number.

  	Using diameter instead of radius: in formulas like πr2, make sure r is half the diameter.

  	Not matching time units: if flow is in litres per minute, time must be in minutes unless you convert.

  	Using total tank volume when only part needs filling.

  	Ignoring outflow when liquid is also leaving the tank.




9. Quick check questions

Try these on your own:


  	A tank holds 2400 cm3. Water flows in at 80 cm3/s. How long does it take to fill?

  	A pipe delivers 12 litres per minute. How much water flows in 5 minutes?

  	A circular pipe has radius 3 cm and water speed 4 cm/s. Find the flow rate.




Answers


  	t=240080=30 s

  	V=Qt=12×5=60 litres

  	A=π(3)2=9π Q=Av=9π×4=36π cm3/s




[image: 📋]   Summary

Liquid flow rate and capacity problems combine volume, area, speed, and time. First find the volume of the tank if needed, then use the correct formula for flow rate or time. Always keep units consistent, especially when converting between litres, cubic centimetres, and cubic metres.


If liquid moves through a pipe and the speed is given, use:

Q=Av
If the flow rate is already known, use:

Q=Vt,V=Qt,t=VQ

With careful unit conversion and clear steps, these problems become much easier to solve.


  
  Put what you read to the test

  You've worked through Liquid Flow Rate and Capacity Problems. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1073
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  Deriving Surface Area of a Frustum of a Cone


In this lesson, we will learn what a frustum of a cone is and how to find its curved surface area and total surface area.


A frustum of a cone is formed when the top part of a cone is cut off by a plane parallel to its base. The shape left behind has:


	a larger circular base of radius R,

	a smaller circular top of radius r, and

	a slant height l.




This shape appears in many real-life objects, such as buckets, lampshades, cups, and flower pots.


1. Understanding the shape


Imagine a full cone. If we slice it horizontally near the top and remove the small cone above the cut, the remaining solid is a frustum.


So, a frustum can be thought of as:

Frustum=Large cone−Small cone


This idea helps us derive its surface area formula.


2. Curved surface area of a frustum


The curved surface area of the frustum is the curved surface area of the large cone minus the curved surface area of the small cone.


For a cone, the curved surface area is:

πrl


Suppose:


	the large cone has radius R and slant height L,

	the small cone has radius r and slant height l1.




Then the slant height of the frustum is:

l=L−l1


So its curved surface area is:

πRL−πrl1


At first, this does not yet look like the formula we want. To simplify it, we use the fact that the two cones are similar.


Since the cones are similar, their corresponding radii and slant heights are in the same ratio:

RL=rl1


Cross-multiplying gives:

Rl1=rL


Now look at the curved surface area again:

πRL−πrl1=π(RL−rl1)


Using Rl1=rL, we can rewrite:

RL−rl1=R(L−l1)+l1(R−r)


But there is a simpler standard result from similarity and subtraction, which gives:

Curved Surface Area of Frustum=π(R+r)l


So the formula is:

CSA=π(R+r)l


where:


	R = radius of the larger base,

	r = radius of the smaller base,

	l = slant height of the frustum.




3. Why this formula makes sense


For a full cone, the curved surface area is πrl.


For a frustum, there are two radii, not just one. The formula uses their sum, R+r, because the curved surface lies between the two circular edges.


So instead of:

πrl

we get:

π(R+r)l


4. Total surface area of a frustum


The total surface area includes:


	the curved surface area,

	the area of the top circular face,

	the area of the bottom circular base.




The top circle has area πr2, and the bottom circle has area πR2.


So,

Total Surface Area=π(R+r)l+πR2+πr2


Therefore,

TSA=π(R+r)l+πR2+πr2


5. Finding the slant height


Sometimes the slant height l is not given directly. Instead, you may know the vertical height h of the frustum.


If so, use the right triangle formed by:


	height h,

	difference of radii (R−r),

	slant height l.




By Pythagoras' Theorem,

l=h2+(R−r)2


This is very important when solving questions.


6. Steps for solving frustum surface area questions



	Identify the larger radius R and smaller radius r.

	Find the slant height l, if needed.

	Use CSA=π(R+r)l for curved surface area.

	Use TSA=π(R+r)l+πR2+πr2 for total surface area.

	Simplify the answer, and include units such as cm2, m2, etc.




Worked Example 1: Finding curved surface area directly


A frustum has larger radius R=7 cm, smaller radius r=4 cm, and slant height l=5 cm. Find its curved surface area.


Step 1: Write the formula.

CSA=π(R+r)l


Step 2: Substitute the values.

CSA=π(7+4)(5)

=π(11)(5)

=55π


Answer:

55π cm2


Using π≈3.14,

55π≈172.7 cm2


Worked Example 2: Finding total surface area


A frustum has larger radius R=6 cm, smaller radius r=3 cm, and slant height l=8 cm. Find its total surface area.


Step 1: Find the curved surface area.

CSA=π(R+r)l=π(6+3)(8)=72π


Step 2: Find the areas of the two circular ends.

πR2=π(62)=36π

πr2=π(32)=9π


Step 3: Add them.

TSA=72π+36π+9π

=117π


Answer:

117π cm2


Using π≈3.14,

117π≈367.38 cm2


Worked Example 3: Finding slant height first


A frustum has vertical height 12 cm, larger radius 10 cm, and smaller radius 6 cm. Find its curved surface area.


Step 1: Find the difference in radii.

R−r=10−6=4


Step 2: Use Pythagoras' Theorem to find the slant height.

l=h2+(R−r)2

l=122+42

l=144+16

l=160

l=410


Step 3: Use the curved surface area formula.

CSA=π(R+r)l

=π(10+6)(410)

=64π10


Answer:

64π10 cm2


Approximate value:

64π10≈635.6 cm2


Worked Example 4: A real-life style problem


A metal bucket without a lid is shaped like a frustum. Its larger radius is 14 cm, its smaller radius is 8 cm, and its slant height is 10 cm. Find the area of metal used to make the bucket.


Because the bucket has no lid, we need:


	the curved surface area, and

	only the bottom circular base.




Step 1: Find curved surface area.

CSA=π(R+r)l

=π(14+8)(10)

=220π


Step 2: Find the bottom base area.

πR2=π(142)=196π


Step 3: Add them.

Area of metal=220π+196π=416π


Answer:

416π cm2


Using π≈3.14,

416π≈1306.24 cm2


7. Common mistakes to avoid



	Mixing up radius and diameter: If a question gives diameter, divide by 2 to get radius.

	Using height instead of slant height: In surface area formulas, use l, not the vertical height h.

	Forgetting one or both circular ends: Total surface area includes both circles unless the question says otherwise.

	Adding the wrong base in real-life questions: A bucket without a lid has one circular base, not two.

	Using R−r instead of R+r in the CSA formula: The correct formula is π(R+r)l.




8. Key formulas to remember


For a frustum of a cone:


	Curved surface area: CSA=π(R+r)l

	Total surface area: TSA=π(R+r)l+πR2+πr2

	Slant height from vertical height: l=h2+(R−r)2




9. Brief summary


A frustum is the part of a cone left after cutting off the top parallel to the base. Its curved surface area is found using:

π(R+r)l


Its total surface area is the curved area plus the areas of the two circular ends:

π(R+r)l+πR2+πr2


Always check whether the question gives slant height or vertical height, and be careful about which surfaces are included.


  
  Put what you read to the test

  You've worked through Deriving Surface Area of a Frustum of a Cone. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1074
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  Deriving the Volume of a Frustum of a Cone


In real life, many objects are not full cones. Buckets, flower pots, paper cups, and some drinking glasses are shaped like a frustum of a cone.


A frustum of a cone is formed when the top part of a cone is cut off by a plane parallel to its base. What remains is a solid with two circular ends of different sizes.


In this lesson, we will learn how to derive the volume formula for a frustum of a cone, not just memorize it. Once you understand where the formula comes from, it becomes much easier to use correctly.


1. What does a frustum look like?


A frustum has:


	a larger circular base of radius R

	a smaller circular top of radius r

	a vertical height h




Its volume is the amount of space inside it.


2. Review: Volume of a cone


Before deriving the frustum formula, let us recall the volume of a cone:


V=13πr2h

This means the volume of a cone depends on:


	the radius of its circular base

	its perpendicular height




3. Main idea behind the derivation


A frustum can be thought of as:


	a large cone

	with a smaller cone removed from the top




So,


Volume of frustum=Volume of large cone−Volume of small cone

This is the key idea.


4. Setting up the cones


Suppose the original large cone has:


	radius R

	height H




The small cone that is cut away has:


	radius r

	height x




The height of the frustum is the difference between these two heights:


h=H−x

So we can also write:


H=h+x

5. Using similarity of cones


The small cone and the original large cone are similar because the cut is parallel to the base. That means corresponding lengths are in the same ratio.


So,


rR=xH

Since H=h+x, we could work with this relation. But a cleaner way is to express both cone volumes and simplify using similarity.


6. Write the cone volumes


Volume of the large cone:


V1=13πR2H

Volume of the small cone:


V2=13πr2x

Therefore, volume of the frustum is:


V=13πR2H−13πr2x

V=13π(R2H−r2x)

Now we want to rewrite this only in terms of R, r, and h.


7. Express heights using similarity


From similar cones,


rR=xH

This gives:


rH=Rx

Also, remember:


H−x=h

Using the same ratio idea, the heights are proportional to the radii. This leads to:


Hx=Rr

From this, the total height H and small height x can be written in terms of h:


H=RhR−r,x=rhR−r

Now substitute these into the frustum volume expression:


V=13π(R2⋅RhR−r−r2⋅rhR−r)

V=13π⋅hR−r(R3−r3)

Now use the algebra identity:


R3−r3=(R−r)(R2+Rr+r2)

So,


V=13π⋅hR−r(R−r)(R2+Rr+r2)

The (R−r) terms cancel:


V=13πh(R2+Rr+r2)

Final formula:


V=13πh(R2+Rr+r2)

This is the volume of a frustum of a cone.


8. Meaning of the formula


In the formula


V=13πh(R2+Rr+r2)


	R is the radius of the larger circular base

	r is the radius of the smaller circular top

	h is the perpendicular height of the frustum




Notice that the formula includes:


	R2

	r2

	the middle term Rr




That middle term is important. A common mistake is to forget it.


9. Step-by-step method for solving questions



	Identify the larger radius R, smaller radius r, and height h.

	Use the formula V=13πh(R2+Rr+r2).

	Substitute carefully.

	Simplify the bracket first.

	Multiply by 13πh.

	Write the answer in cubic units, such as cm3 or m3.




10. Worked Examples


Example 1: Direct use of the formula


A frustum has larger radius R=6 cm, smaller radius r=3 cm, and height h=8 cm. Find its volume.


Step 1: Write the formula


V=13πh(R2+Rr+r2)

Step 2: Substitute the values


V=13π(8)(62+6⋅3+32)

V=13π(8)(36+18+9)

V=13π(8)(63)

V=168π

Answer:


168π cm3

Approximate value:


168π≈527.8 cm3

Example 2: A bucket-shaped object


A bucket is shaped like a frustum of a cone. Its top radius is 10 cm, bottom radius is 6 cm, and height is 15 cm. Find its capacity.


Here, the larger radius is:


R=10,r=6,h=15

Use the formula:


V=13πh(R2+Rr+r2)

V=13π(15)(102+10⋅6+62)

V=13π(15)(100+60+36)

V=13π(15)(196)

V=5π(196)

V=980π

Answer:


980π cm3

Approximate value:


980π≈3078.8 cm3

So the bucket holds about 3078.8 cm3, which is about 3.08 litres because 1000 cm3=1 litre.


Example 3: Finding volume when diameters are given


A frustum has top diameter 8 cm, bottom diameter 14 cm, and height 12 cm. Find the volume.


Step 1: Convert diameters to radii


R=142=7 cm,r=82=4 cm

Step 2: Use the formula


V=13πh(R2+Rr+r2)

V=13π(12)(72+7⋅4+42)

V=13π(12)(49+28+16)

V=13π(12)(93)

V=4π(93)

V=372π

Answer:


372π cm3

Approximate value:


372π≈1168.7 cm3

Example 4: Using the derivation idea


A frustum is formed by cutting a small cone from a larger cone. The larger cone has radius 9 cm and height 18 cm. The removed small cone has radius 3 cm and height 6 cm. Find the volume of the frustum.


Since frustum volume = large cone volume − small cone volume:


V=13π(92)(18)−13π(32)(6)

V=13π(81)(18)−13π(9)(6)

V=486π−18π

V=468π

Answer:


468π cm3

Let us check using the frustum formula.


The frustum has:


	larger radius R=9

	smaller radius r=3

	height h=18−6=12




V=13π(12)(92+9⋅3+32)

V=13π(12)(81+27+9)

V=13π(12)(117)

V=4π(117)=468π

The answers match, which confirms the formula.


11. Common mistakes to avoid



	Using diameters instead of radii: Always check whether the question gives radius or diameter.

	Forgetting the middle term Rr: The formula is not just R2+r2.

	Using slant height instead of vertical height: In the volume formula, h must be the perpendicular height.

	Wrong units: Volume must be written in cubic units.




12. Why this formula makes sense


If r=0, then the frustum becomes a full cone. Let us see what happens:


V=13πh(R2+R⋅0+02)

V=13πhR2

This is exactly the cone formula.


So the frustum formula fits perfectly with what we already know.


13. Quick practice questions



	A frustum has R=5 cm, r=2 cm, and h=9 cm. Find its volume.

	A cup is shaped like a frustum with top diameter 12 cm, bottom diameter 6 cm, and height 10 cm. Find its capacity.

	A frustum has volume 13π(7)(49+21+9). Identify R, r, and h.




14. Brief summary


A frustum of a cone is made by cutting the top off a cone parallel to the base.


Its volume is found by subtracting the volume of the small cone from the volume of the large cone. Using similarity and algebra, we get the formula:


V=13πh(R2+Rr+r2)

When solving problems, make sure you use the radii, the perpendicular height, and write the answer in cubic units.


  
  Put what you read to the test

  You've worked through Deriving Volume of a Frustum of a Cone. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1075
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  Grouped vs. Ungrouped Data Characteristics


In statistics, data can be shown in different ways depending on how much information we want to keep and how large the data set is. Two important forms are ungrouped data and grouped data.


Understanding the difference between these two forms is important because it affects how we read the data, organize it, and calculate values such as averages and frequencies.


This lesson will help you learn how to tell grouped data from ungrouped data, how class intervals work, and how to identify class marks and class boundaries.


1. What is ungrouped data?


Ungrouped data is data listed as individual values. Each observation is shown separately, so we can see the exact data points.


For example, suppose 8 students scored the following marks on a quiz:


12, 15, 17, 15, 19, 14, 18, 15


This is ungrouped data because every score is written on its own, not collected into intervals.


Characteristics of ungrouped data:


  	Each value is shown clearly.

  	It is best for small data sets.

  	Exact values are known.

  	It is easier to find the precise minimum, maximum, and repeated values.




2. What is grouped data?


Grouped data is data that has been organized into class intervals. Instead of listing every individual value, we place values into groups.


For example, test marks for a large class might be shown like this:



  	
    0–10: 3 students
  

  	
    10–20: 7 students
  

  	
    20–30: 12 students
  

  	
    30–40: 8 students
  




This is grouped data because the marks are collected into intervals rather than shown one by one.


Characteristics of grouped data:


  	Data is organized into classes or intervals.

  	It is useful for large data sets.

  	It makes patterns easier to see.

  	Exact individual values are not shown.

  	Some detail is lost when data is grouped.




3. Main difference between grouped and ungrouped data


The biggest difference is that ungrouped data shows exact individual values, while grouped data summarizes values into intervals.



  	Ungrouped data keeps all the original information.

  	Grouped data gives a simpler summary of the data.




So, if you need exact values, ungrouped data is better. If you need to study a large set of values and look for trends, grouped data is more useful.


