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  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1134




  Real Number System Architecture is the study of how different kinds of numbers fit together inside one larger system. In 11th Grade Maths, this helps you understand not just how to use numbers, but how they are organized, how they compare, and why some numbers can or cannot be written in certain forms.
The real number system includes familiar counting numbers, negative numbers, fractions, decimals, and numbers like 2 and π. Learning its structure gives you a strong foundation for algebra, equations, graphs, and higher-level mathematics.
In this lesson, you will learn how to classify numbers, how the different sets of numbers are related, why rational numbers are dense on the number line, and how to prove that certain numbers, such as 2, are irrational.
1. The Architecture of the Real Number System
The real number system is made up of several nested sets. “Nested” means that one set sits inside another larger set.
	Natural numbers: counting numbers such as 1,2,3,4,…
	Whole numbers: natural numbers together with 0, so 0,1,2,3,…
	Integers: negative and positive whole numbers, including 0, so …,−3,−2,−1,0,1,2,3,…
	Rational numbers: numbers that can be written as a fraction ab, where a and b are integers and b≠0
	Irrational numbers: numbers that cannot be written as a fraction of two integers
	Real numbers: all rational and irrational numbers together

You can think of the sets as layers:
Natural⊂Whole⊂Integers⊂Rational⊂Real
Irrational numbers are also part of the real numbers, but they are not rational. So the real numbers are split into two big groups:
Real numbers=Rational numbers∪Irrational numbers
and these two groups do not overlap.
2. How to Recognize Each Type of Number
A number belongs to the smallest set that describes it, but it also belongs to every larger set that contains that smaller set.
For example, 4 is a natural number. That means it is also a whole number, an integer, a rational number, and a real number.
By contrast, −7 is not natural or whole, but it is an integer. So it is also rational and real.
A fraction like 35 is rational because it is already written as a ratio of integers. A terminating decimal like 0.8 is rational because 0.8=810=45.
A repeating decimal is also rational. For example, 0.333⋯=13.
An irrational number has a decimal expansion that never ends and never repeats in a pattern. Examples include 2, 3, and π.
3. Decimal Forms and What They Tell You
Decimal form is often a quick way to identify whether a number is rational or irrational.
	Terminating decimals are rational.
	Repeating decimals are rational.
	Non-terminating, non-repeating decimals are irrational.

Examples:
	2.75 is rational because it terminates.
	0.121212… is rational because the block 12 repeats.
	3.14159265… is irrational if the decimal never ends and never repeats, as with π.

This idea is important because it connects fractions, decimals, and number classification.
4. Rational Numbers Are Dense
One of the most important ideas in the real number system is density. When we say rational numbers are dense, we mean that between any two different real numbers, there is always at least one rational number. In fact, there are infinitely many rational numbers between them.
Suppose you choose two numbers, such as 1 and 2. You can find a rational number between them by taking their average:
1+22=32=1.5
This number is rational and lies between 1 and 2.
But density goes further. Between 1 and 1.5, there is another rational number, such as 1.25. Between 1.25 and 1.5, there is another one, and so on forever.
This means the number line has no gaps where rational numbers completely disappear.
In fact, irrational numbers are also dense in the real numbers. So between any two different real numbers, you can find both rational and irrational numbers.
5. Why Density Matters
Density helps explain why the number line is so full. Even if two numbers seem very close together, there are still infinitely many numbers between them.
This idea is used in algebra, graphing, inequalities, interval notation, and limits you may study later. It also shows that the real number line is much richer than just the counting numbers or fractions you first learned.
6. Proving a Number Is Irrational
Sometimes in mathematics, it is not enough to guess that a number is irrational from its decimal form. We need a proof.
One famous example is proving that 2 is irrational. The standard method is a proof by contradiction. This means we begin by assuming the opposite of what we want to prove, and then show that this assumption leads to an impossible result.
7. Worked Example 1: Classifying Numbers
Classify each number: 5, −2, 74, 0.125, 9, 2.
Solution:
	5
5 is a natural number. Therefore it is also whole, integer, rational, and real.
	−2
−2 is an integer. Therefore it is also rational and real.
	74
This is a ratio of integers, so it is rational. Therefore it is also real.
	0.125
This decimal terminates, so it is rational. In fact, 0.125=1251000=18. Therefore it is real.
	9
9=3, so it is a natural number. Therefore it is also whole, integer, rational, and real.
	2
2 cannot be written as a fraction of integers, so it is irrational. Therefore it is real.

Key idea: simplify first if needed. For example, 9 may look complicated, but it equals 3.
8. Worked Example 2: Finding Rational Numbers Between Two Numbers
Find two rational numbers between 13 and 23.
Solution:
One way is to rewrite the fractions with a common denominator:
13=26,23=46
A rational number between them is:
36=12
To find another one, use a larger common denominator:
13=412,23=812
Now numbers between them include:
512, 612, 712
So two rational numbers between 13 and 23 are:
512and12
Key idea: there is never just one rational number between two different numbers. There are infinitely many.
9. Worked Example 3: Showing a Repeating Decimal Is Rational
Show that 0.727272… is rational.
Solution:
Let
x=0.727272…
Since two digits repeat, multiply by 100:
100x=72.727272…
Now subtract the original equation:
100x−x=72.727272⋯−0.727272…
99x=72
x=7299=811
So
0.727272⋯=811
Therefore, the number is rational.
Key idea: every repeating decimal can be written as a fraction.
10. Worked Example 4: Proving That 2 Is Irrational
Claim: 2 is irrational.
Proof by contradiction:
Assume that 2 is rational. Then it can be written in simplest form as
2=ab
where a and b are integers, b≠0, and the fraction is fully simplified. That means a and b have no common factor other than 1.
Now square both sides:
2=a2b2
Multiply both sides by b2:
2b2=a2
This tells us that a2 is even, because it equals 2 times an integer.
If a2 is even, then a must also be even. So we can write
a=2k
for some integer k.
Substitute into the equation 2b2=a2:
2b2=(2k)2
2b2=4k2
Divide both sides by 2:
b2=2k2
This means b2 is even, so b is also even.
Now both a and b are even. That means both are divisible by 2.
But this is impossible, because we started by saying that ab was in simplest form. If both numerator and denominator are even, then the fraction was not fully simplified.
We have reached a contradiction. Therefore our original assumption must be false.
So,
2 is irrational.
Key idea: the contradiction comes from the fact that assuming 2 is rational forces both numerator and denominator to share a factor of 2, even though the fraction was supposed to be simplified.
11. Important Connections to Algebra
The architecture of the real number system supports many algebra skills.
	When solving equations, you must know what types of numbers are allowed as solutions.
	When simplifying radicals, you must recognize when a square root is rational, like 16=4, or irrational, like 5.
	When graphing on a number line, you use the fact that real numbers include both rational and irrational values.
	When comparing decimal and fractional forms, classification helps you understand equivalence.

These ideas are not separate from algebra. They are part of the foundation that makes algebra work clearly and logically.
12. Common Mistakes to Avoid
	Thinking every square root is irrational.
Not true. 25=5, which is rational.
	Thinking all decimals are irrational.
Not true. Terminating and repeating decimals are rational.
	Forgetting that integers are rational.
Every integer can be written as a fraction, for example −3=−31.
	Thinking there is only one number between two numbers.
There are infinitely many rational numbers between any two distinct real numbers.
	Not simplifying first.
For example, classify 49 as 7, not as “a square root” only.

13. Quick Review Checklist
	Can you name the main sets inside the real number system?
	Can you tell whether a number is natural, whole, integer, rational, irrational, or real?
	Do you know that terminating and repeating decimals are rational?
	Do you understand that rational numbers are dense on the number line?
	Can you explain why 2 is irrational using contradiction?

14. Summary
The real number system is built like a structured hierarchy. Natural numbers, whole numbers, integers, and rational numbers are nested inside one another, and together with irrational numbers they form the real numbers.
Rational numbers can be written as fractions, and their decimals terminate or repeat. Irrational numbers cannot be written as fractions, and their decimals neither terminate nor repeat.
A major property of the real number system is density: between any two different real numbers, there are infinitely many rational numbers. Finally, some numbers, such as 2, can be proven irrational using logical argument, not just decimal approximation.
When you understand this architecture, you gain a clearer picture of how numbers behave and how algebra is built on that structure.


  
  Put what you read to the test

  You've worked through Real Number System Architecture. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1094
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  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1135




  Arithmetic Operations and Precedence is about evaluating expressions in the correct order. When an expression has more than one operation, the answer depends on which parts are done first. To make mathematics clear and consistent, we use a fixed set of rules called the order of operations.


These rules apply to both numerical expressions and algebraic expressions. They are especially important when expressions contain nested grouping symbols such as parentheses, brackets, or braces, and when they contain fraction bars, which act like grouping symbols too.


In this lesson, you will learn how to evaluate expressions step by step, avoid common mistakes, and understand why precedence matters.


1. The basic arithmetic operations


The main arithmetic operations are:


  	Addition: combining quantities, such as 3+5

  	Subtraction: finding a difference, such as 9−4

  	Multiplication: repeated addition or scaling, such as 6×2

  	Division: splitting or finding a quotient, such as 12÷3

  	Powers (exponents): repeated multiplication, such as 23




When these appear together in one expression, we do not simply move from left to right. Instead, we follow precedence rules.


2. Order of operations


A useful way to remember precedence is:


  	Grouping symbols

  	Exponents

  	Multiplication and Division, from left to right

  	Addition and Subtraction, from left to right




Grouping symbols include:


  	Parentheses: ()

  	Brackets: []

  	Braces: {}

  	Fraction bars

  	Radical symbols, when they group part of an expression




It is important to understand that multiplication does not always come before division. They have the same level of precedence, so you work from left to right. The same is true for addition and subtraction.


For example, in 18÷3×2, you do not multiply first. You move left to right:

18÷3×2=6×2=12

3. Working with grouping symbols


When an expression has grouping symbols, always simplify the innermost grouping first. Then work outward.


For example, in

3[2+(5−1)]
you first simplify (5−1), then add inside the bracket, and only then multiply by 3.


This gives:

3[2+(5−1)]=3[2+4]=3(6)=18

Nested grouping symbols are common in algebra and in long numerical expressions. Taking them one layer at a time helps prevent mistakes.


4. Fraction bars as grouping symbols


A fraction bar means that the entire numerator is grouped together and the entire denominator is grouped together. This is one of the most common places where students make mistakes.


For example, in

8+42
you must add in the numerator first:

8+42=122=6

You cannot divide 4 by 2 first unless the expression is written in a way that shows that operation separately.


Similarly, in an algebraic expression like

2x+63
the whole numerator 2x+6 is grouped. If you are evaluating for a value of x, substitute first and then simplify the grouped numerator.


5. Precedence with algebraic expressions


Order of operations also applies when variables are involved. If a variable has been assigned a value, substitute the value carefully and then evaluate using the same rules.


For instance, if x=4, then

2x2−3
becomes

2(4)2−3
Now apply precedence:


  	First evaluate the exponent: (4)2=16

  	Then multiply: 2⋅16=32

  	Then subtract: 32−3=29




So, when x=4,

2x2−3=29

Notice that 2x2 means 2⋅x2, not (2x)2. The placement of symbols matters.


6. Common mistakes to avoid


  	Doing operations strictly left to right without considering precedence

  	Multiplying before exponents. Exponents come first.

  	Forgetting that division and multiplication are equal in precedence, so they must be done left to right

  	Ignoring fraction bars as grouping symbols

  	Substituting values incorrectly in algebraic expressions

  	Confusing 2x2 with (2x)2




For example, compare these two expressions:

2x2and(2x)2
If x=3, then:

2x2=2(32)=2(9)=18
(2x)2=(2⋅3)2=62=36
They are not the same.


7. Worked examples


Example 1: A basic numerical expression

Evaluate:

7+3×4
Step 1: Multiplication comes before addition.

3×4=12
Step 2: Add.

7+12=19
Answer: 19


If you added first, you would get (7+3)×4=40, which is a different expression. This shows why precedence matters.


Example 2: Grouping symbols and exponents

Evaluate:

2(5−2)2+6÷3
Step 1: Simplify inside parentheses.

5−2=3
The expression becomes:

2(3)2+6÷3
Step 2: Evaluate the exponent.

32=9
Now we have:

2(9)+6÷3
Step 3: Perform multiplication and division from left to right.

2(9)=18
6÷3=2
Step 4: Add.

18+2=20
Answer: 20


Example 3: Nested grouping symbols

Evaluate:

4[3+2(6−4)]
Step 1: Simplify the innermost grouping.

6−4=2
The expression becomes:

4[3+2(2)]
Step 2: Multiply inside the bracket.

2(2)=4
Now we have:

4[3+4]
Step 3: Add inside the bracket.

3+4=7
Step 4: Multiply.

4(7)=28
Answer: 28


Example 4: Algebraic expression with a fraction bar

If x=2, evaluate:

3x+9x+1
Step 1: Substitute x=2.

3(2)+92+1
Step 2: Simplify the numerator and denominator separately.

6+93
153
Step 3: Divide.

153=5
Answer: 5


Notice that the numerator 3x+9 had to be treated as one grouped expression because of the fraction bar.


8. Strategy for success


When evaluating a complex expression, it helps to follow a consistent strategy:


  	Look for all grouping symbols, including fraction bars.

  	Simplify the innermost grouped parts first.

  	Evaluate exponents.

  	Do multiplication and division from left to right.

  	Do addition and subtraction from left to right.

  	Rewrite each step clearly so you can check your work.




Writing one step at a time is especially useful in longer expressions. It reduces errors and makes it easier to see where a mistake happened.


Brief Summary


Arithmetic operations must be performed using a fixed order of operations so that expressions have one correct value. Start with grouping symbols, then exponents, then multiplication and division from left to right, and finally addition and subtraction from left to right. Fraction bars act as grouping symbols, and the same precedence rules apply to algebraic expressions after substituting any given values.


  
  Put what you read to the test

  You've worked through Arithmetic Operations and Precedence. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1095
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  Fractional and Rational Fluency means being confident with expressions that contain fractions, variables, and rational terms. In 11th Grade Maths, this includes simplifying algebraic fractions, adding and subtracting rational expressions, multiplying and dividing them, and working with complex fractions.


A rational expression is an expression that can be written as a fraction where the numerator and denominator are polynomials. For example, x+3x−2 and 2x2−8x2−1 are rational expressions.


One very important idea in this topic is that some values of the variable are excluded values. These are values that make a denominator equal to zero, which is not allowed. For example, in x+3x−2, the value x=2 is excluded.


This lesson will show you how to work accurately with rational expressions and how to keep track of excluded values at every step.


1. Identifying excluded values


Before simplifying or operating on a rational expression, always check which values make any denominator zero. These values must be excluded from the domain of the expression.


For example, in


3x+1x2−9

the denominator factors as


x2−9=(x−3)(x+3)

So the excluded values are


x≠3andx≠−3

Even if a factor later cancels, the excluded value still stays excluded because it came from the original denominator.


2. Simplifying algebraic fractions


To simplify a rational expression, follow these steps:



  	Factor the numerator completely.

  	Factor the denominator completely.

  	State excluded values from the original denominator.

  	Cancel only common factors, not terms.




A common mistake is trying to cancel parts of addition or subtraction. For example, in x+2x, you cannot cancel the x from only one term in the numerator.


You may only cancel when the entire numerator and denominator are written as products.


Worked Example 1: Simplifying a rational expression


Simplify


x2−4x2+x−6

Step 1: Factor numerator and denominator.


x2−4=(x−2)(x+2)
x2+x−6=(x+3)(x−2)

So the expression becomes


(x−2)(x+2)(x+3)(x−2)

Step 2: Find excluded values from the original denominator.


Since (x+3)(x−2)=0 when x=−3 or x=2, the excluded values are


x≠−3,  x≠2

Step 3: Cancel common factors.


(x−2)(x+2)(x+3)(x−2)=x+2x+3

Final answer:


x+2x+3,x≠−3,2

3. Multiplying and dividing rational expressions


When multiplying rational expressions, factor first and then cancel common factors.


When dividing rational expressions, multiply by the reciprocal of the second fraction.


Worked Example 2: Multiplying rational expressions


Simplify


x2−9x2−2x⋅xx+3

Step 1: Factor everything.


x2−9=(x−3)(x+3)
x2−2x=x(x−2)

So we have


(x−3)(x+3)x(x−2)⋅xx+3

Step 2: Find excluded values from the original denominators.


The denominators are x(x−2) and x+3, so


x≠0,  x≠2,  x≠−3

Step 3: Cancel common factors.


(x−3)(x+3)x(x−2)⋅xx+3=x−3x−2

Final answer:


x−3x−2,x≠−3,0,2

Worked Example 3: Dividing rational expressions


Simplify


x2−1x2+x÷x−1x

Step 1: Rewrite division as multiplication by the reciprocal.


x2−1x2+x⋅xx−1

Step 2: Factor.


x2−1=(x−1)(x+1)
x2+x=x(x+1)

Now the expression is


(x−1)(x+1)x(x+1)⋅xx−1

Step 3: Find excluded values.


From the original expression:



  	x2+x=x(x+1)≠0, so x≠0 and x≠−1

  	The divisor x−1x must also be defined, so x≠0

  	Also, the divisor cannot equal zero, so x−1≠0, which means x≠1




So the excluded values are


x≠−1,  0,  1

Step 4: Cancel common factors.


(x−1)(x+1)x(x+1)⋅xx−1=1

Final answer:


1,x≠−1,0,1

4. Adding and subtracting rational expressions


To add or subtract rational expressions, the denominators must be the same. This is similar to working with numerical fractions.


Use these steps:



  	Factor each denominator.

  	Find the least common denominator (LCD).

  	Rewrite each fraction with the LCD.

  	Add or subtract the numerators.

  	Simplify if possible.

  	State excluded values from the original denominators.




Worked Example 4: Adding rational expressions


Simplify


2x−1+3x+2

Step 1: Identify the LCD.


The denominators are x−1 and x+2, so the LCD is


(x−1)(x+2)

Step 2: Rewrite each fraction.


2x−1=2(x+2)(x−1)(x+2)

3x+2=3(x−1)(x−1)(x+2)

Step 3: Add the numerators.


2(x+2)+3(x−1)(x−1)(x+2)

Expand the numerator:


2(x+2)+3(x−1)=2x+4+3x−3=5x+1

So the result is


5x+1(x−1)(x+2)

Step 4: State excluded values.


x≠1,  x≠−2

Final answer:


5x+1(x−1)(x+2),x≠1,−2

5. Simplifying complex fractions


A complex fraction is a fraction that has a fraction in its numerator, denominator, or both. For example,


1x+23x

There are two common ways to simplify a complex fraction:



  	Combine the numerator and denominator separately first.

  	Multiply the entire complex fraction by the least common denominator of all smaller fractions.




The second method is often faster.


Suppose we simplify


1x+23x

Step 1: Rewrite the numerator as a single fraction.


1x+2=1x+2xx=1+2xx

So the complex fraction becomes


1+2xx3x

Step 2: Divide by multiplying by the reciprocal.


1+2xx⋅x3

Step 3: Cancel common factors.


1+2x3

Excluded value: since x is in the denominator of the original expression,


x≠0

Final answer:


1+2x3,x≠0

6. Common mistakes to avoid



  	Cancelling terms instead of factors: In x+2x, you cannot cancel the x.

  	Forgetting excluded values: Always get them from the original denominators first.

  	Not factoring completely: You may miss a common factor if the numerator or denominator is not fully factored.

  	Adding denominators when adding fractions: 1a+1b≠2a+b.

  	For division, forgetting the reciprocal: Dividing by a fraction means multiplying by its reciprocal.




7. A useful checklist


Whenever you work with rational expressions, ask yourself:



  	What values make any denominator zero?

  	Can I factor the numerator and denominator completely?

  	Am I cancelling factors only?

  	If I am adding or subtracting, did I use a common denominator?

  	If I am dividing, did I multiply by the reciprocal?




[image: 📋]   Summary


Rational fluency is about working carefully and logically with algebraic fractions. The key skills are factoring, finding excluded values, simplifying by cancelling common factors, using common denominators for addition and subtraction, and multiplying by the reciprocal when dividing.


If you follow a clear step-by-step method, rational expressions become much easier to manage. Always begin with the denominator restrictions, because those excluded values remain important even after simplification.


  
  Put what you read to the test

  You've worked through Fractional and Rational Fluency. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1096






  [image: 📝]   Lesson 4: Proportional Reasoning and Scaling

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1137




  Proportional Reasoning and Scaling is about understanding how two or more quantities change together. In many real-life situations, if one quantity changes, another changes in a predictable way. Learning these relationships helps you solve problems in science, finance, geometry, maps, recipes, and everyday decision-making.


In this lesson, you will learn how to recognize and work with direct variation, inverse variation, and joint variation. You will also learn how to find and use the constant of proportionality, which tells you exactly how the quantities are connected.


Proportional reasoning is closely connected to algebra. Instead of only noticing that two quantities “go together,” you will write equations that model the relationship and use those equations to solve problems.


1. What does proportional mean?


Two quantities are proportional when they have a constant relationship. This means that as one quantity changes, the other changes according to a fixed rule.


One of the most common types of proportional relationships is direct proportion. If two quantities are directly proportional, then when one quantity increases, the other increases at a constant rate. If one quantity decreases, the other decreases in the same pattern.


The general form of a direct variation equation is


y=kx


Here, 			


																																			y and x are the variables,

	k is the constant of proportionality.





The constant of proportionality can be found by dividing:


k=yx


If the ratio yx stays the same, then the relationship is a direct variation.


2. Direct variation


Direct variation means “multiply by a constant.” For example, if total pay depends on hours worked at a fixed hourly rate, then pay varies directly with hours.


If a student earns $15 per hour, then the total pay P for h hours is


P=15h


In this equation, the constant of proportionality is 15. This means each extra hour adds $15.


Some key signs of direct variation are:



	The equation can be written as y=kx.

	The graph is a straight line through the origin.

	The ratio yx is constant.




Worked Example 1: Finding a constant of proportionality


A car uses 12 liters of fuel to travel 180 kilometers. Assume fuel used varies directly with distance. Write an equation relating fuel f and distance d.


Step 1: Start with the direct variation form.


f=kd


Step 2: Substitute the known values.


12=k(180)


Step 3: Solve for k.


k=12180=115


Step 4: Write the equation.


f=115d


Interpretation: The car uses 115 liter per kilometer.


3. Scaling in direct proportion


Scaling means changing the size of a quantity by a factor. In a direct proportional relationship, scaling one quantity by a factor scales the other by the same factor.


For example, if a recipe for 4 people uses 3 cups of rice, then a recipe for 8 people uses twice as much rice, because 8 is twice 4.


rice=34(people)


If the number of people is multiplied by 2, the amount of rice is also multiplied by 2.


This idea is very useful in:



	maps and scale drawings,

	similar figures in geometry,

	unit conversions,

	recipes and mixtures,

	rates such as speed, cost, and wages.




4. Inverse variation


Not all proportional relationships increase together. In an inverse variation, when one quantity increases, the other decreases so that their product stays constant.


The general form is


y=kx


or equivalently


xy=k


Here, k is again the constant of proportionality.


For inverse variation:



	the product xy is constant,

	if x doubles, y is cut in half,

	if x is multiplied by 3, y is divided by 3.




A common example is travel time for a fixed distance. If you go faster, the time needed becomes less.


Worked Example 2: Inverse variation


The time t needed to complete a job varies inversely with the number of workers w. If 6 workers take 10 hours, how long will 15 workers take?


Step 1: Write the inverse variation model.


t=kw


Step 2: Use the given values to find k.


10=k6


k=60


Step 3: Write the equation.


t=60w


Step 4: Substitute w=15.


t=6015=4


Answer: 15 workers will take 4 hours.


5. Joint variation


In joint variation, one variable depends on the product of two or more other variables. This means a quantity changes directly with multiple quantities at the same time.


The general form for joint variation with two variables is


y=kxz


This means y varies jointly as x and z.


You may also see statements like:



	“y varies jointly as x and z” meaning y=kxz,

	“y varies directly as x and inversely as z” meaning y=kxz.




It is important to translate words into equations carefully.


Worked Example 3: Joint variation


Suppose y varies jointly as x and z. If y=24 when x=3 and z=4, find y when x=5 and z=2.


Step 1: Write the model.


y=kxz


Step 2: Use the known values to find k.


24=k(3)(4)


24=12k


k=2


Step 3: Write the equation.


y=2xz


Step 4: Substitute the new values.


y=2(5)(2)=20


Answer: y=20.


6. Combined variation


Sometimes a relationship includes both direct and inverse variation. This is called combined variation.


For example, if y varies directly as x and inversely as z, then


y=kxz


This means:



	increasing x makes y increase,

	increasing z makes y decrease.




Worked Example 4: Combined variation and scaling


The variable p varies directly as m and inversely as n. If p=18 when m=9 and n=4, find p when m=12 and n=3.


Step 1: Write the model.


p=kmn


Step 2: Use the given values to find k.


18=k(9)4


Multiply both sides by 4:


72=9k


k=8


Step 3: Write the full equation.


p=8mn


Step 4: Substitute the new values.


p=8(12)3=963=32


Answer: p=32.


7. How to identify the type of variation


When solving problems, look for key phrases.



	Direct variation: “varies directly as,” “is proportional to”

	Inverse variation: “varies inversely as,” “is inversely proportional to”

	Joint variation: “varies jointly as”

	Combined variation: “varies directly as ... and inversely as ...”




You can also test data values:



	For direct variation, check whether yx is constant.

	For inverse variation, check whether xy is constant.




8. Proportional reasoning with scale factors


A scale factor tells how much a quantity has been enlarged or reduced. If lengths in a drawing are multiplied by a scale factor of 3, every length becomes three times as large.


In direct variation, the scale factor transfers directly from one variable to another. For example:



	If x is multiplied by 2, then y is multiplied by 2.

	If x is multiplied by 0.5, then y is multiplied by 0.5.




In inverse variation, the scaling works in the opposite way:



	If x is multiplied by 2, then y is multiplied by 12.

	If x is multiplied by 4, then y is multiplied by 14.




This helps you estimate answers quickly even before doing full calculations.


9. Common mistakes to avoid



	Forgetting the constant of proportionality: Do not assume the constant is 1 unless the problem shows it.

	Mixing up direct and inverse variation: In direct variation, the ratio is constant. In inverse variation, the product is constant.

	Not translating words carefully: “Directly as” and “inversely as” lead to different equations.

	Substituting incorrectly: Be careful about which value belongs to which variable.

	Ignoring units: Units can help you decide whether an answer makes sense.




10. Problem-solving steps



	Read the statement carefully and identify the type of variation.

	Write the correct general equation.

	Use known values to solve for k.

	Substitute new values into the completed equation.

	Check whether the answer makes sense based on scaling.




Brief Summary


Proportional reasoning helps you describe how quantities change together. In direct variation, quantities change by the same scale factor and follow y=kx. In inverse variation, one quantity increases while the other decreases and follows y=kx. In joint and combined variation, a variable depends on more than one other variable, such as y=kxz or y=kxz.


The most important skill is finding and using the constant of proportionality. Once you can turn words into equations and solve for k, you can model many real-life situations accurately.


  
  Put what you read to the test

  You've worked through Proportional Reasoning and Scaling. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1097






  [image: 📝]   Lesson 5: Algebraic Expression Manipulation

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1138




  Algebraic Expression Manipulation is the skill of rewriting expressions so they are easier to understand, simplify, or solve. In 11th Grade Maths, this often means expanding, factoring, and simplifying expressions using the distributive property and important algebraic identities.


This lesson will help you recognize when expressions can be rewritten in different but equivalent forms. Even though the appearance changes, the value of the expression stays the same.


Why is this important? Algebraic manipulation is used in solving equations, graphing functions, simplifying formulas, and working with more advanced topics later in mathematics. A strong foundation here makes many later topics much easier.


1. What is an algebraic expression?


An algebraic expression is a mathematical phrase made of numbers, variables, and operations. For example, 3x2−5x+2 is an algebraic expression.


When manipulating expressions, we do not change the value of the expression. We only change its form.


2. Key ideas you must know



  	Like terms are terms with the same variable part. For example, 4x and −7x are like terms, but 4x and 4x2 are not.

  	Distributive property: a(b+c)=ab+ac

  	Factoring is the reverse of expanding.

  	Algebraic identities are formulas that help rewrite expressions quickly.




3. Simplifying expressions


To simplify an expression, combine like terms and remove unnecessary brackets if possible. Always be careful with signs, especially negative signs.


For example:


3x+5−2x+7=(3x−2x)+(5+7)=x+12


Only like terms can be combined. This means:



  	2x+5x=7x

  	3x2−x2=2x2

  	But x and x2 cannot be combined




4. Expanding expressions using the distributive property


Expanding means removing brackets by multiplying each term inside the bracket.


If there is a single term outside the bracket:


a(b+c)=ab+ac


For example:


4(x+3)=4x+12


With subtraction:


5(2x−7)=10x−35


If the number outside is negative, every term inside changes sign when multiplied.


For example:


−3(x−4)=−3x+12


5. Expanding two brackets


When multiplying two binomials, each term in the first bracket must multiply each term in the second bracket.


For (a+b)(c+d):


(a+b)(c+d)=ac+ad+bc+bd


A common method is often remembered as “each term times each term.”


Example:


(x+2)(x+5)=x2+5x+2x+10=x2+7x+10


6. Special algebraic identities


Some expansions happen so often that it is helpful to memorize them.



  	Square of a sum: (a+b)2=a2+2ab+b2

  	Square of a difference: (a−b)2=a2−2ab+b2

  	Difference of squares: a2−b2=(a−b)(a+b)




Be careful: (a+b)2 is not a2+b2. The middle term 2ab is very important.


For example:


(x+4)2=x2+8x+16


And:


(x−3)2=x2−6x+9


7. Factoring expressions


Factoring means writing an expression as a product. This is the reverse of expansion.


There are several common factoring methods at this level.


A. Factoring out the greatest common factor (GCF)


Look for the largest factor that all terms share.


Example:


6x2+9x=3x(2x+3)


Here, both terms share 3x.


B. Factoring trinomials


For expressions like x2+bx+c, look for two numbers that:



  	multiply to give c

  	add to give b




For example:


x2+7x+12=(x+3)(x+4)


because 3×4=12 and 3+4=7.


C. Factoring a difference of squares


If you see one square minus another square, use:


a2−b2=(a−b)(a+b)


Example:


x2−16=(x−4)(x+4)


8. Worked Examples


Example 1: Simplify an expression


Simplify:


4x2+3x−7+2x2−5x+1


Step 1: Group like terms.


(4x2+2x2)+(3x−5x)+(−7+1)


Step 2: Combine them.


6x2−2x−6


Answer: 6x2−2x−6


Example 2: Expand a bracket


Expand:


−2(3x2−x+5)


Step 1: Multiply −2 by each term inside the bracket.


−2⋅3x2=−6x2

−2⋅(−x)=2x

−2⋅5=−10


Step 2: Write the result.


−6x2+2x−10


Answer: −6x2+2x−10


Example 3: Expand two binomials


Expand:


(2x+3)(x−4)


Step 1: Multiply each term in the first bracket by each term in the second.


2x⋅x=2x2

2x⋅(−4)=−8x

3⋅x=3x

3⋅(−4)=−12


Step 2: Add the terms together.


2x2−8x+3x−12


Step 3: Combine like terms.


2x2−5x−12


Answer: 2x2−5x−12


Example 4: Factor a quadratic expression


Factor:


x2+9x+20


Step 1: Find two numbers that multiply to 20 and add to 9.


Those numbers are 4 and 5.


Step 2: Write the factorization.


x2+9x+20=(x+4)(x+5)


Answer: (x+4)(x+5)


9. Common mistakes to avoid



  	Forgetting to distribute to every term. Example: 3(x+2y) must become 3x+6y, not 3x+2y.

  	Sign errors with negatives. Example: −(x−5)=−x+5.

  	Combining unlike terms. Example: 2x+3x2 cannot be written as 5x2 or 5x.

  	Misusing square identities. Example: (x+2)2=x2+4x+4, not x2+4.

  	Factoring incompletely. Always check whether a common factor can be taken out first.




10. Helpful strategy



  	Read the expression carefully.

  	Decide whether you need to simplify, expand, or factor.

  	Work step by step, especially with signs.

  	Combine like terms at the end if needed.

  	Check your result by expanding or simplifying again.




11. Quick practice ideas


Try these on your own:



  	Expand: 3(x+6)

  	Expand: (x+1)(x+7)

  	Factor: x2+6x+8

  	Factor: 9x2−25

  	Simplify: 5x2+2x−3−3x2+4x+1




Brief Summary


Algebraic expression manipulation involves rewriting expressions in equivalent forms. You simplify by combining like terms, expand by using the distributive property, and factor by reversing expansion. Important identities such as (a+b)2, (a−b)2, and a2−b2 help you work faster and more accurately. Careful attention to signs and like terms is the key to success.


  
  Put what you read to the test

  You've worked through Algebraic Expression Manipulation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1098
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  Linear Equations and Applications


In algebra, a linear equation is an equation in which the variable has exponent 1. These equations are called “linear” because their graphs are straight lines, but in this lesson we will focus on solving them algebraically.


Linear equations are important because they appear in many situations: finding unknown values, solving formulas, comparing costs, and working with rates, distances, and money. To solve them well, you need to understand how to keep an equation balanced while isolating the variable.


1. What does it mean to solve a linear equation?


To solve a linear equation means to find the value of the variable that makes the equation true. For example, in the equation x+5=12, the value x=7 makes both sides equal.


The main idea is the balance principle: if you do the same operation to both sides of an equation, the equation stays true. This lets us undo operations step by step until the variable is by itself.


2. Properties used when solving equations



  	Addition Property of Equality: If a=b, then a+c=b+c.

  	Subtraction Property of Equality: If a=b, then a−c=b−c.

  	Multiplication Property of Equality: If a=b, then ac=bc.

  	Division Property of Equality: If a=b and c≠0, then ac=bc.




These properties allow us to undo addition, subtraction, multiplication, and division in a logical order.


3. A general strategy for solving linear equations



  	Simplify each side of the equation if needed. Combine like terms and use the distributive property.

  	Move variable terms to one side and constants to the other side.

  	Undo multiplication or division to isolate the variable.

  	Check your answer by substituting it back into the original equation.




It is often helpful to think: simplify first, isolate second, check last.


4. Solving multi-step linear equations


Many equations take more than one step because the variable may appear with added numbers, subtracted numbers, or coefficients. You must reverse the operations in a careful order.


For example, if the equation is 3x−7=11, first add 7 to both sides, then divide both sides by 3.


3x−7=11


3x=18


x=6


5. Using the distributive property


Sometimes the variable is inside parentheses. In that case, use the distributive property before isolating the variable.


Remember:


a(b+c)=ab+ac


and


a(b−c)=ab−ac


After distributing, combine like terms if possible.


6. Equations with variables on both sides


Some linear equations have the variable on both sides. In those cases, move all variable terms to one side and all constants to the other.


For example, in 5x+2=2x+14, subtract 2x from both sides first. Then subtract 2 from both sides.


This process helps collect the variable into one expression.


7. Fractional equations


Linear equations can include fractions. These can usually be solved in one of two ways:



  	Clear the fractions first by multiplying every term by the least common denominator (LCD).

  	Or work with the fractions step by step very carefully.




In most cases, using the LCD is faster and reduces mistakes.


For example, if an equation contains denominators 2, 3, and 6, the LCD is 6. Multiply every term on both sides by 6 to remove the fractions.


8. Literal equations


A literal equation is an equation with two or more variables. The goal is usually to solve for one variable in terms of the others.


For example, in the formula A=lw, you may be asked to solve for w. Since w is multiplied by l, divide both sides by l:


A=lw


Al=w


So,


w=Al


This skill is useful in science, geometry, and formula-based problems.


9. Special cases: one solution, no solution, infinitely many solutions


Not every linear equation has exactly one solution.



  	One solution: The equation simplifies to a single value of the variable, such as x=4.

  	No solution: The variable cancels and you get a false statement, such as 3=7.

  	Infinitely many solutions: The variable cancels and you get a true statement, such as 5=5.




Examples:


2x+3=2x+8


Subtract 2x from both sides:


3=8


This is false, so there is no solution.


Now look at:


4(x+1)=4x+4


Distribute:


4x+4=4x+4


Subtract 4x from both sides:


4=4


This is always true, so there are infinitely many solutions.


Worked Example 1: A basic multi-step equation


Solve:


4x+9=29


Step 1: Subtract 9 from both sides.


4x=20


Step 2: Divide both sides by 4.


x=5


Check:


Substitute x=5 into the original equation:


4(5)+9=20+9=29


The left side equals the right side, so the solution is correct.


Worked Example 2: Variables on both sides and distribution


Solve:


3(x−2)+5=2x+8


Step 1: Distribute the 3.


3x−6+5=2x+8


Step 2: Combine like terms on the left.


3x−1=2x+8


Step 3: Subtract 2x from both sides.


x−1=8


Step 4: Add 1 to both sides.


x=9


Check:


Original equation:


3(9−2)+5=2(9)+8


3(7)+5=18+8


21+5=26


26=26


So the solution is x=9.


Worked Example 3: A fractional linear equation


Solve:


x3+12=56


Step 1: Find the LCD of 3, 2, and 6. It is 6.


Step 2: Multiply every term by 6.


6(x3)+6(12)=6(56)


Step 3: Simplify.


2x+3=5


Step 4: Subtract 3 from both sides.


2x=2


Step 5: Divide by 2.


x=1


Check:


13+12=26+36=56


The solution is correct.


Worked Example 4: Solving a literal equation and an application


The formula for simple interest is


I=Prt


where:



  	I is interest,

  	P is principal,

  	r is interest rate,

  	t is time.




Solve the formula for r.


Step 1: Start with


I=Prt


Step 2: Since r is multiplied by P and t, divide both sides by Pt.


IPt=r


So,


r=IPt


Application: Suppose an investment earns $240 in interest on $2000 for 3 years. Find the rate.


Substitute the known values:


r=2402000⋅3


r=2406000=0.04


So the interest rate is 0.04, or 4%.


10. Applications of linear equations


Linear equations are often used to model real situations. In word problems, the hardest part is usually turning the words into an equation.


Here is a useful process:



  	Read the problem carefully.

  	Choose a variable for the unknown.

  	Write an equation that matches the situation.

  	Solve the equation.

  	Check whether the answer makes sense in the context.




Common application types include:



  	Money problems

  	Perimeter problems

  	Consecutive number problems

  	Rate problems

  	Cost comparisons




Example application: A gym charges a sign-up fee of $25 plus $15 per month. If the total cost is $100, how many months has a person been a member?


Step 1: Let m be the number of months.


Step 2: Write the equation.


25+15m=100


Step 3: Solve.


15m=75


m=5


So the person has been a member for 5 months.


11. Common mistakes to avoid



  	Not doing the same thing to both sides: This breaks the balance of the equation.

  	Forgetting to distribute correctly: For example, 2(x−3)=2x−6, not 2x−3.

  	Combining unlike terms: 3x+5 cannot become 8x.

  	Errors with negative signs: Be especially careful when subtracting expressions.

  	Not checking the solution: A quick substitution can catch many mistakes.




12. Key ideas to remember



  	A linear equation has variables only to the first power.

  	Use inverse operations to isolate the variable.

  	Simplify first by distributing and combining like terms.

  	For fractions, multiply by the LCD to clear denominators.

  	Literal equations are solved by isolating one chosen variable.

  	Always check your answer in the original equation or context.




Brief Summary


Linear equations are solved by keeping the equation balanced and using inverse operations to isolate the variable. You may need to simplify first, distribute, combine like terms, or clear fractions. These same ideas also help you solve literal equations and real-life application problems involving money, formulas, and rates.


  
  Put what you read to the test

  You've worked through Linear Equations and Applications. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1099
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  Linear Inequalities and Interval Notation help us describe sets of numbers that make a statement true.
In algebra, you already solve equations such as 2x+3=11. An inequality is similar, but instead of saying two sides are exactly equal, it compares them using symbols like <, >, ≤, and ≥.
For example, x>4 means any number greater than 4 works. This lesson will show you how to solve linear inequalities, how to solve compound inequalities, and how to write answers in interval notation and on a number line.
Inequality symbols
	x<5: x is less than 5
	x>5: x is greater than 5
	x≤5: x is less than or equal to 5
	x≥5: x is greater than or equal to 5

The symbols ≤ and ≥ include the endpoint. The symbols < and > do not include the endpoint.
How solving inequalities is like solving equations
You can add, subtract, multiply, or divide both sides of an inequality, just as you do with equations. However, there is one very important extra rule.
Important rule: If you multiply or divide both sides by a negative number, you must reverse the inequality sign.
For example, if
−2x>8then dividing both sides by −2 gives
x<−4The sign changes from > to < because we divided by a negative number.
Why does the sign reverse? Negative numbers change order on the number line. For instance, since 2<5, multiplying both sides by −1 gives −2 and −5, and now −2>−5. The direction flips.
Graphing inequalities on a number line
	Use an open circle for < or >, because the endpoint is not included.
	Use a closed circle for ≤ or ≥, because the endpoint is included.
	Shade left for values less than a number.
	Shade right for values greater than a number.

For example:
	x<3: open circle at 3, shade left
	x≥−1: closed circle at −1, shade right

Interval notation
Interval notation is a compact way to write solution sets.
	Parentheses ( ) mean an endpoint is not included.
	Brackets [ ] mean an endpoint is included.

Examples:
	(2,7) means all real numbers between 2 and 7, not including 2 or 7.
	[2,7] means all real numbers from 2 to 7, including both endpoints.
	(2,7] means greater than 2 and up to 7, including 7.
	[−3,∞) means all real numbers greater than or equal to −3.

Note: Infinity is never written with a bracket, because ∞ is not a real endpoint you can actually reach.
Matching inequalities to interval notation
	x<4 becomes (−∞,4)
	x≤4 becomes (−∞,4]
	x>4 becomes (4,∞)
	x≥4 becomes [4,∞)
	2<x<8 becomes (2,8)
	−1≤x<5 becomes [−1,5)

Compound inequalities
A compound inequality combines two inequalities in one statement. The two most common words are and and or.
1. AND inequalities
An and inequality means the solution must satisfy both conditions at the same time. This usually gives a region between two numbers.
Example: 2<x≤6
This means x is greater than 2 and also less than or equal to 6. In interval notation, this is (2,6].
2. OR inequalities
An or inequality means the solution can satisfy either condition. This usually gives two separate parts on the number line.
Example: x<−1 or x≥3
In interval notation, this is
(−∞,−1)∪[3,∞)The symbol ∪ means union, which combines the solution sets.
Worked Example 1: Solve a simple linear inequality
Solve:
3x−5≤10Step 1: Add 5 to both sides.
3x≤15Step 2: Divide both sides by 3.
x≤5Solution: x≤5
Interval notation: (−∞,5]
Graph: closed circle at 5, shade left.
Worked Example 2: Solve an inequality that requires reversing the sign
Solve:
−4x+8>20Step 1: Subtract 8 from both sides.
−4x>12Step 2: Divide both sides by −4. Since we divide by a negative number, reverse the inequality.
x<−3Solution: x<−3
Interval notation: (−∞,−3)
Graph: open circle at −3, shade left.
Worked Example 3: Solve a compound AND inequality
Solve:
−2≤3x+4<10This means both parts must be true at the same time.
Step 1: Subtract 4 from all three parts.
−6≤3x<6Step 2: Divide all three parts by 3.
−2≤x<2Solution: −2≤x<2
Interval notation: [−2,2)
Graph: closed circle at −2, open circle at 2, shade between them.
Worked Example 4: Solve a compound OR inequality
Solve:
2x+1<−5or3x−6≥3Solve each part separately.
First inequality:
2x+1<−5 2x<−6 x<−3Second inequality:
3x−6≥3 3x≥9 x≥3Now combine with or:
x<−3orx≥3Interval notation:
(−∞,−3)∪[3,∞)Graph: open circle at −3, shade left; closed circle at 3, shade right.
Checking your answer
You can test a value from your solution set to see if it makes the original inequality true.
For Example 2, the answer was x<−3. Try x=−4:
−4(−4)+8=16+8=24Since 24>20, the inequality is true, so −4 works.
Try a value not in the solution set, such as x=0:
−4(0)+8=8Since 8>20 is false, 0 should not be included. That matches our solution.
Common mistakes to avoid
	Forgetting to reverse the sign when multiplying or dividing by a negative number.
	Using the wrong circle on a graph: open for < or >, closed for ≤ or ≥.
	Mixing up parentheses and brackets in interval notation.
	Confusing and with or:	and usually means the overlap or middle region
	or usually means separate regions combined



Quick guide: graph to interval notation
	Open circle at 1, shade right: (1,∞)
	Closed circle at −2, shade left: (−∞,−2]
	Closed at 0 and open at 5, shaded between: [0,5)
	Open at −4, shade left, and closed at 2, shade right: (−∞,−4)∪[2,∞)

Quick guide: interval notation to inequality
	(3,9] means 3<x≤9
	[−1,4) means −1≤x<4
	(−∞,6) means x<6
	[5,∞) means x≥5

[image: 📋]   Summary
Linear inequalities are solved much like equations, but if you multiply or divide by a negative number, you must reverse the inequality sign.
Solutions can be shown in three connected ways: as an inequality, on a number line, and in interval notation.
For compound inequalities, and means values must satisfy both conditions, while or means values can satisfy either condition. Understanding how to move between these forms helps you clearly describe all possible solutions.


  
  Put what you read to the test

  You've worked through Linear Inequalities and Interval Notation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1100






  [image: 📝]   Lesson 8: Absolute Value as Distance
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  Absolute value tells us how far a number is from zero on the number line.
This idea of distance is the key to understanding absolute value equations and inequalities. In this lesson, you will learn how to interpret absolute value geometrically and how to solve problems like ∣x∣=5, ∣x−3∣=7, and inequalities such as ∣x∣<4 or ∣x+2∣≥6.
Remember: distance is never negative. That is why absolute value is always zero or positive.
For any real number a, the absolute value of a is written as ∣a∣.
It means the distance between a and 0 on the number line:
∣a∣=distance from a to 0
Some quick examples are:
	∣5∣=5 because 5 is 5 units from 0
	∣−5∣=5 because -5 is also 5 units from 0
	∣0∣=0 because 0 is 0 units from 0

This shows an important fact: positive and negative numbers with the same size have the same absolute value.
Another way to write absolute value is:
∣x∣={xif x≥0−xif x<0
This rule says:
	if the number is already positive, keep it the same
	if the number is negative, change it to positive

But for solving equations and inequalities, the distance meaning is often easier to use.
Absolute value as distance from zero is the simplest case.
For example, ∣x∣=4 means:
the distance from x to 0 is 4
On a number line, there are two numbers that are 4 units from 0: 4 and −4.
So:
∣x∣=4⇒x=4 or x=−4
In general, if a>0, then:
∣x∣=a⇒x=a or x=−a
There are two solutions because there are usually two points the same distance from zero.
If ∣x∣=0, then the only solution is:
x=0
If ∣x∣=−3, there is no solution because distance cannot be negative.
Absolute value can also represent distance from a number other than zero.
For example, ∣x−3∣ means the distance between x and 3.
More generally:
∣x−a∣=distance between x and a
This is extremely useful. It helps us solve equations and inequalities by thinking about how far x is from a specific number.
For example, ∣x−3∣=7 means:
the distance between x and 3 is 7
So x must be 7 units to the right of 3 or 7 units to the left of 3.
That gives:
x=3+7=10orx=3−7=−4
Now let’s look at how to solve different types of absolute value problems.
1. Solving absolute value equations
When you solve an equation like ∣expression∣=number, think:
“What values make the expression that far from zero?”
If the equation is:
∣A∣=b
and b≥0, then:
A=borA=−b
This creates two cases.
Worked Example 1
Solve:
∣x∣=9
Step 1: Interpret the equation as distance.
∣x∣=9 means x is 9 units from 0.
Step 2: Write both possibilities.
x=9orx=−9
Answer:
x=±9
Worked Example 2
Solve:
∣x−5∣=3
Step 1: Interpret as distance from 5.
∣x−5∣=3 means x is 3 units from 5.
Step 2: Write the two cases.
x−5=3orx−5=−3
Step 3: Solve each equation.
First case:
x−5=3 x=8
Second case:
x−5=−3 x=2
Answer:
x=8orx=2
You can also see this on a number line: 2 and 8 are both 3 units away from 5.
2. Solving absolute value inequalities
Absolute value inequalities also come from distance ideas.
There are two main patterns to remember.
Pattern A: Less than
When you have:
∣x∣<a
it means the distance from x to 0 is less than a. So x must be between −a and a:
∣x∣<a⇒−a<x<a
Similarly:
∣x∣≤a⇒−a≤x≤a
This gives values inside an interval.
Pattern B: Greater than
When you have:
∣x∣>a
it means the distance from x to 0 is greater than a. So x must be more than a units away from 0, either to the left or to the right:
∣x∣>a⇒x<−a or x>a
Similarly:
∣x∣≥a⇒x≤−a or x≥a
This gives values outside an interval.
The same idea works for expressions like ∣x−a∣, which represent distance from a instead of 0.
Worked Example 3
Solve:
∣x+1∣<4
Step 1: Interpret the inequality as distance.
∣x+1∣=∣x−(−1)∣, so this means the distance between x and −1 is less than 4.
Step 2: Write it as a compound inequality.
−4<x+1<4
Step 3: Subtract 1 from all three parts.
−5<x<3
Answer:
−5<x<3
This means all numbers between −5 and 3, not including the endpoints.
Worked Example 4
Solve:
∣2x−6∣≥8
Step 1: Use the “greater than or equal to” pattern.
If ∣A∣≥8, then:
A≤−8orA≥8
So:
2x−6≤−8or2x−6≥8
Step 2: Solve each inequality.
First inequality:
2x−6≤−8 2x≤−2 x≤−1
Second inequality:
2x−6≥8 2x≥14 x≥7
Answer:
x≤−1orx≥7
These are the values where 2x−6 is at least 8 units from 0.
Important cases to notice
	Equation: ∣A∣=b

If b>0, there are usually two solutions.
If b=0, there is one solution.
If b<0, there is no solution.
	Inequality: ∣A∣<b or ∣A∣≤b

If b<0, there is no solution, because absolute value can never be less than a negative number.
	Inequality: ∣A∣>b or ∣A∣≥b

If b<0, then the solution is all real numbers, because absolute value is always greater than or equal to 0, and therefore always greater than any negative number.
Common mistakes to avoid
	Forgetting the second case in equations. For example, ∣x∣=6 does not just mean x=6; it also means x=−6.
	Mixing up “and” and “or” in inequalities.	∣x∣<a gives an and statement: −a<x<a
	∣x∣>a gives an or statement: x<−a or x>a


	Ignoring impossible situations. For example, ∣x−2∣=−5 has no solution.
	Not isolating the absolute value first. If needed, get the absolute value expression alone before solving.

Quick strategy for solving
	Isolate the absolute value expression if needed.
	Decide whether it is an equation, a “less than” inequality, or a “greater than” inequality.
	Use the distance meaning to write the correct cases.
	Solve carefully.
	Check whether your answers make sense as distances.

[image: 📋]   Summary
Absolute value measures distance on the number line.
∣x∣ is the distance from x to 0, and ∣x−a∣ is the distance between x and a.
This distance idea helps you solve equations and inequalities:
	∣A∣=b leads to two cases: A=b or A=−b
	∣A∣<b means values inside an interval
	∣A∣>b means values outside an interval

If you keep thinking of absolute value as distance, these problems become much more visual and easier to solve correctly.


  
  Put what you read to the test

  You've worked through Absolute Value as Distance. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1101






  
    
  [image: 📖]   Chapter 2

  Set Theory and Formal Logic
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  Set Notation and Definitions


Sets are one of the basic ways mathematicians organize information. A set is a collection of objects, called elements or members. In mathematics, sets help us describe groups of numbers, letters, shapes, or any other objects in a precise way.


In this lesson, you will learn how to write sets using proper notation, how to describe sets in two common forms, and how to identify important types of sets such as finite sets, infinite sets, the universal set, and the empty set.


1. Basic Set Notation


Sets are usually named with capital letters such as A, B, or S. The elements of a set are written inside curly braces {}.


For example, if set A contains the numbers 1, 3, and 5, we write:


A={1,3,5}


If an object belongs to a set, we use the symbol ∈, which means “is an element of.” For example:


3∈A


If an object does not belong to a set, we use ∉. For example:


2∉A


Important idea: In a set, the order of elements does not matter, and repeated elements are not listed more than once.



	{1,2,3}={3,2,1}

	{1,1,2,2,3}={1,2,3}




2. Ways to Describe a Set


There are two main ways you will write sets in this topic:



	Roster method

	Set-builder notation




Roster Method


In the roster method, you list all the elements of the set inside curly braces.


Example:


B={2,4,6,8}


This tells us exactly which elements are in the set.


The roster method works best when the set is small or when its elements are easy to list.


Set-Builder Notation


In set-builder notation, instead of listing every element, you describe a rule that tells which elements belong to the set.


A general form is:


{x∣x satisfies a certain rule}


The symbol ∣ means “such that.” Sometimes a colon is used instead, but the meaning is the same.


Example:


{x∣x is an even number and 2≤x≤8}


This set can also be written in roster form as {2,4,6,8}.


3. Finite and Infinite Sets


A finite set is a set with a limited number of elements. You can count how many elements it has, even if there are many.


Examples of finite sets:



	{a,e,i,o,u}

	{1,2,3,4,5}

	Months of the year




An infinite set is a set that continues without end. Its elements cannot all be completely listed.


Examples of infinite sets:



	The natural numbers: {1,2,3,4,5,… }

	All even numbers: {2,4,6,8,… }

	All integers: {…,−2,−1,0,1,2,… }




When writing an infinite set in roster form, we often use dots … to show that the pattern continues.


4. Universal Set


The universal set is the set of all elements being considered in a particular discussion. It is often given the symbol U.


The universal set depends on context. For example, if we are talking about whole numbers from 1 to 10, then the universal set might be:


U={1,2,3,4,5,6,7,8,9,10}


If we are discussing letters in the English alphabet, then the universal set would be all 26 letters.


This means that when you describe a set, you are usually choosing elements from the universal set.


For example, if


U={1,2,3,4,5,6,7,8,9,10}


then a set C of multiples of 3 in U is:


C={3,6,9}


5. Empty Set


The empty set is the set with no elements. It is written as {} or ∅.


Example:


Suppose D is the set of odd numbers between 2 and 4. There are no odd whole numbers between 2 and 4, so:


D=∅


It is important to understand that the empty set is still a set. It just has zero elements.


Common mistake: Do not confuse ∅ with {∅}.



	∅ means no elements

	{∅} means a set containing one element, and that element is the empty set




6. Translating Between Roster and Set-Builder Notation


Being able to move between these two forms is an important skill.


If a set is given in roster form, look for the pattern or rule. If it is given in set-builder notation, determine which elements satisfy the rule.


Worked Example 1: Write a set in roster form


Write the set of whole numbers less than 6 in roster form.


Step 1: Identify the numbers that fit the description.


Whole numbers less than 6 are 0,1,2,3,4,5.


Answer:


{0,1,2,3,4,5}


This is a finite set because it has only 6 elements.


Worked Example 2: Write a set in set-builder notation


Write the set {2,4,6,8,10} in set-builder notation.


Step 1: Look for a pattern.


These are even numbers from 2 to 10.


Answer:


{x∣x is an even whole number and 2≤x≤10}


This set is also finite.


Worked Example 3: Identify the type of set


Consider the set


E={5,10,15,20,25,… }


Step 1: Notice the dots at the end.


The pattern continues by adding 5 each time.


Step 2: Decide whether it ends.


It does not end, so it has infinitely many elements.


Answer: E is an infinite set.


In set-builder notation, it could be written as:


E={x∣x is a positive multiple of 5}


Worked Example 4: Find an empty set


Let U={1,2,3,4,5,6,7,8}. Write the set of numbers in U that are greater than 10.


Step 1: Check whether any elements in U are greater than 10.


There are none.


Answer:


∅


This is the empty set.


7. Key Symbols to Know



	{}: used to write a set

	∈: is an element of

	∉: is not an element of

	∅: empty set

	U: universal set

	∣: such that, used in set-builder notation




8. Tips for Success



	Use curly braces, not parentheses, when writing sets.

	Do not repeat elements in a set.

	Remember that order does not matter in a set.

	Use roster form when the elements are easy to list.

	Use set-builder notation when the set follows a clear rule or is too large to list fully.

	Always pay attention to the universal set if one is given.




[image: 📋]   Summary


A set is a collection of elements written inside curly braces. Sets can be written using the roster method, where elements are listed, or set-builder notation, where a rule describes the elements. A finite set has a limited number of elements, while an infinite set continues without end. The universal set contains all objects under discussion, and the empty set contains no elements.


  
  Put what you read to the test

  You've worked through Set Notation and Definitions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1102
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  Set Inclusion and Power Sets


In set theory, a set is a collection of distinct objects, called elements. We often use capital letters such as A, B, and C to name sets, and lowercase letters such as x to represent elements.


This lesson focuses on two important ideas: set inclusion and power sets. These ideas help us compare sets, count subsets, and understand how sets are built from smaller parts.


By the end of this lesson, you should be able to:


  	decide whether one set is a subset of another,

  	tell the difference between a subset and a proper subset,

  	identify supersets,

  	find the number of subsets of a set, and

  	write the power set of a small set.




1. Set Inclusion


Set inclusion tells us whether all elements of one set are contained in another set.


If every element of set A is also an element of set B, then A is called a subset of B. We write:


A⊆B


This means:


If x∈A, then x∈B


For example, if A={1,2} and B={1,2,3,4}, then every element of A is in B. So:


{1,2}⊆{1,2,3,4}


Important: To check whether A⊆B, do not ask whether the sets are equal in size. Only ask: Is every element of A in B?


2. Proper Subsets


A set A is a proper subset of B if every element of A is in B, but the two sets are not equal.


We write:


A⊂B


So, A⊂B means:


  	A⊆B, and

  	A≠B




For example:


{1,2}⊂{1,2,3}


This is true because 1 and 2 are both in the larger set, and the two sets are not the same.


However, if A={a,b} and B={a,b}, then:


A⊆B is true, but A⊂B is false


This is because every set is a subset of itself, but no set is a proper subset of itself.


3. Supersets


If A⊆B, then B is called a superset of A. We write:


B⊇A


If A is a proper subset of B, then B is a proper superset of A:


B⊃A


For example, if A={2,4} and B={1,2,3,4,5}, then:


A⊆BandB⊇A


4. The Empty Set and Inclusion


The empty set is the set with no elements. It is written as ∅ or {}.


A very important fact is:


∅⊆A


for every set A.


This is true because the empty set has no elements that could break the subset rule. Since there are no elements in ∅, it is automatically a subset of every set.


Also, every set is a subset of itself:


A⊆A


These two facts are important when listing all subsets of a set.


5. Cardinality of a Set


The cardinality of a set is the number of elements in the set. We often write cardinality as ∣A∣.


For example, if A={3,5,7,9}, then:


∣A∣=4


Remember that sets do not count repeated elements more than once. For example:


{1,1,2,2,3}={1,2,3}


So the cardinality is:


∣{1,1,2,2,3}∣=3


6. What Is a Power Set?


The power set of a set A is the set of all subsets of A. It is written as:


P(A)


This means that every subset of A becomes an element of P(A).


For example, if A={1,2}, then the subsets of A are:


  	∅

  	{1}

  	{2}

  	{1,2}




So the power set is:


P({1,2})={∅,{1},{2},{1,2}}


Notice something important: the elements of a power set are themselves sets.


For example, in P({1,2}), the element {1} is a set, not just the number 1.


7. Number of Elements in a Power Set


If a set has n elements, then its power set has:


2n


subsets.


So if ∣A∣=n, then:


∣P(A)∣=2n


Why? Because for each element of A, there are two choices when forming a subset:


  	include it, or

  	do not include it.




If there are n elements, that gives 2×2×⋯×2=2n possible subsets.


For example:


  	If ∣A∣=1, then ∣P(A)∣=21=2

  	If ∣A∣=2, then ∣P(A)∣=22=4

  	If ∣A∣=3, then ∣P(A)∣=23=8

  	If ∣A∣=4, then ∣P(A)∣=24=16




8. How to List a Power Set Systematically


When listing a power set, it helps to organize subsets by size:


  	the empty set,

  	subsets with 1 element,

  	subsets with 2 elements,

  	subsets with 3 elements, and so on,

  	the full set.




This makes it easier to avoid missing any subsets.


For a 3-element set {a,b,c}, the subsets are:


  	0 elements: ∅

  	1 element: {a},{b},{c}

  	2 elements: {a,b},{a,c},{b,c}

  	3 elements: {a,b,c}




That gives 8 subsets in total, which matches 23=8.


Worked Example 1: Deciding Whether One Set Is a Subset of Another


Let A={2,4} and B={1,2,3,4,5}. Determine whether A⊆B.


Step 1: Check each element of A.


  	2∈B

  	4∈B




Step 2: Since every element of A is in B, we conclude:


A⊆B


Answer: Yes, A is a subset of B.


Worked Example 2: Subset or Not a Subset?


Let C={a,c,d} and D={a,b,c}. Is C⊆D?


Step 1: Check the elements of C.


  	a∈D

  	c∈D

  	d∉D




Step 2: Since d is not in D, not every element of C is in D.


So:


C⊈D


Answer: No, C is not a subset of D.


Worked Example 3: Writing a Power Set


Find the power set of A={x,y}.


Step 1: List all subsets of A.


  	The empty set: ∅

  	Subsets with 1 element: {x}, {y}

  	Subset with 2 elements: {x,y}




Step 2: Put these subsets into one set.


P(A)={∅,{x},{y},{x,y}}


Step 3: Check the number of subsets.


Since ∣A∣=2, we expect:


∣P(A)∣=22=4


We found 4 subsets, so the answer is complete.


Worked Example 4: Power Set and Cardinality


Let B={1,2,3}. Find P(B) and its cardinality.


Step 1: List subsets by size.



  	0 elements: ∅

  	1 element: {1},{2},{3}

  	2 elements: {1,2},{1,3},{2,3}

  	3 elements: {1,2,3}




Step 2: Write the power set.


P(B)={∅,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}


Step 3: Find the cardinality.


There are 8 subsets, so:


∣P(B)∣=8


This also matches the formula:


∣P(B)∣=23=8


9. Common Mistakes to Avoid



  	Confusing an element with a subset: 1 is not the same as {1}.

  	Forgetting the empty set: ∅ is always a subset, so it must be in every power set.

  	Forgetting the set itself: every set is a subset of itself, so the original set must be in its own power set.

  	Missing subsets when listing a power set: organize by number of elements.

  	Thinking order matters: {1,2}={2,1}. In sets, order does not matter.




10. Quick Check Ideas


When you are solving problems about inclusion and power sets, ask yourself these questions:


  	Have I checked every element of the smaller set?

  	Am I looking at elements, or at sets of elements?

  	Did I include ∅?

  	Did I include the full set?

  	Does my number of subsets match 2n?




[image: 📋]   Summary


A set A is a subset of B if every element of A is also in B. If A is a subset of B and A≠B, then A is a proper subset of B. If A⊆B, then B is a superset of A.


The power set P(A) is the set of all subsets of A. If a set has n elements, then its power set has 2n elements. To list a power set correctly, include the empty set, all smaller subsets, and the full set itself.


  
  Put what you read to the test

  You've worked through Set Inclusion and Power Sets. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1103






  [image: 📝]   Lesson 11: Set Operations and De Morgan's Laws

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1144




  Set Operations and De Morgan's Laws


Sets are one of the basic languages of mathematics. A set is a collection of objects, called elements. In set theory, we often compare sets, combine them, and describe relationships between them.


In this lesson, you will learn the main set operations: union, intersection, difference, and complement. You will also learn De Morgan's Laws, which help us rewrite set expressions and prove that two sets are equal.


These ideas are important because they connect directly to logic, Venn diagrams, and proof. If you can understand what each set operation means in words, the symbols become much easier to use correctly.


1. Basic set notation


If an object is in a set, we write the symbol belongs to:


x∈A


If an object is not in a set, we write:


x∉A


Two sets are equal if they have exactly the same elements:


A=B


This means every element of A is in B, and every element of B is in A.


We often work inside a larger set called the universal set, written as U. The universal set contains all objects being discussed in that situation.


For example, if we are talking about whole numbers from 1 to 10, then we might define


U={1,2,3,4,5,6,7,8,9,10}


2. Main set operations


Union


The union of two sets A and B, written A∪B, is the set of all elements that are in A, or in B, or in both.


A∪B={x∣x∈A or x∈B}


Intersection


The intersection of A and B, written A∩B, is the set of all elements that are in both sets.


A∩B={x∣x∈A and x∈B}


Difference


The difference of A and B, written A−B or sometimes A∖B, is the set of all elements that are in A but not in B.


A−B={x∣x∈A and x∉B}


Complement


The complement of a set A, written Ac or sometimes A′, is the set of all elements in the universal set that are not in A.


Ac={x∈U∣x∉A}


The complement always depends on the universal set. If the universal set changes, the complement can change too.


3. Understanding the operations in words



  	Union: combine everything from both sets.

  	Intersection: keep only the common elements.

  	Difference: remove from the first set anything that is in the second set.

  	Complement: take everything outside the set, but still inside the universal set.




These word meanings are very important. Many mistakes happen when students try to memorize symbols without connecting them to the meaning.


4. Worked Example 1: Finding unions, intersections, and differences


Let


A={1,2,3,4,5},B={3,4,5,6,7}


Find A∪B, A∩B, A−B, and B−A.


Step 1: Find the union


The union contains all elements that appear in either set:


A∪B={1,2,3,4,5,6,7}


Step 2: Find the intersection


The intersection contains only elements in both sets:


A∩B={3,4,5}


Step 3: Find A−B


Take elements in A that are not in B:


A−B={1,2}


Step 4: Find B−A


Take elements in B that are not in A:


B−A={6,7}


Important note: Difference is not commutative. Usually, A−B≠B−A.


5. Worked Example 2: Complements using a universal set


Let


U={1,2,3,4,5,6,7,8,9,10}

A={2,4,6,8,10},B={1,2,3,4,5}


Find Ac, Bc, and A∩B.


Step 1: Find Ac


A contains the even numbers in U. So the complement is everything in U that is not in A:


Ac={1,3,5,7,9}


Step 2: Find Bc


B contains 1 through 5. So:


Bc={6,7,8,9,10}


Step 3: Find A∩B


We want the numbers that are both even and in the set {1,2,3,4,5}:


A∩B={2,4}


6. Venn diagram meaning


Venn diagrams are pictures that help show set relationships. Each set is usually drawn as a circle inside a rectangle representing the universal set.



  	The whole area covered by two circles shows the union.

  	The overlap of the circles shows the intersection.

  	The part of one circle outside the other shows the difference.

  	The area outside a circle but inside the rectangle shows the complement.




Even when you are not asked to draw a Venn diagram, imagining one can help you decide which operation is needed.


7. De Morgan's Laws


De Morgan's Laws tell us how complements interact with unions and intersections. These laws are very useful in simplifying set expressions and proving set equivalences.


The two laws are:


(A∪B)c=Ac∩Bc


(A∩B)c=Ac∪Bc


Meaning of the first law: If an element is not in A∪B, then it is not in A and also not in B. So it must be in both complements.


Meaning of the second law: If an element is not in A∩B, then it is not in both sets at the same time. So it must fail to be in A, or fail to be in B, or both. That means it belongs to Ac∪Bc.


A simple way to remember them is:



  	The complement of a union becomes an intersection of complements.

  	The complement of an intersection becomes a union of complements.




8. Worked Example 3: Verifying a De Morgan's Law with actual sets


Let


U={1,2,3,4,5,6,7,8}

A={1,2,3,4},B={3,4,5,6}


Verify that


(A∪B)c=Ac∩Bc


Step 1: Find A∪B


A∪B={1,2,3,4,5,6}


Step 2: Find its complement


Everything in U not in A∪B is:


(A∪B)c={7,8}


Step 3: Find Ac and Bc


Ac={5,6,7,8}

Bc={1,2,7,8}


Step 4: Find the intersection of the complements


Ac∩Bc={7,8}


Since both sides give the same set, the law is verified:


(A∪B)c=Ac∩Bc


9. Proving set equivalence using element reasoning


To prove two sets are equal, we usually show that any element of the first set must be in the second set, and any element of the second set must be in the first set.


This is called proving double inclusion.


For example, to prove


(A∩B)c=Ac∪Bc


we can use an arbitrary element x.


Proof:


Assume x∈(A∩B)c. That means x∉A∩B.


So x is not in both A and B at the same time. Therefore, either x∉A or x∉B.


This means either x∈Ac or x∈Bc. So:


x∈Ac∪Bc


Now assume x∈Ac∪Bc. Then x∈Ac or x∈Bc.


So x∉A or x∉B. Therefore x cannot be in both A and B at the same time.


So:


x∉A∩B


which means


x∈(A∩B)c


Since each set is contained in the other, we conclude:


(A∩B)c=Ac∪Bc


10. Worked Example 4: Simplifying a set expression


Simplify


(A∩B)c∩A


Step 1: Use De Morgan's Law


(A∩B)c=Ac∪Bc


So the expression becomes:


(Ac∪Bc)∩A


Step 2: Think about what must be true


We are looking for elements that are in A, and also in Ac∪Bc.


An element cannot be in both A and Ac. So the only possible part comes from being in A and in Bc.


Therefore:


(Ac∪Bc)∩A=A∩Bc


This is the set of elements in A but not in B. So we can also write it as:


A−B


Thus,


(A∩B)c∩A=A−B


11. Common mistakes to avoid



  	Confusing union and intersection: union means “in at least one,” intersection means “in both.”

  	Forgetting the universal set when finding complements: complements are taken relative to U.

  	Mixing up A−B and B−A: order matters in difference.

  	Using De Morgan's Laws incorrectly: when taking the complement of a union or intersection, change both the operation and each set.




For example,


(A∪B)c≠Ac∪Bc


The correct form is


(A∪B)c=Ac∩Bc


12. Quick check questions



  	If A={1,2,3} and B={3,4,5}, what is A∩B?

  	If U={1,2,3,4,5,6} and A={2,4,6}, what is Ac?

  	In words, what does (A∪B)c mean?

  	Which De Morgan's Law matches (A∩B)c?




Answers:



  	{3}

  	{1,3,5}

  	Elements not in A and not in B

  	(A∩B)c=Ac∪Bc




[image: 📋]   Summary


Set operations describe ways to combine or compare sets. The union A∪B includes everything in either set, the intersection A∩B includes only common elements, the difference A−B includes elements in A but not B, and the complement Ac includes everything in the universal set not in A.


De Morgan's Laws are:


(A∪B)c=Ac∩Bc

(A∩B)c=Ac∪Bc


These laws are powerful tools for simplifying expressions and proving set equivalence. If you remember the meaning of each operation in words, you will be much more confident when solving set theory problems.


  
  Put what you read to the test

  You've worked through Set Operations and De Morgan's Laws. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1104






  [image: 📝]   Lesson 12: Venn Diagrams and Categorical Syllogisms
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  Venn Diagrams and Categorical Syllogisms


In set theory and logic, we often need to describe groups of objects and the relationships between those groups. Venn diagrams help us picture how sets overlap, while categorical syllogisms help us test whether a logical conclusion follows from given statements.


These ideas are closely connected. A categorical statement such as “All cats are mammals” can be represented with sets. Then a Venn diagram can show whether another statement logically follows from it.


In this lesson, you will learn how to read and draw Venn diagrams, how to use them to count elements in overlapping sets, and how to test categorical syllogisms using set relationships.


1. Review: What is a set?


A set is a collection of objects. We usually name sets with capital letters, such as A, B, and C. The objects inside the set are called elements.


For example, if A is the set of students who play soccer, and B is the set of students who play basketball, then a student who plays both sports belongs to both sets.


2. What is a Venn diagram?


A Venn diagram is a picture that uses circles to show relationships between sets. The rectangle around the circles represents the universal set, which is the full group being considered.


If two sets overlap, the shared region represents elements that belong to both sets. This overlap is called the intersection.



  	A∪B: the union, meaning elements in A or B or both

  	A∩B: the intersection, meaning elements in both A and B

  	A′ or Ac: the complement, meaning elements not in A

  	A⊆B: A is a subset of B, meaning every element of A is also in B




3. How to read overlapping sets


Suppose A is the set of students who study French, and B is the set of students who study Spanish. The overlap A∩B represents students who study both languages.


If a student is in A but not in B, then that student is in the part of circle A outside the overlap. This is written as A∖B, which means “in A, but not in B.”


Venn diagrams are useful because they turn words into pictures. That makes it easier to understand complex set relationships and avoid counting the same elements twice.


4. Counting with Venn diagrams


When two sets overlap, we must be careful when counting the total number of elements in either set. If we simply add the sizes of the sets, the overlap gets counted twice.


For two sets, the correct formula is:


n(A∪B)=n(A)+n(B)−n(A∩B)

Here, n(A) means the number of elements in set A.


For three sets, the counting is a little more involved:


n(A∪B∪C)=n(A)+n(B)+n(C)−n(A∩B)−n(A∩C)−n(B∩C)+n(A∩B∩C)

We subtract the pair overlaps because they were counted twice, then add back the triple overlap because it was subtracted too many times.


Worked Example 1: Two-set counting


In a class of 30 students, 18 study art, 14 study music, and 6 study both. How many study art or music?


Let A be the set of art students and M be the set of music students.


Use the formula:


n(A∪M)=n(A)+n(M)−n(A∩M)

Substitute the values:


n(A∪M)=18+14−6=26

So, 26 students study art or music.


If the class has 30 students total, then the number who study neither subject is:


30−26=4

So, 4 students study neither art nor music.


5. Three-set Venn diagrams


With three sets, the diagram has three overlapping circles. The center region is especially important because it represents elements in all three sets at once.


When filling in a three-set Venn diagram, it is usually best to start with the middle, the region representing A∩B∩C. Then work outward to the pair overlaps, then the single-set-only regions.


This step-by-step approach helps avoid mistakes.


Worked Example 2: Three-set counting


At a school, students may play soccer (S), basketball (B), or tennis (T). Suppose:



  	n(S)=20

  	n(B)=18

  	n(T)=12

  	n(S∩B)=7

  	n(S∩T)=5

  	n(B∩T)=4

  	n(S∩B∩T)=2




Find n(S∪B∪T).


Use the three-set formula:


n(S∪B∪T)=20+18+12−7−5−4+2

=50−16+2=36

So, 36 students play at least one of the three sports.


6. What is a categorical statement?


A categorical statement is a statement about categories or classes of things. These statements often use words like all, some, or no.


Common forms are:



  	All A are B

  	No A are B

  	Some A are B

  	Some A are not B




These can be understood using sets:



  	All A are B means A⊆B

  	No A are B means A∩B=∅

  	Some A are B means there is at least one element in A∩B

  	Some A are not B means there is at least one element in A outside B




7. What is a categorical syllogism?


A categorical syllogism is an argument made of two premises and a conclusion, where each statement is categorical.


For example:



  	Premise 1: All dogs are mammals.

  	Premise 2: All mammals are animals.

  	Conclusion: All dogs are animals.




This argument is valid because if every dog is inside the set of mammals, and every mammal is inside the set of animals, then every dog must also be inside the set of animals.


Venn diagrams help us check whether a conclusion must be true based on the premises.


8. Using Venn diagrams for categorical syllogisms


To test a syllogism with a Venn diagram, we represent the sets involved and mark the regions that must be empty or occupied.


Here is the basic idea:



  	If a statement says all, then part of the diagram is excluded or shaded.

  	If a statement says no, then the overlap is shaded.

  	If a statement says some, then we place an X in the region that must contain at least one element.




Important shading rule: shading means “this region is empty.” An X means “at least one element is here.”


9. How to represent common categorical statements


All A are B


This means there are no elements in A that are outside B. So we shade the part of A that lies outside B.


No A are B


This means the overlap A∩B is empty. So we shade the intersection.


Some A are B


This means at least one element belongs to both sets. So we place an X in the overlap.


Some A are not B


This means at least one element is in A but outside B. So we place an X in the part of A outside B.


10. Testing validity of syllogisms


A syllogism is valid if the conclusion must be true whenever the premises are true. A Venn diagram does not ask whether the statements are realistic. It only asks whether the conclusion logically follows.


If the conclusion matches what is forced by the diagram, the argument is valid. If the conclusion could be false even when the premises are true, the argument is invalid.


Worked Example 3: A valid syllogism


Test the argument:



  	Premise 1: All poets are writers.

  	Premise 2: All writers are readers.

  	Conclusion: All poets are readers.




Let P = poets, W = writers, and R = readers.


Premise 1 says all poets are writers, so shade the part of P outside W.


Premise 2 says all writers are readers, so shade the part of W outside R.


After shading these regions, every part of P outside R is forced to be empty. That means all poets are readers.


So the conclusion follows, and the syllogism is valid.


Worked Example 4: An invalid syllogism


Test the argument:



  	Premise 1: Some athletes are musicians.

  	Premise 2: Some musicians are artists.

  	Conclusion: Some athletes are artists.




Let A = athletes, M = musicians, and R = artists.


Premise 1 places an X in the overlap of athletes and musicians.


Premise 2 places an X in the overlap of musicians and artists.


But these two X's do not have to represent the same person. One musician could be an athlete, and a different musician could be an artist.


So the conclusion “Some athletes are artists” is not forced by the premises.


Therefore, the syllogism is invalid.


11. A useful strategy for solving problems



  	Identify the sets clearly.

  	Translate words into set relationships.

  	Draw the Venn diagram carefully.

  	For counting problems, fill in known overlaps first.

  	For syllogisms, shade empty regions and place X's where elements must exist.

  	Check whether the conclusion is definitely true, not just possibly true.




12. Common mistakes to avoid



  	Double-counting overlaps when adding set totals

  	Confusing union and intersection

  	Assuming “some” means “all”

  	Thinking a conclusion is valid because it sounds reasonable

  	Forgetting that two X's may represent different elements




13. Quick comparison of key ideas



  	Venn diagrams are visual tools for sets.

  	Set operations describe how groups combine or overlap.

  	Categorical statements describe relationships between groups.

  	Categorical syllogisms test whether a conclusion follows from those relationships.




[image: 📋]   Summary


Venn diagrams help us visualize sets, overlaps, and complements. They are especially useful for solving counting problems involving unions and intersections.


Categorical syllogisms are logical arguments built from statements like “all,” “some,” and “no.” By translating these statements into set relationships and using Venn diagrams, we can decide whether a conclusion is logically valid.


If you remember to read each statement carefully, shade empty regions, place X's for existing elements, and avoid double-counting, you will be able to solve both set problems and logic problems with confidence.


  
  Put what you read to the test

  You've worked through Venn Diagrams and Categorical Syllogisms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1105
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  Lesson: Propositional Logic and Truth Values


In mathematics, we need a clear way to decide whether statements are true or false. Propositional logic is the part of mathematics that studies statements, their truth values, and how they can be combined to make new statements.


This topic is important because it helps students read mathematical arguments carefully, test whether reasoning is valid, and write clear proofs. It is also closely connected to set theory, algebra, and computer science.


1. What is a proposition?


A proposition is a statement that is either true or false. It must have exactly one truth value.



  	"7 is a prime number" is a proposition. It is true.

  	"10 is an odd number" is a proposition. It is false.

  	"Close the door" is not a proposition because it is a command, not a statement.

  	"What time is it?" is not a proposition because it is a question.




The truth value of a proposition is simply whether it is true (T) or false (F).


2. Simple and compound propositions


A simple proposition is a single statement.


Examples:


  	
    p: "12 is divisible by 3"
  

  	
    q: "12 is a prime number"
  




A compound proposition is formed by joining simple propositions using logical words such as and, or, not, and if...then.


These logical words are called connectives.


3. Common logical connectives


We usually use letters like p and q to represent propositions.



  	Negation: "not p" is written as ¬p.

  	Conjunction: "p and q" is written as p∧q.

  	Disjunction: "p or q" is written as p∨q.

  	Implication: "if p, then q" is written as p→q.




Each connective has rules for deciding the truth value of the compound statement.


4. Negation


The negation of a proposition changes its truth value to the opposite.


If p is true, then ¬p is false. If p is false, then ¬p is true.


Example:


  	
    p: "9 is even" is false.
  

  	
    ¬p: "9 is not even" is true.
  




Truth table for negation:


p¬pTFFT

5. Conjunction: and


A conjunction p∧q means both statements must be true.


The compound statement is true only when both p and q are true.


Truth table for conjunction:


pqp∧qTTTTFFFTFFFF

Example:


  	
    p: "8 is even" is true.
  

  	
    q: "8 is greater than 10" is false.
  

  	
    Therefore, p∧q is false.
  




6. Disjunction: or


A disjunction p∨q means at least one of the statements is true.


In mathematics, "or" usually means inclusive or. That means:


  	p∨q is true if only p is true,

  	or only q is true,

  	or both are true.




It is false only when both statements are false.


Truth table for disjunction:


pqp∨qTTTTFTFTTFFF

Example:


  	
    p: "15 is divisible by 3" is true.
  

  	
    q: "15 is divisible by 4" is false.
  

  	
    Therefore, p∨q is true.
  




7. Implication: if...then


An implication has the form p→q, which is read as "if p, then q."


Here, p is called the hypothesis and q is called the conclusion.


The only time an implication is false is when the hypothesis is true and the conclusion is false.


Truth table for implication:


pqp→qTTTTFFFTTFFT

This often feels unusual at first. Why is p→q true when p is false? In logic, the statement only makes a promise about what happens when p is true. If p never happens, the statement is not broken.


Example:


  	
    p: "A number is divisible by 4"
  

  	
    q: "The number is even"
  




The implication "If a number is divisible by 4, then it is even" is true, because every number divisible by 4 is even.


8. Building truth tables


A truth table lists all possible truth values of the simple propositions and then shows the truth value of the compound proposition.


If there are:


  	1 proposition, there are 2 rows,

  	2 propositions, there are 4 rows,

  	3 propositions, there are 8 rows.




In general, for n propositions, there are 2n rows.


9. Worked Example 1: Identify propositions and truth values


Decide which of the following are propositions, and give the truth value if possible.



  	"5 + 7 = 12"

  	"Please sit down."

  	"10<3"

  	"Is 9 a square number?"




Solution:



  	"5 + 7 = 12" is a proposition. It is true.

  	"Please sit down." is not a proposition because it is a command.

  	"10<3" is a proposition. It is false.

  	"Is 9 a square number?" is not a proposition because it is a question.




Worked Example 2: Evaluate conjunction and disjunction


Let


  	p: "6 is even"

  	q: "6 is greater than 10"




Find the truth values of p, q, p∧q, and p∨q.


Solution:



  	p is true, because 6 is even.

  	q is false, because 6 is not greater than 10.

  	p∧q means "6 is even and 6 is greater than 10." Since both are not true, this is false.

  	p∨q means "6 is even or 6 is greater than 10." At least one part is true, so this is true.




Worked Example 3: Evaluate an implication


Let


  	p: "x=4"

  	q: "x2=16"




Consider the implication p→q: "If x=4, then x2=16."


Solution:


If x=4, then


x2=42=16

So the implication is true.


Now think about the reverse statement: "If x2=16, then x=4." This is not always true, because x could also be −4. This shows that the direction of an implication matters.


Worked Example 4: Complete a truth table


Construct the truth table for (p∧q)→p.


Step 1: List all possible truth values of p and q.


pqTTTFFTFF

Step 2: Find p∧q.


Step 3: Find (p∧q)→p.


pqp∧q(p∧q)→pTTTTTFFTFTFTFFFT

This compound statement is true in every row. A statement that is always true is called a tautology.


10. Important ideas to remember



  	A proposition must be a statement with a definite truth value.

  	Negation reverses truth value.

  	Conjunction p∧q is true only if both parts are true.

  	Disjunction p∨q is true if at least one part is true.

  	Implication p→q is false only when p is true and q is false.

  	Truth tables help us test and understand compound statements.




11. Common mistakes



  	Mistake 1: Thinking that "or" means only one statement can be true. In mathematics, p∨q is still true when both are true.

  	Mistake 2: Thinking an implication is false whenever p is false. Actually, if p is false, then p→q is true in propositional logic.

  	Mistake 3: Confusing a statement with its converse. "If p, then q" does not automatically mean "If q, then p."

  	Mistake 4: Calling commands or questions propositions. Only statements that can be true or false are propositions.




12. Quick practice questions



  	Is the sentence "2+2=5" a proposition? What is its truth value?

  	If p is false, what is the truth value of ¬p?

  	If p is true and q is false, find the truth value of p∧q.

  	If p is false and q is true, find the truth value of p∨q.

  	If p is true and q is false, find the truth value of p→q.




Answers:



  	Yes, it is a proposition. It is false.

  	True.

  	False.

  	True.

  	False.




[image: 📋]   Summary


Propositional logic studies statements that are either true or false. These statements can be combined using connectives such as not, and, or, and if...then.


By using truth values and truth tables, we can decide whether compound statements are true or false in every possible case. This is an important skill for understanding mathematical reasoning and writing correct proofs.


  
  Put what you read to the test

  You've worked through Propositional Logic and Truth Values. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1106
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  Truth Tables and Logical Equivalence


In formal logic, we study statements that can be either true or false. These statements are called propositions. Truth tables help us organize all possible truth values of propositions and determine whether more complicated statements are true or false.


This lesson explains how to build and read truth tables, how to identify tautologies and contradictions, and how to decide whether two statements are logically equivalent.


1. Basic logical symbols


We usually use letters such as p, q, and r to represent propositions.



  	Negation: ¬p means “not p”

  	Conjunction: p∧q means “p and q”

  	Disjunction: p∨q means “p or q”

  	Conditional: p→q means “if p, then q”

  	Biconditional: p↔q means “p if and only if q”




Each of these has rules for when it is true or false.


2. Truth values for the main connectives


The truth values of the basic connectives are:



  	¬p is true when p is false, and false when p is true.

  	p∧q is true only when both p and q are true.

  	p∨q is true when at least one of p or q is true.

  	p→q is false only when p is true and q is false.

  	p↔q is true when p and q have the same truth value.




A quick way to remember the conditional p→q: it only fails when the “if” part happens but the “then” part does not.


3. How to build a truth table


If a statement has:


  	1 variable, there are 2 rows

  	2 variables, there are 4 rows

  	3 variables, there are 8 rows




In general, for n variables, there are 2n rows.


To make a truth table:


  	List all possible truth values for the variables.

  	Create columns for simpler parts of the statement first.

  	Use those columns to find the truth values of the full statement.




4. Standard truth table for two variables


For propositions p and q, the four possible combinations are:


pqTTTFFTFF

This pattern is the starting point for many truth tables.


5. Worked Example 1: Finding the truth table of a compound statement


Construct a truth table for ¬p∨q.


We need columns for p, q, ¬p, and then ¬p∨q.


pq¬p¬p∨qTTFTTFFFFTTTFFTT

Look at the last column. The statement ¬p∨q is false only in one case: when p is true and q is false.


This is important because it matches the truth values of p→q. So we already have a hint that:


¬p∨q≡p→q

Here, the symbol ≡ means “is logically equivalent to.”


6. Tautology, contradiction, and contingency


After making a truth table, we can classify a statement by looking at the final column.



  	Tautology: always true

  	Contradiction: always false

  	Contingency: sometimes true and sometimes false




Examples:


  	p∨¬p is a tautology

  	p∧¬p is a contradiction

  	p∧q is a contingency




7. Worked Example 2: Identifying a tautology


Show that p∨¬p is a tautology.


p¬pp∨¬pTFTFTT

The final column is all true, so p∨¬p is a tautology.


This statement is called the law of excluded middle: either a proposition is true, or it is not true.


8. Worked Example 3: Identifying a contradiction


Show that p∧¬p is a contradiction.


p¬pp∧¬pTFFFTF

The final column is all false, so p∧¬p is a contradiction.


This makes sense because a proposition cannot be both true and false at the same time.


9. Logical equivalence


Two statements are logically equivalent if they have exactly the same truth values in every possible case.


To test this, make a truth table for both statements and compare their final columns.


If the final columns match row by row, then the statements are logically equivalent.


10. Worked Example 4: Proving logical equivalence


Show that p→q is logically equivalent to ¬p∨q.


We build one table including both expressions.


pq¬pp→q¬p∨qTTFTTTFFFFFTTTTFFTTT

The last two columns are identical. Therefore,


p→q≡¬p∨q

This is one of the most useful logical equivalences in mathematics.


11. Common logical equivalences to know


Truth tables can be used to verify many important equivalences.



  	p→q≡¬p∨q

  	¬(¬p)≡p

  	¬(p∧q)≡¬p∨¬q

  	¬(p∨q)≡¬p∧¬q

  	p↔q≡(p→q)∧(q→p)




The third and fourth rules are called De Morgan’s Laws. They are especially useful when simplifying logical statements.


12. Tips for avoiding mistakes



  	Do not confuse p∨q with everyday “either/or.” In logic, p∨q is true if one or both are true.

  	Be careful with conditionals. p→q is true in three out of four cases.

  	Add intermediate columns. For a complicated statement, compute one part at a time.

  	Compare final columns exactly when checking equivalence.

  	Count rows correctly. Two variables need 4 rows, three variables need 8 rows.




13. Strategy for complex propositions


For a statement such as (p∧q)→¬r, do not try to evaluate it all at once.


Instead, build columns in this order:


  	p, q, r

  	p∧q

  	¬r

  	(p∧q)→¬r




This step-by-step method reduces errors and makes your reasoning easier to follow.


14. Why truth tables matter


Truth tables are useful because they let us check whether a statement is always true, always false, or equivalent to another statement. In set theory, proofs, and algebraic reasoning, this helps us justify each step clearly and correctly.


They are also an important foundation for mathematical proof, computer science, and logical reasoning in general.


[image: 📋]   Summary



  	A proposition is a statement that is either true or false.

  	A truth table lists all possible truth values of propositions and compound statements.

  	Use logical symbols such as ¬, ∧, ∨, →, and ↔.

  	A tautology is always true.

  	A contradiction is always false.

  	A contingency is sometimes true and sometimes false.

  	Two statements are logically equivalent if their final truth table columns are identical.

  	One key equivalence is p→q≡¬p∨q




If you can build a truth table carefully and compare the final columns, you can analyze almost any logical statement at this level.


  
  Put what you read to the test

  You've worked through Truth Tables and Logical Equivalence. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1107






  [image: 📝]   Lesson 15: Conditional Statements and Contraposition

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1147




  Conditional Statements and Contraposition are an important part of formal logic. They help us understand how mathematical statements are built and how to test whether an argument is logically correct.


In mathematics, many statements are written in the form “if ... then ...”. Learning how to rewrite and analyze these statements helps students read proofs, write proofs, and avoid common logic mistakes.


In this lesson, we will learn what a conditional statement is, how to identify its related forms, and why the contrapositive is especially important in mathematics.


1. Conditional Statements


A conditional statement has the form:


If p, then q


We also write this as:


p→q


Here:


  	�p is the hypothesis or condition.

  	�q is the conclusion.




Example: “If a number is divisible by 4, then it is even.”


  	Hypothesis: the number is divisible by 4

  	Conclusion: the number is even




This statement is true because every number divisible by 4 must also be even.


Important idea: A conditional statement does not say that every even number is divisible by 4. It only tells us what happens when the hypothesis is true.


2. Related Statements


From a conditional statement, we can make three related statements:



  	Converse: If q, then p

  	Inverse: If not p, then not q

  	Contrapositive: If not q, then not p




Starting with:

p→q


we get:


  	Converse: q→p

  	Inverse: ¬p→¬q

  	Contrapositive: ¬q→¬p




Here, the symbol ¬ means “not.”


3. Which Statements Have the Same Truth Value?


This is the key fact of the lesson:


  	A conditional statement and its contrapositive are always logically equivalent.

  	The converse and inverse are also logically equivalent to each other.

  	But the conditional is not always logically equivalent to its converse or inverse.




That means:

p→qhas the same truth value as¬q→¬p


and

q→phas the same truth value as¬p→¬q


4. Why Contraposition Matters


Sometimes a direct statement is hard to prove. In those cases, it can be easier to prove the contrapositive instead.


If we can prove

¬q→¬p

then we have also proved

p→q


This method is called proof by contraposition.


For example, suppose we want to prove:

“If a number is odd, then its square is odd.”


Instead of proving this directly, we could prove the contrapositive:

“If a number’s square is not odd, then the number is not odd.”


Since “not odd” means even, this becomes:

“If a number’s square is even, then the number is even.”


This is often easier to work with.


5. Truth Values and Counterexamples


To decide whether a conditional statement is true, we ask: is there any case where the hypothesis is true but the conclusion is false?


If there is even one such case, the conditional is false.


So for p→q, the only way it is false is when:


  	p is true, and

  	q is false.




This is why a counterexample is enough to show a statement is false.


Example: “If a number is even, then it is divisible by 4.”


This is false because 6 is even, but 6 is not divisible by 4. One counterexample is enough.


6. Worked Example 1: Identifying the Related Statements


Original statement: “If an angle is a right angle, then it measures 90[image: °].”


Let


  	p: an angle is a right angle

  	q: the angle measures 90[image: °]




Then the statements are:


  	Conditional: If an angle is a right angle, then it measures 90[image: °].

  	Converse: If an angle measures 90[image: °], then it is a right angle.

  	Inverse: If an angle is not a right angle, then it does not measure 90[image: °].

  	Contrapositive: If an angle does not measure 90[image: °], then it is not a right angle.




In standard geometry, all four of these happen to be true. But that does not mean this always happens. In many situations, the converse and inverse can be false even when the original statement is true.


7. Worked Example 2: A Case Where the Converse Is False


Original statement: “If a number is divisible by 6, then it is divisible by 3.”


Let


  	p: the number is divisible by 6

  	q: the number is divisible by 3




Conditional: If a number is divisible by 6, then it is divisible by 3.

This is true.


Converse: If a number is divisible by 3, then it is divisible by 6.

This is false. For example, 9 is divisible by 3, but not by 6.


Inverse: If a number is not divisible by 6, then it is not divisible by 3.

This is also false. For example, 9 is not divisible by 6, but it is divisible by 3.


Contrapositive: If a number is not divisible by 3, then it is not divisible by 6.

This is true, and it matches the truth value of the original conditional.


This example shows the key pattern clearly:


  	Conditional and contrapositive: both true

  	Converse and inverse: both false




8. Worked Example 3: Writing a Contrapositive


Statement: “If a figure is a square, then it is a rectangle.”


First identify:


  	p: the figure is a square

  	q: the figure is a rectangle




The contrapositive is:

“If a figure is not a rectangle, then it is not a square.”


Notice what changed:


  	The parts switched places.

  	Both parts were negated.




That is the correct way to form a contrapositive.


A common mistake is to write “If a figure is not a square, then it is not a rectangle.” That is actually the inverse, not the contrapositive.


9. Worked Example 4: Using Contraposition in Reasoning


Consider the statement:

“If an integer ends in 0, then it is divisible by 10.”


The contrapositive is:

“If an integer is not divisible by 10, then it does not end in 0.”


Suppose we know that 347 is not divisible by 10. By the contrapositive, we can conclude that 347 does not end in 0.


This may seem obvious here, but in harder proofs this type of reasoning is very useful. Instead of proving the original statement directly, we use the logically equivalent contrapositive.


10. How to Form Each Type Correctly


Start with the statement:

If p, then q



  	Conditional: If p, then q

  	Converse: If q, then p

  	Inverse: If not p, then not q

  	Contrapositive: If not q, then not p




A quick memory tip:


  	Converse: switch

  	Inverse: negate

  	Contrapositive: switch and negate




11. Common Mistakes to Avoid



  	Do not assume the converse is automatically true because the original statement is true.

  	Do not confuse the inverse with the contrapositive.

  	When negating a statement, make sure the meaning is correct. For example, the negation of “is even” is “is not even,” which for integers means “is odd.”

  	Remember that only the contrapositive is always logically equivalent to the original conditional.




12. Why This Matters in Proofs


Mathematics depends on correct logical structure. When you read a theorem written as “If p, then q,” you must know that proving “If q, then p” is not the same thing.


Many proof errors happen because students accidentally prove the converse instead of the original statement.


On the other hand, proving the contrapositive is completely valid, because it is logically equivalent to the original statement.


Brief Summary


A conditional statement has the form p→q, meaning “if p, then q.” From it, we can form the converse, inverse, and contrapositive.


The most important fact is that the conditional and contrapositive are logically equivalent, so they always have the same truth value. The converse and inverse are also equivalent to each other, but they are not necessarily equivalent to the original statement.


Understanding these relationships helps you test statements, find counterexamples, and write stronger mathematical proofs.


  
  Put what you read to the test

  You've worked through Conditional Statements and Contraposition. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1108






  [image: 📝]   Lesson 16: Quantifiers and Negation
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  Quantifiers and Negation are important tools in mathematical logic. They help us write statements clearly and help us decide whether a statement is true or false.


In this lesson, you will learn what the quantifiers "for all" and "there exists" mean, how to read statements that use them, and how to correctly negate those statements.


This idea is especially important in proofs. A common mistake is to negate only part of a statement. In logic, when a statement contains a quantifier, the negation changes both the quantifier and the condition that follows it.


1. What is a quantifier?


A quantifier tells us how many elements in a set make a statement true.



  	Universal quantifier: ∀ means for all or for every.

  	Existential quantifier: ∃ means there exists or there is at least one.




For example:



  	∀x∈R, x+0=x

  	Read as: For all real numbers x, x+0=x.





  	∃x∈R such that x2=4

  	Read as: There exists a real number x such that x2=4.




The set being discussed is called the domain. It matters a lot. A statement could be true in one domain and false in another.


For instance, the statement "There exists x such that x2=2" is:


  	true if the domain is the real numbers,

  	false if the domain is the integers.




2. What does negation mean?


To negate a statement means to write its opposite truth value. If the original statement is true, its negation is false. If the original statement is false, its negation is true.


For a simple statement P, the negation is written as ¬P, which means not P.


Example:


  	Statement: "x>3"

  	Negation: "x≤3"




Notice that the negation must include every possibility not covered by the original statement.


3. Negating quantified statements


When a statement has a quantifier, the negation follows two key rules:



  	Change the quantifier.

  	Negate the statement after it.




The two main rules are:


¬(∀x, P(x))≡∃x such that ¬P(x)


In words: The negation of “for all x, P(x)” is “there exists an x such that not P(x).”


Also,


¬(∃x, P(x))≡∀x, ¬P(x)


In words: The negation of “there exists an x such that P(x)” is “for all x, not P(x).”


You can think of it this way:


  	"Everyone passed" becomes "At least one person did not pass."

  	"Someone passed" becomes "No one passed."




4. Why the quantifier must change


Suppose we say:

∀x∈R, x2≥0


This means every real number has a square that is nonnegative.


If this were false, what would that mean? It would mean there is at least one real number whose square is negative. So the negation is:


∃x∈R such that x2<0


That is why the quantifier changes from ∀ to ∃.


5. Common negations of conditions


When negating a quantified statement, you often need to negate an inequality or equation correctly.



  	Negation of x>a is x≤a

  	Negation of x≥a is x<a

  	Negation of x=a is x≠a

  	Negation of x≠a is x=a

  	Negation of x<a is x≥a

  	Negation of x≤a is x>a




Be careful: the negation of x>2 is not x<2. It is x≤2, because 2 itself must be included.


6. Worked Example 1: Negating a universal statement


Statement:

∀x∈R, x+1>x


Step 1: Identify the quantifier.

The statement uses ∀, meaning “for all.”


Step 2: Change the quantifier.

∀ changes to ∃.


Step 3: Negate the condition.

The condition is x+1>x. Its negation is x+1≤x.


Negation:

∃x∈R such that x+1≤x


In words: There exists a real number x such that x+1 is less than or equal to x.


7. Worked Example 2: Negating an existential statement


Statement:

∃n∈Z such that n2=10


Step 1: Identify the quantifier.

The statement uses ∃, meaning “there exists.”


Step 2: Change the quantifier.

∃ changes to ∀.


Step 3: Negate the condition.

The condition is n2=10. Its negation is n2≠10.


Negation:

∀n∈Z, n2≠10


In words: For every integer n, n2 is not equal to 10.


8. Worked Example 3: A statement with two parts


Statement:

∀x∈R, x>2⇒x2>4


This says: For every real number x, if x is greater than 2, then x2 is greater than 4.


To negate this correctly, we need to remember that the negation of an implication

P⇒Q

is

P and ¬Q


So the inside statement

x>2⇒x2>4

becomes

x>2 and x2≤4


Now change the quantifier from ∀ to ∃.


Negation:

∃x∈R such that x>2 and x2≤4


In words: There exists a real number greater than 2 whose square is less than or equal to 4.


9. Worked Example 4: Double quantifiers


Sometimes a statement contains more than one quantifier.


Statement:

∀x∈R, ∃y∈R such that y>x


This means: For every real number x, there exists a real number y that is greater than x.


To negate this, work from the outside in.



  	First, change ∀x to ∃x.

  	Then change ∃y to ∀y.

  	Then negate the condition y>x, which becomes y≤x.




Negation:

∃x∈R such that ∀y∈R, y≤x


In words: There exists a real number x such that every real number y is less than or equal to x.


This negation says there is a largest real number. Since there is no largest real number, the negation is false and the original statement is true.


10. A useful pattern to remember


Here are the two most important patterns:



  	∀ becomes ∃

  	∃ becomes ∀




Then negate the condition that follows.


You can summarize this as:


¬(∀x P(x))=∃x ¬P(x)

¬(∃x P(x))=∀x ¬P(x)


11. Common mistakes



  	Forgetting to change the quantifier.
Example: Negating ∀x,P(x) as ∀x,¬P(x) is incorrect.

  	Negating inequalities incorrectly.
Example: Negation of x≥5 is x<5, not x≤5.

  	Ignoring the domain.
A statement over integers may have a different truth value than the same statement over real numbers.

  	Negating only part of a statement.
You must negate the entire condition after the quantifier.




12. Quick practice ideas


Try negating these on your own:



  	∀x∈R, x2≥0

  	∃x∈Z, x+3=0

  	∀n∈N, n<10




Possible answers:



  	∃x∈R such that x2<0

  	∀x∈Z, x+3≠0

  	∃n∈N such that n≥10




[image: 📋]   Summary


Quantifiers tell us whether a statement is about all elements or about at least one element. The universal quantifier is ∀, and the existential quantifier is ∃.


To negate a quantified statement, switch the quantifier and negate the condition. So, “for all” becomes “there exists,” and “there exists” becomes “for all.” Then carefully negate inequalities, equations, or other conditions inside the statement.


If you remember these rules and pay attention to the domain, you will be able to interpret and negate quantified statements accurately.


  
  Put what you read to the test

  You've worked through Quantifiers and Negation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1109
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  Direct Mathematical Proof is one of the most important methods used in mathematics. It is a way of showing that a statement is always true by starting from known facts and logically moving step by step to the conclusion.


In 11th Grade Maths, direct proof is often used with statements about parity (even and odd numbers), divisibility, and simple number theory ideas. Learning this method helps you write mathematics clearly and convincingly.


This lesson will show you what a direct proof is, when to use it, how to structure one, and how to write direct proofs involving even numbers, odd numbers, and divisibility.


1. What is a direct proof?


A direct proof is used to prove a statement of the form:


"If P, then Q."


In logic, this is written as:


P→Q


To prove this directly, we assume the hypothesis P is true, and then use definitions, algebra, and known facts to show that the conclusion Q must also be true.


So the overall idea is:



  	Assume the starting condition is true.

  	Use definitions and logical steps.

  	Reach the required conclusion.




2. Why direct proof works


Many mathematical statements are built from definitions. For example:



  	An integer is even if it can be written as 2k for some integer k.

  	An integer is odd if it can be written as 2k+1 for some integer k.

  	An integer a is divisible by an integer b if there exists an integer k such that a=bk.




These definitions are the foundation of many direct proofs. Once you rewrite a number using its definition, the proof often becomes much easier.


3. Important definitions to know


Before writing proofs, make sure you know these definitions clearly.



  	Even integer: n is even if n=2k for some integer k.

  	Odd integer: n is odd if n=2k+1 for some integer k.

  	Divisibility: a is divisible by b if a=bk for some integer k.

  	Multiple: a is a multiple of b if a=bk for some integer k.




Notice that the phrase "for some integer k" is essential. In proofs, we usually introduce a new integer variable like k, m, or r when using one of these definitions.


4. The structure of a direct proof


A good direct proof usually follows a clear structure.



  	State what is given. Begin by assuming the hypothesis.

  	Use the definition. Rewrite the given information in algebraic form.

  	Work logically. Simplify or manipulate the expression.

  	Match the conclusion. Show that the final expression fits the definition you need.

  	Write a concluding sentence.




For example, if you want to prove a number is even, your goal is to write it in the form 2(integer). If you want to prove a number is odd, your goal is to write it in the form 2(integer)+1.


5. Worked Example 1: The sum of two even integers is even


Statement: If a and b are even integers, then a+b is even.


Step 1: Assume the hypothesis.


Suppose a and b are even integers.


Step 2: Use the definition of even.


Then there exist integers m and n such that


a=2m and b=2n.


Step 3: Add the numbers.


a+b=2m+2n=2(m+n)


Step 4: Use closure of integers.


Since m+n is an integer, let k=m+n. Then


a+b=2k


Conclusion: Since a+b is written in the form 2k, it is even. Therefore, the sum of two even integers is even.


Why this proof works: The definition of even gave us a form to use. After substitution, the result still had a factor of 2, so the sum was even.


6. Worked Example 2: The sum of an even integer and an odd integer is odd


Statement: If a is even and b is odd, then a+b is odd.


Step 1: Assume the hypothesis.


Suppose a is even and b is odd.


Step 2: Use definitions.


Since a is even, there exists an integer m such that


a=2m.


Since b is odd, there exists an integer n such that


b=2n+1.


Step 3: Add the expressions.


a+b=2m+(2n+1)=2m+2n+1=2(m+n)+1


Step 4: Identify the required form.


Since m+n is an integer, let k=m+n. Then


a+b=2k+1


Conclusion: This is the form of an odd integer, so a+b is odd.


Key idea: To prove a result is odd, your final line should look like 2k+1, where k is an integer.


7. Worked Example 3: The product of two odd integers is odd


Statement: If a and b are odd integers, then ab is odd.


Step 1: Assume the hypothesis.


Suppose a and b are odd integers.


Step 2: Write each odd integer in standard form.


Then there exist integers m and n such that


a=2m+1 and b=2n+1.


Step 3: Multiply.


ab=(2m+1)(2n+1)


Expand:


ab=4mn+2m+2n+1


Factor out 2 from the first three terms:


ab=2(2mn+m+n)+1


Step 4: Identify the integer.


Since 2mn+m+n is an integer, let


k=2mn+m+n


Then


ab=2k+1


Conclusion: Therefore, ab is odd.


What to notice: In multiplication proofs, expanding carefully is important. After expanding, try to rearrange the result into either 2k or 2k+1.


8. Worked Example 4: If an integer is divisible by 3, then its square is divisible by 3


Statement: If n is divisible by 3, then n2 is divisible by 3.


Step 1: Assume the hypothesis.


Suppose n is divisible by 3.


Step 2: Use the definition of divisibility.


Then there exists an integer k such that


n=3k


Step 3: Square both sides.


n2=(3k)2=9k2=3(3k2)


Step 4: Identify the integer.


Since 3k2 is an integer, let m=3k2. Then


n2=3m


Conclusion: Therefore, n2 is divisible by 3.


Main idea: To prove divisibility, your goal is to show the expression equals the divisor times an integer.


9. How to recognize when to use direct proof


Direct proof is a good choice when:



  	The statement is in the form if ... then ....

  	The hypothesis gives you useful algebraic information.

  	The conclusion can be shown by applying a definition.

  	You can move naturally from the assumption to the result.




For example, statements about even, odd, and divisible numbers often work well with direct proof because the definitions are simple and algebraic.


10. Common proof language


When writing direct proofs, it helps to use formal mathematical language. Here are some useful sentence starters:



  	Suppose that ...

  	Assume that ...

  	Since n is even, there exists an integer k such that ...

  	By the definition of divisibility, ...

  	Therefore, ...

  	Hence, ...

  	This is of the form 2k, so ...

  	This is of the form 2k+1, so ...




Good proof writing is not only about getting the right answer. It is also about communicating each step clearly.


11. Common mistakes to avoid



  	Not starting from the assumption. In a direct proof, begin with what is given.

  	Using examples instead of a general proof. Checking a few numbers does not prove a statement for all integers.

  	Forgetting to say the variable is an integer. This matters because definitions of even, odd, and divisibility depend on integers.

  	Stopping too early. You must clearly show the final expression matches the definition you need.

  	Using unclear symbols. Make sure each variable is introduced properly.




For instance, if you end with a+b=2(m+n), you should also state that m+n is an integer. That is what allows you to conclude the sum is even.


12. A simple proof template


You can use this template for many direct proofs.



  	Suppose the hypothesis is true.

  	By the definition of the given property, write the number in algebraic form.

  	Simplify the expression.

  	Rewrite the result in the form needed for the conclusion.

  	State the conclusion clearly.




For parity proofs:



  	Even goal: show the expression equals 2k.

  	Odd goal: show the expression equals 2k+1.




For divisibility proofs:



  	Divisible by d: show the expression equals dk for some integer k.




13. Quick check questions


Try thinking through these on your own:



  	If n is even, why can we write n=2k for some integer k?

  	If n is odd, what form should n2 have if it is also odd?

  	If a is divisible by 5, what expression can you write for a?




These questions all focus on the same idea: use the definition first.


14. Final summary


A direct mathematical proof begins by assuming the given condition is true and then uses definitions, algebra, and logical reasoning to reach the conclusion.


For statements about even and odd integers, rewrite numbers using 2k or 2k+1. For divisibility, rewrite numbers using the divisor times an integer. Then simplify until the conclusion appears in the required form.


If you remember to start with the assumption, use the correct definition, and clearly match the conclusion, you will be able to construct strong direct proofs in basic number theory.


  
  Put what you read to the test

  You've worked through Direct Mathematical Proof. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1110
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  Proof by Contradiction and Counterexamples are two important tools in mathematics. They help us decide whether a statement is true or false, and they are especially useful in set theory and formal logic.


In maths, a statement or conjecture is a claim that can be either true or false. For example, “All even numbers are divisible by 2” is a statement, and “All prime numbers are odd” is also a statement.


Sometimes we want to prove a statement is true. Other times, we want to show a statement is false. These two goals often use different methods:



  	Proof by contradiction is used to prove that a statement is true.

  	A counterexample is used to show that a statement is false.




Learning when to use each method is a key part of writing correct mathematical arguments.


1. What is a counterexample?


A counterexample is a specific example that shows a general statement is false.


If someone claims, “Every object in this box is red,” then finding just one blue object in the box is enough to prove the claim is false. In maths, the same idea applies.


If a statement says something is true for all numbers, sets, or cases, then only one example that does not work is needed to disprove it.


For example, consider the statement:


“All prime numbers are odd.”


This sounds almost true, because many prime numbers are odd: 3, 5, 7, 11, and so on. But the number 2 is prime and even. So 2 is a counterexample.


That means the statement is false.


Important idea: A counterexample must actually fit the situation being discussed. It must be relevant and precise.



  	If the claim is about integers, your counterexample must be an integer.

  	If the claim is about sets, your counterexample must involve sets.

  	If the claim says “for all,” then one valid exception is enough.




2. What is proof by contradiction?


Proof by contradiction is a method of proving a statement by showing that its opposite leads to an impossible result.


The basic idea is:



  	Start by assuming the statement you want to prove is false.

  	Use logic and known facts to follow the consequences of that assumption.

  	If the assumption leads to a contradiction, then the assumption must be wrong.

  	So the original statement must be true.




A contradiction is something logically impossible, such as:



  	getting both true and false at the same time,

  	concluding that a number is both even and odd,

  	reaching a result that disagrees with a known fact.




This method is based on a simple logic idea: if assuming “not true” leads to nonsense, then the original statement must be true.


3. When should you use each method?


Use a counterexample when you want to show a statement is false.


Use proof by contradiction when you believe a statement is true, but proving it directly is difficult. It is especially helpful for statements involving words like:



  	no

  	never

  	cannot

  	there is no

  	irrational, infinite, or unique




4. Counterexamples and universal statements


Many false conjectures are written in the form “For all ... , something is true.” In logic, this is called a universal statement.


For example:


“For all real numbers x, if x2=x, then x=1.”


To test this, we look for a value of x that satisfies x2=x but does not satisfy x=1.


Solving:


x2=x
x2−x=0
x(x−1)=0

So x=0 or x=1. Since x=0 makes the condition true but does not give x=1, the number 0 is a counterexample.


So the original statement is false.


5. Worked Example 1: Using a counterexample


Statement: If n is an integer, then n2>n.


At first, this may seem true for many positive integers:



  	if n=2, then n2=4>2

  	if n=3, then n2=9>3




But the statement says this must happen for every integer.


Try n=1:


12=1

This is not greater than 1, so n=1 is a counterexample.


We could also use n=0:


02=0

This is also not greater than 0.


Conclusion: The statement is false.


6. Worked Example 2: Counterexample with sets


Statement: For all sets A and B, if A⊆B, then B⊆A.


This statement claims that whenever every element of A is in B, then every element of B must also be in A. That is not always true.


Choose:


A={1,2},B={1,2,3}

Now check the first part:



  	Every element of A is in B, so A⊆B is true.




Now check the conclusion:



  	3∈B, but 3∉A, so B⊆A is false.




So these sets form a valid counterexample.


Conclusion: The statement is false.


7. Structure of a contradiction proof


When writing a proof by contradiction, it helps to follow a clear pattern:



  	State what you want to prove.

  	Assume the opposite is true.

  	Use definitions, algebra, and logic carefully.

  	Reach a contradiction.

  	Conclude that the original statement is true.




You should always make the contradiction clear. Do not stop too early. Explain exactly why the result is impossible.


8. Worked Example 3: Proof by contradiction with even and odd numbers


Statement: There is no integer that is both even and odd.


We will prove this by contradiction.


Step 1: Assume the opposite. Suppose there is an integer n that is both even and odd.


Step 2: Use the definitions.


If n is even, then


n=2a

for some integer a.


If n is odd, then


n=2b+1

for some integer b.


Since both expressions equal n, we get


2a=2b+1

Subtract 2b from both sides:


2a−2b=1

2(a−b)=1

The left side is an even number, because it is 2 times an integer. But the right side is 1, which is odd.


This says an even number equals an odd number, which is impossible.


So our assumption was false.


Conclusion: No integer can be both even and odd.


9. Worked Example 4: Proof by contradiction that 2 is irrational


This is a famous example of proof by contradiction.


Statement: 2 is irrational.


Step 1: Assume the opposite. Suppose 2 is rational.


Then it can be written as a fraction in simplest form:


2=ab

where a and b are integers, b≠0, and the fraction is fully simplified. That means a and b have no common factor greater than 1.


Step 2: Square both sides.


2=a2b2

a2=2b2

This means a2 is even, since it equals 2 times an integer.


If a2 is even, then a must also be even. So let


a=2k

for some integer k.


Substitute into the equation:


a2=2b2

(2k)2=2b2

4k2=2b2

2k2=b2

So b2 is even, which means b is even too.


Now both a and b are even. That means they are both divisible by 2.


But this contradicts the fact that ab was in simplest form.


So our assumption must be false.


Conclusion: 2 is irrational.


10. How contradiction connects to logic


In formal logic, proof by contradiction often works with the idea of negation.


If you want to prove a statement P, you assume ¬P and show that this leads to a contradiction. Symbolically, the pattern is:


¬P⇒contradiction

Therefore, ¬P must be false, so P is true.


This is useful in set theory and logic because many mathematical statements are built from conditions such as:



  	if ... then ...

  	for all ...

  	there exists ...

  	there does not exist ...




Understanding the negation of a statement is important.


For example:



  	The negation of “All elements of set A are in set B” is “There exists at least one element of A that is not in B.”

  	The negation of “There is no integer with property X” is “There exists an integer with property X.”




11. Common mistakes to avoid



  	Using examples instead of a proof: Checking many examples does not prove a universal statement is always true.

  	Using an invalid counterexample: Make sure your example fits all parts of the original claim.

  	Not stating the contradiction clearly: In a contradiction proof, explain exactly what impossible result was reached.

  	Assuming what you are trying to prove: Do not accidentally use the conclusion as part of your reasoning.

  	Confusing false statements with unproven statements: A statement is not false just because you have not proved it yet.




12. Quick comparison



  	Counterexample: used to disprove a statement.

  	Contradiction: used to prove a statement by showing its negation is impossible.




You can think of them this way:



  	A counterexample says, “Here is one case where the claim fails.”

  	A contradiction proof says, “If the claim were false, something impossible would happen.”




13. Final summary


A counterexample is a single valid example that shows a general statement is false. It is most useful when a statement claims something is true in every case.


Proof by contradiction is a method for proving a statement by assuming the opposite and then reaching a logical impossibility. This method is especially useful in formal logic, number theory, and set theory.


To use these methods well, focus on definitions, be precise, and always explain your reasoning clearly. In higher-level mathematics, strong arguments matter just as much as correct answers.


  
  Put what you read to the test

  You've worked through Proof by Contradiction and Counterexamples. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1111
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  Lesson: Relations and Mappings


In mathematics, we often want to describe how one quantity is connected to another. For example, the number of hours studied may be connected to test scores, or the side length of a square may be connected to its area. These connections are called relations and, in special cases, functions.


This lesson will help you understand what relations and mappings are, how to represent them using sets, tables, and graphs, and how to decide whether a relation is a function. A very important tool for graphs is the vertical line test.


1. What is a relation?


A relation is any set of ordered pairs. An ordered pair is written as \(x, y) \, where the first value is the input and the second value is the output.


For example, the set


{(1,2),(2,4),(3,6)}


is a relation. It connects each first number to a second number.


You can think of a relation as a rule or connection between elements of two sets:



  	the input values

  	the output values




2. Domain and range


Every relation has a domain and a range.



  	Domain: the set of all input values, or all first coordinates

  	Range: the set of all output values, or all second coordinates




For the relation


{(1,2),(2,4),(3,6)}


the domain is


{1,2,3}


and the range is


{2,4,6}


If a value repeats, we only write it once in the set. Sets do not list duplicates.


3. What is a mapping?


A mapping shows how each input is paired with an output. It is often drawn using a mapping diagram, where values in one set have arrows pointing to values in another set.


For example, if the relation is


{(1,3),(2,5),(4,5)}


then the mapping is:



  	
\1 \to 3\


  	
\2 \to 5\


  	
\4 \to 5\





A mapping helps us see clearly which inputs are connected to which outputs.


4. Different ways to represent relations


Relations can be shown in several ways. You should be comfortable moving between these forms.



  	Ordered pairs: \(x,y) \

  	Tables: list inputs and outputs in rows or columns

  	Mapping diagrams: arrows from domain to range

  	Graphs: points drawn on the coordinate plane




All of these can describe the same relation.


5. What is a function?


A function is a special type of relation.


In a function, each input has exactly one output.


This means:



  	an input can point to only one output

  	different inputs can point to the same output

  	but one input cannot point to two different outputs




So every function is a relation, but not every relation is a function.


For example,


{(1,4),(2,5),(3,6)}


is a function because each input appears only once.


But


{(1,4),(1,5),(2,6)}


is not a function because the input \1\ has two outputs: \4\ and \5\.


6. How to tell if a relation is a function


There are different ways to check.


Using ordered pairs or a table:


Look at the input values. If any input is matched with more than one output, the relation is not a function.


Using a mapping diagram:


Check the arrows from each input. If one input has two arrows going to different outputs, it is not a function.


Using a graph:


Use the vertical line test.


7. The vertical line test


The vertical line test is used to decide if a graph represents a function.


Rule: If any vertical line crosses the graph at more than one point, then the graph is not a function.


This works because a vertical line represents one fixed input value \x\. If that line hits the graph more than once, then the same input has more than one output.


For example:



  	A straight line like \y = 2x + 1\ passes the vertical line test, so it is a function.

  	A circle like \x^2 + y^2 = 9\ fails the vertical line test, so it is not a function.




For the circle, some \x\-values have two different \y\-values, one above the \x\-axis and one below it.


8. One-to-one, many-to-one, and one-to-many


Mappings can be described in different ways.



  	One-to-one: each input has one unique output, and no outputs are shared

  	Many-to-one: different inputs share the same output

  	One-to-many: one input has more than one output




Only the first two can be functions. A one-to-many mapping is not a function.


Example of many-to-one:


{(1,5),(2,5),(3,7)}


This is a function because each input still has only one output.


Example of one-to-many:


{(2,1),(2,4),(3,5)}


This is not a function because input \2\ has two outputs.


9. Worked Example 1: Find domain and range


Consider the relation


{(−1,2),(0,3),(2,3),(4,7)}


Step 1: Identify the domain.


The domain is the set of first coordinates:


{−1,0,2,4}


Step 2: Identify the range.


The range is the set of second coordinates:


{2,3,7}


Notice that \3\ appears twice in the ordered pairs, but it is written only once in the range.


Answer:



  	Domain: \\{-1,0,2,4\}\

  	Range: \\{2,3,7\}\




10. Worked Example 2: Decide whether a relation is a function


Determine whether


{(1,2),(2,4),(3,6),(2,5)}


is a function.


Step 1: Look at the inputs.


The inputs are \1, 2, 3, 2\.


Step 2: Check whether any input has more than one output.


The input \2\ is paired with \4\ and also with \5\.


Conclusion: This relation is not a function.


Reason: One input has two different outputs.


11. Worked Example 3: Read a mapping diagram


Suppose a mapping diagram shows:



  	
\-2 \to 1 \


  	
\0 \to 1 \


  	
\3 \to 4 \





a) Write the relation as ordered pairs.


The relation is


{(−2,1),(0,1),(3,4)}


b) Is it a function?


Yes. Each input has exactly one output.


c) Is it many-to-one?


Yes. The inputs \-2\ and \0\ both map to \1\.


12. Worked Example 4: Use the vertical line test


We compare two graphs.


Graph A: a parabola opening upward, such as


y=x2


Any vertical line crosses this graph at only one point.


So Graph A is a function.


Graph B: a circle, such as


x2+y2=4


A vertical line through \x=1\ crosses the circle at two points.


So Graph B is not a function.


13. Important ideas to remember



  	A relation is any set of ordered pairs.

  	A function is a relation where each input has exactly one output.

  	The domain is the set of inputs.

  	The range is the set of outputs.

  	Repeated outputs are allowed in a function.

  	Repeated inputs are allowed only if they always give the same output.

  	On a graph, use the vertical line test to decide whether the relation is a function.




14. Common mistakes



  	Mistake 1: Thinking that different inputs cannot have the same output. They can. That can still be a function.

  	Mistake 2: Looking at repeated outputs instead of repeated inputs when checking for a function.

  	Mistake 3: Forgetting that the vertical line test applies to graphs, not tables or lists.

  	Mistake 4: Writing repeated values more than once in the domain or range when using set notation.




15. Brief summary


Relations and mappings describe connections between inputs and outputs. A function is a special relation in which every input has exactly one output. You can represent relations using ordered pairs, tables, mappings, and graphs, and you can use the vertical line test to decide from a graph whether a relation is a function.


  
  Put what you read to the test

  You've worked through Relations and Mappings. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1112
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  Domain and Range Restrictions are about figuring out which input values a function is allowed to use, and which output values it can produce.


In 11th Grade Maths, this is an important skill because many functions look fine at first, but actually have values that are not allowed. These restrictions usually come from three common sources:



  	Denominators: you cannot divide by zero.

  	Even roots: you cannot take the square root, fourth root, and so on of a negative number if you are working in the real numbers.

  	Logarithms: the value inside a logarithm must be positive.




This lesson will show you how to find the maximal real domain of a function. That means the largest possible set of real input values for which the function makes sense.


We will also look at how domain restrictions can affect the range, which is the set of possible output values.


Key definitions:



  	Domain: the set of all allowed input values, usually the possible values of x.

  	Range: the set of all output values, usually the possible values of y or f(x).

  	Restriction: a rule that excludes some values because the expression would not be defined in the real numbers.




When finding the domain, always ask: What would make this function invalid?


The three main checks are:



  	Does any denominator become zero?

  	Is there an even root with a negative value inside?

  	Is there a logarithm with a non-positive value inside?




1. Restrictions from denominators


If a function has a denominator, that denominator cannot equal zero.


For example, in the function


f(x)=1x−4

the denominator is x−4. So we must avoid


x−4=0
x=4

This means the domain is all real numbers except 4.


We can write this as:


Domain:x∈R,  x≠4

2. Restrictions from even roots


If a function contains an even root such as a square root, the expression inside must be greater than or equal to zero.


For example, in


g(x)=2x+6

the expression under the root is 2x+6. So we need


2x+6≥0
2x≥−6
x≥−3

So the domain is:


Domain:x≥−3

Notice that zero is allowed inside a square root, because 0=0.


3. Restrictions from logarithms


If a function contains a logarithm, the expression inside the log must be strictly greater than zero.


For example, in


h(x)=log⁡(x+1)

we need:


x+1>0
x>−1

So the domain is:


Domain:x>−1

This is different from square roots. For logs, the inside cannot be zero. It must be positive.


How restrictions affect range


Sometimes the domain restriction directly changes what output values are possible.


For example, if


f(x)=x−2

then the domain is x≥2, because:


x−2≥0
x≥2

Now think about the outputs. A square root always gives a value that is zero or positive. So the range is:


Range:y≥0

In other cases, a value missing from the domain can also create a value missing from the range.


For example, in


f(x)=1x−3

the domain excludes x=3. But the outputs also can never equal zero, because a fraction with numerator 1 can never become 0.


So the range is:


Range:y∈R,  y≠0

Strategy for finding the maximal real domain


Use this step-by-step method:



  	Write down the function clearly.

  	Look for any denominator and set it not equal to zero.

  	Look for any even root and require the inside to be at least zero.

  	Look for any logarithm and require the inside to be greater than zero.

  	If there is more than one restriction, combine them.




Now let us work through some examples.


Worked Example 1: Denominator restriction


Find the domain of


f(x)=5x+2

Step 1: Identify the denominator.


The denominator is x+2.


Step 2: Denominator cannot be zero.


x+2≠0
x≠−2

Answer:


Domain:x∈R,  x≠−2

Range: Since the numerator is 5, the function can never equal 0.


Range:y∈R,  y≠0

Worked Example 2: Even root restriction


Find the domain and range of


g(x)=7−x

Step 1: Require the expression inside the square root to be non-negative.


7−x≥0
−x≥−7
x≤7

Domain:


Domain:x≤7

Step 2: Find the range.


A square root output is always non-negative, so:


y≥0

Also, as x gets smaller, 7−x gets larger, so the square root can become as large as we want. Therefore:


Range:y≥0

Worked Example 3: Logarithm restriction


Find the domain of


h(x)=ln⁡(3x−12)

Step 1: The inside of the logarithm must be positive.


3x−12>0
3x>12
x>4

Answer:


Domain:x>4

About the range: A logarithm can produce any real number, so the range is all real numbers.


Range:y∈R

Worked Example 4: Combined restrictions


Find the maximal real domain of


p(x)=x−1x−5

This function has two different restrictions.


Step 1: Square root restriction.


x−1≥0
x≥1

Step 2: Denominator restriction.


x−5≠0
x≠5

Step 3: Combine both conditions.


The function needs x≥1, but also cannot use x=5.


Answer:


Domain:x≥1,  x≠5

In interval form, this is:


[1,5)∪(5,∞)

Common mistakes to avoid



  	Forgetting the denominator restriction. Always check if any value makes the denominator zero.

  	Using the wrong inequality for square roots. For even roots, use ≥0, not >0.

  	Using the wrong inequality for logs. For logarithms, use >0, not ≥0.

  	Stopping after finding one restriction. A function can have more than one restriction.

  	Mixing up domain and range. Domain is about inputs; range is about outputs.




Quick comparison table



  	For 1expression: require expression≠0

  	For expression: require expression≥0

  	For log⁡(expression): require expression>0




Practice thinking


If you see a function like


f(x)=log⁡(x−2)

you must apply both ideas carefully.


First, because of the square root:


x−2≥0
x≥2

But the square root is inside a logarithm, so it must also be strictly positive:


x−2>0

This means:


x−2>0
x>2

So the domain is:


Domain:x>2

This example shows why it is important to think about every part of the function.


[image: 📋]   Summary


To find the maximal real domain of a function, look for values that would make the function undefined. Denominators cannot be zero, even roots need non-negative values inside, and logarithms need positive values inside.


Once the domain is known, you can often determine the range by thinking about what outputs the function can actually produce. With practice, checking domain restrictions becomes a quick and reliable habit whenever you work with functions.


  
  Put what you read to the test

  You've worked through Domain and Range Restrictions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1113
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  Function Notation and Evaluation is a way of writing rules that connect inputs and outputs. In 11th Grade Maths, functions are used to model patterns, relationships, and change. Understanding the notation helps you read a function correctly, substitute values accurately, and work with expressions such as f(x+h).


A function takes an input and gives exactly one output. If a function is named f, then f(x) means “the output of function f when the input is x.” The letter inside the parentheses tells you what is being used as the input.


For example, if f(x)=2x+3, then the rule is “multiply the input by 2, then add 3.” If the input is 4, then:


f(4)=2(4)+3=8+3=11

This shows that function notation is not multiplication. The expression f(4) does not mean f×4. It means “evaluate the function f at 4.”


There are two main skills in this topic:



  	Reading and interpreting function notation

  	Evaluating a function by substituting a value or expression into the rule




1. Reading function notation


If you see f(x)=x2−5x+6, then:


  	f is the name of the function

  	x is the input variable

  	x2−5x+6 is the rule that gives the output




If a different letter is used inside the parentheses, the rule stays the same. For example, if:


f(x)=x2−5x+6

then:


f(a)=a2−5a+6

You simply replace every x in the rule with a.


2. Evaluating functions using numbers


To evaluate a function, substitute the given value into the function rule everywhere you see the input variable. Then simplify carefully using the order of operations.


Worked Example 1


Given g(x)=3x−7, find g(5).


Step 1: Replace x with 5.


g(5)=3(5)−7

Step 2: Simplify.


g(5)=15−7=8

So, g(5)=8.


Worked Example 2


Given h(x)=x2+4x−1, find h(−2).


Step 1: Substitute −2 for x.


h(−2)=(−2)2+4(−2)−1

Step 2: Simplify carefully. Notice the square of −2 is positive.


h(−2)=4−8−1=−5

So, h(−2)=−5.


When substituting negative numbers, using parentheses is very important. Writing (−2)2 is different from writing −22. Parentheses help avoid sign mistakes.


3. Evaluating functions using expressions


Sometimes the input is not a number. It may be another variable or an expression such as x+1, 2a, or x+h. The process is the same: replace the original input variable everywhere in the rule.


This skill is important because it helps students prepare for ideas involving change, rates of change, and algebraic manipulation.


Worked Example 3


Given f(x)=2x2−3x+1, find f(x+h).


Step 1: Replace every x with x+h.


f(x+h)=2(x+h)2−3(x+h)+1

Step 2: Expand (x+h)2.


f(x+h)=2(x2+2xh+h2)−3x−3h+1

Step 3: Distribute the 2.


f(x+h)=2x2+4xh+2h2−3x−3h+1

So,


f(x+h)=2x2+4xh+2h2−3x−3h+1

This example shows why parentheses matter. The entire expression x+h must be substituted everywhere the variable appears.


4. Evaluating more than one function


Sometimes different functions are given, and you may need to evaluate each one separately. Each function can have a different rule.


For example, if:


f(x)=x+2andg(x)=x2

then:


f(3)=3+2=5

and


g(3)=32=9

Even though the input is the same, the outputs are different because the function rules are different.


5. Understanding function notation in context


Function notation can also describe real situations. For example, suppose C(t)=50+12t gives the cost in dollars of renting a bike for t hours. Then:



  	C(0)=50 means the starting cost is 50 dollars

  	C(3)=50+12(3)=86 means renting for 3 hours costs 86 dollars




In this way, the notation helps describe a changing quantity clearly and efficiently.


6. Common mistakes to avoid



  	Thinking f(x) means multiplication: It means the value of the function at x, not f×x.

  	Forgetting parentheses: If substituting a negative number or an expression, always use parentheses.

  	Replacing only one variable: When evaluating f(x+h), every x in the rule must be replaced by (x+h).

  	Not simplifying fully: After substitution, combine like terms and use the correct order of operations.




Worked Example 4


Given p(x)=x2−4x+7, find both p(3) and p(a−1).


Part A: Find p(3)


p(3)=32−4(3)+7

p(3)=9−12+7=4

So, p(3)=4.


Part B: Find p(a−1)


Replace every x with (a−1):


p(a−1)=(a−1)2−4(a−1)+7

Now expand:


p(a−1)=a2−2a+1−4a+4+7

Combine like terms:


p(a−1)=a2−6a+12

So, p(a−1)=a2−6a+12.


7. A step-by-step method for evaluation



  	Write the function rule clearly.

  	Identify the input you are substituting.

  	Replace every occurrence of the variable with that input.

  	Use parentheses when needed.

  	Simplify carefully.




This method works whether the input is a number, a variable, or an expression.


8. Why f(x+h) matters


The expression f(x+h) is especially important because it represents the function evaluated at a new input that is slightly different from x. It helps describe how outputs change when inputs change. This idea is used later when studying rates of change and the behavior of graphs.


For now, the main goal is to substitute correctly and simplify the result accurately.


[image: 📋]   Summary


Function notation is a compact way to describe a rule that matches each input to one output. To evaluate a function, substitute the given value or expression for the input variable everywhere in the rule. Be especially careful with negative numbers and expressions like x+h, because correct use of parentheses makes the algebra accurate.


  
  Put what you read to the test

  You've worked through Function Notation and Evaluation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1114






  [image: 📝]   Lesson 22: Piecewise-Defined Functions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1154




  Piecewise-Defined Functions are functions made up of different rules for different parts of the input values. Instead of using one formula for every value of x, a piecewise function uses one formula on one interval, and a different formula on another interval.


These functions are useful because many real-world situations change behavior depending on the input. For example, a taxi fare may have one price for the first few miles and a different rate after that. A piecewise function can model that change clearly.


In this lesson, you will learn how to read, evaluate, and graph piecewise-defined functions. You will also see how absolute value functions and step functions connect to this idea.


1. What is a piecewise-defined function?


A piecewise-defined function gives different formulas on different intervals of the domain. It is often written like this:


f(x)={first ruleif condition on xsecond ruleif condition on xthird ruleif condition on x

For example,


f(x)={2x+1if x<0x2if x≥0

This means:


	Use 2x+1 when x is less than 0.

	Use x2 when x is greater than or equal to 0.




2. How to evaluate a piecewise function


To evaluate a piecewise-defined function, follow these steps:


	Look at the input value.

	Decide which condition the input satisfies.

	Use only the formula that matches that condition.

	Substitute the value and simplify.




The most important step is choosing the correct rule. If you use the wrong interval, the answer will be wrong even if your algebra is correct.


Worked Example 1: Evaluating a piecewise function


Evaluate the function


g(x)={3x−2if x<1x+4if x≥1

Find g(−2), g(0), and g(3).


Step 1: Find g(−2)

Since −2<1, use the rule 3x−2.


g(−2)=3(−2)−2=−6−2=−8

Step 2: Find g(0)

Since 0<1, use the same rule 3x−2.


g(0)=3(0)−2=−2

Step 3: Find g(3)

Since 3≥1, use the rule x+4.


g(3)=3+4=7

Answers: g(−2)=−8, g(0)=−2, and g(3)=7.


3. Understanding the interval symbols


Piecewise functions often use inequality symbols. You need to read them carefully:


	x<2 means values less than 2

	x≤2 means values less than or equal to 2

	x>2 means values greater than 2

	x≥2 means values greater than or equal to 2




The difference between < and ≤ matters when graphing. If the endpoint is included, we use a closed dot. If the endpoint is not included, we use an open dot.


4. How to graph a piecewise-defined function


To graph a piecewise function:


	Take one rule at a time.

	Graph that rule only on the interval where it is allowed.

	Use open or closed dots at boundary points.

	Repeat for each piece.




Each piece is just part of a familiar graph, such as a line, parabola, or constant function. The conditions tell you where each part belongs.


Worked Example 2: Graphing a piecewise function


Graph


h(x)={x+2if x<13if x≥1

First piece: y=x+2 for x<1


	This is a line with slope 1 and y-intercept 2.

	Graph only the part of the line where x<1.

	At x=1, the line would give y=3, but x=1 is not included here.

	So place an open dot at (1,3).




Second piece: y=3 for x≥1


	This is a horizontal line at height 3.

	Graph only for x≥1.

	Since x=1 is included, place a closed dot at (1,3).




Notice that both pieces meet at (1,3), but one side has an open dot and the other has a closed dot. The function value at x=1 comes from the second piece, so the point is included.


5. Domain and range of a piecewise function


The domain is the set of all input values that the function allows. In many piecewise functions, the intervals together describe the entire domain.


The range is the set of output values the function actually produces. To find the range, look at the outputs from each piece and combine them.


For example, if


f(x)={−xif x<02if x≥0

then the domain is all real numbers, because every x is either less than 0 or greater than or equal to 0.


For x<0, the outputs of −x are positive numbers. For x≥0, the output is always 2. Since 2 is already positive, the range is all positive numbers:


Range: y>0

6. Piecewise functions and continuity on a graph


Some piecewise functions connect smoothly, and some have jumps or breaks. When the pieces meet at a point and the graph does not break, the function looks continuous there. When the graph suddenly jumps, it is not continuous at that point.


At the 11th Grade level, the main thing to notice is what happens at the boundary values between pieces. Check:


	Do the two pieces meet at the same point?

	Is that point included?

	Is there a gap or jump?




Worked Example 3: Evaluating and graphing with three pieces


Consider


p(x)={−1if x<−2x+1if −2≤x<2x2if x≥2

Part A: Evaluate p(−3), p(−2), and p(2)


For p(−3): since −3<−2, use the first rule.


p(−3)=−1

For p(−2): since −2≤x<2, use the second rule.


p(−2)=−2+1=−1

For p(2): since x≥2, use the third rule.


p(2)=22=4

Part B: Describe the graph


	For x<−2, graph the horizontal line y=−1, with an open dot at (−2,−1).

	For −2≤x<2, graph the line y=x+1. Put a closed dot at (−2,−1) and an open dot at (2,3).

	For x≥2, graph the parabola y=x2 starting with a closed dot at (2,4).




Notice what happens at x=2: the middle piece approaches 3, but the function value is actually 4. This creates a jump in the graph.


7. Absolute value as a piecewise function


The absolute value function is one of the most important examples of a piecewise-defined function. Recall that absolute value gives the distance from 0, so it is never negative.


It can be written as


∣x∣={xif x≥0−xif x<0

This means:


	If x is positive or zero, leave it alone.

	If x is negative, change its sign to make it positive.




So the graph of ∣x∣ is actually made from two lines. This is why it has a sharp V-shape.


Worked Example 4: Absolute value as a piecewise function


Write and evaluate the function f(x)=∣x−2∣ as a piecewise-defined function.


First, think about when x−2 is nonnegative or negative:


	If x−2≥0, then x≥2.

	If x−2<0, then x<2.




So


f(x)=∣x−2∣={x−2if x≥2−(x−2)if x<2

Simplify the second rule:


f(x)={x−2if x≥2−x+2if x<2

Now evaluate a few values:


	f(5)=5−2=3

	f(2)=2−2=0

	f(0)=−0+2=2




The graph forms a V with vertex at (2,0).


8. Step functions


A step function is a piecewise-defined function made of constant pieces. The graph looks like steps on a staircase.


For example, consider


s(x)={1if 0≤x<22if 2≤x<43if 4≤x<6

This function stays at 1 from x=0 up to but not including x=2. Then it jumps to 2, then jumps to 3.


When graphing a step function, pay very close attention to the endpoints:


	Use a closed dot where the interval begins if that endpoint is included.

	Use an open dot where the interval ends if that endpoint is not included.




9. Common mistakes to avoid


	Using the wrong rule: Always check which interval the input belongs to first.

	Ignoring equality: A value like x=2 belongs in the piece with ≤ or ≥, not the one with only < or >.

	Graphing the whole line or curve: Only graph each formula on its given interval.

	Missing open or closed dots: Endpoints show whether a value is included.

	Mixing formulas together: A piecewise function uses one rule at a time, not all rules at once.




10. Strategy for solving problems


Whenever you see a piecewise-defined function, ask yourself these questions:


	What are the intervals?

	Which interval contains the input value?

	What formula goes with that interval?

	If I am graphing, what happens at the endpoint?




This simple strategy helps with both evaluation and graphing.


Brief Summary


A piecewise-defined function uses different formulas on different parts of its domain. To evaluate one, choose the rule that matches the input value. To graph one, graph each rule only on its interval and use open or closed dots at endpoints.


Absolute value functions and step functions are important examples of piecewise-defined functions. Once you learn to read the intervals carefully, these functions become much easier to understand and graph.


  
  Put what you read to the test

  You've worked through Piecewise-Defined Functions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1115






  [image: 📝]   Lesson 23: Algebraic Operations on Functions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1155




  Algebraic Operations on Functions means combining two functions using the same operations you already know from algebra: addition, subtraction, multiplication, and division.


When we combine functions, we do more than just find a new formula. We also have to find the domain of the new function. The domain tells us which input values are allowed.


This is very important because a value might work in one function but not in the other. Also, division creates an extra restriction: we can never divide by zero.


In this lesson, you will learn how to:


  	add, subtract, multiply, and divide functions,

  	write the resulting function clearly,

  	determine the domain of the new function, and

  	check for values that must be excluded.




1. Reviewing what a function is


A function is a rule that assigns exactly one output to each allowed input. For example, if

f(x)=2x+3, then plugging in x=4 gives:

f(4)=2(4)+3=11


The domain of a function is the set of all input values for which the function is defined.


For many polynomial functions, such as f(x)=x2−1, the domain is all real numbers.


But some functions have restrictions. For example:


  	In a rational function, the denominator cannot be zero.

  	If square roots are involved, the expression inside the root must usually be non-negative.




2. Definitions of algebraic operations on functions


If f and g are functions, then we define:


(f+g)(x)=f(x)+g(x)

(f−g)(x)=f(x)−g(x)

(fg)(x)=f(x)g(x)

(fg)(x)=f(x)g(x)as long as g(x)≠0


These operations combine the outputs of the functions, not the inputs.


For example, if f(x)=x+1 and g(x)=x2, then:

(f+g)(x)=(x+1)+x2=x2+x+1


3. The key idea about domain


For any algebraic operation on functions, the input x must be allowed in both original functions.


So the domain of (f+g)(x), (f−g)(x), and (fg)(x) is the intersection of the domains of f and g.


That means we only keep values that work for both functions.


For division, we need one more condition:


  	x must be in the domain of both functions, and

  	g(x)≠0, because division by zero is undefined.




4. How to find the domain of a combined function


Use this step-by-step method:


  	Find the domain of the first function.

  	Find the domain of the second function.

  	Keep only the values common to both domains.

  	If dividing, also remove any values that make the denominator function equal to zero.




5. Worked Example 1: Adding functions


Let

f(x)=2x−5g(x)=x2+1


Find (f+g)(x) and its domain.


Step 1: Add the functions.

(f+g)(x)=f(x)+g(x)

(f+g)(x)=(2x−5)+(x2+1)

(f+g)(x)=x2+2x−4


Step 2: Find the domain.


Both f(x)=2x−5 and g(x)=x2+1 are polynomials, so each has domain all real numbers.


The intersection of their domains is all real numbers.


Answer:

(f+g)(x)=x2+2x−4

Domain: all real numbers


6. Worked Example 2: Subtracting functions with restricted domains


Let

f(x)=1x−3g(x)=x+1


Find (f−g)(x) and its domain.


Step 1: Subtract the functions.

(f−g)(x)=f(x)−g(x)

(f−g)(x)=1x−3−x+1


Step 2: Find the domain of each function.


For f(x)=1x−3, the denominator cannot be zero.

So:

x−3≠0⇒x≠3


For g(x)=x+1, the expression inside the square root must be non-negative.

So:

x+1≥0⇒x≥−1


Step 3: Take the intersection.


We need values with x≥−1 and x≠3.


Answer:

(f−g)(x)=1x−3−x+1

Domain: all x such that x≥−1 and x≠3


In interval form, this is:

[−1,3)∪(3,∞)


7. Worked Example 3: Multiplying functions


Let

f(x)=x−2g(x)=x+1x2−4


Find (fg)(x) and its domain.


Step 1: Multiply the functions.

(fg)(x)=f(x)g(x)

(fg)(x)=(x−2)(x+1x2−4)


Factor the denominator:

x2−4=(x−2)(x+2)


So:

(fg)(x)=(x−2)(x+1(x−2)(x+2))

(fg)(x)=x+1x+2


Important: Even though (x−2) cancels in the formula, the original function g(x) was undefined at x=2. It was also undefined at x=−2.


So we must keep the original restrictions.


Step 2: Find the domain.


f(x)=x−2 has domain all real numbers.


For g(x)=x+1x2−4, the denominator cannot be zero:

x2−4≠0

(x−2)(x+2)≠0

x≠2,  x≠−2


The intersection of the domains is all real numbers except −2 and 2.


Answer:

(fg)(x)=x+1x+2

Domain: all real numbers except x=−2 and x=2


8. Worked Example 4: Dividing functions


Let

f(x)=x2−9g(x)=x+3


Find (fg)(x) and its domain.


Step 1: Write the quotient.

(fg)(x)=f(x)g(x)=x2−9x+3


Factor the numerator:

x2−9=(x−3)(x+3)


So:

(fg)(x)=(x−3)(x+3)x+3

(fg)(x)=x−3


Step 2: Find the domain.


At first glance, the simplified expression x−3 seems to allow all real numbers. But this is not correct for the original quotient.


Because we are dividing by g(x)=x+3, we must have:

x+3≠0⇒x≠−3


Answer:

(fg)(x)=x−3

Domain: all real numbers except x=−3


9. A very common mistake


Students often simplify an expression and then forget that some values were already excluded.


For example, in Example 4, the quotient simplified to x−3, but x=−3 is still not allowed.


This happens because simplification changes the appearance of the expression, but it does not bring back values that made the original function undefined.


10. Quick comparison of the four operations



  	Addition: add the outputs, and use the common domain of both functions.

  	Subtraction: subtract the outputs, and use the common domain of both functions.

  	Multiplication: multiply the outputs, and use the common domain of both functions.

  	Division: divide the outputs, use the common domain, and also exclude values where the denominator function equals zero.




11. Tips for success



  	Always write the operation first, such as (f+g)(x)=f(x)+g(x).

  	Substitute the full expressions carefully with brackets.

  	Simplify only after writing the full combined expression.

  	Check the domain of each original function before giving your final answer.

  	For division, test where the denominator function is zero.

  	If factors cancel, keep any restrictions from the original expression.




12. Practice-style checks


If f(x)=x and g(x)=2x−1, then:


  	(f+g)(x)=x+2x−1

  	To find the domain, we need x≥0 and x≠1




So the domain is:

[0,1)∪(1,∞)


This example shows again that the domain comes from combining the restrictions of both functions.


[image: 📋]   Summary


Algebraic operations on functions work just like algebraic operations on expressions: we can add, subtract, multiply, and divide function outputs.


The most important idea is that the domain of the new function must include only values that are allowed in both original functions. For division, we must also exclude any value that makes the denominator zero.


If you remember to check domain restrictions before and after simplifying, you will avoid the most common errors.


  
  Put what you read to the test

  You've worked through Algebraic Operations on Functions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1116






  [image: 📝]   Lesson 24: Function Composition

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1156




  Function Composition means combining two functions so that the output of one function becomes the input of another. It is like doing one machine first, then sending its result into a second machine.


If we have two functions, f(x) and g(x), then the composition of f with g is written as (f[image: °]g)(x). This is read as “f of g of x.”


By definition,


(f[image: °]g)(x)=f(g(x))

This means:


  	First apply g to x

  	Then apply f to the result




The order is very important. In general,


(f[image: °]g)(x)≠(g[image: °]f)(x)

So when composing functions, always work from the inside out.


Why composition matters: Many real situations happen in steps. For example, a quantity may be changed by one rule and then changed again by another rule. Composition lets us write these multi-step processes as one combined function.


Main Idea 1: How to compose functions


To find (f[image: °]g)(x):


  	Start with the inside function, g(x).

  	Substitute that entire expression into f.

  	Simplify carefully.




Similarly,


(g[image: °]f)(x)=g(f(x))

Main Idea 2: Composition is substitution


If f(x)=2x+3 and g(x)=x2, then


(f[image: °]g)(x)=f(g(x))=f(x2)

Since f takes an input and changes it by the rule 2(input)+3, replace the input with x2:


f(x2)=2x2+3

Main Idea 3: Order matters


Using the same functions,


(g[image: °]f)(x)=g(f(x))=g(2x+3)

Now replace the input of g with 2x+3:


g(2x+3)=(2x+3)2

This is different from 2x2+3. That shows why the order of composition matters.


Main Idea 4: Domain in composition


The domain of a composition is the set of all inputs that make the composition defined. For (f[image: °]g)(x)=f(g(x)), two things must be true:


  	x must be in the domain of g

  	The value g(x) must be in the domain of f




This means a composition may have more restrictions than either function alone. You must check the inside function first, then see whether its output is allowed in the outside function.


For example, if


f(x)=1x,g(x)=x−2

then


(f[image: °]g)(x)=f(x−2)=1/x−2

This function is undefined when x−2=0, so x≠2. Even though g(x)=x−2 is defined for all real numbers, the composition is not.


Worked Example 1: Basic composition


Let


f(x)=3x−1,g(x)=x+4

Find (f[image: °]g)(x).


Step 1: Write the composition formula.


(f[image: °]g)(x)=f(g(x))

Step 2: Substitute g(x)=x+4 into f.


f(g(x))=f(x+4)

Step 3: Apply the rule for f, which is 3(input)−1.


f(x+4)=3(x+4)−1

Step 4: Simplify.


3(x+4)−1=3x+12−1=3x+11

Answer:


(f[image: °]g)(x)=3x+11

Worked Example 2: Compare both orders


Let


f(x)=x2,g(x)=x−5

Find both (f[image: °]g)(x) and (g[image: °]f)(x).


First: (f[image: °]g)(x)=f(g(x))


(f[image: °]g)(x)=f(x−5)

Since f squares its input,


f(x−5)=(x−5)2

So,


(f[image: °]g)(x)=(x−5)2

Second: (g[image: °]f)(x)=g(f(x))


(g[image: °]f)(x)=g(x2)

Since g subtracts 5 from its input,


g(x2)=x2−5

So,


(g[image: °]f)(x)=x2−5

Conclusion:


(f[image: °]g)(x)=(x−5)2≠x2−5=(g[image: °]f)(x)

This is a clear example that composition usually depends on order.


Worked Example 3: Composition with domain restrictions


Let


f(x)=x,g(x)=2x−3

Find (f[image: °]g)(x) and state its domain.


Step 1: Compose the functions.


(f[image: °]g)(x)=f(g(x))=f(2x−3)

Since f(x)=x, replace x with 2x−3:


(f[image: °]g)(x)=√(2x−3)

Step 2: Find the domain.


A square root is only defined when the expression inside is greater than or equal to 0.


2x−3≥0

2x≥3

x≥32

Answer:


(f[image: °]g)(x)=√(2x−3), domain: x≥3/2

This restriction comes from the outside function f(x)=x, because the output of g(x) must be allowed inside the square root.


Worked Example 4: Rational composition and domain tracking


Let


f(x)=1x+1,g(x)=2x

Find (f[image: °]g)(x) and its domain.


Step 1: Start with the composition.


(f[image: °]g)(x)=f(g(x))=f(2/x)

Step 2: Substitute into f(x)=1x+1.


(f[image: °]g)(x)=1/2/x+1

Step 3: Simplify.


12x+1=12+xx=xx+2

So,


(f[image: °]g)(x)=x/x+2

Step 4: Check the domain carefully.



  	First, g(x)=2x requires x≠0.

  	Second, the output of g(x) goes into f, and f is undefined when its input is −1.




So we also need


g(x)≠−1

2x≠−1

2≠−x

x≠−2

Domain:


x≠0,x≠−2

Even though the simplified result is xx+2, the original composition also excludes x=0 because the inside function g(x) is undefined there. This is why domain tracking must be done from the original functions, not just the final simplified expression.


Tips for success


  	Work inside out: Evaluate the function in the parentheses first.

  	Use parentheses carefully: If you substitute a binomial into a function, keep it grouped.

  	Check both orders: (f[image: °]g)(x) and (g[image: °]f)(x) are usually different.

  	Always check the domain: Make sure the inside function is defined, and its output is allowed in the outside function.




Common mistakes


  	Mixing up the order of the functions.

  	Forgetting to substitute the entire expression.

  	Dropping parentheses too early, especially when squaring.

  	Ignoring domain restrictions from the inside function.




Brief Summary


Function composition combines two functions into one by using the output of one as the input of another. The notation (f[image: °]g)(x)=f(g(x)) means apply g first, then f. The order matters, and the domain of a composition must be checked carefully so that both the inside function and the outside function are defined.


  
  Put what you read to the test

  You've worked through Function Composition. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1117






  [image: 📝]   Lesson 25: Inverse Functions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1157




  Inverse Functions are functions that “undo” each other.


If a function takes an input and turns it into an output, then its inverse takes that output and gives you back the original input.


For example, if a function adds 5, then its inverse subtracts 5. If a function doubles a number, then its inverse halves it.


This idea is important because it helps us solve equations, understand graphs, and connect algebra with geometry.


1. What is an inverse function?


If a function is called f, then its inverse is written f−1.


The inverse function reverses the effect of f. This means:


f(f−1(x))=xandf−1(f(x))=x

These equations mean that applying a function and then its inverse brings you back to where you started.


Example idea: Let f(x)=3x−4.


If you start with x=2, then:


f(2)=3(2)−4=2

If f−1 is the inverse, then f−1(2)=2, because the inverse must undo the original function.


2. When does a function have an inverse?


Not every function has an inverse that is also a function.


For a function to have an inverse function, it must be one-to-one.


A function is one-to-one if different inputs always give different outputs.


In symbols, if f(a)=f(b), then a one-to-one function must have a=b.


Horizontal Line Test


You can check whether a graph is one-to-one using the horizontal line test:



  	If every horizontal line crosses the graph at most once, the function is one-to-one.

  	If some horizontal line crosses the graph more than once, the function is not one-to-one.




This works because if a horizontal line hits the graph more than once, then the same output y-value comes from different inputs. That means the function cannot have an inverse that is also a function.


Examples:



  	f(x)=2x+1 is one-to-one, so it has an inverse.

  	f(x)=x2 is not one-to-one over all real numbers, because f(2)=4 and f(−2)=4.




On the graph of y=x2, a horizontal line such as y=4 crosses the parabola twice, so the function fails the horizontal line test.


3. How to find an inverse algebraically


To find the inverse of a function algebraically, follow these steps:



  	Write the function as y=f(x).

  	Swap x and y.

  	Solve for y.

  	Rewrite y as f−1(x).




Swapping x and y makes sense because the inverse reverses inputs and outputs.


Worked Example 1: Linear function


Find the inverse of:


f(x)=2x+3

Step 1: Write y=2x+3.


Step 2: Swap x and y.


x=2y+3

Step 3: Solve for y.


x−3=2y
y=x−32

Step 4: Write the inverse.


f−1(x)=x−32

Check:


f(f−1(x))=2(x−32)+3=x−3+3=x

So the inverse is correct.


Worked Example 2: A fraction function


Find the inverse of:


f(x)=x+14

Step 1: Write y=x+14.


Step 2: Swap x and y.


x=y+14

Step 3: Solve for y.


4x=y+1
y=4x−1

Step 4: Write the inverse.


f−1(x)=4x−1

Check with composition:


f(f−1(x))=(4x−1)+14=4x4=x

4. Graphing inverse functions


The graph of a function and the graph of its inverse are reflections of each other across the line y=x.


This happens because inverse functions switch inputs and outputs. So every point (a,b) on the graph of f becomes the point (b,a) on the graph of f−1.


Example: If (2,7) is on the graph of f, then (7,2) is on the graph of f−1.


To sketch an inverse from a graph:



  	Draw the line y=x.

  	Take key points from the original function.

  	Swap each point’s coordinates.

  	Plot the new points and sketch the reflected graph.




Worked Example 3: Inverse from points


Suppose the graph of f passes through the points:


(−1,0),(0,2),(3,5)

Then the inverse graph passes through:


(0,−1),(2,0),(5,3)

Each point is reflected across y=x by switching the coordinates.


5. Functions that are not one-to-one


Some functions do not have inverses unless we restrict the domain.


A common example is:


f(x)=x2

Over all real numbers, this is not one-to-one because:


f(2)=4andf(−2)=4

So its inverse would not be a function, since one output would come from two different inputs.


But if we restrict the domain to x≥0, then f(x)=x2 becomes one-to-one.


Now we can find an inverse.


Worked Example 4: Restricting the domain


Find the inverse of f(x)=x2 with domain x≥0.


Step 1: Write


y=x2

Step 2: Swap x and y.


x=y2

Step 3: Solve for y.


y=±x

Because the original domain is x≥0, the outputs of the inverse must also be nonnegative. So we choose the positive square root.


f−1(x)=x

This inverse works only because the domain was restricted.


6. Domain and range of inverses


For a function and its inverse, the domain and range switch places.



  	The domain of f becomes the range of f−1.

  	The range of f becomes the domain of f−1.




Example: If f has domain [0,∞) and range [2,∞), then f−1 has domain [2,∞) and range [0,∞).


This is another result of inputs and outputs being reversed.


7. How to verify an inverse


After finding an inverse, it is a good idea to check it using composition.


If g(x)=f−1(x), then both of these should be true:


f(g(x))=x
g(f(x))=x

If both simplify to x, then the functions are inverses of each other.


Quick Example: Let


f(x)=5x−1andf−1(x)=x+15

Check:


f(f−1(x))=5(x+15)−1=x+1−1=x

f−1(f(x))=(5x−1)+15=5x5=x

So they are inverses.


8. Common mistakes to avoid



  	Forgetting to check one-to-one behavior: A function must pass the horizontal line test to have an inverse function.

  	Not swapping x and y: This is a key step when finding an inverse algebraically.

  	Ignoring domain restrictions: Some functions only have inverses after the domain is limited.

  	Mixing up f−1(x) and (f(x))−1: f−1(x) means inverse function, not reciprocal.




For example, if f(x)=2x, then:


f−1(x)=x2

But the reciprocal of f(x) would be:


1f(x)=12x

These are not the same.


Brief Summary


An inverse function reverses the action of the original function.


A function must be one-to-one to have an inverse function, and this can be checked with the horizontal line test.


To find an inverse algebraically, write y=f(x), swap x and y, solve for y, and then write the result as f−1(x).


Graphically, a function and its inverse are reflections across the line y=x.


Always check your answer by composition, and remember that the domain and range switch places.


  
  Put what you read to the test

  You've worked through Inverse Functions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1118
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  Function Symmetry: Even and Odd Functions


In function theory, symmetry helps us understand how a graph behaves when we reflect or rotate it. Two important types of symmetry are even symmetry and odd symmetry.


These ideas connect algebra and graphs. Algebraically, we test symmetry by comparing f(−x) with f(x). Graphically, we look for mirror symmetry or rotational symmetry.


Learning to recognize even and odd functions is useful because it helps you analyze graphs more quickly, simplify calculations, and better understand how functions are structured.


1. What is an even function?


A function is even if replacing x with −x does not change the value of the function. In symbols, a function is even if


f(−x)=f(x)


for every x in the domain.


This means the graph looks exactly the same on the left and right sides of the y-axis. So an even function has symmetry about the y-axis.


Examples of common even functions include:


  	f(x)=x2

  	f(x)=x4+3

  	f(x)=∣x∣




For example, with f(x)=x2:


f(−x)=(−x)2=x2=f(x)


So x2 is even.


2. What is an odd function?


A function is odd if replacing x with −x changes the sign of the output. In symbols, a function is odd if


f(−x)=−f(x)


for every x in the domain.


This means the graph has rotational symmetry about the origin. If you rotate the graph 180[image: °] around the origin, it matches itself.


Examples of common odd functions include:


  	f(x)=x

  	f(x)=x3

  	f(x)=x5−2x




For example, with f(x)=x3:


f(−x)=(−x)3=−x3=−f(x)


So x3 is odd.


3. How to test whether a function is even, odd, or neither


To test a function, follow these steps:


  	Write the function as f(x).

  	Substitute −x for every x to find f(−x).

  	Simplify carefully.

  	Compare the result with f(x) and with −f(x).




Then decide:


  	If f(−x)=f(x), the function is even.

  	If f(−x)=−f(x), the function is odd.

  	If neither is true, the function is neither.




Important: A function must satisfy the rule for all values in its domain. One or two matching values are not enough.


4. Domain matters


When talking about even or odd symmetry, the domain must also be symmetric about 0. That means if x is in the domain, then −x must also be in the domain.


For example, suppose a function is only defined for x≥0. Then it usually cannot be classified as even or odd, because negative inputs are missing.


So before testing symmetry, make sure the domain includes both positive and negative values in matching pairs.


5. Graphical meaning of even and odd functions


Algebra and graphs tell the same story in different ways.



  	Even function: symmetry about the y-axis. If (a,b) is on the graph, then (−a,b) is also on the graph.

  	Odd function: rotational symmetry about the origin. If (a,b) is on the graph, then (−a,−b) is also on the graph.




These point patterns come directly from the equations:


f(−x)=f(x)for even functions

f(−x)=−f(x)for odd functions


If a graph does not show either of these symmetries, then the function is neither even nor odd.


6. Worked Example 1: An even function


Determine whether f(x)=3x2−5 is even, odd, or neither.


Step 1: Find f(−x).


f(−x)=3(−x)2−5

f(−x)=3x2−5


Step 2: Compare with f(x).


Since

f(−x)=3x2−5=f(x)


the function is even.


Graph interpretation: The graph is symmetric about the y-axis.


7. Worked Example 2: An odd function


Determine whether f(x)=2x3−x is even, odd, or neither.


Step 1: Find f(−x).


f(−x)=2(−x)3−(−x)

f(−x)=−2x3+x


Step 2: Find −f(x).


−f(x)=−(2x3−x)

−f(x)=−2x3+x


Since

f(−x)=−f(x)


the function is odd.


Graph interpretation: The graph has rotational symmetry about the origin.


8. Worked Example 3: A function that is neither


Determine whether f(x)=x2+x is even, odd, or neither.


Step 1: Find f(−x).


f(−x)=(−x)2+(−x)

f(−x)=x2−x


Step 2: Compare with f(x) and −f(x).


We have

f(x)=x2+x

and

−f(x)=−(x2+x)=−x2−x


Now compare:


  	f(−x)=x2−x≠x2+x=f(x)

  	f(−x)=x2−x≠−x2−x=−f(x)




So the function is neither even nor odd.


Graph interpretation: The graph has neither y-axis symmetry nor origin symmetry.


9. Worked Example 4: Using the graph idea


Suppose a graph contains the point (4,7).



  	If the function is even, then (−4,7) must also be on the graph.

  	If the function is odd, then (−4,−7) must also be on the graph.




This is a quick way to recognize symmetry from a graph without doing algebra.


10. Patterns to notice in polynomial functions


For many polynomial functions, the exponents can give a clue:



  	A polynomial with only even powers of x and constants is often even.

  	A polynomial with only odd powers of x and no constant term is often odd.

  	A mix of even and odd powers usually gives neither.




Examples:


  	x4+2x2−1 is even.

  	x5−3x is odd.

  	x3+x2 is neither.




This pattern is helpful, but you should still check by computing f(−x).


11. Common mistakes to avoid



  	Forgetting parentheses: When finding f(−x), replace every x with (−x). Write parentheses first.

  	Mixing up even and odd: Even means same output, odd means opposite output.

  	Looking at only part of the graph: Symmetry must hold for the entire graph.

  	Ignoring the domain: The domain must include matching positive and negative inputs.




12. Quick check table



  	Even: f(−x)=f(x), symmetry about the y-axis

  	Odd: f(−x)=−f(x), rotational symmetry about the origin

  	Neither: neither rule works




13. Final summary


To determine whether a function is even, odd, or neither, compute f(−x) and compare it with f(x) and −f(x). If f(−x)=f(x), the function is even and its graph is symmetric about the y-axis. If f(−x)=−f(x), the function is odd and its graph has rotational symmetry about the origin.


If neither relationship is true, then the function is neither even nor odd. Always simplify carefully and remember that symmetry must hold for the whole domain, not just a few values.


  
  Put what you read to the test

  You've worked through Function Symmetry (Even and Odd). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1119
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  Monotonicity and Extrema are ideas that help us describe how a function behaves as we move from left to right on its graph.


When we study monotonicity, we ask: Where is the function increasing? and Where is it decreasing? When we study extrema, we ask: Where does the function reach high points or low points?


These ideas are important because they help us understand the overall shape of a graph, compare values of a function, and solve real-world problems involving maximum profit, minimum cost, highest height, lowest temperature, and more.


1. Increasing and Decreasing Functions


A function is increasing on an interval if its output values go up as the input values increase.


In simple words: as you move to the right, the graph goes up.


A function is decreasing on an interval if its output values go down as the input values increase.


In simple words: as you move to the right, the graph goes down.


A function can also be constant on an interval, meaning the output stays the same.


For example, if a function is increasing on the interval (−2,3), that means for any two x-values in that interval, the larger x-value gives a larger y-value.


We often describe monotonicity using interval notation:


  	Increasing on (a,b)

  	Decreasing on (b,c)

  	Constant on (c,d)




2. What Does Monotonic Mean?


The word monotonic means a function keeps the same trend over an interval.



  	If it keeps going upward, it is monotonic increasing.

  	If it keeps going downward, it is monotonic decreasing.




A function does not have to be increasing everywhere or decreasing everywhere. Many functions change behavior at different x-values.


3. Local and Global Extrema


An extremum is a maximum or minimum value of a function. The plural is extrema.


There are two main types:


  	Local (relative) maximum

  	Local (relative) minimum




A local maximum is a point where the function is higher than nearby points.


A local minimum is a point where the function is lower than nearby points.


These are called “local” because we only compare the point to values close to it, not to the entire graph.


A global (absolute) maximum is the highest value of the function on its whole domain or on the interval being considered.


A global (absolute) minimum is the lowest value of the function on its whole domain or on the interval being considered.


Important: A local maximum is not always the highest point overall, and a local minimum is not always the lowest point overall.


4. Turning Points and Changes in Monotonicity


A graph often changes from increasing to decreasing, or from decreasing to increasing. These changes usually happen at turning points.



  	If a function changes from increasing to decreasing, there is a local maximum.

  	If a function changes from decreasing to increasing, there is a local minimum.




This is one of the most useful connections between monotonicity and extrema.


For example:


  	Increasing then decreasing → local maximum

  	Decreasing then increasing → local minimum




5. Reading Monotonicity and Extrema from a Graph


To analyze a graph, move from left to right and ask these questions:


  	Is the graph going up, down, or staying flat?

  	Where does the behavior change?

  	Where are the highest and lowest points?




When giving your answer:


  	State the intervals where the function is increasing.

  	State the intervals where the function is decreasing.

  	Name any local maxima or minima.

  	Name any global maximum or minimum if they exist.




6. Open and Closed Intervals


When we describe where a function is increasing or decreasing, we usually use open intervals, such as (1,4), because the behavior is being described between the endpoints.


When we state a maximum or minimum point, we give the actual point, such as (2,5), or say “the maximum value is 5 when x=2.”


7. Extrema on a Restricted Interval


Sometimes a function may not have a highest or lowest value on its entire domain, but it does have one on a specific interval.


For example, the line f(x)=x has no global maximum or global minimum if all real numbers are allowed. It keeps increasing forever.


But on the interval [0,4]:


  	The minimum value is 0 at x=0.

  	The maximum value is 4 at x=4.




So the interval being considered is very important.


8. Worked Example 1: A Simple Table of Values


Suppose a function has these values:


x−2−1012f(x)53124

Let us describe the behavior.


From x=−2 to x=0, the outputs go:


5→3→1

So the function is decreasing over that part.


From x=0 to x=2, the outputs go:


1→2→4

So the function is increasing over that part.


The lowest value shown is 1 at x=0. Since the function changes from decreasing to increasing there, (0,1) is a local minimum.


It is also the global minimum among the values in the table.


The highest value shown is 5 at x=−2. This is the global maximum among the listed points.


Answer:


  	Decreasing from x=−2 to x=0

  	Increasing from x=0 to x=2

  	Local minimum at (0,1)

  	Global minimum value 1

  	Global maximum value 5




9. Worked Example 2: Quadratic Function


Consider the function


f(x)=x2−4x+3

This is a quadratic, so its graph is a parabola. Since the coefficient of x2 is positive, the parabola opens upward.


That means the graph has a minimum at its vertex.


To find the x-coordinate of the vertex:


x=−b2a=−(−4)2(1)=42=2

Now find the y-value:


f(2)=22−4(2)+3=4−8+3=−1

So the vertex is:


(2,−1)

Now describe monotonicity.


Before x=2, the graph goes down as we move right, so the function is decreasing on (−∞,2).


After x=2, the graph goes up as we move right, so the function is increasing on (2,∞).


Because the function changes from decreasing to increasing at x=2, the point (2,−1) is a local minimum.


It is also the global minimum, because the parabola opens upward and this is the lowest point on the entire graph.


There is no global maximum, because the function keeps increasing without bound.


Answer:


  	Decreasing on (−∞,2)

  	Increasing on (2,∞)

  	Local minimum at (2,−1)

  	Global minimum at (2,−1)

  	No global maximum




10. Worked Example 3: Cubic Function with Two Turning Points


Consider the function


f(x)=x3−3x

Let us use its graph shape and key values to understand the behavior.


Evaluate the function at a few important x-values:


f(−1)=(−1)3−3(−1)=−1+3=2

f(1)=13−3(1)=1−3=−2

This cubic has a turning point near (−1,2) and another near (1,−2).


From the graph shape:


  	The function increases until it reaches (−1,2).

  	Then it decreases from x=−1 to x=1.

  	Then it increases again after x=1.




So:


  	Increasing on (−∞,−1)

  	Decreasing on (−1,1)

  	Increasing on (1,∞)




Since the function changes from increasing to decreasing at x=−1, there is a local maximum at (−1,2).


Since the function changes from decreasing to increasing at x=1, there is a local minimum at (1,−2).


However, this function has no global maximum and no global minimum, because cubic functions like this continue upward on one side and downward on the other.


Answer:


  	Increasing on (−∞,−1) and (1,∞)

  	Decreasing on (−1,1)

  	Local maximum at (−1,2)

  	Local minimum at (1,−2)

  	No global maximum or global minimum




11. Worked Example 4: Extrema on a Closed Interval


Consider


f(x)=−x2+4x+1on [0,5]

This parabola opens downward because the coefficient of x2 is negative. So its vertex will be a maximum point.


Find the vertex:


x=−b2a=−42(−1)=2

Now find the function value there:


f(2)=−(2)2+4(2)+1=−4+8+1=5

So the vertex is (2,5), which is the highest point on the graph.


Because we are working on the closed interval [0,5], we should also check the endpoints.


f(0)=−(0)2+4(0)+1=1

f(5)=−(5)2+4(5)+1=−25+20+1=−4

Now compare the values:


  	f(0)=1

  	f(2)=5

  	f(5)=−4




The greatest value is 5, so the global maximum on [0,5] is 5 at x=2.


The least value is −4, so the global minimum on [0,5] is −4 at x=5.


For monotonicity:


  	The function is increasing on (0,2)

  	The function is decreasing on (2,5)




Answer:


  	Increasing on (0,2)

  	Decreasing on (2,5)

  	Local and global maximum at (2,5)

  	Global minimum at (5,−4)




12. Common Mistakes to Avoid


  	Mixing up increasing and decreasing: Always read the graph from left to right.

  	Confusing local and global extrema: Local means nearby; global means entire domain or interval.

  	Forgetting endpoints on a closed interval: Endpoints can be the absolute maximum or minimum.

  	Listing points instead of intervals for monotonicity: Say “increasing on (1,4),” not “increasing at x=2.”

  	Assuming every function has a maximum and minimum: Some functions have neither.




13. How to Analyze Any Function


Here is a useful step-by-step method:


  	Look at the graph or function carefully.

  	Move from left to right.

  	Mark where the graph rises, falls, or stays flat.

  	Write the increasing and decreasing intervals.

  	Find where the graph changes direction.

  	Label local maxima and minima.

  	If a specific interval is given, compare important points and endpoints to find global extrema.




14. Quick Check Questions


Try these on your own:


  	If a graph changes from decreasing to increasing at x=4, what type of extremum occurs there?

  	If a function is increasing on (−∞,1) and decreasing on (1,∞), what happens at x=1?

  	Can a function have a local maximum but no global maximum?

  	Can the endpoint of a closed interval be a global minimum?




Answers:


  	A local minimum

  	A local maximum

  	Yes

  	Yes




15. Summary


Monotonicity describes whether a function is increasing or decreasing over an interval.


Extrema are the high and low points of a function. A local maximum or local minimum compares a point to nearby points, while a global maximum or global minimum compares it to the whole domain or interval.


A change from increasing to decreasing gives a local maximum, and a change from decreasing to increasing gives a local minimum.


When finding extrema on a closed interval, always check both turning points and endpoints.


  
  Put what you read to the test

  You've worked through Monotonicity and Extrema. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1120
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  Average Rate of Change tells us how much one quantity changes on average compared to how much another quantity changes.


When working with functions, the average rate of change compares the change in the output values to the change in the input values over an interval. It is one of the most important ideas in function theory because it connects tables, graphs, and formulas.


For a function f(x), the average rate of change from x=a to x=b is


f(b)−f(a)b−a

This formula measures how much the function changes vertically compared to how much it changes horizontally.


Geometrically, this value is the slope of the secant line through the two points (a,f(a)) and (b,f(b)) on the graph.


This idea is very similar to the slope formula you already know:


m=y2−y1x2−x1

In fact, average rate of change is just the slope formula applied to two points on a function.


Why it matters: Many functions are not linear, so they do not have one constant rate of change everywhere. Average rate of change helps us describe how the function behaves over a specific interval.


For example, a car trip may not happen at one constant speed the whole time. But you can still find the average speed over the trip. Average rate of change works the same way for functions.


Main idea:


  	If the average rate of change is positive, the function increases on average over that interval.

  	If it is negative, the function decreases on average over that interval.

  	If it is zero, the function has the same output at both endpoints of the interval.




How to find average rate of change


  	Identify the interval, from x=a to x=b.

  	Find the function values f(a) and f(b).

  	Substitute into the formula f(b)−f(a)b−a.

  	Simplify carefully.

  	Interpret the result in context, if a context is given.




Important note: Average rate of change is found over an interval, not at a single point. That is why we need two x-values.


Worked Example 1: Using a table

Suppose a function has the following values:


  	f(1)=3

  	f(5)=11




Find the average rate of change from x=1 to x=5.


Use the formula:


f(5)−f(1)5−1=11−34=84=2

Answer: The average rate of change is 2.


Interpretation: On average, the function increases by 2 units in output for every 1 unit increase in input between x=1 and x=5.


Worked Example 2: Using an equation

Find the average rate of change of f(x)=x2+1 from x=2 to x=6.


Step 1: Find the function values.


f(2)=22+1=5
f(6)=62+1=37

Step 2: Apply the formula.


f(6)−f(2)6−2=37−54=324=8

Answer: The average rate of change is 8.


What this means: Even though f(x)=x2+1 is not linear, from x=2 to x=6 it increases at an average rate of 8 units of output per 1 unit of input.


Worked Example 3: A nonlinear function with a negative result

Find the average rate of change of f(x)=−x2+4x from x=1 to x=3.


First find the function values:


f(1)=−(1)2+4(1)=−1+4=3
f(3)=−(3)2+4(3)=−9+12=3

Now use the formula:


f(3)−f(1)3−1=3−32=0

Answer: The average rate of change is 0.


Interpretation: The function starts and ends at the same y-value on this interval, so the secant line is horizontal.


This is a good reminder that a curved graph can rise and fall within an interval, yet still have an average rate of change of zero if the endpoint outputs are equal.


Worked Example 4: Interpreting a real-world situation

A ball is thrown upward, and its height in metres after t seconds is given by


h(t)=−5t2+20t+1

Find the average rate of change from t=1 to t=3.