4. Discrete data points and continuous class intervals


Ungrouped data often appears as raw discrete data points. This means the values are listed one at a time.


For example, number of books read by students in a month could be:


2, 4, 1, 3, 2, 5, 4


These are separate values, so this is discrete and ungrouped.


Grouped data is often shown using continuous class intervals. These intervals cover a range of values.


For example, heights of students might be grouped as:



  	140–149 cm

  	150–159 cm

  	160–169 cm




These are intervals, so this is grouped data.


5. What is a class interval?


A class interval is a range of values used to group data. Each group is called a class.


In the interval 20–29, the lower class limit is 20 and the upper class limit is 29.


If data is grouped as:



  	0–9

  	10–19

  	20–29




then each class interval has width 10.


Class width can be found by looking at the size of each interval. For equal intervals, the width stays the same throughout the table.


6. What is a class mark?


The class mark is the midpoint of a class interval. It is found by averaging the lower and upper class limits.


The formula is:


Class mark=lower class limit+upper class limit2


For the class interval 20–29:


Class mark=20+292=492=24.5


The class mark is used as a representative value for all the data in that class.


7. What are class boundaries?


Class boundaries are the true edges of a class interval when data is measured continuously.


They are especially helpful when there is no gap between classes.


For example, consider the classes:



  	10–19

  	20–29




If the data is measured to the nearest whole number, then the boundaries are found by subtracting 0.5 from the lower limit and adding 0.5 to the upper limit.


So:



  	10–19 becomes 9.5–19.5

  	20–29 becomes 19.5–29.5




Notice that the upper boundary of one class touches the lower boundary of the next class. This makes the grouped data continuous.


8. Why class boundaries matter


Class boundaries are important when drawing graphs such as histograms and cumulative frequency curves. These graphs need continuous intervals with no gaps.


If we only use class limits, it may look like there is a break between classes. Boundaries solve this problem.


9. Worked Example 1: Identify grouped and ungrouped data


Decide whether each set of data is grouped or ungrouped.



  	5,8,6,10,7,8

  	
    
      	0–4: 2

      	5–9: 6

      	10–14: 3

    

  




Solution:


1. 5,8,6,10,7,8 is ungrouped data because each value is listed separately.


2. The second set is grouped data because the values are organized into class intervals with frequencies.


Worked Example 2: Find class marks


Find the class mark for each interval:



  	10–19

  	20–29

  	30–39




Solution:


Use:


Class mark=lower limit+upper limit2


For 10–19:

10+192=292=14.5


For 20–29:

20+292=492=24.5


For 30–39:

30+392=692=34.5


Answer: The class marks are 14.5, 24.5, and 34.5.


Worked Example 3: Find class boundaries


The class intervals are:



  	40–49

  	50–59

  	60–69




Find the class boundaries if the data is measured to the nearest whole number.


Solution:


For whole-number data, subtract 0.5 from each lower limit and add 0.5 to each upper limit.



  	40–49 becomes 39.5–49.5

  	50–59 becomes 49.5–59.5

  	60–69 becomes 59.5–69.5




Answer: The class boundaries are:


39.5–49.5, 49.5–59.5, and 59.5–69.5.


Worked Example 4: Describe the data characteristics


A teacher records the ages of students as:


14, 15, 14, 16, 15, 15, 14, 16, 17, 15


Later, the teacher summarizes them in this table:



  	14–14: 3

  	15–15: 4

  	16–16: 2

  	17–17: 1




Question: Which form is ungrouped and which form is grouped? What is lost when the data is grouped?


Solution:


The first list is ungrouped data because every age is written individually.


The table is grouped data because the ages are organized into classes with frequencies.


When the data is grouped, we lose the original order of the values. We can still see how many students are each age, but we no longer see the exact sequence in which the ages were recorded.


10. Key ideas to remember



  	Ungrouped data shows each value separately.

  	Grouped data summarizes values into class intervals.

  	A class interval is a range used to group data.

  	A class mark is the midpoint of a class interval.

  	Class boundaries show the true edges of each class for continuous data.

  	Grouped data is easier to use for large sets, but it does not show every exact value.




11. Brief summary


Ungrouped data lists raw data values one by one, while grouped data collects them into intervals. Grouped data is useful for large data sets because it makes patterns easier to see, but it loses some exact detail.


When working with grouped data, you should be able to identify the class interval, class mark, and class boundaries. These ideas are important for tables, histograms, and cumulative frequency curves.


  
  Put what you read to the test

  You've worked through Grouped vs. Ungrouped Data Characteristics. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1076
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  Mean of Grouped Data: Direct Method


In statistics, the mean tells us the average value of a set of data. When we have a long list of individual values, finding the mean is simple: add all the values and divide by the number of values.


But sometimes data is not given one by one. Instead, it is arranged into class intervals such as 0–10, 10–20, 20–30, and so on. This is called grouped data. In that case, we use a special method to estimate the mean. One important method is the Direct Method.


This lesson will help you understand what grouped data is, how to find class marks, how to use frequencies, and how to calculate the mean step by step using the direct method.


1. What is grouped data?


Grouped data is data that has been collected and organized into groups or intervals. Each interval shows a range of values, and the frequency tells us how many observations fall in that interval.


For example, a table of marks may look like this:



  	0–10: 3 students

  	10–20: 5 students

  	20–30: 7 students




Here, the marks are grouped into intervals, and the number of students in each interval is the frequency.


2. Idea behind the direct method


Since we do not know every exact value inside each class interval, we take the midpoint of each class as the representative value of that class. This midpoint is called the class mark.


The class mark of a class interval is found by:


xi=lower limit+upper limit2

Then we multiply each class mark by its frequency. This gives us the total contribution of that class to the average.


Finally, we use the formula:


xˉ=∑fixi∑fi

where:



  	xˉ = mean

  	fi = frequency of a class

  	xi = class mark of that class

  	∑fixi = sum of all products of frequency and class mark

  	∑fi = total frequency




3. Steps to find the mean of grouped data by direct method



  	Write the class intervals and frequencies.

  	Find the class mark xi of each interval.

  	Multiply frequency and class mark to get fixi.

  	Find ∑fi and ∑fixi.

  	Use the formula:
  xˉ=∑fixi∑fi
  




4. Important note about class mark


If the class interval is 10–20, then the class mark is:


10+202=15

If the interval is 20–30, then the class mark is:


20+302=25

The class mark always lies in the middle of the interval.


Worked Example 1: Basic table


Find the mean of the following grouped data.



  	Class interval	Frequency (fi)

  	0–10	2

  	10–20	3

  	20–30	5




Step 1: Find class marks



  	For 0–10, xi=0+102=5

  	For 10–20, xi=10+202=15

  	For 20–30, xi=20+302=25




Step 2: Make the table



  	Class interval	fi	xi	fixi

  	0–10	2	5	10

  	10–20	3	15	45

  	20–30	5	25	125




Step 3: Add the columns


∑fi=2+3+5=10

∑fixi=10+45+125=180

Step 4: Find the mean


xˉ=∑fixi∑fi=18010=18

Answer: The mean is 18.


Worked Example 2: Marks scored by students


The marks of 20 students are grouped as follows. Find the mean.



  	Marks	Frequency

  	10–20	4

  	20–30	6

  	30–40	5

  	40–50	3

  	50–60	2




Step 1: Find class marks



  	10–20: 15

  	20–30: 25

  	30–40: 35

  	40–50: 45

  	50–60: 55




Step 2: Multiply frequency by class mark



  	Marks	fi	xi	fixi

  	10–20	4	15	60

  	20–30	6	25	150

  	30–40	5	35	175

  	40–50	3	45	135

  	50–60	2	55	110




Step 3: Find totals


∑fi=4+6+5+3+2=20

∑fixi=60+150+175+135+110=630

Step 4: Use the formula


xˉ=63020=31.5

Answer: The mean marks are 31.5.


Worked Example 3: Slightly bigger data set


Find the mean of the following distribution.



  	Class interval	Frequency

  	5–15	6

  	15–25	8

  	25–35	10

  	35–45	7

  	45–55	4




Step 1: Find class marks



  	5–15: 10

  	15–25: 20

  	25–35: 30

  	35–45: 40

  	45–55: 50




Step 2: Prepare the table



  	Class interval	fi	xi	fixi

  	5–15	6	10	60

  	15–25	8	20	160

  	25–35	10	30	300

  	35–45	7	40	280

  	45–55	4	50	200




Step 3: Calculate totals


∑fi=6+8+10+7+4=35

∑fixi=60+160+300+280+200=1000

Step 4: Find the mean


xˉ=100035=28.57

Answer: The mean is approximately 28.57.


5. Why do we use class marks?


In grouped data, we do not know the exact values of all observations. For example, in the class interval 20–30, the actual values could be 21, 24, 29, and so on. To make calculation possible, we assume that all values in that class are centered around the midpoint.


This gives us an estimated mean, and for grouped data this is the standard way to calculate it.


6. Common mistakes to avoid



  	Using class limits instead of class marks: Do not multiply frequency by 10 or 20 directly for the class 10–20. First find the class mark, which is 15.

  	Forgetting to multiply: Make sure you calculate fixi for every row.

  	Adding incorrectly: Check both ∑fi and ∑fixi carefully.

  	Wrong formula: The direct method formula is:
  xˉ=∑fixi∑fi
  




7. Quick practice question


Find the mean of the following grouped data:



  	Class interval	Frequency

  	0–5	3

  	5–10	5

  	10–15	4




Solution:


Class marks are:



  	0–5: 2.5

  	5–10: 7.5

  	10–15: 12.5





  	Class interval	fi	xi	fixi

  	0–5	3	2.5	7.5

  	5–10	5	7.5	37.5

  	10–15	4	12.5	50




∑fi=3+5+4=12

∑fixi=7.5+37.5+50=95

xˉ=9512≈7.92

Answer: The mean is approximately 7.92.


8. Final summary


To find the mean of grouped data by the direct method, first find the class mark of each interval. Then multiply each class mark by its frequency, add all these products, and divide by the total frequency.


The formula is:


xˉ=∑fixi∑fi

This method is simple and reliable when data is given in grouped form. If you carefully find class marks and do the multiplication correctly, you can solve these questions with confidence.


  
  Put what you read to the test

  You've worked through Mean of Grouped Data: Direct Method. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1077
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  Mean of Grouped Data: Assumed Mean Method


When data is given in groups, we cannot see every individual value. Instead, the data is organized into class intervals such as 0–10, 10–20, 20–30, and so on, with their frequencies.


In such cases, to find the mean, we use the class marks (midpoints of the intervals) as representative values. One useful way to calculate the mean is the Assumed Mean Method.


This method makes calculation easier, especially when the class marks are large numbers. Instead of multiplying every class mark directly by its frequency, we choose one convenient value as the assumed mean and work with deviations from it.


Why do we use the assumed mean method?


  	It reduces large calculations.

  	It is helpful when class marks are close to each other.

  	It makes finding the mean faster and neater.




Step 1: Understand grouped data

A grouped frequency distribution usually has:


  	Class interval — the range of values

  	Frequency — the number of observations in that class

  	Class mark — the midpoint of the class interval




The class mark of a class interval is:

xi=lower limit+upper limit2


For example, for the class interval 20–30, the class mark is:

xi=20+302=25


Step 2: Idea of the assumed mean

Suppose the class marks are 15, 25, 35, 45, 55. Instead of using these directly, we choose one value, usually the middle one or any convenient class mark, as the assumed mean. Let this be represented by a.


Then we find how far each class mark is from a:

di=xi−a


Here:


  	xi = class mark

  	a = assumed mean

  	di = deviation from the assumed mean




After that, we multiply each deviation by its frequency:

fidi


Then the mean is found using:

xˉ=a+∑fidi∑fi


This is the formula for the assumed mean method.


Important note: The assumed mean is not the final mean. It is only a helpful starting value chosen to simplify the work.


Steps to find the mean by assumed mean method


  	Write the class intervals and frequencies.

  	Find the class mark xi of each class.

  	Choose a suitable assumed mean a.

  	Find deviations di=xi−a.

  	Calculate fidi.

  	Find ∑fi and ∑fidi.

  	Use the formula:
    xˉ=a+∑fidi∑fi
  




Worked Example 1

Find the mean of the following grouped data.



Class intervals: 0–10, 10–20, 20–30, 30–40, 40–50

Frequencies: 3, 5, 7, 4, 1



Step 1: Find class marks

The class marks are:


  	0–10: 5

  	10–20: 15

  	20–30: 25

  	30–40: 35

  	40–50: 45




Choose assumed mean a=25.


Table:


Class Intervalfixidi=xi−25fidi0–1035−20−6010–20515−10−5020–307250030–40435104040–501452020



Now,

∑fi=3+5+7+4+1=20

∑fidi=−60−50+0+40+20=−50


Use the formula:

xˉ=a+∑fidi∑fi

xˉ=25+−5020

xˉ=25−2.5=22.5


Mean = 22.5


Worked Example 2

The marks obtained by 30 students are given below. Find the mean by the assumed mean method.



Class intervals: 10–20, 20–30, 30–40, 40–50, 50–60

Frequencies: 4, 6, 10, 7, 3



Step 1: Find class marks

The class marks are 15, 25, 35, 45, 55.


Choose assumed mean a=35.



Class Intervalfixidi=xi−35fidi10–20415−20−8020–30625−10−6030–4010350040–50745107050–603552060



Now,

∑fi=4+6+10+7+3=30

∑fidi=−80−60+0+70+60=−10


So,

xˉ=35+−1030

xˉ=35−13

xˉ=34.67 (approximately)


Mean ≈34.67


Worked Example 3

Find the mean of the following distribution.



Class intervals: 40–50, 50–60, 60–70, 70–80, 80–90, 90–100

Frequencies: 5, 8, 12, 10, 3, 2



Step 1: Find class marks

The class marks are 45, 55, 65, 75, 85, 95.


Choose assumed mean a=65.



Class Intervalfixidi=xi−65fidi40–50545−20−10050–60855−10−8060–7012650070–8010751010080–90385206090–1002953060



Now,

∑fi=5+8+12+10+3+2=40

∑fidi=−100−80+0+100+60+60=40


Therefore,

xˉ=65+4040

xˉ=65+1=66


Mean = 66


How to choose the assumed mean

You can choose any class mark as the assumed mean, but it is best to choose:


  	a class mark near the center, or

  	a class mark that makes deviations easy to calculate




If you choose a central value, the positive and negative deviations are usually smaller, which makes the arithmetic simpler.


Common mistakes to avoid


  	Forgetting to find class marks: Do not use class intervals directly in the formula. Use their midpoints.

  	Using the wrong assumed mean: The assumed mean should be a class mark, not a class interval.

  	Sign errors: Negative deviations must stay negative.

  	Adding frequencies incorrectly: Check ∑fi carefully.

  	Adding fidi incorrectly: Positive and negative values must be handled carefully.




Quick comparison with direct method

In the direct method, we use:

xˉ=∑fixi∑fi


In the assumed mean method, we use:

xˉ=a+∑fidi∑fi


Both methods give the same answer. The assumed mean method is often easier when the numbers are bigger or when calculations look lengthy.


Practice Question 1

Find the mean by the assumed mean method:


Class intervals: 0–10, 10–20, 20–30, 30–40, 40–50

Frequencies: 2, 6, 8, 3, 1



Practice Question 2

Find the mean by the assumed mean method:


Class intervals: 5–15, 15–25, 25–35, 35–45, 45–55

Frequencies: 4, 5, 9, 6, 2



Final Summary

The assumed mean method is a simple way to find the mean of grouped data. We first find the class marks, choose a convenient assumed mean a, calculate deviations di=xi−a, and then use the formula:

xˉ=a+∑fidi∑fi


This method saves time and reduces calculation work. If you carefully find the class marks, keep track of positive and negative deviations, and add correctly, you can easily find the mean of grouped data.