Step 1: Find the heights.


h(1)=−5(1)2+20(1)+1=−5+20+1=16
h(3)=−5(3)2+20(3)+1=−45+60+1=16

Step 2: Use the formula.


h(3)−h(1)3−1=16−162=0

Answer: The average rate of change is 0 metres per second.


Interpretation: Between 1 second and 3 seconds, the ball has the same height at both times. That does not mean the ball stood still the whole time. It means the overall change in height across that interval was zero.


Connecting average rate of change to the graph

On a graph, choose two points on the function. Draw the line through them. This is the secant line.


The slope of that secant line is the average rate of change over that interval.



  	A steep upward secant line means a large positive average rate of change.

  	A steep downward secant line means a large negative average rate of change.

  	A horizontal secant line means the average rate of change is zero.




Average rate of change vs. constant rate of change

For a linear function, the average rate of change is the same on every interval because the graph is a straight line.


For a nonlinear function, the average rate of change can be different on different intervals because the graph curves.


Example: For f(x)=x2, compare two intervals.


From x=1 to x=2:4−12−1=3

From x=2 to x=3:9−43−2=5

The average rate of change changes because x2 is nonlinear.


Common mistakes to avoid


  	Mixing up the order: If you use f(b)−f(a), then the denominator must be b−a. Keep the same order in both parts.

  	Using x-values instead of function values: Do not write b−ab−a. The numerator must be the change in outputs.

  	Forgetting parentheses: When substituting negative numbers, use parentheses carefully.

  	Thinking it describes the whole graph: Average rate of change only describes the function on the chosen interval.




Quick check

Find the average rate of change of f(x)=2x2−3 from x=−1 to x=2.


First find the outputs:


f(−1)=2(−1)2−3=2−3=−1
f(2)=2(2)2−3=8−3=5

Now calculate:


f(2)−f(−1)2−(−1)=5−(−1)3=63=2

So the average rate of change is 2.


[image: 📋]   Summary

The average rate of change of a function over an interval from x=a to x=b is


f(b)−f(a)b−a

It tells you how much the output changes on average for each 1-unit change in the input.


It is also the slope of the secant line connecting the two points on the graph.


This concept is especially useful for nonlinear functions, where the rate of change is not constant. Understanding average rate of change prepares you for later topics such as limits and derivatives.


  
  Put what you read to the test

  You've worked through Average Rate of Change. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1121






  [image: 📝]   Lesson 29: Geometric Function Transformations

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1161




  Geometric Function Transformations are changes made to the graph of a function that move it, stretch it, compress it, or flip it.
These transformations are important because many complicated graphs can be understood by starting with a simple parent function and then applying a few changes.
For example, the graph of y=x2 is a basic parabola. From that one graph, you can create many others such as y=(x−3)2+2, y=−2(x+1)2, or y=12(x−4)2−5.
In this lesson, you will learn how to recognize and apply translations, dilations, and reflections to a general function y=f(x).
1. Start with the parent function
A parent function is the original, simplest version of a function family.
	Linear: f(x)=x
	Quadratic: f(x)=x2
	Absolute value: f(x)=∣x∣
	Square root: f(x)=x
	Cubic: f(x)=x3

When we transform a function, we compare the new equation to the parent form y=f(x).
A very useful general form is
y=a f(b(x−h))+kEach part of this equation affects the graph in a different way:
	h: horizontal translation
	k: vertical translation
	a: vertical stretch/compression and possible reflection
	b: horizontal stretch/compression and possible reflection

2. Vertical translations
A vertical translation moves a graph up or down.
If
y=f(x)+kthen:
	if k>0, the graph moves up k units
	if k<0, the graph moves down ∣k∣ units

This change affects the output, so it is added outside the function.
Example: starting with y=x2
	y=x2+4 moves the parabola up 4 units
	y=x2−3 moves the parabola down 3 units

3. Horizontal translations
A horizontal translation moves a graph left or right.
If
y=f(x−h)then:
	if h>0, the graph moves right h units
	if h<0, the graph moves left ∣h∣ units

This often feels backward at first. The reason is that the change is happening to the input x, not the output.
Example: starting with y=∣x∣
	y=∣x−2∣ moves the graph right 2 units
	y=∣x+5∣ moves the graph left 5 units

Important note: horizontal changes inside the function work in the opposite direction of what the sign seems to suggest.
4. Vertical stretches and compressions
A vertical dilation changes how tall or steep a graph looks.
If
y=af(x)then:
	if ∣a∣>1, the graph is vertically stretched
	if 0<∣a∣<1, the graph is vertically compressed

Every y-value is multiplied by a.
Examples with y=x2:
	y=3x2: vertical stretch by factor 3
	y=12x2: vertical compression by factor 12

A stretch makes the graph appear narrower for parabolas, while a compression makes it appear wider.
5. Horizontal stretches and compressions
A horizontal dilation changes how wide a graph looks.
If
y=f(bx)then:
	if ∣b∣>1, the graph is horizontally compressed by factor 1∣b∣
	if 0<∣b∣<1, the graph is horizontally stretched by factor 1∣b∣

Again, this can seem reversed because the change is inside the function.
Examples with y=∣x∣:
	y=∣2x∣: horizontal compression by factor 12
	y=∣13x∣: horizontal stretch by factor 3

6. Reflections
A reflection flips a graph across an axis.
Reflection in the x-axis happens when the output is multiplied by −1:
y=−f(x)This changes every y-value to its opposite.
Reflection in the y-axis happens when the input is multiplied by −1:
y=f(−x)This changes every x-value to its opposite.
Examples:
	y=−x2: reflection of y=x2 in the x-axis
	y=∣−x∣: reflection of y=∣x∣ in the y-axis, but this looks the same because ∣−x∣=∣x∣

7. The full transformation form
Most transformed functions can be written as
y=a f(b(x−h))+kHere is what each part means:
	h: move right h if positive, left if negative
	k: move up k if positive, down if negative
	a: vertical stretch/compression by ∣a∣, and reflect in the x-axis if a<0
	b: horizontal compression/stretch by 1∣b∣, and reflect in the y-axis if b<0

Order idea: when reading the equation, it is helpful to identify the pieces first. When imagining the graph from the parent function, many students find it easier to think of inside changes and outside changes separately.
	Inside: horizontal changes and possible reflection in the y-axis
	Outside: vertical changes and possible reflection in the x-axis

8. A table of common effects
	y=f(x)+k: up k
	y=f(x)−k: down k
	y=f(x−h): right h
	y=f(x+h): left h
	y=af(x): vertical scale factor ∣a∣
	y=f(bx): horizontal scale factor 1∣b∣
	y=−f(x): reflect in the x-axis
	y=f(−x): reflect in the y-axis

9. Worked Example 1: Translation only
Describe the transformations from y=x2 to
y=(x−3)2+4Step 1: Compare with y=f(x−h)+k.
Here, h=3 and k=4.
Step 2: Interpret the changes.
	(x−3) means shift right 3
	+4 means shift up 4

Result: The parabola moves right 3 units and up 4 units.
The vertex, which was originally at (0,0), moves to (3,4).
10. Worked Example 2: Reflection and vertical stretch
Describe the transformations from y=∣x∣ to
y=−2∣x∣Step 1: Identify the outside multiplier.
The factor is a=−2.
Step 2: Interpret the sign and size.
	The negative sign reflects the graph in the x-axis
	The factor 2 gives a vertical stretch by 2

Result: The V-shaped graph flips upside down and becomes steeper.
11. Worked Example 3: Horizontal compression and translation
Describe the transformations from y=x to
y=2(x−1)Step 1: Look inside the function.
The expression inside is 2(x−1).
Step 2: Identify each transformation.
	(x−1) means shift right 1
	The factor 2 inside means a horizontal compression by factor 12

Result: The square root graph starts at (1,0) instead of (0,0), and it grows more quickly because it has been compressed horizontally.
12. Worked Example 4: Multiple transformations
Describe the transformations from y=x3 to
y=−12(x+4)3−1Step 1: Identify the parent function.
The parent function is f(x)=x3.
Step 2: Compare with y=af(x−h)+k.
We have:
	a=−12
	h=−4 because (x+4)=(x−(−4))
	k=−1

Step 3: Interpret each one.
	x+4 means shift left 4
	−12 means reflect in the x-axis
	12 means a vertical compression by factor 12
	−1 means shift down 1

Result: The cubic graph moves left 4, is reflected across the x-axis, compressed vertically, and then moved down 1.
13. How to graph a transformed function using key points
A good way to graph transformations is to start with key points on the parent function.
For example, for y=x2, useful points are:
	(−2,4)
	(−1,1)
	(0,0)
	(1,1)
	(2,4)

If the function becomes y=(x−1)2+3, then each point moves right 1 and up 3.
So the new points are:
	(−1,7)
	(0,4)
	(1,3)
	(2,4)
	(3,7)

This method is especially helpful when several transformations happen together.
14. Common mistakes to avoid
	Mixing up left and right: x−h moves right, while x+h moves left.
	Mixing up horizontal and vertical scale factors: outside multipliers affect vertical change; inside multipliers affect horizontal change.
	Forgetting the reciprocal in horizontal dilations: f(2x) compresses by 12, not 2.
	Missing reflections: a negative outside reflects in the x-axis; a negative inside reflects in the y-axis.

15. Strategy for analyzing any transformed function
	Identify the parent function.
	Look for changes inside the function.
	Look for changes outside the function.
	Decide whether there are translations, dilations, or reflections.
	If needed, track key points from the parent graph.

16. Brief Summary
Function transformations let you build new graphs from familiar parent functions.
Translations move a graph, dilations change its size, and reflections flip it across an axis.
The general form y=a f(b(x−h))+k helps you read all of these changes clearly.
If you remember that inside changes affect horizontal movement in the opposite direction and outside changes affect vertical movement directly, you will be able to analyze most transformed functions with confidence.


  
  Put what you read to the test

  You've worked through Geometric Function Transformations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1122






  
    
  [image: 📖]   Chapter 4

  Linear Algebra in Two Variables



  [image: 📝]   Lesson 30: Linear Equations and Forms

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1162




  Linear equations describe straight lines on a coordinate plane. In Grade 11, it is important to recognize a line in different forms, understand what each form tells you, and know how to convert from one form to another.


This lesson focuses on the three most common forms of a linear equation in two variables:


  	Slope-intercept form: y=mx+b

  	Point-slope form: y−y1=m(x−x1)

  	Standard form: Ax+By=C




Each form is useful in a different situation. By the end of this lesson, you should be able to identify each form, write equations of lines from given information, and convert between forms correctly.


1. What makes an equation linear?


A linear equation in two variables is an equation that can be written so that the variables x and y both have degree 1. Its graph is always a straight line.


Examples of linear equations include:


  	y=2x+5

  	y−3=−4(x+1)

  	3x−2y=8




Non-examples include:


  	y=x2+1 because of the squared term

  	xy=6 because the variables are multiplied together




2. Slope and what it means


The slope of a line measures its steepness and direction. It tells you how much y changes when x increases by 1.


The slope formula between two points (x1,y1) and (x2,y2) is:


m=y2−y1x2−x1

Interpretation of slope:


  	If m>0, the line rises from left to right.

  	If m<0, the line falls from left to right.

  	If m=0, the line is horizontal.

  	If the denominator is 0, the slope is undefined, and the line is vertical.




3. Slope-intercept form


Slope-intercept form is:


y=mx+b

In this form:


  	m is the slope

  	b is the y-intercept, the value of y when x=0




This form is especially useful when you want to graph a line quickly, because you can start at (0,b) and use the slope to find more points.


For example, in y=3x−2:


  	Slope m=3

  	y-intercept b=−2




The line crosses the y-axis at (0,−2) and rises 3 units for every 1 unit it moves right.


4. Point-slope form


Point-slope form is:


y−y1=m(x−x1)

This form is useful when you know:


  	the slope m, and

  	one point (x1,y1) on the line




It comes directly from the idea of slope. If a line has slope m and passes through (x1,y1), then any point (x,y) on the line satisfies this equation.


For example, a line with slope 2 passing through (3,4) can be written as:


y−4=2(x−3)

This is already a correct equation of the line, even if it is not simplified.


5. Standard form


Standard form is:


Ax+By=C

where A, B, and C are usually integers, and A is often taken to be positive.


This form is useful because:


  	it shows both variables together in one equation,

  	it is convenient for solving systems of equations,

  	it makes x-intercepts and y-intercepts easier to find in some cases.




For example:


2x+3y=12

To find intercepts from standard form:


  	Set x=0 to find the y-intercept.

  	Set y=0 to find the x-intercept.




For 2x+3y=12:


  	If x=0, then 3y=12, so y=4. The y-intercept is (0,4).

  	If y=0, then 2x=12, so x=6. The x-intercept is (6,0).




6. How the forms are connected


All three forms can describe the same line. The difference is only how the information is written.


For example, these all represent the same line:


  	Point-slope: y−1=2(x−2)

  	Slope-intercept: y=2x−3

  	Standard: 2x−y=3




Being able to move between forms is an important skill.


7. Converting between forms


From point-slope to slope-intercept


Start with:


y−y1=m(x−x1)

Then expand and solve for y.


Example:


y−5=−3(x−2)

Expand:


y−5=−3x+6

Add 5 to both sides:


y=−3x+11

From slope-intercept to standard form


Start with:


y=mx+b

Move the variable terms to one side so it looks like Ax+By=C.


Example:


y=4x−7

Subtract 4x from both sides:


−4x+y=−7

If you want A positive, multiply by −1:


4x−y=7

From standard form to slope-intercept


Solve for y.


Example:


3x+2y=10

Subtract 3x:


2y=−3x+10

Divide by 2:


y=−32x+5

Now the slope is −32 and the y-intercept is 5.


8. Writing equations from geometric information


You are often asked to write the equation of a line from facts about the line, such as:


  	its slope and one point,

  	two points,

  	parallel or perpendicular relationships.




If you know the slope and one point, point-slope form is usually the fastest method.


If you know two points, first find the slope using the slope formula, then use point-slope form.


If a line is parallel to another line, the slopes are equal.


If a line is perpendicular to another line, the slope is the negative reciprocal.


For example:


  	If one line has slope 34, a parallel line also has slope 34.

  	A perpendicular line has slope −43.




Worked Example 1: Write a line in point-slope and slope-intercept form


Find the equation of the line with slope 5 passing through (2,−1).


Step 1: Use point-slope form.


y−y1=m(x−x1)

Substitute m=5, (x1,y1)=(2,−1):


y−(−1)=5(x−2)

y+1=5(x−2)

This is the point-slope form.


Step 2: Convert to slope-intercept form.


y+1=5x−10

y=5x−11

So the equation is:


  	Point-slope: y+1=5(x−2)

  	Slope-intercept: y=5x−11




Worked Example 2: Convert standard form to slope-intercept form


Convert 4x−3y=12 to slope-intercept form.


Step 1: Isolate the y-term.


−3y=−4x+12

Step 2: Divide by −3.


y=43x−4

So the slope-intercept form is:


y=43x−4

This tells us the slope is 43 and the y-intercept is −4.


Worked Example 3: Find an equation from two points


Find the equation of the line through (1,3) and (5,11).


Step 1: Find the slope.


m=11−35−1=84=2

Step 2: Use point-slope form with one of the points.


Using (1,3):


y−3=2(x−1)

Step 3: Convert if needed.


y−3=2x−2

y=2x+1

So the line can be written as:


  	Point-slope: y−3=2(x−1)

  	Slope-intercept: y=2x+1

  	Standard: 2x−y=−1




Worked Example 4: Use parallel and perpendicular slopes


Write the equation of the line that passes through (4,2) and is perpendicular to the line


y=12x+7

Step 1: Identify the given slope.


The given line has slope 12.


Step 2: Find the perpendicular slope.


The negative reciprocal of 12 is −2.


Step 3: Use point-slope form.


y−2=−2(x−4)

Step 4: Convert to slope-intercept form.


y−2=−2x+8

y=−2x+10

So the equation is:


  	Point-slope: y−2=−2(x−4)

  	Slope-intercept: y=−2x+10




9. Special cases: horizontal and vertical lines


Not every line can be written in slope-intercept form in the usual way.


Horizontal lines have slope 0. Their equations look like:


y=c

Example: y=4


This means every point on the line has y-coordinate 4.


Vertical lines have undefined slope. Their equations look like:


x=c

Example: x=−2


This means every point on the line has x-coordinate −2.


A vertical line cannot be written as y=mx+b, because its slope is undefined.


10. Common mistakes to avoid



  	Mixing up slope and intercept: In y=mx+b, m is the slope and b is the y-intercept.

  	Sign errors in point-slope form: If the point is (2,−3), then y−(−3)=y+3.

  	Forgetting to simplify standard form correctly: Move terms carefully and watch negatives.

  	Using the wrong perpendicular slope: Perpendicular does not mean just changing the sign. You must take the negative reciprocal.

  	Assuming all lines have a defined slope: Vertical lines do not.




11. Quick strategy guide


When deciding which form to use, ask yourself what information you have.



  	If you know slope and y-intercept, use slope-intercept form.

  	If you know slope and one point, use point-slope form.

  	If you need an equation useful for systems or integer coefficients, use standard form.

  	If you know two points, first find slope, then use point-slope form.




12. Brief summary


Linear equations represent straight lines and can be written in slope-intercept form, point-slope form, or standard form. Slope-intercept form shows the slope and y-intercept directly, point-slope form is useful when you know a point and a slope, and standard form is useful for algebraic work such as systems.


To write equations of lines, identify what information is given, find the slope if needed, and choose the form that fits best. With practice, you can convert between forms and describe the same line in multiple correct ways.


  
  Put what you read to the test

  You've worked through Linear Equations and Forms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1123






  [image: 📝]   Lesson 31: Parallel and Perpendicular Dynamics

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1163




  Parallel and Perpendicular Dynamics is about understanding how lines behave on the coordinate plane using their slopes. In 11th Grade Maths, this idea helps you analyze shapes, prove geometric facts, and solve problems involving straight lines in two variables.


When you look at two lines, one of the first questions to ask is: are they parallel, perpendicular, or neither? The answer often comes from comparing their slopes.


This lesson will show you how to use slope to identify line relationships, write equations of lines, and prove properties of figures on the coordinate plane.


1. Review: What is slope?


The slope of a line measures its steepness and direction. It tells how much the line rises or falls as you move from left to right.


If a line passes through two points (x1,y1) and (x2,y2), its slope is


m=y2−y1x2−x1

This is often described as rise over run.



  	If m>0, the line rises from left to right.

  	If m<0, the line falls from left to right.

  	If m=0, the line is horizontal.

  	If the denominator is 0, the line is vertical and its slope is undefined.




2. Parallel lines


Two distinct lines are parallel if they never intersect. On the coordinate plane, parallel lines have the same slope.


If two lines have equations


y=m1x+b1andy=m2x+b2,

then they are parallel when


m1=m2

To be different lines, they must have different y-intercepts. If both slope and intercept are the same, then the equations describe the same line, not two different parallel lines.


For example, the lines


y=2x+1andy=2x−4

are parallel because both have slope 2.


Special case: all vertical lines are parallel to each other. Their equations look like x=a, where a is a constant.


3. Perpendicular lines


Two lines are perpendicular if they meet at a right angle, or 90[image: °].


For non-vertical and non-horizontal lines, perpendicular slopes are negative reciprocals of each other.


This means that if one slope is m, then the perpendicular slope is


−1m

So if m1 and m2 are slopes of perpendicular lines, then


m1m2=−1

Example slope pairs for perpendicular lines:



  	2 and −12

  	34 and −43

  	−5 and 15




Special case: a horizontal line and a vertical line are perpendicular. For example, y=3 and x=−1 intersect at a right angle.


4. Why negative reciprocal?


You do not need advanced geometry to use the rule, but it helps to notice the pattern. If one line has slope 23, it rises 2 units for every 3 units to the right. A perpendicular line must turn to make a right angle, so its movement switches those numbers and changes the direction. That gives slope −32.


The reciprocal flips the fraction, and the negative changes the direction.


5. Finding slope from equations


The easiest way to compare lines is to write each equation in slope-intercept form:


y=mx+b

Here, m is the slope and b is the y-intercept.


For example:



  	In y=−3x+7, the slope is −3.

  	In 2y=8x−6, first solve for y: y=4x−3, so the slope is 4.

  	In 3x+2y=10, solve for y: 2y=−3x+10, so y=−32x+5, and the slope is −32.




6. Using points to determine whether lines are parallel or perpendicular


If line equations are not given, you can find the slope from points. Then compare the slopes.


Suppose one segment has endpoints (x1,y1) and (x2,y2), and another has endpoints (x3,y3) and (x4,y4). Compute both slopes and compare:



  	If the slopes are equal, the segments are parallel.

  	If the slopes are negative reciprocals, the segments are perpendicular.




7. Using slope to prove properties of shapes


Coordinate geometry lets you prove whether a figure is a rectangle, parallelogram, or other shape by checking slopes.


Some useful ideas are:



  	Parallelogram: both pairs of opposite sides are parallel.

  	Rectangle: opposite sides are parallel and one angle is a right angle.

  	Square: opposite sides are parallel, one angle is a right angle, and all sides have equal length.




In this lesson, we focus on the slope part of the proof:



  	Equal slopes show parallel sides.

  	Negative reciprocal slopes show right angles.




Worked Example 1: Determine whether two lines are parallel, perpendicular, or neither


Consider the lines


y=3x+2
y=3x−5

Step 1: Identify the slopes.


The first line has slope 3. The second line also has slope 3.


Step 2: Compare the slopes.


Since the slopes are equal, the lines are parallel.


Answer: The lines are parallel.


Worked Example 2: Check perpendicularity from equations


Determine the relationship between


y=12x+4
y=−2x+1

Step 1: Find the slopes.


The slopes are 12 and −2.


Step 2: Test whether they are negative reciprocals.


The negative reciprocal of 12 is −2.


Also,


12⋅(−2)=−1

Answer: The lines are perpendicular.


Worked Example 3: Find the equation of a parallel line through a given point


Write the equation of the line that is parallel to


y=−4x+7

and passes through (2,−1).


Step 1: Find the slope of the given line.


The slope is −4.


Step 2: A parallel line has the same slope.


So the new line also has slope −4.


Step 3: Use point-slope form.


y−y1=m(x−x1)

Substitute (2,−1) and m=−4:


y−(−1)=−4(x−2)
y+1=−4x+8
y=−4x+7

This result matches the original line, which means the point (2,−1) lies on that line.


Answer: The equation is


y=−4x+7

This example is a good reminder: sometimes a “new” parallel line is actually the same line if the point already lies on it.


Worked Example 4: Prove a quadrilateral is a rectangle using slopes


Let the vertices of quadrilateral ABCD be


A(1,1),B(5,3),C(3,7),D(−1,5)

Show that opposite sides are parallel and one angle is a right angle.


Step 1: Find the slope of AB.


mAB=3−15−1=24=12

Step 2: Find the slope of CD.


mCD=5−7−1−3=−2−4=12

So AB is parallel to CD.


Step 3: Find the slope of BC.


mBC=7−33−5=4−2=−2

Step 4: Find the slope of AD.


mAD=5−1−1−1=4−2=−2

So BC is parallel to AD.


Step 5: Check for a right angle.


The slopes of AB and BC are 12 and −2. These are negative reciprocals because


12⋅(−2)=−1

So AB is perpendicular to BC.


Conclusion:



  	Opposite sides are parallel.

  	One angle is a right angle.




Therefore, ABCD is a rectangle.


8. Common mistakes to avoid



  	Mixing up parallel and perpendicular: parallel means same slope; perpendicular means negative reciprocal slopes.

  	Forgetting the negative sign: the reciprocal alone is not enough. For example, the reciprocal of 2 is 12, but the perpendicular slope is −12.

  	Not simplifying slopes: 24 and 12 represent the same slope.

  	Ignoring vertical and horizontal lines: vertical lines have undefined slope, horizontal lines have slope 0, and they are perpendicular to each other.

  	Using y-intercepts instead of slopes: y-intercepts do not determine whether lines are parallel or perpendicular.




9. Quick strategy for solving problems



  	Find the slope of each line.

  	If needed, rewrite equations into y=mx+b form first.

  	Compare the slopes:





  	Same slope → parallel

  	Negative reciprocals → perpendicular

  	Otherwise → neither




If the problem involves a shape, compute the slopes of its sides and use those results to justify your conclusion.


10. Brief summary


Slope is the key to understanding line relationships on the coordinate plane. Parallel lines have equal slopes, while perpendicular lines have slopes that are negative reciprocals.


By calculating and comparing slopes, you can classify line pairs, write equations of new lines, and prove geometric facts about figures such as parallelograms and rectangles. Always watch for special cases like horizontal and vertical lines, and check your signs carefully.


  
  Put what you read to the test

  You've worked through Parallel and Perpendicular Dynamics. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1124






  [image: 📝]   Lesson 32: Algebraic Systems of Equations
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  Algebraic Systems of Equations are sets of two or more equations that use the same variables. A solution to a system is a value, or set of values, that makes every equation in the system true at the same time.


In 11th Grade Maths, systems of equations are important because they connect algebra, graphing, and real-world situations. They help us find where lines intersect, compare relationships, and solve problems with multiple conditions.


In this lesson, you will learn how to solve systems of equations in two and three variables using substitution and elimination. You will also learn how to recognize when a system has one solution, no solution, or infinitely many solutions.


1. What is a system of equations?


A system of equations is a group of equations involving the same variables. For example, this is a system in two variables:


{x+y=72x−y=5

We want to find the pair (x,y) that satisfies both equations.


If we graph both equations, the solution is the point where the two lines intersect. Algebraically, we solve to find the exact coordinates.


2. Possible types of solutions


When solving a system, there are three possible outcomes:



	One solution: The lines intersect at exactly one point.

	No solution: The lines are parallel and never meet.

	Infinitely many solutions: The equations represent the same line.




For systems in three variables, the same ideas apply. The equations may meet at one point, may not all meet together, or may describe the same relationship in more than one way.


3. Solving by substitution


The substitution method works best when one equation is already solved for one variable, or can easily be rearranged. The idea is simple: solve one equation for a variable, then substitute that expression into the other equation.


Steps for substitution:



	Solve one equation for one variable.

	Substitute that expression into the other equation.

	Solve the resulting equation.

	Substitute back to find the remaining variable.

	Check your answer in both equations.




Worked Example 1: A basic system in two variables


Solve the system:


{y=2x+1x+y=10

Step 1: The first equation already gives us y:


y=2x+1

Step 2: Substitute 2x+1 for y in the second equation:


x+y=10
x+(2x+1)=10

Step 3: Solve for x:


3x+1=10
3x=9
x=3

Step 4: Substitute x=3 into y=2x+1:


y=2(3)+1=7

So the solution is:


(3,7)

Step 5: Check


x+y=3+7=10

The answer works in both equations.


4. Solving by elimination


The elimination method works by adding or subtracting equations so that one variable disappears. This is often the fastest method when the coefficients line up nicely.


Steps for elimination:



	Write the equations in standard form if possible.

	Choose a variable to eliminate.

	Multiply one or both equations if needed so the coefficients of that variable are opposites.

	Add or subtract the equations.

	Solve for the remaining variable.

	Substitute back to find the other variable.




Worked Example 2: Elimination in two variables


Solve the system:


{2x+3y=124x−3y=6

Notice that the y-coefficients are already opposites: 3y and −3y. So we can add the equations.


(2x+3y)+(4x−3y)=12+6

6x=18
x=3

Now substitute x=3 into one of the original equations. Use the first equation:


2x+3y=12
2(3)+3y=12
6+3y=12
3y=6
y=2

So the solution is:


(3,2)

5. Recognizing no solution and infinitely many solutions


Sometimes, solving a system leads to a statement that is either always false or always true.


If you get a false statement such as:


0=5

then the system is inconsistent, which means it has no solution.


If you get a true statement such as:


0=0

then the system is dependent, which means it has infinitely many solutions.


Worked Example 3: Special cases


(a) No solution


Solve the system:


{2x+y=44x+2y=10

Multiply the first equation by 2:


4x+2y=8

Now compare with the second equation:


4x+2y=10

The left sides are the same, but the right sides are different. Subtracting gives:


0=2

This is false, so the system has no solution.


Graphically, these are parallel lines.


(b) Infinitely many solutions


Solve the system:


{x−2y=32x−4y=6

Multiply the first equation by 2:


2x−4y=6

This is exactly the second equation. So both equations describe the same line.


Therefore, the system has infinitely many solutions.


6. Systems of three variables


A system of three variables usually looks like this:


{ax+by+cz=dex+fy+gz=hix+jy+kz=l

The solution is an ordered triple (x,y,z) that makes all three equations true.


To solve a system in three variables, we usually use elimination to reduce the system to two equations in two variables. Then we solve that smaller system, and finally substitute back to find the third variable.


Basic strategy for three variables:



	Choose one variable to eliminate from two pairs of equations.

	Create two new equations with only two variables.

	Solve that two-variable system.

	Substitute the values back into one original equation to find the third variable.

	Check the solution in all three equations.




Worked Example 4: Solving a system of three variables


Solve:


{x+y+z=62x−y+z=3x+2y−z=3

We will eliminate z first.


Step 1: Eliminate z using the first and second equations:


(x+y+z)−(2x−y+z)=6−3

−x+2y=3

This gives us:


−x+2y=3(A)

Step 2: Eliminate z using the first and third equations:


(x+y+z)+(x+2y−z)=6+3

2x+3y=9

This gives us:


2x+3y=9(B)

Now solve the two-variable system:


{−x+2y=32x+3y=9

Step 3: Solve equations (A) and (B).


Multiply (A) by 2:


−2x+4y=6

Add this to (B):


(−2x+4y)+(2x+3y)=6+9

7y=15
y=157

Now substitute into (A):


−x+2(157)=3
−x+307=3
−x=3−307=217−307=−97
x=97

Step 4: Substitute x and y into the first original equation:


x+y+z=6
97+157+z=6
247+z=6=427
z=187

So the solution is:


(97,157,187)

7. How to check your solution


Always substitute your answer back into the original equations. This helps catch arithmetic mistakes.


For a two-variable system, check the ordered pair in both equations. For a three-variable system, check the ordered triple in all three equations.


8. Choosing the best method


There is not just one correct method. Good algebra students choose the method that makes the work simplest.



	Use substitution when a variable is already isolated, such as y=3x−2.

	Use elimination when coefficients are already opposites or can easily be made opposites.

	For three variables, elimination is usually the most efficient starting method.




9. Common mistakes to avoid



	Forgetting to substitute into every needed equation. After finding one variable, continue until all variables are found.

	Sign errors. Be careful when adding, subtracting, or multiplying negative numbers.

	Stopping too early. In a three-variable system, reducing to two variables is only part of the solution.

	Not recognizing special cases. If variables disappear and you get 0=0, there are infinitely many solutions. If you get something false like 0=4, there is no solution.

	Not checking. A quick check can save you from losing marks on simple arithmetic mistakes.




10. Real meaning of solutions


In many applications, each equation represents a condition or constraint. The solution is the value that satisfies all the conditions at once.


For example, two lines may represent two different costs, distances, or rates. Their intersection tells you the point where both situations match. In three variables, a solution can represent a combination of quantities that fits three separate conditions.


[image: 📋]   Summary


A system of equations is solved by finding values that make all equations true at the same time. In two variables, you can solve systems using substitution or elimination. In three variables, elimination helps reduce the system step by step.


You should also be able to identify whether a system has one solution, no solution, or infinitely many solutions. With practice, you will get better at choosing the most efficient method and avoiding common mistakes.


  
  Put what you read to the test

  You've worked through Algebraic Systems of Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1125
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  Linear Inequalities and Half-Planes


In algebra, you already know how to graph a linear equation such as y=2x+1. Its graph is a straight line. But many real problems do not ask for just one line. Instead, they ask for all points that satisfy a condition like “greater than,” “less than,” “at least,” or “at most.” These conditions are called linear inequalities.


A linear inequality in two variables describes a whole region of the coordinate plane, not just a single line. That region is called a half-plane. In this lesson, you will learn how to graph linear inequalities, decide whether the boundary line should be solid or dashed, and shade the correct side of the line.


1. What is a linear inequality in two variables?


A linear inequality in two variables is an inequality that can be written in a form such as:



  	y>mx+b

  	y<mx+b

  	y≥mx+b

  	y≤mx+b




It can also appear in standard form, such as 2x+3y≤6. The graph of the related equation gives the boundary, and the inequality tells you which side of the boundary to shade.


For example, the inequality y>x+2 means all points whose y-value is greater than the y-value on the line y=x+2. So the solution is the region above that line.


2. Boundary lines: solid or dashed


Every linear inequality has a related linear equation called the boundary line. To get the boundary line, replace the inequality sign with an equal sign.


For example:



  	For y<2x−1, the boundary line is y=2x−1.

  	For 3x+y≥6, the boundary line is 3x+y=6.




Then decide whether to draw the line as solid or dashed.



  	Use a solid line for ≤ or ≥, because points on the line are included in the solution.

  	Use a dashed line for < or >, because points on the line are not included.




So:



  	y≤x+4 uses a solid line.

  	y>−2x+3 uses a dashed line.




3. What is a half-plane?


A line divides the coordinate plane into two large regions. Each region is called a half-plane. When you graph a linear inequality, one of these half-planes represents all the solutions.


If the inequality is written with y by itself, the shading rule is often easy:



  	y>mx+b or y≥mx+b: shade above the line.

  	y<mx+b or y≤mx+b: shade below the line.




This works because the inequality compares the actual y-value of a point to the y-value on the line.


4. How to graph a linear inequality


Here is a step-by-step method you can use every time.



  	Write the inequality clearly. If possible, solve for y.

  	Graph the boundary line by changing the inequality sign to =.

  	Decide whether the line should be solid or dashed.

  	Choose which side to shade.

  	If needed, test a point such as (0,0) to check the correct side.




5. Using a test point


If it is not obvious which side to shade, use a test point. A test point is a point not on the boundary line. The point (0,0) is often the easiest choice, as long as the boundary line does not pass through the origin.


Substitute the test point into the inequality:



  	If the inequality is true, shade the side containing that point.

  	If the inequality is false, shade the opposite side.




For example, for x+y>4, test (0,0):


0+0>4


This is false, so do not shade the side containing (0,0). Shade the other side instead.


6. Worked Example 1: Inequality in slope-intercept form


Graph y<2x+1.


Step 1: Graph the boundary line.


Replace < with =:


y=2x+1


This line has slope 2 and y-intercept 1.


Step 2: Decide solid or dashed.


The inequality is <, not ≤, so the boundary line is dashed.


Step 3: Decide where to shade.


Since the inequality is y<2x+1, shade below the line.


Answer: Draw a dashed line y=2x+1 and shade the region below it.


7. Worked Example 2: Inequality in standard form


Graph 2x+y≥3.


Step 1: Solve for y.


2x+y≥3
y≥−2x+3


Step 2: Graph the boundary line.


The boundary line is:


y=−2x+3


Step 3: Decide solid or dashed.


The symbol is ≥, so use a solid line.


Step 4: Shade.


Because y≥−2x+3, shade above the line.


Check with a test point: Try (0,0).


2(0)+0≥3

0≥3


This is false, so (0,0) is not in the solution. Shade the side not containing the origin.


Answer: Draw the solid line y=−2x+3 and shade above it.


8. Worked Example 3: Vertical boundary line


Graph x<−1.


This inequality does not involve y. Its boundary is the vertical line:


x=−1


Because the symbol is <, use a dashed line.


The inequality x<−1 means all points with x-coordinates less than −1. These points are to the left of the line.


Answer: Draw a dashed vertical line at x=−1 and shade the region to the left.


9. Worked Example 4: Graphing a system of inequalities


Graph the system:


y≤x+2
y>−x


A system of inequalities means we need points that satisfy both inequalities at the same time.


First inequality: y≤x+2


  	Boundary line: y=x+2

  	Use a solid line because of ≤

  	Shade below the line




Second inequality: y>−x


  	Boundary line: y=−x

  	Use a dashed line because of >

  	Shade above the line




The solution to the system is the region where the two shaded areas overlap.


Answer: The solution is the set of points above y=−x and at or below y=x+2.


10. Common mistakes to avoid



  	Using the wrong type of line: Remember, ≤ and ≥ mean solid; < and > mean dashed.

  	Shading the wrong side: If you are unsure, use a test point.

  	Forgetting to solve for y: This is not always required, but it often makes the graph easier to understand.

  	Shading the whole graph in a system: For systems, the answer is only the overlapping region.

  	Including points on a dashed line: Dashed means the boundary itself is not part of the solution.




11. Quick guide for shading



  	If the inequality is y>line, shade above.

  	If the inequality is y≥line, shade above and include the line.

  	If the inequality is y<line, shade below.

  	If the inequality is y≤line, shade below and include the line.

  	If the inequality is x>a, shade to the right of the vertical line.

  	If the inequality is x<a, shade to the left of the vertical line.




12. Why half-planes matter


Linear inequalities are important because they model constraints. In real situations, you may need values that stay under a budget, above a minimum score, or within a safe region. Each inequality gives one condition, and graphing shows all possible solutions.


Later, when working with optimization problems, systems of inequalities help define the region of possible answers. That is why understanding half-planes is such an important algebra skill.


[image: 📋]   Summary


A linear inequality in two variables graphs as a boundary line plus a shaded half-plane. First graph the related equation, then use a solid line for ≤ or ≥ and a dashed line for < or >. Next, shade above, below, left, or right depending on the inequality, or use a test point to confirm the correct side. For systems of inequalities, the solution is the overlapping shaded region.


  
  Put what you read to the test

  You've worked through Linear Inequalities and Half-Planes. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1126
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  Systems of Linear Inequalities help us describe all the points that satisfy more than one condition at the same time. Instead of finding just one line, we are looking for a region on the coordinate plane.


This idea is important in algebra, graphing, and real-world problems. For example, a business might need to stay under a spending limit and also produce at least a certain number of items. Each condition can be written as an inequality, and the solution is the set of all points that satisfy every condition together.


In this lesson, you will learn how to graph linear inequalities, combine them into a system, and identify whether the solution region is bounded or unbounded.


1. What is a linear inequality?


A linear inequality in two variables looks like one of these:



  	
    y<2x+1
  

  	
    y≥−x+4
  

  	
    2x+3y≤12
  




It is similar to a linear equation, but instead of using only =, it uses inequality symbols such as <, >, ≤, or ≥.


The graph of a linear inequality includes:



  	a boundary line, which comes from replacing the inequality sign with =

  	a shaded region, showing all points that make the inequality true




2. Solid line or dashed line?


The boundary line tells where the inequality is exactly equal.



  	Use a solid line for ≤ or ≥, because points on the line are included.

  	Use a dashed line for < or >, because points on the line are not included.




For example:



  	y≤3x−2 uses a solid line

  	y>−x+5 uses a dashed line




3. How do you know which side to shade?


After drawing the boundary line, choose a test point that is not on the line. A common choice is (0,0), unless the line passes through the origin.


Substitute the test point into the inequality.



  	If the inequality is true, shade the side containing the test point.

  	If the inequality is false, shade the opposite side.




When the inequality is written as y>mx+b or y≥mx+b, you can also use a shortcut:



  	shade above the line for y> or y≥

  	shade below the line for y< or y≤




4. What is a system of linear inequalities?


A system of linear inequalities is a set of two or more inequalities that must all be true at the same time.


For example:


{y≥x−1y<−2x+5

To solve the system, graph each inequality on the same coordinate plane. The solution to the system is the region where the shaded parts overlap.


This overlapping region is often called the feasible region. Every point in that region satisfies all the inequalities in the system.


5. Bounded and unbounded regions


Once you graph a system, the feasible region may be:



  	bounded: the region is closed in and has a limited area

  	unbounded: the region continues forever in at least one direction




A bounded region often looks like a polygonal shape, such as a triangle or quadrilateral. An unbounded region is open on one or more sides.


6. Steps for graphing a system of linear inequalities



  	Rewrite each inequality in a graph-friendly form if needed, often slope-intercept form y=mx+b.

  	Graph the boundary line for each inequality.

  	Use a solid or dashed line based on the inequality symbol.

  	Shade the correct side of each line.

  	Find the overlap of all shaded regions.

  	Decide whether the feasible region is bounded or unbounded.




Worked Example 1: One inequality review


Graph the inequality


y≤2x+1

Step 1: The boundary line is


y=2x+1

This line has slope 2 and y-intercept 1.


Step 2: Because the inequality is ≤, draw a solid line.


Step 3: Since y is less than or equal to the line, shade below the line.


Answer: The solution is all points on or below the line y=2x+1.


Worked Example 2: A system with an unbounded region


Graph the system


{y≥x+1y<4

First inequality: y≥x+1


  	Boundary line: y=x+1

  	Use a solid line

  	Shade above the line




Second inequality: y<4


  	Boundary line: y=4

  	Use a dashed line

  	Shade below the line




The solution is the overlap: points that are above or on y=x+1 and also below y=4.


These two conditions create a region between the two lines. The region extends forever to the left, so it is unbounded.


Worked Example 3: A bounded feasible region


Graph the system


{y≥0x≥0y≤−x+6

This system includes the coordinate axes and one diagonal line.


Step 1: Graph y≥0.


  	Boundary line: y=0, which is the x-axis

  	Solid line

  	Shade above the axis




Step 2: Graph x≥0.


  	Boundary line: x=0, which is the y-axis

  	Solid line

  	Shade to the right of the axis




Step 3: Graph y≤−x+6.


  	Boundary line: y=−x+6

  	Solid line

  	Shade below the line




The overlap forms a triangle in the first quadrant.


To identify its corners, find the intercepts of y=−x+6:



  	if x=0, then y=6, so one point is (0,6)

  	if y=0, then x=6, so one point is (6,0)




Along with the origin (0,0), the vertices are:


(0,0),(0,6),(6,0)

This feasible region is bounded because it is enclosed on all sides.


Worked Example 4: Solve and describe the feasible region


Graph the system


{2x+y≤8x−y<2x≥1

Step 1: Rewrite in forms that are easier to graph.


For the first inequality:


2x+y≤8
y≤−2x+8

For the second inequality:


x−y<2
−y<2−x

When multiplying by −1, reverse the inequality sign:


y>x−2

So the system becomes


{y≤−2x+8y>x−2x≥1

Step 2: Graph each boundary.


  	y=−2x+8: solid line, shade below

  	y=x−2: dashed line, shade above

  	x=1: solid vertical line, shade to the right




Step 3: Find the overlap.


The solution is the set of points to the right of x=1, above the line y=x−2, and on or below the line y=−2x+8.


To see where the two slanted lines meet, solve


x−2=−2x+8
3x=10
x=103

Then


y=x−2=103−2=43

So the lines intersect at


(103,43)

The vertical line x=1 also helps form the region. Because the region is enclosed between these boundaries, it is bounded on the graph shown by the three constraints.


7. How to check if a point is a solution


A point is a solution to the system only if it makes every inequality true.


For example, consider the system


{y≥x−1y≤3

Check whether (2,2) is a solution.



  	First inequality: 2≥2−1, so 2≥1, true

  	Second inequality: 2≤3, true




Since both are true, (2,2) is a solution.


Check whether (4,2) is a solution.



  	First inequality: 2≥4−1, so 2≥3, false




Since one inequality is false, (4,2) is not a solution.


8. Common mistakes to avoid



  	Using the wrong type of line: remember solid for ≤ and ≥, dashed for < and >.

  	Shading the wrong side: use a test point if you are unsure.

  	Forgetting to reverse the sign: when multiplying or dividing an inequality by a negative number, flip the inequality symbol.

  	Choosing only one inequality: the solution to a system must satisfy all inequalities, so look only at the overlap.

  	Ignoring boundary inclusion: if the line is dashed, points on that line are not part of the solution.




9. Why bounded and unbounded matter


In many real-world problems, especially optimization, the feasible region shows all possible choices. If the region is bounded, the possibilities are limited to a closed area. If it is unbounded, the choices continue indefinitely in some direction.


This matters when deciding maximum or minimum values later in algebra and higher math.


10. Summary


A system of linear inequalities is graphed by drawing each boundary line, shading the correct side, and finding the overlap. The overlap is the feasible region, which represents all solutions to the system.


A feasible region can be bounded if it is enclosed, or unbounded if it continues forever. To graph correctly, pay attention to solid versus dashed lines, the direction of shading, and whether a point satisfies every inequality in the system.


  
  Put what you read to the test

  You've worked through Systems of Linear Inequalities. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1127
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  Linear Programming Fundamentals


Linear programming is a method for finding the best possible value of a linear expression, called an objective function, when there are rules or limits called constraints.


In 11th Grade maths, linear programming is usually done in two variables, often written as x and y. You graph the constraints, find the region that satisfies all of them, and then test the corner points to see where the maximum or minimum value occurs.


This topic connects algebra and graphing. You use inequalities to describe limits, graph those inequalities on a coordinate plane, and then use the shape formed by the overlap to solve an optimization problem.


Why it matters: linear programming is used in planning, budgeting, production, transportation, and scheduling. For example, a company may want to maximize profit while using limited time and materials.


Key Idea


A linear programming problem has three main parts:



  	Variables: the unknown quantities, such as x and y

  	Constraints: linear inequalities that limit the possible values of the variables

  	Objective function: a linear expression that you want to maximize or minimize




For example, suppose we want to maximize


P=3x+2y


subject to the constraints


x+y≤6
x≥0
y≥0


Here:



  	x and y are the variables

  	x+y≤6, x≥0, and y≥0 are the constraints

  	P=3x+2y is the objective function




Step-by-Step Method



  	Define the variables.

  	Write the objective function.

  	Write the constraints as linear inequalities.

  	Graph each constraint line and shade the correct side.

  	Find the feasible region, which is the overlap of all the shaded regions.

  	Find the vertices (corner points) of the feasible region.

  	Substitute each vertex into the objective function.

  	Choose the greatest value for a maximum problem or the smallest value for a minimum problem.




Important Vocabulary



  	Feasible region: the set of all points that satisfy every constraint

  	Vertex: a corner point of the feasible region

  	Maximum: the greatest value of the objective function

  	Minimum: the smallest value of the objective function

  	Nonnegative constraints: restrictions like x≥0 and y≥0, which keep the solution in the first quadrant




Why do we test only the vertices?


For linear programming problems in two variables, the maximum or minimum value of the objective function happens at a vertex of the feasible region, as long as a best value exists.


This is why the graph is so important. Instead of checking every point in the region, you only need to check the corner points.


Graphing Constraints


Each constraint is a linear inequality. To graph it:



  	Replace the inequality sign with an equals sign to draw the boundary line.

  	Use a solid line for ≤ or ≥, because points on the line are included.

  	Use a dashed line for < or >, because points on the line are not included.

  	Shade the side that makes the inequality true.




For example, for y≤2x+1:



  	Draw the line y=2x+1

  	Because the sign is ≤, use a solid line

  	Shade the region below the line




Worked Example 1: A Basic Maximum Problem


Maximize


P=4x+3y


subject to


x+y≤5
x≥0
y≥0


Step 1: Identify the feasible region.


The inequality x+y≤5 is the region on or below the line x+y=5. Since x≥0 and y≥0, we only look in the first quadrant.


The feasible region is a triangle with vertices:



  	(0,0)

  	(5,0)

  	(0,5)




Step 2: Test the vertices in the objective function.


At (0,0):

P=4(0)+3(0)=0


At (5,0):

P=4(5)+3(0)=20


At (0,5):

P=4(0)+3(5)=15


Conclusion: the maximum value is 20, and it occurs at (5,0).


Worked Example 2: Maximum with Two Main Constraints


Maximize


Z=2x+5y


subject to


x+y≤6
x+3y≤12
x≥0
y≥0


Step 1: Find the vertices of the feasible region.


Because of x≥0 and y≥0, the region is in the first quadrant.


Now find the intercepts and the intersection point of the two lines.


For x+y=6:


  	If x=0, then y=6

  	If y=0, then x=6




For x+3y=12:


  	If x=0, then y=4

  	If y=0, then x=12




Now find the intersection of


x+y=6
x+3y=12


Subtract the first equation from the second:


2y=6

y=3


Substitute into x+y=6:


x+3=6

x=3


So the intersection point is (3,3).


The feasible region has vertices:



  	(0,0)

  	(6,0)

  	(3,3)

  	(0,4)




Step 2: Evaluate the objective function.


At (0,0):

Z=2(0)+5(0)=0


At (6,0):

Z=2(6)+5(0)=12


At (3,3):

Z=2(3)+5(3)=6+15=21


At (0,4):

Z=2(0)+5(4)=20


Conclusion: the maximum value is 21 at (3,3).


Worked Example 3: A Minimum Problem


Minimize


C=3x+2y


subject to


x+y≥4
x+2y≥6
x≥0
y≥0


This time, the inequalities use ≥, so we shade the region above each line.


Step 1: Find the vertices of the feasible region.


We need the corner points formed by the boundary lines.


First, find the intersection of


x+y=4
x+2y=6


Subtract the first equation from the second:


y=2


Substitute into x+y=4:


x+2=4

x=2


So one vertex is (2,2).


Now check the axis boundary points that satisfy all constraints:



  	On the x-axis, y=0. Then x+y≥4 gives x≥4, and x+2y≥6 gives x≥6. So the nearest point is (6,0).

  	On the y-axis, x=0. Then x+y≥4 gives y≥4, and x+2y≥6 gives y≥3. So the nearest point is (0,4).




The relevant vertices are:



  	(2,2)

  	(6,0)

  	(0,4)




Step 2: Test the objective function.


At (2,2):

C=3(2)+2(2)=6+4=10


At (6,0):

C=3(6)+2(0)=18


At (0,4):

C=3(0)+2(4)=8


Conclusion: the minimum value is 8, at (0,4).


Worked Example 4: A Word Problem


A school club is making two types of posters, Type A and Type B.



  	Each Type A poster takes 2 hours to design and 1 hour to print.

  	Each Type B poster takes 1 hour to design and 2 hours to print.

  	At most 8 hours are available for design.

  	At most 8 hours are available for printing.

  	The profit is $5 for each Type A poster and $4 for each Type B poster.




How many of each poster should be made to maximize profit?


Step 1: Define the variables.


Let


  	x = number of Type A posters

  	y = number of Type B posters




Step 2: Write the constraints.


Design time:

2x+y≤8


Printing time:

x+2y≤8


Also,

x≥0,y≥0


Step 3: Write the objective function.


Profit:

P=5x+4y


Step 4: Find the vertices.


First find the intercepts:



  	For 2x+y=8: intercepts are (4,0) and (0,8)

  	For x+2y=8: intercepts are (8,0) and (0,4)




Now find the intersection:


2x+y=8
x+2y=8


Multiply the second equation by 2:


2x+4y=16


Subtract the first equation:


3y=8

y=83


Substitute into 2x+y=8:


2x+83=8

2x=163

x=83


So the intersection is (83,83).


The feasible region vertices are:



  	(0,0)

  	(4,0)

  	(83,83)

  	(0,4)




Step 5: Evaluate the profit.


At (0,0):

P=5(0)+4(0)=0


At (4,0):

P=5(4)+4(0)=20


At (83,83):

P=5(83)+4(83)=403+323=723=24


At (0,4):

P=5(0)+4(4)=16


Conclusion: maximum profit is $24, when the club makes 83 Type A posters and 83 Type B posters.


In a real-life situation, the number of posters usually must be whole numbers. In that case, you would check nearby whole-number points. But in graph-based linear programming, the corner-point method gives the best value for the continuous model.


Common Mistakes to Avoid



  	Forgetting nonnegative constraints: if x≥0 and y≥0, the solution must be in the first quadrant.

  	Shading the wrong side of a line: test a point like (0,0) if it is not on the line.

  	Using the wrong vertices: only use corner points of the feasible region, not all intercepts from every line.

  	Not checking all vertices: the best value may happen at any corner.

  	Mixing up maximum and minimum: choose the greatest value for a maximum problem and the smallest for a minimum problem.




How to Check Your Work



  	Make sure each chosen vertex satisfies all constraints.

  	Recalculate intersections carefully by solving the system of equations.

  	Substitute each vertex into the objective function one at a time.

  	Read the final answer in context, especially in word problems.




Quick Strategy Guide


When solving a linear programming problem, remember this pattern:



  	Write inequalities from the problem.

  	Graph the boundary lines.

  	Shade to find the feasible region.

  	Locate the vertices.

  	Evaluate the objective function at each vertex.

  	Pick the maximum or minimum value.




Brief Summary


Linear programming helps you find the greatest or least value of a linear objective function under given linear constraints.


In two-variable problems, you graph the constraints to form a feasible region, identify its vertices, and test the objective function at each vertex.


The best solution occurs at a corner point of the feasible region. That is the main idea to remember.


  
  Put what you read to the test

  You've worked through Linear Programming Fundamentals. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1128






  
    
  [image: 📖]   Chapter 5

  Quadratic Relations and Equations
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  Quadratic Factoring Techniques


Factoring is the process of rewriting a polynomial as a product of simpler expressions. For quadratics, factoring is especially useful because it helps us solve equations, find x-intercepts, and better understand the structure of a parabola.


A quadratic expression usually has the form ax2+bx+c, where a≠0. In this lesson, you will learn how to factor several common types of quadratics:



  	Quadratic trinomials with leading coefficient 1

  	Quadratic trinomials with leading coefficient greater than 1

  	Perfect square trinomials

  	Differences of squares




Before trying any factoring method, it is always smart to look for a greatest common factor (GCF). Factoring out the GCF first makes the remaining expression easier to work with.


For example, in 6x2+12x, both terms share a factor of 6x:


6x2+12x=6x(x+2)

Once the GCF is removed, you can focus on the remaining quadratic expression.


1. Factoring trinomials when the leading coefficient is 1


These are quadratics of the form:


x2+bx+c

To factor this kind of trinomial, find two numbers that:



  	multiply to give c

  	add to give b




Then write the factorization as:


x2+bx+c=(x+m)(x+n)

where m and n are the two numbers you found.


Worked Example 1


Factor:


x2+7x+12

We need two numbers that multiply to 12 and add to 7.



  	1 and 12 add to 13

  	2 and 6 add to 8

  	3 and 4 add to 7




So the correct pair is 3 and 4.


x2+7x+12=(x+3)(x+4)

You can check by expanding:


(x+3)(x+4)=x2+4x+3x+12=x2+7x+12

Sign patterns to remember



  	If c is positive and b is positive, both signs are positive.

  	If c is positive and b is negative, both signs are negative.

  	If c is negative, the signs are different.




For example:



  	x2−9x+20=(x−5)(x−4)

  	x2+x−12=(x+4)(x−3)




2. Factoring trinomials when the leading coefficient is greater than 1


Now consider expressions of the form:


ax2+bx+c

when a>1. These are a little harder because the first term has more than one possible factor pair.


A reliable method is called the product-sum method or grouping method.


Steps:



  	Multiply a⋅c.

  	Find two numbers that multiply to ac and add to b.

  	Rewrite the middle term bx using those two numbers.

  	Factor by grouping.




Worked Example 2


Factor:


2x2+7x+3

Step 1: Multiply a⋅c:


2⋅3=6

Step 2: Find two numbers that multiply to 6 and add to 7.


Those numbers are 6 and 1.


Step 3: Rewrite the middle term:


2x2+7x+3=2x2+6x+x+3

Step 4: Factor by grouping:


2x2+6x+x+3=2x(x+3)+1(x+3)

Now factor out the common binomial:


2x(x+3)+(x+3)=(2x+1)(x+3)

So the factorization is:


2x2+7x+3=(2x+1)(x+3)

Worked Example 3


Factor:


3x2−x−2

Step 1: Multiply a⋅c:


3⋅(−2)=−6

Step 2: Find two numbers that multiply to −6 and add to −1.


Those numbers are −3 and 2.


Step 3: Rewrite the middle term:


3x2−x−2=3x2−3x+2x−2

Step 4: Factor by grouping:


3x(x−1)+2(x−1)

Factor out (x−1):


3x(x−1)+2(x−1)=(3x+2)(x−1)

So:


3x2−x−2=(3x+2)(x−1)

3. Perfect square trinomials


Some quadratics follow special patterns. A perfect square trinomial looks like one of these:


a2+2ab+b2=(a+b)2

a2−2ab+b2=(a−b)2

To recognize a perfect square trinomial, check for these three things:



  	The first term is a perfect square.

  	The last term is a perfect square.

  	The middle term is twice the product of the square roots of the first and last terms.




Examples:



  	x2+10x+25=(x+5)2 because 25=52 and 10x=2(x)(5)

  	x2−14x+49=(x−7)2 because 49=72 and −14x=−2(x)(7)




Be careful: not every trinomial with square terms is a perfect square trinomial. Always check the middle term.


4. Difference of squares


A difference of squares has the form:


a2−b2

It factors as:


a2−b2=(a−b)(a+b)

This pattern only works when there are two terms with a subtraction sign between them, and both terms are perfect squares.


Worked Example 4


Factor:


9x2−16

Both terms are perfect squares:



  	9x2=(3x)2

  	16=42




So this is a difference of squares:


9x2−16=(3x−4)(3x+4)

Another example:


x2−49=(x−7)(x+7)

Important note: a sum of squares, such as x2+16, does not factor using this pattern.


5. A strategy for deciding how to factor


When you see a quadratic expression, use this order:



  	Factor out the GCF if there is one.

  	Check whether it is a difference of squares.

  	Check whether it is a perfect square trinomial.

  	If it is a trinomial, use the appropriate trinomial factoring method.




For example, factor:


4x2−25

This has two terms, and both are perfect squares:


4x2=(2x)2,25=52

So:


4x2−25=(2x−5)(2x+5)

Now factor:


x2+6x+9

The first and last terms are perfect squares, and the middle term is twice the product of their roots:


x2+6x+9=(x+3)2

6. Checking your factored answer


A good habit is to multiply your factors back together. If the product matches the original expression, your factorization is correct.


For example, check:


(3x+2)(x−1)

Expand:


3x2−3x+2x−2=3x2−x−2

This matches the original quadratic, so the factorization is correct.


7. Common mistakes to avoid



  	Forgetting the GCF: For example, 2x2+8x=2x(x+4), not just (x+4).

  	Using difference of squares on a sum: x2+9 does not factor as (x+3)(x+3).

  	Ignoring signs: Always check whether the numbers should be positive, negative, or one of each.

  	Not checking your answer: Expanding the factors can catch errors quickly.




Brief Summary


Factoring quadratics means rewriting them as a product of simpler expressions. Start by factoring out any GCF. Then look for special patterns like perfect square trinomials and differences of squares. If the expression is a trinomial, use number pairs when a=1, or use the product-sum and grouping method when a>1. With practice, you will get faster at recognizing which method to use.


  
  Put what you read to the test

  You've worked through Quadratic Factoring Techniques. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1129
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  Completing the Square is an algebra method used to rewrite a quadratic expression so it becomes easier to understand and solve. It helps turn a quadratic from standard form, such as ax2+bx+c, into a form that shows a perfect square.


This is especially useful when solving quadratic equations, finding the vertex of a parabola, and rewriting a quadratic in vertex form.


In this lesson, you will learn what completing the square means, why it works, and how to do it step by step.


1. Review: Forms of a Quadratic


A quadratic can be written in different forms.



	Standard form: y=ax2+bx+c

	Vertex form: y=a(x−h)2+k




Vertex form is useful because you can quickly identify the vertex of the parabola as (h,k).


Completing the square is the process of changing a quadratic from standard form into a form involving a squared binomial.


2. The Key Idea Behind Completing the Square


A perfect square trinomial has the form


x2+2ax+a2=(x+a)2

For example:



	x2+6x+9=(x+3)2

	x2−8x+16=(x−4)2




Notice the pattern:



	Take the coefficient of x.

	Divide it by 2.

	Square the result.




That number is the one needed to make a perfect square trinomial.


For example, in x2+10x:


(102)2=52=25

So,


x2+10x+25=(x+5)2

3. Completing the Square When the Coefficient of x2 Is 1


Suppose we want to rewrite


x2+6x+2

First, focus on the x2+6x part.


Take half of 6 and square it:


(62)2=32=9

Add and subtract 9 so the value of the expression does not change:


x2+6x+2=x2+6x+9−9+2

Now group the perfect square trinomial:


=(x+3)2−7

So the quadratic in vertex form is


y=(x+3)2−7

This tells us the vertex is (−3,−7).


4. Why We Add and Subtract the Same Number


When changing an expression, we must keep its value the same. If we add 9, we must also subtract 9.


That way, the total change is 0:


+9−9=0

This allows us to create a perfect square without changing the original quadratic.


5. Completing the Square to Solve an Equation


Completing the square is also a method for solving quadratic equations.


Suppose we want to solve


x2+8x+5=0

First, move the constant term to the other side:


x2+8x=−5

Now complete the square. Half of 8 is 4, and 42=16. Add 16 to both sides:


x2+8x+16=−5+16

(x+4)2=11

Take the square root of both sides:


x+4=±11

So,


x=−4±11

This gives the two solutions:


x=−4+11andx=−4−11

6. Completing the Square When the Coefficient of x2 Is Not 1


If the coefficient of x2 is not 1, first factor that coefficient out of the x2 and x terms.


For example, rewrite


y=2x2+12x+5

Factor out 2 from the first two terms:


y=2(x2+6x)+5

Now complete the square inside the brackets. Half of 6 is 3, and 32=9.


Add and subtract 9 inside the brackets:


y=2(x2+6x+9−9)+5

Group the perfect square:


y=2((x+3)2−9)+5

Now simplify:


y=2(x+3)2−18+5

y=2(x+3)2−13

This is vertex form, and the vertex is (−3,−13).


Important: When a number is factored outside the brackets, any number added inside the brackets is also affected by that factor. That is why careful simplification matters.


7. Step-by-Step Method


Here is a general method for completing the square.


To rewrite a quadratic expression in vertex form:



	If needed, factor out the coefficient of x2 from the first two terms.

	Take half of the coefficient of x.

	Square that number.

	Add and subtract that value.

	Rewrite the trinomial as a squared binomial.

	Simplify.




To solve a quadratic equation by completing the square:



	Move the constant term to the other side.

	If the coefficient of x2 is not 1, divide or factor first.

	Complete the square.

	Write the left side as a squared binomial.

	Take the square root of both sides.

	Solve for x.




8. Worked Examples


Example 1: Rewrite in vertex form


Rewrite y=x2+4x+1 in vertex form.


Half of 4 is 2, and 22=4.


y=x2+4x+4−4+1

y=(x+2)2−3

Answer:


y=(x+2)2−3

The vertex is (−2,−3).


Example 2: Rewrite in vertex form with a leading coefficient not equal to 1


Rewrite y=3x2−12x+7 in vertex form.


Factor out 3 from the first two terms:


y=3(x2−4x)+7

Half of −4 is −2, and (−2)2=4.


y=3(x2−4x+4−4)+7

y=3((x−2)2−4)+7

y=3(x−2)2−12+7

y=3(x−2)2−5

Answer:


y=3(x−2)2−5

The vertex is (2,−5).


Example 3: Solve by completing the square


Solve x2−10x+21=0.


Move the constant term:


x2−10x=−21

Half of −10 is −5, and (−5)2=25.


x2−10x+25=−21+25

(x−5)2=4

Take square roots:


x−5=±2

So,


x=5±2

Therefore,


x=7orx=3

Example 4: Solve when the coefficient of x2 is not 1


Solve 2x2+4x−6=0.


First divide every term by 2:


x2+2x−3=0

Move the constant term:


x2+2x=3

Half of 2 is 1, and 12=1. Add 1 to both sides:


x2+2x+1=3+1

(x+1)2=4

Take square roots:


x+1=±2

So,


x=−1±2

Therefore,


x=1orx=−3

9. Common Mistakes to Avoid



	Forgetting to move the constant first when solving an equation.

	Forgetting to add the same number to both sides of an equation.

	Not factoring out the coefficient of x2 before completing the square when a≠1.

	Sign mistakes, especially when halving negative numbers.

	Forgetting the ± when taking square roots.




10. Why Completing the Square Matters


This method is important because it connects algebra and graphing. When you rewrite a quadratic in vertex form, you can identify the turning point of the parabola quickly.


It is also one of the main algebra techniques for solving quadratics, especially when factoring is difficult or impossible.


In addition, completing the square helps explain where the quadratic formula comes from.


11. Brief Summary


Completing the square means rewriting a quadratic so part of it becomes a perfect square trinomial.


To do this, take half of the coefficient of x, square it, and then add and subtract that value. This lets you rewrite the quadratic in vertex form or solve a quadratic equation.


With practice, completing the square becomes a reliable method for understanding parabolas and solving quadratic problems.


  
  Put what you read to the test

  You've worked through Completing the Square. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1130
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  The Quadratic Formula is a method for solving any quadratic equation written in the form

ax2+bx+c=0

where 
a≠0. It is especially useful when a quadratic does not factor easily. In 11th Grade Maths, this formula is important because it helps you find the exact solutions, or roots, of a quadratic equation, including real and complex roots.


A quadratic equation is any equation where the highest power of the variable is 2. For example, x2−5x+6=0 is quadratic, but x3+2=0 is not.


The quadratic formula is

x=−b±b2−4ac2a

This formula gives the solutions to any quadratic equation in standard form.


Before using the formula, make sure the equation is in standard form:


	Move all terms to one side so the equation equals 0.

	Identify a, b, and c.

	Substitute carefully into the formula.




For a quadratic equation ax2+bx+c=0:


	a is the coefficient of x2

	b is the coefficient of x

	c is the constant term




For example, in 3x2−7x+2=0:


	a=3

	b=−7

	c=2




Where does the quadratic formula come from? It is derived by completing the square on the general quadratic equation.


Start with

ax2+bx+c=0

Since a≠0, divide every term by a:

x2+bax+ca=0

Move the constant term to the other side:

x2+bax=−ca

Now complete the square. Take half of the coefficient of x, which is b2a, and square it:

(b2a)2=b24a2

Add this to both sides:

x2+bax+b24a2=−ca+b24a2

The left side is now a perfect square trinomial:

(x+b2a)2=−ca+b24a2

Write the right side with a common denominator:

(x+b2a)2=−4ac+b24a2

Usually this is written as

(x+b2a)2=b2−4ac4a2

Take the square root of both sides:

x+b2a=±b2−4ac2a

Subtract b2a from both sides:

x=−b±b2−4ac2a

This is the quadratic formula.


The expression inside the square root, b2−4ac, is called the discriminant. It tells you what kind of roots the quadratic has.



	If b2−4ac>0, there are two different real roots.

	If b2−4ac=0, there is one real repeated root.

	If b2−4ac<0, there are two complex roots.




This is very useful because you can predict the type of solution before solving the whole equation.


Worked Example 1: A quadratic with two real roots

Solve:

x2−5x+6=0

First identify the coefficients:


	a=1

	b=−5

	c=6



Substitute into the quadratic formula:

x=−(−5)±(−5)2−4(1)(6)2(1)

Simplify step by step:

x=5±25−242

x=5±12

x=5±12

Now find the two values:

x=5+12=3

x=5−12=2

So the solutions are

x=2 and x=3


Worked Example 2: A quadratic with one repeated real root

Solve:

2x2+4x+2=0

Identify the coefficients:


	a=2

	b=4

	c=2



Use the formula:

x=−4±42−4(2)(2)2(2)

Simplify:

x=−4±16−164

x=−4±04

x=−44

x=−1

There is only one solution value, so this quadratic has a repeated root:

x=−1

The discriminant here is 0, which confirms one repeated real root.


Worked Example 3: A quadratic with irrational real roots

Solve:

3x2+2x−4=0

Identify the coefficients:


	a=3

	b=2

	c=−4



Substitute into the formula:

x=−2±22−4(3)(−4)2(3)

Simplify the discriminant:

x=−2±4+486

x=−2±526

Since 52=4⋅13=213, we get

x=−2±2136

Now simplify by dividing top and bottom by 2:

x=−1±133

So the exact solutions are

x=−1+133 and x=−1−133


Worked Example 4: A quadratic with complex roots

Solve:

x2+4x+8=0

Identify the coefficients:


	a=1

	b=4

	c=8



Substitute into the formula:

x=−4±42−4(1)(8)2(1)

Simplify:

x=−4±16−322

x=−4±−162

Since −16=4i,

x=−4±4i2

x=−2±2i

So the solutions are

x=−2+2i and x=−2−2i

Because the discriminant is negative, the roots are complex.


Tips for using the quadratic formula correctly


	Always write the equation in the form ax2+bx+c=0 first.

	Be careful with negative signs, especially when substituting for b.

	Use brackets when replacing values in the formula.

	Simplify the square root when possible.

	Give exact answers unless the question asks for decimals.




Common mistakes to avoid


	Forgetting to set the equation equal to 0. For example, if you have x2+3x=10, first rewrite it as x2+3x−10=0.

	Using the wrong value of b. In x2−7x+3=0, b=−7, not 7.

	Making errors with the discriminant. Compute b2−4ac carefully.

	Not simplifying fully. For example, 20 should be simplified to 25.




Why the quadratic formula matters

The quadratic formula works for every quadratic equation. Factoring is often quicker, but not every quadratic factors nicely. Completing the square is useful too, but it can take longer. The quadratic formula is the most reliable general method.


It also connects to the graph of a quadratic, called a parabola. The roots you find are the x-intercepts of the graph, if the roots are real. If the roots are complex, the parabola does not cross the x-axis.


[image: 📋]   Summary

The quadratic formula solves equations of the form ax2+bx+c=0:

x=−b±b2−4ac2a

It comes from completing the square. The discriminant b2−4ac tells you whether the roots are two real roots, one repeated real root, or two complex roots. With careful substitution and simplification, the quadratic formula lets you solve any quadratic equation exactly.


  
  Put what you read to the test

  You've worked through The Quadratic Formula. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1131
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  Lesson: The Discriminant and Nature of Roots


When we solve a quadratic equation, we are trying to find the roots or solutions of the equation. A quadratic equation is usually written in the form


ax2+bx+c=0,a≠0

Sometimes a quadratic has two different real solutions, sometimes one repeated real solution, and sometimes no real solutions at all. The discriminant helps us predict this without fully solving the equation.


The discriminant is the expression inside the square root in the quadratic formula:


x=−b±b2−4ac2a

So the discriminant is


D=b2−4ac

The value of D tells us the nature of the roots.


Why the discriminant matters


In the quadratic formula, the part that affects the type of answer most is b2−4ac. If the number inside the square root is positive, zero, or negative, the solutions behave differently.



  	If D>0, the quadratic has two distinct real roots.

  	If D=0, the quadratic has one repeated real root.

  	If D<0, the quadratic has two complex conjugate roots, which means there are no real roots.




This is the most important classification to remember.


Going further: rational or irrational roots


If D>0, we know there are two real roots. But we can often say more.



  	If D is a perfect square (such as 1, 4, 9, 16, 25), then the roots are usually rational.

  	If D is not a perfect square, then the roots are usually irrational.




For example, if D=36, then D=6, which is rational. But if D=20, then 20=25, which is irrational.


So we can summarize the nature of roots like this:



  	D>0 and perfect square: two distinct real rational roots

  	D>0 and not a perfect square: two distinct real irrational roots

  	D=0: one repeated real rational root

  	D<0: two non-real complex conjugate roots




Connection to the graph


The graph of a quadratic equation is a parabola. The discriminant also tells us how the parabola meets the x-axis.



  	If D>0, the parabola crosses the x-axis at two points.

  	If D=0, the parabola touches the x-axis at one point.

  	If D<0, the parabola does not meet the x-axis.




This makes sense because the roots are the x-values where the graph equals zero.


Step-by-step method



  	Write the quadratic in the form ax2+bx+c=0.

  	Identify a, b, and c.

  	Substitute into D=b2−4ac.

  	Calculate the value of D.

  	Use the sign and type of D to classify the roots.




Worked Example 1: Two distinct real rational roots


Classify the roots of


x2−5x+6=0

Here, a=1, b=−5, and c=6.


Find the discriminant:


D=b2−4ac=(−5)2−4(1)(6)=25−24=1

Since D=1, we know:



  	D>0, so there are two distinct real roots.

  	1 is a perfect square, so the roots are rational.




So this quadratic has two distinct real rational roots.


In fact, if we solve it, the roots are x=2 and x=3.


Worked Example 2: Two distinct real irrational roots


Classify the roots of


2x2+3x−4=0

Here, a=2, b=3, and c=−4.


Find the discriminant:


D=b2−4ac=32−4(2)(−4)=9+32=41

Since D=41, we know:



  	D>0, so there are two distinct real roots.

  	41 is not a perfect square, so the roots are irrational.




So this quadratic has two distinct real irrational roots.


Worked Example 3: One repeated real root


Classify the roots of


4x2−12x+9=0

Here, a=4, b=−12, and c=9.


Find the discriminant:


D=b2−4ac=(−12)2−4(4)(9)=144−144=0

Since D=0, the quadratic has one repeated real root.


This means both roots are the same value. If solved, the answer is


x=−(−12)2(4)=128=32

So the equation has a repeated real root at x=32.


Worked Example 4: Complex conjugate roots


Classify the roots of


x2+4x+8=0

Here, a=1, b=4, and c=8.


Find the discriminant:


D=b2−4ac=42−4(1)(8)=16−32=−16

Since D<0, there are no real roots.


Instead, the equation has two complex conjugate roots.


If solved using the quadratic formula:


x=−4±−162=−4±4i2=−2±2i

So the roots are −2+2i and −2−2i.


Important notes and common mistakes



  	Always write the equation in standard form ax2+bx+c=0 before identifying a, b, and c.

  	Be careful with negative signs, especially when substituting b and c.

  	Remember that b2 means the whole value of b is squared. For example, if b=−7, then b2=(−7)2=49.

  	Do not confuse D=0 with no roots. It means one repeated real root.

  	If D<0, the equation still has solutions, but they are complex, not real.




Using the discriminant without solving fully


One of the most useful things about the discriminant is that it lets you classify the roots quickly. This is especially helpful when a question asks only for the nature of the roots, not the actual roots.


For example, for


3x2−6x+5=0

we compute


D=(−6)2−4(3)(5)=36−60=−24

Since D<0, we can immediately say: the equation has two complex conjugate roots and no real roots.


Quick classification chart



  	D>0: two different real roots

  	D=0: one repeated real root

  	D<0: two complex conjugate roots




And if D>0:



  	perfect square ⇒ rational roots

  	not a perfect square ⇒ irrational roots




Brief Summary


The discriminant of a quadratic equation ax2+bx+c=0 is D=b2−4ac. It tells us whether the roots are real, repeated, or complex. A positive discriminant gives two distinct real roots, zero gives one repeated real root, and a negative discriminant gives two complex conjugate roots. If the discriminant is positive, checking whether it is a perfect square tells us whether the real roots are rational or irrational.


  
  Put what you read to the test

  You've worked through The Discriminant and Nature of Roots. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1132
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  Parabolic Geometry and Vertex Form


Quadratic relations create graphs called parabolas. These graphs appear in many situations, such as the path of a thrown ball, the shape of a satellite dish, or the curve of a bridge arch. To understand a parabola well, we need to recognize its key geometric features and know how its equation affects its shape and position.


One of the most useful ways to write a quadratic is vertex form. Vertex form makes it easier to identify the turning point of the parabola and describe how the graph has been transformed from the parent quadratic.


The parent quadratic is


y=x2


This parabola opens upward, has a vertex at \,(0,0)\, and is symmetric about the y-axis.


The vertex form of a quadratic is


y=a(x−h)2+k


Each part of this equation tells us something important about the graph.



	Vertex: \,(h,k)\,

	Axis of symmetry: the vertical line \,x=h\,

	1a value: controls whether the parabola opens up or down, and how wide or narrow it is




Here is what the value of \,a\, tells us:



	If \,a>0\,, the parabola opens upward.

	If \,a<0\,, the parabola opens downward.

	If \,|a|>1\,, the parabola is narrower than \,y=x^2\,.

	If \,0<|a|<1\,, the parabola is wider than \,y=x^2\,.




The numbers \,h\, and \,k\, describe translations, or shifts, of the graph.



	\,h\, shifts the graph left or right.

	\,k\, shifts the graph up or down.




Be careful with the sign of \,h\,. In the expression \,(x-h)^2\,, the graph shifts right if \,h\, is positive and left if \,h\, is negative.


For example:



	\,y=(x-3)^2+2\, has vertex \,(3,2)\,

	\,y=(x+4)^2-1\, has vertex \,(-4,-1)\,




Key geometric features of a parabola


When graphing or analyzing a parabola, these are the main features to identify:



	Vertex: the highest or lowest point on the parabola

	Axis of symmetry: the vertical line passing through the vertex

	x-intercepts: points where the graph crosses the x-axis, so \,y=0\,

	y-intercept: the point where the graph crosses the y-axis, so \,x=0\,

	Opening: whether the parabola opens up or down




The vertex is the minimum point if the parabola opens upward, and the maximum point if it opens downward.


How to graph a parabola from vertex form



	Find the vertex \,(h,k)\,.

	Draw the axis of symmetry \,x=h\,.

	Determine whether the parabola opens up or down from the sign of \,a\,.

	Use the value of \,a\, to judge whether it is wider or narrower than \,y=x^2\,.

	Find additional points by substituting x-values near the vertex.

	Reflect points across the axis of symmetry.

	Find intercepts if needed.




Finding intercepts


To find the y-intercept, substitute \,x=0\, into the equation.


To find the x-intercepts, set \,y=0\, and solve the quadratic equation. A parabola may have:



	two x-intercepts

	one x-intercept if the vertex lies on the x-axis

	no x-intercepts if the graph does not cross the x-axis




Transformations from the parent quadratic


Vertex form is especially useful because it shows transformations clearly. Starting from \,y=x^2\,:



	1a stretch or compression changes the width through \,a\,

	reflection across the x-axis happens when \,a\, is negative

	horizontal shift comes from \,h\,

	vertical shift comes from \,k\,




For example, in


y=−2(x−1)2+3



	the graph shifts right 1

	the graph shifts up 3

	it reflects across the x-axis because of the negative sign

	it becomes narrower because \,|a|=2>1\,




Worked Example 1: Identify features from vertex form


Find the vertex, axis of symmetry, opening, and y-intercept of


y=(x−2)2−5


Step 1: Find the vertex.


The equation is already in vertex form \,y=a(x-h)^2+k\,. Here, \,h=2\, and \,k=-5\,. So the vertex is


(2,−5)


Step 2: Find the axis of symmetry.


The axis of symmetry is


x=2


Step 3: Determine the opening.


Since \,a=1>0\,, the parabola opens upward.


Step 4: Find the y-intercept.


Substitute \,x=0\,:


y=(0−2)2−5=4−5=−1


So the y-intercept is


(0,−1)


Result:



	Vertex: \,(2,-5)\,

	Axis of symmetry: \,x=2\,

	Opens upward

	y-intercept: \,(0,-1)\,




Worked Example 2: Find the x-intercepts


Find the x-intercepts of


y=(x+1)2−4


For x-intercepts, set \,y=0\,:


0=(x+1)2−4


Add 4 to both sides:


4=(x+1)2


Take the square root of both sides:


x+1=±2


Now solve both cases:


x+1=2⇒x=1


x+1=−2⇒x=−3


So the x-intercepts are


(1,0) and (−3,0)


Notice that the vertex is \,(-1,-4)\,. The axis of symmetry is \,x=-1\,, which lies exactly halfway between \,x=1\, and \,x=-3\,. This is a useful check.


Worked Example 3: Describe transformations and graph features


Analyze the parabola


y=−12(x−4)2+1


Step 1: Identify the vertex.


The vertex is


(4,1)


Step 2: Axis of symmetry.


x=4


Step 3: Opening and width.


Since \,a=-\frac{1}{2}\,, the parabola opens downward. Because \,|a|<1\,, it is wider than \,y=x^2\,.


Step 4: Describe the transformations.



	shift right 4

	shift up 1

	reflect across the x-axis

	vertical compression by a factor of \,\frac{1}{2}\,




Step 5: Find the y-intercept.


Substitute \,x=0\,:


y=−12(0−4)2+1=−12(16)+1=−8+1=−7


So the y-intercept is


(0,−7)


Step 6: Find the x-intercepts.


Set \,y=0\,:


0=−12(x−4)2+1


Subtract 1:


−1=−12(x−4)2


Multiply both sides by \, -2\,:


2=(x−4)2


Take the square root:


x−4=±2


So


x=4±2


The x-intercepts are


(4−2,0) and (4+2,0)


Worked Example 4: Write an equation from graph information


A parabola has vertex \,(3,-2)\, and opens upward with the same width as \,y=x^2\,. Write its equation in vertex form.


Use the pattern


y=a(x−h)2+k


Since the vertex is \,(3,-2)\,, we have \,h=3\, and \,k=-2\,.


Because it opens upward with the same width as the parent quadratic, \,a=1\,.


So the equation is


y=(x−3)2−2


If the parabola had opened downward with the same width, then \,a=-1\, and the equation would be


y=−(x−3)2−2


Helpful graphing strategy


Once you know the vertex, choose x-values one unit to the left and right of the vertex. Then choose x-values two units to the left and right. Because a parabola is symmetric, points on one side match points on the other side.


For example, for \,y=(x-2)^2-1\,:



	vertex: \,(2,-1)\,

	at \,x=3\,, \,y=(3-2)^2-1=0\,, so \,(3,0)\,

	by symmetry, \,(1,0)\, is also on the graph

	at \,x=4\,, \,y=(4-2)^2-1=3\,, so \,(4,3)\,

	by symmetry, \,(0,3)\, is also on the graph




This gives enough points to sketch a smooth parabola.


Common mistakes to avoid



	Sign error with the vertex: in \,y=(x-5)^2+2\,, the vertex is \,(5,2)\,, not \,(-5,2)\,.

	Forgetting the axis of symmetry: it is always \,x=h\, in vertex form.

	Mixing up opening and shifting: \,a\, changes opening and width, while \,h\, and \,k\, shift the graph.

	Assuming every parabola has x-intercepts: some do not cross the x-axis.




[image: 📋]   Summary


Vertex form, \,y=a(x-h)^2+k\,, is a powerful way to understand a parabola quickly. It tells you the vertex \,(h,k)\,, the axis of symmetry \,x=h\,, whether the parabola opens up or down, and whether it is wider or narrower than the parent graph.


By using vertex form, you can graph parabolas, find intercepts, and describe transformations from \,y=x^2\,. When solving problems, always identify the vertex first, then use symmetry and intercepts to build the rest of the graph.


  
  Put what you read to the test

  You've worked through Parabolic Geometry and Vertex Form. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1133
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  Vieta's Formulas for Quadratics


When we solve a quadratic equation, we often look for its roots, also called its solutions or zeros. For example, in the equation x2−5x+6=0, the roots are 2 and 3.


Vieta's Formulas give a very useful connection between the roots of a quadratic and the coefficients of the equation. This means we can learn about the roots without fully solving the equation every time.


This idea is especially helpful when:


  	checking whether your answers make sense,

  	building a quadratic equation from known roots,

  	finding unknown numbers when only the sum or product of roots is given,

  	solving worded algebra problems more efficiently.




1. The standard form of a quadratic


A quadratic equation is usually written in the form


ax2+bx+c=0

where a, b, and c are numbers and a≠0.


Suppose the roots of this equation are r1 and r2. Vieta's Formulas tell us:


r1+r2=−ba

r1r2=ca

So:


  	the sum of the roots is −ba,

  	the product of the roots is ca.




2. Why these formulas are true


If a quadratic has roots r1 and r2, then it can be written in factored form as


a(x−r1)(x−r2)=0

Now expand the factors:


a(x−r1)(x−r2)=a(x2−(r1+r2)x+r1r2)

Distribute a:


ax2−a(r1+r2)x+a(r1r2)

Compare this with the standard form


ax2+bx+c

Matching the coefficients gives:


  	−a(r1+r2)=b, so r1+r2=−ba

  	a(r1r2)=c, so r1r2=ca




This is the main idea behind Vieta's Formulas.


3. Important note about signs


Students often make sign mistakes with Vieta's Formulas. The two most important facts to remember are:


  	the sum of the roots uses the opposite sign of b,

  	the product of the roots keeps the same sign pattern as c divided by a.




For ax2+bx+c=0:


  	Sum =−ba

  	Product =ca




4. Worked Example 1: Find the sum and product of the roots


Find the sum and product of the roots of


x2−7x+10=0

Here, a=1, b=−7, and c=10.


Use Vieta's Formulas:


r1+r2=−ba=−−71=7

r1r2=ca=101=10

So the roots have:


  	sum 7

  	product 10




We can check by factoring:


x2−7x+10=(x−5)(x−2)

The roots are 5 and 2. Indeed:


5+2=7and5⋅2=10

5. Worked Example 2: Use the sum and product to identify the roots


Find the roots of


x2+x−12=0

First identify the coefficients:


  	a=1

  	b=1

  	c=−12




Now apply Vieta's Formulas:


r1+r2=−11=−1

r1r2=−121=−12

We now ask: which two numbers add to −1 and multiply to −12?


Those numbers are 3 and −4, because


3+(−4)=−1

3⋅(−4)=−12

So the roots are


x=3andx=−4

This matches the factorization:


x2+x−12=(x+4)(x−3)

6. Worked Example 3: Quadratic with leading coefficient not equal to 1


Find the sum and product of the roots of


2x2−9x+4=0

Here:


  	a=2

  	b=−9

  	c=4




Use the formulas:


r1+r2=−−92=92

r1r2=42=2

So the sum of the roots is 92, and the product is 2.


If we solve the equation, we can verify this result. Factor:


2x2−9x+4=(2x−1)(x−4)

The roots are x=12 and x=4.


Check:


12+4=12+82=92

12⋅4=2

7. Worked Example 4: Form a quadratic from given roots


Form a quadratic equation whose roots are 3 and −5.


If the roots are 3 and −5, then the factors are:


(x−3)(x+5)

Expand:


(x−3)(x+5)=x2+2x−15

So the quadratic equation is


x2+2x−15=0

Now check using Vieta's Formulas:


  	sum of roots: 3+(−5)=−2

  	product of roots: 3⋅(−5)=−15




In the equation x2+2x−15=0, we have:


−ba=−21=−2

ca=−151=−15

The values match perfectly.


8. Using Vieta's Formulas in reverse


Sometimes you are told the sum and product of two numbers and asked to form a quadratic whose roots are those numbers.


If the roots are r1 and r2, then:


  	sum =S=r1+r2

  	product =P=r1r2




The quadratic with those roots is


x2−Sx+P=0

This works when the leading coefficient is 1.


For example, if the sum of the roots is 8 and the product is 12, then:


x2−8x+12=0

Its roots are 2 and 6, since


2+6=8and2⋅6=12

9. Connection to solving quadratics


Vieta's Formulas do not replace methods like factoring, completing the square, or the quadratic formula. Instead, they help you understand the structure of the equation.


For example, if you solve a quadratic and get two answers, you can quickly check them:


  	Do they add to −ba?

  	Do they multiply to ca?




If not, there is likely an error.


10. Common mistakes to avoid


  	Forgetting the negative sign in the sum formula. The sum is −ba, not ba.

  	Ignoring the value of a. If a≠1, you must divide by a.

  	Mixing up sum and product. Sum comes from b; product comes from c.

  	Confusing roots with factors. If (x−2)=0, then the root is 2, not −2.




11. Quick practice ideas


Try these on your own:


  	For x2−4x−21=0, find the sum and product of the roots.

  	Find two numbers with sum 6 and product 8, then form the quadratic.

  	For 3x2+2x−1=0, find the sum and product of the roots.




Answers:


  	1. Sum =4, product =−21

  	2. The numbers are 2 and 4, so the quadratic is x2−6x+8=0

  	3. Sum =−23, product =−13




12. Summary


Vieta's Formulas connect the roots of a quadratic equation directly to its coefficients. For ax2+bx+c=0 with roots r1 and r2:


r1+r2=−ba,r1r2=ca

These formulas help you find the sum and product of roots, check solutions, and create quadratic equations from known roots. Once you are comfortable with the signs and the role of a, Vieta's Formulas become a fast and powerful algebra tool.


  
  Put what you read to the test

  You've worked through Vieta's Formulas for Quadratics. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1134
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  Quadratic Inequalities are inequalities that involve a quadratic expression, such as:

x2−5x+6>0, 2x2+3x−2≤0, or even inequalities in two variables like y<x2−4x+3.

In this lesson, you will learn how to solve quadratic inequalities in one variable and how to understand quadratic inequalities in two variables using graphs. The main idea is that a quadratic expression can change sign depending on the value of the variable, so we need to find where it is positive, negative, or zero.