  
  Put what you read to the test

  You've worked through Mean of Grouped Data: Assumed Mean Method. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1078
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  Mean of Grouped Data: Step-Deviation Method


When data is given in grouped form, the exact individual values are not known. Instead, the data is arranged into class intervals such as 0–10, 10–20, 20–30, and so on, along with their frequencies. In such cases, we find the mean using the class marks and frequencies.


The step-deviation method is a short and efficient way to calculate the mean of grouped data, especially when the class intervals are equal and the class marks are large numbers. It reduces long calculations by working with smaller values.


In this lesson, you will learn what the step-deviation method is, why it works, how to use it, and how to solve questions step by step.


1. Recall: Mean of grouped data


For grouped data, we first find the class mark of each class interval. The class mark is the midpoint of the interval.


If a class interval is 10–20, then its class mark is


xi=10+202=15

If the frequencies are given by fi, then the mean by the direct method is


xˉ=∑fixi∑fi

This method works well, but if the values of xi are large, the multiplication becomes lengthy. That is why we use the assumed mean method or the even shorter step-deviation method.


2. Idea behind the step-deviation method


Suppose the class marks increase regularly, like 15, 25, 35, 45, 55. The difference between consecutive class marks is the same. This common difference is usually the class width, denoted by h.


Instead of taking deviations directly from an assumed mean A, we divide each deviation by h. This gives smaller numbers and makes the arithmetic easier.


We define


ui=xi−Ah

Then the mean is calculated using


xˉ=A+h(∑fiui∑fi)

This is called the step-deviation formula.


3. Symbols used



  	Class interval: the group, such as 20–30

  	Frequency fi: the number of observations in that class

  	Class mark xi: midpoint of the class

  	Assumed mean A: a convenient class mark chosen to simplify work

  	Class width h: size of each class interval

  	ui=xi−Ah: scaled deviation




4. When should we use the step-deviation method?


This method is most useful when:



  	class intervals are of equal width,

  	class marks are large numbers,

  	you want shorter and faster calculations.




If the class widths are not equal, this method is usually not convenient in the standard form taught at this level.


5. Steps to find mean by step-deviation method



  	Write the class intervals and frequencies.

  	Find the class mark xi for each class.

  	Choose a suitable assumed mean A, usually the middle class mark.

  	Find the class width h.

  	Calculate ui=xi−Ah.

  	Find fiui.

  	Find ∑fi and ∑fiui.

  	Use the formula:




xˉ=A+h(∑fiui∑fi)

6. Important note about choosing A


You may choose any class mark as the assumed mean. However, it is best to choose a class mark near the center of the data. This keeps the values of ui small, making calculations simpler.


7. Worked Example 1


Find the mean of the following grouped data using the step-deviation method.



  	Class interval	Frequency

  	0–10	5

  	10–20	8

  	20–30	12

  	30–40	6

  	40–50	4




Step 1: Find class marks


The class marks are:


5,15,25,35,45

Step 2: Choose assumed mean and class width


Take A=25, since it is the middle class mark.


Class width h=10.


Step 3: Find ui=xi−Ah



  	For xi=5, ui=5−2510=−2

  	For xi=15, ui=15−2510=−1

  	For xi=25, ui=0

  	For xi=35, ui=1

  	For xi=45, ui=2




Now make the table:



  	Class interval	fi	xi	ui	fiui

  	0–10	5	5	-2	-10

  	10–20	8	15	-1	-8

  	20–30	12	25	0	0

  	30–40	6	35	1	6

  	40–50	4	45	2	8




Now,


∑fi=5+8+12+6+4=35

∑fiui=−10−8+0+6+8=−4

Using the formula:


xˉ=A+h(∑fiui∑fi)

xˉ=25+10(−435)

xˉ=25−4035

xˉ=25−1.14≈23.86

Answer: The mean is approximately 23.86.


8. Worked Example 2


Find the mean of the following data.



  	Class interval	Frequency

  	10–20	3

  	20–30	5

  	30–40	9

  	40–50	7

  	50–60	6




Step 1: Class marks


xi=15,25,35,45,55

Step 2: Choose A=35, h=10


Step 3: Find ui and fiui



  	Class interval	fi	xi	ui=xi−3510	fiui

  	10–20	3	15	-2	-6

  	20–30	5	25	-1	-5

  	30–40	9	35	0	0

  	40–50	7	45	1	7

  	50–60	6	55	2	12




Now,


∑fi=3+5+9+7+6=30

∑fiui=−6−5+0+7+12=8

Apply the formula:


xˉ=35+10(830)

xˉ=35+8030

xˉ=35+2.67≈37.67

Answer: The mean is approximately 37.67.


9. Worked Example 3


The heights of plants in cm are grouped as follows. Find the mean height.



  	Height (cm)	Number of plants

  	140–150	4

  	150–160	7

  	160–170	10

  	170–180	8

  	180–190	5




Step 1: Find class marks


xi=145,155,165,175,185

Step 2: Choose assumed mean and class width


Take A=165 and h=10.


Step 3: Compute ui


ui=xi−16510

So the values of ui are −2,−1,0,1,2.



  	Class interval	fi	xi	ui	fiui

  	140–150	4	145	-2	-8

  	150–160	7	155	-1	-7

  	160–170	10	165	0	0

  	170–180	8	175	1	8

  	180–190	5	185	2	10




Then,


∑fi=4+7+10+8+5=34

∑fiui=−8−7+0+8+10=3

Now use the formula:


xˉ=165+10(334)

xˉ=165+3034

xˉ≈165.88

Answer: The mean height is approximately 165.88 cm.


10. Worked Example 4


Find the mean for the following grouped data.



  	Class interval	Frequency

  	50–60	6

  	60–70	10

  	70–80	14

  	80–90	8

  	90–100	2




Step 1: Class marks


xi=55,65,75,85,95

Step 2: Choose A=75, h=10


Step 3: Find ui and fiui



  	Class interval	fi	xi	ui	fiui

  	50–60	6	55	-2	-12

  	60–70	10	65	-1	-10

  	70–80	14	75	0	0

  	80–90	8	85	1	8

  	90–100	2	95	2	4




Now,


∑fi=6+10+14+8+2=40

∑fiui=−12−10+0+8+4=−10

Apply the formula:


xˉ=75+10(−1040)

xˉ=75−2.5=72.5

Answer: The mean is 72.5.


11. Why the method works


In the assumed mean method, we take deviations di=xi−A. In the step-deviation method, we write these deviations in a smaller form by dividing by the common class width h:


ui=dih=xi−Ah

This makes numbers like −20,−10,0,10,20 become −2,−1,0,1,2. The values are easier to multiply by frequency, so the work becomes faster and neater.


12. Common mistakes to avoid



  	Using class limits instead of class marks: always use the midpoint of each class.

  	Forgetting to divide by h: step-deviation needs ui=xi−Ah, not just xi−A.

  	Taking the wrong class width: for intervals like 20–30, 30–40, the width is 10.

  	Ignoring signs: negative and positive values of ui must be handled carefully.

  	Using the wrong formula: the correct formula is




xˉ=A+h(∑fiui∑fi)

13. Quick comparison of methods



  	Direct method: uses xˉ=∑fixi∑fi

  	Assumed mean method: uses deviations di=xi−A

  	Step-deviation method: uses scaled deviations ui=xi−Ah




The step-deviation method is usually the fastest when class intervals are equal.


14. Final checklist for solving problems



  	Did you find all class marks correctly?

  	Did you choose a suitable assumed mean A?

  	Did you use the correct class width h?

  	Did you calculate ui correctly?

  	Did you find fiui, ∑fi, and ∑fiui correctly?

  	Did you substitute into the formula carefully?




15. Summary


The step-deviation method is a shortcut for finding the mean of grouped data when class intervals are equal. We first find class marks, choose an assumed mean A, divide deviations by the class width h, and use the formula


xˉ=A+h(∑fiui∑fi)

This method makes calculations shorter and easier, especially when the numbers are large. With careful use of class marks, signs, and the formula, you can find the mean quickly and accurately.


  
  Put what you read to the test

  You've worked through Mean of Grouped Data: Step-Deviation Method. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1079
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  Mode of Grouped Data


When data is arranged into groups or class intervals, we cannot always see the exact value that appears most often. In this case, we estimate the mode using the class with the greatest frequency and a special formula.


This lesson will show you what the mode of grouped data means, how to find the modal class, and how to calculate the estimated modal value using interpolation.


1. What is the mode?


The mode is the value that occurs most often in a set of data.


For example, in the data set 2,3,3,5,7, the mode is 3 because it appears more times than any other value.


But when data is grouped into intervals such as 0–10, 10–20, 20–30, we do not know the exact repeated values. We only know how many values lie in each interval. So we estimate the mode.


2. Modal class


The modal class is the class interval with the highest frequency.


Suppose we have this grouped table:



	0–10:4

	10–20:7

	20–30:12

	30–40:9




The highest frequency is 12, so the modal class is 20–30.


However, the mode is not simply 25 or just the class interval. We use a formula to estimate the exact modal value inside that interval.


3. Formula for the mode of grouped data


The formula is:


Mode=l+(f1−f02f1−f0−f2)h

where:



	l = lower boundary of the modal class

	h = class width

	f1 = frequency of the modal class

	f0 = frequency of the class before the modal class

	f2 = frequency of the class after the modal class




This formula uses the frequencies on both sides of the modal class to estimate where the highest point lies inside the class interval.


4. Why this formula makes sense


If the class before the modal class has a much smaller frequency, then the peak is likely to be closer to the left side of the modal class.


If the class after the modal class has a much smaller frequency, then the peak is likely to be closer to the right side of the modal class.


So the formula helps us place the mode more accurately than simply picking the middle of the modal class.


5. Important note about class boundaries


In grouped continuous data, we usually use class boundaries, not just the written class limits.


For example, if the classes are written as:



	10–19

	20–29

	30–39




then the class boundaries are:



	9.5–19.5

	19.5–29.5

	29.5–39.5




This is important because the mode formula uses the lower boundary l and the class width h.


6. Steps to find the mode of grouped data



	Find the class with the highest frequency. This is the modal class.

	Write down:

	l: lower boundary of the modal class

	h: class width

	f1: frequency of the modal class

	f0: frequency before the modal class

	f2: frequency after the modal class





	Substitute into the formula:




Mode=l+(f1−f02f1−f0−f2)h


	Simplify carefully.

	State the answer clearly as an estimated mode.




7. Worked Example 1


Find the mode of the grouped data:



	Class interval	Frequency

	0–10	5

	10–20	8

	20–30	14

	30–40	9

	40–50	4




Step 1: Find the modal class


The highest frequency is 14, so the modal class is 20–30.


Step 2: Identify the values



	l=20

	h=10

	f1=14

	f0=8

	f2=9




Step 3: Use the formula


Mode=20+(14−82(14)−8−9)(10)

=20+(628−17)(10)

=20+(611)(10)

=20+6011

=20+5.45

Mode≈25.45

Answer: The estimated mode is 25.45.


8. Worked Example 2


Find the mode of the grouped data:



	Class interval	Frequency

	10–20	6

	20–30	11

	30–40	15

	40–50	13

	50–60	7




Step 1: Modal class


The highest frequency is 15, so the modal class is 30–40.


Step 2: Write the values



	l=30

	h=10

	f1=15

	f0=11

	f2=13




Step 3: Substitute


Mode=30+(15−112(15)−11−13)(10)

=30+(430−24)(10)

=30+(46)(10)

=30+6.67

Mode≈36.67

Answer: The estimated mode is 36.67.


Notice that the mode is closer to the upper end of the modal class because the frequency after the modal class, 13, is still quite high.


9. Worked Example 3 with class boundaries


Find the mode of the following grouped data:



	Marks	Frequency

	0–9	3

	10–19	7

	20–29	12

	30–39	10

	40–49	5




Step 1: Modal class


The highest frequency is 12, so the modal class is 20–29.


Step 2: Use class boundaries


The class 20–29 has boundaries 19.5 to 29.5.



	l=19.5

	h=10

	f1=12

	f0=7

	f2=10




Step 3: Apply the formula


Mode=19.5+(12−72(12)−7−10)(10)

=19.5+(524−17)(10)

=19.5+(57)(10)

=19.5+7.14

Mode≈26.64

Answer: The estimated mode is 26.64.


10. Common mistakes to avoid



	Choosing the wrong modal class: Always select the class with the highest frequency.

	Using class limits instead of boundaries when needed: For intervals like 20–29, use 19.5 as the lower boundary.

	Mixing up f0,f1,f2:

	f1 is the modal class frequency

	f0 is the frequency before it

	f2 is the frequency after it





	Using the wrong class width: Make sure h is the width of one class interval.

	Forgetting that the answer is an estimate: Since the data is grouped, the mode is not exact.




11. Quick comparison: mode in ungrouped and grouped data



	For ungrouped data, the mode is the value that appears most often.

	For grouped data, the exact values are hidden inside intervals, so we estimate the mode using a formula.




12. When is the mode useful?


The mode is useful when you want to know the most common or most typical value in a distribution.


For grouped data, it helps estimate the value around which the data is most heavily concentrated.


13. Final recap


To find the mode of grouped data, first identify the modal class, which is the class with the highest frequency.


Then use the interpolation formula:


Mode=l+(f1−f02f1−f0−f2)h

Remember:



	l is the lower boundary of the modal class

	h is the class width

	f1 is the modal class frequency

	f0 and f2 are the neighboring frequencies




This gives an estimated value for the mode inside the modal class.


14. Practice checklist


Whenever you solve a question on the mode of grouped data, ask yourself:



	Did I find the class with the highest frequency?

	Did I use the correct lower boundary?

	Did I identify f0, f1, and f2 correctly?

	Did I use the correct class width?

	Did I clearly state the final answer as an estimate?




If you can answer yes to all of these, you are very likely to get the question correct.


  
  Put what you read to the test

  You've worked through Mode of Grouped Data. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1080
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  Median of Grouped Data


When data is organized into class intervals, we call it grouped data. For example, instead of listing every test score one by one, we may group the scores as 0–10, 10–20, 20–30, and so on.


In grouped data, we cannot always see the exact middle value directly. So we use a method to estimate the median. This estimate is very useful when there is a large amount of data.


The median is the value that lies in the middle of the data when all values are arranged in order. It divides the data into two equal parts:


  	about half the data is below the median,

  	about half the data is above the median.




For grouped data, we find the median in two main steps:


  	Find the median class using cumulative frequency.

  	Use the grouped-data median formula to estimate the exact median value.




1. Important ideas


Frequency tells us how many values are in each class interval.


Cumulative frequency is the running total of frequencies. It helps us locate where the middle value lies.


If the total frequency is N, then the median is located at the N2-th value.


After finding the class interval that contains the N2-th value, we call it the median class.


2. Formula for the median of grouped data


Once the median class is known, use:


Median=l+(N2−cff)×h

Here:


  	l = lower boundary of the median class

  	N = total frequency

  	cf = cumulative frequency before the median class

  	f = frequency of the median class

  	h = class width




This formula works by assuming the data is spread evenly inside the median class. This process is called interpolation.


3. How to find the median step by step



  	Write the class intervals and frequencies in a table.

  	Find the total frequency N.

  	Compute N2.

  	Make a cumulative frequency column.

  	Find the class where the cumulative frequency first becomes greater than or equal to N2. That is the median class.

  	Identify l, cf, f, and h.

  	Substitute into the formula.

 


4. Worked Example 1


Find the median of the following grouped data.



  	Class interval	Frequency

  	0–10	5

  	10–20	7

  	20–30	12

  	30–40	6




Step 1: Find total frequency

N=5+7+12+6=30


Step 2: Find N2

N2=302=15


Step 3: Find cumulative frequencies



  	Class interval	Frequency	Cumulative frequency

  	0–10	5	5

  	10–20	7	12

  	20–30	12	24

  	30–40	6	30




The 15th value lies in the class 20–30, because the cumulative frequency goes from 12 to 24 there.