1. What makes a quadratic inequality different from a quadratic equation?

A quadratic equation asks for exact values where the expression equals zero, such as:

x2−5x+6=0

A quadratic inequality asks where the expression is greater than, less than, greater than or equal to, or less than or equal to zero, such as:

x2−5x+6>0

Instead of getting just one or two answers, the solution is often an interval or a union of intervals.


2. The basic strategy for solving quadratic inequalities in one variable

To solve a quadratic inequality, use these steps:


	Move everything to one side so the inequality is compared to zero.

	Factor the quadratic if possible.

	Find the critical values, which are the values that make the expression equal zero.

	Use a sign chart or test values to determine where the expression is positive or negative.

	Write the solution in interval form or inequality form.




3. Why sign charts work

A factored quadratic, such as (x−2)(x−3), changes sign only at its zeros. Those zeros split the number line into intervals. Inside each interval, the sign of the expression stays the same.

So once we know the zeros, we can test one value from each interval to find whether the quadratic is positive or negative there.


4. Worked Example 1: Solving a simple factored inequality

Solve:

x2−5x+6>0

Step 1: Factor

x2−5x+6=(x−2)(x−3)

So we solve:

(x−2)(x−3)>0

Step 2: Find the critical values

The expression is zero when:

x=2orx=3

These values divide the number line into three intervals:


	(−∞,2)

	(2,3)

	(3,∞)



Step 3: Test each interval

Pick a value from each interval:


	If x=1, then (1−2)(1−3)=(−1)(−2)=2, which is positive.

	If x=2.5, then (2.5−2)(2.5−3)=(0.5)(−0.5)=−0.25, which is negative.

	If x=4, then (4−2)(4−3)=(2)(1)=2, which is positive.



Step 4: Choose the intervals that satisfy the inequality

We want the expression to be greater than zero, so we take the positive intervals:

x<2orx>3

In interval form:

(−∞,2)∪(3,∞)

Notice that 2 and 3 are not included because the inequality is strict: >0, not ≥0.


5. Worked Example 2: Including endpoints

Solve:

2x2+3x−2≤0

Step 1: Factor

2x2+3x−2=(2x−1)(x+2)

So we solve:

(2x−1)(x+2)≤0

Step 2: Find the critical values

Set each factor equal to zero:

2x−1=0⇒x=12

x+2=0⇒x=−2

The intervals are:


	(−∞,−2)

	(−2,12)

	(12,∞)



Step 3: Test each interval


	If x=−3, then (2x−1)(x+2)=(−7)(−1)=7, positive.

	If x=0, then (2(0)−1)(0+2)=(−1)(2)=−2, negative.

	If x=1, then (2(1)−1)(1+2)=(1)(3)=3, positive.



Step 4: Choose the correct interval

We need the expression to be less than or equal to zero. That means:


	Take the interval where the expression is negative.

	Include the points where the expression equals zero.



So the solution is:

−2≤x≤12

In interval form:

[−2,12]


6. A quick pattern to remember

For a quadratic with two distinct real roots and a positive leading coefficient, the parabola opens upward.


	It is positive outside the roots.

	It is negative between the roots.



For a quadratic with a negative leading coefficient, the parabola opens downward.


	It is negative outside the roots.

	It is positive between the roots.



This pattern is helpful, but you should still be ready to confirm using factoring, a sign chart, or the graph.


7. Solving when the quadratic is not already factored

Sometimes the expression must be rearranged first, and then factored.


Worked Example 3: Rearranging first

Solve:

x2+4x<5

Step 1: Move everything to one side

x2+4x−5<0

Step 2: Factor

x2+4x−5=(x+5)(x−1)

So we solve:

(x+5)(x−1)<0

Step 3: Find the critical values

x=−5andx=1

Step 4: Test intervals


	If x=−6, then (x+5)(x−1)=(−1)(−7)=7, positive.

	If x=0, then (5)(−1)=−5, negative.

	If x=2, then (7)(1)=7, positive.



Step 5: Select the interval

We want the expression to be less than zero, so:

−5<x<1

In interval form:

(−5,1)


8. What if the quadratic cannot be factored easily?

In Grade 11, many questions are chosen so that factoring works nicely. But if a quadratic does not factor easily, you can still:


	find the roots using another method you know,

	then use those roots in a sign chart,

	or use the graph of the parabola.



The important idea is always the same: find where the expression is zero, then decide where it is above or below zero.


9. Solving using the graph of a parabola

A quadratic expression like y=x2−5x+6 graphs as a parabola.

To solve an inequality such as:

x2−5x+6>0

you are asking: For which x-values is the graph above the x-axis?

Since the graph crosses the x-axis at x=2 and x=3, the parabola is above the x-axis when:

x<2orx>3

This matches the answer from the sign chart method.


10. Special case: a repeated root

Sometimes a quadratic touches the x-axis at only one point. For example:

x2−4x+4≥0

Factor:

x2−4x+4=(x−2)2

A square is never negative, so (x−2)2≥0 for all real x.

Therefore, the solution is:

(−∞,∞)

But if the inequality were:

x2−4x+4<0

then there would be no solution, because a square cannot be less than zero.


11. Quadratic inequalities in two variables

Now let us look at inequalities such as:

y<x2−4x+3

This is different from a one-variable inequality because the solution is not a set of points on a number line. Instead, the solution is a region on a graph.

First graph the boundary:

y=x2−4x+3

This is a parabola opening upward.

Then decide whether the solution is above or below the parabola:


	y>x2−4x+3 means points above the parabola.

	y<x2−4x+3 means points below the parabola.



Because the inequality is strict, < or >, the boundary parabola is usually drawn dashed, meaning points on the curve are not included.

If the inequality is ≤ or ≥, the boundary is drawn solid, because points on the curve are included.


Worked Example 4: Interpreting a quadratic inequality in two variables

Describe the solution to:

y≥x2−2x−3

Step 1: Identify the boundary

The boundary is the parabola:

y=x2−2x−3

Step 2: Decide on solid or dashed boundary

Because the symbol is ≥, the boundary is solid.

Step 3: Decide which region to shade

Since y is greater than or equal to the quadratic expression, the solution is the region above the parabola, including the parabola itself.

Optional check using a test point

Test the point (0,0):

0≥02−2(0)−3

0≥−3

This is true, so (0,0) is part of the solution region. If your graph is correct, the shaded region should include (0,0).


12. Common mistakes to avoid


	Forgetting to move everything to one side. It is much easier to compare the quadratic to zero.

	Using roots but not checking signs. The roots alone are not the full answer; you must decide which intervals work.

	Including endpoints when the inequality is strict. For > or <, do not include the roots.

	Leaving out endpoints for ≥ or ≤. If the expression can equal zero, include those values.

	Shading the wrong side of a parabola in two variables. Use a test point if you are unsure.




13. Quick checklist for one-variable quadratic inequalities


	Rewrite the inequality so one side is zero.

	Factor the quadratic if possible.

	Find the zeros.

	Split the number line into intervals.

	Use test values or a sign chart.

	Write the answer carefully, including or excluding endpoints correctly.




14. Quick checklist for two-variable quadratic inequalities


	Graph the related equation as the boundary.

	Use a dashed boundary for < or >.

	Use a solid boundary for ≤ or ≥.

	Shade above or below the parabola based on the inequality symbol.

	Check with a test point if needed.




[image: 📋]   Summary

To solve a quadratic inequality in one variable, first rewrite it so one side is zero, then factor, find the zeros, and use a sign chart or test points to determine where the expression is positive or negative.

For inequalities in two variables, graph the parabola as a boundary and shade the region above or below it depending on the inequality symbol. Always pay attention to whether the boundary should be solid or dashed.


  
  Put what you read to the test

  You've worked through Quadratic Inequalities. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1135






  [image: 📝]   Lesson 43: Quadratic Optimization

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1175




  Quadratic Optimization is the process of using a quadratic function to find a maximum or minimum value in a real situation.


In Grade 11, this often comes up when a problem involves area, profit, height, distance, or another quantity that changes in a curved way. Since quadratic graphs are parabolas, they have a turning point called the vertex. That vertex tells us the extreme value.


If a parabola opens downward, the vertex gives the maximum value. If it opens upward, the vertex gives the minimum value.


This lesson will show you how to:


  	recognize when a situation can be modeled by a quadratic function,

  	write the quadratic equation,

  	find the vertex,

  	interpret the vertex in context, and

  	check that your answer makes sense.




1. Review: What is a quadratic?


A quadratic function can be written in standard form as


y=ax2+bx+c

where:


  	
    
      
        a≠0
      
    

  

  	the graph is a parabola,


  	the parabola has a vertex, which is its highest or lowest point.





The direction of opening depends on the value of a:


  	If a>0, the parabola opens upward, so the vertex is a minimum.


  	If a<0, the parabola opens downward, so the vertex is a maximum.





2. Why the vertex matters in optimization


Optimization means finding the best possible value. In many quadratic problems, “best” means largest or smallest.


For a quadratic function, the best value happens at the vertex. So if you can find the vertex, you can solve the optimization problem.


The x-coordinate of the vertex is given by


x=−b2a

Then substitute that value back into the quadratic function to find the y-coordinate.


So for


y=ax2+bx+c

the steps are:


  	Identify a, b, and c.


  	Find the x-coordinate of the vertex using x=−b2a.


  	Substitute into the equation to find the y-coordinate.


  	State what the result means in the context of the problem.





3. Forms of a quadratic and how they help


Quadratics can appear in different forms.


Standard form:


y=ax2+bx+c

This form is useful because you can quickly use


x=−b2a

to find the vertex.


Vertex form:


y=a(x−h)2+k

In this form, the vertex is directly visible as (h,k).


This is especially useful in optimization because:


  	h tells where the maximum or minimum happens,


  	k tells the maximum or minimum value.





4. Interpreting the vertex in context


When solving optimization problems, the vertex is not just a point on a graph. It has a real meaning.


For example:


  	In an area problem, the vertex might represent the dimensions that create the greatest area.


  	In a projectile problem, the vertex might represent the highest point reached.


  	In a cost problem, the vertex might represent the smallest possible cost.





Always include units and explain what the numbers mean.


5. Building a quadratic model from a situation


Some questions already give you a quadratic equation. Others require you to create one from a word problem.


Here are two common situations:


A. Rectangle area maximization


Suppose a rectangle has a fixed perimeter. If one side is x, the other side can be written in terms of x. Then area becomes a quadratic function.


Example idea:


  	If perimeter is 40 m, then 2l+2w=40, so l+w=20.


  	If width is x, then length is 20−x.


  	Area is A=x(20−x)=20x−x2.





That area function is quadratic, so the maximum area occurs at the vertex.


B. Projectile motion


The height of a projectile is often modeled by a quadratic equation in time:


h(t)=at2+bt+c

Because the object rises and then falls, the parabola usually opens downward. That means the vertex gives the maximum height.


6. Worked Example 1: Finding a maximum from a given quadratic


A ball’s height is modeled by


h(t)=−5t2+20t+3

where h is in metres and t is in seconds.


Find the maximum height.


Step 1: Identify a and b


Here, a=−5 and b=20.


Step 2: Find the time at the vertex


t=−b2a=−202(−5)=−20−10=2

So the ball reaches its maximum height at t=2 seconds.


Step 3: Find the height at that time


h(2)=−5(2)2+20(2)+3
h(2)=−5(4)+40+3
h(2)=−20+40+3=23

Answer: The maximum height is 23 m, reached after 2 s.


Why this makes sense: The coefficient of t2 is negative, so the parabola opens downward. That means the vertex must be a maximum.


7. Worked Example 2: Maximizing area


A farmer has 60 m of fencing to build a rectangular pen. What dimensions will give the maximum area?


Step 1: Write a perimeter equation


2l+2w=60

Divide by 2:


l+w=30

Let width be x. Then length is


30−x

Step 2: Write the area function


A=x(30−x)
A=30x−x2

This is a quadratic:


A=−x2+30x

Step 3: Find the vertex


Here, a=−1 and b=30.


x=−b2a=−302(−1)=15

So one dimension is 15 m.


The other dimension is


30−15=15

Step 4: Find the maximum area


A(15)=30(15)−(15)2
A(15)=450−225=225

Answer: The maximum area is 225 m², and it happens when the pen is 15 m by 15 m.


Important idea: For a fixed perimeter, the rectangle with the greatest area is a square.


8. Worked Example 3: Minimizing a quadratic


The cost of producing x items is modeled by


C(x)=2x2−16x+50

Find the minimum cost.


Step 1: Decide whether there is a maximum or minimum


Since a=2>0, the parabola opens upward. So the vertex gives a minimum.


Step 2: Find the x-coordinate of the vertex


x=−b2a=−−162(2)=164=4

Step 3: Find the minimum cost


C(4)=2(4)2−16(4)+50
C(4)=2(16)−64+50
C(4)=32−64+50=18

Answer: The minimum cost is 18 (units of currency), and it occurs when 4 items are produced.


9. Worked Example 4: Using vertex form in context


The height of a firework is given by


h(t)=−4(t−3)2+40

Find:


  	the maximum height,


  	when it occurs.





Step 1: Recognize the form


This is vertex form:


h(t)=a(t−h)2+k

So the vertex is (3,40).


Step 2: Interpret the vertex


The firework reaches its highest point at 3 s, and the maximum height is 40 m.


Answer: Maximum height = 40 m; time of maximum height = 3 s.


10. Completing the square and optimization


Sometimes you may want to rewrite a quadratic from standard form into vertex form. This helps you see the maximum or minimum more clearly.


Example:


y=x2−6x+11

Complete the square:


y=(x2−6x+9)+2
y=(x−3)2+2

Now the vertex is (3,2).


Since the coefficient of (x−3)2 is positive, the parabola opens upward. So the minimum value is 2, and it occurs when x=3.


11. Common mistakes to avoid


  	Forgetting what the variables mean. In word problems, x may represent width, time, or number of items. Always define it.


  	Finding only the x-coordinate of the vertex. You usually need both the x-value and the y-value.


  	Not checking if the answer is a maximum or minimum. Look at the sign of a.


  	Ignoring the context. A negative length or negative time may not make sense in a real situation.


  	Leaving the answer without units. State metres, seconds, square metres, dollars, and so on.





12. Problem-solving strategy for quadratic optimization


When you see a word problem, use this plan:


  	Decide what quantity you want to maximize or minimize.


  	Choose a variable and define it clearly.


  	Write an equation for the quantity in terms of that variable.


  	Simplify until you have a quadratic function.


  	Find the vertex using x=−b2a or vertex form.


  	Interpret the result in the situation.


  	Check whether the answer is reasonable.





13. Quick practice ideas


Try asking yourself these questions when solving:


  	What does the vertex represent here?


  	Does the parabola open up or down?


  	Am I finding the maximum value, minimum value, or the input where it happens?


  	Did I substitute back into the function?





14. Summary


Quadratic optimization uses the fact that every quadratic has a vertex, which is the highest or lowest point of the parabola.


For a quadratic in standard form,


y=ax2+bx+c

the x-coordinate of the vertex is


x=−b2a

If a<0, the vertex gives a maximum. If a>0, the vertex gives a minimum.


In real-world problems, you first build a quadratic model, then use the vertex to find the best value and explain what it means in context. This is especially useful for problems involving area, height, and cost.


  
  Put what you read to the test

  You've worked through Quadratic Optimization. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1136






  [image: 📝]   Lesson 44: Non-Linear Systems of Equations
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  Non-Linear Systems of Equations are systems in which at least one equation is not linear. In Grade 11, the most common type is a system with one linear equation and one quadratic equation. Solving the system means finding all ordered pairs \,(x,y)\, that make both equations true at the same time.


These solutions are important because they represent the points of intersection of the graphs. A line and a parabola may intersect in two points, one point, or not at all. Algebra helps us find the exact coordinates, and graphs help us understand what those solutions mean.


In this lesson, you will learn how to solve non-linear systems graphically and algebraically, and how to interpret the answers.


1. What makes a system non-linear?


A linear equation has variables only to the first power, such as \,y=2x+1. Its graph is a straight line.


A quadratic equation includes a squared variable, such as \,y=x2−4. Its graph is a parabola.


When a system contains one of each, like


{y=x2−4y=2x+1

the system is non-linear because one equation is quadratic.


2. What do the solutions represent?


Each solution to the system is a point where the graphs meet. That means the same \,x\, and \,y\, values satisfy both equations.



	Two solutions: the line crosses the parabola at two points.

	One solution: the line touches the parabola at one point.

	No real solution: the line and parabola do not meet.




This is similar to solving two linear equations, except now the quadratic can cause more than one intersection.


3. Solving graphically


To solve graphically:



	Graph both equations on the same coordinate plane.

	Find the intersection point or points.

	Write the solutions as ordered pairs.




Graphing is useful for estimating solutions and understanding how many solutions there are. However, unless the points are very clear, graphing often gives only approximate answers.


For exact answers, algebraic methods are better.


4. Solving algebraically


The main algebraic idea is to use substitution. Since both equations describe \,y, we can set them equal to each other.


For example, if


{y=x2−4y=2x+1

then both expressions equal \,y, so:


x2−4=2x+1

Now solve the quadratic equation. Once you find the \,x-values, substitute each one back into either original equation to find the matching \,y-values.


This process usually follows these steps:



	Rewrite one or both equations so a variable is isolated, if needed.

	Substitute one equation into the other.

	Solve the resulting quadratic equation.

	Substitute each solution back to find the other variable.

	Check your ordered pairs in both equations.




Worked Example 1: Two intersections


Solve the system:


{y=x2−1y=x+1

Step 1: Set the equations equal.


x2−1=x+1

Step 2: Move all terms to one side.


x2−x−2=0

Step 3: Factor.


(x−2)(x+1)=0

So the \,x-values are:


x=2orx=−1

Step 4: Find the matching \,y-values. Use \,y=x+1.


If \,x=2, then


y=2+1=3

If \,x=−1, then


y=−1+1=0

Solution:


(2,3)and(−1,0)

This means the line and parabola intersect at two points.


Worked Example 2: One intersection


Solve the system:


{y=x2y=2x−1

Step 1: Set them equal.


x2=2x−1

Step 2: Rearrange.


x2−2x+1=0

Step 3: Factor.


(x−1)2=0

So there is only one \,x-value:


x=1

Step 4: Find \,y.


y=2(1)−1=1

Solution:


(1,1)

There is only one intersection because the line touches the parabola at exactly one point.


Worked Example 3: No real intersection


Solve the system:


{y=x2+4y=1

Step 1: Set them equal.


x2+4=1

Step 2: Solve.


x2=−3

There is no real number whose square is \,−3. That means there are no real solutions.


Solution: no real solution


Graphically, the parabola \,y=x2+4\, is always at or above \,y=4, so it never meets the horizontal line \,y=1.


5. When one equation is not solved for \,y


Sometimes the linear equation is written in standard form, such as \,x+y=5. In that case, first solve for one variable, then substitute.


Worked Example 4: Rearranging before substitution


Solve the system:


{y=x2−3xx+y=2

Step 1: Solve the linear equation for \,y.


x+y=2

y=2−x

Step 2: Substitute into the quadratic equation.


2−x=x2−3x

Step 3: Move all terms to one side.


0=x2−2x−2

or


x2−2x−2=0

Step 4: Solve using the quadratic formula.


x=−(−2)±(−2)2−4(1)(−2)2(1)

x=2±4+82

x=2±122=2±232=1±3

Step 5: Find \,y using \,y=2−x.


If \,x=1+3, then


y=2−(1+3)=1−3

If \,x=1−3, then


y=2−(1−3)=1+3

Solutions:


(1+3, 1−3)and(1−3, 1+3)

This example shows that some systems do not factor nicely, so the quadratic formula is useful.


6. How to interpret the answers


After solving, always think about what the solutions mean on the graph.



	If you get two ordered pairs, the line crosses the parabola twice.

	If you get one ordered pair, the line just touches the parabola.

	If you get no real solution, the graphs do not intersect.




In applied problems, the solutions may represent times and positions, distances and heights, or other quantities that satisfy two conditions at once.


7. Common mistakes to avoid



	Forgetting to set the equations equal. If both equations equal \,y, then the expressions must equal each other.

	Not moving all terms to one side. You need a quadratic equation in standard form to factor or use the quadratic formula.

	Losing a solution. Quadratics can have two solutions, so check both.

	Using only the \,x-values. The final answer to a system must be ordered pairs \,(x,y).

	Arithmetic sign errors. Small mistakes with negatives can change the entire result.




8. Quick strategy guide



	If both equations are solved for \,y, set them equal.

	If one equation is not solved for a variable, rearrange it first.

	Solve the quadratic by factoring if possible.

	If factoring does not work, use the quadratic formula.

	Substitute back to find the second coordinate.

	Check your final answers in both equations.




9. Why graphing and algebra work together


Graphing gives a visual picture of the system. You can see whether there should be zero, one, or two intersections. This is helpful for checking if your algebraic answer makes sense.


Algebra gives the exact values of the intersection points. Together, these methods help you understand both the process and the meaning of the solution.


[image: 📋]   Summary


A non-linear system of equations often includes a line and a parabola. The solutions are the points where the graphs intersect. To solve algebraically, rewrite equations if needed, substitute, solve the resulting quadratic, and then find the corresponding \,y-values. Depending on the system, there may be two solutions, one solution, or no real solution.


  
  Put what you read to the test

  You've worked through Non-Linear Systems of Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1137






  
    
  [image: 📖]   Chapter 6

  Higher-Degree Polynomial Functions
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  Polynomial Terminology and Anatomy


Polynomials are one of the most important types of expressions in algebra. In higher-degree polynomial functions, it is essential to understand the parts of a polynomial and the words used to describe it. Once you can identify the degree, terms, leading coefficient, and constant term, you will be much more confident when graphing, simplifying, factoring, or solving polynomial equations.


This lesson will teach you how to recognize the structure, or anatomy, of a polynomial. You will also learn how to classify polynomials by the number of terms and by degree, and how to write them in standard descending order.


1. What is a polynomial?


A polynomial is an algebraic expression made by adding or subtracting terms of the form


axn


where:


  	
    
      
        
          a
        
       is a real number called the coefficient, and
    

  

  	
    
      
        
          n
        
       is a whole number: 0,1,2,3,…
    

  




This means polynomials can include numbers, variables, exponents, addition, and subtraction. But the exponents on the variables must be whole numbers only.


Examples of polynomials:


  	5x3−2x+7


  	4x2+9x−1


  	8


  	−3x5





Examples that are not polynomials:


  	x−2+1 because of the negative exponent


  	x+4 because x=x1/2, and the exponent is not a whole number


  	3x+2 because 3x=3x−1





2. Terms of a polynomial


A term is one part of a polynomial separated by addition or subtraction signs.


For example, in


4x3−7x+2


the terms are:


  	4x3


  	−7x


  	2





Each term has a coefficient, and if the variable has an exponent, that exponent helps determine the degree of the term.


3. Classifying polynomials by number of terms


Polynomials are often named by how many terms they have.



  	Monomial: 1 term


  	Binomial: 2 terms


  	Trinomial: 3 terms





Examples:


  	6x4 is a monomial


  	x2−9 is a binomial


  	2x2+5x−3 is a trinomial





If a polynomial has more than 3 terms, we usually just call it a polynomial with 4 terms, polynomial with 5 terms, and so on.


4. Degree of a term and degree of a polynomial


The degree of a term is the exponent of the variable in that term.


Examples:


  	The degree of 7x5 is 5


  	The degree of −3x is 1


  	The degree of 9 is 0, because 9=9x0





The degree of a polynomial is the greatest degree of any term in the polynomial, after like terms have been combined.


Example:

2x4+5x2−3x+8

The highest exponent is 4, so the polynomial has degree 4.


Common degree names


  	Degree 0: constant


  	Degree 1: linear


  	Degree 2: quadratic


  	Degree 3: cubic


  	Degree 4: quartic


  	Degree 5: quintic





For degrees higher than 5, it is usually fine in high school math to say 6th-degree polynomial, 7th-degree polynomial, and so on.


5. Coefficients


A coefficient is the number multiplying the variable in a term.


In the polynomial

−2x3+5x2−x+9


the coefficients are:


  	−2 for x3


  	5 for x2


  	−1 for x





The last term, 9, is a constant, so it does not have a variable attached.


Be careful with hidden coefficients:


  	In x4, the coefficient is 1


  	In −x2, the coefficient is −1





6. Leading term and leading coefficient


When a polynomial is written in standard descending order, the term with the greatest exponent comes first. This first term is called the leading term.


The coefficient of the leading term is called the leading coefficient.


Example:

6x5−2x3+4x−7



  	The leading term is 6x5


  	The leading coefficient is 6


  	The degree is 5





The leading coefficient matters a lot later when studying polynomial graphs, because it helps determine end behavior.


7. Constant term


The constant term is the term without a variable. It is just a number.


In

3x4−x2+8x−11


the constant term is −11.


If a polynomial does not show a constant term, then the constant term is 0.


Example:

5x3+2x

Here, the constant term is 0.


8. Standard descending order


A polynomial is in standard descending order when the terms are arranged from highest exponent to lowest exponent.


Example of standard descending order:

4x5−3x2+x−9


The exponents go down like this: 5,2,1,0.


Example not in standard descending order:

x−9+4x5−3x2


This is the same polynomial, but the terms are out of order. Writing polynomials in standard form makes it easier to identify important features like the degree, leading term, and leading coefficient.


9. Missing powers


Sometimes a polynomial skips some exponents.


For example:

2x5−3x2+7


This polynomial has no x4, no x3, and no x term. That is completely okay. It is still in standard descending order because the exponents that do appear are listed from greatest to least.


When needed, you can think of the missing terms as having coefficient 0:


2x5+0x4+0x3−3x2+0x+7


This idea becomes especially helpful later in polynomial division.


10. Worked Examples


Example 1: Identify the parts of a polynomial


Consider the polynomial

5x3−2x+4


Step 1: Count the terms.

The terms are 5x3, −2x, and 4. There are 3 terms, so it is a trinomial.


Step 2: Find the degree.

The exponents are 3, 1, and 0. The highest exponent is 3, so the polynomial is degree 3, or cubic.


Step 3: Find the leading term and leading coefficient.

The term with the highest degree is 5x3, so:


  	Leading term: 5x3


  	Leading coefficient: 5





Step 4: Find the constant term.

The constant term is 4.


Answer:


  	Type by terms: trinomial


  	Degree: 3


  	Leading coefficient: 5


  	Constant term: 4





Example 2: Rewrite in standard descending order and identify key parts


Given:

7−3x4+x2+9x


Step 1: Rewrite in descending order.

Arrange terms from highest exponent to lowest:

−3x4+x2+9x+7


Step 2: Find the degree.

The highest exponent is 4, so the degree is 4.


Step 3: Find the leading term and coefficient.


  	Leading term: −3x4


  	Leading coefficient: −3





Step 4: Count terms.

There are 4 terms, so we call it a 4-term polynomial.


Step 5: Find the constant term.

The constant term is 7.


Answer:


  	Standard form: −3x4+x2+9x+7


  	Degree: 4


  	Leading coefficient: −3


  	Constant term: 7





Example 3: Watch for hidden coefficients and missing terms


Consider

x5−4x2+1


Step 1: Identify the terms.

The terms are x5, −4x2, and 1. So this is a trinomial.


Step 2: Find the leading coefficient.

The leading term is x5. Since no number is written in front of x5, the coefficient is 1.


Step 3: Find the degree.

The highest exponent is 5, so the degree is 5.


Step 4: Identify the constant term.

The constant term is 1.


Step 5: Notice missing powers.

This polynomial has no x4, no x3, and no x term.


You can write it as:

x5+0x4+0x3−4x2+0x+1


Answer:


  	Type by terms: trinomial


  	Degree: 5


  	Leading coefficient: 1


  	Constant term: 1





Example 4: Combine like terms before finding the degree


Consider

3x2+5x4−2x2+x


Step 1: Combine like terms.

The like terms are 3x2 and −2x2:

3x2−2x2=x2


So the polynomial becomes:

5x4+x2+x


Step 2: Write in standard descending order.

It already is in standard order:

5x4+x2+x


Step 3: Find the degree.

The highest exponent is 4, so the degree is 4.


Step 4: Find leading coefficient and constant term.


  	Leading term: 5x4


  	Leading coefficient: 5


  	Constant term: 0, because no constant is shown





Answer:


  	Simplified polynomial: 5x4+x2+x


  	Degree: 4


  	Leading coefficient: 5


  	Constant term: 0





11. Common mistakes to avoid



  	Do not use the number of terms as the degree. In x4+2, there are 2 terms, but the degree is 4, not 2.


  	Do not forget hidden coefficients. In −x3, the coefficient is −1.


  	Do not pick the last term as the constant term unless it has no variable. In standard form, the constant term is last, but only because it has exponent 0.


  	Combine like terms first. The degree must be found after simplifying the polynomial.


  	Make sure exponents are whole numbers. Expressions like x−1 or x1/2 are not polynomials.





12. Quick checklist for analyzing a polynomial


When you see a polynomial, ask yourself:


  	Is it written in standard descending order?


  	How many terms does it have?


  	What is the highest exponent?


  	What is the leading term?


  	What is the leading coefficient?


  	What is the constant term?





Brief Summary


A polynomial is made of terms with whole-number exponents. You can classify a polynomial by its number of terms and by its degree. The leading term is the highest-degree term, the leading coefficient is the number in front of it, and the constant term is the term with no variable. Writing a polynomial in standard descending order helps you identify all of these features quickly and correctly.


  
  Put what you read to the test

  You've worked through Polynomial Terminology and Anatomy. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1138






  [image: 📝]   Lesson 46: Polynomial Division

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1178




  Polynomial Division is the process of dividing one polynomial by another, much like dividing whole numbers. It helps us rewrite complicated expressions, factor polynomials, and find roots of polynomial functions.
In 11th Grade Maths, the two main methods you need are algebraic long division and synthetic division. Long division works for general polynomial divisors, while synthetic division is a faster shortcut when the divisor has the form x−c.
This lesson will show you how each method works, when to use it, and how to check your answer.
1. What polynomial division gives you
When dividing a polynomial, the result can be written in this form:
Dividend=(Divisor)(Quotient)+Remainder
For example, if we divide 2x3+3x2−x+5 by x+1, we may get a quotient and possibly a remainder.
If the remainder is 0, then the divisor is a factor of the dividend.
2. Important setup rules
	Write terms in descending powers of x.
	Include missing terms using zero coefficients.
	Divide the first term of the dividend by the first term of the divisor to begin.

For example, if you divide x3+5x−2, rewrite it as:
x3+0x2+5x−2
This makes the division process much easier to organize correctly.
3. Algebraic long division
Algebraic long division is similar to number long division. You repeatedly:
	Divide the leading term.
	Write that result in the quotient.
	Multiply the divisor by that result.
	Subtract.
	Bring down the next term.

You continue until the degree of the remainder is less than the degree of the divisor.
Worked Example 1: Divide x2+5x+6 by x+2
We set up the division:
x2+5x+6x+2
Step 1: Divide the first terms:
x2x=x
Put x in the quotient.
Step 2: Multiply x(x+2):
x(x+2)=x2+2x
Step 3: Subtract:
(x2+5x+6)−(x2+2x)=3x+6
Step 4: Divide again:
3xx=3
Put +3 in the quotient.
Step 5: Multiply 3(x+2):
3(x+2)=3x+6
Subtract:
(3x+6)−(3x+6)=0
So the answer is:
x2+5x+6x+2=x+3
There is no remainder, so x+2 is a factor of x2+5x+6.
Worked Example 2: Divide 2x3+3x2−x+5 by x+2
We begin with:
2x3+3x2−x+5x+2
Step 1: Divide leading terms:
2x3x=2x2
Place 2x2 in the quotient.
Step 2: Multiply:
2x2(x+2)=2x3+4x2
Step 3: Subtract:
(2x3+3x2−x+5)−(2x3+4x2)=−x2−x+5
Step 4: Divide again:
−x2x=−x
Place −x in the quotient.
Step 5: Multiply:
−x(x+2)=−x2−2x
Step 6: Subtract:
(−x2−x+5)−(−x2−2x)=x+5
Step 7: Divide again:
xx=1
Place +1 in the quotient.
Step 8: Multiply:
1(x+2)=x+2
Step 9: Subtract:
(x+5)−(x+2)=3
So the result is:
2x3+3x2−x+5x+2=2x2−x+1+3x+2
Or written using dividend = divisor times quotient plus remainder:
2x3+3x2−x+5=(x+2)(2x2−x+1)+3
4. Synthetic division
Synthetic division is a shortcut used when dividing by a linear divisor of the form x−c.
Examples of divisors that work with synthetic division:
	x−3, where c=3
	x+4, which means x−(−4), so c=−4

In synthetic division, you use only the coefficients of the polynomial.
Steps for synthetic division
	Write the value of c.
	Write the coefficients of the dividend in order.
	Bring down the first coefficient.
	Multiply by c, and write the result under the next coefficient.
	Add down.
	Repeat until the end.

The last number is the remainder. The other numbers are the coefficients of the quotient.
Worked Example 3: Divide x3−6x2+11x−6 by x−1
Because the divisor is x−1, we use c=1.
The coefficients are:
1, −6, 11, −6
Now perform synthetic division:
11−611−61−561−560
This means the quotient has coefficients 1,−5,6, so the quotient is:
x2−5x+6
The remainder is 0.
So:
x3−6x2+11x−6x−1=x2−5x+6
Worked Example 4: Divide 2x3+0x2−7x+3 by x+2
Since x+2=x−(−2), we use c=−2.
The coefficients are:
2, 0, −7, 3
Now perform synthetic division:
−220−73−48−22−411
The quotient coefficients are 2,−4,1, so the quotient is:
2x2−4x+1
The remainder is 1.
So:
2x3−7x+3x+2=2x2−4x+1+1x+2
Notice that we wrote 0x2 in the dividend before dividing. That missing term is important.
5. Long division vs synthetic division
Both methods are useful, but they are not used in exactly the same situations.
	Use long division when the divisor is not a simple linear expression of the form x−c, such as x2+1 or 2x−3 if you want to avoid shortcut confusion.
	Use synthetic division when the divisor is linear and written as x−c.

Synthetic division is faster, but long division helps you understand the full process and works more generally.
6. Connection to remainders and roots
When you divide a polynomial f(x) by x−c, the remainder is closely connected to the value f(c).
This is called the Remainder Theorem:
When f(x) is divided by x−c, the remainder is f(c).
If the remainder is 0, then f(c)=0, which means c is a root and x−c is a factor.
For example, in Worked Example 3, dividing by x−1 gave remainder 0, so 1 is a root of the polynomial.
7. Common mistakes to avoid
	Forgetting missing terms. Example: write x3+5x−2 as x3+0x2+5x−2.
	Using the wrong number in synthetic division. For x+3, use −3, not 3.
	Sign errors when subtracting in long division.
	Stopping too early. Keep going until the remainder has degree less than the divisor.
	Writing the quotient with the wrong powers. In synthetic division, the quotient has one degree less than the original polynomial.

8. How to check your answer
You can always check polynomial division using:
Dividend=(Divisor)(Quotient)+Remainder
If your answer is correct, multiplying the divisor and quotient and then adding the remainder should give the original polynomial.
For example, from Worked Example 2:
2x3+3x2−x+5=(x+2)(2x2−x+1)+3
Expand the product:
(x+2)(2x2−x+1)=2x3−x2+x+4x2−2x+2=2x3+3x2−x+2
Now add the remainder:
2x3+3x2−x+2+3=2x3+3x2−x+5
This matches the original polynomial, so the division is correct.
9. Quick strategy guide
	First, arrange the polynomial in descending powers.
	If needed, insert zero coefficients for missing terms.
	If the divisor is x−c, synthetic division is usually the fastest method.
	Otherwise, use long division.
	Always check whether the remainder is zero, because that tells you if the divisor is a factor.

[image: 📋]   Summary
Polynomial division lets you divide one polynomial by another and write the result as quotient plus remainder. Long division works for general cases, while synthetic division is a faster method for divisors of the form x−c.
To divide correctly, keep terms in order, include missing powers, and watch signs carefully. A remainder of 0 means the divisor is a factor, which is very useful when finding roots and factoring polynomials.


  
  Put what you read to the test

  You've worked through Polynomial Division. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1139






  [image: 📝]   Lesson 47: The Remainder and Factor Theorems

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1179




  Lesson: The Remainder Theorem and the Factor Theorem


When working with polynomial functions, dividing one polynomial by another can take time. Two very useful results, called the Remainder Theorem and the Factor Theorem, let us answer important questions much faster.


These theorems help us do two main things:


  	find the remainder when a polynomial is divided by a linear binomial such as x−3,

  	determine whether a binomial such as x−3 is a factor of the polynomial.




These ideas are also important for finding roots, solving polynomial equations, and graphing polynomial functions.


1. Reviewing some key ideas


A polynomial is an expression like

P(x)=2x3−5x2+x+7.


If we divide a polynomial by a binomial such as x−c, the result looks like this:

P(x)=(x−c)Q(x)+R,

where Q(x) is the quotient and R is the remainder.


Notice that when dividing by a linear binomial like x−c, the remainder must be a constant number, not another polynomial with x.


2. The Remainder Theorem


The Remainder Theorem says:

If a polynomial P(x) is divided by x−c, then the remainder is P(c).


In symbols:

Remainder when dividing P(x) by x−c=P(c).


This means we do not need to carry out long division just to find the remainder. We can simply substitute c into the polynomial.


Why this works


Suppose

P(x)=(x−c)Q(x)+R.


Now substitute x=c:

P(c)=(c−c)Q(c)+R=0+R=R.


So the remainder is exactly P(c).


Important detail


  	For divisor x−c, use c.

  	For divisor x+4, rewrite it as x−(−4), so use −4.




For example, dividing by x+4 means the remainder is P(−4), not P(4).


3. The Factor Theorem


The Factor Theorem is a direct extension of the Remainder Theorem.


It says:

x−c is a factor of P(x) if and only if P(c)=0.


This makes sense because a factor means the remainder is zero. By the Remainder Theorem, that remainder is P(c).


So:


  	If P(c)=0, then x−c is a factor.

  	If P(c)≠0, then x−c is not a factor.




Connection to roots and zeros


If P(c)=0, then:


  	c is a zero or root of the polynomial, and

  	x−c is a factor.




These statements all mean the same basic thing in different forms:

P(c)=0⟺x−c is a factor of P(x).


4. How to use the theorems


To find a remainder:


  	Identify the divisor in the form x−c.

  	Determine the value of c.

  	Evaluate P(c).

  	The result is the remainder.




To test whether a binomial is a factor:


  	Write the binomial in the form x−c.

  	Evaluate P(c).

  	If the result is 0, the binomial is a factor.

  	If the result is not 0, it is not a factor.




5. Worked Examples


Example 1: Finding a remainder

Find the remainder when

P(x)=2x2−3x+5

is divided by x−2.


Step 1: The divisor is x−2, so c=2.

Step 2: Evaluate P(2).

P(2)=2(22)−3(2)+5

=2(4)−6+5

=8−6+5=7


Answer: The remainder is 7.


Example 2: Be careful with signs

Find the remainder when

P(x)=x3−4x+1

is divided by x+3.


Step 1: Rewrite the divisor:

x+3=x−(−3),

so c=−3.


Step 2: Evaluate P(−3).

P(−3)=(−3)3−4(−3)+1

=−27+12+1=−14


Answer: The remainder is -14.


This example shows a very common mistake: for x+3, you must use −3.


Example 3: Using the Factor Theorem

Determine whether x−1 is a factor of

P(x)=x3−6x2+11x−6.


Step 1: Since the divisor is x−1, use c=1.

Step 2: Evaluate P(1).

P(1)=13−6(1)2+11(1)−6

=1−6+11−6=0


Because P(1)=0, the remainder is 0.


Answer: x−1 is a factor of P(x).


This also tells us that x=1 is a zero of the polynomial.


Example 4: Testing a factor and interpreting the result

Determine whether x+2 is a factor of

P(x)=3x4+x3−5x+2.


Step 1: Rewrite the divisor:

x+2=x−(−2),

so c=−2.


Step 2: Evaluate P(−2).

P(−2)=3(−2)4+(−2)3−5(−2)+2

=3(16)−8+10+2

=48−8+10+2=52


Because P(−2)=52≠0, the remainder is 52.


Answer: x+2 is not a factor of P(x).


6. Comparing the two theorems



  	Remainder Theorem: tells you the remainder when dividing by x−c.

  	Factor Theorem: tells you whether x−c divides exactly, meaning the remainder is zero.




You can think of the Factor Theorem as a special case of the Remainder Theorem.


If

P(c)=r,

then:


  	the remainder is r,

  	and if r=0, then x−c is a factor.




7. Common mistakes to avoid



  	Sign errors: If the divisor is x+5, then use c=−5.

  	Forgetting exponents: Be careful when substituting negative numbers, especially with powers like (−2)3 and (−2)4.

  	Confusing factor and remainder: If P(c)=7, then the remainder is 7, but x−c is not a factor.

  	Not using brackets: When substituting a negative number, always place it in parentheses.




8. Quick practice ideas


Try using the theorems on your own with questions like these:


  	Find the remainder when x3+2x2−7 is divided by x−4.

  	Determine whether x+1 is a factor of 2x3−3x2−x+2.

  	Find whether x−3 is a factor of x4−10x2+9.




For each one, first identify the correct value of c, then substitute carefully.


9. Summary


The Remainder Theorem says that when a polynomial P(x) is divided by x−c, the remainder is P(c). This saves time because you can find the remainder by substitution instead of doing polynomial division.


The Factor Theorem says that x−c is a factor of P(x) exactly when P(c)=0. So to test a possible factor, substitute the value of c into the polynomial. If the result is zero, the binomial is a factor; if not, it is not.


  
  Put what you read to the test

  You've worked through The Remainder and Factor Theorems. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1140
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  The Rational Root Theorem helps us find possible rational solutions of a polynomial equation. It does not tell us the exact roots right away, but it gives us a smart list of values to test instead of guessing randomly.


This theorem is especially useful when you are solving higher-degree polynomial equations such as quadratics, cubics, and quartics. Once you find a rational root, you can divide the polynomial to simplify it and continue solving.


In this lesson, you will learn what the Rational Root Theorem says, how to use it, and how it connects to factoring polynomial functions.


First, recall what a rational root is. A rational root is a solution that can be written as a fraction of integers, such as 2, −3, 12, or −54.


Suppose we have a polynomial written in standard form:


anxn+an−1xn−1+⋯+a1x+a0=0

Here, an is the leading coefficient, and a0 is the constant term.


The Rational Root Theorem states: If a polynomial with integer coefficients has a rational root pq, written in lowest terms, then:



  	p must be a factor of the constant term a0

  	q must be a factor of the leading coefficient an




This means the possible rational roots are all numbers of the form


±factor of constant termfactor of leading coefficient

Important idea: The theorem gives possible rational roots, not guaranteed roots. You still need to test them.


To use the theorem, follow these steps.



  	Write the polynomial in standard form.

  	Identify the constant term and leading coefficient.

  	List all factors of the constant term.

  	List all factors of the leading coefficient.

  	Form all possible fractions ±pq.

  	Simplify the list by removing duplicates.

  	Test the possible roots by substitution or synthetic division.




Let us begin with a simple example where the leading coefficient is 1.


Worked Example 1: Find all possible rational roots of


f(x)=x3−6x2+11x−6

The constant term is −6, so its factors are


±1,±2,±3,±6

The leading coefficient is 1, so its factors are


±1

The possible rational roots are


±1,2,3,61=±1,±2,±3,±6

Now test these values. Start with x=1:


f(1)=1−6+11−6=0

So x=1 is a root. That means (x−1) is a factor.


Now divide x3−6x2+11x−6 by (x−1). Using synthetic division:


11−611−61−561−560

The quotient is


x2−5x+6

Now factor the quadratic:


x2−5x+6=(x−2)(x−3)

So the full factorization is


x3−6x2+11x−6=(x−1)(x−2)(x−3)

The roots are 1, 2, and 3.


This example shows that the theorem helps us create a list, and then testing helps us find the actual roots.


Worked Example 2: Find all possible rational roots of


f(x)=2x3+3x2−8x+3

The constant term is 3, so the factors of 3 are


±1,±3

The leading coefficient is 2, so the factors of 2 are


±1,±2

Form all possible values of ±pq:


±1,±3,±12,±32

These are all the possible rational roots.


Now test them. Try x=1:


f(1)=2+3−8+3=0

So x=1 is a root, and (x−1) is a factor.


Use synthetic division:


123−8325−325−30

The quotient is


2x2+5x−3

Now factor the quadratic:


2x2+5x−3=(2x−1)(x+3)

So the polynomial factors as


2x3+3x2−8x+3=(x−1)(2x−1)(x+3)

The roots are


x=1,x=12,x=−3

Notice that one of the rational roots is a fraction. The theorem helped us include that possibility from the beginning.


Worked Example 3: List all possible rational roots, then determine whether the polynomial has a rational root:


f(x)=3x3+2x2+5x+10

The constant term is 10, so its factors are


±1,±2,±5,±10

The leading coefficient is 3, so its factors are


±1,±3

The possible rational roots are


±1,±2,±5,±10,±13,±23,±53,±103

Now test some likely values. Try x=−53:


f(−53)=3(−53)3+2(−53)2+5(−53)+10

Compute each part:


3(−12527)=−1259
2(259)=509
5(−53)=−253=−759
10=909

Add them:


−1259+509−759+909=−609=−203

So −53 is not a root.


Try x=−23:


f(−23)=3(−23)3+2(−23)2+5(−23)+10

=3(−827)+2(49)−103+10

=−89+89−103+10=0−103+10=203

So −23 is also not a root.


Try x=−53 was not successful, so let us instead check whether the polynomial can be grouped:


3x3+2x2+5x+10=x2(3x+2)+5(x+2)

That grouping does not match, so try another approach by testing x=−23, x=−2, and x=−1:


f(−2)=3(−8)+2(4)+5(−2)+10=−24+8−10+10=−16

f(−1)=3(−1)+2(1)+5(−1)+10=−3+2−5+10=4

Not roots.


Try x=−13:


f(−13)=3(−127)+2(19)−53+10

=−19+29−53+10=19−159+909=769

Also not a root.


In this case, after testing the possible rational roots, we may find that none work. That means the polynomial has no rational roots. The Rational Root Theorem still helped by narrowing the search.


Important note: If none of the values from the theorem work, the polynomial may still have irrational or complex roots. The theorem only talks about rational roots.


Worked Example 4: List all possible rational roots of


f(x)=4x4−7x3−8x2+13x−2

The constant term is −2, so the factors of 2 are


±1,±2

The leading coefficient is 4, so the factors of 4 are


±1,±2,±4

Now form all possible values of ±pq:


±1,±2,±12,±14,±24

Simplify the list. Since 24=12, it is a duplicate. So the final list is


±1,±2,±12,±14

This example is important because it shows that when making the list, you must remove repeated values after simplifying fractions.


Common mistakes to avoid



  	Forgetting the negative possibilities. If 1 is possible, then −1 is also possible.

  	Using multiples instead of factors. You need factors of the constant term and leading coefficient, not random numbers.

  	Not simplifying fractions. For example, 24 should be simplified to 12.

  	Thinking every possible root is an actual root. The theorem gives candidates only.

  	Ignoring standard form. Make sure the polynomial is written in descending powers before identifying coefficients.




Why this theorem matters


Higher-degree polynomials can be difficult to solve by inspection. The Rational Root Theorem gives a structured way to begin. It reduces a huge number of guesses to a short, organized list.


Once an actual root is found, you can use synthetic division or polynomial division to lower the degree of the polynomial. Then the rest of the problem becomes easier.


Quick strategy checklist



  	Find the factors of the constant term.

  	Find the factors of the leading coefficient.

  	Build the list ±pq.

  	Simplify and remove duplicates.

  	Test values from the list.

  	If one works, divide and keep solving.




Brief Summary


The Rational Root Theorem helps you find all possible rational roots of a polynomial by comparing factors of the constant term and the leading coefficient. Any rational root must have the form ±pq, where p is a factor of the constant term and q is a factor of the leading coefficient.


After making the list, you test the candidates to see which ones are actual roots. This theorem is a powerful starting tool for factoring and solving higher-degree polynomial equations.


  
  Put what you read to the test

  You've worked through The Rational Root Theorem. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1141
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  Factoring Higher-Degree Polynomials means rewriting a polynomial of degree 3 or more as a product of simpler factors. This is an important skill because factoring helps us solve polynomial equations, find x-intercepts, and better understand the shape of a polynomial graph.


In 11th Grade, you will often factor higher-degree polynomials using several main strategies: grouping, special patterns like cubes, quadratic form substitution, and synthetic division. The key is to look carefully at the structure of the polynomial before deciding which method to use.


Before using any special method, always start with one important question: Is there a greatest common factor (GCF)? If every term has a common number or variable factor, factor that out first.


For example, in 6x4−9x3+3x2, each term has a factor of 3x2. So we begin by factoring:


6x4−9x3+3x2=3x2(2x2−3x+1)

Then we can continue factoring the quadratic if possible.


Step 1: Look for factoring by grouping. Grouping is useful when a polynomial has four terms. The idea is to group terms in pairs, factor each pair, and then see whether a common binomial appears.


Here is the general idea:


ax3+bx2+cx+d=(ax3+bx2)+(cx+d)

Then factor each group separately. If the same binomial factor appears, factor it out.


Worked Example 1: Factoring by grouping


Factor completely:


x3+3x2+2x+6

Step 1: Group the first two terms and the last two terms.


(x3+3x2)+(2x+6)

Step 2: Factor each group.


x2(x+3)+2(x+3)

Step 3: The common binomial is (x+3). Factor it out.


(x2+2)(x+3)

This is fully factored, since x2+2 does not factor over the integers.


Step 2: Recognize special patterns. Some higher-degree polynomials can be factored using formulas. Two important ones are the difference of cubes and the sum of cubes.


The formulas are:


a3−b3=(a−b)(a2+ab+b2)

a3+b3=(a+b)(a2−ab+b2)

Be careful: the signs in the second factor are different for the two formulas.



	Difference of cubes: first sign minus, second factor all positive

	Sum of cubes: first sign plus, second factor has a minus in the middle




Worked Example 2: Factoring a sum of cubes


Factor completely:


8x3+27

Step 1: Rewrite each term as a cube.


8x3=(2x)3,27=33

So this is:


(2x)3+33

Step 2: Use the sum of cubes formula.


(2x+3)((2x)2−(2x)(3)+32)

Step 3: Simplify.


(2x+3)(4x2−6x+9)

This is the complete factorization.


Step 3: Use quadratic form substitution. Sometimes a higher-degree polynomial looks like a quadratic if you treat a power of x as a single variable.


For example, a polynomial such as x4−5x2+4 is not a quadratic in x, but it is a quadratic in x2.


If you let u=x2, then:


x4−5x2+4=u2−5u+4

Now factor as an ordinary quadratic, then substitute back.


Worked Example 3: Factoring using quadratic form


Factor completely:


x4−5x2+4

Step 1: Substitute u=x2.


u2−5u+4

Step 2: Factor the quadratic.


u2−5u+4=(u−1)(u−4)

Step 3: Replace u with x2.


(x2−1)(x2−4)

Step 4: Keep factoring, because each factor is a difference of squares.


x2−1=(x−1)(x+1)

x2−4=(x−2)(x+2)

So the complete factorization is:


(x−1)(x+1)(x−2)(x+2)

This example shows an important idea: after factoring once, check whether any factors can be factored further.


Step 4: Use synthetic division when you know or can test a root. Synthetic division is a quick way to divide a polynomial by a linear factor of the form (x−r). This is especially useful when a polynomial has degree 3 or higher and does not factor easily by grouping or special patterns.


If r is a root of a polynomial, then (x−r) is a factor. You may find possible rational roots by testing simple values or using the Rational Root Theorem. For many school problems, the possible roots are small integers such as ±1, ±2, or ±3.


How synthetic division works:



	Write the coefficients of the polynomial in order.

	Place the tested root on the left.

	Bring down the first coefficient.

	Multiply and add repeatedly.

	If the remainder is 0, then the tested value is a root.




Worked Example 4: Factoring with synthetic division


Factor completely:


x3−4x2−7x+10

Step 1: Test possible rational roots. Try x=1:


13−4(1)2−7(1)+10=1−4−7+10=0

Since x=1 makes the polynomial equal 0, (x−1) is a factor.


Step 2: Use synthetic division with 1.


11−4−7101−3−101−3−100

The quotient is:


x2−3x−10

Step 3: Factor the quotient.


x2−3x−10=(x−5)(x+2)

So the complete factorization is:


x3−4x2−7x+10=(x−1)(x−5)(x+2)

A good factoring strategy is to work through these questions in order:



	Is there a GCF?

	Does it have 4 terms that suggest grouping?

	Does it match a special pattern, like cubes or difference of squares?

	Does it look like a quadratic form such as x4,x2,constant?

	Can I find a root and use synthetic division?




Common special patterns to remember:



	Difference of squares: a2−b2=(a−b)(a+b)

	Difference of cubes: a3−b3=(a−b)(a2+ab+b2)

	Sum of cubes: a3+b3=(a+b)(a2−ab+b2)




Common mistakes to avoid:



	Forgetting to factor out the GCF first

	Stopping too early before factoring completely

	Mixing up the formulas for sum and difference of cubes

	Using synthetic division with the wrong sign: if the factor is (x−r), use r

	Forgetting missing terms in synthetic division, such as writing x4+x+1 as coefficients 1,0,0,1,1




One more quick check: after factoring, you can multiply the factors back together to see if you get the original polynomial. This is a good way to catch sign errors.


[image: 📋]   Summary


To factor higher-degree polynomials, start by factoring out any GCF. Then look for the structure of the polynomial: use grouping for four terms, special formulas for sums or differences of cubes, quadratic form substitution when powers repeat in a pattern, and synthetic division when you know or can test a root.


The most important habit is to keep going until the polynomial is completely factored. With practice, you will become faster at recognizing which method fits each problem.


  
  Put what you read to the test

  You've worked through Factoring Higher-Degree Polynomials. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1142






  [image: 📝]   Lesson 50: Fundamental Theorem of Algebra

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1182




  Fundamental Theorem of Algebra is one of the most important ideas about polynomial functions. It tells us how many solutions, or roots, a polynomial equation has when we allow answers from the set of complex numbers.


This theorem helps us answer questions like: “How many roots should this polynomial have?” and “Why do some polynomials have answers that are not real numbers?” It also explains why complex roots often come in pairs.


In this lesson, you will learn what the theorem says, how it connects to the degree of a polynomial, and how to use it to understand real and complex roots.


Before we begin, remember these words:


  	A polynomial is an expression like x3−4x+1 or 2x4+3x2−7.

  	A root or zero is a value of x that makes the polynomial equal to 0.

  	The degree of a polynomial is the highest power of x.

  	A real root is a solution on the real number line.

  	A complex root includes numbers with i, where i2=−1.




The Fundamental Theorem of Algebra states:

Every polynomial of degree n, where n≥1, has exactly n complex roots, counting multiplicity.


This means:


  	A degree 1 polynomial has 1 root.

  	A degree 2 polynomial has 2 roots.

  	A degree 3 polynomial has 3 roots.

  	A degree 4 polynomial has 4 roots.




These roots may be real or complex, but the total number is always equal to the degree, as long as we count repeated roots correctly.


What does “counting multiplicity” mean?

If the same root appears more than once, we count it more than once.


For example, consider

(x−2)3=0
The only root is x=2, but it appears 3 times. So this polynomial has 3 roots counting multiplicity.


Another example is

(x+1)2(x−4)=0
Its roots are x=−1 and x=4. But −1 is repeated twice, so the polynomial has 3 roots counting multiplicity: −1,−1,4.


Why do we need complex numbers?

Some polynomials do not have enough real roots to match their degree. Complex numbers fill in the missing roots.


For example, look at

x2+1=0
If we solve, we get

x2=−1
x=±i
There are no real solutions, but there are 2 complex solutions. Since the polynomial is degree 2, the theorem says there must be 2 complex roots, and there are.


Complex Conjugate Pairs

When a polynomial has real coefficients, any complex roots that are not real must come in conjugate pairs.


A pair of complex conjugates looks like:

a+bianda−bi
For example:


  	3+2i and 3−2i

  	−1+5i and −1−5i




This happens because when polynomial coefficients are real numbers, the imaginary parts must balance in a way that keeps the coefficients real.


For example, if 2+i is a root of a polynomial with real coefficients, then 2−i must also be a root.


This leads to an important idea:


  	Odd-degree polynomials must have at least one real root.

  	Even-degree polynomials may have no real roots.




Why? Because non-real complex roots come in pairs. If a polynomial has odd degree, the total number of roots is odd. After pairing up any non-real complex roots, at least one root must be left over, and that leftover root must be real.


For instance:


  	A degree 3 polynomial could have 3 real roots, or 1 real root and 2 complex roots.

  	A degree 4 polynomial could have 4 real roots, 2 real and 2 complex roots, or 4 complex roots.




How this connects to factoring

If a polynomial has degree n, then over the complex numbers it can be factored completely into n linear factors.


For example, if a degree 3 polynomial has roots 1, −2, and 4, then it can be written as

a(x−1)(x+2)(x−4)
for some nonzero constant a.


If some roots are complex, we can still factor it over the complex numbers. For example, if the roots are 1, 2+i, and 2−i, then the polynomial can be written as

a(x−1)(x−(2+i))(x−(2−i))

When we multiply conjugate factors together, we get a quadratic with real coefficients.

(x−(2+i))(x−(2−i))=((x−2)−i)((x−2)+i)
=(x−2)2+1
=x2−4x+5

So a polynomial with real coefficients and roots 1, 2+i, and 2−i could be written as

a(x−1)(x2−4x+5)

Worked Example 1: Counting total roots from the degree

How many complex roots does the polynomial p(x)=3x5−2x3+x−7 have?


Step 1: Identify the degree.

The highest power is 5, so the degree is 5.


Step 2: Use the Fundamental Theorem of Algebra.

A degree 5 polynomial has exactly 5 complex roots, counting multiplicity.


Answer: The polynomial has 5 complex roots.


Worked Example 2: Repeated roots

Find the roots of

(x−3)2(x+1)=0
and state how many roots it has counting multiplicity.


Step 1: Set each factor equal to 0.

x−3=0⇒x=3
x+1=0⇒x=−1

Step 2: Notice repetition.

The factor (x−3)2 means x=3 is a root twice.


Answer: The roots are 3,3,−1. There are 3 roots counting multiplicity.


Worked Example 3: Missing real roots are complex

Solve the equation

x4−16=0
and show all roots.


Step 1: Factor the expression.

x4−16=(x2−4)(x2+4)
=(x−2)(x+2)(x2+4)

Step 2: Solve each factor.

x−2=0⇒x=2
x+2=0⇒x=−2
x2+4=0⇒x2=−4⇒x=±2i

Answer: The 4 roots are

2, −2, 2i, −2i
This matches the theorem because the polynomial is degree 4, so it has 4 complex roots total.


Worked Example 4: Using the conjugate pair rule

A polynomial has real coefficients. One root is 5−3i, and the polynomial is degree 3. Another root is 2. What are all of its roots?


Step 1: Use the conjugate pair rule.

If 5−3i is a root and the coefficients are real, then 5+3i must also be a root.


Step 2: Include the given real root.

The other root is 2.


Answer: The 3 roots are

5−3i, 5+3i, 2
This makes sense because a degree 3 polynomial must have 3 roots counting multiplicity.


Key ideas to remember


  	The degree of a polynomial tells the total number of complex roots.

  	You must count repeated roots according to multiplicity.

  	Some roots may be real, and some may be complex.

  	If the polynomial has real coefficients, non-real complex roots come in conjugate pairs.

  	Odd-degree polynomials always have at least one real root.




Common mistakes


  	Mistake: Counting only real roots.
Remember: the theorem counts complex roots, not just real ones.

  	Mistake: Forgetting multiplicity.
A repeated root must be counted more than once.

  	Mistake: Ignoring the conjugate pair rule.
If coefficients are real and one root is a+bi, then a−bi must also be a root.

  	Mistake: Thinking every polynomial has all real roots.
Many polynomials need complex numbers to have the correct total number of roots.




Quick check


  	How many complex roots does a degree 6 polynomial have?

  	If (x+4)3=0, what root does it have and what is its multiplicity?

  	If a polynomial with real coefficients has root −2+i, what other complex root must it have?

  	Can a degree 5 polynomial with real coefficients have zero real roots? Why or why not?




Answers:


  	6 complex roots.

  	The root is −4, with multiplicity 3.

  	−2−i.

  	No. A degree 5 polynomial has an odd number of roots, and non-real complex roots come in pairs, so at least one root must be real.




[image: 📋]   Summary

The Fundamental Theorem of Algebra says that every polynomial of degree n has exactly n complex roots, counting multiplicity. This is why a polynomial may have fewer real roots than its degree suggests: the remaining roots can be complex. For polynomials with real coefficients, non-real complex roots always come in conjugate pairs, which helps us predict missing roots and understand polynomial behavior more completely.


  
  Put what you read to the test

  You've worked through Fundamental Theorem of Algebra. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1143






  [image: 📝]   Lesson 51: Root Multiplicity and Graph Behavior

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1183




  Root Multiplicity and Graph Behavior


When you graph a polynomial function, its x-intercepts tell you where the graph meets the x-axis. But there is more information hidden in each root than just its location. The multiplicity of a root helps us predict how the graph behaves at that x-intercept.


This is an important idea in higher-degree polynomial functions because it connects the algebraic form of a polynomial to its graph. If you know the factors of a polynomial, you can often tell whether the graph will cross the x-axis, touch and turn around, or flatten out as it passes through.


In this lesson, you will learn what multiplicity means, how to find it from a factored polynomial, and how it affects graph behavior at each root.


1. What is a root?


A root of a polynomial is a value of x that makes the polynomial equal to 0. On the graph, roots are the x-values where the graph meets the x-axis.


For example, if


f(x)=(x−2)(x+1)

then the roots are:



	x=2

	x=−1




These are also the x-intercepts of the graph.


2. What is multiplicity?


If a linear factor appears more than once, the root has a multiplicity greater than 1. The multiplicity is the exponent on that factor.


For example, in


f(x)=(x−3)2(x+2)3

the root x=3 comes from (x−3)2, so it has multiplicity 2.


The root x=−2 comes from (x+2)3, so it has multiplicity 3.


In general:



	If (x−r)1 is a factor, then r is a root with multiplicity 1.

	If (x−r)2 is a factor, then r is a root with multiplicity 2.

	If (x−r)k is a factor, then r is a root with multiplicity k.




3. How multiplicity affects graph behavior


The most important idea is whether the multiplicity is odd or even.


Odd multiplicity: the graph crosses the x-axis at the root.


Even multiplicity: the graph touches the x-axis and turns around at the root. It does not pass through.


This gives us a quick rule:



	Odd multiplicity  crosses the x-axis

	Even multiplicity  is tangent to the x-axis




Here, tangent to the x-axis means the graph just touches the x-axis at that point and then goes back the way it came.


4. What happens when the multiplicity is larger?


Higher multiplicities make the graph flatter near the root.



	Multiplicity 1: crosses normally

	Multiplicity 2: touches and turns around

	Multiplicity 3: crosses, but flattens near the root

	Multiplicity 4: touches and turns around, with even more flattening




So the graph behavior depends first on whether the multiplicity is odd or even, and second on how large the multiplicity is.


5. Why does this happen?


Think about simple powers of x:



	y=x crosses the x-axis at x=0

	y=x2 touches the x-axis at x=0 and turns around

	y=x3 crosses the x-axis, but flattens near 0

	y=x4 touches and turns around, with more flattening




When a polynomial has a factor like (x−r)k, the graph near x=r behaves a lot like the graph of y=xk near 0.


That is why odd and even multiplicities create different graph behaviors.


6. How to analyze a polynomial using multiplicity


When a polynomial is written in factored form, you can follow these steps:



	Find each linear factor.

	Set each factor equal to 0 to find the roots.

	Look at the exponent on each factor to find the multiplicity.

	Use odd/even rules to predict whether the graph crosses or just touches the x-axis.




Worked Example 1


Determine the roots, multiplicities, and graph behavior of


f(x)=(x−4)(x+1)2

Step 1: Find the roots.



	From (x−4), the root is x=4.

	From (x+1)2, the root is x=−1.




Step 2: Find the multiplicities.



	x=4 has multiplicity 1.

	x=−1 has multiplicity 2.




Step 3: Predict graph behavior.



	Multiplicity 1 is odd, so the graph crosses the x-axis at x=4.

	Multiplicity 2 is even, so the graph touches and turns around at x=−1.




Conclusion: The graph is tangent to the x-axis at (−1,0) and crosses at (4,0).


Worked Example 2


Analyze the graph behavior of


g(x)=−(x+3)3(x−2)

Step 1: Find the roots.



	x=−3

	x=2




Step 2: Find the multiplicities.



	x=−3 has multiplicity 3.

	x=2 has multiplicity 1.




Step 3: Predict graph behavior.



	Multiplicity 3 is odd, so the graph crosses the x-axis at x=−3.

	Because the multiplicity is greater than 1, the graph will flatten near x=−3.

	Multiplicity 1 at x=2 means the graph crosses normally there.




Important note: The negative sign in front changes the overall orientation of the graph, but it does not change whether the graph crosses or touches at a root.


Worked Example 3


Suppose a polynomial has roots:



	x=−2 with multiplicity 2

	x=1 with multiplicity 4

	x=5 with multiplicity 1




What can you say about the graph?


Analyze each root:



	At x=−2, multiplicity 2 is even, so the graph touches and turns around.

	At x=1, multiplicity 4 is even, so the graph touches and turns around again, but it will be flatter than at multiplicity 2.

	At x=5, multiplicity 1 is odd, so the graph crosses the x-axis.




Conclusion: The graph has three x-intercepts, but it only crosses the x-axis at one of them.


Worked Example 4


Write a polynomial in factored form that has the following behavior:



	Touches the x-axis at x=−4

	Crosses the x-axis at x=1

	Crosses the x-axis and flattens at x=3




Step 1: Match each behavior to a multiplicity.



	Touches at x=−4  even multiplicity; use 2

	Crosses at x=1  odd multiplicity; use 1

	Crosses and flattens at x=3  odd multiplicity greater than 1; use 3




Step 2: Write the factors.


f(x)=(x+4)2(x−1)(x−3)3

This is one correct answer. You could also multiply by any nonzero constant, such as 2 or -5, and the root behaviors would stay the same.


7. Reading multiplicity from a graph


Sometimes you are given a graph and asked to estimate multiplicities.


Use these clues:



	If the graph crosses the x-axis sharply, the multiplicity is often 1.

	If the graph touches and turns around, the multiplicity is usually 2 or another even number.

	If the graph crosses but looks flatter near the x-axis, the multiplicity may be 3 or another odd number greater than 1.




From a graph alone, it may not always be possible to know the exact multiplicity, but you can usually tell whether it is odd or even.


8. Common mistakes to avoid



	Confusing the root with the factor: If the factor is (x−2)3, the root is x=2, not x=−2.

	Ignoring the exponent: The exponent tells the multiplicity. It is not just decoration.

	Thinking every x-intercept crosses: Some roots only touch the x-axis.

	Forgetting flattening: Larger multiplicities make the graph less steep near the root.




9. Quick comparison table



	Multiplicity 1: crosses

	Multiplicity 2: touches and turns around

	Multiplicity 3: crosses and flattens

	Multiplicity 4: touches and flattens more




10. Final idea


Root multiplicity is one of the most useful tools for sketching polynomial graphs. Once a polynomial is factored, you can quickly identify its roots and predict what the graph does at each x-intercept.


Always ask two questions at each root:



	What is the multiplicity?

	Is that multiplicity odd or even?




If it is odd, the graph crosses. If it is even, the graph touches and turns around. If the multiplicity is larger than 1, the graph becomes flatter near the root.


  
  Put what you read to the test

  You've worked through Root Multiplicity and Graph Behavior. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1144






  [image: 📝]   Lesson 52: End Behavior of Polynomials
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  End Behavior of Polynomials


When we graph a polynomial, the middle of the graph may curve up and down in several ways. But the end behavior tells us what happens to the graph far to the left and far to the right.


In other words, end behavior describes what the function does as the input values become very large positive numbers or very large negative numbers. We write this using limits such as x→∞ and x→−∞.


For polynomial functions, end behavior is determined by just two things:


  	the degree of the polynomial

  	the sign of the leading coefficient




This is called the leading coefficient test.


1. Review: Degree and Leading Coefficient


A polynomial is an expression such as f(x)=3x4−2x2+7x−1.



  	The degree is the highest exponent of x. In 3x4−2x2+7x−1, the degree is 4.

  	The leading term is the term with the highest power. Here, it is 3x4.

  	The leading coefficient is the number in front of the leading term. Here, it is 3.




Why does the leading term matter so much? Because for very large values of x, the leading term grows much faster than the other terms. That means the leading term controls the end behavior.


For example, in


f(x)=2x5−4x3+6x−9,

the term 2x5 dominates when x is very large or very negative. So the end behavior of f(x) is the same as the end behavior of 2x5.


2. The Leading Coefficient Test


There are four basic cases. They depend on whether the degree is even or odd, and whether the leading coefficient is positive or negative.


Case 1: Even degree, positive leading coefficient


  	Both ends go up.

  	As x→∞, f(x)→∞.

  	As x→−∞, f(x)→∞.




Example leading terms: x2, 4x4, 0.5x6


Case 2: Even degree, negative leading coefficient


  	Both ends go down.

  	As x→∞, f(x)→−∞.

  	As x→−∞, f(x)→−∞.




Example leading terms: −x2, −3x4, −7x8


Case 3: Odd degree, positive leading coefficient


  	Left end goes down, right end goes up.

  	As x→∞, f(x)→∞.

  	As x→−∞, f(x)→−∞.




Example leading terms: x3, 2x5, 9x7


Case 4: Odd degree, negative leading coefficient


  	Left end goes up, right end goes down.

  	As x→∞, f(x)→−∞.

  	As x→−∞, f(x)→∞.




Example leading terms: −x3, −5x5, −2x9


3. A Quick Memory Trick



  	Even degree means the two ends go in the same direction.

  	Odd degree means the two ends go in opposite directions.

  	Positive leading coefficient means the graph goes up on the right.

  	Negative leading coefficient means the graph goes down on the right.




If you know what happens on the right and whether the ends match or oppose each other, you can quickly determine the full end behavior.


4. Why Lower-Degree Terms Do Not Change End Behavior


Consider the polynomial


f(x)=x4−1000x+3. 

Near the center of the graph, the term −1000x may affect the shape. But for very large values of x, the x4 term becomes much larger than −1000x.


For example, if x=100, then


x4=1004=100,000,000,

while


−1000x=−100,000. 

The x4 term is much larger, so it determines the end behavior. That is why we focus on the leading term.


5. Worked Examples


Example 1: Simple quadratic


Determine the end behavior of


f(x)=3x2−5x+1. 

Step 1: Identify the leading term. It is 3x2.


Step 2: Find the degree and sign.


  	Degree: 2, which is even

  	Leading coefficient: 3, which is positive




Step 3: Use the leading coefficient test.


Even degree and positive leading coefficient means both ends go up.


So:


as x→∞, f(x)→∞
as x→−∞, f(x)→∞

Example 2: Negative quartic


Determine the end behavior of


g(x)=−2x4+x3−7. 

Step 1: The leading term is −2x4.


Step 2: Degree and sign:


  	Degree: 4, which is even

  	Leading coefficient: −2, which is negative




Step 3: Apply the test.


Even degree and negative leading coefficient means both ends go down.


So:


as x→∞, g(x)→−∞
as x→−∞, g(x)→−∞

Example 3: Positive cubic


Determine the end behavior of


h(x)=5x3−2x2+8x−1. 

Step 1: The leading term is 5x3.


Step 2: Degree and sign:


  	Degree: 3, which is odd

  	Leading coefficient: 5, which is positive




Step 3: Apply the test.


Odd degree and positive leading coefficient means left down, right up.


So:


as x→∞, h(x)→∞
as x→−∞, h(x)→−∞

Example 4: Polynomial written out of order


Determine the end behavior of


p(x)=7−4x5+2x2. 

This example is important because the polynomial is not written in descending powers.


Step 1: Find the term with the highest exponent. That is −4x5.


Step 2: Degree and sign:


  	Degree: 5, which is odd

  	Leading coefficient: −4, which is negative




Step 3: Apply the test.


Odd degree and negative leading coefficient means left up, right down.


So:


as x→∞, p(x)→−∞
as x→−∞, p(x)→∞

6. How to Write End Behavior Clearly


You may be asked to describe end behavior in words, symbols, or both.


In words:


  	both ends up

  	both ends down

  	left down, right up

  	left up, right down




In symbols:


  	As x→∞, f(x)→∞

  	As x→−∞, f(x)→−∞




Make sure you match the direction of x with the correct output behavior of the function.


7. Common Mistakes to Avoid



  	Looking at the constant term. The constant does not determine end behavior.

  	Using the first term written instead of the leading term. Always find the term with the highest power.

  	Mixing up even and odd degrees. Even means same direction; odd means opposite directions.

  	Forgetting the sign of the leading coefficient. Positive means up on the right; negative means down on the right.




8. Step-by-Step Strategy



  	Find the term with the greatest exponent.

  	Identify the degree as even or odd.

  	Identify the leading coefficient as positive or negative.

  	Use the leading coefficient test to decide the directions of the ends.

  	Write the answer in words or limit notation.




9. Practice Check


Try these on your own:



  	f(x)=x6+2x−1

  	g(x)=−3x2+4x+9

  	h(x)=8x7−x3+2

  	p(x)=1−6x9




Answers:


  	x6: even, positive rightarrow both ends up

  	−3x2: even, negative rightarrow both ends down

  	8x7: odd, positive rightarrow left down, right up

  	−6x9: odd, negative rightarrow left up, right down




[image: 📋]   Summary


The end behavior of a polynomial depends on its leading term. The degree tells whether the ends go in the same or opposite directions, and the sign of the leading coefficient tells whether the graph rises or falls on the right.


If the degree is even, both ends match. If the degree is odd, the ends go opposite ways. If the leading coefficient is positive, the graph rises to the right; if negative, it falls to the right. Once you know those two facts, you can determine the end behavior of any polynomial.


  
  Put what you read to the test

  You've worked through End Behavior of Polynomials. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1145






  [image: 📝]   Lesson 53: Polynomial Inequalities and Sign Charts

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1185




  Polynomial Inequalities and Sign Charts


When you solve an equation like x2−9=0, you are finding the exact values of x that make the expression equal to zero.


When you solve an inequality like x2−9>0, you are finding the values of x that make the expression positive or negative. For higher-degree polynomials, this is often easiest to do with a sign chart.


A sign chart helps you track where a polynomial is positive, negative, or zero. This is especially useful for cubic, quartic, and other higher-degree polynomial inequalities.


In this lesson, you will learn how to:


  	find the critical values of a polynomial inequality,

  	split the number line into intervals,

  	test the sign of the polynomial on each interval,

  	decide which intervals satisfy the inequality.




1. What is a polynomial inequality?


A polynomial inequality compares a polynomial expression to zero using symbols such as:


  	> greater than

  	< less than

  	≥ greater than or equal to

  	≤ less than or equal to




Examples:


  	x3−4x>0

  	x4−5x2+4≤0

  	(x−2)2(x+1)<0




The goal is not to find just one answer. Instead, the solution is often an interval or a combination of intervals on the number line.


2. The basic idea of sign charts


A polynomial can only change sign at its real zeros, also called critical values in this context.


So the strategy is:


  	Move everything to one side so the inequality is compared to 0.

  	Factor the polynomial if possible.

  	Find the real zeros.

  	Place those zeros on a number line.

  	These zeros split the number line into intervals.

  	Test one value from each interval to see whether the polynomial is positive or negative there.

  	Choose the intervals that match the inequality.




3. Important idea: multiplicity


If a factor appears more than once, its zero has a multiplicity.


For example:


  	(x−2)(x+1) has zeros x=2 and x=−1, each with multiplicity 1.

  	(x−3)2(x+4) has zero x=3 with multiplicity 2, and zero x=−4 with multiplicity 1.




This matters because:


  	If a zero has odd multiplicity, the sign changes when you pass through it.

  	If a zero has even multiplicity, the sign does not change when you pass through it.




This can make sign charts faster and more accurate.


4. Worked Example 1


Solve:

x3−4x>0


Step 1: Factor the polynomial

x3−4x=x(x2−4)=x(x−2)(x+2)


Step 2: Find the zeros

The zeros are:

x=−2,x=0,x=2


Step 3: Split the number line into intervals

These values divide the number line into:


  	(−∞,−2)

  	(−2,0)

  	(0,2)

  	(2,∞)




Step 4: Test each interval

Use one value from each interval.



  	For (−∞,−2), test x=−3:
  (−3)(−5)(−1)<0
  so the polynomial is negative.


  	For (−2,0), test x=−1:
  (−1)(−3)(1)>0
  so the polynomial is positive.


  	For (0,2), test x=1:
  (1)(−1)(3)<0
  so the polynomial is negative.


  	For (2,∞), test x=3:
  (3)(1)(5)>0
  so the polynomial is positive.




Step 5: Choose the intervals where the expression is positive

We want x3−4x>0, so we choose the positive intervals:

(−2,0)∪(2,∞)


Answer: x∈(−2,0)∪(2,∞)


5. Worked Example 2


Solve:

x4−5x2+4≤0


Step 1: Factor

This is a quadratic in x2:

x4−5x2+4=(x2−1)(x2−4)

Then factor each part:

x4−5x2+4=(x−1)(x+1)(x−2)(x+2)


Step 2: Find the zeros

x=−2,−1,1,2


Step 3: Intervals


  	(−∞,−2)

  	(−2,−1)

  	(−1,1)

  	(1,2)

  	(2,∞)




Step 4: Test signs



  	Test x=−3: all four factors multiply to a positive value, so sign is +.

  	Test x=−32: sign is −.

  	Test x=0:
  (−1)(1)(−2)(2)>0
  so sign is +.

  	Test x=32: sign is −.

  	Test x=3: sign is +.




So the sign pattern is:

+−+−+


Step 5: Solve the inequality

We want the polynomial to be less than or equal to zero. That means:


  	include intervals where the sign is negative,

  	also include the zeros, because of ≤.




So the solution is:

[−2,−1]∪[1,2]


Answer: x∈[−2,−1]∪[1,2]


6. Worked Example 3: repeated factor


Solve:

(x−1)2(x+3)<0


Step 1: Find the zeros and multiplicities


  	x=1, multiplicity 2

  	x=−3, multiplicity 1




Step 2: Set up intervals


  	(−∞,−3)

  	(−3,1)

  	(1,∞)




Step 3: Analyze signs

The factor (x−1)2 is always nonnegative, and positive except at x=1.


So the sign mainly depends on (x+3), except that the whole expression is zero at x=1 and x=−3.



  	For x<−3, (x+3) is negative, so the product is negative.

  	For −3<x<1, (x+3) is positive, so the product is positive.

  	For x>1, (x+3) is positive, so the product is positive.




Notice what happens at x=1: since the multiplicity is even, the sign does not change there.


Step 4: Choose the negative interval

We want:

(x−1)2(x+3)<0


The expression is negative only on:

(−∞,−3)


We do not include x=−3 because the inequality is strict. We also do not include x=1, where the expression is zero.


Answer: x∈(−∞,−3)


7. Worked Example 4: using sign changes efficiently


Solve:

(x+2)(x−1)3(x−4)≥0


Step 1: Zeros and multiplicities


  	x=−2, multiplicity 1

  	x=1, multiplicity 3

  	x=4, multiplicity 1




All of these multiplicities are odd, so the sign changes at each zero.


Step 2: Intervals


  	(−∞,−2)

  	(−2,1)

  	(1,4)

  	(4,∞)




Step 3: Find one sign, then alternate

Test a point in the last interval, such as x=5:

(5+2)(5−1)3(5−4)>0

So the sign on (4,∞) is positive.


Since the sign changes at each zero, the pattern must be:

−+−+


That means:


  	(−∞,−2): negative

  	(−2,1): positive

  	(1,4): negative

  	(4,∞): positive




Step 4: Solve the inequality

We want the polynomial to be greater than or equal to zero, so include:


  	positive intervals,

  	and the zeros −2, 1, and 4.




So the solution is:

[−2,1]∪[4,∞)


Answer: x∈[−2,1]∪[4,∞)


8. How to write a sign chart


A simple sign chart for a factored polynomial might look like this:

Zeros: a, b, c

Intervals: (−∞,a), (a,b), (b,c), (c,∞)

Signs: +, −, +, −


You can organize your work by listing:


  	the factors,

  	the zeros,

  	the sign of each factor on each interval,

  	the overall sign of the product.




This is especially helpful when there are many factors.


9. Tips for solving polynomial inequalities



  	Always move everything to one side so the inequality is compared to 0.

  	Factor completely if possible.

  	Find all real zeros. Only real zeros split the number line.

  	Use parentheses for strict inequalities like < or >.

  	Use brackets for inclusive inequalities like ≤ or ≥, but only at points where the expression is actually zero.

  	Watch repeated factors. Even multiplicity means no sign change; odd multiplicity means sign change.

  	Check your final answer by testing one point from each chosen interval.




10. Common mistakes to avoid



  	Forgetting to compare to zero first. A sign chart works best when one side is zero.

  	Missing a factor. Incomplete factoring leads to wrong critical values.

  	Including zeros in a strict inequality. If the inequality is > or <, zeros are not included.

  	Assuming the sign always changes at every zero. It does not change at zeros with even multiplicity.

  	Testing poorly chosen points. Pick easy values from each interval.




11. Step-by-step method to remember



  	Write the inequality in the form P(x)  ?  0.

  	Factor P(x) completely.

  	Find the real zeros.

  	Mark the zeros on a number line.

  	Split into intervals.

  	Use test points or multiplicity rules to determine the sign on each interval.

  	Select the intervals that satisfy the inequality.

  	Include endpoints only if the inequality allows equality.




Brief Summary


Polynomial inequalities are solved by finding where the polynomial is positive, negative, or zero. A sign chart makes this easier by using the real zeros to divide the number line into intervals and then checking the sign on each interval.


The most important ideas are to factor completely, identify all real zeros, and pay attention to multiplicity. Odd multiplicity means the sign changes at that zero, while even multiplicity means it does not.


Once you know the sign of the polynomial on each interval, you can choose the intervals that match the inequality and write the solution using interval notation.


  
  Put what you read to the test

  You've worked through Polynomial Inequalities and Sign Charts. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1146






  
    
  [image: 📖]   Chapter 7

  Rational Functions and Asymptotic Behavior
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  Lesson: Rational Expressions and Domain


In algebra, a rational expression is a fraction whose numerator and denominator are polynomials. Some examples are x+3x−2, 2x2−5x2+1, and 3x2−9.


A big idea with rational expressions is that they are not defined when the denominator equals zero. Since division by zero is impossible, any value that makes the denominator zero must be excluded from the domain.


The domain of an expression is the set of all input values the expression is allowed to use. For rational expressions, finding the domain means finding which values of the variable make the denominator zero, then excluding those values.


This idea is very important because undefined values are connected to discontinuities in rational functions. In later work, these excluded values may become holes or vertical asymptotes in a graph. So before graphing or simplifying, we first check the domain.


Main Idea


To find the domain of a rational expression:



  	Look at the denominator.

  	Set the denominator equal to zero.

  	Solve the equation.

  	Exclude those values from the domain.




In symbols, if a rational expression has the form


P(x)Q(x),


then the domain is all real numbers except the values that make Q(x)=0.


Why factoring matters


Sometimes the denominator is easy to solve, such as x−4=0. But often the denominator is a quadratic or another polynomial, so factoring helps us find the restricted values.


For example, if the denominator is


x2−5x+6,


we factor it as


x2−5x+6=(x−2)(x−3).


Then we set each factor equal to zero:


x−2=0orx−3=0,


so x=2 and x=3 must be excluded from the domain.


Important note about simplifying


Sometimes a factor in the numerator and denominator cancels. Even if it cancels, the original expression still cannot use any value that made the original denominator zero.


For instance, consider


x−3x2−5x+6.


Factoring gives


x−3(x−2)(x−3).


You can simplify this to


1x−2,


but the original denominator was zero at both x=2 and x=3. So the domain is not just x≠2. It is


x≠2,  x≠3.


The value x=3 is still excluded because the original expression was undefined there.


Ways to write the domain


You can describe domain in words or symbols:



  	Words: all real numbers except 2 and 3

  	Symbols: x≠2, x≠3

  	Interval notation: (−∞,2)∪(2,3)∪(3,∞)




Worked Example 1: Simple linear denominator


Find the domain of


5x−7.


Step 1: Set the denominator equal to zero.


x−7=0


Step 2: Solve.


x=7


Step 3: Exclude this value.


So the domain is all real numbers except 7.


Domain: x≠7


Interval notation: (−∞,7)∪(7,∞)


Worked Example 2: Factor a quadratic denominator


Find the domain of


2x+1x2−9.


Step 1: Factor the denominator.


x2−9=(x−3)(x+3)


Step 2: Set each factor equal to zero.


x−3=0⇒x=3


x+3=0⇒x=−3


Step 3: Exclude both values.


So the domain is all real numbers except −3 and 3.


Domain: x≠−3,  x≠3


Interval notation: (−∞,−3)∪(−3,3)∪(3,∞)


Worked Example 3: A factor cancels, but the restriction stays


Find the domain of


x+4x2+x−12.


Step 1: Factor the denominator.


x2+x−12=(x+4)(x−3)


So the expression becomes


x+4(x+4)(x−3).


Step 2: Find the values that make the denominator zero.


x+4=0⇒x=−4


x−3=0⇒x=3


Step 3: Exclude both values.


Even though x+4 cancels during simplification, x=−4 is still not allowed because it made the original denominator zero.


The simplified form is


1x−3,


but the domain of the original expression is


x≠−4,  x≠3.


Interval notation: (−∞,−4)∪(−4,3)∪(3,∞)


Worked Example 4: Denominator with three factors


Find the domain of


x2−1x(x−5)(x+2).


Step 1: Look at the denominator.


x(x−5)(x+2)


Step 2: Set each factor equal to zero.


x=0


x−5=0⇒x=5


x+2=0⇒x=−2


Step 3: Exclude all three values.


Domain: x≠−2,  x≠0,  x≠5


Interval notation: (−∞,−2)∪(−2,0)∪(0,5)∪(5,∞)


Common mistakes to avoid



  	Only checking the numerator: The numerator can be zero. That is allowed. The denominator cannot be zero.

  	Forgetting to factor completely: If the denominator is not fully factored, you might miss a restricted value.

  	Losing restrictions after canceling: Always find restrictions from the original denominator.

  	Writing the wrong interval notation: Excluded values create breaks in the intervals.




Quick check: numerator zero vs. denominator zero


Consider


x−2x+1.


If x=2, the numerator is zero, and the expression becomes


03=0,


which is perfectly defined.


If x=−1, the denominator is zero, and the expression is undefined.


So the only value excluded from the domain is x=−1.


Connection to rational functions


When a rational expression is used as a function, the excluded domain values show where the function has a break. These breaks help explain asymptotic behavior and discontinuities.


If a denominator factor does not cancel, it often leads to a vertical asymptote. If a factor cancels, it often leads to a hole. In both cases, the excluded value comes from the denominator being zero in the original expression.


Strategy you can always use



  	Write the rational expression clearly.

  	Focus on the denominator only.

  	Factor the denominator completely.

  	Set each denominator factor equal to zero.

  	List those values as excluded from the domain.

  	If needed, write the answer in interval notation.




Brief Summary


A rational expression is undefined wherever its denominator equals zero. To find the domain, factor the denominator, solve for the values that make it zero, and exclude those values.


Be careful when simplifying: canceled factors still create domain restrictions if they were in the original denominator. Always use the original expression to determine the full domain.


  
  Put what you read to the test

  You've worked through Rational Expressions and Domain. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1147
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  Operations on Rational Expressions
Rational expressions are fractions that contain polynomials in the numerator, the denominator, or both. Examples include x+3x−2 and 2x2−8x2−1.
Learning how to add, subtract, multiply, and divide rational expressions is important because these expressions appear often in algebra, rational functions, and equations involving fractions.
In this lesson, you will learn how to:
	simplify rational expressions,
	find restrictions on the variable,
	multiply and divide rational expressions,
	add and subtract rational expressions using a least common denominator,
	simplify complex rational expressions.