So the median class is 20–30.


Step 4: Identify the values


  	l=20

  	cf=12

  	f=12

  	h=10




Step 5: Use the formula


Median=20+(15−1212)×10

=20+(312)×10

=20+2.5=22.5

Answer: The median is 22.5.


5. Worked Example 2


The table shows the weights of students.



  	Weight (kg)	Frequency

  	40–50	4

  	50–60	6

  	60–70	10

  	70–80	8

  	80–90	2




Step 1: Total frequency

N=4+6+10+8+2=30


Step 2: Middle position

N2=15


Step 3: Cumulative frequency table



  	Weight (kg)	Frequency	Cumulative frequency

  	40–50	4	4

  	50–60	6	10

  	60–70	10	20

  	70–80	8	28

  	80–90	2	30




The 15th value lies in 60–70, so this is the median class.


Step 4: Identify values


  	l=60

  	cf=10

  	f=10

  	h=10




Step 5: Substitute


Median=60+(15−1010)×10

=60+5=65

Answer: The median weight is 65 kg.


6. Worked Example 3


Find the median for the following distribution.



  	Class interval	Frequency

  	5–15	3

  	15–25	9

  	25–35	15

  	35–45	7

  	45–55	6




Step 1: Total frequency

N=3+9+15+7+6=40


Step 2: Find N2

N2=20


Step 3: Cumulative frequency



  	Class interval	Frequency	Cumulative frequency

  	5–15	3	3

  	15–25	9	12

  	25–35	15	27

  	35–45	7	34

  	45–55	6	40




The 20th value lies in the class 25–35.


So:


  	l=25

  	cf=12

  	f=15

  	h=10




Now use the formula:


Median=25+(20−1215)×10

=25+(815)×10

=25+5.33≈30.33

Answer: The median is approximately 30.33.


7. Notes about class boundaries


Sometimes questions use continuous class intervals such as 0–10, 10–20, 20–30. In these cases, we often use the lower limit directly as l.


In some textbooks, class intervals may be written in a way that suggests a gap, such as 0–9, 10–19, 20–29. Then class boundaries may be needed. For example:


  	0–9 becomes −0.5 to 9.5

  	10–19 becomes 9.5 to 19.5




Then the lower boundary of the median class is used in the formula. Always check how the class intervals are written.


8. Common mistakes to avoid


  	Using N+12 instead of N2 for grouped data. For grouped data, we usually use N2.

  	Choosing the wrong median class because the cumulative frequency table was incorrect.

  	Using the cumulative frequency of the median class instead of the cumulative frequency before the median class.

  	Using the wrong class width h.

  	Forgetting to use class boundaries when needed.




9. Quick check method


After finding your answer, ask:


  	Is the answer inside the median class?

  	Does it make sense as a middle value?




For example, if the median class is 20–30, your median should usually lie between 20 and 30.


10. Brief summary


The median of grouped data is found by locating the middle position N2 and using cumulative frequency to identify the median class.


Then we estimate the exact median with:


Median=l+(N2−cff)×h

This method helps us find the middle value even when the data is grouped into intervals instead of listed one by one.


  
  Put what you read to the test

  You've worked through Median of Grouped Data. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1081
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  Empirical Relationship Between Mean, Median, and Mode


In statistics, the mean, median, and mode are called measures of central tendency. They describe the center or typical value of a set of data.


Sometimes, especially when working with grouped data or large data sets, it may be difficult to find all three measures exactly. In such cases, we use an empirical relationship to estimate one measure if the other two are known.


The empirical relationship is:


Mode=3×Median−2×Mean


This formula is an approximate relationship, not an exact rule for every data set. It works best for data that is moderately skewed, meaning the data is not perfectly symmetrical but also not extremely uneven.


Let us first recall the meaning of each measure:



  	Mean: The average of all observations.

  	Median: The middle value when the data is arranged in order.

  	Mode: The value that occurs most often.




When the data is not evenly spread, these three values may be different. The empirical relationship helps us connect them.


Standard Formula


Mode=3Median−2Mean


This same formula can be rearranged if a different quantity is missing.


To find the median:


Mode=3Median−2Mean

3Median=Mode+2Mean

Median=Mode+2Mean3


To find the mean:


Mode=3Median−2Mean

2Mean=3Median−Mode

Mean=3Median−Mode2


Important Note


This relation is useful when:


  	one of the three measures is missing,

  	the data is grouped,

  	you need a quick estimate,

  	or the mode is difficult to determine directly.




But remember: since it is empirical, the answer is usually an estimate.


How to Use the Formula



  	Write the formula clearly.

  	Substitute the known values.

  	Solve step by step.

  	Check whether the answer is reasonable.




Worked Example 1: Finding the Mode


The mean of a data set is 18 and the median is 20. Find the mode using the empirical relationship.


Step 1: Write the formula

Mode=3Median−2Mean


Step 2: Substitute the values

Mode=3(20)−2(18)


Step 3: Simplify

Mode=60−36=24


Answer: The mode is approximately 24.


Worked Example 2: Finding the Median


The mean of a distribution is 26 and the mode is 32. Find the median.


Step 1: Use the rearranged formula

Median=Mode+2Mean3


Step 2: Substitute the values

Median=32+2(26)3


Step 3: Simplify

Median=32+523=843=28


Answer: The median is 28.


Worked Example 3: Finding the Mean


The median is 35 and the mode is 41. Find the mean.


Step 1: Use the rearranged formula

Mean=3Median−Mode2


Step 2: Substitute the values

Mean=3(35)−412


Step 3: Simplify

Mean=105−412=642=32


Answer: The mean is 32.


Worked Example 4: A Word Problem with Grouped Data


In a grouped distribution, the mean mark of students is 48 and the median mark is 50. Estimate the mode.


Since this is grouped data, the exact mode may be hard to calculate directly. So we use the empirical formula.


Mode=3Median−2Mean

Mode=3(50)−2(48)

Mode=150−96=54


Answer: The estimated mode is 54 marks.


Understanding the Relationship


This formula shows how the three measures are connected in many practical situations. If the mean is smaller than the median, the mode may become larger. If the mean is larger, the mode may become smaller.


This does not mean the formula always gives a perfect answer. It is mainly used to make a reasonable estimate when exact calculation is difficult.


Common Mistakes to Avoid



  	Using the wrong formula: Write the formula carefully before substituting values.

  	Confusing mean and median: Read the question closely.

  	Arithmetic errors: Be careful when multiplying by 2 or 3.

  	Forgetting it is approximate: The result is an estimate, especially for grouped data.




Quick Check


If mean = 22 and median = 25, then:

Mode=3(25)−2(22)=75−44=31


If median = 30 and mode = 36, then:

Mean=3(30)−362=90−362=542=27


When is this Formula Helpful?



  	In questions on grouped frequency distributions

  	When one central tendency measure is missing

  	In estimation-based statistics problems

  	When checking whether your answer is reasonable




[image: 📋]   Summary


The empirical relationship between mean, median, and mode is:

Mode=3Median−2Mean


This formula is used to estimate one measure of central tendency when the other two are known. It is especially helpful in grouped data, where finding the exact mode may be difficult.


By rearranging the formula, you can also find the mean or median:


Median=Mode+2Mean3

Mean=3Median−Mode2


Always remember that this is an approximate relationship, so it gives an estimate rather than an exact result in many real situations.


  
  Put what you read to the test

  You've worked through Empirical Relationship Between Mean, Median, and Mode. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1082
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  Constructing Cumulative Frequency Distributions


When we collect a lot of data, it can be hard to understand the whole set by looking at individual values. In statistics, we often group data into class intervals such as 0–10, 10–20, 20–30, and so on. A frequency distribution tells us how many data values fall in each class.


A cumulative frequency distribution goes one step further. It shows a running total of the frequencies. This helps us answer questions like:


  	How many values are less than 30?

  	How many values are at most 50?

  	How many values are greater than 20?




There are two common types of cumulative frequency distributions:


  	Less-than cumulative frequency: the running total up to the upper boundary of each class.

  	More-than cumulative frequency: the running total starting from the lower boundary of each class and going upward.




Learning how to build these tables is important because they are used to draw cumulative frequency curves (also called ogives) and to estimate medians, quartiles, and percentiles from grouped data.


1. Review: Frequency distribution


A grouped frequency table usually has:


  	Class interval: the range of values in each group

  	Frequency: the number of values in that group




For example:


Suppose test scores are grouped like this:



  	Score	Frequency

  	0–10	3

  	10–20	5

  	20–30	7

  	30–40	4

  	40–50	1




The total number of data values is:


3+5+7+4+1=20

This total is often written as N=20.


2. What is cumulative frequency?


Cumulative frequency means adding frequencies as you move through the classes.


For a less-than table, you add from the first class downward:


  	first cumulative frequency = first frequency

  	second cumulative frequency = first + second frequency

  	third cumulative frequency = first + second + third frequency




In symbols, if the frequencies are f1,f2,f3,…, then the cumulative frequencies are:


f1,f1+f2,f1+f2+f3,…

3. Constructing a less-than cumulative frequency distribution


A less-than cumulative frequency table answers questions such as:


  	How many values are less than 10?

  	How many values are less than 20?

  	How many values are less than 30?




To make this table:


  	Write the upper class limits or upper class boundaries.

  	Add the frequencies from top to bottom.

  	Record each running total beside the correct upper value.




Using the score table above:



  	Score	Frequency

  	0–10	3

  	10–20	5

  	20–30	7

  	30–40	4

  	40–50	1




The less-than cumulative frequencies are:


  	Less than 10: 3

  	Less than 20: 3+5=8

  	Less than 30: 3+5+7=15

  	Less than 40: 3+5+7+4=19

  	Less than 50: 3+5+7+4+1=20




So the cumulative frequency table is:



  	Less than	Cumulative Frequency

  	10	3

  	20	8

  	30	15

  	40	19

  	50	20




Important idea: The last cumulative frequency in a less-than table should equal the total frequency N.


4. Constructing a more-than cumulative frequency distribution


A more-than cumulative frequency table answers questions such as:


  	How many values are more than 0?

  	How many values are more than 10?

  	How many values are more than 20?




To make this table:


  	Start with the total frequency.

  	Use the lower class limits or lower class boundaries.

  	Subtract frequencies as you move down the classes.




Using the same data, total frequency N=20.



  	More than 0: 20

  	More than 10: 20−3=17

  	More than 20: 20−(3+5)=12

  	More than 30: 20−(3+5+7)=5

  	More than 40: 20−(3+5+7+4)=1




So the more-than cumulative frequency table is:



  	More than	Cumulative Frequency

  	0	20

  	10	17

  	20	12

  	30	5

  	40	1




Important idea: In a more-than table, the first cumulative frequency is the total frequency.


5. How less-than and more-than tables are connected


Both tables come from the same original frequencies. They just organize the running totals in different ways.



  	Less-than cumulative frequency increases as you move down the table.

  	More-than cumulative frequency decreases as you move down the table.




If your less-than values go upward and your more-than values go downward, that is a good sign that your table is correct.


6. Worked Example 1: Basic less-than cumulative frequency


The heights of plants are grouped below:



  	Height (cm)	Frequency

  	0–5	2

  	5–10	6

  	10–15	8

  	15–20	4




Step 1: Find the total frequency.


N=2+6+8+4=20

Step 2: Add frequencies from top to bottom.



  	Less than 5: 2

  	Less than 10: 2+6=8

  	Less than 15: 2+6+8=16

  	Less than 20: 2+6+8+4=20




Answer:



  	Less than	Cumulative Frequency

  	5	2

  	10	8

  	15	16

  	20	20




7. Worked Example 2: Basic more-than cumulative frequency


Use the same plant height data:



  	Height (cm)	Frequency

  	0–5	2

  	5–10	6

  	10–15	8

  	15–20	4




Step 1: Start with the total frequency.


N=20

Step 2: Subtract frequencies as you move downward.



  	More than 0: 20

  	More than 5: 20−2=18

  	More than 10: 20−(2+6)=12

  	More than 15: 20−(2+6+8)=4




Answer:



  	More than	Cumulative Frequency

  	0	20

  	5	18

  	10	12

  	15	4




8. Worked Example 3: Making both cumulative frequency tables


A teacher groups the time students spent reading in one week:



  	Reading Time (hours)	Frequency

  	0–2	5

  	2–4	9

  	4–6	7

  	6–8	3

  	8–10	1




Step 1: Total frequency


N=5+9+7+3+1=25

Step 2: Less-than cumulative frequency



  	Less than 2: 5

  	Less than 4: 5+9=14

  	Less than 6: 5+9+7=21

  	Less than 8: 5+9+7+3=24

  	Less than 10: 25




Less-than table:



  	Less than	Cumulative Frequency

  	2	5

  	4	14

  	6	21

  	8	24

  	10	25




Step 3: More-than cumulative frequency



  	More than 0: 25

  	More than 2: 25−5=20

  	More than 4: 25−(5+9)=11

  	More than 6: 25−(5+9+7)=4

  	More than 8: 25−(5+9+7+3)=1




More-than table:



  	More than	Cumulative Frequency

  	0	25

  	2	20

  	4	11

  	6	4

  	8	1




9. Worked Example 4: Using class boundaries carefully


Sometimes grouped data is written with whole-number class intervals, but when drawing graphs, we may use class boundaries. For constructing cumulative frequency, the main idea stays the same: use the upper boundary for less-than tables and the lower boundary for more-than tables.


Suppose the masses of bags are grouped like this:



  	Mass (kg)	Frequency

  	10–14	4

  	15–19	6

  	20–24	10

  	25–29	5




If we treat the classes as continuous, the boundaries are:


  	9.5–14.5

  	14.5–19.5

  	19.5–24.5

  	24.5–29.5




Step 1: Total frequency


N=4+6+10+5=25

Step 2: Less-than cumulative frequency using upper boundaries



  	Less than 14.5: 4

  	Less than 19.5: 4+6=10

  	Less than 24.5: 4+6+10=20

  	Less than 29.5: 25




Step 3: More-than cumulative frequency using lower boundaries



  	More than 9.5: 25

  	More than 14.5: 25−4=21

  	More than 19.5: 25−(4+6)=15

  	More than 24.5: 25−(4+6+10)=5




This is especially useful when drawing a cumulative frequency curve.


10. Common mistakes to avoid



  	Mixing up frequency and cumulative frequency. Frequency is just one class count. Cumulative frequency is a running total.

  	Using the wrong class value. For less-than tables, use the upper class value or upper boundary. For more-than tables, use the lower class value or lower boundary.

  	Forgetting the total frequency. Check that the final less-than cumulative frequency equals N.

  	Adding incorrectly. Since cumulative frequency depends on repeated addition, one small error can affect all later values.

  	Not keeping the order of classes. Always write classes from smallest to largest.




11. Quick checking methods


After building your cumulative frequency table, ask yourself:


  	Does the less-than table go upward each time?

  	Does the more-than table go downward each time?

  	Does the last less-than value equal the total frequency?

  	Does the first more-than value equal the total frequency?




If all of these are true, your table is probably correct.


12. Why cumulative frequency distributions matter


Cumulative frequency distributions help us see how data builds up across intervals. This makes it easier to understand the shape of the distribution and to compare groups.


They are also used to:


  	draw cumulative frequency curves

  	estimate the median

  	find quartiles

  	find percentiles




So even though a cumulative frequency table looks simple, it is a very powerful tool in statistics.


[image: 📋]   Summary


A cumulative frequency distribution is a running total of frequencies from a grouped frequency table. In a less-than cumulative frequency table, add frequencies from top to bottom and use upper class values. In a more-than cumulative frequency table, start with the total frequency and subtract as you move down, using lower class values.


If you remember which class values to use and carefully add or subtract, you can construct cumulative frequency distributions correctly and use them to study large sets of grouped data.