1. What is a rational expression?
A rational expression is any expression of the form
P(x)Q(x)
where P(x) and Q(x) are polynomials and Q(x)≠0.
This means the denominator can never be zero. So whenever you work with a rational expression, you should first think about restrictions: which values of the variable make the denominator zero?
For example, in x+1x−4, the denominator is zero when x=4. So x≠4.
2. Simplifying rational expressions
Simplifying a rational expression is similar to simplifying a numerical fraction. You factor the numerator and denominator, then cancel any common factors.
It is very important to remember that you can only cancel factors, not terms that are being added or subtracted.
For example,
x2−9x2+x−12
First factor both parts:
x2−9=(x−3)(x+3)
x2+x−12=(x+4)(x−3)
So the expression becomes
(x−3)(x+3)(x+4)(x−3)
Now cancel the common factor (x−3):
x+3x+4
But the original denominator also tells us that x≠3 and x≠−4.
Even though (x−3) canceled, x=3 is still not allowed because it made the original denominator zero.
3. Multiplying rational expressions
To multiply rational expressions:
	Factor each numerator and denominator completely.
	Cancel any common factors.
	Multiply what remains.

This works because multiplying fractions follows the same rule as with numbers:
ab⋅cd=acbd
Worked Example 1: Multiplying rational expressions
Simplify:
x2−4x2−5x+6⋅x−3x+2
Step 1: Factor everything.
x2−4=(x−2)(x+2)
x2−5x+6=(x−2)(x−3)
So:
(x−2)(x+2)(x−2)(x−3)⋅x−3x+2
Step 2: Cancel common factors.
The factors (x−2), (x−3), and (x+2) all cancel:
1
Step 3: State restrictions.
From the original denominators,
x2−5x+6=(x−2)(x−3),x+2≠0
So:
x≠2,  x≠3,  x≠−2
Answer: 1, with restrictions x≠2,3,−2.
4. Dividing rational expressions
To divide rational expressions, use the rule:
ab÷cd=ab⋅dc
In words: keep the first fraction, change division to multiplication, and flip the second fraction.
Then factor, cancel common factors, and simplify.
Worked Example 2: Dividing rational expressions
Simplify:
x2−1x2+2x+1÷x−1x+1
Step 1: Rewrite as multiplication by the reciprocal.
x2−1x2+2x+1⋅x+1x−1
Step 2: Factor.
x2−1=(x−1)(x+1)
x2+2x+1=(x+1)2
So:
(x−1)(x+1)(x+1)2⋅x+1x−1
Step 3: Cancel common factors.
Cancel (x−1) and one (x+1) from numerator and denominator:
1
Step 4: State restrictions.
From the original problem:
	x2+2x+1=(x+1)2≠0, so x≠−1
	Also, the divisor x−1x+1 cannot be zero, so x−1≠0, meaning x≠1

Answer: 1, with restrictions x≠−1,1.
5. Adding and subtracting rational expressions
Adding and subtracting rational expressions is different from multiplying and dividing. You cannot add the numerators and denominators directly.
For example, this is not correct:
1x+1x+1≠22x+1
To add or subtract rational expressions, you need a common denominator. Usually, you use the least common denominator (LCD), which is the smallest denominator that contains all the factors needed.
Steps for adding or subtracting rational expressions:
	Factor each denominator completely.
	Find the LCD.
	Rewrite each expression with the LCD.
	Add or subtract the numerators.
	Simplify if possible.
	State any restrictions.

How to find the LCD
Suppose the denominators are (x−2) and (x+3)(x−2). The LCD must include each factor the greatest number of times it appears. So the LCD is
(x−2)(x+3)
If the denominators are (x−1)2 and (x−1)(x+4), then the LCD is
(x−1)2(x+4)
Worked Example 3: Adding rational expressions
Simplify:
3x+2x+1
Step 1: Find the LCD.
The denominators are x and x+1, so the LCD is
x(x+1)
Step 2: Rewrite each fraction.
3x=3(x+1)x(x+1)
2x+1=2xx(x+1)
Step 3: Add the numerators.
3(x+1)x(x+1)+2xx(x+1)=3(x+1)+2xx(x+1)
Expand the numerator:
3x+3+2xx(x+1)=5x+3x(x+1)
Step 4: State restrictions.
x≠0 and x≠−1.
Answer:
5x+3x(x+1)
with x≠0,−1.
Worked Example 4: Subtracting and simplifying
Simplify:
2x2−1−1x−1
Step 1: Factor the denominator.
x2−1=(x−1)(x+1)
So the problem is:
2(x−1)(x+1)−1x−1
Step 2: Find the LCD.
The LCD is
(x−1)(x+1)
Step 3: Rewrite the second fraction.
1x−1=x+1(x−1)(x+1)
Step 4: Subtract the numerators.
2(x−1)(x+1)−x+1(x−1)(x+1)=2−(x+1)(x−1)(x+1)
Simplify the numerator:
2−x−1(x−1)(x+1)=1−x(x−1)(x+1)
Step 5: Factor the numerator if possible.
1−x=−(x−1)
So:
−(x−1)(x−1)(x+1)
Cancel (x−1):
−1x+1
Step 6: State restrictions.
From the original expression, x≠1 and x≠−1.
Answer:
−1x+1
with x≠1,−1.
6. Complex rational expressions
A complex rational expression is a fraction that contains one or more rational expressions inside it, such as
1x+123x
To simplify complex rational expressions, there are two common methods:
	simplify the numerator and denominator separately first, or
	multiply the entire expression by the LCD of all the small denominators.

Here we will use the first method.
Worked Example 5: Simplifying a complex rational expression
Simplify:
1x+123x
Step 1: Simplify the numerator.
The LCD of x and 2 is 2x.
1x=22x,12=x2x
So:
1x+12=2+x2x
Step 2: Rewrite the full expression.
x+22x3x
Step 3: Divide by multiplying by the reciprocal.
x+22x⋅x3
Step 4: Simplify.
Cancel the common factor x:
x+26
Restrictions: Since x appears in denominators, x≠0.
Answer:
x+26
with x≠0.
7. Common mistakes to avoid
	Canceling terms instead of factors.
For example, in x+2x, you cannot cancel the x from x+2. The numerator is a sum, not a product.
	Forgetting to factor first.
Many expressions only simplify after factoring completely.
	Adding denominators when adding fractions.
You add or subtract only the numerators once the denominators are the same.
	Forgetting restrictions.
Even if a factor cancels, values that made the original denominator zero are still not allowed.
	Not flipping the second fraction when dividing.
Division of rational expressions always becomes multiplication by the reciprocal.

8. Problem-solving checklist
When working with rational expressions, ask yourself:
	Did I factor everything completely?
	Did I identify any values that make a denominator zero?
	If multiplying or dividing, did I cancel only common factors?
	If adding or subtracting, did I use the LCD?
	Did I simplify my final answer as much as possible?

[image: 📋]   Summary
Operations on rational expressions follow the same basic ideas as operations on numerical fractions, but you must be more careful because the denominators contain variables.
To multiply and divide, factor first and cancel common factors. To add and subtract, find the least common denominator, rewrite each expression, and then combine the numerators.
Always remember that any value making an original denominator equal to zero is not allowed. Keeping track of those restrictions is an important part of every problem involving rational expressions.


  
  Put what you read to the test

  You've worked through Operations on Rational Expressions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1148
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  Solving Rational Equations means solving equations that contain rational expressions, which are fractions with polynomials in the numerator, denominator, or both. A simple example is 1x=3. A more complicated one might be 2x−1+1x+2=1.


These equations are important because the variable can appear in the denominator. That creates an extra challenge: some values of the variable are not allowed, because division by zero is undefined. When solving rational equations, you must always check for these restricted values and make sure your final answers are valid.


The main idea is to clear the fractions by multiplying every term in the equation by the least common denominator (LCD). This turns the rational equation into a simpler equation, often linear or quadratic, which is much easier to solve.


Step 1: Find values that are not allowed.


Any value that makes a denominator equal to zero is excluded from the domain of the equation. These values can never be solutions.


For example, in the equation


3x−4+1x=2,


the denominators are x−4 and x. So the restricted values are:


x≠4andx≠0.


It is helpful to write these restrictions before doing any algebra.


Step 2: Find the least common denominator (LCD).


The LCD is the smallest expression that contains all the denominator factors. You use it to eliminate all fractions in one step.


For example:


	The LCD of x and x−2 is x(x−2).

	The LCD of x2 and x is x2.

	The LCD of (x+1) and (x+1)(x−3) is (x+1)(x−3).




Step 3: Multiply every term by the LCD.


This is the key step. When you multiply every term by the LCD, the denominators cancel. Be careful to multiply every term on both sides of the equation.


For instance, if you have


1x+2x+3=4,


the LCD is x(x+3). Multiplying each term by the LCD gives:


x(x+3)(1x)+x(x+3)(2x+3)=x(x+3)(4).


Then simplify each term:


x+3+2x=4x(x+3).


After the fractions are gone, solve the resulting equation.


Step 4: Solve the new equation.


Once the fractions have been removed, solve using the algebra skills you already know. The equation may become:


	a linear equation,

	a quadratic equation, or

	another polynomial equation that can be simplified.




Step 5: Check for extraneous solutions.


An extraneous solution is a value that appears during the algebra but does not actually work in the original equation. This often happens in rational equations because multiplying by expressions involving the variable can introduce values that make a denominator zero.


So after solving, you must:


	compare your answers to the restricted values, and

	substitute them back into the original equation if needed.




If an answer makes any denominator zero, it must be rejected.


Worked Example 1: A basic rational equation


Solve:

2x=6


Step 1: Restriction

Since x is in the denominator, x≠0.


Step 2: LCD

The only denominator is x, so the LCD is x.


Step 3: Multiply both sides by x

x(2x)=x(6)

2=6x


Step 4: Solve

x=26=13


Step 5: Check

13 is not a restricted value. Substitute into the original equation:

21/3=6

6=6


Solution: x=13


Worked Example 2: Different denominators


Solve:

1x+12=3x


Step 1: Restriction

x≠0


Step 2: LCD

The denominators are x, 2, and x. The LCD is 2x.


Step 3: Multiply every term by 2x

2x(1x)+2x(12)=2x(3x)

2+x=6


Step 4: Solve

x=4


Step 5: Check

4 is allowed since it does not make a denominator zero.

Substitute back:

14+12=34

14+24=34

34=34


Solution: x=4


Worked Example 3: Variables in two denominators


Solve:

3x−1−1x+2=1


Step 1: Restrictions

The denominators cannot be zero:

x−1≠0⇒x≠1

x+2≠0⇒x≠−2


Step 2: LCD

The LCD is (x−1)(x+2).


Step 3: Multiply every term by the LCD

(x−1)(x+2)(3x−1)−(x−1)(x+2)(1x+2)=(x−1)(x+2)(1)


Simplify:

3(x+2)−(x−1)=(x−1)(x+2)


Expand both sides:

3x+6−x+1=x2+x−2

2x+7=x2+x−2


Move all terms to one side:

0=x2−x−9

or

x2−x−9=0


Step 4: Solve the quadratic

Use the quadratic formula:

x=−(−1)±(−1)2−4(1)(−9)2(1)

x=1±1+362

x=1±372


Step 5: Check restrictions

Neither 1+372 nor 1−372 equals 1 or −2, so both are valid.


Solutions:

x=1+372orx=1−372


Worked Example 4: An equation with an extraneous solution


Solve:

xx−2=4x−2


Step 1: Restriction

x−2≠0⇒x≠2


Step 2: LCD

The LCD is x−2.


Step 3: Multiply both sides by x−2

(x−2)(xx−2)=(x−2)(4x−2)

x=4


This solution is allowed, so it works.


Now let us look at a case where algebra may suggest a value that must be rejected.


Solve:

1x−3=x−3(x−3)2


At first glance, both sides simplify to the same expression whenever x≠3. The restriction is:

x≠3


If someone multiplied by (x−3)2, they would get:

x−3=x−3


This identity is true for all values of x, but we must still keep the restriction. So the solution is all real numbers except 3.


This example shows why restrictions matter. Even if the algebra looks valid for every number, values that make a denominator zero are never allowed.


Common mistakes to avoid


	Forgetting restrictions. Always identify values that make denominators zero before solving.

	Using the wrong LCD. Factor denominators carefully if needed, then choose the smallest expression containing all factors.

	Not multiplying every term. The LCD must be distributed to each term on both sides of the equation.

	Arithmetic errors after clearing fractions. Go slowly when expanding and combining like terms.

	Not checking answers. Some solutions may be extraneous and must be rejected.




Helpful strategy


	Write the restrictions.

	Find the LCD.

	Multiply every term by the LCD.

	Simplify and solve.

	Check each solution in the original equation.




If you follow this process carefully, rational equations become much more manageable.


Brief Summary


To solve a rational equation, first identify any values that make denominators zero. Then find the LCD and multiply every term by it to remove the fractions. Solve the resulting equation, and finally check each answer to make sure it is not restricted and does work in the original equation. This final check is essential because rational equations can produce extraneous solutions.


  
  Put what you read to the test

  You've worked through Solving Rational Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1149
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  Vertical Asymptotes and Removable Discontinuities


Rational functions are functions written as a fraction of two polynomials. They often have places where the function is not defined, and those points can create important features on the graph.


Two common types of discontinuities in rational functions are vertical asymptotes and removable discontinuities. These may look similar at first because both come from values that make the denominator equal to zero, but they are not the same. The key difference is whether the factor causing the zero cancels.


This lesson will show you how to tell them apart, how to find them from an equation, and what they mean on a graph.


1. What is a rational function?


A rational function has the form


f(x)=P(x)Q(x)


where P(x) and Q(x) are polynomials and Q(x)≠0.


The denominator cannot be zero, so any value of x that makes Q(x)=0 is not in the domain. Those values are the first places we check when looking for discontinuities.


2. What is a discontinuity?


A discontinuity is a break in the graph. In rational functions, discontinuities happen at values of x that make the denominator zero.


There are two types we will focus on:



  	Vertical asymptote: the graph shoots up or down without bound near a certain x-value.

  	Removable discontinuity: the graph has a hole at one point, even though the rest of the graph follows a smooth path.




3. Vertical asymptotes


A vertical asymptote happens when a factor in the denominator makes the denominator zero and does not cancel with the numerator.


If (x−a) stays in the denominator after simplifying, then x=a is a vertical asymptote.


Near a vertical asymptote, the function values become very large positive or very large negative numbers. On a graph, the curve rises or falls sharply near that line.


Example pattern:


f(x)=1x−3


At x=3, the denominator is zero. The factor (x−3) does not cancel, so x=3 is a vertical asymptote.


4. Removable discontinuities


A removable discontinuity happens when a factor in the denominator makes the denominator zero, but that same factor also appears in the numerator and cancels.


After canceling, the simplified function no longer has that factor. The graph behaves like the simplified function, except the original function is still undefined at the canceled value. This creates a hole.


Example pattern:


f(x)=x−3x−3


For all x≠3, this simplifies to f(x)=1. But the original function is undefined at x=3, so there is a hole at (3,1).


Important: Even if a factor cancels, the original function is still undefined at that value. Canceling helps us identify the graph's shape, but it does not put that value back into the domain.


5. How to tell the difference


To decide whether a denominator zero gives a vertical asymptote or a removable discontinuity, use this process:



  	Factor the numerator and denominator completely.

  	Find values of x that make the denominator zero.

  	Check whether the factor causing the zero cancels.

  	If it does not cancel, there is a vertical asymptote.

  	If it does cancel, there is a removable discontinuity (a hole).




6. How to find the hole's coordinates


If a factor cancels, the x-value of the hole comes from the canceled factor.


Then substitute that x-value into the simplified function to find the y-value of the hole.


So for a hole:



  	The x-coordinate comes from the canceled factor.

  	The y-coordinate comes from plugging that x-value into the simplified expression.




Worked Example 1: A basic vertical asymptote


Find any vertical asymptotes or removable discontinuities of


f(x)=2x+5


Step 1: Find where the denominator is zero.


x+5=0⇒x=−5


Step 2: Check for cancellation.


The numerator is just 2, so there is no factor (x+5) to cancel.


Conclusion: x=−5 is a vertical asymptote.


There is no removable discontinuity.


Worked Example 2: A basic removable discontinuity


Find any vertical asymptotes or removable discontinuities of


f(x)=x−4x−4


Step 1: Factor if needed.


This is already factored.


Step 2: Find where the denominator is zero.


x−4=0⇒x=4


Step 3: Check for cancellation.


The factor (x−4) appears in both numerator and denominator, so it cancels:


f(x)=1for x≠4


Step 4: Find the hole.


The hole is at x=4. Using the simplified function y=1, the hole is at


(4,1)


Conclusion: The function has a removable discontinuity at (4,1), not a vertical asymptote.


Worked Example 3: One hole and one vertical asymptote


Find the vertical asymptotes and removable discontinuities of


f(x)=(x−2)(x+1)(x−2)(x−5)


Step 1: Identify factors.


The denominator is zero at


x=2andx=5


Step 2: Cancel common factors.


The factor (x−2) appears in both numerator and denominator, so it cancels:


f(x)=x+1x−5for x≠2,5


Step 3: Classify each value.



  	x=2: the factor canceled, so this is a removable discontinuity.

  	x=5: the factor (x−5) remains in the denominator, so this is a vertical asymptote.




Step 4: Find the hole's coordinates.


Plug x=2 into the simplified function:


y=2+12−5=3−3=−1


So the hole is at


(2,−1)


Conclusion:



  	Vertical asymptote: x=5

  	Removable discontinuity: (2,−1)




Worked Example 4: Factoring first


Find the vertical asymptotes and removable discontinuities of


f(x)=x2−9x2−x−12


Step 1: Factor numerator and denominator.


x2−9=(x−3)(x+3)


x2−x−12=(x−4)(x+3)


So


f(x)=(x−3)(x+3)(x−4)(x+3)


Step 2: Cancel common factors.


The factor (x+3) cancels:


f(x)=x−3x−4for x≠−3,4


Step 3: Classify the excluded values.



  	x=−3: canceled factor, so this is a removable discontinuity.

  	x=4: denominator still zero after simplifying, so this is a vertical asymptote.




Step 4: Find the hole's coordinates.


Substitute x=−3 into the simplified function:


y=−3−3−3−4=−6−7=67


So the hole is at


(−3,67)


Conclusion:



  	Vertical asymptote: x=4

  	Removable discontinuity: (−3,67)




7. Graph meaning


It helps to connect the algebra to the graph.



  	If a factor does not cancel, the graph breaks near that x-value and heads up or down. That is a vertical asymptote.

  	If a factor does cancel, the graph looks like the simplified function, but with one missing point. That missing point is the hole.




You can think of a removable discontinuity as a point that could be “fixed” if the function were redefined there. That is why it is called removable.


8. Common mistakes to avoid



  	Do not assume every denominator zero is a vertical asymptote. First check whether the factor cancels.

  	Do not forget to factor completely. A common factor may be hidden until you factor.

  	Do not plug the hole's x-value into the original function. The original function is undefined there. Use the simplified function to find the hole's y-value.

  	Do not say the hole disappears completely. The factor cancels algebraically, but the original function still has a missing point.




9. Quick checklist


When you are given a rational function, ask:



  	Can I factor the numerator and denominator?

  	What values make the denominator zero?

  	Which factors cancel?

  	Which zeros stay in the denominator? Those are vertical asymptotes.

  	Which zeros come from canceled factors? Those are removable discontinuities.

  	If there is a hole, what is its y-value in the simplified function?




10. Summary


Vertical asymptotes and removable discontinuities both begin with values that make the denominator zero. The difference is what happens after factoring and simplifying.


If the factor causing the zero does not cancel, the function has a vertical asymptote. If the factor does cancel, the function has a removable discontinuity, which appears as a hole in the graph.


To solve these problems correctly, always factor first, cancel common factors carefully, and then classify each excluded value.


  
  Put what you read to the test

  You've worked through Vertical Asymptotes and Removable Discontinuities. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1150






  [image: 📝]   Lesson 58: Horizontal Asymptotes

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1190




  Horizontal Asymptotes describe what happens to a function as the input gets very large positive or very large negative. They tell us the end behavior of a graph.


For rational functions, which are functions written as one polynomial divided by another polynomial, horizontal asymptotes can often be found by comparing the degrees of the numerator and denominator and, in some cases, their leading coefficients.


This lesson will show you what horizontal asymptotes mean, how to find them, and how to avoid common mistakes.


Reminder: A rational function has the form


f(x)=P(x)Q(x)


where P(x) and Q(x) are polynomials and Q(x)≠0.


What is a horizontal asymptote?


A horizontal asymptote is a horizontal line y=L that the graph of a function approaches as x→∞ or as x→−∞.


In symbols, if


lim⁡x→∞f(x)=Lorlim⁡x→−∞f(x)=L,


then y=L is a horizontal asymptote.


This does not mean the graph has to touch the asymptote. It also does not mean the graph stays below or above it forever. It only means the graph gets closer to that line far to the left or far to the right.


Why do degree and leading coefficient matter?


When x becomes very large, the highest-power terms in the numerator and denominator have the biggest effect on the value of the function. Lower-power terms matter less and less.


For example, in


3x4+2x−15x4+7x2+9,


the terms 3x4 and 5x4 dominate for large values of x. So the function behaves like


3x45x4=35.


That means the horizontal asymptote is y=35.


The 3 main rules for horizontal asymptotes



	If the degree of the numerator is less than the degree of the denominator, then the horizontal asymptote is y=0.

	If the degree of the numerator is equal to the degree of the denominator, then the horizontal asymptote is the ratio of the leading coefficients.

	If the degree of the numerator is greater than the degree of the denominator, then there is no horizontal asymptote.




Let us write these more clearly.


Suppose


f(x)=anxn+⋯bmxm+⋯.



	If n<m, then the horizontal asymptote is y=0.

	If n=m, then the horizontal asymptote is y=anbm.

	If n>m, then there is no horizontal asymptote.




Important note: If the numerator’s degree is exactly one more than the denominator’s degree, the function may have a slant asymptote instead. But for this lesson, we focus on whether a horizontal asymptote exists.


How to find a horizontal asymptote step by step



	Identify the degree of the numerator.

	Identify the degree of the denominator.

	Compare the degrees.

	If the degrees are equal, divide the leading coefficients.

	State the horizontal asymptote as an equation like y=0 or y=2.




Worked Example 1: Numerator degree less than denominator degree


Find the horizontal asymptote of


f(x)=2x+5x2−4.


Step 1: Find the degree of the numerator.


The numerator is 2x+5, which has degree 1.


Step 2: Find the degree of the denominator.


The denominator is x2−4, which has degree 2.


Step 3: Compare the degrees.


Since 1<2, the numerator degree is less than the denominator degree.


Conclusion: The horizontal asymptote is


y=0.


This makes sense because for very large x, the function behaves like


2xx2=2x,


and 2x→0 as x→∞ or x→−∞.


Worked Example 2: Degrees are equal


Find the horizontal asymptote of


f(x)=4x3−7x+12x3+9x2−5.


Step 1: Degree of the numerator is 3.


Step 2: Degree of the denominator is 3.


Step 3: The degrees are equal, so use the ratio of leading coefficients.


The leading coefficient of the numerator is 4. The leading coefficient of the denominator is 2.


So the horizontal asymptote is


y=42=2.


Conclusion:


y=2


For large values of x, the function behaves like


4x32x3=2.


Worked Example 3: Numerator degree greater than denominator degree


Find the horizontal asymptote of


f(x)=x4+3x2−15x−2.


Step 1: Degree of the numerator is 4.


Step 2: Degree of the denominator is 1.


Step 3: Compare the degrees.


Since 4>1, the numerator degree is greater than the denominator degree.


Conclusion: There is no horizontal asymptote.


The function does not level off to a constant value as x gets very large.


Worked Example 4: Be careful after simplifying


Find the horizontal asymptote of


f(x)=x2−1x2+x.


Step 1: Factor the expression if possible.


x2−1=(x−1)(x+1)


x2+x=x(x+1)


So


f(x)=(x−1)(x+1)x(x+1).


For x≠−1, this simplifies to


f(x)=x−1x.


Step 2: Use the simplified form to study end behavior.


The degree of the numerator is 1, and the degree of the denominator is 1.


The leading coefficients are both 1.


So the horizontal asymptote is


y=11=1.


Conclusion:


y=1


Even though the function has a hole because of the canceled factor, the horizontal asymptote is still based on the end behavior, which is y=1.


Common mistakes to avoid



	Mixing up horizontal and vertical asymptotes. Horizontal asymptotes describe end behavior as x→±∞. Vertical asymptotes happen at specific x-values where the denominator becomes zero.

	Forgetting to compare degrees first. Do not just divide the leading coefficients unless the degrees are equal.

	Thinking there must always be a horizontal asymptote. Some rational functions have none.

	Assuming the graph never crosses a horizontal asymptote. A graph can cross a horizontal asymptote. The asymptote only describes what happens far away from the center of the graph.




Can a graph cross a horizontal asymptote?


Yes. A horizontal asymptote is about what the function does far to the left or right, not what it does in the middle.


For example, consider


f(x)=xx2+1.


The numerator has degree 1, and the denominator has degree 2, so the horizontal asymptote is y=0.


But when x=0,


f(0)=0,


so the graph actually touches the line y=0. This is allowed.


A quick way to think about it



	If the bottom grows faster than the top, the fraction shrinks to 0.

	If the top and bottom grow at the same rate, the fraction settles to the ratio of leading coefficients.

	If the top grows faster than the bottom, the function does not settle to a horizontal line.




Practice Check


Try these on your own:



	f(x)=3x−2x5+1

	f(x)=7x2+4x2−9

	f(x)=2x3+1x2+6




Answers:



	Degree of numerator 1, degree of denominator 5, so horizontal asymptote: y=0

	Degrees are equal, so use leading coefficients 7 and 1, giving horizontal asymptote: y=7

	Numerator degree 3, denominator degree 2, so there is no horizontal asymptote.




[image: 📋]   Summary


To find the horizontal asymptote of a rational function, compare the degree of the numerator with the degree of the denominator.



	If numerator degree < denominator degree, then y=0.

	If numerator degree = denominator degree, then y= ratio of leading coefficients.

	If numerator degree > denominator degree, then there is no horizontal asymptote.




Horizontal asymptotes help you understand how the graph behaves far to the left and right. They are a powerful tool for sketching and analyzing rational functions.


  
  Put what you read to the test

  You've worked through Horizontal Asymptotes. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1151
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  Lesson: Slant (Oblique) Asymptotes


When we graph a rational function, we often want to know what the graph does far to the left and far to the right. Sometimes the graph gets closer and closer to a horizontal line. Sometimes it gets closer to a vertical line near a value where the function is undefined. But there is another important possibility: the graph may get closer to a slanted line.


This slanted line is called a slant asymptote or an oblique asymptote. In this lesson, you will learn what a slant asymptote is, when it happens, and how to find it using polynomial long division.


What is a slant asymptote?


A slant asymptote is a line of the form y=mx+b that the graph of a rational function approaches as x becomes very large positive or very large negative.


In other words, for large values of x, the function behaves almost like a line.


Slant asymptotes happen for rational functions when the degree of the numerator is exactly one more than the degree of the denominator.


For example:


f(x)=x2+3x+1x−2

Here, the numerator has degree 2 and the denominator has degree 1. Since 2 is exactly one more than 1, this function has a slant asymptote.


When does a slant asymptote occur?



  	If the degree of the numerator is less than the degree of the denominator, the horizontal asymptote is usually y=0.

  	If the degree of the numerator is equal to the degree of the denominator, the horizontal asymptote is the ratio of the leading coefficients.

  	If the degree of the numerator is exactly one greater than the degree of the denominator, there is a slant asymptote.




This lesson focuses on that third case.


Why polynomial long division works


To find a slant asymptote, we divide the numerator by the denominator.


After division, the rational function can be written in this form:


P(x)Q(x)=quotient+remainderQ(x)

If the degree of the numerator is one greater than the degree of the denominator, the quotient will be a linear expression, like mx+b.


So the function becomes:


f(x)=mx+b+r(x)Q(x)

As x gets very large, the fraction r(x)Q(x) gets very close to 0. That means the graph gets closer and closer to the line:


y=mx+b

That line is the slant asymptote.


Steps to find a slant asymptote



  	Check the degrees of the numerator and denominator.

  	Make sure the numerator’s degree is exactly one more than the denominator’s degree.

  	Use polynomial long division.

  	Ignore the remainder part when writing the asymptote.

  	The quotient is the equation of the slant asymptote.




Important note


The slant asymptote is based on the quotient only, not the remainder.


Also, the graph may cross a slant asymptote. Unlike some early ideas students have about asymptotes, an asymptote is not always a line the graph can never touch. It is a line the graph approaches for very large positive or negative values of x.


Worked Example 1


Find the slant asymptote of:


f(x)=x2+5x+6x+2

Step 1: Check the degrees.


The numerator has degree 2. The denominator has degree 1. Since 2=1+1, a slant asymptote exists.


Step 2: Divide.


We divide x2+5x+6 by x+2.


x2+5x+6÷(x+2)

First, divide x2 by x:


x2÷x=x

Put x in the quotient.


Now multiply:


x(x+2)=x2+2x

Subtract:


(x2+5x+6)−(x2+2x)=3x+6

Next, divide 3x by x:


3x÷x=3

Put 3 in the quotient.


Multiply:


3(x+2)=3x+6

Subtract:


(3x+6)−(3x+6)=0

So:


x2+5x+6x+2=x+3

This means the function is exactly the line y=x+3, except we must remember the original denominator cannot be zero, so x=−2 is not allowed.


Slant asymptote:


y=x+3

Worked Example 2


Find the slant asymptote of:


f(x)=2x2+3x−1x−4

Step 1: Check the degrees.


The numerator has degree 2, and the denominator has degree 1. So a slant asymptote exists.


Step 2: Use long division.


Divide 2x2+3x−1 by x−4.


First term:


2x2÷x=2x

Put 2x in the quotient.


Multiply:


2x(x−4)=2x2−8x

Subtract:


(2x2+3x−1)−(2x2−8x)=11x−1

Next term:


11x÷x=11

Put 11 in the quotient.


Multiply:


11(x−4)=11x−44

Subtract:


(11x−1)−(11x−44)=43

So:


2x2+3x−1x−4=2x+11+43x−4

As x becomes very large or very negative, 43x−4 gets closer to 0.


So the slant asymptote is:


y=2x+11

Worked Example 3


Find the slant asymptote of:


f(x)=x3−2x2+4x2+1

Step 1: Check the degrees.


The numerator has degree 3. The denominator has degree 2. Since 3=2+1, a slant asymptote exists.


Step 2: Divide.


We divide x3−2x2+0x+4 by x2+1.


First term:


x3÷x2=x

Put x in the quotient.


Multiply:


x(x2+1)=x3+x

Subtract:


(x3−2x2+0x+4)−(x3+x)=−2x2−x+4

Next term:


−2x2÷x2=−2

Put −2 in the quotient.


Multiply:


−2(x2+1)=−2x2−2

Subtract:


(−2x2−x+4)−(−2x2−2)=−x+6

So:


x3−2x2+4x2+1=x−2+−x+6x2+1

As x gets very large in either direction, −x+6x2+1 approaches 0.


So the slant asymptote is:


y=x−2

Worked Example 4


Determine whether the function has a slant asymptote, and if so, find it:


f(x)=3x2−7x2+5x+1

Step 1: Compare degrees.


The numerator has degree 2, and the denominator also has degree 2.


Since the degrees are equal, this function does not have a slant asymptote.


Instead, it has a horizontal asymptote equal to the ratio of the leading coefficients:


y=31=3

This example is important because not every rational function has a slant asymptote. You should always check the degrees first.


How to write the final answer


After division, suppose you get:


f(x)=3x−1+5x+2

Then the slant asymptote is just:


y=3x−1

You do not include the fraction part in the asymptote.


Common mistakes to avoid



  	Forgetting to compare degrees first. A slant asymptote only happens when the numerator’s degree is exactly one more than the denominator’s degree.

  	Using the remainder in the asymptote. The asymptote comes from the quotient only.

  	Making errors in long division. Line up terms carefully and include missing powers, such as writing 0x if needed.

  	Confusing vertical and slant asymptotes. Vertical asymptotes come from values that make the denominator zero. Slant asymptotes describe end behavior.




Quick check for understanding


For each function, decide whether a slant asymptote exists:



  	x+1x2−4 [image: →] no, numerator degree is less than denominator degree

  	x2+1x−3 [image: →] yes, numerator degree is one more than denominator degree

  	4x3−22x3+1 [image: →] no, degrees are equal

  	x4+1x2+3 [image: →] no slant asymptote, because the degree difference is more than one




Final idea to remember


A slant asymptote tells you the line that a rational function follows more and more closely at the far ends of the graph.


To find it, use polynomial long division. If the numerator’s degree is exactly one greater than the denominator’s degree, the quotient will be linear, and that linear expression is the slant asymptote.


Brief Summary


A slant asymptote occurs in a rational function when the degree of the numerator is exactly one greater than the degree of the denominator. To find it, divide the numerator by the denominator using polynomial long division. The quotient, not the remainder, gives the slant asymptote. If the quotient is mx+b, then the slant asymptote is y=mx+b.


  
  Put what you read to the test

  You've worked through Slant (Oblique) Asymptotes. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1152
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  Graphing Rational Functions means sketching the graph of a function that can be written as a quotient of polynomials:

f(x)=p(x)q(x),q(x)≠0

To graph these well, you do not usually plot many random points. Instead, you study the function’s key features: the domain, intercepts, asymptotes, holes, and a few test points. Then you combine that information into an accurate sketch.

This lesson will show you a clear step-by-step method you can use on almost any rational function in 11th Grade maths.


1. What makes rational functions different?

Rational functions are different from polynomials because the denominator can create places where the function is undefined. These undefined values often lead to:


	vertical asymptotes, where the graph rises or falls without bound,

	holes, where one point is missing from an otherwise smooth curve,

	and special end behavior, often described by a horizontal or slant asymptote.



Because of this, graphing rational functions is really about understanding how the graph behaves near these important features.


2. A step-by-step method for graphing

When graphing a rational function, use this order:


	Factor the numerator and denominator if possible.

	Find the domain by identifying values that make the denominator zero.

	Check for common factors. A common factor that cancels creates a hole.

	Find the x-intercepts by setting the numerator equal to zero, but only after accounting for any cancelled factors.

	Find the y-intercept by substituting x=0, if allowed.

	Find any vertical asymptotes from denominator factors that remain after simplification.

	Find the horizontal or slant asymptote by comparing the degrees of the numerator and denominator.

	Choose test points in the intervals created by the vertical asymptotes and holes.

	Sketch the graph, showing the asymptotes, intercepts, and the way each branch behaves.




3. Domain

The domain of a rational function is all real numbers except the values that make the denominator zero.

For example, if

f(x)=x+1x−3

then x=3 is not allowed, because the denominator would be zero. So the domain is all real numbers except 3.

You can write this as:

x≠3

or in interval notation:

(−∞,3)∪(3,∞)


4. Holes and removable discontinuities

If the numerator and denominator have a common factor, that factor can cancel. This means the simplified function may look fine at that x-value, but the original function is still undefined there. That creates a hole.

Example:

f(x)=(x−2)(x+1)(x−2)(x−3)

The factor (x−2) cancels, so the simplified function is

f(x)=x+1x−3,x≠2,3

Because x=2 was cancelled, the graph has a hole at x=2, not a vertical asymptote there.

To find the coordinates of the hole, substitute x=2 into the simplified function:

y=2+12−3=3−1=−3

So the hole is at (2,−3).


5. Intercepts

x-intercepts occur where the graph crosses the x-axis, so y=0. For a rational function, this happens when the numerator is zero and the denominator is not zero.

So:


	Set the numerator equal to zero.

	Make sure the factor did not cancel.



y-intercepts occur where x=0. Substitute x=0 into the function, if 0 is in the domain.


6. Vertical asymptotes

A vertical asymptote occurs at values of x that make the denominator zero after simplification.

If a denominator factor cancels, it creates a hole instead of a vertical asymptote.

Near a vertical asymptote, the function values become very large positive or very large negative numbers.


7. Horizontal and slant asymptotes

The end behavior of a rational function depends on the degrees of the numerator and denominator.


	If the degree of the numerator is less than the degree of the denominator, the horizontal asymptote is y=0.

	If the degrees are equal, the horizontal asymptote is the ratio of the leading coefficients.

	If the degree of the numerator is one more than the degree of the denominator, there is a slant asymptote. Find it by division.



For horizontal asymptotes:

f(x)=2x2+1x2−5⇒y=21=2

since both top and bottom have degree 2.

For a slant asymptote:

f(x)=x2+1x−1

Divide x2+1 by x−1:

x2+1x−1=x+1+2x−1

So the slant asymptote is

y=x+1


8. Test points and branch behavior

After finding vertical asymptotes, divide the number line into intervals. Then test one x-value in each interval to see whether the function is positive or negative there.

This helps you decide whether each branch lies above or below the x-axis and how it approaches the asymptotes.

For example, if there is a vertical asymptote at x=2, you might test one point from each interval:


	left of 2, such as x=1,

	right of 2, such as x=3.



These test points make your sketch much more accurate.


Worked Example 1: A basic rational function

Graph:

f(x)=x+1x−2


Step 1: Domain

The denominator cannot be zero:

x−2=0⇒x=2

So the domain is:

x≠2


Step 2: Check for holes

There are no common factors, so there are no holes.


Step 3: x-intercept

Set the numerator equal to zero:

x+1=0⇒x=−1

So the x-intercept is:

(−1,0)


Step 4: y-intercept

Substitute x=0:

f(0)=0+10−2=1−2=−12

So the y-intercept is:

(0,−12)


Step 5: Vertical asymptote

The denominator is zero at x=2, so the vertical asymptote is:

x=2


Step 6: Horizontal asymptote

The numerator and denominator both have degree 1. The ratio of leading coefficients is 1/1=1.

So the horizontal asymptote is:

y=1


Step 7: Test points

Test x=1:

f(1)=2−1=−2

Test x=3:

f(3)=41=4


Sketch description


	One branch is left of x=2, passing through (−1,0) and (0,−12).

	As x→2−, the graph falls toward −∞.

	The other branch is right of x=2.

	As x→2+, the graph rises toward +∞.

	As x→±∞, the graph approaches y=1.




Worked Example 2: A graph with a hole

Graph:

f(x)=(x−1)(x+2)(x−1)(x−3)


Step 1: Simplify

Cancel the common factor (x−1):

f(x)=x+2x−3,x≠1,3


Step 2: Domain

The original denominator was zero at x=1 and x=3, so both are excluded.


Step 3: Hole

Since (x−1) cancelled, there is a hole at x=1.

Find its y-value using the simplified function:

y=1+21−3=3−2=−32

So the hole is at:

(1,−32)


Step 4: Vertical asymptote

The remaining denominator is zero at x=3, so:

x=3


Step 5: x-intercept

Set the simplified numerator equal to zero:

x+2=0⇒x=−2

So the x-intercept is:

(−2,0)


Step 6: y-intercept

Substitute x=0:

f(0)=2−3=−23

So the y-intercept is:

(0,−23)


Step 7: Horizontal asymptote

The degrees are equal, so use the ratio of leading coefficients:

y=1


Sketch description


	The graph looks like x+2x−3, but with a missing point at (1,−32).

	There is a vertical asymptote at x=3.

	There is a horizontal asymptote at y=1.

	The graph crosses the x-axis at (−2,0).




Worked Example 3: A function with a slant asymptote

Graph:

f(x)=x2+2x+3x+1


Step 1: Domain

The denominator is zero when:

x+1=0⇒x=−1

So the domain is:

x≠−1


Step 2: Check for common factors

There is no common factor, so there is no hole.


Step 3: Vertical asymptote

Since x=−1 makes the denominator zero, the vertical asymptote is:

x=−1


Step 4: x-intercepts

Set the numerator equal to zero:

x2+2x+3=0

The discriminant is:

b2−4ac=22−4(1)(3)=4−12=−8

Since the discriminant is negative, there are no real x-intercepts.


Step 5: y-intercept

Substitute x=0:

f(0)=31=3

So the y-intercept is:

(0,3)


Step 6: Slant asymptote

The numerator has degree 2 and the denominator has degree 1, so the degree of the numerator is one more. This means there is a slant asymptote.

Divide:

x2+2x+3x+1=x+1+2x+1

So the slant asymptote is:

y=x+1


Step 7: Test points

Test x=−2:

f(−2)=4−4+3−1=−3

Test x=1:

f(1)=1+2+32=3


Sketch description


	The graph has two branches separated by x=−1.

	It approaches the slant asymptote y=x+1 as x→±∞.

	It has no real x-intercepts.

	It crosses the y-axis at (0,3).




9. Important patterns to remember


	Cancelled factor ⇒ hole

	Remaining denominator zero ⇒ vertical asymptote

	Numerator zero ⇒ possible x-intercept

	Substitute x=0 ⇒ y-intercept

	Compare degrees ⇒ horizontal or slant asymptote




10. Common mistakes


	Forgetting to factor first. If you do not factor, you may miss a hole.

	Calling a cancelled factor a vertical asymptote. Cancelled factors create holes, not asymptotes.

	Using the original numerator for x-intercepts after cancellation. Only non-cancelled zeros of the numerator give x-intercepts.

	Forgetting that the graph may cross a horizontal asymptote. A horizontal asymptote describes end behavior, not a wall the graph can never cross.

	Not using test points. Without them, the branches may be drawn on the wrong side of an asymptote.




11. Quick graphing checklist


	Factor completely.

	State the domain.

	Cancel common factors and identify holes.

	Find x-intercepts.

	Find the y-intercept.

	Find vertical asymptotes.

	Find horizontal or slant asymptote.

	Use test points in each interval.

	Sketch carefully and mark holes with open circles.




[image: 📋]   Summary

To graph a rational function, start by factoring and identifying where the denominator is zero. Then determine whether those values create holes or vertical asymptotes. Next, find the intercepts and the horizontal or slant asymptote. Finally, use test points to decide where each branch goes, and sketch the graph with all important features clearly labeled.


  
  Put what you read to the test

  You've worked through Graphing Rational Functions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1153






  [image: 📝]   Lesson 61: Rational Inequalities

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1193




  Rational Inequalities are inequalities that involve a rational expression, which is a fraction made of polynomials. For example,
x−2x+1>0
is a rational inequality.
Solving a rational inequality means finding all values of x that make the inequality true. Unlike solving a rational equation, we are not just looking for points where the two sides are equal. We must find where the expression is positive, negative, or possibly zero.
This topic is important because rational expressions can change sign at special values. They can also be undefined when the denominator is zero, so we must be careful.
Main idea: To solve a rational inequality, find the values where the numerator is zero and where the denominator is zero. These values split the number line into intervals. Then test the sign of the expression in each interval.
Step-by-step method
	Move everything to one side so the inequality has the form
P(x)Q(x)>0,P(x)Q(x)<0,P(x)Q(x)≥0,orP(x)Q(x)≤0.

	Factor the numerator and denominator completely if possible.

	Find the critical values:
	Zeros of the numerator: where the expression equals 0.

	Zeros of the denominator: where the expression is undefined.



	Place these critical values on a number line. They divide the number line into intervals.

	Use a sign chart by testing one value from each interval, or by analyzing the signs of the factors.

	Choose the intervals that make the inequality true.

	Include or exclude endpoints correctly:
	If the inequality is ≥ or ≤, include numerator zeros if they make the expression equal to 0.

	Never include values that make the denominator zero.




Why sign charts work
A rational expression can only change sign at values where a factor becomes zero or undefined. Between those critical values, the sign stays the same. That is why testing one point in each interval is enough.
Important facts to remember
	A rational expression is undefined when the denominator is zero.

	If the numerator is zero and the denominator is not zero, the expression equals 0.

	If a factor appears an even number of times, such as (x−3)2, its sign does not change when passing through that value.

	If a factor appears an odd number of times, such as (x−3), its sign does change when passing through that value.


Worked Example 1: A basic rational inequality
Solve
x−4x+2>0
Step 1: Find critical values.
	Numerator zero: x−4=0⇒x=4

	Denominator zero: x+2=0⇒x=−2


These values divide the number line into three intervals:
(−∞,−2),(−2,4),(4,∞)
Step 2: Test each interval.
Choose a test value from each interval.
	For (−∞,−2), test x=−3:
−3−4−3+2=−7−1=7>0
So this interval works.

	For (−2,4), test x=0:
0−40+2=−42=−2<0
So this interval does not work.

	For (4,∞), test x=5:
5−45+2=17>0
So this interval works.


Step 3: Decide about endpoints.
	x=4 makes the expression 0, but the inequality is strict (>), so do not include it.

	x=−2 makes the denominator zero, so do not include it.


Solution:
x∈(−∞,−2)∪(4,∞)
Worked Example 2: Including zero in the answer
Solve
x+1x−3≤0
Step 1: Find critical values.
	Numerator zero: x=−1

	Denominator zero: x=3


Intervals:
(−∞,−1),(−1,3),(3,∞)
Step 2: Test each interval.
	Test x=−2:
−2+1−2−3=−1−5>0

	Test x=0:
0+10−3=1−3<0

	Test x=4:
4+14−3=51>0


We want values where the expression is less than or equal to zero, so we take the negative interval and also any numerator zero that is allowed.
Step 3: Check endpoints.
	At x=−1, the expression is 0, and 0≤0, so include −1.

	At x=3, the expression is undefined, so do not include 3.


Solution:
x∈[−1,3)
Worked Example 3: Factored form with more than two critical values
Solve
(x−1)(x+4)(x−2)(x+3)<0
Step 1: Find critical values.
	Numerator zeros: x=1, x=−4

	Denominator zeros: x=2, x=−3


Put them in order:
−4, −3, 1, 2
Intervals:
(−∞,−4),(−4,−3),(−3,1),(1,2),(2,∞)
Step 2: Use signs of factors.
We can test points, or we can look at signs factor by factor.
Test values:
	x=−5:
(−)(−)(−)(−)=++=+

	x=−3.5:
(−)(+)(−)(−)=−+=−

	x=0:
(−)(+)(−)(+)=−−=+

	x=1.5:
(+)(+)(−)(+)=+−=−

	x=3:
(+)(+)(+)(+)=+


We want the expression to be negative, so choose the negative intervals.
Step 3: Endpoints.
	Do not include x=−4 or x=1 because the inequality is strict (<).

	Do not include x=−3 or x=2 because they make the denominator zero.


Solution:
x∈(−4,−3)∪(1,2)
Worked Example 4: Repeated factors
Solve
(x−2)2(x+1)(x−5)≥0
Step 1: Find critical values.
	Numerator zero: x=2, with multiplicity 2

	Denominator zeros: x=−1, x=5


Intervals:
(−∞,−1),(−1,2),(2,5),(5,∞)
Step 2: Think about signs.
The factor (x−2)2 is always nonnegative. It is positive for every x≠2, and zero at x=2. Because the exponent is even, the sign does not change as we pass through x=2.
So the sign mostly depends on the denominator (x+1)(x−5).
	For x=−2: denominator is (−)(−)=+, so the whole expression is positive.

	For x=0: denominator is (+)(−)=−, so the whole expression is negative.

	For x=3: denominator is (+)(−)=−, so the whole expression is negative.

	For x=6: denominator is (+)(+)=+, so the whole expression is positive.


We want the expression to be greater than or equal to zero.
Step 3: Endpoints.
	At x=2, the numerator is zero and the denominator is not zero, so the expression equals 0. Since ≥0, include 2.

	At x=−1 and x=5, the expression is undefined, so do not include them.


Solution:
x∈(−∞,−1)∪{2}∪(5,∞)
How to handle rational inequalities with more than one fraction
Sometimes the inequality is written like this:
1x−2x−1>0
First combine the fractions into a single rational expression.
Use a common denominator:
1x−2x−1=x−1x(x−1)−2xx(x−1)=x−1−2xx(x−1)=−x−1x(x−1)
So the inequality becomes
−x−1x(x−1)>0
Then solve it using the same sign chart method.
Common mistakes to avoid
	Forgetting domain restrictions. If the denominator is zero, that value can never be in the solution.

	Only solving numerator equals zero. In rational inequalities, denominator zeros matter just as much because they split the number line.

	Using the wrong endpoint rules.
	Include numerator zeros only if the inequality allows equality.

	Never include denominator zeros.



	Not factoring completely. Factored form makes sign analysis much easier.

	Assuming the sign always changes at every critical value. It may not change at repeated factors with even powers.


Quick checklist for solving rational inequalities
	Get one rational expression on one side.

	Factor numerator and denominator.

	Find all zeros and undefined points.

	Mark them on a number line.

	Test the sign in each interval.

	Select the intervals that satisfy the inequality.

	Include or exclude endpoints correctly.


Brief Summary
To solve a rational inequality, rewrite it as one fraction, factor completely, and find the critical values from the numerator and denominator. These values divide the number line into intervals. Use a sign chart to determine where the expression is positive or negative. Include numerator zeros only when equality is allowed, and never include denominator zeros.


  
  Put what you read to the test

  You've worked through Rational Inequalities. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1154






  
    
  [image: 📖]   Chapter 8

  Radical Expressions and Functions
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  Principal Roots and Fractional Exponents


In algebra, radicals and exponents are closely connected. A square root such as 16, a cube root such as 273, and an expression with a fractional exponent such as 161/2 are different ways of showing the same idea.


This lesson explains how to move between radical notation and fractional exponent notation, how to simplify expressions, and how to understand principal roots. These ideas are important when working with radical expressions and functions.


1. What is a principal root?


When we write a radical sign, we usually mean the principal root. The principal root is the nonnegative root for even roots.


For example, both 42=16 and (−4)2=16. That means 16 has two square roots: 4 and −4. But when we write


16

the value is only the principal square root, so


16=4

It is very important to remember that the radical symbol x does not mean both positive and negative answers. It means only the principal root.


However, if you solve the equation


x2=16

then you must include both solutions:


x=±4

For odd roots, there is only one real root. For example,


−83=−2

because (−2)3=−8.


2. Connecting radicals and fractional exponents


A fractional exponent tells you both a root and a power.


The basic rule is


a1/n=an

This means:



  	a1/2=a

  	a1/3=a3

  	a1/4=a4




More generally,


am/n=(an)m=amn

So the denominator tells you the root, and the numerator tells you the power.


For example,


82/3=(83)2=22=4

or


82/3=823=643=4

Both methods give the same result.


3. Common conversions


Here are some important conversions between radical form and exponent form:



  	x=x1/2

  	x3=x1/3

  	x25=x2/5

  	(x4)3=x3/4




When converting, remember:



  	The index of the radical becomes the denominator of the exponent.

  	The power becomes the numerator of the exponent.




4. Evaluating fractional exponents


To evaluate a number with a fractional exponent, do the root first and then the power, or the power first and then the root if it is easier.


Example:


272/3=(273)2=32=9

Since 273=3, the answer is 9.


Another example:


163/4=(164)3=23=8

because 164=2.


5. Using exponent laws with fractional exponents


Fractional exponents follow the same exponent laws as whole-number exponents.



  	Product rule: am⋅an=am+n

  	Power rule: (am)n=amn

  	Quotient rule: am/an=am−n, if a≠0




These rules work with rational exponents too.


For example,


x1/2⋅x3/2=x4/2=x2

And


(x2/3)3=x2

This makes fractional exponents very useful for simplifying expressions.


6. Important caution with even roots


Even roots need special care. In the real numbers:



  	a is defined only when a≥0

  	a4 is defined only when a≥0




Odd roots can take any real number inside the radical:



  	a3 is defined for all real a

  	a5 is defined for all real a




This matters when writing fractional exponents too. For example, x1/2 means x, so in real numbers it requires x≥0.


7. Worked Examples


Example 1: Convert between radical and fractional exponent form


Write x53 using a fractional exponent.


The root is 3, so the denominator is 3. The power is 5, so the numerator is 5.


x53=x5/3

Now go the other way: write y3/4 in radical form.


The denominator 4 means fourth root, and the numerator 3 means third power.


y3/4=y34=(y4)3

Example 2: Evaluate a fractional exponent


Evaluate 642/3.


Use the denominator first: find the cube root of 64.


643=4

Then square the result:


642/3=(643)2=42=16

So,


642/3=16

Example 3: Simplify using exponent laws


Simplify a1/2⋅a5/2.


Since the bases are the same, add the exponents:


a1/2⋅a5/2=a6/2=a3

So the simplified form is


a3

Example 4: Principal root versus solving an equation


Compare these two questions:



  	Find 25

  	Solve x2=25




For the first question, the radical symbol means the principal square root:


25=5

For the second question, we want all values of x whose square is 25:


x=5 or x=−5

So,


x=±5

This difference is one of the most common mistakes students make.


8. Tips for success



  	If you see am/n, think: nth root, then power m.

  	If the root is even, check that the expression inside is nonnegative.

  	a means the principal square root only.

  	When simplifying exponents with the same base, use the usual exponent rules.

  	Be careful not to confuse a with solving x2=a.




9. Quick practice ideas


Try these on your own:



  	Write x35 as a fractional exponent.

  	Write m7/2 in radical form.

  	Evaluate 811/4.

  	Evaluate 323/5.

  	Simplify p1/3⋅p2/3.




Brief Summary


Radicals and fractional exponents are two ways to write the same relationship. The expression a1/n means an, and am/n means an nth root followed by a power. The radical symbol gives the principal root, which for even roots is the nonnegative value. Understanding this helps you evaluate, simplify, and avoid common mistakes.


  
  Put what you read to the test

  You've worked through Principal Roots and Fractional Exponents. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1155
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  Simplifying and Operating on Radicals


Radicals are expressions that contain roots, such as square roots, cube roots, or other nth roots. In this lesson, we will focus mainly on simplifying radical expressions and performing operations with them, especially addition, multiplication, and expanding expressions that contain radicals.


These skills are important because radicals appear often in algebra, geometry, and higher math. To work with them correctly, you need to understand when radicals can be simplified, when they can be combined, and how to multiply them without making common mistakes.


1. What is a radical?


A radical expression has the form an, where:


  	n is the index, or the type of root,

  	a is the radicand, the number or expression inside the radical.




Examples:


  	16=4

  	9x2=3x if x≥0

  	83=2




In 11th Grade algebra, square roots are the most common radicals, so we will begin there.


2. Simplifying radicals


To simplify a radical, look for perfect powers inside the radicand. For square roots, look for perfect squares such as 1,4,9,16,25,36, and so on.


The key property is:


ab=ab

This means you can break apart a product under a radical. Then, if one part is a perfect square, you can take it out of the radical.


For example:


50=25⋅2=252=52

So 50 in simplest radical form is 52.


How to simplify a square root:


  	Factor the radicand.

  	Find the largest perfect square factor.

  	Rewrite the radical as a product.

  	Take the square root of the perfect square.

  	Leave any non-perfect-square factor inside the radical.




More examples:


  	72=36⋅2=62

  	18=9⋅2=32

  	48=16⋅3=43




3. Simplifying radicals with variables


You can simplify variable radicals in the same way by looking for factors that are perfect squares.


For example:


12x2=4⋅3⋅x2=4x23=2x3

This works when the variable is nonnegative, which is usually assumed unless stated otherwise in many algebra problems.


Another example:


27y3=9⋅3⋅y2⋅y=3y3y

Notice that only factors that come in pairs can come out of a square root.


4. Adding and subtracting radicals


You can only add or subtract radicals when they are like radicals. Like radicals have the same index and the same radicand after simplification.


For example:


23+53=73

This works just like combining like terms:


a+5a=6a

But these cannot be combined:


2+3

They are not like radicals because the radicands are different.


Always simplify first before deciding whether radicals are like terms.


For example:


12+27=23+33=53

Even though the original radicals looked different, they became like radicals after simplification.


5. Multiplying radicals


To multiply radicals with the same index, multiply the numbers outside the radicals and multiply the radicands inside the radicals.


The property is:


a⋅b=ab

Example:


6⋅15=90=9⋅10=310

If there are coefficients outside the radicals, multiply those too:


32⋅45=1210

Another example:


23⋅56=1018=10⋅32=302

6. Expanding binomials with radicals


When multiplying two binomials that contain radicals, use the distributive property or FOIL:


  	First

  	Outer

  	Inner

  	Last




For example:


(2+3)(2+5)

Apply FOIL:


=2⋅2+2⋅5+3⋅2+3⋅5

=2+52+32+15

=17+82

Remember that 2⋅2=2, not 4 left unsimplified.


7. Special product: conjugates


A useful pattern happens when multiplying conjugates. Conjugates are expressions like:


a+banda−b

When you multiply them, the middle terms cancel:


(a+b)(a−b)=a2−b

Example:


(4+7)(4−7)=16−7=9

This pattern is helpful because it turns an expression with radicals into a simpler result.


Worked Example 1: Simplifying a radical


Simplify 108.


Step 1: Find the largest perfect square factor of 108.


108=36⋅3

Step 2: Rewrite the radical.


108=36⋅3

Step 3: Simplify.


36⋅3=363=63

Answer: 108=63


Worked Example 2: Adding radicals


Simplify 50+28.


Step 1: Simplify each radical.


50=25⋅2=52

28=24⋅2=2(22)=42

Step 2: Add like radicals.


52+42=92

Answer: 50+28=92


Worked Example 3: Multiplying radicals


Simplify (36)(215).


Step 1: Multiply the coefficients.


3⋅2=6

Step 2: Multiply the radicals.


6⋅15=90

Step 3: Simplify the result.


690=69⋅10=6(310)=1810

Answer: (36)(215)=1810


Worked Example 4: Expanding a binomial with radicals


Expand and simplify (3+2)(3−4).


Step 1: Use the distributive property.


(3+2)(3−4)

=3⋅3+3⋅(−4)+2⋅3+2⋅(−4)

Step 2: Multiply each part.


=3−43+23−8

Step 3: Combine like terms.


=(3−8)+(−43+23)

=−5−23

Answer: (3+2)(3−4)=−5−23


8. Common mistakes to avoid


  	Do not add unlike radicals. For example, 2+5 cannot be simplified into 7.

  	Simplify first. Expressions like 12+27 may become like radicals after simplifying.

  	Be careful when multiplying. a⋅a=a, not 2a.

  	Check for perfect square factors. A final answer should usually have no perfect square left inside a square root.




9. Helpful strategy


When you see a problem with radicals, use this plan:


  	Simplify each radical first.

  	Then perform the operation: add, subtract, multiply, or expand.

  	Simplify again at the end if needed.




This order helps prevent mistakes and makes it easier to see like radicals.


[image: 📋]   Summary


To simplify radicals, factor out perfect powers from inside the radical. To add or subtract radicals, the radicals must be like radicals after simplification. To multiply radicals, multiply the coefficients and radicands, then simplify. When expanding binomials with radicals, use the distributive property carefully and combine like terms at the end.


With practice, radical expressions become much easier to work with. The most important habits are to simplify first, look for like radicals, and always check that your final radical is in simplest form.


  
  Put what you read to the test

  You've worked through Simplifying and Operating on Radicals. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1156






  [image: 📝]   Lesson 64: Rationalizing Denominators

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1196




  Rationalizing Denominators means rewriting a fraction so that there is no radical in the denominator. For example, instead of leaving an expression like 35, we rewrite it in an equivalent form with a rational denominator.
This is useful because rational denominators are easier to read, compare, and simplify. In many algebra courses, answers are expected in rationalized form.
To rationalize a denominator, we multiply by a form of 1 that will remove the radical from the bottom. The exact form depends on whether the denominator is a single radical term or a binomial containing radicals.
1. Rationalizing a Monomial Denominator
If the denominator is a single radical, multiply the numerator and denominator by that radical, or by whatever factor makes the denominator a perfect power.
For square roots, the most common idea is:
ab⋅bb=abb
This works because:
b⋅b=b
So the radical disappears from the denominator.
Example 1: Rationalize 73.
Multiply top and bottom by 3:
73⋅33=733
Final answer: 733
Notice that we did not change the value of the fraction, because we multiplied by 33=1.
Example 2: Rationalize 526.
Multiply top and bottom by 6:
526⋅66=562⋅6=5612
Final answer: 5612
The coefficient 2 stays in the denominator, but the radical is gone.
2. When the Denominator Has a Higher Root
The same idea works for cube roots or other nth roots. The goal is to make the denominator become a perfect nth power.
For example, if the denominator is x23, multiplying by x3 gives:
x23⋅x3=x33=x
So we choose a factor that completes the power inside the radical.
For square roots, we complete pairs. For cube roots, we complete groups of three.
3. Rationalizing a Binomial Denominator
If the denominator has two terms, such as a+b or m−n, multiplying by the same radical will not usually remove the radical.
Instead, we use the conjugate.
The conjugate of:
	a+b is a−b
	a−b is a+b

So:
	the conjugate of 3+2 is 3−2
	the conjugate of 5−2 is 5+2

Why does this help? Because of the difference of squares pattern:
(a+b)(a−b)=a2−b2
This product has no middle term, which often removes radicals from the denominator.
Example 3: Rationalize 43+2.
The conjugate of 3+2 is 3−2. Multiply top and bottom by that conjugate:
43+2⋅3−23−2=4(3−2)(3+2)(3−2)
Simplify the denominator using difference of squares:
(3+2)(3−2)=32−(2)2=9−2=7
So the fraction becomes:
4(3−2)7=12−427
Final answer: 12−427
Example 4: Rationalize 27−3.
The conjugate of 7−3 is 7+3. Multiply by that:
27−3⋅7+37+3=2(7+3)(7−3)(7+3)
Now simplify the denominator:
(7−3)(7+3)=(7)2−(3)2=7−3=4
So:
2(7+3)4=7+32
Final answer: 7+32
4. Important Ideas to Remember
	Always multiply the numerator and denominator by the same expression. This keeps the value unchanged.
	If the denominator is one radical term, multiply by a factor that makes it a perfect square, cube, or nth power.
	If the denominator is a binomial, use the conjugate.
	Simplify at the end. Reduce fractions and simplify radicals if possible.

5. Common Mistakes
Here are some errors students often make when rationalizing denominators:
	Multiplying only the denominator and not the numerator. This changes the value of the expression.
	Using the wrong conjugate. Only the sign between the two terms changes.
	Forgetting to use difference of squares. For example, (a+b)(a−b) is not a2+b2; it is a2−b2.
	Stopping too early. After rationalizing, check whether the expression can still be simplified.

6. Quick Step-by-Step Strategy
	Look at the denominator.
	Decide whether it is a monomial or a binomial.
	If it is a monomial radical, multiply by the radical factor that makes a perfect power.
	If it is a binomial, multiply by its conjugate.
	Simplify the numerator and denominator completely.

Check Yourself:
	15 becomes 55
	32+7 should be multiplied by 2−72−7
	1x23 should be multiplied by x3x3

[image: 📋]   Summary
Rationalizing denominators means removing radicals from the denominator of a fraction. If the denominator has one radical term, multiply by a factor that makes the denominator a perfect power. If the denominator has two terms, multiply by the conjugate so the denominator simplifies using the difference of squares pattern. Afterward, always simplify your final answer.


  
  Put what you read to the test

  You've worked through Rationalizing Denominators. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1157






  [image: 📝]   Lesson 65: Solving Radical Equations

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1197




  Solving Radical Equations means finding the value of a variable when that variable is inside a radical, such as a square root or cube root.


Examples of radical equations include equations like x+5=7 or 2x−13=3. These equations are common in algebra, and they require careful steps because the process of removing a radical can sometimes create answers that do not actually work in the original equation.


In this lesson, you will learn how to solve radical equations by isolating the radical, raising both sides of the equation to a power, and then checking for extraneous solutions. You will also see the difference between solving equations with square roots and cube roots.


1. What is a radical equation?


A radical equation is an equation in which the variable appears inside a radical symbol. The most common radicals you will see are:



  	Square roots: x

  	Cube roots: x3




Examples:



  	x−2=4

  	2x+3=x−1

  	x+13=2




The main idea is to undo the radical by raising both sides to the appropriate power:



  	For a square root, square both sides.

  	For a cube root, cube both sides.




2. General steps for solving radical equations



  	Isolate the radical on one side of the equation if possible.

  	Raise both sides to a power that matches the index of the radical.
    
      	Square root → square both sides.

      	Cube root → cube both sides.

    

  

  	Solve the resulting equation.

  	Check every solution in the original equation.




The last step is very important. Squaring both sides can produce an answer that seems correct after algebra, but does not satisfy the original equation. That is called an extraneous solution.


3. Why checking matters


When you square both sides of an equation, you may lose information about signs. For example, if:


x=−3

then


x2=9

But x2=9 also happens when x=3. This is why squaring can create extra answers. Because of this, you must substitute your answer back into the original radical equation, not just the simplified equation.


4. Solving equations with one square root


If the equation has one square root and it is already isolated, solving is usually straightforward.


Worked Example 1


Solve:


x+5=7

Step 1: Isolate the radical.


The radical is already isolated.


Step 2: Square both sides.


(x+5)2=72

x+5=49

Step 3: Solve.


x=44

Step 4: Check.


44+5=49=7

This is true, so the solution is:


x=44

5. Solving equations with one cube root


Cube root equations are similar, but instead of squaring both sides, you cube both sides.


Worked Example 2


Solve:


2x−13=3

Step 1: Isolate the radical.


The radical is already isolated.


Step 2: Cube both sides.


(2x−13)3=33

2x−1=27

Step 3: Solve.


2x=28

x=14

Step 4: Check.


2(14)−13=273=3

This is true, so the solution is:


x=14

6. When the radical is not isolated


Sometimes there is a number outside the radical, or there are terms on both sides. In that case, first use algebra to get the radical by itself.


Worked Example 3


Solve:


x−1+2=6

Step 1: Isolate the radical.


Subtract 2 from both sides:


x−1=4

Step 2: Square both sides.


(x−1)2=42

x−1=16

Step 3: Solve.


x=17

Step 4: Check.


17−1+2=16+2=4+2=6

This is true, so the solution is:


x=17

7. Extraneous solutions


Now let’s look at a case where solving gives an answer that does not work in the original equation.


Worked Example 4


Solve:


x+2=x−2

Step 1: Isolate the radical.


The radical is already isolated.


Step 2: Square both sides.


(x+2)2=(x−2)2

x+2=x2−4x+4

Step 3: Rearrange into standard form.


0=x2−5x+2

Step 4: Solve the quadratic.


Use the quadratic formula:


x=−(−5)±(−5)2−4(1)(2)2(1)

x=5±25−82

x=5±172

So the possible solutions are:


x=5+172andx=5−172

Step 5: Check both answers in the original equation.


First, estimate the values:


17≈4.12

x≈5+4.122=4.56

x≈5−4.122=0.44

Check x≈4.56:


Left side:


4.56+2=6.56≈2.56

Right side:


4.56−2=2.56

This works.


Check x≈0.44:


Left side:


0.44+2=2.44≈1.56

Right side:


0.44−2=−1.56

This does not work, because 1.56≠−1.56.


So the only actual solution is:


x=5+172

The other value is an extraneous solution.


8. Important domain ideas


Before solving, it helps to think about what values are allowed.



  	For a square root, the expression inside the radical must be greater than or equal to 0.

  	For a cube root, the expression inside the radical can be any real number.




Examples:



  	In x−3, we need x−3≥0, so x≥3.

  	In x+53, there is no such restriction.




Also, if a square root equals a negative number, there is no real solution. For example:


x+1=−4

This has no real solution because a square root is never negative in the real numbers.


9. Common mistakes to avoid



  	Forgetting to isolate the radical first. If the radical is not alone, squaring too early can make the equation harder.

  	Not checking solutions. This is one of the most common errors in radical equations.

  	Squaring incorrectly. Remember that (a−b)2=a2−2ab+b2, not just a2−b2.

  	Ignoring domain restrictions. A square root requires the inside to be nonnegative.

  	Using the wrong power. Square roots are removed by squaring; cube roots are removed by cubing.




10. Quick strategy guide


When you see a radical equation, ask yourself:



  	What kind of root is it: square root or cube root?

  	Is the radical already isolated?

  	What power should I use to remove the radical?

  	After solving, did I check the answer in the original equation?




11. Summary


To solve a radical equation, first isolate the radical. Then raise both sides to a power that removes the radical: square both sides for square roots, and cube both sides for cube roots.


After solving the new equation, always substitute your answers back into the original equation. This is necessary because radical equations can produce extraneous solutions, especially when square roots are involved.


If you remember the pattern isolate, raise to a power, solve, and check, you will be able to handle most radical equations with confidence.


  
  Put what you read to the test

  You've worked through Solving Radical Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1158






  [image: 📝]   Lesson 66: Extraneous Roots in Radical Equations

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1198




  Extraneous Roots in Radical Equations


When you solve a radical equation, you often need to remove a square root or another root by raising both sides of the equation to a power. This is a useful algebra step, but it can also create answers that were not actually solutions to the original equation.


These false answers are called extraneous roots. Understanding why they happen, how to spot them, and how to check for them is very important when solving radical equations.


In this lesson, you will learn:


	what an extraneous root is,

	why extraneous roots appear in radical equations,

	how domain restrictions affect solutions,

	how to solve radical equations carefully,

	and how to check whether each answer is valid.




1. What is a radical equation?


A radical equation is an equation that has a variable inside a radical, such as a square root or cube root.


Examples:


	
x+5=4

	
2x−1=x−3

	
x+x−1=3




To solve these equations, we usually isolate a radical and then raise both sides to a power to undo the root.


2. What is an extraneous root?


An extraneous root is a value that appears to solve the transformed equation, but does not solve the original equation.


This usually happens after squaring both sides.


For example, consider:


x=−3

If we square both sides, we get:


x=9

But now check the original equation:


9=3≠−3

So x=9 is extraneous.


Important idea: Squaring both sides keeps true equations true, but it can also turn a false equation into a true one. That is why checking answers in the original equation is required.


3. Why does squaring create false solutions?


Squaring removes sign information.


For example:


	
32=9

	
(−3)2=9




So if you start with an equation like


a=b

and square both sides, you get


a2=b2

But a2=b2 does not always mean a=b. It could also mean a=−b.


That is exactly why radical equations can produce extra answers after squaring.


4. Domain restrictions and principal roots


For square roots in 11th Grade math, we usually use the principal square root. This means:


a≥0

So a square root expression never gives a negative value.


That creates an important restriction. For example, in


2x−1=x−3

the left side is always nonnegative, so the right side must also be nonnegative:


x−3≥0⇒x≥3

Also, the expression inside the square root must be nonnegative:


2x−1≥0⇒x≥12

Both restrictions matter, but the stronger one here is x≥3.


Before solving, it helps to think about the domain. This can help you predict whether some algebraic answers might be invalid.


5. General steps for solving radical equations



	Isolate a radical if possible.

	Identify domain restrictions. Make sure expressions under even roots are nonnegative, and remember that a principal square root is never negative.

	Raise both sides to a power to remove the radical.

	Solve the new equation.

	Check every solution in the original equation.

	Reject any extraneous roots.




6. Worked Example 1: A basic radical equation


Solve:


x+1=5

Step 1: Check the domain.


We need:


x+1≥0⇒x≥−1

Step 2: Square both sides.


(x+1)2=52
x+1=25

Step 3: Solve.


x=24

Step 4: Check in the original equation.


24+1=25=5

This works.


Solution: x=24


This example did not create an extraneous root, but we still checked to be sure.


7. Worked Example 2: One algebraic answer is extraneous


Solve:


x+2=x−2

Step 1: Think about restrictions.


Inside the square root:


x+2≥0⇒x≥−2

But also, since x+2 is nonnegative, the right side must be nonnegative:


x−2≥0⇒x≥2

So any valid solution must satisfy x≥2.


Step 2: Square both sides.


(x+2)2=(x−2)2
x+2=x2−4x+4

Step 3: Rearrange.


0=x2−5x+2

Step 4: Solve using the quadratic formula.


x=5±25−82
x=5±172

So the algebra gives two possible answers:


x=5+172orx=5−172

Step 5: Compare with the restriction.


Since valid solutions must have x≥2, the second value is already suspicious because


5−172<2

Step 6: Check both in the original equation.


First answer:


x=5+172

This satisfies the original equation, so it is valid.


Second answer:


x=5−172

Then x−2 is negative, but a square root cannot equal a negative number. So this does not satisfy the original equation.


Solution:


x=5+172

The value 5−172 is an extraneous root.


8. Worked Example 3: Radical on both sides


Solve:


x+4=2x−1

Step 1: Find the domain.


x+4≥0⇒x≥−4
2x−1≥0⇒x≥12

So the domain is:


x≥12

Step 2: Square both sides.


x+4=2x−1

Step 3: Solve.


4=x−1
x=5

Step 4: Check.


5+4=9=3
2(5)−1=9=3

Both sides are equal.


Solution: x=5


In this example, no extraneous root appeared, but checking still confirms the answer.


9. Worked Example 4: Squaring twice


Solve:


x+6+2=x

Step 1: Isolate the radical.


x+6=x−2

Step 2: Identify restrictions.


Inside the square root:


x+6≥0⇒x≥−6

Also the right side must be nonnegative:


x−2≥0⇒x≥2

So any valid solution must have x≥2.


Step 3: Square both sides.


x+6=(x−2)2
x+6=x2−4x+4

Step 4: Rearrange.


0=x2−5x−2

Step 5: Solve using the quadratic formula.


x=5±25+82
x=5±332

Step 6: Check each answer.


First candidate:


x=5+332

This is greater than 2, so it fits the restriction. Checking in the original equation shows it works.


Second candidate:


x=5−332

This is less than 2, so x−2 is negative. Then the equation


x+6=x−2

cannot be true, because the left side is nonnegative and the right side is negative. So this answer is extraneous.


Solution:


x=5+332

10. How to check solutions correctly


When checking, always substitute into the original equation, not just the squared version.


For example, if the original equation is


x+2=x−2

and you test x=1, then:


1+2=3
1−2=−1

Since 3≠−1, it is not a solution.


Even if a value works in the equation after squaring, that does not guarantee it works in the original radical equation.


11. Common mistakes to avoid



	Forgetting to check answers. This is the most common mistake.

	Ignoring domain restrictions. If an expression under a square root is negative, the value is not allowed in real-number solutions.

	Assuming squaring is reversible. Squaring can introduce false answers.

	Not isolating the radical first. If possible, isolate the radical before squaring to make the process cleaner and safer.




12. Quick strategy for recognizing possible extraneous roots


Be especially careful when:


	a square root is set equal to an expression that could be negative,

	you square both sides,

	or you square more than once.




The more times you square, the more important it is to check every final answer.


13. Practice-style reminders



	If you see expression, remember the output is nonnegative.

	If solving produces more than one answer, check all of them.

	An answer is only valid if it makes the original equation true.




[image: 📋]   Summary


An extraneous root is a false solution created during the solving process, usually after squaring both sides of a radical equation. This happens because squaring removes sign information and can make a false equation appear true.


To solve radical equations correctly, isolate the radical, note the domain restrictions, solve carefully, and then check every answer in the original equation. If an answer does not satisfy the original equation, it is extraneous and must be rejected.


  
  Put what you read to the test

  You've worked through Extraneous Roots in Radical Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1159






  [image: 📝]   Lesson 67: Radical Function Graphs

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1199




  Radical Function Graphs are graphs of functions that include roots, such as square roots and cube roots. In 11th Grade Maths, the most important radical graphs to recognize are the square root function and the cube root function, along with their transformations.


Understanding these graphs helps you answer questions about domain, range, where a graph starts, how it moves, and how changing the equation affects its shape.


This lesson will focus on:


	the parent graphs of square root and cube root functions,

	how domain and range work for radical functions,

	the difference between even roots and odd roots,

	how to graph transformed radical functions.




1. Parent Radical Functions


The two main parent functions are:


	Square root function: f(x)=x

	Cube root function: g(x)=x3




These are called parent functions because other radical functions are built from them using shifts, reflections, and stretches.


2. The Square Root Function


The basic square root function is:

y=x


To graph it, choose values of x that are perfect squares so the outputs are easy to calculate.


For example:


	if x=0, then y=0=0

	if x=1, then y=1=1

	if x=4, then y=4=2

	if x=9, then y=9=3




So some key points are:

(0,0), (1,1), (4,2), (9,3)


This graph begins at the origin and curves upward to the right.


Domain and Range of y=x


A square root is an even root. For real-number answers, the expression inside the root must be greater than or equal to 0.


That means for y=x:


	Domain: x≥0

	Range: y≥0




In interval notation:

Domain =[0,∞)

Range =[0,∞)


This restriction happens because you cannot take the square root of a negative number and get a real number.


3. The Cube Root Function


The basic cube root function is:

y=x3


Unlike square roots, cube roots are odd roots. Odd roots can take both positive and negative inputs.


For example:


	−83=−2

	−13=−1

	03=0

	13=1

	83=2




So useful graphing points are:

(−8,−2), (−1,−1), (0,0), (1,1), (8,2)


This graph passes through the origin and has an S-like shape that increases from left to right.


Domain and Range of y=x3


Because cube root is an odd root:


	Domain: all real numbers

	Range: all real numbers




In interval notation:

Domain =(−∞,∞)

Range =(−∞,∞)


Important Difference


	Even roots like x have restricted domains because the radicand cannot be negative.

	Odd roots like x3 have domain of all real numbers.




4. Transformations of Radical Functions


Radical graphs can be changed in the same ways as other functions:


	Horizontal shift: left or right

	Vertical shift: up or down

	Reflection: across the x-axis or y-axis

	Vertical stretch/compression: makes the graph steeper or flatter




A useful general form for a square root function is:

y=ax−h+k


Here is what each part does:


	h: shifts the graph right if positive, left if negative

	k: shifts the graph up if positive, down if negative

	a: stretches or compresses vertically, and reflects over the x-axis if negative




The graph of a square root function usually starts at (h,k).


For a cube root function, a common form is:

y=ax−h3+k


The point (h,k) acts like the center point of the graph's shape.


5. Finding the Domain from the Equation


For square root functions, the expression inside the root must satisfy:

inside of root≥0


For cube root functions, there is no such restriction over the real numbers.


So when graphing, always check:


	Is this an even root or odd root?

	If it is an even root, what values make the radicand nonnegative?




Worked Example 1: Graph the Parent Square Root Function


Graph:

y=x


Step 1: Choose easy input values.

Use perfect squares: 0,1,4,9.


Step 2: Find the outputs.


	x=0⇒y=0

	x=1⇒y=1

	x=4⇒y=2

	x=9⇒y=3




Step 3: Plot the points.

(0,0), (1,1), (4,2), (9,3)


Step 4: Draw the curve.

Start at (0,0) and draw a smooth curve rising to the right.


Domain and range:

Domain =[0,∞)

Range =[0,∞)


Worked Example 2: Graph a Shifted Square Root Function


Graph:

y=x−3+2


Step 1: Identify the transformation.

Compared to y=x, this graph is:


	shifted right 3

	shifted up 2




Step 2: Find the starting point.

The parent graph starts at (0,0), so this graph starts at:

(3,2)


Step 3: Choose values that make x−3 perfect squares.

Let x−3=0,1,4,9.


	if x−3=0, then x=3 and y=2

	if x−3=1, then x=4 and y=3

	if x−3=4, then x=7 and y=4

	if x−3=9, then x=12 and y=5




So points include:

(3,2), (4,3), (7,4), (12,5)


Step 4: Find the domain.

Because it is a square root function, require:

x−3≥0

x≥3


So:

Domain =[3,∞)


Step 5: Find the range.

The graph starts at y=2 and increases upward, so:

Range =[2,∞)


Worked Example 3: Graph the Parent Cube Root Function


Graph:

y=x3


Step 1: Choose easy values.

Use perfect cubes: −8,−1,0,1,8.


Step 2: Evaluate.


	x=−8⇒y=−2

	x=−1⇒y=−1

	x=0⇒y=0

	x=1⇒y=1

	x=8⇒y=2




Step 3: Plot the points.

(−8,−2), (−1,−1), (0,0), (1,1), (8,2)


Step 4: Draw the shape.

Connect the points with a smooth increasing S-shaped curve.


Domain and range:

Domain =(−∞,∞)

Range =(−∞,∞)


Worked Example 4: Graph a Transformed Cube Root Function


Graph:

y=−2x+13+3


Step 1: Identify transformations.


	x+1=x−(−1), so the graph shifts left 1

	+3, so it shifts up 3

	the factor −2 reflects the graph across the x-axis and stretches it vertically by a factor of 2




Step 2: Start from easy values of the parent function.

For x3, convenient inside values are −8,−1,0,1,8.


Since the inside is x+1, let:

x+1=−8,−1,0,1,8

Then:


	x=−9

	x=−2

	x=−1

	x=0

	x=7




Step 3: Compute the corresponding y-values.


	if x=−9, then y=−2−83+3=−2(−2)+3=7

	if x=−2, then y=−2−13+3=−2(−1)+3=5

	if x=−1, then y=−203+3=3

	if x=0, then y=−213+3=1

	if x=7, then y=−283+3=−4+3=−1




So points include:

(−9,7), (−2,5), (−1,3), (0,1), (7,−1)


Step 4: State domain and range.

This is still a cube root function, so:

Domain =(−∞,∞)

Range =(−∞,∞)


6. Quick Strategy for Graphing Radical Functions


	Identify whether the function is based on a square root or cube root.

	Determine the parent function.

	Find any shifts, reflections, or stretches.

	For square roots, check the radicand to find the domain.

	Choose convenient input values that make the root easy to evaluate.

	Plot points and draw the correct shape.




7. Common Mistakes to Avoid


	Forgetting domain restrictions for square roots. If the radicand is negative, the output is not a real number.

	Using random x-values for square root graphs. It is easier to use values that make the radicand a perfect square.

	Thinking cube roots have the same restrictions as square roots. Cube roots allow negative inputs.

	Missing the starting point of a transformed square root graph. The graph begins where the radicand equals 0.

	Forgetting that a negative outside the root reflects the graph across the x-axis.




8. Final Summary


Square root and cube root functions are the main radical functions you graph in this topic. The square root parent function y=x starts at (0,0), has domain [0,∞), and range [0,∞).


The cube root parent function y=x3 passes through (0,0), has domain of all real numbers, and range of all real numbers. This difference happens because even roots restrict the input, while odd roots do not.


When graphing transformed radical functions, identify the parent graph first, then apply shifts, reflections, and stretches. Always check the domain, especially for square root functions.


  
  Put what you read to the test

  You've worked through Radical Function Graphs. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1160
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  Transformations of Radical Functions


Radical functions are functions that include a square root, cube root, or another root. In this lesson, we will focus on how the graph of a radical function changes when we transform it.


Understanding transformations helps you quickly graph radical functions, describe how a graph moves or stretches, and find important features such as intercepts and domain restrictions.


A common parent radical function is the square root function:


f(x)=x


Another important parent function is the cube root function:


f(x)=x3


These parent functions can be changed using transformations. Some transformations move the graph without changing its shape very much, while others stretch, shrink, or reflect it.


1. Parent Radical Functions


Before studying transformations, it is important to know the basic shapes of the parent graphs.



  	Square root parent: y=x

  	Cube root parent: y=x3




For y=x:


  	The graph starts at (0,0).

  	It continues to the right only.

  	Its domain is x≥0.

  	Its range is y≥0.




For y=x3:


  	The graph passes through (0,0).

  	It extends left and right forever.

  	Its domain is all real numbers.

  	Its range is all real numbers.




2. General Form of a Transformed Radical Function


A transformed square root function is often written as


y=ab(x−h)+k


A transformed cube root function is often written as


y=ab(x−h)3+k


Each parameter changes the graph in a specific way:



  	h: horizontal shift

  	k: vertical shift

  	a: vertical stretch or compression, and possible reflection across the x-axis

  	b: horizontal stretch or compression, and possible reflection across the y-axis




3. Rigid Transformations


Rigid transformations move or flip a graph without changing its basic shape. At this level, the main rigid transformations are translations and reflections.


Horizontal shift:


  	y=x−h shifts right by h units.

  	y=x+h shifts left by h units.




Vertical shift:


  	y=x+k shifts up by k units if k>0.

  	y=x−k shifts down by k units if k>0.




Reflection across the x-axis:


  	y=−x




This changes every output to its opposite.


Reflection across the y-axis:


  	y=−x




This reflects the graph horizontally. Notice that for square root functions, this also changes the domain, because now −x≥0, so x≤0.


4. Non-Rigid Transformations


Non-rigid transformations change the size of the graph.


Vertical stretch or compression:


  	y=ax




If ∣a∣>1, the graph is stretched vertically.

If 0<∣a∣<1, the graph is compressed vertically.


Horizontal stretch or compression:


  	y=bx




If ∣b∣>1, the graph is compressed horizontally.

If 0<∣b∣<1, the graph is stretched horizontally.


Remember: horizontal changes can feel reversed. A larger value inside the function causes the graph to shrink horizontally.


5. How Transformations Affect the Starting Point or Center


For square root graphs, the parent function y=x starts at (0,0). After a transformation, the new starting point becomes (h,k) for


y=ab(x−h)+k


This starting point is very useful for graphing.


For cube root graphs, the point (0,0) acts like the graph's center. After transformation, the center becomes (h,k) for


y=ab(x−h)3+k


6. Domain and Range of Transformed Radical Functions


Domain and range are especially important for radical functions.


Square root function:

The expression inside the square root must be at least 0.


For example, if

y=x−4+2

then we need

x−4≥0

so

x≥4


The domain is [4,∞).


Since x−4≥0, adding 2 gives

y≥2


The range is [2,∞).


Cube root function:

There is no restriction on the expression inside a cube root, because cube roots of negative numbers are allowed. So transformed cube root functions usually have domain and range of all real numbers.


7. Finding x- and y-Intercepts


The intercepts tell us where the graph crosses the axes.


x-intercept: Set y=0 and solve.

y-intercept: Set x=0 and solve, if 0 is in the domain.


Always check whether the value you use is allowed in the domain.


Worked Example 1: Basic Translation of a Square Root Function


Describe the transformations of

y=x−3+1


Start with the parent function y=x.



  	x−3 means shift right 3 units.

  	+1 means shift up 1 unit.




So the graph starts at (3,1).


Domain:

Inside the square root, we need

x−3≥0

x≥3


Domain: [3,∞)


Range:

Because x−3≥0,

y≥1


Range: [1,∞)


x-intercept:

Set y=0:

0=x−3+1

−1=x−3


This is impossible because a square root cannot be negative.


So there is no x-intercept.


y-intercept:

Set x=0:

y=0−3+1


This is not real, because 0 is not in the domain.


So there is no y-intercept.


Worked Example 2: Reflection and Vertical Stretch


Analyze the function

y=−2x+1


Compare this to y=x.



  	x+1 shifts the graph left 1 unit.

  	The factor −2 reflects the graph across the x-axis.

  	The factor 2 also stretches the graph vertically by a factor of 2.




The starting point is (−1,0).


Domain:

x+1≥0

x≥−1


Domain: [−1,∞)


Range:

Since x+1≥0, multiplying by −2 gives

y≤0


Range: (−∞,0])


x-intercept:

Set y=0:

0=−2x+1

0=x+1

x+1=0

x=−1


x-intercept: (−1,0)


y-intercept:

Set x=0:

y=−20+1

y=−2


y-intercept: (0,−2)


Worked Example 3: Horizontal Compression and Intercepts


Consider

y=2x−4−3


First rewrite the inside to see the shift clearly:

2x−4=2(x−2)


So the function is

y=2(x−2)−3


This tells us:


  	shift right 2 units

  	shift down 3 units

  	horizontal compression because of the factor 2 inside




The starting point is (2,−3).


Domain:

2x−4≥0

2x≥4

x≥2


Domain: [2,∞)


Range:

Since 2x−4≥0,

y≥−3


Range: [−3,∞)


x-intercept:

Set y=0:

0=2x−4−3

3=2x−4

9=2x−4

13=2x

x=132


x-intercept: (132,0)


y-intercept:

Set x=0:

y=−4−3


This is not real, so there is no y-intercept.


Worked Example 4: Transforming a Cube Root Function


Analyze

y=x−83+2


Start with the parent function y=x3.



  	x−8 shifts the graph right 8 units.

  	+2 shifts the graph up 2 units.




The center point moves from (0,0) to (8,2).


Domain: all real numbers

Range: all real numbers


x-intercept:

Set y=0:

0=x−83+2

−2=x−83

Cube both sides:

(−2)3=x−8

−8=x−8

x=0


x-intercept: (0,0)


y-intercept:

Set x=0:

y=−83+2

y=−2+2=0


y-intercept: (0,0)


8. A Step-by-Step Method for Graphing Transformed Radical Functions



  	Identify the parent function: square root or cube root.