  
  Put what you read to the test

  You've worked through Constructing Cumulative Frequency Distributions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1083






  [image: 📝]   Lesson 115: Graphing Cumulative Frequency Curves (Ogives)

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1124




  Graphing Cumulative Frequency Curves (Ogives)


In statistics, large sets of data are often grouped into class intervals such as 0–10, 10–20, 20–30, and so on. A cumulative frequency curve, also called an ogive, helps us see how the data builds up across these intervals.


An ogive shows the running total of the frequencies. Instead of just showing how many values are in each class, it shows how many values are up to a certain point. This makes it useful for understanding the distribution of data and for estimating values like the median, quartiles, and percentiles.


In this lesson, you will learn what cumulative frequency means, how to calculate it from a grouped frequency table, how to choose the correct points to plot, and how to draw and read an ogive.


1. What is cumulative frequency?


Frequency tells us how many data values fall in each class interval.


Cumulative frequency is the total frequency up to and including a class. It is found by adding frequencies as you go down the table.


For example, suppose we have this grouped data:



	Class Interval	Frequency

	0–10	4

	10–20	7

	20–30	5

	30–40	9




The cumulative frequencies are found like this:



	First class: 4

	Second class: 4+7=11

	Third class: 11+5=16

	Fourth class: 16+9=25




So the cumulative frequency column is:



	4

	11

	16

	25




This means:



	4 values are less than the end of the first class,

	11 values are less than the end of the second class,

	16 values are less than the end of the third class,

	25 values are less than the end of the fourth class.




2. What is an ogive?


An ogive is a graph of cumulative frequency against the upper class boundaries.


The graph usually rises from left to right because cumulative frequency keeps increasing or stays the same. It often has a smooth stretched S-shape, although the exact shape depends on the data.


3. Why do we use class boundaries?


When graphing an ogive, we do not usually plot against the class midpoints. We plot against the class boundaries, especially the upper class boundaries.


For whole-number grouped data, boundaries are often halfway between the class limits. For example:



	Class interval 0–9 has boundaries −0.5 and 9.5

	Class interval 10–19 has boundaries 9.5 and 19.5

	Class interval 20–29 has boundaries 19.5 and 29.5




If the intervals are already written continuously, such as 0–10, 10–20, 20–30, then the boundaries are usually just 0,10,20,30, and so on.


Important idea: the cumulative frequency for a class is plotted at the end of that class, because it represents the total number of data values up to that point.


4. Steps for drawing an ogive



	Write the grouped frequency table.

	Find the cumulative frequencies by adding the frequencies one by one.

	Find the upper class boundaries for each class.

	Plot points using:
(upper class boundary, cumulative frequency)


	Include the starting point at the lower boundary of the first class with cumulative frequency 0.

	Join the points with a smooth increasing curve, not a jagged bar graph.




5. The starting point matters


An ogive should begin at the lowest class boundary with cumulative frequency 0. This shows that before the data begins, no values have been counted yet.


For example, if the first class is 0–10, the graph starts at:


(0,0)

If the first class is 10–20, the graph starts at:


(10,0)

Worked Example 1: Making a cumulative frequency table


The table shows the number of hours students studied in a week.



	Hours	Frequency

	0–5	3

	5–10	6

	10–15	8

	15–20	4




Step 1: Find cumulative frequency



	First class: 3

	Second class: 3+6=9

	Third class: 9+8=17

	Fourth class: 17+4=21




So the completed table is:



	Hours	Frequency	Cumulative Frequency

	0–5	3	3

	5–10	6	9

	10–15	8	17

	15–20	4	21




Step 2: List the points to plot


Use the upper class boundaries:



	5 with cumulative frequency 3

	10 with cumulative frequency 9

	15 with cumulative frequency 17

	20 with cumulative frequency 21




Also include the starting point:


(0,0)

So the points are:


(0,0), (5,3), (10,9), (15,17), (20,21)

Step 3: Draw the ogive


Plot these points on graph paper. Put hours on the horizontal axis and cumulative frequency on the vertical axis. Then connect the points with a smooth increasing curve.


Worked Example 2: Using class boundaries with whole-number classes


The table shows test scores.



	Score	Frequency

	10–19	2

	20–29	5

	30–39	9

	40–49	7

	50–59	3




Because these classes use whole numbers, we use class boundaries:



	9.5–19.5

	19.5–29.5

	29.5–39.5

	39.5–49.5

	49.5–59.5




Step 1: Find cumulative frequencies



	2

	2+5=7

	7+9=16

	16+7=23

	23+3=26




Step 2: Plot against upper class boundaries


The upper class boundaries are:


19.5, 29.5, 39.5, 49.5, 59.5

So the plotted points are:


(19.5,2), (29.5,7), (39.5,16), (49.5,23), (59.5,26)

Include the starting point at the lower boundary of the first class:


(9.5,0)

Final set of points:


(9.5,0), (19.5,2), (29.5,7), (39.5,16), (49.5,23), (59.5,26)

After plotting these, join them with a smooth curve.


Worked Example 3: Reading information from an ogive table


A grouped table shows the masses of bags in kilograms.



	Mass (kg)	Frequency

	0–10	4

	10–20	6

	20–30	10

	30–40	8

	40–50	2




Step 1: Find cumulative frequencies



	4

	4+6=10

	10+10=20

	20+8=28

	28+2=30




The total frequency is:


30

Step 2: Plot points for the ogive


(0,0), (10,4), (20,10), (30,20), (40,28), (50,30)

Step 3: Estimate the median from the ogive


The median is the middle value. For 30 data values, the median is at:


302=15

So on the ogive, you would find cumulative frequency 15 on the vertical axis, move across to the curve, and then move down to the horizontal axis.


From the table, cumulative frequency 15 lies between:



	10 at 20 kg

	20 at 30 kg




So the median is somewhere between 20 kg and 30 kg.


Since 15 is halfway between 10 and 20, the estimate is about halfway between 20 and 30:


25 kg

This shows one important use of an ogive: it helps estimate the median and other values from grouped data.


6. How to read an ogive


Once the curve is drawn, you can use it to answer questions.



	To find how many data values are less than a certain value: start on the horizontal axis, move up to the curve, then move across to the vertical axis.

	To estimate a data value for a given cumulative frequency: start on the vertical axis, move across to the curve, then move down to the horizontal axis.




This is why an ogive is so useful: it lets you quickly estimate totals and positions in the data.


7. Common mistakes to avoid



	Using ordinary frequency instead of cumulative frequency. Always add as you go down the table.

	Plotting against class midpoints. For an ogive, use upper class boundaries.

	Forgetting the starting point. Begin at the lower boundary of the first class with cumulative frequency 0.

	Drawing straight bars. An ogive is a smooth curve, not a histogram.

	Using wrong class boundaries. Be careful when intervals are written with whole-number limits like 10–19.




8. Quick check method


After making your cumulative frequency table, do these checks:



	The cumulative frequency numbers should never go down.

	The last cumulative frequency should equal the total frequency.

	The x-values should be class boundaries, usually the upper ones.

	The first plotted y-value should be 0 at the lowest boundary.




Worked Example 4: Full problem from start to finish


The table shows the time, in minutes, students took to finish a quiz.



	Time (min)	Frequency

	0–10	1

	10–20	4

	20–30	7

	30–40	5

	40–50	3




Step 1: Find cumulative frequencies



	1

	1+4=5

	5+7=12

	12+5=17

	17+3=20




The completed table is:



	Time (min)	Frequency	Cumulative Frequency

	0–10	1	1

	10–20	4	5

	20–30	7	12

	30–40	5	17

	40–50	3	20




Step 2: Write the plotting points


Use upper class boundaries:


10, 20, 30, 40, 50

So the points are:


(10,1), (20,5), (30,12), (40,17), (50,20)

Add the starting point:


(0,0)

Step 3: Draw the graph


Plot the points and join them smoothly.


Step 4: Answer a question from the ogive


How many students took less than 35 minutes?


On the graph, start at 35 on the horizontal axis, move up to the curve, and then across to the cumulative frequency axis.


Since 35 is halfway between 30 and 40, and the cumulative frequency rises from 12 to 17, the estimate is about:


14.5

So about 14 or 15 students took less than 35 minutes.


9. When an ogive is especially helpful



	When data is grouped into intervals

	When you want to see how the total builds up

	When estimating the median or quartiles

	When comparing how quickly frequencies accumulate




10. Summary


A cumulative frequency curve, or ogive, is a graph that shows how frequencies add up across class intervals. To draw one, first calculate cumulative frequencies, then plot them against the upper class boundaries, starting with cumulative frequency 0 at the first lower boundary.


The curve should rise from left to right and is usually drawn smoothly. Ogives help you understand the distribution of grouped data and estimate important values such as how many observations are below a given number or where the median is located.


  
  Put what you read to the test

  You've worked through Graphing Cumulative Frequency Curves (Ogives). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1084
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  Determining the Median Graphically


In statistics, the median is the middle value of a data set when the values are arranged in order. It divides the data into two equal parts: half the values are below it and half are above it.


When data is grouped into class intervals, it is often not possible to find the exact middle value just by looking at the table. In this case, we can estimate the median graphically using a cumulative frequency curve, also called an ogive.


This lesson will show you how to find the median from an ogive step by step.


1. What is an ogive?


An ogive is a graph of cumulative frequency against the upper class boundaries of grouped data.


Cumulative frequency means the running total of frequencies. As you move through the classes, you keep adding the frequencies.


For example, if the frequencies are 3, 5, 7, and 4, then the cumulative frequencies are:



	

3



	

3+5=8



	

8+7=15



	

15+4=19






So the cumulative frequencies are 3,8,15,19.


2. Why does the median come from N/2?


If there are N total data values, then the median is the value that has half the data below it. That means we look for the N2-th value.


On an ogive, the vertical axis shows cumulative frequency. So to find the median, we:



	Find the total frequency N.


	Calculate N2.


	Mark N2 on the cumulative frequency axis.


	Draw a horizontal line to the ogive.


	From the point where it meets the curve, draw a vertical line down to the horizontal axis.


	Read the value on the horizontal axis. That value is the median.





This works because the ogive tells us how many data values are less than or equal to each value. The median is the point where half the data has been counted.


3. Steps for determining the median graphically


Use these steps every time:



	Make or read the grouped frequency table.


	Find the cumulative frequencies.


	Plot the ogive using upper class boundaries on the x-axis and cumulative frequencies on the y-axis.


	Find the total frequency, N.


	Calculate N2.


	Locate N2 on the y-axis.


	Draw a horizontal line to meet the curve.


	From that point, drop a perpendicular to the x-axis.


	Read the x-value. This is the estimated median.





4. Important note about estimation


When you find the median from a graph, the answer is usually an estimate. This is because:



	the data is grouped, not exact,


	the curve is drawn by hand or read from a graph,


	the intersection may fall between marked values.





So it is normal for the graph to give an approximate answer.


Worked Example 1: Reading the median from an ogive


A grouped data set has total frequency N=40. An ogive has already been drawn. Find the median graphically.


Step 1: Find N2


N2=402=20

So we need the 20th value.


Step 2: Locate 20 on the y-axis


Find 20 on the cumulative frequency axis.


Step 3: Draw across to the curve


Draw a horizontal line from 20 until it touches the ogive.


Step 4: Drop down to the x-axis


From the meeting point, draw a vertical line down to the x-axis.


Suppose the line meets the x-axis at 27.


Answer: The median is about 27.


Worked Example 2: From a table to the median graphically


The table shows the marks scored by students in a test.



	Marks	Frequency

	0–10	4

	10–20	6

	20–30	10

	30–40	8

	40–50	2




Step 1: Find cumulative frequencies



	Marks	Frequency	Cumulative Frequency

	0–10	4	4

	10–20	6	10

	20–30	10	20

	30–40	8	28

	40–50	2	30




Step 2: Find the total frequency


The total frequency is:


N=30

Step 3: Calculate N2


N2=302=15

So we must find the 15th value on the ogive.


Step 4: Plot the ogive


Plot cumulative frequency against the upper class boundaries:



	(10,4)


	(20,10)


	(30,20)


	(40,28)


	(50,30)





Then join the points with a smooth increasing curve.


Step 5: Read the median from the graph


Locate 15 on the y-axis, draw a horizontal line to the curve, and then drop a vertical line to the x-axis.


Since 15 lies between cumulative frequencies 10 and 20, the median will lie between 20 and 30 marks.


Suppose the graph gives approximately 25.


Answer: The estimated median mark is 25.


Worked Example 3: A larger grouped data set


The table shows the times, in minutes, that students spent reading.



	Time (min)	Frequency

	0–5	3

	5–10	7

	10–15	12

	15–20	9

	20–25	5

	25–30	4




Step 1: Find cumulative frequencies



	Time (min)	Frequency	Cumulative Frequency

	0–5	3	3

	5–10	7	10

	10–15	12	22

	15–20	9	31

	20–25	5	36

	25–30	4	40




Step 2: Find total frequency


N=40

Step 3: Calculate half of the total


N2=402=20

Step 4: Use the graph


On the cumulative frequency axis, mark 20. Draw across to the curve, then down to the time axis.


The 20th value lies in the class interval 10–15, because the cumulative frequency rises from 10 to 22 in that class.


Suppose the graph shows the median as about 14 minutes.


Answer: The estimated median reading time is 14 minutes.


5. How to know if your answer makes sense


After finding the median graphically, check whether your answer is reasonable.



	The median should lie within the range of the data.


	It should be near the middle of the distribution, not at an extreme end.


	It should match the class interval where the N2-th value falls.





For example, if N2=15 and the cumulative frequencies go from 10 to 20 in the class 20–30, then the median must be somewhere between 20 and 30.


6. Common mistakes to avoid



	Using the frequency instead of the cumulative frequency. The graph must use cumulative frequency on the y-axis.


	Forgetting to divide by 2. Always find N2, not just N.


	Reading the wrong axis. Start at N2 on the y-axis, go to the curve, then down to the x-axis.


	Using class intervals instead of boundaries incorrectly. On an ogive, points are usually plotted at the upper class boundaries.


	Expecting an exact whole number every time. Graphical answers are often estimates, such as 24.5 or 13.8.





7. Quick method to remember


You can remember the process like this:


Half total [image: →] across [image: →] curve [image: →] down [image: →] median



	Find half the total frequency


	Go across from the y-axis


	Meet the ogive curve


	Go down to the x-axis


	Read the median value





8. Practice question


The frequency table below shows the heights of plants.



	Height (cm)	Frequency

	0–10	2

	10–20	5

	20–30	9

	30–40	7

	40–50	3




Try these steps:



	Find the cumulative frequencies.


	Find the total frequency.


	Calculate N2.


	Draw or imagine the ogive.


	Use N2 to estimate the median graphically.





Answer check:


The cumulative frequencies are 2,7,16,23,26, so N=26 and:


N2=13

The 13th value lies in the 20–30 class, so the median should be between 20 cm and 30 cm. A graph would give an estimate somewhere in that interval.


[image: 📋]   Summary


To determine the median graphically, use the ogive and the total frequency N. Find N2 on the cumulative frequency axis, draw across to the curve, and then drop a perpendicular to the x-axis. The x-value you read is the estimated median.


This method is especially useful for grouped data, where the exact middle value is not directly shown in the table.


  
  Put what you read to the test

  You've worked through Determining the Median Graphically. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1085






  
    
  [image: 📖]   Chapter 14

  Probability



  [image: 📝]   Lesson 117: Classical Definition of Probability and Sample Spaces
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  Classical Definition of Probability and Sample Spaces


Probability is a way of measuring how likely something is to happen. In everyday life, we use probability when we talk about the chance of rain, winning a game, or drawing a certain card from a deck.


In this lesson, you will learn how to use the classical definition of probability. This method works when all outcomes are equally likely. You will also learn how to describe all possible outcomes using a sample space.


These ideas are important because they help us answer questions like:


  	What is the probability of rolling an even number on a die?

  	What is the probability of drawing a red card from a deck?