  	Find any shifts using (x−h) and +k.

  	Look for reflections from negative values of a or inside the radical.

  	Look for stretches or compressions from values of a and b.

  	Determine the domain and range.

  	Find the x- and y-intercepts, if they exist.

  	Plot the starting point or center point, then sketch the graph.




9. Common Mistakes to Avoid



  	Forgetting domain restrictions for square root functions.

  	Mixing up horizontal shifts: x−4 means right 4, not left 4.

  	Confusing inside and outside changes: inside affects horizontal transformations, outside affects vertical transformations.

  	Assuming every graph has both intercepts. Some radical graphs have one, two, or no intercepts.

  	Missing exact values: leave intercepts as exact numbers like 132, not decimals, unless told otherwise.




10. Brief Summary


Transformations change a radical parent function by shifting, reflecting, stretching, or compressing it. For square root functions, the graph usually begins at a starting point, and you must check the domain carefully because the value inside the square root must be nonnegative.


For cube root functions, the graph has a center point and usually has domain and range of all real numbers. By identifying the transformation and then solving for intercepts carefully, you can graph and analyze radical functions with confidence.


  
  Put what you read to the test

  You've worked through Transformations of Radical Functions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1161
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  Laws of Exponents Revisited


Exponents appear whenever a quantity is multiplied by itself repeatedly. In Algebra 2 and 11th Grade Maths, exponent rules are especially important because they let us simplify complicated expressions quickly and accurately.


When students make mistakes with exponent laws, it is often because they remember the rule but forget when it applies. This lesson reviews the main laws of exponents and shows how to use them correctly in more complex expressions with multiple variables.


By the end of this lesson, you should be able to simplify expressions involving product rules, quotient rules, powers of powers, negative exponents, and zero exponents.


1. What an exponent means


If a is a number and n is a positive integer, then an means multiplying a by itself n times:


an=a⋅a⋅a⋯a⏟n factors

For example, x4=x⋅x⋅x⋅x.


This idea is the foundation of every exponent rule. The laws are not random shortcuts—they come from repeated multiplication.


2. The main laws of exponents


Here are the exponent laws you must know.



  	Product of powers: when multiplying same bases, add exponents.




am⋅an=am+n


  	Quotient of powers: when dividing same bases, subtract exponents.




aman=am−n(a≠0)


  	Power of a power: when raising a power to another power, multiply exponents.




(am)n=amn


  	Power of a product: distribute the exponent to each factor.




(ab)n=anbn


  	Power of a quotient: distribute the exponent to the numerator and denominator.




(ab)n=anbn(b≠0)


  	Zero exponent: any nonzero base raised to the zero power equals 1.




a0=1(a≠0)


  	Negative exponent: a negative exponent means reciprocal.




a−n=1an(a≠0)

3. A very important warning


Exponent rules work only in certain situations. The most common mistake is trying to combine terms that do not have the same base or that are being added instead of multiplied.


For example:



  	x2⋅x5=x7 because the bases are the same and you are multiplying.

  	x2+x5 cannot be simplified using exponent laws because this is addition, not multiplication.

  	x2⋅y2 cannot become (xy)4. The bases are different.




Always ask yourself: Am I multiplying or dividing powers with the same base?


4. Product rule and quotient rule with variables


When variables match, combine their exponents. When they do not match, leave them separate.


Examples:



  	a3⋅a4=a7

  	m8÷m3=m5

  	x2y5⋅x3y=x2+3y5+1=x5y6

  	p7q2p3q=p7−3q2−1=p4q




Notice that each variable follows its own exponent rule. You can think of each variable as having its own “track.”


5. Power rules


The power of a power rule tells us to multiply exponents:


(x3)4=x12

This works because


(x3)4=x3⋅x3⋅x3⋅x3=x3+3+3+3=x12

If a power is applied to a product or quotient, distribute it to every factor inside the parentheses.


Examples:



  	(2x3)2=22(x3)2=4x6

  	(ab2)3=a3b6

  	(3x2y)2=9x4y2




6. Zero exponents and why they make sense


The rule a0=1 may seem strange at first, but it follows from the quotient rule.


For example,


x5x5=x5−5=x0

But any nonzero quantity divided by itself is 1, so


x0=1(x≠0)

This is why expressions like (3ab)0 simplify to 1, as long as the base is not zero.


7. Negative exponents


A negative exponent does not mean the value is negative. It means the factor belongs on the other side of the fraction bar.


Examples:



  	x−3=1x3

  	1y−2=y2

  	a−2b3=b3a2




A final answer is usually written with positive exponents only.


8. Strategy for simplifying complex exponent expressions


When an expression looks complicated, do not try to do everything at once. Use a step-by-step process.



  	Simplify powers first, especially powers of powers.

  	Distribute exponents across products or quotients inside parentheses.

  	Combine like bases by adding or subtracting exponents.

  	Rewrite negative exponents as reciprocals.

  	Check that the final answer has no negative exponents and is fully simplified.




9. Worked Examples


Example 1: Simplify a product with several variables


Simplify:


3x2y3⋅2x5y4

Step 1: Multiply the coefficients.


3⋅2=6

Step 2: Add exponents for matching bases.


x2⋅x5=x7

y3⋅y4=y7

Answer:


3x2y3⋅2x5y4=6x7y7

This example uses the product rule.


Example 2: Simplify a quotient with negative exponents in the result


Simplify:


12a7b23a3b5

Step 1: Simplify the coefficients.


123=4

Step 2: Subtract exponents for matching bases.


a7−3=a4

b2−5=b−3

So the expression becomes


4a4b−3

Step 3: Rewrite with positive exponents.


4a4b−3=4a4b3

Answer:


12a7b23a3b5=4a4b3

Example 3: Simplify a power of a product and quotient


Simplify:


(2x3y−2z2)2

Step 1: Apply the exponent to every factor.


(2x3y−2z2)2=22(x3)2(y−2)2(z2)2

Step 2: Multiply exponents.


=4x6y−4z4

Step 3: Rewrite the negative exponent.


4x6y−4z4=4x6y4z4

Answer:


(2x3y−2z2)2=4x6y4z4

Example 4: Simplify a more complex expression


Simplify:


(3m2n−1)3(2m−4n5)6m3n2

Step 1: Simplify the power first.


(3m2n−1)3=33(m2)3(n−1)3=27m6n−3

Now substitute this back in:


27m6n−3(2m−4n5)6m3n2

Step 2: Multiply in the numerator.


27⋅2=54

m6⋅m−4=m2

n−3⋅n5=n2

So the expression becomes


54m2n26m3n2

Step 3: Simplify the quotient.


546=9

m2−3=m−1

n2−2=n0=1

So we get


9m−1

Step 4: Rewrite with positive exponents.


9m−1=9m

Answer:


(3m2n−1)3(2m−4n5)6m3n2=9m

10. Common mistakes to avoid



  	Adding exponents when bases are different: x2y3 cannot become (xy)5.

  	Using exponent rules across addition: x2+x3 does not equal x5.

  	Forgetting to distribute an outer exponent to every factor: (2xy)3=8x3y3, not 2x3y3.

  	Leaving negative exponents in the final answer: rewrite them as reciprocals.

  	Forgetting zero exponent rule: a0=1 for any nonzero a.




11. Quick check for understanding


Try these on your own:



  	Simplify x4⋅x−2

  	Simplify p5q3p2q6

  	Simplify (2a−1b2)3

  	Simplify (m2n)2mn3




Answers:



  	x2

  	p3q3

  	8b6a3

  	m3n−1=m3n




12. Summary


The laws of exponents help you simplify expressions by using patterns in repeated multiplication. Multiply same bases by adding exponents, divide same bases by subtracting exponents, and multiply exponents when taking a power of a power.


Negative exponents mean reciprocals, and zero exponents equal 1 as long as the base is nonzero. In complex multivariable expressions, work carefully step by step, combine only matching bases, and write final answers with positive exponents.


  
  Put what you read to the test

  You've worked through Laws of Exponents Revisited. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1162
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  Defining the Exponential Function


In many real-world situations, a quantity does not change by adding the same amount each time. Instead, it changes by multiplying by the same factor over equal intervals. This kind of change is called exponential change.


An exponential function is usually written in the form


f(x)=abx


where:


	(a\) is the initial value, or the value of the function when x=0,

	b is the base, or the constant factor by which the function changes,

	x is the input, often representing time or number of steps.




Understanding this form helps you recognize whether a situation shows growth or decay, and helps you graph the function correctly.


1. What makes a function exponential?


A function is exponential when the variable is in the exponent. In other words, the input x appears as a power.


For example:


	f(x)=3(2)x is exponential because x is in the exponent.

	g(x)=5x2 is not exponential because x is the base being squared.

	h(x)=7(12)x is exponential.




This is an important difference. In exponential functions, the output changes by multiplying by the same factor as x increases by 1.


2. The meaning of a and b in f(x)=abx


Let us look more closely at the two constants in the formula.


The value of a


The number a tells you the starting amount. This is because when x=0,


f(0)=ab0=a(1)=a


So the y-intercept of the graph is (0,a).


The value of b


The number b tells you the factor the function is multiplied by each time x increases by 1.


For example, if b=3, then each step multiplies the output by 3. If b=12, then each step multiplies the output by 12.


You can see this by comparing consecutive outputs:


f(x+1)=abx+1=abx⋅b=f(x)⋅b


So every time x goes up by 1, the output is multiplied by b.


3. Conditions on the base


For f(x)=abx to be an exponential function in the usual algebra sense, the base must satisfy:


	b>0

	b≠1




These conditions matter because:


	If b≤0, the function is not defined for all real values of x.

	If b=1, then f(x)=a⋅1x=a, which is just a constant function, not exponential growth or decay.




In many school examples, a>0 as well, especially when modeling populations, money, or measurements.


4. Exponential growth vs. exponential decay


The value of the base b tells you whether the function shows growth or decay.


Exponential growth


If


b>1


then the function increases as x increases. This is called exponential growth.


Examples:


	f(x)=2(3)x

	g(x)=100(1.05)x




In 100(1.05)x, the factor 1.05 means the quantity grows by 5% each step.


Exponential decay


If


0<b<1


then the function decreases as x increases. This is called exponential decay.


Examples:


	f(x)=5(12)x

	g(x)=80(0.9)x




In 80(0.9)x, the factor 0.9 means the quantity keeps 90% of its value each step, so it decreases by 10% each step.


5. Key features of the graph


Graphs of exponential functions have some important features you should know.



	Y-intercept: The graph crosses the y-axis at (0,a).

	Growth or decay: Determined by whether b>1 or 0<b<1.

	Horizontal asymptote: For basic functions f(x)=abx, the graph gets closer and closer to y=0, but does not touch it.

	Domain: All real numbers.

	Range: If a>0, then f(x)>0, so the range is (0,∞).




If a>0, the graph stays above the x-axis. As x gets very large, a growth function rises quickly, while a decay function gets closer and closer to 0.


6. Recognizing exponential patterns in tables


A table represents an exponential function when equal changes in x produce equal multiplicative changes in the output.


For example, consider this table:


xf(x)0418216332


Each output is multiplied by 2, so this is exponential. The function is


f(x)=4(2)x


Compare that with a linear pattern:


xf(x)0417210313


Here, the outputs increase by adding 3 each time. That is linear, not exponential.


7. Worked Examples


Example 1: Identify whether the function is exponential growth or decay


Classify the function:


f(x)=6(13)x


Step 1: Check the form.

This matches f(x)=abx, where a=6 and b=13.


Step 2: Look at the base.

Since 0<13<1, the function shows exponential decay.


Step 3: Find the initial value.

When x=0,

f(0)=6(13)0=6


Answer: This is an exponential decay function with initial value 6.


Example 2: Find the equation from a table


A function has the following values:


xf(x)051152453135


Write the exponential function.


Step 1: Find a.

Since f(0)=a, we get

a=5


Step 2: Find the common factor.

Check the ratio of consecutive outputs:

155=3,4515=3,13545=3


So the base is

b=3


Step 3: Write the function.

f(x)=5(3)x


Answer: The exponential function is f(x)=5(3)x.


Example 3: Evaluate and interpret an exponential function


Suppose


P(x)=200(1.5)x


a) What is the initial value?

b) Is this growth or decay?

c) Find P(2).


Step 1: Identify a and b.

Here, a=200 and b=1.5.


a) The initial value is

P(0)=200


b) Since 1.5>1, this is exponential growth.


c) Evaluate at x=2:

P(2)=200(1.5)2=200(2.25)=450


Answer: The initial value is 200, the function represents growth, and P(2)=450.


Example 4: Decide if a function is exponential


Which of the following are exponential functions?



	f(x)=4x

	g(x)=x4

	h(x)=7(0.8)x

	k(x)=3x+2




Step 1: Check whether the variable is in the exponent.



	f(x)=4x: yes, exponential

	g(x)=x4: no, not exponential

	h(x)=7(0.8)x: yes, exponential

	k(x)=3x+2: no, linear




Answer: The exponential functions are f(x)=4x and h(x)=7(0.8)x.


8. Common mistakes to avoid



	Confusing exponential and polynomial functions: x2 is not exponential, but 2x is.

	Forgetting the base rules: The base must be positive and not equal to 1.

	Mixing up growth and decay: If b>1, it is growth. If 0<b<1, it is decay.

	Using addition instead of multiplication: Exponential functions change by multiplying by the same factor, not adding the same amount.




9. How to quickly identify an exponential function


When you see a function, table, or graph, ask these questions:



	Is the variable in the exponent?

	Can it be written as abx?

	Is the output changing by a constant ratio?

	Is the base greater than 1 or between 0 and 1?




If the answer to these fits the pattern of abx, then you are working with an exponential function.


[image: 📋]   Summary


An exponential function has the form f(x)=abx where a is the initial value and b is the constant multiplicative factor. If b>1, the function represents exponential growth. If 0<b<1, it represents exponential decay.


To recognize an exponential function, look for the variable in the exponent and check whether outputs change by a constant ratio. The graph crosses the y-axis at (0,a) and, for basic exponential functions, has a horizontal asymptote at y=0.


  
  Put what you read to the test

  You've worked through Defining the Exponential Function. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1163
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  Introduction

In exponential functions, the base tells us how a quantity grows or changes. You may already know bases like 2, 3, or 10. Another very important base is a special number called e.

The number e appears naturally when growth happens in smaller and smaller time intervals. It is the base used for continuous growth, such as certain population models, interest earned continuously, and many real-world situations in science and finance.

In this lesson, we will learn where e comes from, how it is connected to the expression (1+1n)n, and why it is so useful in exponential models.


1. A special limit

Consider the expression

(1+1n)n. 
As the value of n gets larger and larger, this expression gets closer and closer to a fixed number. That number is called e.

So we define

e=lim⁡n→∞(1+1n)n. 
This means that when n becomes extremely large, the value of (1+1n)n approaches e.

The decimal value of e is approximately

e≈2.71828. 
Like π, this decimal goes on forever without repeating.


2. Why does this expression matter?

This expression comes from repeated growth. Suppose you start with 1 unit of money and it grows by 100% in one year.

If that growth happens all at once at the end of the year, you get

1(1+1)=2. 
If it is split into 2 equal growth periods of 50% each, you get

(1+12)2=1.52=2.25. 
If it is split into 4 equal growth periods of 25% each, you get

(1+14)4≈2.4414. 
If it is split into 12 equal periods, you get

(1+112)12≈2.613. 
As the number of growth periods keeps increasing, the final amount gets closer to 2.71828…, not infinitely large. That limiting value is e.

This is why e is connected to continuous compounding and continuous growth.


3. Looking at the pattern numerically

Let us calculate a few values of (1+1n)n to see the pattern.


	When n=1: (1+1)1=2

	When n=2: (1+12)2=2.25

	When n=5: (1+15)5≈2.48832

	When n=10: (1+110)10≈2.59374

	When n=100: (1+1100)100≈2.70481

	When n=1000: (1+11000)1000≈2.71692



These values keep getting closer to 2.71828…, which shows the approach toward e.


4. What makes e special?

The number e is the base for the exponential function

y=ex. 
This function is especially useful because it models situations where the rate of growth depends on the current amount. In simple terms, the more there is, the faster it grows.

Examples include:


	population growth under ideal conditions,

	money growing with continuous compounding,

	radioactive decay and other natural decay models.



In 11th Grade maths, the main idea is that e is the natural base for continuous change.


5. Continuous growth formula

For repeated compounding, you may have seen a formula like

A=P(1+rn)nt, 
where:


	P is the starting amount,

	r is the annual rate written as a decimal,

	n is the number of compounding periods per year,

	t is the number of years,

	A is the final amount.



When compounding happens continuously, this formula becomes

A=Pert. 
This is one of the most important uses of e.


6. Worked Example 1: Approximating e

Use the expression (1+1n)n with n=20 to estimate e.

Step 1: Substitute n=20.

(1+120)20=(1.05)20. 
Step 2: Evaluate.

1.0520≈2.6533. 
Answer: This gives an estimate of e as about 2.6533.

This is not exact, but it is reasonably close. If we used a larger value of n, the estimate would be better.


7. Worked Example 2: Comparing larger values of n

Which is a better approximation of e:

(1+110)10or(1+1100)100?

Step 1: Evaluate both.

(1+110)10=1.110≈2.59374
(1+1100)100=1.01100≈2.70481
Step 2: Compare each to e≈2.71828.


	2.59374 is farther from 2.71828

	2.70481 is closer to 2.71828



Answer: (1+1100)100 is the better approximation.

This makes sense because larger values of n make the expression closer to e.


8. Worked Example 3: Continuous growth

An amount of money grows continuously at a rate of 6% per year. If the initial amount is $500, how much will there be after 3 years?

Use the continuous growth formula

A=Pert. 
Step 1: Identify the values.


	P=500

	r=0.06

	t=3



Step 2: Substitute.

A=500e0.06(3)=500e0.18. 
Step 3: Evaluate.

e0.18≈1.1972
A≈500(1.1972)=598.60
Answer: After 3 years, the amount is approximately $598.60.


9. Worked Example 4: Comparing yearly compounding and continuous compounding

Suppose $1000 is invested at 8% interest for 1 year.

Yearly compounding:

A=1000(1+0.08)=1080. 
Continuous compounding:

A=1000e0.08. 
Now evaluate:

e0.08≈1.08329
A≈1000(1.08329)=1083.29
Answer:


	Yearly compounding gives $1080.00

	Continuous compounding gives about $1083.29



Continuous compounding gives a slightly larger amount because growth is being added constantly.


10. Important ideas to remember


	e is a special irrational number with decimal value approximately 2.71828.

	It is defined by the limit e=lim⁡n→∞(1+1n)n.

	The expression (1+1n)n gets closer to e as n gets larger.

	e is the natural base for continuous growth.

	The continuous growth formula is A=Pert.




11. Common mistakes


	Thinking e is a variable: e is a constant number, like π.

	Rounding too early: Keep more decimal places in calculations to get a more accurate answer.

	Using percent instead of decimal: In formulas, 6% must be written as 0.06, not 6.

	Confusing repeated compounding with continuous compounding: Use A=P(1+rn)nt for compounding n times per year, and A=Pert for continuous compounding.




[image: 📋]   Summary

The natural base e is a special number that appears when we study the expression (1+1n)n as n becomes very large. Its value is approximately 2.71828.

It is called the base for continuous growth because it is used in models where change happens constantly. In these situations, the main formula is A=Pert. Understanding e helps you connect exponential functions to real-life growth and decay.


  
  Put what you read to the test

  You've worked through The Natural Base e. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1164






  [image: 📝]   Lesson 72: Solving Exponential Equations with Common Bases

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1204




  Solving Exponential Equations with Common Bases


Exponential equations are equations where the variable appears in the exponent. In this lesson, you will learn how to solve a special and very useful type of exponential equation: equations that can be rewritten so that both sides have the same base.


This method is based on a simple idea. If two powers have the same base and are equal, then their exponents must be equal.


For example, if


25=25

then the exponents are the same. More generally, if


am=an

and the base satisfies a>0 and a≠1, then


m=n

This is the key rule we use to solve exponential equations with common bases.


Why this works


Exponential functions with base greater than 0 and not equal to 1 are one-to-one. That means each output comes from only one exponent value. So if two powers with the same valid base are equal, the exponents must match.


Main strategy



  	Rewrite each side of the equation using the same base, if possible.


  	Once the bases match, set the exponents equal.


  	Solve the resulting linear or simple algebraic equation.


  	Check your answer in the original equation.





Recognizing common bases


Often, numbers can be rewritten as powers of smaller numbers. Here are some useful examples:



  	4=22


  	8=23


  	16=24


  	25=52


  	27=33


  	32=25


  	81=34


  	125=53





Being able to spot these relationships helps you rewrite the equation with matching bases.


Exponent rules you will use


When rewriting expressions, these exponent rules are especially helpful:



  	Power of a power: (am)n=amn


  	Same base when multiplying: am⋅an=am+n


  	Same base when dividing: aman=am−n, for a≠0





Worked Example 1: A direct common-base equation


Solve:


2x+1=25

Step 1: Check the bases.


Both sides already have base 2.


Step 2: Set the exponents equal.


x+1=5

Step 3: Solve.


x=4

Step 4: Check.


24+1=25

25=25

The solution is correct.


Answer: x=4


Worked Example 2: Rewrite one side using a common base


Solve:


4x=26

Step 1: Rewrite 4 as a power of 2.


Since 4=22, we have


4x=(22)x

Step 2: Use the power rule.


(22)x=22x

So the equation becomes


22x=26

Step 3: Set the exponents equal.


2x=6

Step 4: Solve.


x=3

Check.


43=64and26=64

The solution works.


Answer: x=3


Worked Example 3: Rewrite both sides


Solve:


8x−1=4x+2

Step 1: Rewrite both bases as powers of 2.


Since 8=23 and 4=22, we get


(23)x−1=(22)x+2

Step 2: Apply the power rule.


23(x−1)=22(x+2)

Step 3: Set the exponents equal.


3(x−1)=2(x+2)

Step 4: Solve the equation.


3x−3=2x+4

x=7

Check.


Left side:


87−1=86

Right side:


47+2=49

Rewrite both:


86=(23)6=218

49=(22)9=218

Both sides are equal, so the solution is correct.


Answer: x=7


Worked Example 4: Use exponent rules before matching bases


Solve:


3x+432=27

Step 1: Simplify the left side using the quotient rule.


3x+432=3x+4−2=3x+2

So the equation becomes


3x+2=27

Step 2: Rewrite 27 as a power of 3.


27=33

Now we have


3x+2=33

Step 3: Set the exponents equal.


x+2=3

Step 4: Solve.


x=1

Check.


31+432=3532=33=27

The solution is correct.


Answer: x=1


What to do step by step



  	Look at the numbers in the equation and ask: can they be written using the same base?


  	Rewrite numbers like 4,8,9,16,25,27,32,81,125 as powers of smaller numbers.


  	Use exponent rules carefully.


  	Only set exponents equal after the bases are identical.


  	Always check your final answer in the original equation.





Common mistakes to avoid



  	Setting exponents equal too early. You can only do this when the bases are the same.


  	Forgetting to rewrite numbers. For example, in 4x=26, you must rewrite 4 as 22.


  	Using exponent rules incorrectly. For example, (22)x=22x, not 2x+2.


  	Not distributing properly. For example, 3(x−1)=3x−3, not 3x−1.


  	Skipping the check. A quick check can catch algebra mistakes.





Practice problems


Try these on your own:



  	5x−2=54


  	9x=38


  	16x+1=212


  	27x=9x+1





Answers



  	x=6


  	x=4


  	x=2


  	x=2





Brief Summary


To solve exponential equations with common bases, rewrite both sides so they use the same base. Then set the exponents equal and solve the resulting equation. This method works because powers with the same valid base are equal only when their exponents are equal.


  
  Put what you read to the test

  You've worked through Solving Exponential Equations with Common Bases. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1165
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  Compound Interest is a financial application of exponential growth. It describes what happens when interest is added to an amount of money, and then future interest is calculated on both the original amount and the interest already earned.


This is different from simple interest, where interest is only calculated on the original principal. With compound interest, your money can grow faster because the growth builds on itself over time.


In this lesson, you will learn how to use the discrete compound interest formula, how compounding periods affect growth, and how to solve common problems involving future value and interest earned.


1. The basic idea of compound interest


Suppose you invest money in a bank account. The starting amount is called the principal. If the account earns interest, the bank adds a percentage of the balance to your account.


With compound interest, once interest is added, the new balance becomes the amount used to calculate the next interest payment. This repeated multiplication creates exponential growth.


2. The compound interest formula


The formula for compound interest is


A=P(1+rn)nt

where:



	A = final amount after interest

	P = principal, or starting amount

	r = annual interest rate written as a decimal

	n = number of times interest is compounded per year

	t = time in years




Important: The interest rate must be written as a decimal, not a percent. For example:



	5%=0.05

	3.2%=0.032

	12%=0.12




3. Understanding the parts of the formula


The expression 1+rn is the growth factor for one compounding period. It tells you how much the balance is multiplied by each time interest is added.


The exponent nt tells you the total number of compounding periods. For example:



	If interest is compounded yearly, then n=1

	If compounded quarterly, then n=4

	If compounded monthly, then n=12

	If compounded daily, then n=365 in many problems




So if money is compounded monthly for 3 years, the total number of compounding periods is


nt=12⋅3=36

4. Why compound interest is exponential


Each time interest is added, the balance is multiplied by the same factor. Repeated multiplication is the key idea of an exponential function.


For example, if an amount grows by a factor of 1.02 each period, then after many periods the amount is found by multiplying by 1.02 again and again. That is why exponents appear in compound interest formulas.


5. Common compounding periods



	Annually: n=1

	Semiannually: n=2

	Quarterly: n=4

	Monthly: n=12

	Weekly: n=52

	Daily: n=365




The more often interest is compounded, the more money the account earns, assuming the same annual rate and time.


6. Worked Example 1: Annual compounding


Problem: Find the value of $2000 invested at 6% annual interest for 4 years, compounded annually.


Step 1: Identify the values.



	P=2000

	r=0.06

	n=1

	t=4




Step 2: Substitute into the formula.


A=2000(1+0.061)1⋅4

A=2000(1.06)4

Step 3: Calculate.


A=2000(1.26247696)

A≈2524.95

Answer: The investment will be worth approximately $2524.95 after 4 years.


7. Worked Example 2: Quarterly compounding


Problem: Find the value of $5000 invested at 8% annual interest for 3 years, compounded quarterly.


Step 1: Identify the values.



	P=5000

	r=0.08

	n=4

	t=3




Step 2: Substitute.


A=5000(1+0.084)4⋅3

A=5000(1.02)12

Step 3: Calculate.


A=5000(1.26824179)

A≈6341.21

Answer: The investment will be worth approximately $6341.21.


Interest earned is the final amount minus the principal:


6341.21−5000=1341.21

So the account earned $1341.21 in interest.


8. Worked Example 3: Monthly compounding


Problem: A savings account starts with $1200 and earns 5.4% annual interest compounded monthly. How much is in the account after 2 years?


Step 1: Identify the values.



	P=1200

	r=0.054

	n=12

	t=2




Step 2: Substitute into the formula.


A=1200(1+0.05412)12⋅2

A=1200(1.0045)24

Step 3: Calculate.


A≈1200(1.113755)

A≈1336.51

Answer: After 2 years, the account balance is approximately $1336.51.


9. Worked Example 4: Comparing compounding periods


Problem: Suppose $10,000 is invested at 7% annual interest for 1 year. Compare annual compounding and monthly compounding.


Annual compounding:


A=10000(1+0.071)1⋅1

A=10000(1.07)=10700

Monthly compounding:


A=10000(1+0.0712)12

A=10000(1.0058333…)12

A≈10722.90

Comparison:



	Annual compounding gives $10,700.00

	Monthly compounding gives about $10,722.90




Monthly compounding earns a little more because interest is added more often.


10. Finding interest earned


Sometimes a problem asks for the interest earned, not the final amount.


Use this relationship:


Interest=A−P

So first find the final amount using the compound interest formula, then subtract the original principal.


11. How to solve compound interest problems step by step



	Read the problem carefully.

	Identify the principal P.

	Convert the percent rate to a decimal for r.

	Determine the compounding frequency n.

	Identify the time in years t.

	Substitute into A=P(1+rn)nt

	Use a calculator carefully, especially with parentheses and exponents.

	If needed, subtract P from A to find interest earned.

	Round money to the nearest cent unless told otherwise.




12. Common mistakes to avoid



	Forgetting to change percent to decimal: 6% should be 0.06, not 6.

	Using the wrong value of n: Monthly means 12, quarterly means 4.

	Forgetting the exponent is nt: Multiply the number of periods per year by the number of years.

	Not using parentheses correctly: The entire quantity 1+rn must be raised to the exponent.

	Giving interest earned when the question asks for final amount, or vice versa: Read carefully.




13. Connecting compound interest to exponential functions


The compound interest formula is an example of an exponential model because the variable t appears in the exponent.


If the principal and interest rate stay fixed, the amount grows exponentially over time. This means growth starts gradually and then becomes faster as the balance increases.


That is why compound interest is often described as “interest earning interest.”


14. Quick practice questions



	What is the value of $3000 at 4% annual interest for 5 years compounded annually?

	What is the value of $1500 at 6% annual interest for 2 years compounded monthly?

	If $8000 grows to $9261, how much interest was earned?

	Which earns more over the same time: quarterly compounding or monthly compounding?




15. Brief summary


Compound interest happens when interest is added to an account and future interest is calculated on the new balance. The formula is


A=P(1+rn)nt

To use it correctly, identify the principal, convert the rate to a decimal, use the correct compounding number, and multiply n and t for the exponent. More frequent compounding leads to greater growth, and the amount grows exponentially over time.


  
  Put what you read to the test

  You've worked through Compound Interest. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1166
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  Continuous Growth and Decay Models describe situations where a quantity changes at a rate that is always proportional to its current amount. This means the larger the amount is, the faster it grows or decays, and the smaller it is, the slower it changes.


These models are used in many real-life situations, such as continuously compounded interest, population growth, and radioactive decay. The main formula you will use is


A=Pert


In this formula:


  	
A is the amount after time t,

  	P is the initial amount,

  	e is a special irrational number approximately equal to 2.718,

  	r is the growth or decay rate written as a decimal,

  	t is the time elapsed.




If r>0, the model represents continuous growth. If r<0, the model represents continuous decay.


For example, if money grows continuously at a rate of 4%, then r=0.04. If a substance decays continuously at a rate of 12%, then r=−0.12.


Why do we use e? In continuous growth and decay, the change is happening all the time, not just once per year or once per month. The number e appears naturally when compounding happens continuously.


It may help to compare this with ordinary exponential models like A=P(1+r)t. In that model, growth happens in steps. In the continuous model A=Pert, growth happens smoothly at every moment.


Main ideas to remember:


  	Use A=Pert when the problem says continuous growth, continuous decay, or compounded continuously.

  	The rate r must be written as a decimal.

  	Time t must match the units of the rate.

  	Decay means the exponent is negative because r is negative.




Understanding the variables carefully is very important. If the rate is given per year, then time should be measured in years. If the rate is given per month, then time should be measured in months.


For instance, if a population grows continuously at 3% per year for 5 years, then


A=Pe0.03(5)


But if the same 3% rate were somehow given per month, then the time would need to be in months instead.


Continuous growth happens when the amount increases over time. Since r is positive, the exponent rt becomes positive, so ert is greater than 1. That makes the final amount bigger than the initial amount.


Continuous decay happens when the amount decreases over time. Since r is negative, the exponent rt becomes negative, so ert is between 0 and 1. That makes the final amount smaller than the initial amount.


Let us now work through several examples.


Example 1: Continuously compounded interest

A bank account starts with $2000 and earns 5% interest compounded continuously. How much money will be in the account after 3 years?


Step 1: Identify the values.


  	P=2000

  	r=0.05

  	t=3




Step 2: Substitute into the formula.

A=Pert

A=2000e0.05(3)

A=2000e0.15


Step 3: Evaluate.

Using a calculator, e0.15≈1.1618.

A≈2000(1.1618)

A≈2323.67


Answer: After 3 years, the account will have about $2323.67.


This is a growth problem because the rate is positive.


Example 2: Population growth

A town has a population of 12,000 people. The population grows continuously at a rate of 2.4% per year. What will the population be after 10 years?


Step 1: Identify the values.


  	P=12000

  	r=0.024

  	t=10




Step 2: Use the formula.

A=12000e0.024(10)

A=12000e0.24


Step 3: Calculate.

e0.24≈1.2712

A≈12000(1.2712)

A≈15254.4


Answer: The population after 10 years will be about 15,254 people.


Since population is usually counted in whole people, rounding to the nearest whole number makes sense.


Example 3: Radioactive decay

A sample begins with 80 grams of a radioactive substance. It decays continuously at a rate of 18% per year. How much remains after 6 years?


Step 1: Identify the values.


  	P=80

  	r=−0.18 because it is decay

  	t=6




Step 2: Substitute.

A=80e−0.18(6)

A=80e−1.08


Step 3: Calculate.

e−1.08≈0.3396

A≈80(0.3396)

A≈27.17


Answer: About 27.17 grams remain after 6 years.


Notice that the amount became smaller because the exponent was negative.


Example 4: Half-life and finding the decay rate

A certain substance has a half-life of 8 years. That means half of the original amount remains after 8 years. If the initial mass is 500 grams, how much remains after 20 years?


For half-life problems, we often first find the decay rate r.


Step 1: Use the meaning of half-life.

After 8 years, the amount is half of the initial amount:

12P=Pe8r


Divide both sides by P:

12=e8r


To solve for r, take the natural logarithm of both sides:

ln⁡(12)=8r

r=ln⁡(1/2)8

r≈−0.69318≈−0.0866


So the continuous decay rate is about −0.0866, or −8.66% per year.


Step 2: Now find the amount after 20 years.

A=500e−0.0866(20)

A=500e−1.732


Using a calculator, e−1.732≈0.1768.

A≈500(0.1768)

A≈88.4


Answer: About 88.4 grams remain after 20 years.


This example shows that half-life problems can still be solved with the same formula. Sometimes you are given the rate directly, and sometimes you must find it first.


Solving for time is another important skill. Sometimes you know the starting amount and ending amount, and you need to find how long the process takes.


Suppose a substance follows A=Pert. To solve for t:


  	Divide both sides by P: AP=ert

  	Take the natural logarithm of both sides: ln⁡(AP)=rt

  	Solve for t:




t=ln⁡(A/P)r


This is especially useful in questions about how long it takes for an investment to reach a certain value or how long it takes for a substance to decay to a certain amount.


Quick example of solving for time

An investment of $1000 grows continuously at 6% per year. How long will it take to reach $1500?


Use

1500=1000e0.06t

Divide by 1000:

1.5=e0.06t

Take the natural logarithm:

ln⁡(1.5)=0.06t

t=ln⁡(1.5)0.06

t≈0.40550.06≈6.76


Answer: It will take about 6.76 years.


Common mistakes to avoid


  	Forgetting to change percent to decimal: 7% must be written as 0.07, not 7.

  	Using a positive rate for decay: decay rates must be negative in A=Pert.

  	Mixing time units: if r is per year, then t must be in years.

  	Entering calculator expressions incorrectly: make sure the whole exponent is inside, such as e0.05⋅3.

  	Rounding too early: keep several decimal places until the final answer.




How to tell when to use this model


  	If the problem says compounded continuously, use A=Pert.

  	If the problem says grows continuously or decays continuously, use A=Pert.

  	If the problem gives a half-life, you can still use this model after finding or using the decay rate.




[image: 📋]   Summary

Continuous growth and decay are modeled by the formula A=Pert where P is the initial amount, r is the rate as a decimal, and t is time. Positive r means growth, and negative r means decay.


These models are useful for interest, population change, and radioactive decay. To solve problems correctly, pay attention to the sign of the rate, match time units, and use logarithms when you need to solve for time or rate.


  
  Put what you read to the test

  You've worked through Continuous Growth and Decay Models. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1167






  
    
  [image: 📖]   Chapter 10

  Logarithmic Functions and Equations
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  Lesson: The Logarithmic Inverse


In earlier work with exponents, you learned how to evaluate expressions like 23=8 or 102=100. But sometimes in maths, we know the result and want to find the exponent. For example, if 2x=8, what is x? Since 23=8, the answer is x=3.


This idea leads to logarithms. A logarithm tells us the exponent needed to produce a certain value. In this way, logarithms are the inverse of exponential functions.


In this lesson, you will learn what it means for logarithms to be inverses of exponentials, how to switch between exponential and logarithmic form, and how to interpret logarithms correctly.


1. What does “inverse” mean?


Two operations are inverses if one undoes the other. For example:


  	Addition and subtraction are inverses.

  	Multiplication and division are inverses.

  	Squaring and square roots are inverses.




In the same way, exponentials and logarithms are inverses.


If

by=x
then the equivalent logarithmic statement is

log⁡b(x)=y

This is the key definition of a logarithm.


Read it like this: “log base b of x equals y.”


It means: the exponent on base b that gives x is y.


2. The definition of a logarithm


The formal definition is:

log⁡b(x)=yif and only ifby=x

This means you can move back and forth between the two forms whenever needed.


To use logarithms correctly, the base must satisfy:


  	b>0

  	b≠1




Also, the input of a logarithm must be positive:


  	x>0




So expressions like log⁡2(8) are valid, but log⁡2(−8) is not.


3. Converting between exponential and logarithmic form


The most important skill in this topic is converting between the two forms.


Exponential form:

by=x

Logarithmic form:

log⁡b(x)=y

Notice how each part matches:


  	The base stays the same.

  	The exponent becomes the answer to the logarithm.

  	The result of the exponential becomes the input of the logarithm.




A helpful way to remember this is:

baseanswer = number

So

log⁡b(x)=y  ⟺  by=x

4. Understanding what a logarithm asks


When you see a logarithm such as log⁡3(81), do not think of it as multiplication or division. Instead ask:

“3 to what power equals 81?”


Since

34=81
we have

log⁡3(81)=4

That is the main meaning of a logarithm.


5. Worked Example 1: From exponential form to logarithmic form


Write 25=32 in logarithmic form.


Step 1: Identify the base, exponent, and result.


  	Base: 2

  	Exponent: 5

  	Result: 32




Step 2: Use the pattern by=x  ⟺  log⁡b(x)=y.


So

log⁡2(32)=5

Answer: log⁡2(32)=5


6. Worked Example 2: From logarithmic form to exponential form


Write log⁡4(64)=3 in exponential form.


Step 1: Identify the base, input, and output.


  	Base: 4

  	Input: 64

  	Output: 3




Step 2: Rewrite using by=x.


So

43=64

Answer: 43=64


7. Worked Example 3: Evaluating a logarithm


Find log⁡5(125).


This asks:

“5 to what power equals 125?”


Since

53=125
it follows that

log⁡5(125)=3

Answer: 3


8. Worked Example 4: Solving a simple exponential equation using logarithmic thinking


Solve 3x=27.


Method 1: Use exponent knowledge

Since

33=27
we get

x=3

Method 2: Rewrite using logarithms

Because 3x=27, we can write

log⁡3(27)=x

Now ask: “3 to what power gives 27?” Since 33=27,

x=3

This shows how logarithms help describe unknown exponents.


9. Special logarithm values


Some logarithms appear often and are useful to remember.



  	log⁡b(1)=0 because b0=1

  	log⁡b(b)=1 because b1=b




Examples:


  	log⁡7(1)=0

  	log⁡9(9)=1

  	log⁡2(1)=0




10. How inverse relationships work


Since logarithms and exponentials undo each other, the following relationships are true:

log⁡b(bx)=x
blog⁡b(x)=x

These work because one operation reverses the other.


For example:

log⁡2(26)=6
10log⁡10(1000)=1000

You do not need to think of these as complicated rules. They simply show that inverse operations cancel each other.


11. Common mistakes to avoid



  	Mixing up the base and the result.
For log⁡2(8)=3, the base is 2, not 8.

  	Reading a logarithm incorrectly.
log⁡3(81) means “3 to what power gives 81?”

  	Using negative or zero inputs.
log⁡b(x) is only defined when x>0.

  	Forgetting that logarithms give exponents.
The answer to a logarithm is a power.




12. Quick practice ideas


Try asking yourself these questions:


  	log⁡2(16)=?

  	log⁡10(1000)=?

  	Write 54=625 in logarithmic form.

  	Write log⁡6(36)=2 in exponential form.




Answers:


  	log⁡2(16)=4

  	log⁡10(1000)=3

  	log⁡5(625)=4

  	62=36




13. Summary


A logarithm is the inverse of an exponential. The statement log⁡b(x)=y means exactly the same thing as by=x.


When evaluating a logarithm, always ask: “The base raised to what power equals this number?” If you can convert smoothly between logarithmic and exponential form, you have understood the key idea of the logarithmic inverse.


  
  Put what you read to the test

  You've worked through The Logarithmic Inverse. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1168
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  Common and Natural Logarithms are two very important types of logarithms you will use often in Algebra. They help us rewrite exponential expressions, solve equations with variables in exponents, and model real-world situations such as growth and decay.


Before learning the special types, remember the main idea of a logarithm: a logarithm answers the question, “What power do I raise the base to in order to get this number?”


In general,


log⁡ba=cmeansbc=a

This shows that logarithms and exponential functions are inverses of each other.


For example,


log⁡28=3

because


23=8

In this lesson, we focus on the two most common logarithms used in 11th Grade Maths:



  	Common logarithm: base 10

  	Natural logarithm: base e




1. Common Logarithms


A common logarithm is a logarithm with base 10.


log⁡x=log⁡10x

Notice that when no base is written, in most school mathematics this means base 10.


For example,


log⁡100=2

because


102=100

Another example is


log⁡1000=3

because


103=1000

Common logs are especially helpful when working with powers of 10 and when using a calculator.


2. Natural Logarithms


A natural logarithm is a logarithm with base e.


ln⁡x=log⁡ex

The number e is an irrational number approximately equal to


e≈2.718

You do not need to memorize many decimal places. Just know that e is a special constant, similar to how π is special in geometry.


For example,


ln⁡e=1

because


e1=e

Also,


ln⁡1=0

because


e0=1

3. Key Facts to Know



  	log⁡x means base 10.

  	ln⁡x means base e.

  	Logarithms are only defined when the input is positive.




That means:


log⁡x is defined only if x>0

and


ln⁡x is defined only if x>0

So expressions like log⁡(−5) and ln⁡(0) are not defined in real numbers.


4. Important Exact Values


Some logarithms can be found exactly without a calculator.


For common logarithms:



  	log⁡1=0, because 100=1

  	log⁡10=1, because 101=10

  	log⁡100=2, because 102=100

  	log⁡1000=3, because 103=1000




For natural logarithms:



  	ln⁡1=0, because e0=1

  	ln⁡e=1, because e1=e

  	ln⁡e2=2, because e2=e2

  	More generally, ln⁡(ek)=k




5. Using a Calculator


Most calculators have a log button and an ln button.



  	Use log for common logarithms.

  	Use ln for natural logarithms.




For example, a calculator gives approximate values such as


log⁡7≈0.8451

because


100.8451≈7

And


ln⁡7≈1.9459

because


e1.9459≈7

These are approximate values, not exact values.


6. Exact Value vs Approximate Value


It is important to know when an answer should stay exact and when a decimal approximation is needed.



  	If the logarithm can be rewritten using a known power, give an exact value.

  	If it cannot be simplified easily, use a calculator approximation.




For example:



  	log⁡100=2 is exact.

  	ln⁡e3=3 is exact.

  	log⁡6≈0.7782 is approximate.

  	ln⁡6≈1.7918 is approximate.




7. Logarithms Undo Exponentials


Since logarithms and exponentials are inverses, they cancel each other when the base matches.


For base 10:


log⁡(10x)=x

and


10log⁡x=xfor x>0

For base e:


ln⁡(ex)=x

and


eln⁡x=xfor x>0

These relationships are very useful for solving equations.


Worked Example 1: Evaluating a Common Logarithm Exactly


Find log⁡10000.


Step 1: Rewrite the number as a power of 10.


10000=104

Step 2: Use the definition of logarithm.


log⁡10000=log⁡(104)=4

Answer: 4


Worked Example 2: Evaluating a Natural Logarithm Exactly


Find ln⁡(1e2).


Step 1: Rewrite the expression using a power of e.


1e2=e−2

Step 2: Apply the natural log.


ln⁡(e−2)=−2

Answer: −2


Worked Example 3: Using a Calculator


Find log⁡35 to 4 decimal places.


This is not an obvious power of 10, so we use a calculator.


log⁡35≈1.5441

Answer: 1.5441


You can check the meaning of this answer:


101.5441≈35

Worked Example 4: Solving an Exponential Equation


Solve ex=12.


The variable is in the exponent, so use the natural logarithm.


Step 1: Take ln⁡ of both sides.


ln⁡(ex)=ln⁡12

Step 2: Simplify the left side.


x=ln⁡12

Step 3: Approximate if needed.


x≈2.4849

Answer: x=ln⁡12≈2.4849


8. Common Mistakes to Avoid



  	Forgetting the base: log⁡x and ln⁡x are not the same.

  	Using logs on negative numbers or zero: logarithms only accept positive inputs.

  	Confusing exact and approximate answers: ln⁡e=1 is exact, but ln⁡2 is approximate.

  	Thinking log and ln are ordinary variables: they are functions, like square root or absolute value.




9. Quick Comparison: Common Log vs Natural Log



  	Common log: log⁡x=log⁡10x

  	Natural log: ln⁡x=log⁡ex

  	Calculator buttons: use log for base 10 and ln for base e

  	Exact values: easiest when the number is a power of the base




10. Summary


Common and natural logarithms are special logarithms with bases 10 and e. A common logarithm is written as log⁡x, and a natural logarithm is written as ln⁡x.


They are inverses of exponential functions, which means they help us undo exponents. You should be able to recognize exact values such as log⁡100=2 and ln⁡e3=3, and use a calculator to approximate values like log⁡7 or ln⁡12.


Most importantly, remember that logarithms are only defined for positive numbers, and always pay attention to whether the question asks for an exact value or a decimal approximation.


  
  Put what you read to the test

  You've worked through Common and Natural Logarithms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1169
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  Properties of Logarithms


Logarithms are closely connected to exponents. In fact, a logarithm answers the question: "What exponent gives this result?"


For example, in the expression log⁡28=3, the logarithm tells us that the exponent on 2 must be 3 because 23=8.


Because logarithms are the inverse of exponential functions, they follow patterns that help us rewrite and simplify expressions. These patterns are called the properties of logarithms.


In this lesson, you will learn how to use the three main properties:



  	Product Property

  	Quotient Property

  	Power Property




You will also learn how to expand a logarithmic expression and how to condense several logarithms into one.


Before using logarithms, remember the basic restrictions:


  	The base must be positive and not equal to 1.

  	The number inside the logarithm, called the argument, must be positive.




So expressions like log⁡3(−5) are not defined in the real number system.


1. Product Property of Logarithms


The product property says that the logarithm of a product can be written as the sum of two logarithms.


log⁡b(MN)=log⁡bM+log⁡bN

This property works when M>0, N>0, and the base b is valid.


This means that multiplying inside a logarithm becomes addition outside the logarithm.


Example:


log⁡5(2x)=log⁡52+log⁡5x

This is helpful when you want to break a log expression into simpler parts.


2. Quotient Property of Logarithms


The quotient property says that the logarithm of a quotient can be written as the difference of two logarithms.


log⁡b(MN)=log⁡bM−log⁡bN

Again, this only works if M>0 and N>0.


This means that division inside a logarithm becomes subtraction outside the logarithm.


Example:


log⁡4(x7)=log⁡4x−log⁡47

3. Power Property of Logarithms


The power property says that an exponent inside a logarithm can be brought in front as a coefficient.


log⁡b(Mp)=plog⁡bM

This is often the most useful property when expanding logarithms.


Example:


log⁡3(x4)=4log⁡3x

Notice that the exponent becomes a multiplier in front of the logarithm.


Important note: The power property works in one direction and the other direction. You can move an exponent out front, and you can also move a coefficient back in as an exponent when condensing.


Common Mistake to Avoid


Do not think that logarithms distribute over addition or subtraction.


These are not true:



  	log⁡b(M+N)≠log⁡bM+log⁡bN

  	log⁡b(M−N)≠log⁡bM−log⁡bN




The product property only works for multiplication, and the quotient property only works for division.


For example,


log⁡(2+3)=log⁡5

but


log⁡2+log⁡3=log⁡6

Since log⁡5≠log⁡6, the expression cannot be split across addition.


Expanding Logarithmic Expressions


To expand means to rewrite one logarithm as a sum or difference of simpler logarithms.


When expanding, follow this general order:



  	Use the product or quotient property to split the expression.

  	Use the power property to move exponents out front.

  	Simplify if possible.




Worked Example 1: Expand a simple product


Expand log⁡2(7x).


Step 1: Notice that 7x is a product.


Use the product property:


log⁡2(7x)=log⁡27+log⁡2x

Final answer:


log⁡27+log⁡2x

Worked Example 2: Expand an expression with a quotient and a power


Expand log⁡3(x25y).


Step 1: The main operation is division, so use the quotient property.


log⁡3(x25y)=log⁡3(x2)−log⁡3(5y)

Step 2: Expand each part.


For log⁡3(x2), use the power property:


log⁡3(x2)=2log⁡3x

For log⁡3(5y), use the product property:


log⁡3(5y)=log⁡35+log⁡3y

Step 3: Put everything together.


log⁡3(x25y)=2log⁡3x−(log⁡35+log⁡3y)

Now remove the parentheses carefully:


log⁡3(x25y)=2log⁡3x−log⁡35−log⁡3y

Final answer:


2log⁡3x−log⁡35−log⁡3y

Condensing Logarithmic Expressions


To condense means to combine several logarithms into a single logarithm.


When condensing, do the reverse of expanding:



  	Use the power property backward to move coefficients inside as exponents.

  	Use addition to combine with the product property.

  	Use subtraction to combine with the quotient property.




Worked Example 3: Condense a sum of logarithms


Condense log⁡4x+log⁡4y.


Since the logs have the same base and are being added, use the product property backward:


log⁡4x+log⁡4y=log⁡4(xy)

Final answer:


log⁡4(xy)

Worked Example 4: Condense a more complex expression


Condense 3log⁡2x+log⁡2y−2log⁡2z.


Step 1: Move the coefficients inside as exponents.


3log⁡2x=log⁡2(x3)

2log⁡2z=log⁡2(z2)

So the expression becomes:


log⁡2(x3)+log⁡2y−log⁡2(z2)

Step 2: Combine the added logs using the product property.


log⁡2(x3)+log⁡2y=log⁡2(x3y)

Step 3: Use the quotient property for the subtraction.


log⁡2(x3y)−log⁡2(z2)=log⁡2(x3yz2)

Final answer:


log⁡2(x3yz2)

How to Know Which Property to Use



  	If you see multiplication inside one logarithm, use the product property.

  	If you see division inside one logarithm, use the quotient property.

  	If you see an exponent inside one logarithm, use the power property.

  	If you are combining several logarithms into one, work backward with these same properties.




Important Conditions


Whenever you expand or condense, the arguments of the logarithms must stay positive.


For example, if you write log⁡(xy), then both the logarithm expression and its parts must make sense in the real number system. In many 11th Grade problems, it is usually understood that the variables represent positive values unless stated otherwise.


Quick Check


Decide whether each statement is true or false:



  	log⁡b(MN)=log⁡bM+log⁡bN [image: →] True

  	log⁡b(MN)=log⁡bM−log⁡bN [image: →] True

  	log⁡b(Mp)=plog⁡bM [image: →] True

  	log⁡b(M+N)=log⁡bM+log⁡bN [image: →] False




[image: 📋]   Summary


The properties of logarithms help you rewrite expressions in simpler forms. The product property changes multiplication into addition, the quotient property changes division into subtraction, and the power property moves exponents out front.


When you expand, you break one logarithm into several smaller ones. When you condense, you combine several logarithms into one. Just remember: logarithms do not split across addition or subtraction inside the argument.


  
  Put what you read to the test

  You've worked through Properties of Logarithms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1170
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  Change of Base Formula is a useful logarithm rule that helps us evaluate logarithms when the base is not one of the buttons on a calculator.


Most calculators have buttons for common logarithms, written as log⁡x, which means base 10, and natural logarithms, written as ln⁡x, which means base e.


But what if you need to find something like log⁡27 or log⁡518? Since calculators usually do not have a button for base 2 or base 5 logs, we use the change of base formula.


This lesson will show you what the formula is, why it works, how to use it, and how it helps solve logarithmic problems.


First, remember what a logarithm means.


If


log⁡ba=c

then this means


bc=a

In words, a logarithm tells you the exponent you put on the base b to get a.


For example,


log⁡28=3

because


23=8

The base of a logarithm must be positive and not equal to 1, and the number inside the logarithm must be positive.


The change of base formula says:


log⁡ba=log⁡alog⁡b

This version uses common logarithms, or base 10 logs.


You can also use natural logarithms:


log⁡ba=ln⁡aln⁡b

Both forms give the same answer. You may use whichever is easier on your calculator.


Why does this work?


Suppose


x=log⁡ba

By the definition of logarithms, this means


bx=a

Now take the logarithm of both sides. Using common log, we get


log⁡(bx)=log⁡a

Use the power rule for logarithms:


xlog⁡b=log⁡a

Now divide both sides by log⁡b:


x=log⁡alog⁡b

Since x=log⁡ba, we have


log⁡ba=log⁡alog⁡b

The same reasoning works with ln⁡, so


log⁡ba=ln⁡aln⁡b

Important idea: change of base lets you rewrite a logarithm in any base using a base your calculator knows.


For example, instead of trying to directly calculate log⁡320, you rewrite it as


log⁡320=log⁡20log⁡3

or


log⁡320=ln⁡20ln⁡3

When should you use the change of base formula?



  	When the logarithm has a base other than 10 or e

  	When you need a decimal approximation

  	When solving equations involving unusual logarithm bases




Worked Example 1: Evaluate a logarithm with an unusual base


Find log⁡27 to three decimal places.


Use the change of base formula:


log⁡27=log⁡7log⁡2

Now use a calculator:


log⁡7≈0.8451,log⁡2≈0.3010

log⁡27≈0.84510.3010≈2.807

So,


log⁡27≈2.807

This makes sense because 22=4 and 23=8, so the exponent needed to get 7 should be between 2 and 3.


Worked Example 2: Use natural logs instead


Find log⁡518 to three decimal places.


Use the ln⁡ version:


log⁡518=ln⁡18ln⁡5

Using a calculator,


ln⁡18≈2.8904,ln⁡5≈1.6094

log⁡518≈2.89041.6094≈1.796

So,


log⁡518≈1.796

This is reasonable because 51=5 and 52=25, so the answer should be between 1 and 2.


Worked Example 3: Solve an exponential equation


Solve


3x=11

We want the exponent x, so rewrite in logarithmic form:


x=log⁡311

Now apply change of base:


x=log⁡11log⁡3

Using a calculator,


x≈1.04140.4771≈2.183

So the solution is


x≈2.183

You can check that this makes sense because 32=9 and 33=27, so the exponent needed to get 11 should be a little more than 2.


Worked Example 4: Solve a logarithmic equation


Solve


log⁡4x=3.5

Rewrite in exponential form:


x=43.5

You could evaluate this directly, or rewrite 3.5 as 72:


x=47/2

Since 41/2=2,


47/2=(41/2)7=27=128

So,


x=128

Now let us connect this to change of base. If you instead wanted to check the value using logs, you could write


3.5=log⁡4x=log⁡xlog⁡4

This shows how change of base can help when working with logarithmic equations.


Common mistakes to avoid



  	Reversing the formula: log⁡ba=log⁡alog⁡b, not log⁡blog⁡a.

  	Mixing log and ln incorrectly: You may use all log⁡ or all ln⁡, but do not mix them in the same fraction.

  	Forgetting calculator parentheses: Type the numerator and denominator carefully, for example (log⁡7)/(log⁡2).

  	Ignoring reasonableness: Estimate between which powers the number lies to see if your answer makes sense.




Helpful pattern to remember


If you see a logarithm with a base your calculator does not have, use:


log⁡ba=log⁡alog⁡b

Think of it as:


log of the number divided by log of the base.


Quick practice ideas



  	Find log⁡620 using common log.

  	Find log⁡73 using natural log.

  	Solve 2x=15.

  	Solve log⁡5x=2.4.




Brief Summary


The change of base formula lets you rewrite logarithms in a form that is easier to calculate:


log⁡ba=log⁡alog⁡b=ln⁡aln⁡b

This is especially helpful for evaluating logs with unusual bases and for solving exponential equations. Always make sure the argument of the logarithm is positive, and check whether your answer is reasonable by comparing nearby powers.


  
  Put what you read to the test

  You've worked through Change of Base Formula. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1171
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  Solving Logarithmic Equations


Logarithmic equations are equations in which the variable appears inside a logarithm. To solve them, we use the fact that a logarithm is the inverse of an exponential expression.


For example, if log⁡b(x)=y, then this means by=x. This relationship is the key idea behind solving logarithmic equations.


In this lesson, you will learn how to:


  	rewrite logarithmic equations in exponential form,

  	use logarithm properties to combine or simplify expressions,

  	solve for the variable, and

  	check for extraneous solutions, which are answers that do not actually work in the original equation.




1. Important Logarithm Facts


Before solving equations, remember these basic facts:


  	A logarithm asks: To what power must the base be raised?

  	For log⁡b(x) to exist, the input must be positive: x>0.

  	The base must be positive and not equal to 1.




This means that when solving logarithmic equations, you must always check that every log input is positive.


2. Common Logarithm Properties


These properties are very useful when solving equations:


  	Product rule: log⁡b(M)+log⁡b(N)=log⁡b(MN)

  	Quotient rule: log⁡b(M)−log⁡b(N)=log⁡b(MN)

  	Power rule: log⁡b(Mk)=klog⁡b(M)




These rules only work when the log expressions have the same base, and the inputs must be positive.


3. Main Strategy for Solving Logarithmic Equations


There are two common types of logarithmic equations.


Type A: A single logarithm equals a number

Example form: log⁡b(f(x))=c

To solve:


  	Rewrite in exponential form: f(x)=bc

  	Solve the resulting equation.

  	Check that the solution makes the log input positive.




Type B: Logs on one or both sides

Example form: log⁡b(A)+log⁡b(B)=log⁡b(C)

To solve:


  	Use log properties to combine logarithms if needed.

  	If possible, get a single log on each side.

  	Use the one-to-one property of logarithms: if log⁡b(M)=log⁡b(N), then M=N.

  	Solve the resulting equation.

  	Check all solutions in the original equation.




4. Why Checking Solutions Matters


When solving logarithmic equations, algebra steps can sometimes produce answers that make a log input zero or negative. But logarithms are only defined for positive inputs.


That is why you must check every answer in the original equation, not just in a simplified version.


Worked Example 1: Rewriting in Exponential Form


Solve:

log⁡3(x)=2


Rewrite in exponential form:

x=32

So,

x=9


Check the domain: the input of the log is x, and 9>0, so the solution is valid.


Answer: x=9


Worked Example 2: Solve a Log Equation with an Expression Inside


Solve:

log⁡5(2x−1)=3


Rewrite in exponential form:

2x−1=53

2x−1=125

2x=126

x=63


Now check the original log input:

2(63)−1=125

Since 125>0, the solution is valid.


Answer: x=63


Worked Example 3: Combining Logarithms


Solve:

log⁡2(x)+log⁡2(x−6)=3


First, note the domain restrictions:


  	x>0

  	x−6>0⇒x>6




Now combine the logarithms using the product rule:

log⁡2(x(x−6))=3


Rewrite in exponential form:

x(x−6)=23

x2−6x=8

x2−6x−8=0


Solve the quadratic equation:

x=6±36+322

x=6±682

x=3±17


Now check against the domain x>6:


  	3+17≈7.12, which works

  	3−17≈−1.12, which does not work




Answer: x=3+17


Worked Example 4: Logs on Both Sides and an Extraneous Solution


Solve:

log⁡(x+1)=log⁡(3x−7)


Because the logs have the same base, if they are equal, then their inputs must be equal:

x+1=3x−7


Solve:

1=2x−7

8=2x

x=4


Now check in the original equation:


  	x+1=5>0

  	3x−7=12−7=5>0




So the solution is valid.


Answer: x=4


Now look at a quick example where a solution must be rejected.


Solve:

log⁡(x−2)=log⁡(5−x)


Set the arguments equal:

x−2=5−x

2x=7

x=72


Check the domain:


  	x−2=32>0

  	5−x=32>0




This one actually works. So let us see a case that fails.


Solve:

log⁡(x−4)=log⁡(2−x)


Set arguments equal:

x−4=2−x

2x=6

x=3


Now check the original equation:


  	x−4=3−4=−1, not allowed

  	2−x=2−3=−1, not allowed




So x=3 is an extraneous solution.


Answer: no solution


5. A Step-by-Step Checklist


When solving a logarithmic equation, use this checklist:


  	Look at the inputs of all logarithms and note any domain restrictions.

  	Use logarithm properties to combine or simplify if needed.

  	Rewrite in exponential form, or set the arguments equal if the logs have the same base on both sides.

  	Solve the resulting algebraic equation.

  	Check every solution in the original equation.

  	Reject any solution that makes a log input zero or negative.




6. Common Mistakes to Avoid


  	Forgetting the domain: log inputs must always be positive.

  	Using log rules incorrectly: for example, log⁡(a+b)≠log⁡a+log⁡b

  	Not checking answers: even correct algebra can produce invalid log solutions.

  	Mixing bases: log properties and equality rules depend on the logs having the same base.




7. Final Summary


To solve logarithmic equations, first simplify the logs using log properties if necessary. Then rewrite the equation in exponential form or, when two logs of the same base are equal, set their inputs equal.


After solving, always check your answer in the original equation. This is important because logarithms only accept positive inputs, so some algebraic answers may be extraneous and must be rejected.


  
  Put what you read to the test

  You've worked through Solving Logarithmic Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1172
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  Solving Exponential Equations using Logarithms


In many equations, the variable appears in a normal position, such as in 2x+3=11. But in an exponential equation, the variable is in the exponent, like 2x=7. These equations cannot usually be solved with basic algebra alone.


This is where logarithms become useful. Since logarithms are the inverse of exponential functions, they allow us to “bring the exponent down” so we can solve for the variable.


In this lesson, you will learn how to solve exponential equations by taking the logarithm of both sides, using either the common logarithm (log⁡) or the natural logarithm (ln⁡).


1. Why logarithms help


Remember that exponential and logarithmic forms are inverses of each other.


For example,


23=8

can be written in logarithmic form as


log⁡28=3

This means that if a variable is trapped in the exponent, a logarithm can help uncover it.


2. The basic idea


Suppose we want to solve


3x=10

There is no simple way to rewrite 10 as a power of 3. So we take the logarithm of both sides:


log⁡(3x)=log⁡(10)

Now use the power property of logarithms:


log⁡(ab)=blog⁡(a)

So,


xlog⁡(3)=log⁡(10)

Now solve for x:


x=log⁡(10)log⁡(3)

Since log⁡(10)=1,


x=1log⁡(3)≈2.096

You would get the same answer using natural logs:


ln⁡(3x)=ln⁡(10)

xln⁡(3)=ln⁡(10)

x=ln⁡(10)ln⁡(3)≈2.096

Important: You can use either log⁡ or ln⁡, as long as you use the same one on both sides.


3. Steps for solving exponential equations using logarithms



  	Isolate the exponential expression if needed.


  	Take log⁡ or ln⁡ of both sides.


  	Use the power property to move the exponent in front.


  	Solve the resulting algebraic equation.


  	Use a calculator if needed to find a decimal answer.





4. Worked Examples


Example 1: Solve 5x=13


This cannot be solved by rewriting 13 as a power of 5, so use logarithms.


log⁡(5x)=log⁡(13)

Apply the power property:


xlog⁡(5)=log⁡(13)

Now divide both sides by log⁡(5):


x=log⁡(13)log⁡(5)

Using a calculator,


x≈1.593

So the solution is


x≈1.593

Example 2: Solve 23x=20


The variable is in the exponent, so take the log of both sides:


log⁡(23x)=log⁡(20)

Use the power property:


3xlog⁡(2)=log⁡(20)

Now solve for x:


x=log⁡(20)3log⁡(2)

Using a calculator,


x≈1.441

So the solution is


x≈1.441

Example 3: Solve 7⋅3x=50


First isolate the exponential part by dividing both sides by 7:


3x=507

Now take the logarithm of both sides:


log⁡(3x)=log⁡(507)

Use the power property:


xlog⁡(3)=log⁡(507)

Solve for x:


x=log⁡(50/7)log⁡(3)

Using a calculator,


x≈1.786

So the solution is


x≈1.786

Example 4: Solve 4x−1=9


Take the natural log of both sides:


ln⁡(4x−1)=ln⁡(9)

Use the power property:


(x−1)ln⁡(4)=ln⁡(9)

Now divide by ln⁡(4):


x−1=ln⁡(9)ln⁡(4)

Add 1 to both sides:


x=1+ln⁡(9)ln⁡(4)

Using a calculator,


x≈2.585

So the solution is


x≈2.585

5. When should you use logarithms?


Use logarithms when the variable is in the exponent and the two sides cannot easily be written with the same base.


For example:



  	2x=8 can be solved without logs because 8=23, so x=3.


  	2x=7 should be solved with logs because 7 is not a power of 2.





6. Common mistakes to avoid



  	Forgetting to isolate the exponential expression first.
If the equation is 5⋅2x=30, divide by 5 before taking logs.


  	Not using the power property correctly.
log⁡(2x)=xlog⁡(2), not log⁡(2)x.


  	Using different types of logs on each side.
Do not mix log⁡ on one side and ln⁡ on the other in the same step.


  	Rounding too early.
Keep calculator values as accurate as possible until the final answer.





7. Quick check: compare two methods


Solve 10x=6.


Using common logs:


log⁡(10x)=log⁡(6)

xlog⁡(10)=log⁡(6)

Since log⁡(10)=1,


x=log⁡(6)≈0.778

This example is especially nice because the base is 10, which matches the common logarithm.


8. Final summary


To solve an exponential equation using logarithms, first isolate the exponential expression. Then take the same logarithm of both sides and use the power property to move the exponent in front. After that, solve for the variable just like in a regular algebra equation.


Logarithms are powerful because they let you solve equations where the variable is in the exponent, even when the bases do not match nicely. With practice, the process becomes straightforward: isolate, take logs, apply the power rule, and solve.


  
  Put what you read to the test

  You've worked through Solving Exponential Equations using Logarithms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1173
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  Logarithmic Graphs and Asymptotes


In this lesson, you will learn how to graph logarithmic functions, identify their vertical asymptotes, describe their domain and range, and understand how transformations change their graphs.


Logarithmic functions are closely connected to exponential functions. In fact, a logarithm is the inverse of an exponential function. This inverse relationship helps explain the shape of a logarithmic graph.


For example, if


y=2x

then its inverse is


y=log⁡2x

Because inverse functions reflect across the line y=x, the graph of y=log⁡2x is the reflection of y=2x across that line.


1. The Basic Logarithmic Graph


A basic logarithmic function has the form


y=log⁡bx

where b>0 and b≠1.


The most important facts about this graph are:



  	The domain is x>0.

  	The range is all real numbers.

  	There is a vertical asymptote at x=0.

  	The graph passes through (1,0) because log⁡b1=0.

  	The graph passes through (b,1) because log⁡bb=1.




An asymptote is a line that a graph gets closer and closer to, but does not touch. For logarithmic graphs, the asymptote is vertical.


Why is x=0 an asymptote? A logarithm is only defined when its input is positive. As x gets closer to 0 from the right, the value of log⁡bx decreases without bound.


For example, in y=log⁡2x:



  	If x=1, then y=0

  	If x=12, then y=−1

  	If x=14, then y=−2




As x→0+, y→−∞.


2. Shape of the Graph


The shape depends on the base b.



  	If b>1, such as 2, 3, or 10, the graph is increasing.

  	If 0<b<1, such as 12, the graph is decreasing.




So:



  	y=log⁡2x increases from left to right.

  	y=log⁡1/2x decreases from left to right.




Even though the graph changes direction depending on the base, the domain is still x>0, and the vertical asymptote is still x=0.


3. Domain, Range, and Intercepts


For the basic logarithmic function y=log⁡bx:



  	Domain: (0,∞)

  	Range: (−∞,∞)

  	x-intercept: (1,0)

  	y-intercept: none, because x=0 is not in the domain




This is important: logarithmic graphs usually do not have a y-intercept unless the graph has been shifted so that x=0 is allowed in the new domain.


4. Transformations of Logarithmic Graphs


Just like other functions, logarithmic graphs can be shifted, reflected, and stretched.


A transformed logarithmic function often looks like


y=alog⁡b(x−h)+k

Each part affects the graph in a specific way:



  	h: horizontal shift

  	k: vertical shift

  	a: vertical stretch, compression, or reflection




Horizontal shift and asymptote


In y=log⁡b(x−h), the graph shifts right by h units if h>0, and left if h<0.


The vertical asymptote moves with the graph. Since the basic asymptote is x=0, the new asymptote becomes


x=h

The domain also changes. Because the expression inside the logarithm must be positive, we solve


x−h>0

which gives


x>h

So the asymptote and domain come directly from the inside expression.


Vertical shift


In y=log⁡b(x−h)+k, the +k moves the graph up or down. This does not change the vertical asymptote or the domain.


Reflection and vertical stretch


If there is a negative sign in front, such as


y=−log⁡bx

the graph is reflected across the x-axis.


If ∣a∣>1, the graph is stretched vertically. If 0<∣a∣<1, it is compressed vertically.


5. How to Find the Asymptote and Domain


For any logarithmic function, the key rule is:


The expression inside the logarithm must be greater than 0.


If the function is


y=log⁡b(inside expression)

then solve


inside expression>0

to find the domain.


To find the vertical asymptote, set the inside expression equal to 0.


inside expression=0

This works because the graph approaches the place where the logarithm stops being defined.


Worked Example 1: Graphing a Basic Logarithmic Function


Graph y=log⁡2x. State the domain, range, and asymptote.


Step 1: Identify the parent function.


This is the basic logarithmic function with base 2.


Step 2: Find key features.



  	Domain: x>0

  	Range: all real numbers

  	Vertical asymptote: x=0




Step 3: Plot a few points.



  	If x=1, then y=log⁡21=0, so (1,0)

  	If x=2, then y=log⁡22=1, so (2,1)

  	If x=4, then y=log⁡24=2, so (4,2)

  	If x=12, then y=log⁡212=−1, so (12,−1)




Step 4: Describe the graph.


The graph increases slowly from left to right, passes through (1,0), and gets closer and closer to the line x=0 without touching it.


Answer:



  	Domain: (0,∞)

  	Range: (−∞,∞)

  	Vertical asymptote: x=0




Worked Example 2: Horizontal Shift


Graph y=log⁡3(x−4). State the domain and asymptote.


Step 1: Look at the inside expression.


The function is shifted right 4 units from y=log⁡3x.


Step 2: Find the asymptote.


Set the inside equal to 0:


x−4=0
x=4

So the vertical asymptote is x=4.


Step 3: Find the domain.


The inside must be positive:


x−4>0
x>4

So the domain is (4,∞).


Step 4: Find some points.


Choose values so that x−4 is a power of 3.



  	If x−4=1, then x=5, and y=log⁡31=0, so (5,0)

  	If x−4=3, then x=7, and y=1, so (7,1)

  	If x−4=13, then x=133, and y=−1




Answer:



  	Vertical asymptote: x=4

  	Domain: (4,∞)




Worked Example 3: Reflection and Vertical Shift


Graph y=−log⁡2x+3. Describe the transformations.


Step 1: Start with the parent function.


The parent is y=log⁡2x.


Step 2: Identify transformations.



  	The negative sign reflects the graph across the x-axis.

  	The +3 shifts the graph up 3 units.




Step 3: Determine asymptote and domain.


There is no horizontal shift, so the asymptote remains


x=0

The domain remains


x>0

Step 4: Plot points.


Use points from y=log⁡2x, reflect them, then shift up.



  	(1,0) becomes (1,3)

  	(2,1) becomes (2,2)

  	(4,2) becomes (4,1)

  	(12,−1) becomes (12,4)




Answer:



  	Reflection across the x-axis

  	Shift up 3 units

  	Domain: (0,∞)

  	Vertical asymptote: x=0




Worked Example 4: Finding Domain and Asymptote from a More General Function


Consider


y=log⁡5(2x−6)

Find the domain and vertical asymptote.


Step 1: Find the domain.


The inside must be greater than 0:


2x−6>0
2x>6
x>3

So the domain is (3,∞).


Step 2: Find the asymptote.


Set the inside equal to 0:


2x−6=0
2x=6
x=3

So the vertical asymptote is x=3.


Step 3: Understand the graph.


This graph behaves like a logarithmic curve starting just to the right of x=3. It never crosses the asymptote.


Answer:



  	Domain: (3,∞)

  	Vertical asymptote: x=3




6. Common Mistakes to Avoid



  	Using x≥0 for the domain. For logarithms, the input must be strictly positive, so the domain is x>0, not x≥0.

  	Forgetting to shift the asymptote. In y=log⁡b(x−2), the asymptote is x=2, not x=0.

  	Mixing up horizontal and vertical shifts. The change inside the logarithm affects the asymptote and domain. The change outside does not.

  	Trying to plug in values that make the inside 0 or negative. Those values are not in the domain.




7. Quick Strategy for Any Log Graph



  	Find the expression inside the logarithm.

  	Set it equal to 0 to get the vertical asymptote.

  	Solve it greater than 0 to get the domain.

  	Identify any reflections or shifts.

  	Plot a few easy points.




[image: 📋]   Summary


A logarithmic function such as y=log⁡bx has domain x>0, range all real numbers, and a vertical asymptote at x=0. If the function is transformed, the asymptote moves according to the expression inside the logarithm. To find the domain, make the inside of the logarithm greater than 0, and to find the vertical asymptote, set the inside equal to 0.


Once you know the asymptote, domain, and transformations, graphing logarithmic functions becomes much easier. Always begin with the parent graph and then apply the changes step by step.


  
  Put what you read to the test

  You've worked through Logarithmic Graphs and Asymptotes. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1174
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  Logarithmic Scales in Science


In science, some quantities can vary by enormous amounts. For example, one earthquake may release far more energy than another, and one sound may be many times more intense than another. Writing these values on an ordinary linear scale can be awkward because the numbers become very large or very small.


To handle this, scientists often use a logarithmic scale. A logarithmic scale is based on logarithms, so equal steps on the scale represent multiplication by the same factor, not addition by the same amount.


Since logarithms are the inverse of exponentials, logarithmic scales are especially useful when quantities grow or shrink exponentially. In this lesson, you will learn how logarithmic scales work and how to interpret three important examples: pH, decibels, and the Richter scale.


1. What does a logarithmic scale mean?


On a linear scale, moving from 2 to 4 means adding 2, and moving from 20 to 22 also means adding 2. The change is measured by equal differences.


On a logarithmic scale, equal steps mean equal multiplicative changes. For example, if a base-10 logarithmic scale increases by 1, the original quantity becomes 10 times as large.


This comes from the definition of logarithms:


y=log⁡10(x)  ⟺  10y=x


So if one value has log 3 and another has log 4, then the original quantities are:


103=1000and104=10000


Even though the logarithmic values differ by only 1, the actual quantities differ by a factor of 10.


Key idea: On many scientific logarithmic scales, a difference of 1 unit means the actual quantity changes by a factor of 10.


2. Why scientists use logarithmic scales



  	They compress very large ranges of values. Huge numbers become easier to compare.

  	They show ratios clearly. Multiplying by 10, 100, or 1000 becomes easier to interpret.

  	They match how some natural phenomena behave. Many processes in science involve exponential growth or decay.




3. The pH scale


The pH scale measures how acidic or basic a solution is. It is defined by:


pH=−log⁡10[H+]


Here, [H+] represents the concentration of hydrogen ions.


The negative sign is important. Because of it, a lower pH means a higher hydrogen ion concentration, so the solution is more acidic.


For example:



  	pH 3 is more acidic than pH 4

  	A decrease of 1 pH unit means the hydrogen ion concentration becomes 10 times greater

  	A decrease of 2 pH units means the concentration becomes 100 times greater




If we solve the pH formula for [H+], we get:


[H+]=10−pH


This lets us move back and forth between pH and hydrogen ion concentration.


Worked Example 1: Finding hydrogen ion concentration from pH


A solution has pH 5. Find [H+].


Use the formula:


[H+]=10−pH


Substitute pH=5:


[H+]=10−5


So the hydrogen ion concentration is:


[H+]=1×10−5


Answer: The hydrogen ion concentration is 10−5.


Worked Example 2: Comparing acidity using pH


Solution A has pH 2 and Solution B has pH 6. How many times greater is the hydrogen ion concentration in Solution A?


First, write each concentration:


[H+]A=10−2


[H+]B=10−6


Now compare them by dividing:


[H+]A[H+]B=10−210−6=104=10000


Answer: Solution A has 10,000 times the hydrogen ion concentration of Solution B.


Important shortcut for pH: If two solutions differ by n pH units, their hydrogen ion concentrations differ by a factor of 10n.


4. The decibel scale


Sound intensity is often measured using decibels (dB), which form a logarithmic scale. A common formula is:


β=10log⁡10(II0)


Here:



  	β is the sound level in decibels

  	I is the sound intensity

  	I0 is a reference intensity




This formula compares a sound’s intensity to a standard reference intensity. Because of the logarithm, decibel values increase much more slowly than the actual intensity.


A very useful fact comes from the formula:



  	If intensity becomes 10 times as large, the decibel level increases by 10 dB

  	If intensity becomes 100 times as large, the decibel level increases by 20 dB

  	If intensity becomes 1000 times as large, the decibel level increases by 30 dB




This is because:


10log⁡10(10)=10,10log⁡10(100)=20,10log⁡10(1000)=30


Worked Example 3: Comparing sound intensities from decibels


One machine produces a sound level of 80 dB, and another produces 100 dB. How many times more intense is the 100 dB sound?


The difference is:


100−80=20 dB


A 20 dB increase means the intensity is multiplied by 100.


Answer: The 100 dB sound is 100 times more intense.


We can also show this with logarithms. Let the intensity ratio be r. Then:


20=10log⁡10(r)


Divide by 10:


2=log⁡10(r)


Rewrite in exponential form:


r=102=100


5. The Richter scale


The Richter scale is used to describe earthquake magnitude. It is also logarithmic. A simplified model is:


M=log⁡10(II0)


Here:



  	M is the earthquake magnitude

  	I is the measured intensity

  	I0 is a reference intensity




Because this is a logarithmic scale:



  	An increase of 1 in magnitude means the intensity is 10 times greater

  	An increase of 2 means the intensity is 100 times greater

  	An increase of 3 means the intensity is 1000 times greater




This explains why a magnitude 7 earthquake is far stronger than a magnitude 5 earthquake. The difference is not just 2 units in a simple sense; it means the intensity is 100 times greater.


Worked Example 4: Comparing earthquake intensities


An earthquake of magnitude 6.8 and an earthquake of magnitude 4.8 are recorded. How many times greater is the intensity of the 6.8 earthquake?


Find the difference in magnitudes:


6.8−4.8=2.0


A difference of 2 on a base-10 logarithmic scale means a factor of:


102=100


Answer: The magnitude 6.8 earthquake is 100 times as intense as the magnitude 4.8 earthquake.


6. A general rule for logarithmic scales


Many scientific logarithmic scales can be understood using this pattern:


Scale value=log⁡10(quantity or ratio)


or sometimes:


Scale value=klog⁡10(quantity or ratio)


where k is a constant, such as 10 in the decibel formula.


If two measurements differ by d units on the logarithmic scale, then the original quantities differ by a factor of:


10d


If the formula has a coefficient like 10, you first divide by that coefficient.


For decibels, if the sound level difference is D, then:


D=10log⁡10(r)


so


log⁡10(r)=D10


and therefore:


r=10D/10


7. Common mistakes to avoid



  	Thinking a difference of 1 means “1 more”. On a logarithmic scale, a difference of 1 usually means a factor of 10.

  	Forgetting the negative sign in pH. Lower pH means greater hydrogen ion concentration.

  	Treating decibels like a simple linear measure. A 20 dB increase does not mean “20 more intensity”; it means 100 times the intensity.

  	Ignoring the coefficient in formulas. In the decibel formula, the 10 in front of the logarithm matters.




8. Quick interpretation guide



  	pH: Lower pH = more acidic. A change of 1 pH unit means a factor of 10 in hydrogen ion concentration.

  	Decibels: A 10 dB increase means 10 times the sound intensity.

  	Richter scale: A 1-unit increase means 10 times the earthquake intensity.




Brief Summary


Logarithmic scales are used in science when quantities vary by very large factors. Instead of measuring equal differences, they measure equal ratios. On these scales, a small change in the scale value can represent a huge change in the actual quantity.


The pH scale, decibel scale, and Richter scale all use logarithms to make large ranges easier to understand. To solve problems on these scales, pay close attention to how many units the scale changes and whether the formula includes a coefficient or a negative sign.


  
  Put what you read to the test

  You've worked through Logarithmic Scales in Science. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1175
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  Explicit and Recursive Sequences


Sequences are ordered lists of numbers that follow a pattern. In 11th Grade Maths, sequences are important because they help us describe repeated change, predict future values, and model real-life situations such as saving money, loan balances, and population growth.


There are two common ways to define a sequence:


  	Explicit form: gives the value of a term directly from its position number.

  	Recursive form: gives each term using one or more earlier terms.




Understanding both forms is useful because sometimes one form is easier for calculating a specific term, while the other is better for showing how the pattern grows step by step.


1. What is a sequence?


A sequence is a list of numbers written in a specific order. Each number is called a term. The position of a term is usually represented by the variable n.


For example, in the sequence

2,5,8,11,14,…

the first term is 2, the second term is 5, and the third term is 8.


We often use notation like an to mean “the nth term of the sequence.” So a1 is the first term, a2 is the second term, and so on.


2. Explicit sequences


An explicit sequence gives a formula for the nth term directly. This means you can find any term without needing the earlier ones.


A general explicit rule looks like:

an=formula involving n


For example, consider the sequence

4,7,10,13,16,…


This sequence increases by 3 each time. Its explicit rule is

an=4+(n−1)3


This can also be simplified:

an=3n+1


Now you can find any term directly. For example, the 10th term is

a10=3(10)+1=31


Why explicit rules are useful:


  	They let you find a term quickly.

  	You do not need to list all earlier terms.

  	They are especially helpful for large term numbers, such as the 50th or 100th term.




3. Recursive sequences


A recursive sequence defines a term using one or more previous terms. Because of this, a recursive rule must include at least one starting value.


A recursive sequence often looks like this:

a1=starting term

an=rule using an−1


For the sequence

4,7,10,13,16,…

the recursive rule is

a1=4

an=an−1+3for n≥2


This means:


  	Start at 4.

  	To get each next term, add 3.




Why recursive rules are useful:


  	They clearly show how the pattern changes from one term to the next.

  	They are useful in real-life situations where each value depends on the one before it.

  	They are common in financial mathematics, such as repeated deposits or interest growth.




4. Arithmetic sequences


An arithmetic sequence is a sequence where the difference between consecutive terms is constant.


Example:

6,10,14,18,22,…


The common difference is 4.


For an arithmetic sequence:


  	Recursive form: add the common difference each time.

  	Explicit form: use the first term and the common difference.




The explicit formula for an arithmetic sequence is

an=a1+(n−1)d


where:


  	a1 is the first term

  	d is the common difference




The recursive formula is

a1=first term

an=an−1+dfor n≥2


5. Geometric sequences


A geometric sequence is a sequence where each term is found by multiplying the previous term by the same constant ratio.


Example:

3,6,12,24,48,…


Each term is multiplied by 2, so the common ratio is 2.


For a geometric sequence:


  	Recursive form: multiply by the common ratio each time.

  	Explicit form: multiply the first term by the ratio raised to a power.




The explicit formula for a geometric sequence is

an=a1rn−1


where:


  	a1 is the first term

  	r is the common ratio




The recursive formula is

a1=first term

an=ran−1for n≥2


6. How to tell whether a sequence is explicit or recursive


You can identify the form by looking at what the rule uses.


  	If the rule uses only n, it is explicit.

  	If the rule uses an earlier term like an−1, it is recursive.




Examples:


  	an=5n−2 is explicit.

  	a1=3,  an=an−1+5 is recursive.

  	an=7(2)n−1 is explicit.

  	a1=7,  an=2an−1 is recursive.




7. Worked Example 1: Finding terms from an explicit rule


Suppose a sequence is defined by

an=2n+5


Find the first four terms.


Step 1: Substitute n=1.

a1=2(1)+5=7


Step 2: Substitute n=2.

a2=2(2)+5=9


Step 3: Substitute n=3.

a3=2(3)+5=11


Step 4: Substitute n=4.

a4=2(4)+5=13


So the sequence is

7,9,11,13,…


This is an arithmetic sequence with common difference 2.


8. Worked Example 2: Finding terms from a recursive rule


Suppose a sequence is defined by

a1=6

an=an−1+4for n≥2


Find the first five terms.


Step 1: Start with the first term.

a1=6


Step 2: Add 4 each time.

a2=a1+4=6+4=10

a3=a2+4=10+4=14

a4=a3+4=14+4=18

a5=a4+4=18+4=22


So the first five terms are

6,10,14,18,22


9. Worked Example 3: Writing both forms of a sequence


Consider the sequence

12,9,6,3,0,…


Write both the recursive rule and the explicit rule.


Step 1: Identify the pattern.

Each term decreases by 3, so this is an arithmetic sequence with common difference −3.


Recursive form:

Start with the first term 12, then subtract 3 each time.

a1=12

an=an−1−3for n≥2


Explicit form:

Use the arithmetic formula:

an=a1+(n−1)d

Substitute a1=12 and d=−3:

an=12+(n−1)(−3)

an=12−3(n−1)

an=15−3n


So the explicit rule is

an=15−3n


10. Worked Example 4: Geometric sequence in a financial context


A savings amount starts at $200 and doubles each year. Let an be the amount after n years, with a1=200.


Find a recursive rule, an explicit rule, and the amount in year 5.


Step 1: Identify the pattern.

Doubling means multiplying by 2 each time. This is a geometric sequence.


Recursive rule:

a1=200

an=2an−1for n≥2


Explicit rule:

Use the geometric formula:

an=a1rn−1

Here, a1=200 and r=2, so

an=200(2)n−1


Step 2: Find the amount in year 5.

a5=200(2)5−1

a5=200(2)4

a5=200(16)=3200


So the amount in year 5 is $3200.


11. Converting between recursive and explicit forms


You should be able to move between the two forms, especially for arithmetic and geometric sequences.


For arithmetic sequences:


  	Recursive: identify the amount added or subtracted each time.

  	Explicit: use an=a1+(n−1)d.




For geometric sequences:


  	Recursive: identify the number multiplied each time.

  	Explicit: use an=a1rn−1.




12. Common mistakes to avoid


  	Forgetting the starting term in a recursive sequence. Without it, the sequence is not fully defined.

  	Mixing up n and n−1 in explicit formulas. The exponent or multiplier often involves n−1, not just n.

  	Confusing arithmetic and geometric sequences. Arithmetic uses addition or subtraction. Geometric uses multiplication or division.

  	Using the wrong sign for a common difference. If terms decrease, the difference is negative.




13. Quick comparison



  	Explicit sequence: find a term directly from n.

  	Recursive sequence: find a term from earlier terms.

  	Arithmetic sequence: constant difference.

  	Geometric sequence: constant ratio.




14. Summary


Sequences can be written in explicit form or recursive form. An explicit rule tells you the value of the nth term directly, while a recursive rule tells you how to get each term from a previous term.


Arithmetic sequences change by a constant difference, and geometric sequences change by a constant ratio. For arithmetic sequences, use

an=a1+(n−1)d

and for geometric sequences, use

an=a1rn−1


When solving problems, first look for the pattern: are you adding the same number each time or multiplying by the same number each time? That will help you decide which kind of sequence you have and whether an explicit or recursive rule is most useful.


  
  Put what you read to the test

  You've worked through Explicit and Recursive Sequences. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1176
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  Arithmetic Sequences are one of the most important types of sequences in 11th Grade Maths. They help us describe patterns that change by the same amount each time. This makes them a discrete version of a linear pattern.
For example, if a sequence goes 5, 8, 11, 14, 17, ... then each term increases by 3. Because the change is constant, this is an arithmetic sequence.
Understanding arithmetic sequences is useful in algebra, series, and financial mathematics because many real-life situations involve regular increases or decreases over equal steps.
What is an arithmetic sequence?
An arithmetic sequence is a sequence in which the difference between consecutive terms is always the same. This fixed amount is called the common difference.
If the first term is written as a1 and the common difference is d, then the sequence is formed like this:
a1, a1+d, a1+2d, a1+3d, …
This shows that each new term is found by adding d to the previous term.
Common difference
To find the common difference, subtract one term from the next:
d=a2−a1
or more generally,
d=an−an−1
If this difference stays the same throughout the sequence, then the sequence is arithmetic.
For example, in the sequence 12,9,6,3,0,…:
	9−12=−3
	6−9=−3
	3−6=−3

The common difference is −3, so this is an arithmetic sequence.
The nth term formula
The most important formula for arithmetic sequences is the formula for the nth term:
an=a1+(n−1)d
This formula lets you find any term in the sequence without listing all the earlier terms.
Here:
	an = the nth term
	a1 = the first term
	d = the common difference
	n = the term number

Why does the formula work?
Start with the first term, a1. To get to the second term, you add d once. To get to the third term, you add d twice. To get to the nth term, you add d a total of n−1 times.
That is why:
an=a1+(n−1)d
Worked Example 1: Finding the common difference
Determine whether the sequence 4,10,16,22,28,… is arithmetic, and find the common difference.
Step 1: Subtract consecutive terms.
10−4=6
16−10=6
22−16=6
Step 2: Check whether the difference is constant.
Since the difference is always 6, the sequence is arithmetic.
Answer: The common difference is d=6.
Worked Example 2: Finding the nth term
Find a formula for the nth term of the arithmetic sequence 7,12,17,22,….
Step 1: Identify the first term and common difference.
	a1=7
	d=12−7=5

Step 2: Use the formula.
an=a1+(n−1)d
Substitute the values:
an=7+(n−1)(5)
Step 3: Simplify.
an=7+5n−5
an=5n+2
Answer: The nth term is
an=5n+2
You can check it:
	When n=1, a1=5(1)+2=7
	When n=2, a2=5(2)+2=12

Worked Example 3: Finding a specific term
Find the 20th term of the arithmetic sequence 3,8,13,18,….
Step 1: Identify a1 and d.
	a1=3
	d=5

Step 2: Use the formula.
an=a1+(n−1)d
For the 20th term, n=20:
a20=3+(20−1)(5)
a20=3+19⋅5
a20=3+95
a20=98
Answer: The 20th term is 98.
Worked Example 4: Finding the term number
In the arithmetic sequence 15,19,23,27,…, which term is equal to 63?
Step 1: Identify the first term and common difference.
	a1=15
	d=4

Step 2: Set the nth term equal to 63.
an=a1+(n−1)d
63=15+(n−1)(4)
Step 3: Solve for n.
63=15+4n−4
63=11+4n
52=4n
n=13
Answer: 63 is the 13th term.
Connecting arithmetic sequences to linear patterns
An arithmetic sequence is a discrete linear pattern. That means it behaves like a linear relationship, but only at whole-number term positions such as n=1,2,3,4,….
If you write the nth term in the form
an=dn+(a1−d)
you can see it looks like the equation of a line. The common difference d acts like the slope, because it tells you how much the terms change from one step to the next.
Increasing and decreasing arithmetic sequences
	If d>0, the sequence increases.
	If d<0, the sequence decreases.
	If d=0, the sequence stays constant.

Examples:
	2,5,8,11,… has d=3, so it increases.
	20,16,12,8,… has d=−4, so it decreases.
	9,9,9,9,… has d=0, so it stays constant.

How to recognize an arithmetic sequence
When you are given a list of terms, ask yourself:
	Do I get the same result each time I subtract consecutive terms?
	If yes, what is that common difference?
	Can I use an=a1+(n−1)d?

If the difference is not constant, then the sequence is not arithmetic.
Common mistakes to avoid
	Using the wrong difference: Always subtract consecutive terms in the same order.
	Forgetting (n−1): The formula is an=a1+(n−1)d, not a1+nd.
	Mixing up term number and term value: In a10, the 10 tells you the position, not the value.
	Sign errors with negative differences: If the sequence is decreasing, keep the negative sign in d.

Quick practice ideas
Try these on your own:
	Find the common difference of 11,15,19,23,….
	Write a formula for 2,7,12,17,….
	Find the 30th term of 50,47,44,41,….
	Find which term of 6,10,14,18,… is equal to 86.

Brief summary
An arithmetic sequence is a sequence where the difference between consecutive terms is constant. This constant change is called the common difference, d.
The key formula is
an=a1+(n−1)d
Use this formula to find any term, create a rule for the sequence, or determine which term has a given value. Once you can identify the first term and common difference, you can solve most arithmetic sequence problems confidently.


  
  Put what you read to the test

  You've worked through Arithmetic Sequences. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1177
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  Arithmetic Series is the sum of the terms of an arithmetic sequence.
An arithmetic sequence is a list of numbers where the difference between consecutive terms is always the same. This fixed difference is called the common difference.
For example, in the sequence 3,7,11,15,19, each term increases by 4. So this is an arithmetic sequence with common difference d=4.
When we add the terms of an arithmetic sequence, we get an arithmetic series. For example,
3+7+11+15+19
is an arithmetic series.
In this lesson, you will learn how to recognize an arithmetic series, how to find the sum of a certain number of terms, and how the famous Gaussian summation idea helps us do this quickly.
1. Review: Arithmetic Sequence Formula
Before finding the sum, it helps to know how to find individual terms.
The formula for the nth term of an arithmetic sequence is
an=a1+(n−1)d
where:
	a1 is the first term
	d is the common difference
	an is the nth term

Example: If a1=5 and d=3, then
an=5+(n−1)3
To find the 6th term:
a6=5+(6−1)3=5+15=20
2. What Is an Arithmetic Series?
An arithmetic series is written as a sum:
a1+a2+a3+⋯+an
If the terms come from an arithmetic sequence, then the series is an arithmetic series.
The sum of the first n terms is called the partial sum, often written as Sn.
So, Sn means:
Sn=a1+a2+a3+⋯+an
3. Gaussian Summation Idea
A famous way to find the sum of an arithmetic series comes from pairing terms.
Suppose we want to add:
1+2+3+4+5+6+7+8+9+10
Write the sum forward and backward:
S=1+2+3+4+5+6+7+8+9+10
S=10+9+8+7+6+5+4+3+2+1
Now add vertically:
2S=11+11+11+11+11+11+11+11+11+11
There are 10 pairs, and each pair sums to 11. So:
2S=10(11)=110
S=55
This idea works for any arithmetic series because the first and last terms always pair to the same total, the second and second-last pair to the same total, and so on.
4. Formula for the Sum of an Arithmetic Series
Using the pairing idea, the sum of the first n terms is:
Sn=n2(a1+an)
This formula says:
	add the first and last terms
	multiply by the number of terms
	divide by 2

Another useful version comes from replacing an with a1+(n−1)d:
Sn=n2[2a1+(n−1)d]
You can use:
	Sn=n2(a1+an) when you know the first term and last term
	Sn=n2[2a1+(n−1)d] when you know the first term and common difference

5. Steps for Finding an Arithmetic Series Sum
	Identify the first term a1.
	Find the common difference d, if needed.
	Find the number of terms n.
	If necessary, find the last term using an=a1+(n−1)d.
	Choose the sum formula.
	Simplify carefully.

Worked Example 1: Sum of a Simple Arithmetic Series
Find the sum:
4+7+10+13+16
Step 1: Identify the information.
	First term: a1=4
	Last term: an=16
	Number of terms: n=5

Step 2: Use the sum formula.
Sn=n2(a1+an)
S5=52(4+16)
S5=52(20)
S5=50
Answer: The sum is 50.
Worked Example 2: Find the Sum of the First 20 Terms
Find the sum of the first 20 terms of the arithmetic sequence
6,11,16,21,…
Step 1: Identify the information.
	a1=6
	d=5
	n=20

Step 2: Use the formula with a1, d, and n.
Sn=n2[2a1+(n−1)d]
S20=202[2(6)+(20−1)(5)]
S20=10[12+19⋅5]
S20=10[12+95]
S20=10(107)
S20=1070
Answer: The sum of the first 20 terms is 1070.
Worked Example 3: Find the Number of Terms from a Given Sum
The arithmetic sequence
2,5,8,11,…
has a partial sum of 152. How many terms were added?
Step 1: Identify the information.
	a1=2
	d=3
	Sn=152

Step 2: Use the sum formula.
Sn=n2[2a1+(n−1)d]
152=n2[2(2)+(n−1)3]
152=n2[4+3n−3]
152=n2(3n+1)
Multiply both sides by 2:
304=n(3n+1)
304=3n2+n
3n2+n−304=0
Now solve the quadratic. Factor:
3n2+n−304=(3n+32)(n−9)
So:
n=−323orn=9
The number of terms must be positive, so:
n=9
Answer: 9 terms were added.
Worked Example 4: Arithmetic Series in a Financial Context
A student saves money each week. In the first week, they save $10. Each week after that, they save $5 more than the previous week. How much will they save in the first 12 weeks?
Step 1: Identify the arithmetic sequence.
The weekly savings form the sequence:
10,15,20,25,…
	a1=10
	d=5
	n=12

Step 2: Use the sum formula.
S12=122[2(10)+(12−1)(5)]
S12=6[20+11⋅5]
S12=6[20+55]
S12=6(75)
S12=450
Answer: The student saves $450 in the first 12 weeks.
This is one way arithmetic series connect to financial mathematics: repeated amounts that increase or decrease by a constant amount can often be modeled with an arithmetic series.
6. Common Mistakes to Avoid
	Mixing up sequence and series: A sequence is a list of terms. A series is the sum of those terms.
	Using the wrong value for n: n is the number of terms, not the last term.
	Forgetting to find the last term first: If you use Sn=n2(a1+an), make sure you know an.
	Using the wrong common difference: Check the pattern carefully. In 12,9,6,3, the common difference is −3, not 3.
	Arithmetic errors: Because the formula has several steps, simplify carefully.

7. Quick Check
Try these on your own:
	Find the sum: 8+12+16+20+24
	Find the sum of the first 15 terms of: 3,7,11,15,…
	The arithmetic sequence 5,9,13,17,… has a sum of 230. How many terms were added?

Answers:
	80
	465
	10

8. Key Ideas to Remember
	An arithmetic series is the sum of terms from an arithmetic sequence.
	The sum of the first n terms is called a partial sum.
	The main formulas are:

Sn=n2(a1+an)
and
Sn=n2[2a1+(n−1)d]
9. Brief Summary
Arithmetic series involve adding terms from a sequence with a constant difference.
The Gaussian pairing idea shows why the sum can be found efficiently. Instead of adding every term one by one, you can use a formula based on the number of terms and the first and last terms, or the first term and common difference.
Once you identify a1, d, and n, you can solve many problems involving patterns, totals, and financial situations.


  
  Put what you read to the test

  You've worked through Arithmetic Series. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1178
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  Geometric Sequences are sequences where each term is found by multiplying the previous term by the same constant number.


That constant number is called the common ratio. Geometric sequences are important because they model repeated growth or repeated decay, which appears in finance, science, and many real-world situations.


For example, in the sequence 3, 6, 12, 24, 48, ... each term is multiplied by 2 to get the next term. So this is a geometric sequence with common ratio 2.


In 81, 27, 9, 3, 1, ... each term is multiplied by 13. This is also geometric, even though the terms are getting smaller.


How to recognize a geometric sequence


  	Check whether the ratio between consecutive terms is constant.

  	Divide a term by the term before it.

  	If the same ratio appears each time, the sequence is geometric.




If a sequence has first term a1 and common ratio r, then its terms look like:

a1,a1r,a1r2,a1r3,…


This leads to the nth term formula:

an=a1rn−1

In this formula:


  	an is the term you want to find

  	a1 is the first term

  	r is the common ratio

  	n is the term number




Finding the common ratio

To find the common ratio, divide any term by the term before it:

r=an+1an

For example, in the sequence 5, 15, 45, 135, ...

15÷5=3, 45÷15=3, and 135÷45=3. Since the ratio is always 3, the common ratio is r=3.


What the common ratio tells you


  	If r>1, the sequence grows.

  	If 0<r<1, the sequence decreases but stays positive if the first term is positive.

  	If r<0, the signs of the terms alternate.

  	If r=1, every term is the same.




For example:


  	2,6,18,54,... has r=3, so it grows.

  	64,32,16,8,... has r=12, so it decreases.

  	5,−10,20,−40,... has r=−2, so the signs alternate.




Worked Example 1: Identify whether a sequence is geometric

Consider the sequence: 4, 12, 36, 108, ...

Check the ratios:

124=3,3612=3,10836=3
The ratio is always 3, so the sequence is geometric.

The first term is a1=4 and the common ratio is r=3.


Worked Example 2: Find the nth term

Find a formula for the sequence: 7, 14, 28, 56, ...

Step 1: Identify the first term and common ratio.


  	a1=7

  	r=147=2



Step 2: Use the geometric formula.

an=a1rn−1
an=7(2)n−1
So the nth term is:

an=7⋅2n−1

Let us check the 4th term:

a4=7⋅24−1=7⋅23=7⋅8=56
This matches the sequence, so the formula is correct.


Worked Example 3: Find a specific term

Find the 6th term of the geometric sequence with a1=3 and r=4.

Use the formula:

an=a1rn−1
a6=3(4)6−1=3(4)5
a6=3⋅1024=3072
So the 6th term is:

3072

Worked Example 4: Find the missing information from later terms

A geometric sequence has a3=20 and common ratio r=2. Find a1 and then write the nth term.

Use the formula for the 3rd term:

a3=a1r3−1
20=a1(2)2
20=4a1
a1=5
Now use the nth term formula:

an=5(2)n−1
So the first term is 5, and the nth term is an=5(2)n−1.


Geometric sequences and real-life patterns

Geometric sequences model situations where the same multiplier is applied repeatedly.



  	A population that doubles each time period

  	The value of an item that loses the same percentage each year

  	Money in an account growing by the same factor each period




For example, if a quantity starts at 200 and increases by 5% each period, then each term is multiplied by 1.05. The sequence is geometric with:

a1=200,r=1.05
Its nth term is:

an=200(1.05)n−1

If a value decreases by 20% each period, then 80% remains. That means the multiplier is 0.8, so the sequence is geometric with common ratio 0.8.


Common mistakes to avoid


  	Do not add or subtract to test for a geometric sequence. Geometric sequences are based on multiplying by a constant ratio.

  	Be careful with fractions and decimals. A ratio like 12 or 0.5 is still a valid common ratio.

  	Remember the exponent is n−1, not just n. This is because the first term must come out correctly when n=1.

  	Watch negative ratios. If r is negative, the signs alternate.




Quick check


  	Is the sequence 2, 10, 50, 250, ... geometric?
Yes, because the ratio is 5 each time.

  	What is the common ratio of 48, 24, 12, 6, ...?
r=12

  	What is the nth term of 9, 27, 81, 243, ...?
an=9(3)n−1




[image: 📋]   Summary

A geometric sequence is a sequence where each term is found by multiplying the previous term by the same number, called the common ratio.

You can recognize a geometric sequence by checking that consecutive terms have the same ratio. The main formula is:

an=a1rn−1
This formula allows you to find any term in the sequence once you know the first term and common ratio.

Geometric sequences are especially useful for modeling repeated growth and decay, including many financial situations.


  
  Put what you read to the test

  You've worked through Geometric Sequences. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1179
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  Geometric Series is an important topic in sequences and series. It helps us add terms from a geometric pattern quickly without writing out every term one by one.


A geometric sequence is a sequence where each term is found by multiplying the previous term by the same constant number. This constant is called the common ratio, written as r.


For example, in the sequence 3,6,12,24,…, each term is multiplied by 2. So the common ratio is r=2.


A geometric series is the sum of the terms of a geometric sequence. So if the sequence is 3,6,12,24, then the geometric series is


3+6+12+24. 

In this lesson, you will learn how to recognize a geometric series, find its finite sum, and use the formula correctly.


1. Geometric Sequence Review


If the first term is a and the common ratio is r, then the terms of a geometric sequence are:


a,ar,ar2,ar3,…

The nth term of a geometric sequence is


an=arn−1. 

This formula is useful because in a geometric series, you often need to know how many terms there are and what pattern they follow.


2. What Is a Finite Geometric Series?


A finite geometric series has a limited number of terms. Its sum is written as


Sn=a+ar+ar2+ar3+⋯+arn−1. 

Here:


  	a = first term

  	r = common ratio

  	n = number of terms

  	Sn = sum of the first n terms




Adding all these terms directly can be slow, especially when n is large. That is why we use a formula.


3. Finite Geometric Series Formula


For r≠1, the sum of the first n terms is


Sn=a(1−rn)1−r. 

An equivalent form of the formula is


Sn=a(rn−1)r−1. 

These two formulas mean the same thing. You can use either one, as long as you use it carefully.


If r=1, then every term is the same. In that special case, the sum is simply


Sn=an. 

4. Why the Formula Works


It is helpful to see where the formula comes from.


Start with the series


Sn=a+ar+ar2+⋯+arn−1. 

Multiply both sides by r:


rSn=ar+ar2+ar3+⋯+arn. 

Now subtract the second equation from the first:


Sn−rSn=a−arn. 

Factor both sides:


Sn(1−r)=a(1−rn). 

Now divide by 1−r:


Sn=a(1−rn)1−r. 

This subtraction works because most terms cancel out. That is what makes the formula so powerful.


5. Steps for Finding the Sum



  	Identify the first term a.

  	Identify the common ratio r.

  	Count the number of terms n.

  	Substitute into the formula Sn=a(1−rn)1−r.

  	Simplify carefully.




6. Worked Examples


Example 1: Find the sum of 2+6+18+54.


First, check that it is geometric. Each term is multiplied by 3, so r=3.


We have:


  	a=2

  	r=3

  	n=4




Use the formula:


S4=2(1−34)1−3. 

Now simplify:


34=81

S4=2(1−81)−2=2(−80)−2=80. 

So the sum is


80. 

You can check by direct addition:


2+6+18+54=80. 

Example 2: Find the sum of the first 6 terms of the geometric sequence 5,−10,20,−40,….


Find the first term and common ratio:


  	a=5

  	r=−2

  	n=6




Use the formula:


S6=5(1−(−2)6)1−(−2). 

Simplify:


(−2)6=64

1−(−2)=3

S6=5(1−64)3=5(−63)3=5(−21)=−105. 

So the sum of the first 6 terms is


−105. 

This example shows that geometric series can have a negative common ratio. The terms alternate signs, but the same formula still works.


Example 3: Find the sum


4+2+1+12+14. 

This is geometric because each term is multiplied by 12.


So:


  	a=4

  	r=12

  	n=5




Use the formula:


S5=4(1−(12)5)1−12. 

Now simplify:


(12)5=132

1−132=3132

1−12=12

S5=4⋅313212=4⋅3132⋅2=314⋅2=312. 

So the sum is


312. 

As a decimal, this is 15.5.


Example 4: A financial-style application


A student saves money in a pattern: $10 in the first week, $20 in the second week, $40 in the third week, and so on, doubling each week. How much is saved in the first 5 weeks?


This forms a geometric series:


10+20+40+80+160. 

Identify the values:


  	a=10

  	r=2

  	n=5




Use the formula:


S5=10(1−25)1−2. 

Simplify:


25=32

S5=10(1−32)−1=10(−31)−1=310. 

So the total amount saved is


$310. 

7. Common Mistakes to Avoid



  	Confusing sequence and series: A sequence is a list of terms. A series is the sum of those terms.

  	Using the wrong common ratio: Always divide one term by the previous term to check r.

  	Forgetting the number of terms: Count terms carefully. Do not confuse the last term with n.

  	Sign errors: Be careful when r is negative or when subtracting expressions like 1−rn.

  	Using the formula when r=1: If every term is the same, just use Sn=an.




8. Quick Check: Is It Geometric?


To decide if a series is geometric, ask: Is each term multiplied by the same number to get the next term?



  	3+9+27+81 [image: →] yes, r=3

  	8+4+2+1 [image: →] yes, r=12

  	2+5+8+11 [image: →] no, this is not geometric because terms are increased by adding 3, not multiplying




9. When the Formula Is Most Useful


The finite geometric series formula is especially useful when:


  	there are many terms,

  	the terms get very large,

  	the terms are fractions, or

  	the series appears in financial situations such as repeated growth or repeated doubling.




10. Summary


A geometric series is the sum of terms from a geometric sequence. If the first term is a, the common ratio is r, and there are n terms, then the finite sum is


Sn=a(1−rn)1−r,r≠1. 

If r=1, then


Sn=an. 

To solve problems, identify a, r, and n, then substitute carefully into the formula. With practice, geometric series become a fast and reliable way to add patterned terms.


  
  Put what you read to the test

  You've worked through Geometric Series. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1180
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  Infinite Convergent Geometric Series


In mathematics, a geometric sequence is a sequence where each term is found by multiplying the previous term by the same number. That number is called the common ratio, written as r.


For example, in the sequence 8,4,2,1,…, each term is multiplied by 12. So the common ratio is r=12.


When we add the terms of a geometric sequence, we get a geometric series. If the series goes on forever, it is called an infinite geometric series.


An example is


4+2+1+12+14+…

This lesson explains when an infinite geometric series has a finite sum, and how to find that sum.


1. Geometric series review


A geometric series has the form


a+ar+ar2+ar3+…

where:



  	a is the first term

  	r is the common ratio




For example, in


3+6+12+24+…

the first term is a=3, and the common ratio is r=2.


2. What does convergence mean?


An infinite series is called convergent if the sum of more and more terms gets closer and closer to one fixed number.


If the sum does not approach a fixed number, the series is called divergent.


Look at this series:


1+12+14+18+…

The partial sums are:



  	First term: 1

  	First two terms: 1+12=1.5

  	First three terms: 1.75

  	First four terms: 1.875




These sums keep getting closer to 2. So this infinite geometric series converges to 2.


Now look at


2+4+8+16+…

The partial sums are 2,6,14,30,…. They keep growing and do not approach a fixed value. So this series is divergent.


3. The condition for convergence


An infinite geometric series


a+ar+ar2+ar3+…

is convergent only when


∣r∣<1

This means the common ratio must be between −1 and 1, not including −1 or 1.


In other words:



  	If −1<r<1, the series converges.

  	If ∣r∣≥1, the series diverges.




Why does this happen?


When ∣r∣<1, the powers of r get smaller and smaller:


r,  r2,  r3,  r4,…

They approach 0, so the added terms become tiny. This allows the sum to settle to a fixed number.


For example, if r=12, then


(12)1,(12)2,(12)3,⋯=12,14,18,…

These terms get closer to 0.


If r=2, the powers get larger. If r=1, the terms stay the same. If r=−1, the terms keep switching sign without settling. In all of these cases, the infinite series does not converge.


4. Formula for the sum to infinity


If an infinite geometric series converges, its sum to infinity is


S∞=a1−r

This formula can only be used when ∣r∣<1.


So the steps are:



  	Identify the first term a.

  	Identify the common ratio r.

  	Check that ∣r∣<1.

  	Use S∞=a1−r




5. Worked Examples


Example 1: A basic convergent series


Find the sum to infinity of


6+3+1.5+0.75+…

Step 1: Identify a and r


The first term is


a=6

The common ratio is


r=36=12

Step 2: Check convergence


Since


∣12∣<1

the series converges.


Step 3: Use the formula


S∞=a1−r=61−12=612=12

Answer: The sum to infinity is 12.


Example 2: A series with a negative ratio


Find the sum to infinity of


5−2.5+1.25−0.625+…

Step 1: Identify a and r


The first term is


a=5

The common ratio is


r=−2.55=−12

Step 2: Check convergence


Since


∣−12∣=12<1

the series converges.


Step 3: Use the formula


S∞=51−(−12)=51+12=532=103

Answer: The sum to infinity is 103.


Notice that the terms alternate between positive and negative, but the series still converges because ∣r∣<1.


Example 3: Decide if the series converges


Determine whether this series converges, and if it does, find the sum:


7+14+28+56+…

Step 1: Identify a and r


a=7,r=147=2

Step 2: Check convergence


Since


∣2∣=2>1

the series does not converge.


Answer: The series is divergent, so it has no sum to infinity.


Example 4: Finding the missing values from a sum to infinity


An infinite geometric series has first term a=8 and common ratio r=14. Find the sum to infinity.


Since


∣14∣<1

the series converges.


Use the formula:


S∞=81−14=834=323

Answer: The sum to infinity is 323.


6. Common mistakes to avoid



  	Using the formula when the series does not converge. Always check that ∣r∣<1 first.

  	Mixing up a and r. a is the first term, and r is found by dividing a term by the one before it.

  	Forgetting brackets with negative ratios. For example, if r=−12, then 1−r=1−(−12) not just 1−12.

  	Thinking all infinite series have a finite sum. Only some do. Infinite geometric series converge only when ∣r∣<1.




7. Connection to financial mathematics


Infinite geometric series are useful in financial mathematics because they model repeated payments or values that shrink by the same factor each time.


For example, if a payment or value is reduced by a constant percentage each period, the total amount over a very long time can sometimes be modeled by an infinite geometric series.


This is one reason why understanding convergence matters: it tells us whether the total stays finite or keeps growing without bound.


8. Quick checklist



  	Write the series in the form a+ar+ar2+ar3+…

  	Find the first term a

  	Find the common ratio r

  	Check whether ∣r∣<1

  	If yes, use S∞=a1−r

  	If no, the series is divergent




[image: 📋]   Summary


An infinite geometric series has the form a+ar+ar2+ar3+…. It only has a finite sum when the common ratio satisfies ∣r∣<1.


When that condition is true, the sum to infinity is found using


S∞=a1−r

Always check the value of r before using the formula. If ∣r∣≥1, the series is divergent and has no sum to infinity.


  
  Put what you read to the test

  You've worked through Infinite Convergent Geometric Series. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1181
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  Lesson: Sigma Notation


When mathematicians want to write a long sum in a short, clear way, they often use sigma notation. This is a compact way to represent adding many terms of a sequence.


Sigma notation is especially useful in sequences and series because it helps us describe patterns, calculate totals, and write formulas efficiently. In financial mathematics, it can also be used to represent repeated payments, deposits, or interest-related sums.


The symbol used is the Greek letter sigma: Σ. It stands for sum.


A general sigma notation expression looks like this:


∑i=mnai

Here is what each part means:


  	Σ: add the terms

  	i: the index, or counting variable

  	m: the starting value of the index

  	n: the ending value of the index

  	ai: the rule for the terms being added




For example,


∑i=14i

means: substitute i=1,2,3,4 into the rule i, then add the results.


∑i=14i=1+2+3+4=10

This shows the main idea of sigma notation: follow the rule, list the terms, then add them.


How to expand sigma notation


To expand a summation, use these steps:


  	Identify the starting and ending values of the index.

  	Substitute each index value into the term rule.

  	Write all terms in order.

  	Add them.




For example, consider


∑k=25(2k+1)

The index starts at k=2 and ends at k=5. Substitute each value:



  	When k=2: 2(2)+1=5

  	When k=3: 2(3)+1=7

  	When k=4: 2(4)+1=9

  	When k=5: 2(5)+1=11




So,


∑k=25(2k+1)=5+7+9+11=32

Notice that the index letter does not matter by itself. You could use i, k, n, or another variable, as long as it is used consistently.


For example, these mean the same thing:


∑i=13i2and∑k=13k2

Both expand to


12+22+32=1+4+9=14

Reading sigma notation carefully


A common mistake is forgetting that the expression beside sigma is a rule, not just one term. You must substitute each index value into that rule.


For instance,


∑n=14(n+3)

does not mean 1+3+4. Instead, it means:


(1+3)+(2+3)+(3+3)+(4+3)

which simplifies to


4+5+6+7=22

Worked Example 1: Basic expansion


Evaluate


∑r=15r

Step 1: List the values of r: 1,2,3,4,5


Step 2: Substitute into the rule r:


1+2+3+4+5

Step 3: Add:


1+2+3+4+5=15

Answer: 15


Worked Example 2: Using a formula inside the summation


Evaluate


∑t=14(3t−2)

Step 1: Substitute each value of t:



  	t=1: 3(1)−2=1

  	t=2: 3(2)−2=4

  	t=3: 3(3)−2=7

  	t=4: 3(4)−2=10




Step 2: Write the sum:


1+4+7+10

Step 3: Add:


1+4+7+10=22

Answer: 22


Worked Example 3: Powers in sigma notation


Evaluate


∑m=14m2

Step 1: Substitute values of m:


12+22+32+42

Step 2: Simplify:


1+4+9+16

Step 3: Add:


1+4+9+16=30

Answer: 30


Worked Example 4: Starting from a number other than 1


Evaluate


∑j=36(2j)

Step 1: The index values are 3,4,5,6.


Step 2: Substitute:


2(3)+2(4)+2(5)+2(6)

Step 3: Simplify:


6+8+10+12

Step 4: Add:


6+8+10+12=36

Answer: 36


Writing a series in sigma notation


You should also be able to go in the other direction: from a written sum to sigma notation.


Example:


4+7+10+13+16

This is an arithmetic sequence with first term 4 and common difference 3. A rule for the terms is


3n+1

Check it:


  	n=1: 3(1)+1=4

  	n=2: 3(2)+1=7

  	n=3: 3(3)+1=10




There are 5 terms, so the sigma notation is


∑n=15(3n+1)

Another example:


12+22+32+42+52

This can be written as


∑k=15k2

Useful properties of sigma notation


Sigma notation follows patterns that make calculations easier. These are especially useful when simplifying sums algebraically.


1. Constant multiple rule


∑i=1nc ai=c∑i=1nai

This means a constant factor can be taken outside the summation.


Example:


∑i=143i=3∑i=14i=3(10)=30

2. Sum of two expressions


∑i=1n(ai+bi)=∑i=1nai+∑i=1nbi

Example:


∑i=13(i+2)=∑i=13i+∑i=132

Now evaluate each part:


∑i=13i=1+2+3=6

∑i=132=2+2+2=6

So,


∑i=13(i+2)=6+6=12

3. Sum of a constant


If you add a constant value repeatedly, multiply the constant by the number of terms.


∑i=154=4+4+4+4+4=5⋅4=20

The number of terms from i=m to i=n is


n−m+1

So in general,


∑i=mnc=c(n−m+1)

Changing the index


Sometimes the same sum can be written with a different index variable. This does not change the value, as long as the terms generated stay the same.


For example,


∑i=14(i+1)=∑k=14(k+1)

Both expand to


2+3+4+5

Be careful: changing the letter of the index is fine, but changing the starting or ending values changes the sum unless you also adjust the rule correctly.


Connection to sequences and series


A sequence is an ordered list of numbers. A series is what you get when you add the terms of a sequence.


Sigma notation is the language used to write a series compactly.


For example, the sequence


2,4,6,8,10

can be described by the rule 2n, and the corresponding series is


2+4+6+8+10

In sigma notation, that series is


∑n=152n

In financial mathematics, repeated equal deposits or payments can be written as a sum. For example, if \$100 is deposited at the end of each month for 6 months, the total amount deposited can be written as


∑m=16100

This equals


100+100+100+100+100+100=600

This is a simple example, but it shows how sigma notation can represent repeated financial actions.


Common mistakes to avoid


  	Forgetting to include all index values. If the sum is from 1 to 4, there are 4 terms.

  	Using the rule incorrectly. Substitute each index value carefully.

  	Stopping too early. Make sure you include the last value of the index.

  	Confusing a sequence with a series. A sequence lists terms; a series adds them.

  	Ignoring brackets. In expressions like (2n+1), substitute into the whole expression.




Quick practice ideas


Try expanding and evaluating these on your own:


  	∑n=13(n+4)

  	∑k=25k2

  	∑j=145




Try writing these in sigma notation:


  	3+6+9+12

  	22+32+42+52




[image: 📋]   Summary


Sigma notation is a compact way to write sums. The symbol Σ tells you to add terms generated by a rule, while the index shows where to start and stop.


To evaluate a sum, substitute each index value into the rule, write the terms, and add them. To write a series in sigma notation, identify the pattern, write a formula for the terms, and give the correct starting and ending values.


Once you understand how to expand, interpret, and rewrite sigma notation, you have an important tool for working with sequences, series, and financial mathematics.


  
  Put what you read to the test

  You've worked through Sigma Notation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1182
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  Lesson: Annuities and Financial Series


In financial mathematics, money is often added or paid in regular equal amounts. These repeating payments create patterns that can be modeled using geometric sequences and geometric series. This is why annuities are closely connected to series.


An annuity is a situation where the same amount of money is paid or received at equal time intervals. Examples include saving a fixed amount every month, repaying a loan with equal monthly installments, or receiving a pension payment each year.


To understand annuities well, we need to connect them to how money grows with compound interest. When interest is added regularly, each payment grows by a factor of (1+i), where i is the interest rate per payment period.


1. The basic idea of compound growth


If an amount P is invested at an interest rate of i per period, then after n periods its value is


A=P(1+i)n

This is a geometric pattern because each period multiplies the amount by the same factor (1+i).


For example, if i=0.05, then the growth factor each period is 1.05. After one period, the amount is multiplied by 1.05; after two periods, by 1.052; and so on.


2. What is an annuity?


An annuity involves a fixed payment, usually called R, made every period.



  	In a savings annuity, you deposit money regularly.

  	In a loan annuity, you repay a loan with regular installments.




There are two common types:



  	Ordinary annuity: payments are made at the end of each period.

  	Annuity due: payments are made at the beginning of each period.




In most school problems, we begin with the ordinary annuity.


3. Future value of an ordinary annuity


Suppose you deposit R dollars at the end of every period for n periods, with interest rate i per period. At the end of the full term, each deposit has grown for a different number of periods.


The first deposit grows for n−1 periods, the second grows for n−2 periods, and the last deposit grows for 0 periods. So the future value is


FV=R(1+i)n−1+R(1+i)n−2+⋯+R

This is a geometric series with first term R and common ratio (1+i) if written in reverse order, or first term R(1+i)n−1 and ratio 11+i if written forward. Using the sum formula for a geometric series, we get


FV=R((1+i)n−1i)

This is the future value formula for an ordinary annuity.


Meaning of the variables:


  	FV: future value

  	R: regular payment each period

  	i: interest rate per period

  	n: number of payments




4. Present value of an ordinary annuity


Sometimes we know the regular future payments and want to know what they are worth today. This is called the present value.


For a loan, the amount borrowed now is the present value of all the repayments. Each payment is discounted back to the present using powers of (1+i).


The present value of an ordinary annuity is


PV=R1+i+R(1+i)2+⋯+R(1+i)n

This is also a geometric series. Its sum is


PV=R(1−(1+i)−ni)

This formula is very important in loan calculations.


5. Annuity due formulas


If payments happen at the beginning of each period instead of the end, each payment earns interest for one extra period. This means an annuity due is worth more than an ordinary annuity.


The formulas become:


FVdue=R((1+i)n−1i)(1+i)

PVdue=R(1−(1+i)−ni)(1+i)

So you can think of an annuity due as the ordinary annuity formula multiplied by (1+i).


6. Important financial meanings



  	Savings plan: use future value, because you want to know how much money will be in the account later.

  	Loan or mortgage: use present value, because the loan amount today equals the present value of future repayments.

  	Installments: the fixed payment amount R is usually what you solve for.




7. Matching the interest rate and the payment period


This is one of the most important skills in financial mathematics. The interest rate and the number of payments must use the same time unit.


For example:


  	If payments are monthly, then i must be the monthly interest rate.

  	If the annual interest rate is 12%, compounded monthly, then the monthly rate is 0.1212=0.01.

  	If payments are made for 3 years monthly, then n=3×12=36.




8. Worked Example 1: Future value of a savings annuity


A student deposits $200 at the end of each month into a savings account that earns 6% per year, compounded monthly. Find the amount in the account after 2 years.


Step 1: Identify the values.


  	R=200

  	Annual rate = 6%, so monthly rate i=0.0612=0.005

  	2 years monthly gives n=2×12=24




Step 2: Use the future value formula.


FV=R((1+i)n−1i)

FV=200((1.005)24−10.005)

Step 3: Calculate.


(1.005)24≈1.12716

FV≈200(1.12716−10.005)

FV≈200(25.432)

FV≈5086.40

Answer: After 2 years, the account will contain approximately $5086.40.


9. Worked Example 2: Present value of a loan


A borrower agrees to repay $350 at the end of each month for 4 years. The interest rate is 9% per year, compounded monthly. How much money was borrowed?


Step 1: Identify the values.


  	R=350

  	Monthly interest rate: i=0.0912=0.0075

  	Number of payments: n=4×12=48




Step 2: Use the present value formula.


PV=R(1−(1+i)−ni)

PV=350(1−(1.0075)−480.0075)

Step 3: Calculate.


(1.0075)−48≈0.69867

PV≈350(1−0.698670.0075)

PV≈350(40.177)

PV≈14061.95

Answer: The borrower received approximately $14,061.95.


10. Worked Example 3: Finding the installment amount


A laptop costs $1800. A buyer wants to pay it off in 12 equal monthly payments. The interest rate is 12% per year, compounded monthly. What is the monthly payment?


This is a loan problem, so the price now is the present value.


Step 1: Identify the values.


  	PV=1800

  	i=0.1212=0.01

  	n=12

  	Need to find R




Step 2: Start with the present value formula.


PV=R(1−(1+i)−ni)

Substitute values:


1800=R(1−(1.01)−120.01)

Step 3: Solve for R.


R=18001−(1.01)−120.01

(1.01)−12≈0.88745

R=18001−0.887450.01

R=180011.255

R≈159.93

Answer: The monthly payment is approximately $159.93.


11. Worked Example 4: Annuity due


A person deposits $500 at the beginning of each year into an account earning 8% per year. Find the amount after 5 years.


Because the payments are at the beginning of each period, this is an annuity due.


Step 1: Identify the values.


  	R=500

  	i=0.08

  	n=5




Step 2: Use the annuity due future value formula.


FVdue=R((1+i)n−1i)(1+i)

FVdue=500((1.08)5−10.08)(1.08)

Step 3: Calculate.


(1.08)5≈1.46933

FVdue≈500(1.46933−10.08)(1.08)

FVdue≈500(5.8666)(1.08)

FVdue≈3167.96

Answer: The account will contain approximately $3167.96.


12. Why geometric series appear in annuities


The reason annuity formulas work is that every payment is multiplied by a power of (1+i) or divided by a power of (1+i). These powers form a geometric pattern.


For future value, the terms look like


R+R(1+i)+R(1+i)2+⋯+R(1+i)n−1

For present value, the terms look like


R1+i+R(1+i)2+⋯+R(1+i)n

So annuities are a real-life application of geometric series.


13. Common mistakes to avoid



  	Using the annual rate directly when payments are monthly. Always convert to rate per period.

  	Using the wrong number of periods. If payments are monthly for 3 years, then n=36, not 3.

  	Mixing up present value and future value. Savings problems usually ask for future value; loan problems usually use present value.

  	Forgetting whether payments happen at the beginning or end. Beginning means annuity due.

  	Rounding too early. Keep more decimal places until the final answer.




14. Problem-solving steps for annuity questions



  	Decide whether it is a savings or loan problem.

  	Decide whether it is an ordinary annuity or an annuity due.

  	Write down R, i, and n.

  	Make sure i and n match the payment interval.

  	Choose the correct formula.

  	Substitute carefully and solve.

  	Check whether the answer is reasonable.




15. Brief summary


An annuity is a series of equal payments made at regular intervals. Because each payment grows or is discounted by a factor involving (1+i), annuities are modeled using geometric series.


The main formulas are:


FV=R((1+i)n−1i)

PV=R(1−(1+i)−ni)

For annuities due, multiply by (1+i). These formulas help us model savings plans, installment payments, and loan repayments in real-life financial situations.


  
  Put what you read to the test

  You've worked through Annuities and Financial Series. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1183






  
    
  [image: 📖]   Chapter 12

  Combinatorics and the Binomial Theorem
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  Fundamental Counting Principle is one of the most important ideas in combinatorics. It helps us count the total number of possible outcomes in a process that happens in steps.
The main idea is simple: if one event can happen in a certain number of ways, and a second event can happen in another number of ways, then the total number of ways both events can happen is found by multiplying.
This principle is sometimes called the multiplication principle. It is useful for counting outfits, passwords, routes, meal choices, seating plans, and many other multi-step situations.
In this lesson, you will learn how the Fundamental Counting Principle works, when to multiply, and how to handle situations where later choices depend on earlier ones.
Basic Idea
Suppose a process has two steps:
	Step 1 can happen in 3 ways.
	Step 2 can happen in 4 ways.

Then the total number of outcomes is:
3×4=12
Why does this work? For each of the 3 choices in the first step, there are 4 possible choices in the second step. So the 4 choices repeat for each first-step option.
More generally, if a process has several steps, multiply the number of choices at each step:
Total outcomes=(choices for step 1)(choices for step 2)(choices for step 3)⋯
If there are 5 choices for the first step, 2 for the second, and 6 for the third, then:
5×2×6=60
When Should You Use the Fundamental Counting Principle?
Use it when:
	A task happens in stages or steps.
	You want the number of possible complete outcomes.
	You know how many choices are available at each step.

Examples of multi-step events include:
	choosing a shirt and pants
	forming a 3-letter code
	picking a starter, main course, and dessert
	choosing seats for students one after another

Independent and Dependent Choices
Sometimes the number of choices at each step stays the same. Other times it changes depending on what was chosen earlier.
Independent choices mean one choice does not affect the next. For example, choosing a drink and then choosing a sandwich from a full menu: the number of sandwiches does not change based on the drink.
Dependent choices mean one choice affects the next. For example, if you choose 2 students from a class without replacement, then after the first student is chosen, there is one fewer student left for the second choice.
The Fundamental Counting Principle works in both cases. You still multiply. The important part is to use the correct number of choices at each step.
Organizing the Steps
To apply the principle correctly, follow these steps:
	Identify the stages in the process.
	Count how many choices there are for each stage.
	Multiply those numbers.

If a later step depends on an earlier one, adjust the number of choices before multiplying.
Worked Example 1: Choosing an Outfit
A student has 4 shirts and 3 pairs of pants. How many different outfits can the student make if one shirt and one pair of pants are chosen?
Step 1: Choose a shirt: 4 choices.
Step 2: Choose pants: 3 choices.
By the Fundamental Counting Principle, the total number of outfits is:
4×3=12
Answer: The student can make 12 different outfits.
This is an example of independent choices because the number of pants choices does not depend on which shirt was selected.
Worked Example 2: Creating a Code
How many 3-letter codes can be made if each position can use any of the 26 letters of the alphabet, and letters may be repeated?
This process has 3 steps:
	First letter: 26 choices
	Second letter: 26 choices
	Third letter: 26 choices

Multiply:
26×26×26=263=17576
Answer: There are 17,576 possible 3-letter codes.
Because letters may repeat, each step still has 26 choices.
Worked Example 3: Selecting Class Officers
A class has 20 students. In how many ways can the class choose a president and a vice president if the same student cannot hold both positions?
This is a two-step process:
	Choose the president: 20 choices
	Choose the vice president: 19 choices

Why 19 for vice president? Once the president is chosen, that student cannot be chosen again.
Now multiply:
20×19=380
Answer: There are 380 ways to choose the two officers.
This is an example of dependent choices because the second step depends on the first.
Worked Example 4: License Plate Style
A school parking pass code uses 2 letters followed by 3 digits. Letters can repeat, and digits can repeat. How many different codes are possible?
Break the code into 5 steps:
	First letter: 26 choices
	Second letter: 26 choices
	First digit: 10 choices
	Second digit: 10 choices
	Third digit: 10 choices

Multiply all choices:
26×26×10×10×10
=262×103=676000
Answer: There are 676,000 possible parking pass codes.
A Helpful Way to Think About It
You can imagine a tree diagram for small problems. Each branch represents a choice. The Fundamental Counting Principle gives a faster way to count the total number of final branches without drawing the whole diagram.
For example, if you have 2 choices for lunch and 3 choices for a drink, a tree diagram would show 6 final combinations. Multiplying gives the same result:
2×3=6
Common Mistakes to Avoid
	Adding instead of multiplying: If the problem has steps that happen together, multiply the choices. Adding is used when choosing between separate options, not combining steps.
	Forgetting that choices can change: In dependent situations, the number of choices may decrease after each step.
	Ignoring whether repetition is allowed: If items can repeat, the number of choices stays the same. If not, it may decrease.
	Not reading the order carefully: If positions or roles are different, then switching choices creates a different outcome.

Multiply or Add?
This is a very important question.
Multiply when a situation has steps that all happen as part of one complete outcome.
Example: 3 shirt choices and 2 pants choices means:
3×2=6
Add when a person chooses one option from separate groups, not one from each group.
Example: a student may choose either 3 types of sandwiches or 2 types of salads for lunch:
3+2=5
So ask yourself: Am I combining steps, or choosing one category only?
Practice Thinking
When you read a counting problem, try asking:
	How many steps are there?
	How many choices are there at each step?
	Does one choice affect the next?
	Can choices repeat?

These questions help you decide how to set up the multiplication.
Connection to Combinatorics
The Fundamental Counting Principle is a foundation for later counting ideas such as permutations and combinations. Before using those more advanced methods, it is important to understand how multi-step counting works.
Many arrangement problems begin by using this principle directly. For example, arranging 3 different books on a shelf can be thought of as:
	3 choices for the first spot
	2 choices for the second spot
	1 choice for the third spot

So the number of arrangements is:
3×2×1=6
This shows how the Fundamental Counting Principle leads naturally into other combinatorics topics.
Brief Summary
The Fundamental Counting Principle says that if a process happens in steps, you can find the total number of outcomes by multiplying the number of choices at each step.
It works for both independent and dependent events. The key is to count the available choices carefully at each stage.
Whenever you see a problem with multiple steps, think: count each step, then multiply.


  
  Put what you read to the test

  You've worked through Fundamental Counting Principle. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1184






  [image: 📝]   Lesson 92: Factorial Operations

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1224




  Factorial Operations are an important part of combinatorics. They help us count arrangements, simplify counting formulas, and work with expressions in permutations, combinations, and the Binomial Theorem.
In this lesson, you will learn what a factorial means, how to evaluate factorials, why 8! = 19 is true, and how to simplify algebraic expressions that contain factorials.
Definition of a factorial
For any positive whole number n, the factorial of n is written as n! and means the product of all positive integers from n down to 1.
n!=n(n−1)(n−2)⋯3⋅2⋅1
For example:
	1!=1
	2!=2⋅1=2
	3!=3⋅2⋅1=6
	4!=4⋅3⋅2⋅1=24
	5!=5⋅4⋅3⋅2⋅1=120

Factorials grow very quickly. Even small numbers can give large factorial values. For example, 6!=720 and 8!=40320.
The special case: 0!=1
One of the most important facts to remember is:
0!=1
This may seem strange at first, but it is defined this way so that factorial patterns and counting formulas work correctly.
Notice the pattern:
	4!=24
	3!=24÷4=6
	2!=6÷3=2
	1!=2÷2=1
	0!=1÷1=1

So the value 0!=1 fits the pattern perfectly.
Basic factorial facts
	n! is only defined here for whole numbers n≥0.
	0!=1
	1!=1
	n!=n(n−1)! for any whole number n≥1

The last fact is especially useful. For example:
7!=7⋅6!
and
10!=10⋅9!
This helps us simplify factorial expressions by canceling common factors.
How to expand factorials
When simplifying factorial expressions, do not expand everything unless necessary. Instead, expand just enough to see common factors.
For example, if you have 7!5!, write:
7!=7⋅6⋅5!
Then:
7!5!=7⋅6⋅5!5!=7⋅6=42
This is much faster than finding 7!=5040 and 5!=120 first.
Main strategies for factorial operations
	Evaluate directly when the factorial is small.
	Rewrite using n!=n(n−1)! to expose common factors.
	Cancel carefully only when the same factor appears in both numerator and denominator.
	Remember 0!=1.

Worked Example 1: Evaluating a factorial
Find 5!.
Step 1: Write the definition.
5!=5⋅4⋅3⋅2⋅1
Step 2: Multiply.
5!=120
Answer: 120
Worked Example 2: Using 0!
Evaluate 3!+0!.
Step 1: Compute each factorial.
3!=3⋅2⋅1=6
0!=1
Step 2: Add.
3!+0!=6+1=7
Answer: 7
Worked Example 3: Simplifying a quotient of factorials
Simplify 8!6!.
Step 1: Expand only the top enough to include 6!.
8!=8⋅7⋅6!
Step 2: Substitute and cancel.
8!6!=8⋅7⋅6!6!=8⋅7
Step 3: Multiply.
8⋅7=56
Answer: 56
Worked Example 4: Simplifying a more complex expression
Simplify:
9!7!⋅2!
Step 1: Rewrite 9! to include 7!.
9!=9⋅8⋅7!
Step 2: Substitute.
9!7!⋅2!=9⋅8⋅7!7!⋅2!
Step 3: Cancel 7!.
=9⋅82!
Step 4: Evaluate 2!=2.
=722=36
Answer: 36
Common mistakes to avoid
	Do not think n!=n. For example, 4!=24, not 4.
	Do not forget that 0!=1.
	Do not cancel incorrectly. Cancellation only works with factors, not terms added together.
	Do not expand more than needed. Expand just enough to reveal common factorial parts.

For instance, in 6!4!, it is correct to write
6⋅5⋅4!4!=6⋅5
But if an expression had addition, such as 6!+4!4!, you cannot cancel the 4! through the plus sign.
Why factorials matter in combinatorics
Factorials appear in formulas for counting arrangements and selections. For example, the number of ways to arrange n different objects is n!.
They also appear in combinations:
(nr)=n!r!(n−r)!
Because of this, being able to simplify factorial expressions quickly is a key skill in combinatorics.
Quick practice ideas
	Evaluate 4!, 6!, and 0!.
	Simplify 7!4!.
	Simplify 10!8!⋅2!.

Lesson Summary
A factorial, written n!, means multiplying all positive whole numbers from n down to 1. The special value 0!=1 is essential and must be remembered.
To simplify factorial expressions, use the pattern n!=n(n−1)!, expand only as much as needed, and cancel common factors carefully. These skills are very useful in combinatorics, especially when working with counting formulas.


  
  Put what you read to the test

  You've worked through Factorial Operations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1185
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  Permutations are used when we want to count arrangements and the order matters.
For example, choosing a president, vice-president, and secretary from a group is a permutation because assigning the same people to different roles gives a different result. In contrast, if we were only choosing a team and roles did not matter, that would not be a permutation.
In this lesson, you will learn what permutations are, how to calculate them, and how to recognize when to use them.
1. What does “order matters” mean?
Suppose we have the letters A, B, and C.
If we arrange two of them, the arrangement AB is different from BA. Even though the same two letters are used, the order changed, so these count as different outcomes.
This is the key idea behind permutations: different orders count as different arrangements.
2. Factorials
Before learning the permutation formula, we need to understand factorials.
For any positive integer n, the factorial of n is written n!, and means:
n!=n(n−1)(n−2)⋯3⋅2⋅1
Some common factorials are:
	1!=1
	2!=2⋅1=2
	3!=3⋅2⋅1=6
	4!=4⋅3⋅2⋅1=24
	5!=120

Also, by definition,
0!=1
3. Permutations of all objects
If we arrange all n distinct objects, the number of possible arrangements is:
n!
Why? Because:
	There are n choices for the first position,
	n−1 choices for the second,
	n−2 choices for the third,
	and so on until 1 choice remains.

Multiplying these gives n!.
For example, the number of ways to arrange 4 different books on a shelf is:
4!=24
4. Permutations of n objects taken r at a time
Sometimes we do not arrange all the objects. We only arrange some of them.
If we have n distinct objects and want to arrange r of them, the number of permutations is written as:
nPr
and is calculated by:
nPr=n!(n−r)!
Why does this formula work?
To fill r positions:
	There are n choices for the first position,
	n−1 choices for the second,
	n−2 choices for the third,
	continuing until r positions are filled.

So the product is:
n(n−1)(n−2)⋯(n−r+1)
This product is exactly the same as:
n!(n−r)!
because the factors from (n−r)! cancel out the unused part of n!.
5. When should you use permutations?
Use permutations when:
	you are arranging objects,
	you are assigning positions or roles,
	you are making codes or ordered lists,
	or the question tells you that order matters.

Common clue words include:
	arrange
	order
	rank
	first, second, third
	line up
	assign roles

6. Worked Examples
Example 1: Arranging all objects
How many ways can 5 different students stand in a line?
Step 1: All 5 students are being arranged, so use 5!.
5!=5⋅4⋅3⋅2⋅1=120
Answer: There are 120 ways.
Example 2: Arranging a subset
How many ways can 3 books be chosen and arranged from 7 different books?
Step 1: We are arranging 3 out of 7, so use permutations.
7P3=7!(7−3)!=7!4!
Step 2: Simplify.
7⋅6⋅5⋅4!4!=7⋅6⋅5=210
Answer: There are 210 ways.
Example 3: Assigning roles
From 8 students, how many ways can a captain, vice-captain, and treasurer be chosen?
Step 1: The roles are different, so order matters.
This means we need the number of ways to arrange 3 students from 8:
8P3=8!5!
Step 2: Simplify.
8P3=8⋅7⋅6=336
Answer: There are 336 ways.
Example 4: Forming a 4-digit code
How many 4-digit codes can be made from the digits 1, 2, 3, 4, 5, 6 if no digit is repeated?
Step 1: We are arranging 4 digits chosen from 6, with no repetition.
So we use:
6P4=6!2!
Step 2: Simplify.
6P4=6⋅5⋅4⋅3=360
Answer: There are 360 possible codes.
7. Writing permutations without the formula
Sometimes it is easier to think directly using multiplication.
For example, if 4 medals (gold, silver, bronze, and fourth place) are awarded from 10 runners:
	10 choices for gold,
	9 choices for silver,
	8 choices for bronze,
	7 choices for fourth place.

So the number of ways is:
10⋅9⋅8⋅7=5040
This is the same as:
10P4=10!6!=5040
8. Important ideas to remember
	Order matters in permutations.
	n! counts arrangements of all n distinct objects.
	nPr counts arrangements of r objects chosen from n distinct objects.
	The formula is nPr=n!(n−r)!
	If the same items are just selected and not arranged, then you should not use permutations.

9. Common mistakes
	Using permutations when order does not matter. Always ask: does changing the order create a different outcome?
	Using the wrong values for n and r. n is the total number of available objects, and r is the number being arranged.
	Forgetting that roles make order matter. Captain and vice-captain are not the same job, so switching the people changes the result.
	Making factorial calculations longer than needed. Cancel common factorials early to simplify.

10. Quick check for yourself
Ask these questions before solving:
	How many total objects are available? This is n.
	How many objects are being arranged? This is r.
	Does order matter?
	Can I multiply directly, or should I use nPr?

[image: 📋]   Summary
Permutations count the number of ordered arrangements of objects. If all n objects are arranged, the number of arrangements is n!. If only r objects are arranged from n distinct objects, use nPr=n!(n−r)!. The most important idea is that changing the order changes the outcome.


  
  Put what you read to the test

  You've worked through Permutations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1186
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  Permutations with Repetition is about counting arrangements when some objects are identical.


In earlier counting problems, we often arranged distinct objects. For example, if 5 different letters are arranged in a row, there are 5!=120 possible orders.


But what happens if some of the letters are the same? Then many of those arrangements look identical, even if we pretend the repeated letters are different while counting. Permutations with repetition corrects this overcounting.


This idea is important in combinatorics because real counting problems often involve repeated letters, repeated digits, or groups of identical objects.


Main idea: if there are n objects in total, and some are repeated, then the number of distinct arrangements is


n!n1! n2! n3!⋯nk!

Here:


  	n = total number of objects

  	n1,n2,n3,… = the numbers of identical objects in each group




We divide by factorials because swapping identical objects does not create a new visible arrangement.


For example, if a word has 2 identical A's, then every arrangement has been counted 2! times if we treat those A's as different. So we divide by 2! to fix the overcount.


Let us build this idea carefully.


Step 1: Start with all objects treated as different.

If there are n objects, the number of arrangements is n!.


Step 2: Notice the overcounting.

If some objects are identical, swapping them does not change the arrangement. So n! counts the same arrangement many times.


Step 3: Divide by the repeated groups.

If one letter appears 3 times, divide by 3!. If another letter appears 2 times, divide by 2!, and so on.


This gives the formula again:


Number of distinct permutations=n!n1!n2!⋯nk!

This is sometimes called the number of permutations of a multiset.


When should you use this formula?


  	When order matters

  	When all objects are being arranged

  	When some objects are identical




When should you not use it?


  	If order does not matter, the problem is about combinations, not permutations.

  	If all objects are different, just use n!.

  	If you are only arranging part of the objects, you may need a different method.




Worked Example 1: Arrange the letters in BOOK


How many distinct arrangements can be made using all the letters of the word BOOK?


The letters are B, O, O, K.


  	Total letters: 4

  	The letter O is repeated 2 times




If all 4 letters were different, there would be 4! arrangements.


But the two O's are identical, so each distinct arrangement has been counted 2! times.


4!2!=242=12

Answer: There are 12 distinct arrangements of BOOK.


Why divide by 2!? If we label the O's as O1 and O2, then BO1O2K and BO2O1K look exactly the same as BOOK. So we must divide out this duplicate counting.


Worked Example 2: Arrange the letters in BANANA


Find the number of distinct arrangements of the letters in BANANA.


First count each letter:


  	B appears 1 time

  	A appears 3 times

  	N appears 2 times




There are 6 letters in total, so begin with 6!.


Now divide by the repeated letters:


  	Divide by 3! for the 3 A's

  	Divide by 2! for the 2 N's




6!3!2!=7206⋅2=72012=60

Answer: There are 60 distinct arrangements of BANANA.


This example shows that you divide once for each group of identical objects.


Worked Example 3: How many 7-letter arrangements can be formed from the letters of BALLOON?


The word BALLOON has 7 letters:


  	B = 1

  	A = 1

  	L = 2

  	O = 2

  	N = 1




Total letters: 7

Repeated groups: two L's and two O's


7!2!2!=50404=1260

Answer: There are 1260 distinct arrangements.


Notice that letters appearing only once do not affect the denominator, since 1!=1.


Worked Example 4: Arrangements of digits with repetition


How many distinct 5-digit arrangements can be formed using the digits 1, 1, 2, 2, 2?


We are arranging all 5 digits.


  	Total digits: 5

  	Two 1's

  	Three 2's




Use the formula:


5!2!3!=1202⋅6=12012=10

Answer: There are 10 distinct arrangements.


This works exactly the same way as arranging letters in a word.


A useful way to think about the formula


Suppose we want to arrange the letters in AAB.


If the A's were different, say A1,A2,B, there would be


3!=6

arrangements.


But for each visible arrangement, the two A's can switch places in 2!=2 ways without changing what we see.


So the true number is


3!2!=3

The distinct arrangements are AAB, ABA, and BAA.


This simple example shows exactly why division is needed.


Common mistakes to avoid


  	Forgetting to divide for repeated objects. If letters repeat, using just n! will be too large.

  	Dividing by the repeated number instead of its factorial. For example, 3 repeated A's means divide by 3!, not by 3.

  	Missing one repeated group. In BANANA, you must divide by both 3! and 2!.

  	Using this formula when order does not matter. This formula is only for arrangements.




Quick problem-solving steps


  	Count the total number of objects, n.

  	Count how many times each repeated object appears.

  	Write n! in the numerator.

  	Divide by the factorial of each repetition number.

  	Simplify carefully.




Practice Check

Try these on your own:


  	How many distinct arrangements of the word MUMMY are there?

  	How many distinct arrangements of the letters in SUCCESS are there?

  	How many distinct arrangements can be made from the digits 3, 3, 3, 5, 5, 8?




Answers:


  	MUMMY: 5!2!2!=30

  	SUCCESS: 7!3!2!=420

  	Digits 3,3,3,5,5,8: 6!3!2!=60




[image: 📋]   Summary

Permutations with repetition are used when arranging objects where some are identical. Start with the total number of arrangements, n!, and divide by the factorial of each repeated group.


n!n1!n2!⋯nk!

This prevents overcounting and gives the number of distinct arrangements. The key question to ask is: Are some of the objects the same? If yes, then you probably need permutations with repetition.


  
  Put what you read to the test

  You've worked through Permutations with Repetition. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1187
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  Circular Permutations are arrangements of objects around a circle. This is different from arranging objects in a straight line, because in a circle there is no fixed beginning or end.


In ordinary linear permutations, changing the position of every object usually creates a new arrangement. But in a circular arrangement, some arrangements that look different in a line are actually the same when placed on a circle, because one can be rotated to match the other.


For example, if 4 students sit around a round table, the order ABCD is the same as BCDA, CDAB, and DABC, because each is just a rotation of the same seating pattern.


This is why circular permutations use a different counting rule from linear permutations.


Key Idea: For arranging n distinct objects in a circle, the number of different circular arrangements is


(n−1)!

This formula works because rotations are considered identical.


Let us understand why.


If we arrange n distinct objects in a line, there are


n!

possible arrangements.


But in a circle, each unique circular arrangement can be rotated into n equivalent linear forms. So we divide by n:


n!n=(n−1)!

That is the reason the number of circular permutations of n distinct objects is


(n−1)!

A helpful way to think about this is to fix one object in position. Since rotating the whole circle does not create a new arrangement, we can keep one object still and arrange the remaining objects around it.


Then we only need to arrange the remaining n - 1 objects, giving


(n−1)!

Important Note: This rule applies when only rotation is ignored. In most round-table seating questions, this is the standard meaning.


Now let us go step by step through examples.


Worked Example 1: 5 students around a round table


How many different ways can 5 distinct students sit around a round table?


Since the students are distinct and seated in a circle, we use the circular permutation formula:


(5−1)!=4!=24

Answer: There are 24 different circular arrangements.


Why not 5!? Because many of those linear arrangements are just rotations of each other and so count as the same circular seating.


Worked Example 2: 7 people standing in a circle


In how many ways can 7 different people stand in a circle?


Again, use the circular permutation formula:


(7−1)!=6!=720

Answer: There are 720 ways.


It does not matter whether they are sitting or standing. If the arrangement is around a circle and rotations are considered the same, the formula is still


(n−1)!

Worked Example 3: 6 friends with 2 specific friends sitting next to each other


How many circular arrangements are possible for 6 friends around a table if A and B must sit next to each other?


When two people must stay together, treat them as one group first.


So instead of 6 separate objects, we now have:



	the group (A,B)

	the other 4 friends




That gives a total of 5 objects to arrange in a circle.


The number of circular arrangements of 5 objects is


(5−1)!=4!=24

But inside the group, A and B can switch places in


2!=2

ways: AB or BA.


So the total number of arrangements is


4!×2!=24×2=48

Answer: There are 48 circular arrangements.


Worked Example 4: 8 people with 3 specific people together


How many ways can 8 people sit around a circular table if 3 specific people must sit together?


Treat the 3 specific people as one block.


Then the objects to arrange are:



	1 block of 3 people

	5 other individual people




So there are 6 objects in total around the circle.


The number of circular arrangements of these 6 objects is


(6−1)!=5!=120

Now arrange the 3 people within their block. This can be done in


3!=6

ways.


So the total number of arrangements is


5!×3!=120×6=720

Answer: There are 720 circular arrangements.


Steps for Solving Circular Permutation Problems



	Check that the arrangement is circular. If objects are arranged around a circle, rotations usually count as the same.

	Use (n−1)! for n distinct objects.

	If some objects must stay together, group them as one block.

	Arrange the block and remaining objects in a circle.

	Multiply by the number of ways to arrange objects inside the block.




Common Mistakes to Avoid



	Using n! instead of (n−1)!: This is the most common mistake. In a circle, rotations are not new arrangements.

	Forgetting to arrange the objects inside a group: If A and B are together, AB and BA are different unless stated otherwise.

	Not reading the condition carefully: “Around a table” usually means circular permutation.




Linear vs Circular Permutations



	In a line: number of arrangements of n distinct objects is n!

	In a circle: number of arrangements of n distinct objects is (n−1)!




For example, with 4 objects:


Linear arrangements=4!=24

Circular arrangements=(4−1)!=3!=6

This big difference happens because many linear orders become identical when placed on a circle.


Quick Check



	5 objects in a circle: (5−1)!=24

	6 objects in a circle: (6−1)!=120

	9 objects in a circle: (9−1)!=8!=40320




[image: 📋]   Summary


Circular permutations are used when arranging distinct objects around a circle. Since rotations represent the same arrangement, we do not use n!. Instead, for n distinct objects, the number of arrangements is


(n−1)!

A useful strategy is to fix one object and arrange the rest. If some objects must stay together, treat them as one block, arrange the blocks in a circle, and then arrange the objects within the block.


  
  Put what you read to the test

  You've worked through Circular Permutations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1188
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  Combinations are used when we want to count how many ways we can choose objects, and the order does not matter.


This idea appears often in combinatorics. For example, if you are choosing 3 students for a committee, the group {A, B, C} is the same committee as {C, A, B}. Since the order does not change the group, this is a combinations problem.


Combinations are different from permutations. In permutations, order matters. In combinations, order does not matter. Learning to tell the difference is one of the most important skills in counting.


When do we use combinations?


  	Choosing a team

  	Selecting committee members

  	Picking questions to answer

  	Choosing toppings or cards or books, when only the selection matters




When do we not use combinations?


  	Assigning gold, silver, and bronze medals

  	Arranging students in a line

  	Creating passwords or codes

  	Choosing class president, vice president, and secretary




In those cases, order or role matters, so they are not combinations.


The notation for combinations is:


(nr), which is also written as nCr.


It means: the number of ways to choose r objects from n objects, without caring about order.


The formula is


(nr)=n!r!(n−r)!

where n! means factorial:


n!=n(n−1)(n−2)⋯3⋅2⋅1

For example,


5!=5⋅4⋅3⋅2⋅1=120

Also remember that 0!=1.


Why does the combinations formula work?


If we first count arrangements of r chosen objects from n, we get permutations. But each group of r objects can be arranged in r! different orders.


Since combinations do not care about order, we divide by r! to remove all the repeated orderings.


So combinations can be thought of as:


combinations=permutationsr!

This is why the denominator contains r!.


Important facts about combinations


  	(n0)=1 because there is exactly one way to choose nothing.

  	(nn)=1 because there is exactly one way to choose all n objects.

  	(n1)=n because there are n ways to choose one object.

  	(nr)=(nn−r). Choosing r objects is the same as leaving out n−r objects.




That last fact is very useful. For example,


(103)=(107)

because choosing 3 items is equivalent to deciding which 7 items are not chosen.


How to solve a basic combinations problem


  	Decide whether order matters.

  	If order does not matter, use combinations.

  	Identify n, the total number of available objects.

  	Identify r, the number of objects being chosen.

  	Use (nr)=n!r!(n−r)!.

  	Simplify carefully.




Worked Example 1: Basic selection

How many ways can a coach choose 3 players from 8 players?


Step 1: Order does not matter. A group of 3 players is the same no matter the order they are listed.


Step 2: Use combinations with n=8 and r=3.


(83)=8!3!(8−3)!=8!3!5!

Cancel the common 5!:


(83)=8⋅7⋅63⋅2⋅1

=3366=56

Answer: There are 56 ways.


Worked Example 2: Using the symmetry rule

How many ways can 2 books be chosen from 12 books?


We use


(122)=12!2!10!

Cancel 10!:


(122)=12⋅112⋅1=66

Answer: There are 66 ways.


Notice that


(122)=(1210)

So choosing 2 books gives the same count as choosing which 10 books to leave behind.


Worked Example 3: Combination with a required item

A committee of 4 students is chosen from 9 students. One particular student, Maya, must be on the committee. How many different committees are possible?


If Maya must be included, then 1 of the 4 spots is already filled.


So we only need to choose the remaining 3 students from the other 8 students.


(83)=8!3!5!=56

Answer: There are 56 possible committees.


This is a common type of restriction: if someone must be included, fix that person first, then choose the rest.


Worked Example 4: Combination with inclusion and exclusion

A class has 6 boys and 5 girls. How many ways can a team of 4 students be chosen if the team must contain exactly 2 boys and 2 girls?


This problem has a condition, so we count each part separately.


First choose 2 boys from 6:


(62)=6⋅52⋅1=15

Then choose 2 girls from 5:


(52)=5⋅42⋅1=10

Now multiply, because each choice of boys can be paired with each choice of girls:


(62)(52)=15⋅10=150

Answer: There are 150 possible teams.


This idea is very important: when a selection must satisfy different parts, count each part and then multiply.


Combinations with “at least” conditions


Sometimes a problem says at least, at most, or exactly. These words tell you how to organize your counting.



  	Exactly means one specific case.

  	At least means add several possible cases.

  	At most also means add several possible cases.




For example, suppose a group has 4 boys and 3 girls, and you choose 3 students. If the group must contain at least 2 girls, then there are two possible cases:


  	2 girls and 1 boy

  	3 girls and 0 boys




We would count both cases and add them.


Mini Example: How many groups of 3 can be chosen from 4 boys and 3 girls if there must be at least 2 girls?


Case 1: 2 girls and 1 boy


(32)(41)=3⋅4=12

Case 2: 3 girls and 0 boys


(33)(40)=1⋅1=1

Total:


12+1=13

Answer: There are 13 such groups.


Common mistakes to avoid


  	Using permutations when order does not matter. Always ask: does changing the order create a new outcome?

  	Mixing up n and r. n is the total number of available objects, and r is the number chosen.

  	Forgetting restrictions. Words like “must include,” “exactly,” and “at least” change the setup.

  	Not multiplying separate choices. If you choose from two different groups, you often multiply.

  	Not adding separate cases. If a problem has several valid cases, count each and add.




Connection to the Binomial Theorem


Combinations are closely related to the Binomial Theorem. In the expansion of (a+b)n, the coefficients come from combinations.


For example,


(a+b)4=a4+4a3b+6a2b2+4ab3+b4

The coefficients 1,4,6,4,1 are:


(40),(41),(42),(43),(44)

So combinations are not only about counting groups. They also help us expand powers of binomials.


Quick check: Is it a combination?


  	Choose 5 students from 20 for a field trip leader group: Yes

  	Arrange 5 students in 5 chairs: No

  	Select 2 pizza toppings from 8 options: Yes

  	Assign first, second, and third place: No




[image: 📋]   Summary

Use combinations when you are selecting items and order does not matter. The formula is


(nr)=n!r!(n−r)!

To solve problems with conditions, think carefully about what must be included, what must be excluded, and whether you need to multiply different selections or add separate cases. With practice, combinations become a powerful tool for counting and for understanding the Binomial Theorem.


  
  Put what you read to the test

  You've worked through Combinations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1189
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  Pascal’s Triangle is a number pattern that appears often in combinatorics and the Binomial Theorem. It helps us count combinations, and it also gives the coefficients when we expand expressions such as (a+b)n.


In this lesson, you will learn how to build Pascal’s Triangle, notice its patterns, and use it in two important ways:


  	to find combinations, written as (nr)

  	to find coefficients in binomial expansions




Once you understand the triangle, many counting and expansion problems become much faster.


1. Building Pascal’s Triangle


Pascal’s Triangle begins with a single 1 at the top. Each new row starts and ends with 1. Every number inside the triangle is found by adding the two numbers directly above it.


The first few rows are:


111121133114641151010511615201561


For example, in the row 1,4,6,4,1, the 6 comes from adding the two numbers above it:


3+3=6


And one of the 4s comes from:


1+3=4


This is why Pascal’s Triangle is called recursive: each row is built from the row before it.


2. Important patterns in Pascal’s Triangle


Pascal’s Triangle has several useful patterns.



  	Each row starts and ends with 1.

  	The rows are symmetric. For example, 1,5,10,10,5,1 reads the same from left to right and right to left.

  	The numbers increase and then decrease across a row.

  	Each row corresponds to a power of a binomial.




If we number the top row as row 0, then:


  	row 0: 1

  	row 1: 1,1

  	row 2: 1,2,1

  	row 3: 1,3,3,1




This row numbering is important because row n gives the coefficients of (a+b)n.


3. Connection to combinations


The entries in Pascal’s Triangle are combinations. A combination counts how many ways we can choose objects when order does not matter.


The combination notation is:


(nr)


This means “choose r objects from n objects.”


Each row of Pascal’s Triangle gives the values of (nr) for a fixed n.


For example, row 5 is:


15101051


So:


(50)=1,(51)=5,(52)=10,(53)=10,(54)=5,(55)=1


This means, for example, that there are 10 ways to choose 2 items from 5, and also 10 ways to choose 3 items from 5.


The symmetry in the triangle matches the fact that:


(nr)=(nn−r)


Choosing 2 objects to keep is the same as choosing 3 objects to leave out when there are 5 objects total.


4. Pascal’s rule


The recursive rule in the triangle can be written using combinations:


(nr)=(n−1r−1)+(n−1r)


This is called Pascal’s Rule.


It says that any interior number in the triangle is the sum of the two numbers above it.


For example:


(62)=(51)+(52)=5+10=15


This matches row 6:


1615201561


5. Connection to the Binomial Theorem


One of the most important uses of Pascal’s Triangle is finding coefficients in expansions of (a+b)n.


The coefficients come directly from row n of the triangle.


For example:



  	row 2: 1,2,1, so (a+b)2=a2+2ab+b2

  	row 3: 1,3,3,1, so (a+b)3=a3+3a2b+3ab2+b3

  	row 4: 1,4,6,4,1, so (a+b)4=a4+4a3b+6a2b2+4ab3+b4




Notice two things in a binomial expansion:


  	the powers of the first term decrease

  	the powers of the second term increase




In (a+b)4, the powers are:


a4b0, a3b1, a2b2, a1b3, a0b4


The exponents in each term always add up to 4, the power of the binomial.


6. Worked Examples


Example 1: Generate the next row of Pascal’s Triangle


Suppose you are given row 4:

14641


Find row 5.


Step 1: Start and end with 1.

So the new row will look like:

1____1


Step 2: Add neighboring numbers from the row above.


1+4=5

4+6=10

6+4=10

4+1=5


Answer:

15101051


Example 2: Use Pascal’s Triangle to find a combination


Find (62).


Step 1: Go to row 6 of Pascal’s Triangle.

Row 6 is:

1615201561


Step 2: Count positions starting with (60).


So:


  	first entry is (60)=1

  	second entry is (61)=6

  	third entry is (62)=15




Answer:

(62)=15


Example 3: Expand (x+y)4 using Pascal’s Triangle


Step 1: Use row 4 of Pascal’s Triangle.

Row 4 is:

14641


Step 2: Write terms with powers of x decreasing from 4 to 0, and powers of y increasing from 0 to 4.


x4, x3y, x2y2, xy3, y4


Step 3: Attach the coefficients.


(x+y)4=x4+4x3y+6x2y2+4xy3+y4


Answer:

(x+y)4=x4+4x3y+6x2y2+4xy3+y4


Example 4: Expand (2x+3)3 using Pascal’s Triangle


This example is a little harder because the terms are not just x and y.


Step 1: Use row 3 of Pascal’s Triangle.

Row 3 is:

1331


Step 2: Write the power pattern for (2x+3)3:


(2x)3, (2x)2(3), (2x)(3)2, (3)3


Step 3: Add the coefficients from Pascal’s Triangle.


(2x+3)3=1(2x)3+3(2x)2(3)+3(2x)(3)2+1(3)3


Step 4: Simplify each term.


1(2x)3=8x3

3(2x)2(3)=3(4x2)(3)=36x2

3(2x)(3)2=3(2x)(9)=54x

1(3)3=27


Answer:

(2x+3)3=8x3+36x2+54x+27


7. Common mistakes to avoid



  	Using the wrong row. For (a+b)n, use row n, starting with the top as row 0.

  	Forgetting the power pattern. The first term’s exponent goes down, while the second term’s exponent goes up.

  	Ignoring coefficients when terms are more complicated. In (2x+3)3, you must still multiply by the Pascal coefficients.

  	Confusing combinations with permutations. Pascal’s Triangle gives combinations, where order does not matter.




8. Quick check for understanding



  	What comes after the row 1,3,3,1?

  	What is the value of (52)?

  	Which row gives the coefficients of (a+b)6?

  	Use Pascal’s Triangle to expand (m+n)2.




Answers:


  	1,4,6,4,1

  	10

  	row 6

  	(m+n)2=m2+2mn+n2




9. Summary


Pascal’s Triangle is built by starting and ending each row with 1, then adding pairs of numbers from the row above to fill the middle. The entries in row n are the combinations (nr).


The triangle is also closely connected to the Binomial Theorem. Row n gives the coefficients of (a+b)n, which makes polynomial expansions quicker and easier. If you can build the triangle and follow the power pattern, you can solve many counting and expansion problems with confidence.


  
  Put what you read to the test

  You've worked through Pascal's Triangle. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1190
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  The Binomial Theorem is a powerful rule that helps us expand expressions of the form (a+b)n, where n is a positive integer.


For small powers, you may already know how to expand by repeated multiplication:


(a+b)2=(a+b)(a+b)=a2+2ab+b2


But what about (a+b)5, (x−2)8, or (2x+3)6? Expanding by multiplying again and again becomes slow and messy. The Binomial Theorem gives a systematic way to write every term directly.


This topic also connects algebra to combinatorics, because the coefficients in the expansion come from combinations such as (nr).


1. What is a binomial?


A binomial is an expression with two terms, such as:


  	a+b

  	x−3

  	2m+n




The Binomial Theorem tells us how to expand a binomial raised to a power.


2. The Binomial Theorem formula


For any positive integer n,


(a+b)n=(n0)an+(n1)an−1b+(n2)an−2b2+⋯+(nn)bn

This is often written more compactly as:


(a+b)n=∑r=0n(nr)an−rbr

Here, (nr) is called a combination or binomial coefficient.


3. Meaning of (nr)


The notation (nr) means the number of ways to choose r objects from n objects, without caring about order.


Its formula is:


(nr)=n!r!(n−r)!

For example:


(52)=5!2!3!=10

These values become the coefficients in the expansion.


4. Pattern in the expansion


In the expansion of (a+b)n:


  	the powers of a start at n and decrease by 1 each term,

  	the powers of b start at 0 and increase by 1 each term,

  	the coefficients are (n0),(n1),(n2),…,(nn).




So every term follows a clear structure:


Tr+1=(nr)an−rbr

This is called the general term. It helps us find any specific term without writing the whole expansion.


5. Why combinations appear


When we expand (a+b)n, we are multiplying n copies of (a+b):


(a+b)n=(a+b)(a+b)(a+b)⋯(a+b)

Each term in the final expansion comes from choosing either a or b from each bracket.


If a term contains br, that means we chose b from exactly r of the n brackets, and a from the remaining n−r brackets. The number of ways to do that is (nr). That is why the coefficient is (nr).


6. First few expansions


It helps to notice some common results:


(a+b)0=1

(a+b)1=a+b

(a+b)2=a2+2ab+b2

(a+b)3=a3+3a2b+3ab2+b3

(a+b)4=a4+4a3b+6a2b2+4ab3+b4

The coefficients 1,4,6,4,1 come from combinations:


(40),(41),(42),(43),(44)

7. Worked Example 1: Expand (x+y)4


Use the Binomial Theorem:


(x+y)4=(40)x4+(41)x3y+(42)x2y2+(43)xy3+(44)y4

Now calculate the coefficients:


(40)=1,(41)=4,(42)=6,(43)=4,(44)=1

So:


(x+y)4=x4+4x3y+6x2y2+4xy3+y4

Important check: the power of x goes down from 4 to 0, and the power of y goes up from 0 to 4.


8. Worked Example 2: Expand (2x+3)3


Here, a=2x, b=3, and n=3.


Apply the formula:


(2x+3)3=(30)(2x)3+(31)(2x)2(3)+(32)(2x)(3)2+(33)(3)3

Now simplify each term:


=1(8x3)+3(4x2)(3)+3(2x)(9)+1(27)

=8x3+36x2+54x+27

Notice: when the terms inside the bracket are not just x and y, we must raise the entire term correctly. For example, (2x)3=8x3, not 2x3.


9. Worked Example 3: Find the 4th term of (x−2)6


We do not need the full expansion. We use the general term:


Tr+1=(nr)an−rbr

For (x−2)6, we have:


  	a=x

  	b=−2

  	n=6




The 4th term means r+1=4, so r=3.


Substitute into the formula:


T4=(63)x6−3(−2)3

=20x3(−8)

=−160x3

So the 4th term is:


−160x3

Important idea: if the second term is negative, signs can alternate because of powers of a negative number.


10. Worked Example 4: Find the term containing x2 in (3x+1)5


We want a specific power of x, so again we use the general term:


Tr+1=(5r)(3x)5−r(1)r

Simplify the variable part:


Tr+1=(5r)35−rx5−r

We want the term containing x2, so set:


5−r=2

r=3

Now substitute r=3:


T4=(53)(3x)2(1)3

=10⋅9x2

=90x2

So the term containing x2 is:


90x2

11. How to find a particular term


When asked for a specific term, follow these steps:


  	Write the general term: Tr+1=(nr)an−rbr.

  	Identify a, b, and n.

  	If asked for the k-th term, set r+1=k.

  	If asked for the term containing a certain power, match the exponent and solve for r.

  	Substitute and simplify carefully.




12. Common mistakes to avoid


  	Forgetting the coefficient: each term needs (nr).

  	Using the wrong term number: the general term uses r+1, not r. For example, the 4th term means r=3.

  	Incorrect powers: one exponent decreases while the other increases.

  	Ignoring brackets: (2x)2=4x2, not 2x2.

  	Sign errors: in expressions like (x−2)n, remember that b=−2.




13. Quick connection to Pascal’s Triangle


The binomial coefficients can also be arranged in Pascal’s Triangle:


1

11

121

1331

14641

15101051


Each row gives the coefficients of (a+b)n.


For example, row 5 gives the coefficients of (a+b)5:


1, 5, 10, 10, 5, 1

So:


(a+b)5=a5+5a4b+10a3b2+10a2b3+5ab4+b5

14. Why this matters


The Binomial Theorem is useful because it lets you:


  	expand powers quickly and accurately,

  	find a chosen term without full expansion,

  	see how combinatorics appears in algebra,

  	solve many exam questions more efficiently.




Brief Summary


The Binomial Theorem gives a formula for expanding (a+b)n:


(a+b)n=∑r=0n(nr)an−rbr

The coefficients are combinations, written as (nr). The general term


Tr+1=(nr)an−rbr

helps you find any term directly. As you move through the expansion, the power of the first term decreases while the power of the second term increases. With practice, you can expand binomials and find specific terms confidently.


  
  Put what you read to the test

  You've worked through The Binomial Theorem. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1191






  
    
  [image: 📖]   Chapter 13

  Analytic Geometry and Conic Sections
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  Cartesian Distance and Midpoint


In analytic geometry, points are placed on the Cartesian plane using coordinates. When two points are given, we often want to answer two important questions:



  	How far apart are the points?

  	What point lies exactly halfway between them?




These questions lead to the distance formula and the midpoint formula. These formulas connect algebra and geometry, and they are used often in topics such as circles, line segments, and proofs in coordinate geometry.


In this lesson, you will learn what these formulas mean, how to use them, and how to avoid common mistakes.


1. The Cartesian Plane Review


A point on the plane is written as (x,y), where:


  	x tells how far left or right the point is from the origin,

  	y tells how far up or down the point is from the origin.




For example, the point (3,2) is 3 units to the right and 2 units up from the origin.


If we have two points, say A(x1,y1) and B(x2,y2), then:


  	the horizontal change between them is x2−x1,

  	the vertical change between them is y2−y1.




These changes are very important because they help us find both distance and midpoint.


2. Distance Between Two Points


To find the distance between two points, we use the Pythagorean theorem. If you draw a horizontal and vertical line between the two points, you form a right triangle.


The legs of that triangle have lengths:


  	∣x2−x1∣ horizontally,

  	∣y2−y1∣ vertically.




The distance between the points is the hypotenuse of that triangle.


Using the Pythagorean theorem:


d2=(x2−x1)2+(y2−y1)2

So the distance formula is:


d=(x2−x1)2+(y2−y1)2

This formula gives the exact distance. If the square root does not simplify, you can leave the answer in radical form unless a decimal is requested.


Important notes:


  	It does not matter which point is called (x1,y1) and which is called (x2,y2), as long as you stay consistent.

  	The distance is always non-negative.

  	Squaring removes any negative signs inside the differences.




3. Midpoint of a Line Segment


The midpoint is the point exactly halfway between two endpoints of a segment.


To find the midpoint, average the x-coordinates and average the y-coordinates.


If the endpoints are A(x1,y1) and B(x2,y2), then the midpoint M is:


M(x1+x22,y1+y22)

This works because the midpoint must be equally far from both endpoints in the horizontal and vertical directions.


4. When to Use Each Formula



  	Use the distance formula when the problem asks how long a segment is or how far apart two points are.

  	Use the midpoint formula when the problem asks for the point halfway between two endpoints.




Sometimes, a problem may ask for both.


5. Worked Examples


Example 1: Find the distance between two simple points


Find the distance between A(1,2) and B(5,5).


Step 1: Write the formula.


d=(x2−x1)2+(y2−y1)2

Step 2: Substitute the coordinates.


d=(5−1)2+(5−2)2

Step 3: Simplify.


d=42+32=16+9=25=5

Answer: The distance is 5 units.


Example 2: Find the midpoint


Find the midpoint of the segment joining (2,7) and (8,1).


Step 1: Write the midpoint formula.


M(x1+x22,y1+y22)

Step 2: Substitute the values.


M(2+82,7+12)

Step 3: Simplify.


M(102,82)=(5,4)

Answer: The midpoint is (5,4).


Example 3: Distance with negative coordinates


Find the distance between P(−3,4) and Q(2,−8).


Step 1: Use the distance formula.


d=(2−(−3))2+(−8−4)2

Step 2: Simplify inside the brackets carefully.


d=(5)2+(−12)2

Step 3: Square and add.


d=25+144=169=13

Answer: The distance is 13 units.


This example shows why signs matter. Be especially careful when subtracting negative numbers.


Example 4: Find both midpoint and distance


The endpoints of a segment are A(−6,3) and B(4,11). Find:


  	the midpoint,

  	the distance between the points.




Part (a): Midpoint


M(−6+42,3+112)

M(−22,142)=(−1,7)

So the midpoint is (−1,7).


Part (b): Distance


d=(4−(−6))2+(11−3)2

d=102+82

d=100+64=164

Simplify the radical:


164=4⋅41=241

Answer:


  	Midpoint: (−1,7)

  	Distance: 241 units




6. Common Mistakes to Avoid



  	Mixing coordinate order: Do not pair an x-coordinate from one point with a y-coordinate from the other.

  	Forgetting parentheses: This is especially important when coordinates are negative. For example, write (−3), not just −3, when substituting into formulas.

  	Adding instead of subtracting in the distance formula: The differences must be found first, then squared.

  	Not averaging correctly for midpoint: Add the coordinates first, then divide by 2.

  	Giving only a decimal when exact form is expected: If the answer is 41, leave it that way unless told to round.




7. Quick Check for Understanding


Try these on your own:


  	Find the distance between (0,0) and (6,8).

  	Find the midpoint of (−5,9) and (7,−3).

  	Find both the midpoint and distance between (1,−2) and (9,4).




Answers:


  	Distance: 10

  	Midpoint: (1,3)

  	Midpoint: (5,1), Distance: 10




8. Why These Ideas Matter


Distance and midpoint are basic tools in analytic geometry. They help you:


  	find the length of a line segment,

  	locate the center of a segment,

  	solve problems involving circles,

  	analyze shapes on the coordinate plane.




For example, the center of a circle can sometimes be found using a midpoint, and the radius can be found using distance.


[image: 📋]   Summary


For two points A(x1,y1) and B(x2,y2):


d=(x2−x1)2+(y2−y1)2

M(x1+x22,y1+y22)

The distance formula comes from the Pythagorean theorem, and the midpoint formula comes from averaging the coordinates. With careful substitution and attention to signs, you can solve these problems accurately and confidently.