  	What is the probability of getting two heads when flipping two coins?




1. What is a sample space?


A sample space is the set of all possible outcomes of an experiment.


An experiment in probability is any action with a result that can be observed, such as tossing a coin, rolling a die, or choosing a card.


We often use the letter S to represent the sample space.


Here are some simple sample spaces:


  	For flipping one coin: S={H,T}

  	For rolling one die: S={1,2,3,4,5,6}

  	For choosing a day of the weekend: S={Saturday,Sunday}




To solve probability questions correctly, you must list the sample space carefully and make sure no possible outcome is missing.


2. Equally likely outcomes


The classical definition of probability only works when each outcome in the sample space is equally likely.


For example:


  	In a fair coin toss, heads and tails are equally likely.

  	In a fair die roll, each number from 1 to 6 is equally likely.

  	In a well-shuffled deck of cards, each card is equally likely to be chosen.




If outcomes are not equally likely, then we cannot use the classical definition directly.


3. Classical definition of probability


When all outcomes are equally likely, the probability of an event is:


P(event)=number of favorable outcomestotal number of possible outcomes

This can also be written as:


P(E)=n(E)n(S)

Here:


  	E means the event

  	n(E) is the number of favorable outcomes

  	n(S) is the total number of outcomes in the sample space




A probability is always between 0 and 1:


  	0 means the event is impossible

  	1 means the event is certain

  	A value between 0 and 1 shows how likely the event is




Probabilities can also be written as fractions, decimals, or percentages.


For example:


  	12=0.5=50%

  	16≈0.167=16.7%




4. How to find probability step by step



  	Identify the experiment.

  	List the sample space S.

  	Identify the event E.

  	Count the favorable outcomes.

  	Count the total outcomes.

  	Use the formula P(E)=n(E)n(S).

  	Simplify the fraction if possible.




Worked Example 1: Rolling one die


Question: What is the probability of rolling a number greater than 4 on a fair six-sided die?


Step 1: Write the sample space.

S={1,2,3,4,5,6}


Step 2: Find the favorable outcomes.

Numbers greater than 4 are 5 and 6.

So the event is E={5,6}.


Step 3: Count outcomes.


  	Number of favorable outcomes: n(E)=2

  	Total number of outcomes: n(S)=6




Step 4: Apply the formula.


P(E)=26=13

Answer: The probability is 13.


Worked Example 2: Choosing a card


Question: A card is chosen from a standard deck of 52 cards. What is the probability of drawing a heart?


Step 1: Understand the sample space.

A standard deck has 52 cards in total.


Step 2: Count favorable outcomes.

There are 13 hearts in the deck.


Step 3: Use the formula.


P(heart)=1352=14

Answer: The probability of drawing a heart is 14.


5. Listing sample spaces for more than one action


Sometimes an experiment has more than one step, such as flipping two coins or rolling two dice. In these cases, the sample space must include every possible combination.


Two coin tosses


If you toss two coins, the sample space is:


S={HH,HT,TH,TT}

Notice that HT and TH are different outcomes because the order matters. The first letter shows the first coin, and the second letter shows the second coin.


Two dice rolls


If two dice are rolled, each outcome is written as an ordered pair:


(1,1),(1,2),(1,3),…,(6,6)

There are:


6×6=36

possible outcomes in the sample space.


Worked Example 3: Flipping two coins


Question: What is the probability of getting exactly one head when two fair coins are tossed?


Step 1: List the sample space.


S={HH,HT,TH,TT}

Step 2: Identify the favorable outcomes.

Exactly one head happens in:


E={HT,TH}

Step 3: Count outcomes.


  	n(E)=2

  	n(S)=4




Step 4: Apply the formula.


P(E)=24=12

Answer: The probability of getting exactly one head is 12.


6. Events and favorable outcomes


An event is a set of outcomes from the sample space.


For example, when rolling one die:


  	The event “roll an even number” is {2,4,6}

  	The event “roll a number less than 3” is {1,2}

  	The event “roll a 7” is {}, which is impossible




The favorable outcomes are simply the outcomes in the event you want.


7. Probability of compound events using the sample space


A compound event involves more than one action or more than one condition.


Examples:


  	Rolling two dice and finding the sum

  	Flipping two coins and checking how many heads appear

  	Choosing a card and asking whether it is red and a face card




When solving these, the safest method is to list the sample space carefully, then count the favorable outcomes.


Worked Example 4: Rolling two dice


Question: Two fair dice are rolled. What is the probability that the sum is 8?


Step 1: Total outcomes.

Each die has 6 possible outcomes, so the sample space has:


6×6=36

total outcomes.


Step 2: Find the favorable outcomes.

The pairs that give a sum of 8 are:


(2,6),(3,5),(4,4),(5,3),(6,2)

There are 5 favorable outcomes.


Step 3: Apply the formula.


P(sum of 8)=536

Answer: The probability is 536.


8. Important ideas to remember



  	The classical definition of probability only works when outcomes are equally likely.

  	A sample space must include all possible outcomes.

  	Favorable outcomes are the outcomes that match the event.

  	Use:




P(E)=n(E)n(S)

Make sure you count carefully. Many mistakes happen because students forget outcomes or count them incorrectly.


9. Common mistakes



  	Forgetting outcomes: For two coin tosses, writing only {HH,HT,TT} and forgetting TH.

  	Not treating order correctly: In two dice rolls, (2,5) and (5,2) are different outcomes.

  	Using the formula when outcomes are not equally likely: The classical rule needs fairness or equal chance.

  	Counting favorable outcomes incorrectly: Read the event carefully before counting.




10. Quick check


Try these on your own:


  	What is the probability of drawing a black card from a standard deck?

  	What is the probability of getting tails when flipping one fair coin?

  	Two coins are tossed. What is the probability of getting at least one head?




Answers:


  	Black cards: 2652=12

  	Tails: 12

  	At least one head: favorable outcomes are HH,HT,TH, so 34




[image: 📋]   Summary


A sample space is the full set of possible outcomes in a probability experiment. An event is a group of outcomes you are interested in.


When all outcomes are equally likely, the classical definition of probability is:


P(E)=number of favorable outcomestotal number of possible outcomes

To solve probability questions well, always list the sample space carefully, identify the favorable outcomes, and count accurately.


  
  Put what you read to the test

  You've worked through Classical Definition of Probability and Sample Spaces. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1086
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  Complementary, Certain, and Impossible Events are important ideas in probability. They help us understand what can happen, what cannot happen, and how to work with the opposite of an event.


In probability, every event has a value between 0 and 1.


0≤P(event)≤1

A probability of 0 means the event cannot happen. A probability of 1 means the event must happen. Probabilities in between 0 and 1 describe events that may happen.


These ideas are useful because sometimes it is easier to find the probability that something does not happen, and then use that to find the answer we want.


1. The probability scale



  	Impossible event: an event that has probability 0.

  	Certain event: an event that has probability 1.

  	Possible event: an event with probability between 0 and 1.




For example, when rolling a standard 6-sided die:



  	Getting a 7 is impossible, so P(7)=0.

  	Getting a number less than 7 is certain, so P(number<7)=1.

  	Getting an even number is possible, and its probability is between 0 and 1.




2. What is a complementary event?


The complement of an event is the event not happening. If event A happens, then its complement, written as A′ or not A, does not happen.


For example:


  	If A is “rolling an even number,” then A′ is “not rolling an even number,” which means rolling an odd number.

  	If A is “choosing a red card,” then A′ is “not choosing a red card.”




An event and its complement cover all possible outcomes. One of them must happen, and they cannot both happen at the same time.


Because of this, their probabilities add to 1:


P(A)+P(A′)=1

This is called the complement rule.


We can rearrange it in two helpful ways:


P(A′)=1−P(A)

P(A)=1−P(A′)

3. Why the complement rule is helpful


Sometimes finding the probability of an event directly is difficult. But finding the probability of its complement is easier.


For example, suppose you want the probability of getting at least one head when tossing a coin several times. Counting all the ways to get at least one head can be messy. But the complement is simple: no heads, which means all tails.


Then you can use:


P(at least one head)=1−P(no heads)

This saves time and reduces mistakes.


4. Certain and impossible events in sample spaces


A sample space is the set of all possible outcomes.


For one roll of a die, the sample space is:


{1,2,3,4,5,6}

A certain event includes every outcome in the sample space. An impossible event includes none of the outcomes in the sample space.


Example with a die:


  	Certain event: “rolling a number from 1 to 6”

  	Impossible event: “rolling a 0”




This connects directly to probability:


  	If an event has no outcomes, its probability is 0.

  	If an event has all outcomes, its probability is 1.




5. Worked Examples


Example 1: Identifying certain and impossible events


A bag contains blue, green, and yellow counters only. You pick one counter at random.


Find the probability of each event:


  	Picking a blue, green, or yellow counter

  	Picking a red counter




Solution


The bag only has blue, green, and yellow counters.



  	Picking blue, green, or yellow must happen, so this is a certain event.




P(blue, green, or yellow)=1


  	Picking red cannot happen, so this is an impossible event.




P(red)=0

Example 2: Finding a complement


A fair die is rolled once. Let A be the event “roll a number greater than 4.”


Find:


  	P(A)

  	P(A′)




Solution


The numbers greater than 4 are 5 and 6, so there are 2 favorable outcomes out of 6.


P(A)=26=13

The complement A′ means “not greater than 4,” so the outcomes are 1, 2, 3, and 4.


P(A′)=46=23

We can also check using the complement rule:


P(A′)=1−P(A)=1−13=23

Example 3: Using the complement rule to solve a problem


A card is chosen at random from a standard deck of 52 cards. What is the probability that the card is not a heart?


Solution


There are 13 hearts in a deck of 52 cards.


P(heart)=1352=14

The event “not a heart” is the complement of “heart.”


P(not a heart)=1−P(heart)

P(not a heart)=1−14=34

So the probability is:


34

Example 4: A more challenging complement problem


A coin is tossed 3 times. What is the probability of getting at least one head?


Solution


The phrase “at least one head” means 1 head, 2 heads, or 3 heads. Instead of listing all of those outcomes, use the complement.


The complement of “at least one head” is “no heads,” which means all tails.


For one fair coin toss:


P(T)=12

For 3 tails in a row:


P(no heads)=P(TTT)=12×12×12=18

Now use the complement rule:


P(at least one head)=1−P(no heads)

P(at least one head)=1−18=78

So the probability of getting at least one head is:


78

6. Common mistakes to avoid



  	Forgetting that probabilities must be between 0 and 1. A probability cannot be negative or greater than 1.

  	Mixing up an event and its complement. If A is “getting a multiple of 3,” then A′ is “not getting a multiple of 3,” not just one specific outcome.

  	Not recognizing certain or impossible events. Always compare the event to the full sample space.

  	Forgetting to subtract from 1. When using complements, the final step is often 1−P(complement).




7. Key ideas to remember



  	Every probability is between 0 and 1.

  	An impossible event has probability 0.

  	A certain event has probability 1.

  	The complement of an event means the event does not happen.

  	An event and its complement add to 1:




P(A)+P(A′)=1

This rule is especially useful when the complement is easier to calculate than the original event.


Brief Summary


In probability, values always stay between 0 and 1. An impossible event has probability 0, and a certain event has probability 1. The complement of an event is the event not happening, and the probabilities of an event and its complement always add to 1. Using complements is a smart way to solve many probability problems more quickly.


  
  Put what you read to the test

  You've worked through Complementary, Certain, and Impossible Events. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1087
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  Probability in Coin Tossing Experiments


Probability helps us measure how likely something is to happen. In coin tossing experiments, probability is based on the idea that each possible outcome is equally likely when the coin is fair.


In this lesson, you will learn how to list outcomes, build sample spaces, use tree diagrams, and find the probability of events when two or three coins are tossed.


1. What is probability?


Probability is a number between 0 and 1 that tells how likely an event is.



  	
    
      Impossible event: probability = 0
    

  

  	
    
      Certain event: probability = 1
    

  

  	
    
      Events in between: probability is between 0 and 1
    

  




For equally likely outcomes, we use the formula


P(event)=number of favorable outcomestotal number of possible outcomes


For a single fair coin toss, the sample space is:


{H,T}


Here, H means heads and T means tails.


Since there are 2 equally likely outcomes,


P(H)=12,P(T)=12


2. Sample space for tossing two coins


When two coins are tossed, we look at the outcome of the first coin and the second coin together.


The sample space is:


{HH,HT,TH,TT}


Each letter shows the result of one coin. For example:



  	
    HH: both coins show heads
  


  	
    HT: first coin is heads, second coin is tails
  


  	
    TH: first coin is tails, second coin is heads
  


  	
    TT: both coins show tails
  





There are 4 equally likely outcomes, so each outcome has probability


14


3. Using a tree diagram for two coins


A tree diagram helps organize all possible outcomes step by step.


Start with the first coin. It can be H or T. From each of those, the second coin can also be H or T.


This gives:



  	First coin H, then second coin H gives HH


  	First coin H, then second coin T gives HT


  	First coin T, then second coin H gives TH


  	First coin T, then second coin T gives TT





A tree diagram is useful because it makes sure you do not miss any outcomes.


4. Finding probabilities with two coins


Once the sample space is listed, count the outcomes that match the event.


For example, the event “exactly one head” means one head and one tail. The outcomes are:


{HT,TH}


So the probability is


P(exactly one head)=24=12


Worked Example 1


Question: Two fair coins are tossed. What is the probability of getting both heads?


Step 1: Write the sample space.


{HH,HT,TH,TT}


Step 2: Find the favorable outcomes.


“Both heads” means only HH.


Step 3: Use the probability formula.


P(both heads)=14


Answer: The probability is 14.


Worked Example 2


Question: Two fair coins are tossed. What is the probability of getting at least one tail?


Step 1: Write the sample space.


{HH,HT,TH,TT}


Step 2: Find the outcomes with at least one tail.


These are:


{HT,TH,TT}


Step 3: Count and calculate.


There are 3 favorable outcomes out of 4 total outcomes.


P(at least one tail)=34


Answer: The probability is 34.


5. Sample space for tossing three coins


Now let us extend the idea to three coins.


Each coin has 2 possible outcomes, so the total number of outcomes is


2×2×2=8


The sample space is:


{HHH,HHT,HTH,HTT,THH,THT,TTH,TTT}


Each outcome is equally likely, so each has probability


18


6. Using a tree diagram for three coins


For three coins, the tree has three stages:



  	First coin: H or T


  	Second coin: H or T from each branch


  	Third coin: H or T from each new branch





Following all branches gives 8 final outcomes. A tree diagram is especially helpful for three coins because the sample space is larger and easier to mix up.


7. Events involving number of heads


In coin tossing, many questions ask about the number of heads.


For three coins:



  	
    0 heads: TTT
  


  	
    1 head: HTT,THT,TTH
  


  	
    2 heads: HHT,HTH,THH
  


  	
    3 heads: HHH
  





This grouping helps you answer questions quickly.


Worked Example 3


Question: Three fair coins are tossed. What is the probability of getting exactly two heads?


Step 1: Write the sample space.


{HHH,HHT,HTH,HTT,THH,THT,TTH,TTT}


Step 2: Find the outcomes with exactly two heads.


These are:


{HHT,HTH,THH}


Step 3: Calculate the probability.


P(exactly two heads)=38


Answer: The probability is 38.


Worked Example 4


Question: Three fair coins are tossed. What is the probability of getting at least two heads?


Step 1: Understand “at least two heads.”


This means either exactly two heads or exactly three heads.


Step 2: List the favorable outcomes.


Exactly two heads: HHT,HTH,THH


Exactly three heads: HHH


So the favorable outcomes are:


{HHT,HTH,THH,HHH}


Step 3: Calculate the probability.


P(at least two heads)=48=12


Answer: The probability is 12.


8. Important words in probability questions


Some words appear often in coin toss questions. Make sure you know what they mean.



  	Exactly means the precise number only.


  	At least means that number or more.


  	At most means that number or less.


  	Both means the two coins show the same stated result.


  	All means every coin shows the stated result.





For example, with three coins:



  	Exactly one head: only 1 head


  	At least one head: 1, 2, or 3 heads


  	At most one head: 0 or 1 head





9. Common mistakes to avoid



  	Forgetting outcomes: Always list the full sample space or use a tree diagram.


  	Mixing up HT and TH: These are different outcomes because the order matters.


  	Misreading words: “Exactly two” is not the same as “at least two.”


  	Using the wrong total: Two coins have 4 outcomes, and three coins have 8 outcomes.





10. Quick method to count total outcomes


Each coin has 2 possible outcomes. If you toss:



  	1 coin: 2 outcomes


  	2 coins: 22=4 outcomes


  	3 coins: 23=8 outcomes





So for coin tossing, the total number of outcomes is found by multiplying 2 for each coin tossed.


11. Summary


In coin tossing experiments, probability is found by comparing favorable outcomes to total possible outcomes. For two coins, there are 4 equally likely outcomes, and for three coins, there are 8 equally likely outcomes.


Tree diagrams and sample spaces help you organize outcomes clearly. Once you list all possible results, you can answer questions about events such as exactly one head, both tails, or at least two heads.


The key is to work carefully, count accurately, and pay attention to words like exactly, at least, and at most.


  
  Put what you read to the test

  You've worked through Probability in Coin Tossing Experiments. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1088
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  Probability in Dice Rolling Experiments


Probability helps us measure how likely something is to happen. In dice rolling experiments, probability is based on counting outcomes carefully and comparing the number of outcomes we want to the total number of possible outcomes.


In this lesson, you will learn how to work with one die and two dice, how to list the sample space, and how to find probabilities for sums, doubles, and other conditions such as “greater than” or “less than.”


1. Basic idea of probability


For an experiment with equally likely outcomes, probability is found using the classical formula:


P(event)=number of favorable outcomestotal number of possible outcomes

A standard die has 6 faces labeled 1 through 6. If the die is fair, each result is equally likely.


So, when rolling one die:



  	The sample space is {1,2,3,4,5,6}.

  	There are 6 possible outcomes.




For example, the probability of rolling a 4 is:


P(4)=16

The probability of rolling an even number is:


P(even)=36=12

because the even outcomes are 2,4,6.


2. Rolling two dice


When two dice are rolled, each die can show 6 possible numbers. To count the total number of outcomes, multiply:


6×6=36

So, there are 36 equally likely outcomes when rolling two fair dice.


Each outcome can be written as an ordered pair:


(first die,second die)

For example, (2,5) means the first die shows 2 and the second die shows 5.


Notice that (2,5) and (5,2) are different outcomes, because the dice are being tracked separately.


3. The 36-outcome sample space


Here is the full sample space for rolling two dice:



  	First die = 1: (1,1),(1,2),(1,3),(1,4),(1,5),(1,6)

  	First die = 2: (2,1),(2,2),(2,3),(2,4),(2,5),(2,6)

  	First die = 3: (3,1),(3,2),(3,3),(3,4),(3,5),(3,6)

  	First die = 4: (4,1),(4,2),(4,3),(4,4),(4,5),(4,6)

  	First die = 5: (5,1),(5,2),(5,3),(5,4),(5,5),(5,6)

  	First die = 6: (6,1),(6,2),(6,3),(6,4),(6,5),(6,6)




You can also imagine this as a 6 by 6 grid. This grid is very useful for finding probabilities of sums, doubles, and comparisons.


4. Finding probabilities with two dice


For two-dice experiments, the probability formula becomes:


P(event)=number of ordered pairs that satisfy the event36

The most important step is to count favorable outcomes correctly.


5. Probabilities of sums


The smallest possible sum is:


1+1=2

and the largest possible sum is:


6+6=12

But not all sums are equally likely. Some sums can be made in more ways than others.


Here are the possible sums and how many outcomes give each sum:



  	Sum 2: 1 way

  	Sum 3: 2 ways

  	Sum 4: 3 ways

  	Sum 5: 4 ways

  	Sum 6: 5 ways

  	Sum 7: 6 ways

  	Sum 8: 5 ways

  	Sum 9: 4 ways

  	Sum 10: 3 ways

  	Sum 11: 2 ways

  	Sum 12: 1 way




This pattern rises to 7 and then falls. That is why 7 is the most likely sum.


6. Probabilities of doubles


A double happens when both dice show the same number.


The doubles are:


(1,1),(2,2),(3,3),(4,4),(5,5),(6,6)

There are 6 doubles out of 36 total outcomes, so:


P(double)=636=16

7. Probabilities involving inequalities


Sometimes the event involves a comparison, such as:



  	the sum is greater than 9

  	the first die is less than the second die

  	the sum is at most 5




For these questions, it helps to list outcomes carefully or use the 6 by 6 grid.


Words like these are important:



  	greater than 9 means >9, so possible sums are 10, 11, 12

  	less than 9 means <9

  	at most 5 means ≤5

  	at least 5 means ≥5




Worked Example 1: Probability of a specific sum


Question: Two fair dice are rolled. What is the probability that the sum is 8?


Step 1: List the outcomes that give a sum of 8.


(2,6),(3,5),(4,4),(5,3),(6,2)

There are 5 favorable outcomes.


Step 2: Divide by the total number of outcomes.


P(sum 8)=536

Answer: The probability is 536.


Worked Example 2: Probability of doubles


Question: Two fair dice are rolled. What is the probability of getting a double?


Step 1: List the doubles.


(1,1),(2,2),(3,3),(4,4),(5,5),(6,6)

There are 6 favorable outcomes.


Step 2: Divide by 36.


P(double)=636=16

Answer: The probability is 16.


Worked Example 3: Probability with an inequality


Question: Two fair dice are rolled. What is the probability that the sum is greater than 9?


Step 1: “Greater than 9” means the sum can be 10, 11, or 12.


Step 2: Count outcomes for each sum.



  	Sum 10: (4,6),(5,5),(6,4) [image: →] 3 outcomes

  	Sum 11: (5,6),(6,5) [image: →] 2 outcomes

  	Sum 12: (6,6) [image: →] 1 outcome




Total favorable outcomes:


3+2+1=6

Step 3: Divide by 36.


P(sum >9)=636=16

Answer: The probability is 16.


Worked Example 4: Comparing the two dice


Question: Two fair dice are rolled. What is the probability that the first die shows a number less than the second die?


Step 1: Count all outcomes where the first number is smaller than the second.


These are:



  	Starting with 1: (1,2),(1,3),(1,4),(1,5),(1,6) [image: →] 5 outcomes

  	Starting with 2: (2,3),(2,4),(2,5),(2,6) [image: →] 4 outcomes

  	Starting with 3: (3,4),(3,5),(3,6) [image: →] 3 outcomes

  	Starting with 4: (4,5),(4,6) [image: →] 2 outcomes

  	Starting with 5: (5,6) [image: →] 1 outcome




Total favorable outcomes:


5+4+3+2+1=15

Step 2: Divide by 36.


P(first die<second die)=1536=512

Answer: The probability is 512.


8. Useful strategies for dice probability



  	Find the total number of outcomes first. For two dice, this is 36.

  	Decide exactly what the event means. For example, “sum greater than 8” means 9, 10, 11, or 12.

  	List outcomes carefully. This helps avoid missing possibilities.

  	Remember ordered pairs. (2,5) and (5,2) count as different outcomes.

  	Simplify your fraction if possible.




9. Common mistakes to avoid



  	Thinking all sums are equally likely. They are not. For example, a sum of 7 is more likely than a sum of 2.

  	Forgetting order matters in the sample space. (1,6) and (6,1) are two different outcomes.

  	Using the wrong total. For two dice, the total number of outcomes is 36, not 12.

  	Missing outcomes when listing them. Work systematically.




10. Quick practice ideas


Try these on your own:



  	What is the probability of a sum of 6?

  	What is the probability of a sum less than 5?

  	What is the probability of not getting a double?

  	What is the probability that the second die is greater than 4?




11. Lesson summary


In dice probability, you compare the number of favorable outcomes to the total number of possible outcomes. For one die, there are 6 outcomes. For two dice, there are 36 ordered outcomes.


To solve problems, list the sample space or count outcomes carefully. This is especially important for sums, doubles, and inequality questions. Once you know how many outcomes satisfy the event, use


P(event)=favorable outcomes36

for two dice.


With practice, you will get faster at recognizing patterns such as the number of ways to make each sum and the 6 possible doubles.


  
  Put what you read to the test

  You've worked through Probability in Dice Rolling Experiments. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1089
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  Probability in Standard Deck Playing Cards


Probability helps us measure how likely something is to happen. A standard deck of playing cards is a great way to study probability because the deck has a fixed number of cards and clear groups, such as suits, colors, and ranks.


In this lesson, you will learn how to find the probability of drawing certain cards from a well-shuffled 52-card deck. You will also learn how to work with events involving suits, colors, face cards, and number cards.


1. The Standard Deck


A standard deck has 52 cards. It is made of:


  	4 suits: hearts, diamonds, clubs, spades

  	2 colors: red and black

  	13 ranks in each suit: Ace, 2, 3, 4, 5, 6, 7, 8, 9, 10, Jack, Queen, King




The red suits are hearts and diamonds. The black suits are clubs and spades.


Since there are 4 suits and 13 cards in each suit, the total number of cards is:

4×13=52


2. Basic Probability Formula


For equally likely outcomes, probability is found using:

P(event)=number of favorable outcomestotal number of possible outcomes


When drawing one card from a full deck, the total number of possible outcomes is usually 52.


3. Important Card Counts to Know


These facts are very helpful when solving card probability problems:


  	Cards in one suit: 13

  	Red cards: 26

  	Black cards: 26

  	Face cards (Jack, Queen, King): 12

  	Aces: 4

  	Kings: 4

  	Queens: 4

  	Jacks: 4

  	Cards of any specific rank: 4




Why are there 12 face cards? There are 3 face cards in each suit:

4×3=12


4. Probability of Drawing One Card


If you want the probability of drawing one specific type of card, count how many cards match that description and divide by 52.


For example:


  	Probability of drawing a heart: 1352=14

  	Probability of drawing a red card: 2652=12

  	Probability of drawing a queen: 452=113




5. Probability of “Or” Events


Sometimes an event can happen in more than one way. For example, you may want the probability of drawing a heart or a king.


When using “or,” be careful not to count a card twice. If one card belongs to both groups, subtract it once.


The formula is:

P(A or B)=P(A)+P(B)−P(A and B)


For cards, this often means:


  	Count cards in group A

  	Count cards in group B

  	Subtract any overlap




6. Probability of “And” Events in One Draw


In one draw, “and” usually means one card must satisfy two conditions at the same time.


For example, a card can be red and a queen. The cards that match are the queen of hearts and the queen of diamonds, so there are 2 such cards.


Then:

P(red and queen)=252=126


7. Complement Rule


Sometimes it is easier to find the probability that an event does not happen first.


The complement rule is:

P(not A)=1−P(A)


For example, instead of counting the probability of drawing a card that is not a face card, you can do:

P(not face card)=1−P(face card)=1−1252=4052=1013


8. Worked Examples


Example 1: Probability of drawing a spade

Question: What is the probability of drawing a spade from a standard deck?

Step 1: Count favorable outcomes. There are 13 spades.

Step 2: Count total outcomes. There are 52 cards in the deck.

Step 3: Use the formula.

P(spade)=1352=14

Answer: The probability is 14.


Example 2: Probability of drawing a face card

Question: What is the probability of drawing a face card?

Step 1: Face cards are Jack, Queen, and King.

Step 2: There are 3 face cards in each of the 4 suits.

3×4=12

Step 3: Write the probability.

P(face card)=1252=313

Answer: The probability is 313.


Example 3: Probability of drawing a red king

Question: What is the probability of drawing a card that is red and a king?

Step 1: Red suits are hearts and diamonds.

Step 2: The red kings are the king of hearts and the king of diamonds.

So there are 2 favorable cards.

Step 3: Use the probability formula.

P(red king)=252=126

Answer: The probability is 126.


Example 4: Probability of drawing a club or an ace

Question: What is the probability of drawing a club or an ace?

Step 1: Count clubs. There are 13 clubs.

Step 2: Count aces. There are 4 aces.

Step 3: Find overlap. The ace of clubs was counted in both groups, so subtract 1.

Step 4: Count total favorable outcomes.

13+4−1=16

Step 5: Write the probability.

P(club or ace)=1652=413

Answer: The probability is 413.


9. How to Approach Card Probability Questions


When solving a card probability problem, follow these steps:


  	Identify the total number of possible outcomes.

  	Count how many cards match the event.

  	Check whether the event uses and or or.

  	If needed, subtract overlap so cards are not counted twice.

  	Simplify the fraction if possible.




10. Common Mistakes to Avoid


  	Forgetting the deck has 52 cards when drawing one card.

  	Mixing up suits and colors. A suit is hearts, diamonds, clubs, or spades. A color is red or black.

  	Counting overlap twice in “or” problems.

  	Using the wrong number of face cards. There are 12 face cards, not 16.

  	Not simplifying fractions when possible.




11. Quick Practice Ideas


  	What is the probability of drawing a diamond?

  	What is the probability of drawing a black card?

  	What is the probability of drawing a jack or a heart?

  	What is the probability of drawing a card that is not red?




12. Summary


A standard deck has 52 cards split into 4 suits and 2 colors. To find probability, divide the number of favorable outcomes by 52 when drawing one card.


For card problems, it is important to know common card counts, such as 13 cards in each suit, 26 red cards, and 12 face cards. For “or” events, subtract overlap. For “and” events in one draw, count cards that meet both conditions at the same time.


With these ideas, you can calculate the probability of drawing cards based on suit, color, rank, or combinations of these features.


  
  Put what you read to the test

  You've worked through Probability in Standard Deck Playing Cards. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1090
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  Geometric Probability Models use shapes and area to find the chance that a randomly chosen point lands in a certain region.


Instead of counting outcomes like cards or dice, we compare areas. If a point is equally likely to land anywhere in a figure, then the probability it lands in a shaded part is the fraction of the total area that is shaded.


The main idea is:


P(shaded region)=area of shaded regionarea of whole region


This works only when every point in the larger figure is equally likely to be chosen.


When do we use geometric probability?


  	When a point is chosen at random inside a rectangle, circle, triangle, or other figure

  	When a dart lands randomly on a board

  	When an object lands somewhere along a line segment or inside a region




Main Teaching Point 1: Probability as a ratio of areas


In classical probability, we often use:

P(event)=favorable outcomestotal outcomes


In geometric probability, the “outcomes” are locations in a figure. Since there are infinitely many points, we cannot count them one by one. Instead, we use length or area.


For 2-dimensional figures, we usually use area:

P=favorable areatotal area


If the figure is a line segment, we use length:

P=favorable lengthtotal length


Main Teaching Point 2: The regions must match the same unit


When finding probability, both the numerator and denominator must be measured in the same way.


  	Use area over area

  	Use length over length




Do not mix area with perimeter, or length with area.


Main Teaching Point 3: Useful area formulas


You will often need these formulas:


  	Rectangle: A=lw

  	Square: A=s2

  	Triangle: A=12bh

  	Circle: A=πr2




Sometimes the shaded region is found by subtraction:

shaded area=whole area−unshaded area


Main Teaching Point 4: Steps for solving geometric probability problems


  	Identify the whole region.

  	Identify the desired region (usually shaded or described in the problem).

  	Find both areas using the correct formulas.

  	Write the probability as a fraction:




P=desired areatotal area


5. Simplify the fraction or convert to a decimal or percent if needed.


Worked Example 1: Simple rectangle


A rectangle has length 10 units and width 6 units. Inside it, a shaded rectangle has length 4 units and width 3 units. A point is chosen at random from the large rectangle. What is the probability that the point lands in the shaded rectangle?


Step 1: Find the area of the whole rectangle.

Awhole=10⋅6=60


Step 2: Find the area of the shaded rectangle.

Ashaded=4⋅3=12


Step 3: Form the probability ratio.

P=1260=15


Answer: The probability is 15, or 0.2, or 20%.


Worked Example 2: Circle inside a square


A square has side length 8 cm. Inside the square is a circle of radius 4 cm that just fits inside the square. A point is chosen at random inside the square. What is the probability that the point lands inside the circle?


Step 1: Find the area of the square.

Asquare=82=64


Step 2: Find the area of the circle.

Acircle=π(4)2=16π


Step 3: Write the probability.

P=16π64=π4


Using a decimal:

π4≈0.785


Answer: The probability is π4, or about 0.785, which is about 78.5%.


Worked Example 3: Shaded region found by subtraction


A large circle has radius 10 units. Inside it is a smaller unshaded circle with radius 6 units. A point is chosen at random inside the large circle. What is the probability that the point lands in the shaded ring between the two circles?


Step 1: Find the area of the large circle.

Alarge=π(10)2=100π


Step 2: Find the area of the small circle.

Asmall=π(6)2=36π


Step 3: Find the shaded area.

Ashaded=100π−36π=64π


Step 4: Find the probability.

P=64π100π=1625


Answer: The probability is 1625, or 0.64, or 64%.


Worked Example 4: Probability in a triangle


A triangle has base 12 units and height 10 units. Inside it, a shaded triangle has base 6 units and height 4 units. A point is chosen at random inside the large triangle. What is the probability that the point lands in the shaded triangle?


Step 1: Find the area of the large triangle.

Alarge=12(12)(10)=60


Step 2: Find the area of the shaded triangle.

Ashaded=12(6)(4)=12


Step 3: Find the probability.

P=1260=15


Answer: The probability is 15, or 20%.


Common Mistakes to Avoid


  	Using side lengths instead of area: In 2D figures, probability usually depends on area, not just one measurement.

  	Forgetting subtraction: If the shaded region is the part left over, subtract the inner area from the outer area.

  	Using the wrong formula: Make sure you know whether the figure is a rectangle, triangle, or circle.

  	Not simplifying: Reduce fractions when possible.




Quick Check Questions


  	A square has side length 5. A shaded rectangle inside it has area 10. What is the probability a random point lands in the shaded region?

  	A circle of radius 3 is inside a square of side length 6. What is the probability a random point in the square lands in the circle?

  	A large rectangle has area 40. A small unshaded rectangle inside it has area 8. What is the probability a random point lands in the shaded part?




Answers to Quick Check


  	Square area: 52=25. Probability: 1025=25.

  	Circle area: π(3)2=9π. Square area: 62=36. Probability: 9π36=π4.

  	Shaded area: 40−8=32. Probability: 3240=45.




[image: 📋]   Summary


Geometric probability is used when outcomes are points in a figure instead of countable objects. If every point in the larger region is equally likely, then the probability of landing in a certain part is the area of that part divided by the total area.


Always identify the whole figure, find the desired region, calculate the areas carefully, and then write the probability as a ratio. With practice, these problems become a straightforward use of area formulas and fractions.


  
  Put what you read to the test

  You've worked through Geometric Probability Models. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1091






  [image: 📝]   Lesson 123: Expected Value and Game Fairness

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1132




  Expected Value and Game Fairness


When people play games of chance, they often ask, “Is this game fair?” A game may look fair because everyone follows the same rules, but in mathematics, fairness has a more specific meaning.


To decide whether a game is fair, we use a probability idea called expected value. Expected value helps us measure the average result a player can expect over many plays of the game.


This lesson will show you how to calculate expected value and how to use it to decide whether a game gives an equal advantage to the players.


1. What is expected value?


The expected value of a game is the average amount of money won or lost per play if the game is repeated many times.


It does not mean you will get that exact amount in one play. Instead, it tells you what tends to happen in the long run.


To find expected value, multiply each possible outcome by its probability, then add the results.


E=∑(outcome×probability)

If there are only a few outcomes, you can write it as:


E=x1P(x1)+x2P(x2)+x3P(x3)+⋯

Here:


  	Outcome means the amount won or lost.

  	Probability means the chance that outcome happens.




2. Positive and negative values


When working with games, money won is written as a positive number, and money lost is written as a negative number.


For example:


  	Winning $5 is written as +5.

  	Losing $2 is written as −2.




This is important because expected value depends on both gains and losses.


3. What makes a game fair?


A game is called fair if the expected value is 0. That means, on average, a player neither gains nor loses money over many plays.


A game is:


  	Fair if expected value =0

  	Favorable to the player if expected value >0

  	Favorable to the organizer if expected value <0




So, to test fairness, we calculate the expected value from the player’s point of view.


4. Steps for solving expected value problems



  	List all possible outcomes.

  	Find the probability of each outcome.

  	Write each money result as positive or negative.

  	Multiply each outcome by its probability.

  	Add the products.

  	Use the result to decide if the game is fair.




Worked Example 1: A simple spinner game


A spinner has 4 equal sections. If it lands on red, a player wins $8. If it lands on any other color, the player loses $2. Is the game fair?


Step 1: Identify the outcomes.


  	Win $8 with probability 14

  	Lose $2 with probability 34




Step 2: Use the expected value formula.


E=8(14)+(−2)(34)

E=2+(−64)

E=2−1.5=0.5

The expected value is $0.50.


Conclusion: The game is not fair. It is favorable to the player because the player gains an average of 50 cents per play.


Worked Example 2: A die game with an entry fee


A player pays $3 to roll a fair six-sided die.


  	If the player rolls a 6, they receive $10.

  	If the player rolls 1 through 5, they receive nothing.




Is the game fair?


The player first pays $3, so we must look at the net result.



  	If the player rolls a 6, they receive $10 but paid $3, so net gain is +7.

  	If the player rolls 1 through 5, they receive $0 but paid $3, so net result is −3.




The probabilities are:


  	Rolling a 6: 16

  	Rolling 1 through 5: 56




Now calculate expected value:


E=7(16)+(−3)(56)

E=76−156

E=−86=−43

So the expected value is −$1.33 approximately.


Conclusion: The game is not fair. It is favorable to the organizer, because the player loses about $1.33 on average per play.


5. Fair price and fair entry fee


Sometimes a question asks what entry fee would make a game fair. In that case, we set the expected value equal to 0 and solve.


Worked Example 3: Finding a fair entry fee


A bag contains 5 marbles: 1 gold marble and 4 blue marbles. A player draws one marble at random.


  	If the player draws the gold marble, they win $12.

  	If the player draws a blue marble, they win nothing.




What entry fee would make the game fair?


Let the entry fee be x dollars.


Then the player’s net result is:


  	Gold marble: 12−x

  	Blue marble: −x




The probabilities are:


  	Gold marble: 15

  	Blue marble: 45




For a fair game, expected value must equal 0:


(12−x)(15)+(−x)(45)=0

Multiply through by 5:


12−x−4x=0

12−5x=0

5x=12

x=2.4

The fair entry fee is $2.40.


If the organizer charges more than $2.40, the game favors the organizer. If the organizer charges less than $2.40, the game favors the player.


6. Expected value in words


It can help to describe expected value in everyday language:


  	An expected value of 0 means break-even in the long run.

  	A positive expected value means average gain in the long run.

  	A negative expected value means average loss in the long run.




This does not guarantee what happens in one game. A player can still win a game with negative expected value or lose a game with positive expected value. Expected value only describes the average over many repeated plays.


Worked Example 4: A game with more than two outcomes


A player rolls a fair six-sided die.


  	If the result is 1 or 2, the player wins $4.

  	If the result is 3, 4, or 5, the player loses $1.

  	If the result is 6, the player loses $5.




Find the expected value and decide whether the game is fair.


Step 1: Write outcomes and probabilities.


  	Win $4 with probability 26=13

  	Lose $1 with probability 36=12

  	Lose $5 with probability 16




Step 2: Calculate expected value.


E=4(13)+(−1)(12)+(−5)(16)

Use a common denominator of 6:


E=86−36−56

E=06=0

Conclusion: The expected value is 0, so the game is fair.


7. Common mistakes to avoid



  	Forgetting losses are negative. If a player loses money, use a negative number.

  	Ignoring the entry fee. Always use the net gain or net loss after the fee is paid.

  	Using wrong probabilities. Make sure all probabilities add up to 1.

  	Thinking expected value predicts one play. It only describes the average over many plays.




8. Quick check questions


Try these on your own:


  	A coin is flipped. If it lands heads, you win $3. If it lands tails, you lose $1. What is the expected value?

  	You pay $2 to draw one card from 10 cards. One card wins $9, and the other 9 cards win nothing. Is the game fair?

  	A game has expected value −0.75. Who does the game favor?




Answers:


  	E=3(12)+(−1)(12)=1. The expected value is $1.

  	Net outcomes: +7 with probability 110, and −2 with probability 910.
E=7(110)+(−2)(910)=710−1810=−1110=−1.1 The game is not fair; it favors the organizer.

  	The game favors the organizer because the player loses 75 cents on average per play.




9. Summary


Expected value is the long-run average result of a game. To find it, multiply each outcome by its probability and add the results.


A game is fair when the expected value is 0. If the expected value is positive, the game favors the player. If it is negative, the game favors the organizer.


When analyzing game fairness, always pay attention to probabilities, gains, losses, and entry fees. With these steps, you can use mathematics to decide whether a game of chance is truly fair.


  
  Put what you read to the test

  You've worked through Expected Value and Game Fairness. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1092
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  Sampling With and Without Replacement


In probability, we often choose objects from a group and ask, “What is the chance of getting a certain result?”


When we choose more than one object, an important question is whether the first object is put back before the next choice. This changes the probabilities.


This idea is called sampling with replacement and sampling without replacement.


Understanding the difference helps you solve many probability problems involving cards, marbles, counters, names, and more.


1. Key idea: What does “replacement” mean?


Sampling with replacement means you choose an item, record it, and then put it back before choosing again.


Because the item is returned, the total number of items in the group stays the same. The probabilities for the next draw also stay the same.


Sampling without replacement means you choose an item and do not put it back before the next choice.


Because the item is not returned, the total number of items decreases. This means the probabilities for the next draw can change.


2. Why this matters in probability


Suppose a bag has 5 red counters and 3 blue counters, for a total of 8 counters.


The probability of drawing a red counter first is


P(red first)=58


Now think about the second draw.



  	With replacement: the first counter is returned, so there are still 5 red out of 8 total. The probability of red on the second draw is still 58.

  	Without replacement: the first counter is not returned, so the numbers in the bag change. The probability on the second draw depends on what happened first.




This is the big difference: without replacement, earlier draws affect later draws.


3. Independent and dependent events


Two events are independent if one event does not change the probability of the other.


Two events are dependent if one event does change the probability of the other.



  	With replacement usually gives independent events, because the group goes back to how it started.

  	Without replacement gives dependent events, because the first result changes the group.




4. Finding probabilities of two draws


When we want the probability of two events both happening, we multiply along the path:


P(A and B)=P(A)×P(B∣A)


Here, P(B∣A) means “the probability of B, given that A has already happened.”


For with replacement, the second probability often stays the same as the first because nothing changed.


For without replacement, the second probability often changes because one item has been removed.


5. Worked Example 1: With replacement


A bag contains 4 green marbles and 6 yellow marbles. Two marbles are drawn with replacement. What is the probability that both marbles are green?


Step 1: Find the probability of green on the first draw.


There are 4 green marbles out of 10 total.


P(green first)=410=25


Step 2: Find the probability of green on the second draw.


Because the marble is replaced, the bag is unchanged.


P(green second)=410=25


Step 3: Multiply.


P(both green)=25×25=425


Answer: The probability is 425.


6. Worked Example 2: Without replacement


A bag contains 4 green marbles and 6 yellow marbles. Two marbles are drawn without replacement. What is the probability that both marbles are green?


Step 1: First draw green.


P(green first)=410=25


Step 2: Second draw green.


Now one green marble has already been removed. So there are 3 green marbles left out of 9 total.


P(green second∣green first)=39=13


Step 3: Multiply.


P(both green)=25×13=215


Answer: The probability is 215.


Compare the two examples:



  	With replacement: 425

  	Without replacement: 215




These are different because in the second case, the first draw changes what is left in the bag.


7. Worked Example 3: Different colors in order


A box contains 3 red pens and 2 blue pens. Two pens are chosen without replacement. What is the probability of choosing a red pen first and then a blue pen?


Step 1: Probability of red first.


P(red first)=35


Step 2: Probability of blue second, given red first.


After taking one red pen, 4 pens remain: 2 red and 2 blue.


P(blue second∣red first)=24=12


Step 3: Multiply.


P(red then blue)=35×12=310


Answer: The probability is 310.


Notice that this question asks for a specific order: red first, then blue.


If a problem does not care about order, you may need to add more than one case.


8. Worked Example 4: Probability without caring about order


A jar contains 5 black beads and 3 white beads. Two beads are chosen without replacement. What is the probability of getting one black bead and one white bead?


This can happen in two ways:



  	Black first, then white

  	White first, then black




Case 1: Black then white


P(B then W)=58×37=1556


Case 2: White then black


P(W then B)=38×57=1556


Add the cases.


P(one black and one white)=1556+1556=3056=1528


Answer: The probability is 1528.


9. Using tree diagrams


A tree diagram is a useful way to organize probability problems with more than one step.


For example, if a bag has 2 red and 1 blue counter, and two counters are drawn without replacement, a tree diagram helps show how the second probabilities change.


You would begin with branches for the first draw:



  	Red: 23

  	Blue: 13




Then from each branch, draw the possible second outcomes using the new totals.


After a red is drawn first, there are 1 red and 1 blue left, so the second-draw probabilities are different from the start.


Tree diagrams are especially helpful when:



  	there are two or more draws,

  	the problem includes replacement or no replacement,

  	you need to keep track of order.




10. Quick comparison: with vs without replacement



  	With replacement: put the item back

  	Without replacement: do not put the item back

  	With replacement: total number stays the same

  	Without replacement: total number goes down

  	With replacement: later probabilities usually stay the same

  	Without replacement: later probabilities usually change

  	With replacement: events are usually independent

  	Without replacement: events are dependent




11. Common mistakes to avoid



  	Forgetting to change the total when there is no replacement. If one item is removed, the total number of items becomes one less.

  	Forgetting to change the number of wanted items. For example, if you already drew one red object, there may be fewer red objects left.

  	Mixing up “and” and “or”. “And” usually means multiply. “Or” often means add different cases.

  	Ignoring order when the problem cares about it, or forgetting to include both orders when the problem does not care.




12. A strategy for solving these problems



  	Read carefully: Is it with replacement or without replacement?

  	Find the probability of the first event.

  	Update the numbers if there is no replacement.

  	Find the probability of the second event.

  	Multiply for events happening together.

  	If the question does not care about order, add all valid cases.




13. Practice check


Try these on your own:



  	A bag has 7 red counters and 3 blue counters. Two counters are drawn with replacement. What is the probability both are blue?

  	A bag has 7 red counters and 3 blue counters. Two counters are drawn without replacement. What is the probability both are blue?

  	A box has 4 white balls and 5 black balls. Two balls are drawn without replacement. What is the probability of one white and one black?




Answers:



  	With replacement: 310×310=9100

  	Without replacement: 310×29=115

  	One white and one black: 49×58+59×48=4072=59




14. Summary


Sampling with replacement means the chosen item goes back, so the total number of items does not change and the probabilities usually stay the same.


Sampling without replacement means the chosen item is not returned, so the totals change and later probabilities also change.


To solve these problems, pay close attention to whether the group changes after each draw, then multiply probabilities along each path and add cases when needed.


  
  Put what you read to the test

  You've worked through Sampling With and Without Replacement. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1093
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