  
  Put what you read to the test

  You've worked through Cartesian Distance and Midpoint. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1192
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  Section Formula is used to find the coordinates of a point that divides a line segment in a given ratio.
In coordinate geometry, suppose we know the endpoints of a line segment and want to find a point somewhere on the line joining them. The section formula gives the exact coordinates of that point.
This is especially useful when a point divides a segment internally (between the endpoints) or externally (outside the segment, on the same line).
Let the endpoints of a line segment be:

A(x1,y1) and B(x2,y2)
Suppose a point P divides the segment in the ratio m:n.
This means the distances satisfy:
AP:PB=m:n
1. Internal Division
If point P lies between A and B, then it divides the segment internally.
The coordinates of P are given by:
P(mx2+nx1m+n,my2+ny1m+n)
A good way to remember this is:
	For the x-coordinate, multiply each endpoint's x-value by the opposite ratio part, then divide by the sum.
	Do the same for the y-coordinate.

So the coordinate closer to one endpoint gets more influence from the other ratio part.
2. External Division
If point P lies outside the segment, then it divides the line externally.
The coordinates of P are:
P(mx2−nx1m−n,my2−ny1m−n)
Here, subtraction appears instead of addition because the point lies outside the segment.
Important: In external division, m≠n, because the denominator m−n cannot be zero.
3. Midpoint as a Special Case
If a point divides a segment in the ratio 1:1, it is the midpoint.
Using the internal section formula:
P(x1+x22,y1+y22)
So the midpoint formula is just a special case of the section formula.
4. Understanding the Formula
The section formula works like a weighted average of the coordinates of the endpoints.
If the ratio is 1:2, the dividing point is closer to the endpoint corresponding to the smaller distance. For example, if AP:PB=1:2, then P is closer to A, because the distance from A to P is smaller.
This helps you check whether your answer makes sense.
5. Steps to Use the Section Formula
	Write the coordinates of the endpoints clearly.
	Write the ratio in the form m:n.
	Decide whether the division is internal or external.
	Substitute into the correct formula.
	Simplify carefully.
	Check whether the point's position makes sense on the line.

6. Worked Examples
Example 1: Internal Division
Find the coordinates of the point that divides the line segment joining (2,3) and (8,9) internally in the ratio 1:2.
Let:
A(2,3),  B(8,9), and AP:PB=1:2
So m=1, n=2.
Using the internal section formula:
P(mx2+nx1m+n,my2+ny1m+n)
Substitute the values:
P(1⋅8+2⋅21+2,1⋅9+2⋅31+2)
P(8+43,9+63)
P(123,153)=(4,5)
Answer: The required point is (4,5).
This answer makes sense because (4,5) lies between (2,3) and (8,9).
Example 2: Midpoint
Find the midpoint of the segment joining (−4,6) and (10,−2).
The midpoint divides the segment in the ratio 1:1.
Using the midpoint formula:
M(x1+x22,y1+y22)
Substitute the values:
M(−4+102,6+(−2)2)
M(62,42)=(3,2)
Answer: The midpoint is (3,2).
Example 3: External Division
Find the coordinates of the point that divides the line joining (1,2) and (5,6) externally in the ratio 1:2.
Let:
A(1,2),  B(5,6)
Here m=1, n=2.
Using the external section formula:
P(mx2−nx1m−n,my2−ny1m−n)
Substitute the values:
P(1⋅5−2⋅11−2,1⋅6−2⋅21−2)
P(5−2−1,6−4−1)
P(−3,−2)
Answer: The required point is (−3,−2).
This point is not between (1,2) and (5,6), so external division is reasonable.
Example 4: Finding a Ratio from a Point
A point P(4,7) divides the segment joining A(1,1) and B(7,10) internally in the ratio m:n. Find the ratio.
Using the internal section formula:
4=7m+1nm+n
7=10m+1nm+n
Now solve using the first equation:
4(m+n)=7m+n
4m+4n=7m+n
3n=3m
m=n
So the ratio is 1:1.
Check with the second equation:
7(m+n)=10m+n
7m+7n=10m+n
6n=3m
This seems inconsistent, so let us check the point carefully.
If P were the midpoint of A(1,1) and B(7,10), the midpoint would be:
(1+72,1+102)=(4,112)
That is (4,5.5), not (4,7).
So P(4,7) does not lie on the line segment joining (1,1) and (7,10). Therefore, it cannot divide the segment in any ratio.
Conclusion: Always check whether the given point lies on the line through the endpoints.
7. Common Mistakes to Avoid
	Using the wrong formula: Be sure whether the division is internal or external.
	Mixing up the ratio: If AP:PB=m:n, use the formula carefully in that order.
	Arithmetic errors: Simplify step by step.
	Forgetting external division uses subtraction: This is a very common mistake.
	Ignoring reasonableness: For internal division, the point should lie between the endpoints.

8. Quick Comparison
	Internal division:
P(mx2+nx1m+n,my2+ny1m+n)
	External division:
P(mx2−nx1m−n,my2−ny1m−n)
	Midpoint:
M(x1+x22,y1+y22)

9. Brief Summary
The section formula helps us find the coordinates of a point dividing a line segment in a given ratio.
Use the internal formula when the point lies between the endpoints, and the external formula when it lies outside the segment.
The midpoint formula is a special case of internal division with ratio 1:1.
Always substitute carefully and check whether the final answer fits the geometry of the problem.


  
  Put what you read to the test

  You've worked through Section Formula. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1193
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  Coordinate Proofs for Polygons are geometric proofs done on the coordinate plane using algebra. Instead of relying only on diagrams, we use coordinates and formulas to show that sides are parallel, perpendicular, or congruent, and that diagonals bisect each other. This makes it possible to prove that a figure is a triangle, rectangle, parallelogram, rhombus, square, trapezoid, or another polygon with specific properties.


In this lesson, you will learn how to use the slope formula, distance formula, and midpoint formula to classify polygons and justify your conclusions clearly.


Why coordinate proofs matter: They connect algebra and geometry. You are not just looking at a shape and guessing what it is. You are proving it from the coordinates.


Main idea: Place the vertices of a polygon on the coordinate plane, then calculate key measurements and relationships. From those results, use known geometric definitions and theorems to classify the figure.


Important formulas


  	Slope formula: For points \A(x_1,y_1)\ and \B(x_2,y_2)\,
  m=y2−y1x2−x1
  Slope helps determine whether lines are parallel or perpendicular.

  	Distance formula:
  d=(x2−x1)2+(y2−y1)2
  Distance helps determine whether sides or diagonals are congruent.

  	Midpoint formula:
  M(x1+x22,y1+y22)
  Midpoints help determine whether diagonals bisect each other.




How these formulas are used in proofs


  	If two lines have the same slope, they are parallel.

  	If two nonvertical lines have slopes whose product is \-1\, they are perpendicular.

  	If two segments have the same distance, they are congruent.

  	If two diagonals have the same midpoint, they bisect each other.




Common polygon tests on the coordinate plane


  	Parallelogram: Both pairs of opposite sides are parallel, or both pairs of opposite sides are congruent, or the diagonals bisect each other.

  	Rectangle: A parallelogram with one right angle, or a parallelogram with congruent diagonals.

  	Rhombus: A parallelogram with four congruent sides, or a parallelogram with perpendicular diagonals.

  	Square: A rectangle with four congruent sides, or a rhombus with one right angle.

  	Trapezoid: Exactly one pair of opposite sides is parallel.

  	Isosceles trapezoid: A trapezoid whose legs are congruent.

  	Triangle classification: Use distances for equal sides and slopes for right angles. For example, an isosceles triangle has two congruent sides, and a right triangle has perpendicular sides.




A good strategy for coordinate proofs


  	Draw or imagine the polygon and label its vertices carefully.

  	Decide what type of figure you are trying to prove.

  	Choose the most helpful formulas.
    
      	Use slope for parallel or perpendicular sides.

      	Use distance for congruent sides or diagonals.

      	Use midpoint for diagonals that bisect each other.

    

  

  	Compute neatly and compare the results.

  	Write a conclusion that matches a geometric definition or theorem.




Be careful with order. When finding slopes or distances, use the same order of points in each calculation to avoid mistakes. Also remember that a vertical line has an undefined slope, and a horizontal line has slope 0.


Worked Example 1: Proving a quadrilateral is a parallelogram

Given points \A(1,2)\, \B(5,4)\, \C(7,1)\, and \D(3,-1)\, prove that quadrilateral \ABCD\ is a parallelogram.


Step 1: Find the slopes of opposite sides.

Slope of \AB\:

mAB=4−25−1=24=12

Slope of \CD\:

mCD=−1−13−7=−2−4=12

Since \m_{AB}=m_{CD}\, sides \AB\ and \CD\ are parallel.


Slope of \BC\:

mBC=1−47−5=−32

Slope of \AD\:

mAD=−1−23−1=−32

Since \m_{BC}=m_{AD}\, sides \BC\ and \AD\ are parallel.


Step 2: State the conclusion.

Both pairs of opposite sides are parallel, so \ABCD\ is a parallelogram.


Worked Example 2: Proving a quadrilateral is a rectangle

Given points \P(-1,1)\, \Q(3,1)\, \R(3,-4)\, and \S(-1,-4)\, prove that \PQRS\ is a rectangle.


Step 1: Show opposite sides are parallel.

Slope of \PQ\:

mPQ=1−13−(−1)=0

Slope of \RS\:

mRS=−4−(−4)−1−3=0

So \PQ \parallel RS\.


Slope of \QR\:

mQR=−4−13−3
This is undefined, so \QR\ is vertical.


Slope of \SP\:

mSP=1−(−4)−1−(−1)
This is also undefined, so \SP\ is vertical.


So \QR \parallel SP\. Therefore, \PQRS\ is a parallelogram.


Step 2: Show there is a right angle.

\PQ\ is horizontal and \QR\ is vertical, so they are perpendicular. That means angle \Q\ is a right angle.


Step 3: State the conclusion.

A parallelogram with one right angle is a rectangle. Therefore, \PQRS\ is a rectangle.


Worked Example 3: Proving a quadrilateral is a square

Given points \A(0,0)\, \B(4,0)\, \C(4,4)\, and \D(0,4)\, prove that \ABCD\ is a square.


Step 1: Show it is a rectangle.

Slope of \AB\:

mAB=0−04−0=0

Slope of \BC\:

mBC=4−04−4
This is undefined. A horizontal line and a vertical line are perpendicular, so angle \B\ is a right angle.


Slope of \CD\:

mCD=4−40−4=0

Slope of \DA\:

mDA=0−40−0
This is undefined.


So opposite sides are parallel and one angle is a right angle. Therefore, \ABCD\ is a rectangle.


Step 2: Show all sides are congruent.

Length of \AB\:

AB=(4−0)2+(0−0)2=16=4

Length of \BC\:

BC=(4−4)2+(4−0)2=16=4

Length of \CD\:

CD=(0−4)2+(4−4)2=16=4

Length of \DA\:

DA=(0−0)2+(0−4)2=16=4

All four sides are congruent.


Step 3: State the conclusion.

A rectangle with four congruent sides is a square. Therefore, \ABCD\ is a square.


Worked Example 4: Classifying a triangle

Given points \X(0,0)\, \Y(6,0)\, and \Z(3,4)\, classify triangle \XYZ\.


Step 1: Find the side lengths.

Length of \XY\:

XY=(6−0)2+(0−0)2=36=6

Length of \XZ\:

XZ=(3−0)2+(4−0)2=9+16=25=5

Length of \YZ\:

YZ=(3−6)2+(4−0)2=9+16=25=5

Since \XZ=YZ\, the triangle is isosceles.


Step 2: Check whether it is a right triangle.

Slope of \XZ\:

mXZ=4−03−0=43

Slope of \YZ\:

mYZ=4−03−6=4−3=−43

These slopes are not negative reciprocals, so those sides are not perpendicular.


Slope of \XY\:

mXY=0

A line perpendicular to a horizontal line must be vertical, and neither \XZ\ nor \YZ\ is vertical. So the triangle is not right.


Conclusion: Triangle \XYZ\ is an isosceles triangle.


Using diagonals in coordinate proofs

Sometimes the easiest way to classify a quadrilateral is by studying its diagonals.



  	If the diagonals have the same midpoint, they bisect each other, which proves the figure is a parallelogram.

  	If the diagonals of a parallelogram are congruent, the figure is a rectangle.

  	If the diagonals of a parallelogram are perpendicular, the figure is a rhombus.




Example of midpoint use

Suppose a quadrilateral has diagonals from \A(1,1)\ to \C(7,5)\ and from \B(2,6)\ to \D(6,0)\.


Midpoint of \AC\:

(1+72,1+52)=(4,3)

Midpoint of \BD\:

(2+62,6+02)=(4,3)

The diagonals have the same midpoint, so they bisect each other. Therefore, the quadrilateral is a parallelogram.


Writing a strong coordinate proof

A complete proof should not stop at the calculations. You must connect the results to a geometric reason.


For example, do not write only “the slopes are equal.” Instead write, “Since the slopes of \AB\ and \CD\ are equal, \AB \parallel CD\.” Then use that fact in your conclusion.


Common mistakes to avoid


  	Using the wrong formula: Slope is for parallel and perpendicular relationships. Distance is for congruence. Midpoint is for bisecting.

  	Arithmetic errors: Be very careful with negative numbers and squaring.

  	Forgetting undefined slope: Vertical lines do not have a numerical slope.

  	Assuming from appearance: A figure may look like a rectangle or square, but you must prove it algebraically.

  	Incomplete conclusions: Always state why your calculations prove the figure’s classification.




Quick guide: Which tool should I use?


  	Need to show sides are parallel? Use slope.

  	Need to show sides are perpendicular? Use slope.

  	Need to show sides or diagonals are equal in length? Use distance.

  	Need to show diagonals bisect each other? Use midpoint.




Final Summary

Coordinate proofs for polygons use algebra to prove geometric facts. The three main tools are slope, distance, and midpoint. With slope, you can test parallel and perpendicular sides. With distance, you can test congruent sides or diagonals. With midpoint, you can test whether diagonals bisect each other.


By combining these results with definitions of shapes such as parallelograms, rectangles, rhombuses, squares, trapezoids, and triangles, you can classify polygons confidently and justify every step of your reasoning.


  
  Put what you read to the test

  You've worked through Coordinate Proofs for Polygons. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1194
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  Lesson: Locus of Points


In analytic geometry, we often describe a shape in two different ways: by what it looks like and by the rule its points follow. A locus of points is the set of all points that satisfy a given condition.


For example, a circle can be described as the set of all points that are a fixed distance from one point called the center. That description is a locus. The equation of the circle is the algebraic form of that geometric rule.


This idea is important because it connects geometry and algebra. If we know the geometric condition, we can build an equation. If we know the equation, we can understand the geometric shape it represents.


What does “locus” mean?


A locus is a collection of points that all satisfy the same condition.



  	The locus of points 3 units from a fixed point is a circle.

  	The locus of points equidistant from two fixed points is a line.

  	The locus of points equidistant from a fixed point and a fixed line is a parabola.




When solving locus problems, we usually do two things:



  	Translate the geometric condition into a distance statement.

  	Use algebra to turn that distance statement into an equation.




Main idea 1: Distance between two points


Most locus problems use the distance formula. If a point is \P(x,y)\ and another point is \A(a,b)\, then the distance between them is


PA=(x−a)2+(y−b)2

This formula comes from the Pythagorean theorem. It lets us express a geometric rule using coordinates.


Main idea 2: Locus of points a fixed distance from one point


Suppose a point \P(x,y)\ is always 5 units from \A(2,-1)\. Then the condition is


(x−2)2+(y+1)2=5

Squaring both sides gives


(x−2)2+(y+1)2=25

This is the equation of a circle with center \(2,-1)\ and radius \5\.


So whenever the condition says fixed distance from a fixed point, the locus is a circle.


Main idea 3: Locus of points equidistant from two fixed points


Suppose \P(x,y)\ is equidistant from \A(x_1,y_1)\ and \B(x_2,y_2)\. Then


PA=PB

Using the distance formula,


(x−x1)2+(y−y1)2=(x−x2)2+(y−y2)2

After squaring both sides and simplifying, we get the equation of a line. Geometrically, this line is the perpendicular bisector of segment \AB\.


This means:



  	It passes through the midpoint of \AB\.

  	It is perpendicular to segment \AB\.

  	Every point on it is the same distance from \A\ and \B\.




Main idea 4: Locus of points equidistant from a point and a line


This is one of the most important loci in conic sections.


If a point \P(x,y)\ is equidistant from a fixed point called the focus and a fixed line called the directrix, then the locus is a parabola.


The rule is:


distance to focus=distance to directrix

For example, if the focus is \(0,2)\ and the directrix is \y=-2\, then for a point \P(x,y)\,


x2+(y−2)2=∣y+2∣

Squaring both sides gives


x2+(y−2)2=(y+2)2

Simplify:


x2+y2−4y+4=y2+4y+4

x2=8y

So the locus is the parabola


x2=8y

Main idea 5: Writing equations from geometric conditions


In many questions, the point on the locus is written as \P(x,y)\. Then we use the condition to create an equation.


Here are some common patterns:



  	Fixed distance from a point  circle

  	Equal distance from two points  perpendicular bisector line

  	Equal distance from a point and a line  parabola




Main idea 6: Distance from a point to a horizontal or vertical line


For 11th Grade problems, the line is often horizontal or vertical, which makes the distance easier to calculate.



  	Distance from \(x,y)\ to the vertical line \x=a\ is \|x-a|\.

  	Distance from \(x,y)\ to the horizontal line \y=b\ is \|y-b|\.




These absolute values matter because distance is always non-negative.


Worked Example 1: Fixed distance from a point


Find the equation of the locus of points that are 4 units from the point \A(-1,3)\.


Step 1: Let the moving point be \P(x,y)\.


Step 2: Use the distance formula.


(x+1)2+(y−3)2=4

Step 3: Square both sides.


(x+1)2+(y−3)2=16

Answer: The locus is the circle


(x+1)2+(y−3)2=16

This is a circle with center \(-1,3)\ and radius \4\.


Worked Example 2: Equidistant from two points


Find the equation of the locus of points equidistant from \A(2,1)\ and \B(6,5)\.


Step 1: Let \P(x,y)\ be any point on the locus.


Because \P\ is equidistant from \A\ and \B\,


PA=PB

Step 2: Write the distances.


(x−2)2+(y−1)2=(x−6)2+(y−5)2

Step 3: Square both sides.


(x−2)2+(y−1)2=(x−6)2+(y−5)2

Step 4: Expand and simplify.


x2−4x+4+y2−2y+1=x2−12x+36+y2−10y+25

−4x−2y+5=−12x−10y+61

8x+8y=56

x+y=7

Answer: The locus is the line


x+y=7

This is the perpendicular bisector of the segment joining \A\ and \B\.


Worked Example 3: Equidistant from a point and a line


Find the equation of the locus of points equidistant from the point \F(0,3)\ and the line \y=-3\.


Step 1: Let \P(x,y)\ be a point on the locus.


Step 2: Write the distance to the focus.


PF=x2+(y−3)2

Step 3: Write the distance to the directrix.


The distance from \(x,y)\ to \y=-3\ is


∣y+3∣

Step 4: Set the distances equal.


x2+(y−3)2=∣y+3∣

Step 5: Square both sides.


x2+(y−3)2=(y+3)2

x2+y2−6y+9=y2+6y+9

x2=12y

Answer: The locus is the parabola


x2=12y

Worked Example 4: A locus with a midpoint idea


Find the locus of points equidistant from \A(-2,4)\ and \B(4,4)\.


Notice that \A\ and \B\ have the same \y\-coordinate, so segment \AB\ is horizontal.


The midpoint of \AB\ is


(−2+42,4+42)=(1,4)

The perpendicular bisector of a horizontal segment is a vertical line through the midpoint. Therefore the locus is


x=1

We can also verify it with algebra:


(x+2)2+(y−4)2=(x−4)2+(y−4)2

Squaring both sides gives


(x+2)2=(x−4)2

x2+4x+4=x2−8x+16

12x=12

x=1

Important problem-solving tips



  	Always start by letting the general point on the locus be \P(x,y)\.

  	Translate the words carefully: “equidistant” means the distances are equal.

  	Use the distance formula when the condition involves points.

  	Use absolute value for distance to horizontal or vertical lines.

  	After squaring, simplify fully to identify the shape.

  	Check whether your final equation matches the geometry of the problem.




How to recognize the shape from the condition



  	If the condition is “distance from one fixed point is constant,” expect a circle.

  	If the condition is “equal distance from two fixed points,” expect a line.

  	If the condition is “equal distance from a fixed point and a fixed line,” expect a parabola.




Common mistakes



  	Forgetting to square correctly: \(y-3)^2\ is not \y^2-9\; it is \y^2-6y+9\.

  	Ignoring absolute value: distance to a line must be non-negative.

  	Using the wrong point: be careful with signs in \(x-a)^2+(y-b)^2\.

  	Stopping too early: simplify the equation so the locus is clear.




Brief Summary


A locus is the set of all points that satisfy a geometric condition. In coordinate geometry, we represent a general point as \P(x,y)\, write a distance rule, and then simplify it into an equation.


The most common loci are:



  	a circle: points a fixed distance from a fixed point,

  	a line: points equidistant from two fixed points,

  	a parabola: points equidistant from a fixed point and a fixed line.




Once you learn to turn geometric conditions into algebraic equations, locus problems become much easier to solve and recognize.


  
  Put what you read to the test

  You've worked through Locus of Points. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1195
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  Circle Standard and General Equations


In analytic geometry, a circle is the set of all points in a plane that are the same distance from a fixed point. That fixed point is called the center, and the fixed distance is called the radius.


To study circles using algebra, we use equations. Two important forms are the standard form and the general form. In this lesson, you will learn how to identify the center and radius from standard form, and how to rewrite a general equation into standard form by completing the square.


1. Standard Form of a Circle


The standard equation of a circle is


(x−h)2+(y−k)2=r2

where:


	

(h,k) is the center of the circle



	

r is the radius






This formula comes from the distance formula. Any point (x,y) on the circle is exactly r units away from the center (h,k).


Be careful with the signs in the equation. In (x−h)2, the center’s x-coordinate is h. In (y−k)2, the center’s y-coordinate is k. This means the signs inside the parentheses are the opposite of the center coordinates.


For example:


	If the equation has (x−3)2, then the x-coordinate of the center is 3.


	If the equation has (y+5)2, then the y-coordinate of the center is −5.





2. Finding the Center and Radius from Standard Form


If a circle is already written in standard form, identifying its important parts is straightforward.


Example 1

Find the center and radius of the circle


(x−4)2+(y+2)2=25

Step 1: Compare the equation to


(x−h)2+(y−k)2=r2

Here,


	h=4


	k=−2


	r2=25





Step 2: Find the radius.


r=25=5

Answer:


	Center: (4,−2)


	Radius: 5





Example 2

Find the center and radius of


(x+1)2+(y−6)2=9

Step 1: Read the center carefully.


	(x+1)2=(x−(−1))2, so h=−1


	(y−6)2, so k=6





Step 2: Find the radius.


r=9=3

Answer:


	Center: (−1,6)


	Radius: 3





3. General Form of a Circle


A circle may also be written in general form:


x2+y2+Dx+Ey+F=0

where D, E, and F are constants.


In this form, the center and radius are not immediately visible. To find them, we rewrite the equation in standard form. The main tool for doing this is completing the square.


Important note: For an equation to represent a circle, the coefficients of x2 and y2 must be equal, and there should be no xy term.


4. Completing the Square


Completing the square turns an expression like


x2+6x

into a perfect square trinomial.


Take half of the coefficient of x, then square it:


62=3,32=9

So,


x2+6x+9=(x+3)2

Similarly,


y2−8y+16=(y−4)2

because


−82=−4,(−4)2=16

When rewriting a circle equation, we group the x-terms together and the y-terms together, then complete the square for each group.


5. Converting General Form to Standard Form


Example 3

Write the equation in standard form and find the center and radius:


x2+y2−6x+8y−11=0

Step 1: Group x-terms and y-terms, and move the constant to the other side.


(x2−6x)+(y2+8y)=11

Step 2: Complete the square for each group.


For x2−6x:


−62=−3,(−3)2=9

For y2+8y:


82=4,42=16

Add these values to both sides of the equation:


(x2−6x+9)+(y2+8y+16)=11+9+16

Step 3: Rewrite the perfect square trinomials.


(x−3)2+(y+4)2=36

Step 4: Read the center and radius.


	Center: (3,−4)


	Radius: 36=6





Example 4

Convert to standard form and identify the center and radius:


x2+y2+10x−2y−14=0

Step 1: Move the constant term.


(x2+10x)+(y2−2y)=14

Step 2: Complete the square.


For x2+10x:


102=5,52=25

For y2−2y:


−22=−1,(−1)2=1

Add both to both sides:


(x2+10x+25)+(y2−2y+1)=14+25+1

Step 3: Rewrite.


(x+5)2+(y−1)2=40

Step 4: Identify the circle.


	Center: (−5,1)


	Radius: 40=210





6. A Shortcut for the Radius Check


Once you rewrite the equation in standard form, the number on the right side must be positive for a real circle to exist.


For example:


(x−2)2+(y+1)2=16

This is a real circle because 16>0, and the radius is 4.


But if you get


(x−2)2+(y+1)2=−3

this does not represent a real circle, because a sum of squares cannot equal a negative number.


7. Common Mistakes to Avoid


	Forgetting sign changes in the center: In (x+2)2, the center x-coordinate is −2, not 2.


	Forgetting to take the square root: If r2=49, then r=7, not 49.


	Adding to only one side when completing the square: Whatever you add to the left side must also be added to the right side.


	Using the wrong number when completing the square: Always take half of the coefficient, then square it.





8. Step-by-Step Method You Can Always Use


If the circle is in standard form:


	Compare it with (x−h)2+(y−k)2=r2.


	Read the center (h,k).


	Take the square root of the right side to get r.





If the circle is in general form:


	Group the x-terms and y-terms.


	Move the constant term to the other side.


	Complete the square for the x-group.


	Complete the square for the y-group.


	Rewrite in standard form.


	Identify the center and radius.





9. Quick Practice Ideas


	From (x−7)2+(y+3)2=81, identify the center and radius.


	Rewrite x2+y2−4x+12y+3=0 in standard form.


	Check whether the equation you get has a positive value on the right side.





[image: 📋]   Summary


The standard form of a circle is


(x−h)2+(y−k)2=r2

From this form, the center is (h,k) and the radius is r.


The general form is


x2+y2+Dx+Ey+F=0

To change general form into standard form, use completing the square on the x-terms and y-terms. Once the equation is in standard form, the center and radius can be read easily.


If you remember to watch the signs, complete the square carefully, and take the square root of r2, you will be able to work with circle equations confidently.


  
  Put what you read to the test

  You've worked through Circle Standard and General Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1196
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  Lesson: Tangents and Secants of Circles


In analytic geometry, circles and lines often appear together. Two especially important types of lines are tangents and secants. Understanding them helps you describe how a line meets a circle and how to find equations of lines related to circles.


This lesson focuses especially on a key fact: a tangent to a circle is perpendicular to the radius drawn to the point of tangency. That idea lets us find the equation of a tangent line when a point on the circle is given.


1. Basic definitions


A circle with center \(h,k) \ and radius \r \ has equation


(x−h)2+(y−k)2=r2


A secant is a line that intersects a circle at two points.


A tangent is a line that touches a circle at exactly one point. That point is called the point of tangency.


If a line does not touch the circle at all, it is an exterior line.



	Secant: cuts through the circle

	Tangent: just touches the circle once

	Exterior line: does not meet the circle




2. The most important tangent fact


If \P\ is a point on a circle and a line is tangent to the circle at \P\, then the radius from the center to \P\ is perpendicular to the tangent line.


So if the slope of the radius is \m_r\, then the slope of the tangent line is the negative reciprocal:


mt=−1mr


provided the radius is not horizontal or vertical.


This gives us a step-by-step method for finding tangent lines.


3. How to find the equation of a tangent line at a given point



	Find the center of the circle.

	Identify the point of tangency.

	Find the slope of the radius from the center to that point.

	Find the slope of the tangent using the negative reciprocal.

	Use point-slope form to write the equation of the tangent line.




Recall that point-slope form is


y−y1=m(x−x1)


where \m\ is the slope and \(x_1,y_1)\ is the point the line passes through.


4. Special cases


Sometimes the radius is horizontal or vertical.



	If the radius is horizontal (slope \0\), the tangent is vertical.

	If the radius is vertical (undefined slope), the tangent is horizontal.




So you should always look at the geometry before using the slope formula mechanically.


5. How secants compare to tangents


A secant crosses the circle in two places, so it is not perpendicular to a radius at a single touching point in the same way a tangent is.


In coordinate geometry, a line can be classified by how many times it meets the circle:



	Two intersection points: secant

	One intersection point: tangent

	No real intersection points: exterior line




Algebraically, when you substitute the line equation into the circle equation:



	two real solutions means a secant,

	one real solution means a tangent,

	no real solutions means an exterior line.




6. Worked Example 1: Find the tangent line to a circle centered at the origin


Find the equation of the tangent line to the circle


x2+y2=25


at the point \(3,4)\.


Step 1: Identify the center.


The equation \x^2+y^2=25\ has center \(0,0)\ and radius \5\.


Step 2: Find the slope of the radius.


The radius goes from \(0,0)\ to \(3,4)\, so its slope is


mr=4−03−0=43


Step 3: Find the slope of the tangent.


The tangent is perpendicular to the radius, so its slope is


mt=−34


Step 4: Use point-slope form.


Using point \(3,4)\:


y−4=−34(x−3)


This is the equation of the tangent line.


If you want slope-intercept form, simplify:


y=−34x+94+4


y=−34x+254


Answer: \y-4=-\frac{3}{4}(x-3)\ or \y=-\frac{3}{4}x+\frac{25}{4}\


7. Worked Example 2: Tangent line for a circle not centered at the origin


Find the equation of the tangent line to the circle


(x−2)2+(y+1)2=20


at the point \(4,3)\.


Step 1: Identify the center.


The center is \(2,-1)\.


Step 2: Find the slope of the radius.


The slope from \(2,-1)\ to \(4,3)\ is


mr=3−(−1)4−2=42=2


Step 3: Find the tangent slope.


mt=−12


Step 4: Use point-slope form.


Using point \(4,3)\:


y−3=−12(x−4)


Simplify:


y−3=−12x+2


y=−12x+5


Answer: \y-3=-\frac{1}{2}(x-4)\ or \y=-\frac{1}{2}x+5\


8. Worked Example 3: A special case with a vertical tangent


Find the equation of the tangent line to the circle


(x−1)2+(y−2)2=16


at the point \(5,2)\.


Step 1: Identify the center.


The center is \(1,2)\.


Step 2: Examine the radius.


The point \(5,2)\ has the same \y\-coordinate as the center, so the radius from \(1,2)\ to \(5,2)\ is horizontal.


A tangent perpendicular to a horizontal line must be vertical.


A vertical line through \(5,2)\ has equation


x=5


Answer: \x=5\


9. Worked Example 4: Deciding whether a line is a tangent or a secant


Determine whether the line


y=x+1


is a tangent, secant, or exterior line to the circle


x2+y2=25


Step 1: Substitute the line into the circle.


Since \y=x+1\, substitute into the circle equation:


x2+(x+1)2=25


Expand:


x2+x2+2x+1=25


2x2+2x−24=0


Divide by 2:


x2+x−12=0


Factor:


(x+4)(x−3)=0


So the solutions are \x=-4\ and \x=3\.


Step 2: Interpret the result.


There are two real solutions, so the line intersects the circle at two points.


Therefore, the line is a secant.


10. A useful check: Is the given point really on the circle?


Before finding a tangent line at a point, make sure the point lies on the circle. If it does not, then it cannot be a point of tangency.


For example, check whether \(4,3)\ lies on


(x−2)2+(y+1)2=20


Substitute:


(4−2)2+(3+1)2=22+42=4+16=20


So the point is on the circle.


This quick check can prevent mistakes on tests.


11. Common mistakes to avoid



	Using the slope of the tangent as the same as the radius. They must be negative reciprocals, not equal.

	Forgetting to use the center of the circle when finding the slope of the radius.

	Not checking whether the given point is actually on the circle.

	Missing special cases where the tangent is vertical or horizontal.

	Confusing a tangent with a secant. A tangent touches once; a secant crosses twice.




12. Problem-solving strategy


When you see a tangent-line problem, ask yourself:



	What is the center of the circle?

	What is the point of tangency?

	What is the slope of the radius?

	What is the perpendicular slope of the tangent?

	What line equation goes through the given point with that slope?




If the question asks whether a line is tangent or secant, substitute the line into the circle and count the number of real solutions.


13. Brief summary


A tangent touches a circle at one point, while a secant intersects it at two points. The key geometric fact is that the tangent line is perpendicular to the radius drawn to the point of tangency.


To find the equation of a tangent line, first find the slope of the radius from the center to the given point, then take the negative reciprocal, and finally use point-slope form. Always check for horizontal and vertical special cases, and make sure the point lies on the circle before you begin.


  
  Put what you read to the test

  You've worked through Tangents and Secants of Circles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1197
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  Introduction to Parabolas as Conics


In analytic geometry, a conic section is a curve that can be described using algebra and geometry together. One important conic is the parabola.


A parabola can be defined in a very special geometric way: it is the set of all points that are the same distance from a fixed point and a fixed line.



  	The fixed point is called the focus.

  	The fixed line is called the directrix.




This lesson will show how that geometric definition leads to the algebraic equations of parabolas. You will also learn the meaning of the vertex, the axis of symmetry, and how the graph changes depending on the location of the focus and directrix.


1. The geometric definition of a parabola


A parabola is the locus of points equidistant from a focus and a directrix. The word locus means a set of all points that satisfy a certain rule.


So if a point (x,y) lies on a parabola, then:


distance from (x,y) to the focus=distance from (x,y) to the directrix

This simple idea creates the whole curve.


Important parts of a parabola



  	Focus: the fixed point inside the curve.

  	Directrix: the fixed line outside the curve.

  	Vertex: the turning point of the parabola.

  	Axis of symmetry: the line that cuts the parabola into two mirror-image halves.




The vertex is always halfway between the focus and the directrix, measured along the axis of symmetry.


2. A standard vertical parabola


Let us begin with the most common setup. Suppose the focus is at (0,p) and the directrix is the line


y=−p

where p>0. Because the focus is above the directrix, the parabola opens upward.


The vertex lies halfway between the focus and directrix, so the vertex is at


(0,0)

Now take any point (x,y) on the parabola. By definition, its distance to the focus equals its distance to the directrix.


Distance to the focus (0,p):


(x−0)2+(y−p)2=x2+(y−p)2

Distance to the directrix y=−p:


The distance from (x,y) to the horizontal line y=−p is


∣y−(−p)∣=∣y+p∣

For points on this parabola, y is above the directrix, so we can write this distance as y+p.


Set the distances equal:


x2+(y−p)2=y+p

Now square both sides:


x2+(y−p)2=(y+p)2

Expand both sides:


x2+y2−2py+p2=y2+2py+p2

Simplify:


x2−2py=2py

x2=4py

This is the standard equation of a parabola opening upward with vertex at the origin.


x2=4py

What does p mean?



  	p is the distance from the vertex to the focus.

  	It is also the distance from the vertex to the directrix.




If p is larger, the parabola is wider. If p is smaller, the parabola is narrower.


3. Other standard forms


The direction the parabola opens depends on whether the focus is above, below, left, or right of the vertex.


Vertical parabolas



  	Opening up: x2=4py with focus (0,p), directrix y=−p

  	Opening down: x2=−4py with focus (0,−p), directrix y=p




Horizontal parabolas



  	Opening right: y2=4px with focus (p,0), directrix x=−p

  	Opening left: y2=−4px with focus (−p,0), directrix x=p




Notice the pattern:



  	If the squared variable is x, the parabola opens up or down.

  	If the squared variable is y, the parabola opens left or right.




4. Shifted parabolas


If the vertex is not at the origin, we use (h,k) for the vertex.


Vertical form:


(x−h)2=4p(y−k)


  	Vertex: (h,k)

  	Focus: (h,k+p)

  	Directrix: y=k−p

  	Axis of symmetry: x=h




Horizontal form:


(y−k)2=4p(x−h)


  	Vertex: (h,k)

  	Focus: (h+p,k)

  	Directrix: x=h−p

  	Axis of symmetry: y=k




If p is negative, the parabola opens in the opposite direction:



  	For vertical form, negative p means it opens downward.

  	For horizontal form, negative p means it opens left.




5. Why the definition matters


Sometimes students memorize the equation of a parabola but forget where it comes from. The geometric definition is important because it explains why the graph has its shape.


Every point on the parabola balances two distances:



  	distance to the focus

  	distance to the directrix




This is the key idea behind all parabola equations.


6. Worked Examples


Example 1: Derive the equation from a focus and directrix


Find the equation of the parabola with focus (0,3) and directrix y=−3.


Step 1: Identify p


The focus is 3 units above the vertex, so p=3.


Step 2: Use the standard form


Because it opens upward and the vertex is at the origin, use


x2=4py

Substitute p=3:


x2=4(3)y

x2=12y

Answer: The equation is


x2=12y

Example 2: Find the focus and directrix from an equation


Given the parabola


y2=8x

find the vertex, focus, directrix, and direction of opening.


Step 1: Compare to the standard form


y2=4px

So 4p=8, which gives


p=2

Step 2: Identify the parts



  	Vertex: (0,0)

  	Focus: (2,0)

  	Directrix: x=−2

  	It opens to the right.




Answer: Vertex (0,0), focus (2,0), directrix x=−2, opens right.


Example 3: Shifted parabola


Find the equation of the parabola with vertex (1,−2) and focus (1,1).


Step 1: Determine the direction


The focus has the same x-coordinate as the vertex, so the axis is vertical.


Since the focus is above the vertex, the parabola opens upward.


Step 2: Find p


The distance from the vertex (1,−2) to the focus (1,1) is 3, so p=3.


Step 3: Use the shifted vertical form


(x−h)2=4p(y−k)

Substitute h=1, k=−2, and p=3:


(x−1)2=4(3)(y−(−2))

(x−1)2=12(y+2)

Answer:


(x−1)2=12(y+2)

Example 4: Use the definition directly


A parabola has focus (4,0) and directrix x=−4. Show that its equation is y2=16x.


Step 1: Let (x,y) be any point on the parabola


Distance to the focus (4,0):


(x−4)2+y2

Distance to the directrix x=−4:


x−(−4)=x+4

Set them equal:


(x−4)2+y2=x+4

Step 2: Square both sides


(x−4)2+y2=(x+4)2

Expand:


x2−8x+16+y2=x2+8x+16

Simplify:


y2−8x=8x

y2=16x

Answer:


y2=16x

7. Common mistakes to avoid



  	Mixing up the focus and vertex: the focus is not the turning point. The vertex is halfway between the focus and directrix.

  	Using the wrong standard form: if x is squared, the parabola is vertical; if y is squared, it is horizontal.

  	Forgetting the sign of p: positive and negative values change the opening direction.

  	Confusing 4p with p: in equations like x2=12y, we have 4p=12, so p=3, not 12.

  	Placing the directrix incorrectly: the directrix is the same distance from the vertex as the focus, but on the opposite side.




8. Quick guide for identifying a parabola



  	Find whether the equation looks like (x−h)2=4p(y−k) or (y−k)2=4p(x−h).

  	Identify the vertex (h,k).

  	Compute p from the coefficient.

  	Use the sign of p to decide the direction.

  	Find the focus and directrix.




9. Brief summary


A parabola is the set of all points that are equally distant from a focus and a directrix. This geometric rule leads to the standard equations


x2=4pyandy2=4px

and their shifted forms


(x−h)2=4p(y−k),(y−k)2=4p(x−h).

From these equations, you can identify the vertex, focus, directrix, axis of symmetry, and direction of opening. Understanding the distance definition makes the algebraic form much easier to remember and use.


  
  Put what you read to the test

  You've worked through Introduction to Parabolas as Conics. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1198
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  Radian Measure and Arc Length


In trigonometry, angles can be measured in degrees or in radians. You are already familiar with degrees, where a full circle is divided into 360 equal parts. Radians are another way to measure angles, and they are especially useful when working with circles, arc length, and later topics in trigonometry.


This lesson will show you how radians are defined, how to convert between degrees and radians, and how to use radians to find arc length and sector area.


1. What is a radian?


A radian is based on the relationship between the radius of a circle and the arc it creates. Imagine a circle with radius r. If an angle at the center cuts off an arc whose length is also r, then that central angle measures 1 radian.


So, radians are not arbitrary like degrees. They come directly from the geometry of the circle.


The formula connecting arc length, radius, and angle in radians is:


s=rθ

where:


  	s = arc length

  	r = radius

  	θ = angle in radians




2. Why does a full circle equal 2π radians?


The circumference of a circle is:


C=2πr

Since radians count how many radius-length arcs fit around the circle, the number of radians in a full circle is:


2πrr=2π

So:


  	One full circle = 360[image: °]=2π radians

  	Half a circle = 180[image: °]=π radians

  	Quarter of a circle = 90[image: °]=π/2 radians




This relationship is the key to converting between degrees and radians.


3. Converting between degrees and radians


Because 180[image: °]=π radians, we use conversion factors.


Degrees to radians:


radians=degrees⋅π180

Radians to degrees:


degrees=radians⋅180π

When converting, leave radian answers in terms of π unless the question asks for a decimal approximation.


Common angle measures


  	30[image: °]=π/6

  	45[image: °]=π/4

  	60[image: °]=π/3

  	90[image: °]=π/2

  	120[image: °]=2π/3

  	135[image: °]=3π/4

  	150[image: °]=5π/6

  	180[image: °]=π

  	270[image: °]=3π/2

  	360[image: °]=2π




4. Arc length


An arc is part of the edge of a circle. To find the length of an arc, use:


s=rθ

This formula works only when θ is in radians.


If the angle is given in degrees, convert it to radians first.


You can also understand this formula as a fraction of the full circumference. For example, if an angle is half of a full circle, then the arc length is half of the circumference.


5. Sector area


A sector is a slice of a circle formed by two radii and an arc. The area of a sector with central angle θ in radians is:


A=12r2θ

This formula also requires the angle to be in radians.


You may notice that this is similar to the area of the whole circle, πr2. Since a full circle is 2π radians, the sector formula matches the correct fraction of the circle.


Worked Example 1: Convert degrees to radians


Convert 120[image: °] to radians.


Step 1: Multiply by π180.


120⋅π180

Step 2: Simplify.


120π180=2π3

Answer: 120[image: °]=2π/3 radians.


Worked Example 2: Convert radians to degrees


Convert 5π6 radians to degrees.


Step 1: Multiply by 180π.


5π6⋅180π

Step 2: Cancel π and simplify.


5⋅1806=5⋅30=150

Answer: 5π6 radians = 150[image: °].


Worked Example 3: Find arc length


A circle has radius 8 cm and central angle 3π4 radians. Find the arc length.


Use the formula:


s=rθ

Substitute the values:


s=8(3π4)

Simplify:


s=6π

Answer: The arc length is 6π cm.


Worked Example 4: Find sector area


A circle has radius 10 m and central angle 72[image: °]. Find the area of the sector.


Step 1: Convert the angle to radians.


72⋅π180=72π180=2π5

Step 2: Use the sector area formula.


A=12r2θ

A=12(102)(2π5)

Step 3: Simplify.


A=12(100)(2π5)=50(2π5)=20π

Answer: The area of the sector is 20π square meters.


6. Tips for success


  	Always check whether the angle is in degrees or radians.

  	For arc length and sector area formulas, the angle must be in radians.

  	Use 180[image: °]=π radians to convert between the two systems.

  	Keep answers in terms of π unless a decimal is requested.

  	Make sure your final units make sense: arc length uses length units, and sector area uses square units.




7. Common mistakes to avoid


  	Using s=rθ when θ is still in degrees.

  	Forgetting to square the radius in the sector area formula.

  	Mixing up the two formulas:

  
    	Arc length: s=rθ

    	Sector area: A=12r2θ

  

  	Not simplifying fractions when converting angle measures.




[image: 📋]   Summary


Radians measure angles using the radius of a circle. A full circle is 2π radians, so 180[image: °]=π radians. To convert between degrees and radians, use the relationships π180 and 180π. Once an angle is in radians, you can find arc length with s=rθ and sector area with A=12r2θ.


  
  Put what you read to the test

  You've worked through Radian Measure and Arc Length. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1199
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  Standard Position and Coterminal Angles


In trigonometry, angles are often drawn on the coordinate plane instead of inside triangles. This helps us connect angle measure to the unit circle, graphing, and trigonometric functions.


Two important ideas are standard position and coterminal angles. Once you understand these, it becomes much easier to describe where an angle ends, compare different angles, and find related angles that land in the same place.


1. Angles in Standard Position


An angle is in standard position when:


  	its vertex is at the origin, 
  
	its initial side lies on the positive x-axis.




The side where the angle starts is called the initial side. The side where the angle ends is called the terminal side.


If the angle rotates counterclockwise, the angle measure is positive. If it rotates clockwise, the angle measure is negative.


For example:


  	
(90^\circ)
 starts on the positive x-axis and rotates counterclockwise to the positive y-axis.

  	
(-90^\circ)
 starts on the positive x-axis and rotates clockwise to the negative y-axis.

  	
(180^\circ)
 ends on the negative x-axis.

  	
(270^\circ)
 ends on the negative y-axis.




2. Measuring Angles on the Coordinate Plane


When an angle is drawn in standard position, the terminal side may end in one of the four quadrants or on an axis.



  	Quadrant I: between 
(0^\circ)
 and 
(90^\circ)


  	Quadrant II: between 
(90^\circ)
 and 
(180^\circ)


  	Quadrant III: between 
(180^\circ)
 and 
(270^\circ)


  	Quadrant IV: between 
(270^\circ)
 and 
(360^\circ)





Angles such as 
(0^\circ, 90^\circ, 180^\circ, 270^\circ, 360^\circ)
 lie on the axes, not inside a quadrant.


3. Coterminal Angles


Coterminal angles are angles in standard position that have the same initial side and the same terminal side.


This happens because one angle may make extra full rotations before stopping. A full rotation measures:


360[image: °]

So, to find coterminal angles in degrees, we add or subtract multiples of 
(360^\circ)
:


θ+360[image: °]k

where 
(k)
 is any integer.


For example, angles coterminal with 
(45^\circ)
 include:


45[image: °]+360[image: °]=405[image: °]
45[image: °]−360[image: °]=−315[image: °]

So 
(45^\circ)
, 
(405^\circ)
, and 
(-315^\circ)
 are coterminal.


4. How to Find a Coterminal Angle


To find a coterminal angle:


  	Start with the given angle.

  	Add or subtract 
(360^\circ)
.

  	Repeat if needed until you get the type of angle you want.




You might be asked for:


  	a positive coterminal angle,

  	a negative coterminal angle, or

  	a coterminal angle between 
(0^\circ)
 and 
(360^\circ)
.




Worked Example 1: Find one positive and one negative coterminal angle for 
(110^\circ)
.


Add 
(360^\circ)
 to get a positive coterminal angle:


110[image: °]+360[image: °]=470[image: °]

Subtract 
(360^\circ)
 to get a negative coterminal angle:


110[image: °]−360[image: °]=−250[image: °]

So one positive coterminal angle is 
(470^\circ)
, and one negative coterminal angle is 
(-250^\circ)
.


Worked Example 2: Find an angle between 
(0^\circ)
 and 
(360^\circ)
 that is coterminal with 
(765^\circ)
.


Subtract 
(360^\circ)
 until the angle is between 
(0^\circ)
 and 
(360^\circ)
:


765[image: °]−360[image: °]=405[image: °]
405[image: °]−360[image: °]=45[image: °]

So the angle coterminal with 
(765^\circ)
 in the interval 
([0^\circ, 360^\circ))
 is:


45[image: °]

This means the terminal side of 
(765^\circ)
 is the same as the terminal side of 
(45^\circ)
.


Worked Example 3: Find an angle between 
(0^\circ)
 and 
(360^\circ)
 that is coterminal with 
(-220^\circ)
.


Because the angle is negative, add 
(360^\circ)
:


−220[image: °]+360[image: °]=140[image: °]

Now 
(140^\circ)
 is between 
(0^\circ)
 and 
(360^\circ)
, so the answer is:


140[image: °]

5. Determining the Quadrant of an Angle


To determine where an angle ends, first find a coterminal angle between 
(0^\circ)
 and 
(360^\circ)
. Then identify the quadrant.


Worked Example 4: In which quadrant does 
(-500^\circ)
 terminate?


Add 
(360^\circ)
 until the angle is between 
(0^\circ)
 and 
(360^\circ)
:


−500[image: °]+360[image: °]=−140[image: °]
−140[image: °]+360[image: °]=220[image: °]

Now decide the quadrant. Since 
(220^\circ)
 is between 
(180^\circ)
 and 
(270^\circ)
, the terminal side is in Quadrant III.


6. Reference Angles


A reference angle is the positive acute angle between the terminal side of an angle and the x-axis.


Reference angles are useful because they help relate any angle to a simpler angle in the first quadrant.


To find a reference angle, first find the coterminal angle between 
(0^\circ)
 and 
(360^\circ)
. Then use the quadrant rules:



  	Quadrant I: reference angle = the angle itself

  	Quadrant II: reference angle = 
(180^\circ - \theta)


  	Quadrant III: reference angle = 
(\theta - 180^\circ)


  	Quadrant IV: reference angle = 
(360^\circ - \theta)





Example: Find the reference angle for 
(140^\circ)
.


Since 
(140^\circ)
 is in Quadrant II, use:


180[image: °]−140[image: °]=40[image: °]

So the reference angle is:


40[image: °]

Example: Find the reference angle for 
(220^\circ)
.


Since 
(220^\circ)
 is in Quadrant III, use:


220[image: °]−180[image: °]=40[image: °]

So the reference angle is also:


40[image: °]

7. Important Things to Remember



  	In standard position, the vertex is at the origin and the initial side is on the positive x-axis.

  	Positive angles rotate counterclockwise; negative angles rotate clockwise.

  	Coterminal angles differ by multiples of 
(360^\circ)
.

  	To find where an angle ends, reduce it to an angle between 
(0^\circ)
 and 
(360^\circ)
.

  	A reference angle is always positive and acute.




Common Mistakes



  	Forgetting the direction: clockwise means negative, counterclockwise means positive.

  	Using the wrong quadrant: always compare the angle to 
(90^\circ, 180^\circ, 270^\circ,
 and 
(360^\circ)
.

  	Mixing up coterminal and reference angles: coterminal angles have the same terminal side, but a reference angle is the small acute angle to the x-axis.

  	Stopping too early: if asked for an angle between 
(0^\circ)
 and 
(360^\circ)
, keep adding or subtracting 
(360^\circ)
 until the angle is in that interval.




Brief Summary


Angles in standard position start at the positive x-axis and rotate around the origin. Positive angles move counterclockwise, while negative angles move clockwise.


Coterminal angles end at the same terminal side, so they differ by whole rotations of 
(360^\circ)
. By finding a coterminal angle between 
(0^\circ)
 and 
(360^\circ)
, you can determine the quadrant and then find the reference angle.


  
  Put what you read to the test

  You've worked through Standard Position and Coterminal Angles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1200






  [image: 📝]   Lesson 108: Trigonometric Ratios in Right Triangles

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1240




  Trigonometric Ratios in Right Triangles


Trigonometry helps us connect angles and side lengths in triangles. In 11th Grade Maths, one of the most important starting points is learning the trigonometric ratios in a right triangle.


A right triangle has one angle equal to 90[image: °]. In such triangles, the lengths of the sides are related to the acute angles using six trigonometric ratios: sine, cosine, tangent, cosecant, secant, and cotangent.


These ratios are useful for solving problems where you know some sides and angles and want to find missing information. They are also the foundation for later work with the unit circle, graphs of trig functions, and trig equations.


1. Parts of a Right Triangle


Before using trigonometric ratios, you must be able to identify the three sides of a right triangle relative to a chosen angle.



  	Hypotenuse: the side opposite the right angle. It is always the longest side.

  	Opposite side: the side directly across from the angle you are focusing on.

  	Adjacent side: the side next to the angle you are focusing on, but not the hypotenuse.




The words opposite and adjacent depend on which acute angle you choose. The hypotenuse does not change.


For an acute angle θ in a right triangle:



  	the opposite side is across from θ

  	the adjacent side is beside θ

  	the hypotenuse is across from the 90[image: °] angle




2. The Six Trigonometric Ratios


The three main trigonometric ratios are sine, cosine, and tangent.


For an acute angle θ:


sin⁡θ=oppositehypotenuse

cos⁡θ=adjacenthypotenuse

tan⁡θ=oppositeadjacent

The other three are their reciprocals.


csc⁡θ=1sin⁡θ=hypotenuseopposite

sec⁡θ=1cos⁡θ=hypotenuseadjacent

cot⁡θ=1tan⁡θ=adjacentopposite

A common memory aid for the first three ratios is SOH-CAH-TOA:



  	SOH: sin⁡=OppositeHypotenuse

  	CAH: cos⁡=AdjacentHypotenuse

  	TOA: tan⁡=OppositeAdjacent




3. Choosing the Correct Ratio


When solving a triangle problem, first identify what information you know and what you need to find.


Then choose the trig ratio that uses those sides or that connects the known angle and unknown side.



  	If the problem involves opposite and hypotenuse, use sine.

  	If it involves adjacent and hypotenuse, use cosine.

  	If it involves opposite and adjacent, use tangent.




The reciprocal ratios are often used when an answer is asked for in secant, cosecant, or cotangent form, but most right-triangle solving problems begin with sine, cosine, or tangent.


4. Finding Missing Side Lengths


If you know one acute angle and one side length in a right triangle, you can use trig ratios to find another side.


The general process is:



  	Label the sides relative to the given angle.

  	Choose the ratio that matches the sides involved.

  	Substitute the known values.

  	Solve the equation.

  	Round only at the end if needed.




Worked Example 1: Find a Side Using Sine


In a right triangle, an acute angle measures 35[image: °], and the hypotenuse is 12 cm. Find the side opposite the angle.


Step 1: Choose the ratio.


We know the opposite side and the hypotenuse, so use sine:


sin⁡35[image: °]=opposite/12

Step 2: Solve for the opposite side.


opposite=12sin⁡35[image: °]

opposite≈12(0.5736)≈6.88

Answer: The opposite side is approximately 6.9 cm.


Worked Example 2: Find a Side Using Tangent


In a right triangle, one acute angle is 50[image: °], and the adjacent side is 9 m. Find the opposite side.


Step 1: Choose the ratio.


We know opposite and adjacent, so use tangent:


tan⁡50[image: °]=opposite/9

Step 2: Solve.


opposite=9tan⁡50[image: °]

opposite≈9(1.1918)≈10.73

Answer: The opposite side is approximately 10.7 m.


5. Finding an Angle


If you know two side lengths in a right triangle, you can find an angle using an inverse trigonometric function.


On a calculator, these are usually written as:



  	sin⁡−1 or arcsin

  	cos⁡−1 or arccos

  	tan⁡−1 or arctan




For example, if


sin⁡θ=0.6

then


θ=sin⁡−1(0.6)

Be sure your calculator is set to the correct mode, usually degrees unless the question says otherwise.


Worked Example 3: Find an Angle Using Cosine


In a right triangle, the adjacent side to angle θ is 8 cm and the hypotenuse is 13 cm. Find θ.


Step 1: Write the ratio.


cos⁡θ=813

Step 2: Use the inverse cosine function.


θ=cos⁡−1(813)

θ≈cos⁡−1(0.6154)≈52.1[image: °]

Answer: θ≈52.1[image: °].


6. Using Reciprocal Ratios


The reciprocal ratios are useful when the problem asks for secant, cosecant, or cotangent directly, or when a ratio is easier to express that way.


Suppose in a right triangle relative to angle θ:



  	opposite =5

  	adjacent =12

  	hypotenuse =13




Then:


sin⁡θ=513,cos⁡θ=1213,tan⁡θ=512

And the reciprocals are:


csc⁡θ=135,sec⁡θ=1312,cot⁡θ=125

7. Solving Contextual Problems


Trigonometric ratios are often used in real-world problems involving heights, distances, slopes, ladders, and angles of elevation or depression.


Angle of elevation is the angle measured upward from a horizontal line of sight.


Angle of depression is the angle measured downward from a horizontal line of sight.


Worked Example 4: Ladder Problem


A ladder leans against a wall. The ladder is 15 ft long and makes an angle of 68[image: °] with the ground. How high up the wall does the ladder reach?


Step 1: Identify the sides.


The ladder is the hypotenuse. The height on the wall is the side opposite the 68[image: °] angle.


Step 2: Use sine.


sin⁡68[image: °]=height/15

Step 3: Solve.


height=15sin⁡68[image: °]

height≈15(0.9272)≈13.91

Answer: The ladder reaches about 13.9 ft up the wall.


8. Important Notes and Common Mistakes



  	Always identify sides relative to the chosen angle. A side can be adjacent for one angle and opposite for another.

  	The hypotenuse is always opposite the right angle.

  	Use the correct calculator mode. If angles are in degrees, your calculator must be in degree mode.

  	Do not round too early. Keep extra decimal places until the final answer.

  	Tangent is not the same as sine or cosine. Make sure you match the correct side pair.

  	Reciprocal does not mean opposite side. Reciprocal means “flip the fraction.”




9. Quick Reference Table


sin⁡θ=oppositehypotenusecos⁡θ=adjacenthypotenusetan⁡θ=oppositeadjacentcsc⁡θ=hypotenuseoppositesec⁡θ=hypotenuseadjacentcot⁡θ=adjacentopposite

10. Strategy for Any Right-Triangle Trig Problem



  	Draw or study the triangle carefully.

  	Mark the reference angle.

  	Label opposite, adjacent, and hypotenuse.

  	Decide whether you are finding a side or an angle.

  	Choose the trig ratio that connects the known and unknown quantities.

  	Solve the equation.

  	Check if the answer makes sense.




Brief Summary


Trigonometric ratios in right triangles describe relationships between an angle and the sides of the triangle. The most used ratios are sine, cosine, and tangent, with cosecant, secant, and cotangent as their reciprocals.


To solve problems, identify the sides relative to the angle, choose the correct ratio, and then solve for the missing side or angle. With practice, these ratios become a powerful tool for solving both triangle questions and real-world measurement problems.


  
  Put what you read to the test

  You've worked through Trigonometric Ratios in Right Triangles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1201






  [image: 📝]   Lesson 109: Special Right Triangles and Exact Values

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1241




  Special Right Triangles and Exact Values


In trigonometry, some angles appear so often that it is important to know their exact values without using a calculator. The most common of these are 30^, 45^, and 60^. These angles come from two special right triangles.


By learning the side relationships in these triangles, you can quickly find exact values of sine, cosine, and tangent. This is a key skill for solving trigonometry problems and for understanding the unit circle later on.


Why these triangles are special


The two special right triangles are:


  	A 45^-45^-90^ triangle

  	A 30^-60^-90^ triangle




Because their angle measures are fixed, their side lengths always follow the same ratio. That means once you know the pattern, you can use it for any triangle with those angles.


Review: trigonometric ratios in a right triangle


For an acute angle θ in a right triangle:


sin⁡θ=oppositehypotenuse
cos⁡θ=adjacenthypotenuse
tan⁡θ=oppositeadjacent

To find exact trig values, we will use the side ratios of the special triangles instead of decimals.


The 45^-45^-90^ triangle


This triangle is formed by cutting a square in half along its diagonal. Since the two acute angles are equal, the legs are equal too.


Suppose each leg has length 1. Then by the Pythagorean Theorem, the hypotenuse is


12+12=2

So the side ratio is:


1:1:2

This means in any 45^-45^-90^ triangle:


  	The legs are equal

  	The hypotenuse is the leg times 2




If one leg is x, then the sides are:


x:x:x2

Exact trig values for 45[image: °]


Using the triangle with sides 1,1,2:


sin⁡45[image: °]=1/√(2)=√(2)/2
cos⁡45[image: °]=1/√(2)=√(2)/2
tan⁡45[image: °]=1/1=1

The radian measure of 45[image: °] is


45[image: °]=π/4

So these are also true:


sin⁡π4=22,cos⁡π4=22,tan⁡π4=1

The 30^-60^-90^ triangle


This triangle can be made by cutting an equilateral triangle in half. Start with an equilateral triangle of side length 2. All angles are 60[image: °].


If you draw an altitude, it splits the triangle into two right triangles. Each right triangle has:


  	One angle of 30[image: °]

  	One angle of 60[image: °]

  	A hypotenuse of 2

  	A short leg of 1 (half of the base)




Use the Pythagorean Theorem to find the longer leg:


22−12=4−1=3

So the side ratio is:


1:3:2

It is very important to match each side to the correct angle:


  	The side opposite 30[image: °] is the shortest side: 1

  	The side opposite 60[image: °] is the longer leg: 3

  	The hypotenuse is 2




If the shortest side is x, then the sides are:


x:x3:2x

Exact trig values for 30[image: °] and 60[image: °]


Using the triangle with side lengths 1,3,2:


For 30[image: °]:


sin⁡30[image: °]=1/2
cos⁡30[image: °]=√(3)/2
tan⁡30[image: °]=1/√(3)=√(3)/3

For 60[image: °]:


sin⁡60[image: °]=√(3)/2
cos⁡60[image: °]=1/2
tan⁡60[image: °]=√(3)/1=√(3)

The radian measures are:


30[image: °]=π/6, 60[image: °]=π/3

So you should also know:


sin⁡π6=12,cos⁡π6=32,tan⁡π6=33

sin⁡π3=32,cos⁡π3=12,tan⁡π3=3

Table of exact values


These are the most important exact trig values to memorize:


Anglesin⁡θcos⁡θtan⁡θ30[image: °]  (π/6)1/2√(3)/2√(3)/345[image: °]  (π/4)√(2)/2√(2)/2160[image: °]  (π/3)√(3)/21/2√(3)

Patterns to notice


  	For 30[image: °] and 60[image: °], sine and cosine switch places.

  	For 45[image: °], sine and cosine are equal.

  	tan⁡θ=sin⁡θcos⁡θ

  	Exact values are usually written with radicals, not decimals.




How to remember the sine and cosine values


A helpful pattern for sine is:


sin⁡30[image: °]=√(1)/2, sin⁡45[image: °]=√(2)/2, sin⁡60[image: °]=√(3)/2

For cosine, the pattern goes in reverse:


cos⁡30[image: °]=√(3)/2, cos⁡45[image: °]=√(2)/2, cos⁡60[image: °]=√(1)/2

This pattern works because of the special triangle side ratios, not just as a trick to memorize.


Worked Example 1: Find exact trig values for 45[image: °]


Find sin⁡45[image: °], cos⁡45[image: °], and tan⁡45[image: °].


Step 1: Use the 45^-45^-90^ triangle ratio 1:1:2.


Step 2: Apply the trig definitions.


sin⁡45[image: °]=1/√(2)=√(2)/2
cos⁡45[image: °]=1/√(2)=√(2)/2
tan⁡45[image: °]=1/1=1

Answer:


sin⁡45[image: °]=√(2)/2, cos⁡45[image: °]=√(2)/2, tan⁡45[image: °]=1

Worked Example 2: Find exact trig values for 30[image: °]


Find sin⁡30[image: °], cos⁡30[image: °], and tan⁡30[image: °].


Step 1: Use the 30^-60^-90^ triangle ratio 1:3:2.


For the 30[image: °] angle:


  	Opposite = 1

  	Adjacent = 3

  	Hypotenuse = 2




Step 2: Apply the trig definitions.


sin⁡30[image: °]=1/2
cos⁡30[image: °]=√(3)/2
tan⁡30[image: °]=1/√(3)=√(3)/3

Answer:


sin⁡30[image: °]=1/2, cos⁡30[image: °]=√(3)/2, tan⁡30[image: °]=√(3)/3

Worked Example 3: Find a missing side using a special triangle


A right triangle has a 60[image: °] angle and a shortest side of length 5. Find the other two sides.


Step 1: Recognize that this is a 30^-60^-90^ triangle.


The side ratio is:


x:x3:2x

Step 2: Identify x.


The shortest side is 5, so x=5.


Step 3: Find the other sides.


longer leg=53
hypotenuse=10

Answer: The triangle's sides are 5, 53, and 10.


Worked Example 4: Evaluate a trig expression exactly


Find the exact value of


sin⁡60[image: °]/cos⁡45[image: °]

Step 1: Use exact trig values.


sin⁡60[image: °]=√(3)/2, cos⁡45[image: °]=√(2)/2

Step 2: Substitute.


sin⁡60[image: °]/cos⁡45[image: °]=√(3)/2/√(2)/2

Step 3: Simplify.


3222=32⋅22=32

Rationalize the denominator:


32⋅22=62

Answer:


sin⁡60[image: °]/cos⁡45[image: °]=√(6)/2

Common mistakes to avoid


  	Mixing up the 30^ and 60^ sides. The side opposite 30[image: °] is always the shortest.

  	Using decimals instead of exact values. Write 32, not 0.866.

  	Forgetting to rationalize. For example, 13 should usually be written as 33.

  	Confusing degrees and radians. Remember: 30[image: °]=π/6, 45[image: °]=π/4, and 60[image: °]=π/3.




Quick reference


  	45^-45^-90^ sides: 1:1:2

  	30^-60^-90^ sides: 1:3:2

  	30[image: °]=π/6, 45[image: °]=π/4, 60[image: °]=π/3




[image: 📋]   Summary


Special right triangles let you find exact trigonometric values without a calculator. The 45^-45^-90^ triangle has side ratio 1:1:2, and the 30^-60^-90^ triangle has side ratio 1:3:2.


From these ratios, you can memorize and understand the exact values of sine, cosine, and tangent for 30[image: °], 45[image: °], and 60[image: °], as well as their radian equivalents π6, π4, and π3. These values are essential for solving many trigonometry problems.


  
  Put what you read to the test

  You've worked through Special Right Triangles and Exact Values. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1202
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  Lesson: The Unit Circle and the CAST Rule


Trigonometry begins with right triangles, but it becomes much more powerful when we extend it to any angle, not just acute angles. The tool that lets us do this is the unit circle.


The unit circle helps us understand the values of \,sin⁡θ, \,cos⁡θ, and \,tan⁡θ for angles in all four quadrants. To decide whether these values are positive or negative, we use the CAST rule.


In this lesson, you will learn:


  	what the unit circle is,

  	how angles are placed on it,

  	how sine, cosine, and tangent are connected to coordinates,

  	how the CAST rule tells you the sign of each trig function,

  	and how to evaluate trig functions for angles beyond \,90[image: °].




1. What is the unit circle?


A unit circle is a circle with radius \,1 and center at the origin \,(0,0) on the coordinate plane.


Its equation is:


x2+y2=1

Every point on the unit circle is exactly 1 unit away from the origin.


When an angle \,θ is drawn in standard position, its vertex is at the origin and its initial side lies along the positive \,x-axis. The terminal side of the angle meets the unit circle at a point \,(x,y).


This point is extremely important because:


  	cos⁡θ=x

  	sin⁡θ=y

  	tan⁡θ=yx=sin⁡θcos⁡θ, as long as \,x≠0




So on the unit circle, the coordinates of a point give the cosine and sine values directly.


2. Special angles on the unit circle


You do not need every angle memorized at once, but you should know the most common special angles:


  	0[image: °]

  	30[image: °]

  	45[image: °]

  	60[image: °]

  	90[image: °]




In the first quadrant, their coordinates are:


  	0[image: °][image: →](1,0)

  	30[image: °][image: →](√(3)/2,1/2)

  	45[image: °][image: →](√(2)/2,√(2)/2)

  	60[image: °][image: →](1/2,√(3)/2)

  	90[image: °][image: →](0,1)




Because \,cos⁡θ is the \,x-coordinate and \,sin⁡θ is the \,y-coordinate, these coordinates immediately give trig values.


For example:


  	cos⁡60[image: °]=1/2

  	sin⁡60[image: °]=√(3)/2

  	tan⁡60[image: °]=√(3)/2/1/2=√(3)




3. The four quadrants and coordinate signs


The coordinate plane is divided into four quadrants:


  	Quadrant I: \,x>0, \,y>0

  	Quadrant II: \,x<0, \,y>0

  	Quadrant III: \,x<0, \,y<0

  	Quadrant IV: \,x>0, \,y<0




Since:


  	cos⁡θ=x

  	sin⁡θ=y

  	tan⁡θ=yx




the sign of each trig function depends on the signs of \,x and \,y in that quadrant.


4. The CAST rule


The CAST rule is a quick way to remember which trig functions are positive in each quadrant.


Reading clockwise from Quadrant IV to Quadrant I, the letters are:


  	C: Cosine is positive

  	A: All are positive

  	S: Sine is positive

  	T: Tangent is positive




It is usually matched to the quadrants like this:


  	Quadrant I: A [image: →] all of \,sin⁡, \,cos⁡, and \,tan⁡ are positive

  	Quadrant II: S [image: →] only sine is positive

  	Quadrant III: T [image: →] only tangent is positive

  	Quadrant IV: C [image: →] only cosine is positive




This gives the sign pattern:


  	Quadrant I: \,sin⁡+, \,cos⁡+, \,tan⁡+

  	Quadrant II: \,sin⁡+, \,cos⁡−, \,tan⁡−

  	Quadrant III: \,sin⁡−, \,cos⁡−, \,tan⁡+

  	Quadrant IV: \,sin⁡−, \,cos⁡+, \,tan⁡−




You can also understand this directly from coordinates:


  	If \,x is positive, cosine is positive.

  	If \,y is positive, sine is positive.

  	If \,x and \,y have the same sign, tangent is positive.

  	If \,x and \,y have opposite signs, tangent is negative.




5. Reference angles


To find trig values for many angles, we use a reference angle. A reference angle is the acute angle between the terminal side of \,θ and the nearest \,x-axis.


The idea is simple:


  	Find the quadrant where the angle lies.

  	Find its reference angle.

  	Use the known trig values of that reference angle.

  	Use the CAST rule to decide the correct sign.




For common angles in degrees:


  	Quadrant II: reference angle \,=180[image: °]−θ

  	Quadrant III: reference angle \,=θ−180[image: °]

  	Quadrant IV: reference angle \,=360[image: °]−θ




6. Worked Examples


Example 1: Evaluate \,sin⁡150[image: °]


Step 1: Identify the quadrant. Since \,150[image: °] is between \,90[image: °] and \,180[image: °], it is in Quadrant II.


Step 2: Find the reference angle.


180[image: °]−150[image: °]=30[image: °]

Step 3: Use the first-quadrant value.


sin⁡30[image: °]=1/2

Step 4: Use the CAST rule. In Quadrant II, sine is positive.


sin⁡150[image: °]=1/2

Example 2: Evaluate \,cos⁡120[image: °]


Step 1: \,120[image: °] is in Quadrant II.


Step 2: Reference angle:


180[image: °]−120[image: °]=60[image: °]

Step 3: First-quadrant value:


cos⁡60[image: °]=1/2

Step 4: In Quadrant II, cosine is negative.


cos⁡120[image: °]=−1/2

Example 3: Evaluate \,tan⁡225[image: °]


Step 1: \,225[image: °] is between \,180[image: °] and \,270[image: °], so it is in Quadrant III.


Step 2: Reference angle:


225[image: °]−180[image: °]=45[image: °]

Step 3: First-quadrant value:


tan⁡45[image: °]=1

Step 4: In Quadrant III, tangent is positive.


tan⁡225[image: °]=1

Example 4: Evaluate \,sin⁡330[image: °], \,cos⁡330[image: °], and \,tan⁡330[image: °]


Step 1: \,330[image: °] is in Quadrant IV.


Step 2: Reference angle:


360[image: °]−330[image: °]=30[image: °]

Step 3: Use first-quadrant values:


  	sin⁡30[image: °]=1/2

  	cos⁡30[image: °]=√(3)/2

  	tan⁡30[image: °]=1/√(3)=√(3)/3




Step 4: Apply signs from CAST. In Quadrant IV, cosine is positive, while sine and tangent are negative.


sin⁡330[image: °]=−1/2
cos⁡330[image: °]=√(3)/2
tan⁡330[image: °]=−√(3)/3

7. Angles on the axes


Some angles lie exactly on the axes, not inside a quadrant. These are important special cases:


  	0[image: °] and \,360[image: °]: point \,(1,0)

  	90[image: °]: point \,(0,1)

  	180[image: °]: point \,(−1,0)

  	270[image: °]: point \,(0,−1)




So:


  	sin⁡0[image: °]=0, \,cos⁡0[image: °]=1

  	sin⁡90[image: °]=1, \,cos⁡90[image: °]=0

  	sin⁡180[image: °]=0, \,cos⁡180[image: °]=−1

  	sin⁡270[image: °]=−1, \,cos⁡270[image: °]=0




For tangent, remember:


tan⁡θ=sin⁡θcos⁡θ

If \,cos⁡θ=0, then tangent is undefined.


So:


  	tan⁡90[image: °] is undefined

  	tan⁡270[image: °] is undefined




8. A quick strategy for any trig value


When you are asked to find a trig value such as \,sin⁡210[image: °] or \,cos⁡300[image: °], follow this process:


  	Decide which quadrant the angle is in.

  	Find the reference angle.

  	Use the known trig value for that reference angle.

  	Use the CAST rule to choose the correct sign.




9. Common mistakes to avoid


  	Forgetting the sign: A student may know that \,cos⁡60[image: °]=1/2, but forget that \,cos⁡120[image: °] must be negative.

  	Mixing up sine and cosine: On the unit circle, cosine is the \,x-coordinate and sine is the \,y-coordinate.

  	Using the wrong reference angle: Always measure the acute angle to the nearest \,x-axis.

  	Using CAST on axis angles: The CAST rule is for quadrants. For angles like \,90[image: °] and \,180[image: °], use the exact point on the axis.




10. Final summary


The unit circle is a circle of radius 1 centered at the origin. If an angle \,θ ends at the point \,(x,y) on the unit circle, then \,cos⁡θ=x, \,sin⁡θ=y, and \,tan⁡θ=yx.


The CAST rule helps you remember which trig functions are positive in each quadrant:


  	Quadrant I: all positive

  	Quadrant II: sine positive

  	Quadrant III: tangent positive

  	Quadrant IV: cosine positive




To evaluate trig functions for any angle, use a reference angle and then apply the correct sign from the quadrant. With practice, the unit circle and the CAST rule make trigonometry much faster and more accurate.


  
  Put what you read to the test

  You've worked through The Unit Circle and the CAST Rule. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1203






  [image: 📝]   Lesson 111: Graphing Sine and Cosine

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1243




  Graphing Sine and Cosine


Sine and cosine are two important trigonometric functions that create smooth, repeating wave patterns. These graphs are called sinusoidal graphs. Learning how to graph them helps you understand many real-world patterns, such as sound waves, tides, seasons, and motion.


In this lesson, you will learn how to graph basic sine and cosine functions and how changes in their equations affect the graph. In particular, you will learn how to identify and use amplitude, period, phase shift, and vertical displacement.


The most common forms are:


y=asin⁡(b(x−h))+k

y=acos⁡(b(x−h))+k

Each part of the equation changes the shape or position of the graph in a specific way.


1. Start with the parent graphs


The parent functions are:


y=sin⁡xandy=cos⁡x

Both graphs:


  	repeat forever,

  	have a maximum value of 1 and a minimum value of -1,

  	have a midline at y=0,

  	have period 2π.




The graph of y=sin⁡x starts at the origin, rises to 1, returns to 0, goes down to -1, and comes back to 0 over one cycle.


Key points for one cycle of y=sin⁡x are:


(0,0),(π2,1),(π,0),(3π2,−1),(2π,0)

The graph of y=cos⁡x starts at its maximum value, drops to 0, reaches -1, returns to 0, and ends back at 1 over one cycle.


Key points for one cycle of y=cos⁡x are:


(0,1),(π2,0),(π,−1),(3π2,0),(2π,1)

2. Understand the parts of the equation


For a function of the form


y=asin⁡(b(x−h))+k

or


y=acos⁡(b(x−h))+k

the values a, b, h, and k tell you how the graph changes.



  	Amplitude: ∣a∣

  	Period: 2π∣b∣

  	Phase shift: h

  	Vertical displacement: k

  	Midline: y=k




Let us look at each one more closely.


Amplitude tells how far the graph goes above and below its midline. If the amplitude is 3, then the graph rises 3 units above the midline and falls 3 units below it.


If a is negative, the graph is reflected across the midline. For sine, that means it starts by moving downward instead of upward. For cosine, that means it starts at a minimum instead of a maximum.


Period tells the length of one full cycle. The parent sine and cosine graphs have period 2π. If b is larger, the graph is compressed and repeats more quickly. If 0<∣b∣<1, the graph is stretched and repeats more slowly.


Phase shift moves the graph left or right. In b(x−h), the graph shifts right by h units. If the expression is x+h, that means the graph shifts left.


Vertical displacement moves the graph up or down. If k=2, the whole graph moves up 2 units. If k=−3, it moves down 3 units.


3. A step-by-step method for graphing


When graphing a sine or cosine function, use this process:



  	Identify a, b, h, and k.

  	Find the amplitude: ∣a∣.

  	Find the period: 2π∣b∣.

  	Find the phase shift and vertical displacement.

  	Draw the midline: y=k.

  	Divide one period into 4 equal parts. This creates 5 key x-values.

  	Plot the 5 key points using the shape of sine or cosine.

  	Sketch the smooth wave and continue if needed.




Why divide into 4 equal parts? Because one full sine or cosine cycle is usually shown using 5 key points: start, quarter-period, half-period, three-quarter-period, and end of the period.


4. Worked Example 1: Basic sine graph


Graph:


y=sin⁡x

Step 1: Identify the values


  	a=1

  	b=1

  	h=0

  	k=0




Step 2: Find the features


  	Amplitude: ∣1∣=1

  	Period: 2π1=2π

  	Phase shift: none

  	Vertical displacement: none

  	Midline: y=0




Step 3: Find the 5 key x-values


One period goes from 0 to 2π. Divide by 4:


2π4=π2

So the x-values are:


0,π2,π,3π2,2π

Step 4: Plot the y-values


sin⁡(0)=0,sin⁡(π2)=1,sin⁡(π)=0,sin⁡(3π2)=−1,sin⁡(2π)=0

Key points:


(0,0),(π2,1),(π,0),(3π2,−1),(2π,0)

Connect these points with a smooth wave.


5. Worked Example 2: A transformed cosine graph


Graph:


y=2cos⁡x−1

Step 1: Identify the values


  	a=2

  	b=1

  	h=0

  	k=−1




Step 2: Find the features


  	Amplitude: ∣2∣=2

  	Period: 2π1=2π

  	Phase shift: none

  	Vertical displacement: down 1

  	Midline: y=−1




Step 3: Determine maximum and minimum values


Since the midline is y=−1 and the amplitude is 2:


  	Maximum value: −1+2=1

  	Minimum value: −1−2=−3




Step 4: Use cosine key points


The parent cosine pattern over one period is:


1,0,−1,0,1

Multiply each by 2 and then subtract 1:



  	2(1)−1=1

  	2(0)−1=−1

  	2(−1)−1=−3

  	2(0)−1=−1

  	2(1)−1=1




Key points:


(0,1),(π2,−1),(π,−3),(3π2,−1),(2π,1)

This graph starts at 1, falls to -1, then to -3, then rises again.


6. Worked Example 3: Changing the period


Graph:


y=sin⁡(2x)

Step 1: Identify the values


  	a=1

  	b=2

  	h=0

  	k=0




Step 2: Find the features


  	Amplitude: 1

  	Period: 2π2=π

  	Phase shift: none

  	Vertical displacement: none

  	Midline: y=0




Step 3: Divide one period into 4 equal parts


One period is π, so each quarter-period is:


π4

The 5 key x-values are:


0,π4,π2,3π4,π

Step 4: Find the y-values


sin⁡(2⋅0)=sin⁡0=0

sin⁡(2⋅π4)=sin⁡(π2)=1

sin⁡(2⋅π2)=sin⁡(π)=0

sin⁡(2⋅3π4)=sin⁡(3π2)=−1

sin⁡(2π)=0

Key points:


(0,0),(π4,1),(π2,0),(3π4,−1),(π,0)

Notice that the graph completes one full wave by x=π instead of x=2π. The graph is horizontally compressed.


7. Worked Example 4: Amplitude, phase shift, and vertical displacement


Graph:


y=−3cos⁡(x−π2)+2

Step 1: Identify the values


  	a=−3

  	b=1

  	h=π2

  	k=2




Step 2: Find the features


  	Amplitude: ∣−3∣=3

  	Period: 2π1=2π

  	Phase shift: right π2

  	Vertical displacement: up 2

  	Midline: y=2




Step 3: Find max and min values


  	Maximum: 2+3=5

  	Minimum: 2−3=−1




Step 4: Find the 5 key x-values


Since the graph shifts right by π2, begin at x=π2. One period is 2π, so each quarter-period is π2.


The x-values are:


π2,π,3π2,2π,5π2

Step 5: Use the cosine pattern with reflection and vertical shift


Parent cosine y-pattern: 1,0,−1,0,1


Multiply by −3:


−3,0,3,0,−3

Add 2:


−1,2,5,2,−1

Key points:


(π2,−1),(π,2),(3π2,5),(2π,2),(5π2,−1)

This graph starts at a minimum because the negative sign reflects the cosine graph.


8. How to tell sine and cosine graphs apart


If there are no shifts:


  	Sine starts on the midline.

  	Cosine starts at a maximum or minimum.




However, phase shifts can move the graph, so it is often better to look at the equation itself rather than only the picture.


9. Useful facts when graphing



  	The midline is the center of the wave.

  	The graph goes up and down equally from the midline according to the amplitude.

  	The period tells how wide one full wave is.

  	A negative value of a reflects the graph.

  	Always apply vertical changes to the parent y-values carefully.

  	For horizontal shifts, begin your key x-values at the phase shift.




10. Common mistakes to avoid



  	Forgetting absolute value in amplitude: amplitude is always positive, so use ∣a∣.

  	Using b as the period: the period is 2π∣b∣, not just b.

  	Mixing up the direction of phase shift: (x−h) means right, while (x+h) means left.

  	Forgetting the vertical shift: after finding the sine or cosine values, add or subtract k.

  	Plotting too few points: use the 5 key points for one full cycle.




11. Quick comparison table



  	For y=asin⁡(b(x−h))+k or y=acos⁡(b(x−h))+k:




Amplitude=∣a∣
Period=2π∣b∣
Midline=y=k
Phase shift=h

Maximum and minimum values can be found using:


Maximum=k+∣a∣
Minimum=k−∣a∣

12. Final summary


To graph sine and cosine functions, start by finding the amplitude, period, phase shift, and vertical displacement from the equation. Then draw the midline and plot 5 key points over one cycle.


Remember that sine usually begins on the midline, while cosine usually begins at a high or low point. A negative coefficient reflects the graph, a larger b shortens the period, and k moves the graph up or down.


With practice, you will be able to graph sinusoidal functions quickly and understand what each part of the equation means.


  
  Put what you read to the test

  You've worked through Graphing Sine and Cosine. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1204
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  Graphing Tangent and Reciprocal Functions


In trigonometry, you have already seen the sine and cosine functions and how they repeat in a regular pattern. In this lesson, we will learn how to graph four related functions: tangent, cotangent, secant, and cosecant.


These functions are important because they are built from sine and cosine, but their graphs look different. They have vertical asymptotes, and some of them have a different period from sine and cosine. Once you understand how they connect to sine and cosine, graphing them becomes much easier.


1. Review: Definitions of the functions


The tangent and reciprocal functions are defined using sine and cosine:


tan⁡x=sin⁡xcos⁡x

cot⁡x=cos⁡xsin⁡x

sec⁡x=1cos⁡x

csc⁡x=1sin⁡x

Because these functions involve division, they are undefined whenever the denominator is zero. This is why their graphs have vertical asymptotes.


2. Graphing the tangent function


The tangent function is


y=tan⁡x=sin⁡xcos⁡x

Tangent is undefined when cos⁡x=0. On the unit circle, this happens at


x=π2+kπfor any integer k

So the graph of tangent has vertical asymptotes at those x-values.


The period of tangent is


π

This means the graph repeats every π units, not every 2π like sine and cosine.


Important points for y=tan⁡x:



	Zeros occur where sin⁡x=0, as long as cos⁡x≠0.

	So the x-intercepts are at x=kπ.

	Vertical asymptotes are at x=π2+kπ.

	The graph increases from left to right on each interval between asymptotes.




One basic branch of tangent is between −π2 and π2. It passes through:



	(−π4,−1)

	(0,0)

	(π4,1)




Then the pattern repeats every π.


3. Graphing the cotangent function


The cotangent function is


y=cot⁡x=cos⁡xsin⁡x

Cotangent is undefined when sin⁡x=0. This happens at


x=kπfor any integer k

So cotangent has vertical asymptotes at those values.


The period of cotangent is also


π

Important features of y=cot⁡x:



	Vertical asymptotes at x=kπ

	Zeros where cos⁡x=0, so at x=π2+kπ

	The graph decreases from left to right on each interval between asymptotes




One basic branch of cotangent is between 0 and π. It passes through:



	(π4,1)

	(π2,0)

	(3π4,−1)




Then the pattern repeats every π.


4. Graphing secant and cosecant


Secant and cosecant are called reciprocal functions because they are the reciprocals of cosine and sine.


For secant:


y=sec⁡x=1cos⁡x

For cosecant:


y=csc⁡x=1sin⁡x

These graphs are easiest to draw if you first sketch the related sine or cosine graph.


5. Graphing secant using cosine


Since sec⁡x=1cos⁡x, secant is undefined where cosine is zero. So the vertical asymptotes happen at


x=π2+kπ

The period of secant is the same as cosine:


2π

To graph secant:



	Sketch y=cos⁡x.

	Mark where cos⁡x=0. These become vertical asymptotes of secant.

	Find points where cos⁡x=1 or cos⁡x=−1. At those points, sec⁡x=1 or −1.

	Draw U-shaped or upside-down U-shaped branches outside the interval (−1,1).




Important points for one cycle of y=sec⁡x:



	(0,1)

	(π,−1)

	(2π,1)




The graph of secant never goes between −1 and 1. Its range is


y≤−1ory≥1

6. Graphing cosecant using sine


Since csc⁡x=1sin⁡x, cosecant is undefined where sine is zero. So the vertical asymptotes are at


x=kπ

The period of cosecant is the same as sine:


2π

To graph cosecant:



	Sketch y=sin⁡x.

	Mark where sin⁡x=0. These become vertical asymptotes.

	Find points where sin⁡x=1 or sin⁡x=−1. At those points, csc⁡x=1 or −1.

	Draw branches outside the interval (−1,1).




Important points for one cycle of y=csc⁡x:



	(π2,1)

	(3π2,−1)




Like secant, cosecant also has range


y≤−1ory≥1

7. Comparing periods and asymptotes


It helps to organize these four functions in a table.



	Function	Period	Vertical Asymptotes	Basic Behavior

	y=tan⁡x	π	x=π2+kπ	Increasing branches

	y=cot⁡x	π	x=kπ	Decreasing branches

	y=sec⁡x	2π	x=π2+kπ	Reciprocal of cosine

	y=csc⁡x	2π	x=kπ	Reciprocal of sine




8. Strategy for graphing each function


Here is a simple method you can use on most problems.



	Tangent: mark asymptotes where cosine is zero, plot key points, then draw increasing branches.

	Cotangent: mark asymptotes where sine is zero, plot key points, then draw decreasing branches.

	Secant: sketch cosine first, add asymptotes where cosine is zero, then draw reciprocal branches.

	Cosecant: sketch sine first, add asymptotes where sine is zero, then draw reciprocal branches.




Worked Example 1: Graph y=tan⁡x on one period


Step 1: Find the period.


Tangent has period π.


Step 2: Find the vertical asymptotes.


These occur where cos⁡x=0, so at


x=−π2andx=π2

Step 3: Plot key points.



	tan⁡0=0, so (0,0)

	tan⁡(π4)=1, so (π4,1)

	tan⁡(−π4)=−1, so (−π4,−1)




Step 4: Draw the graph.


Draw a smooth increasing curve that goes through the three key points and approaches the asymptotes at x=−π2 and x=π2.


Worked Example 2: Graph y=cot⁡x on one period


Step 1: Find the period.


Cotangent has period π.


Step 2: Find the vertical asymptotes.


These occur where sin⁡x=0, so on one period we can use


x=0andx=π

Step 3: Plot key points.



	cot⁡(π4)=1

	cot⁡(π2)=0

	cot⁡(3π4)=−1




Step 4: Draw the graph.


Draw a smooth decreasing curve from positive values near x=0, through the key points, and toward negative values as it approaches x=π.


Worked Example 3: Graph y=sec⁡x from 0 to 2π


Step 1: Think about cosine first.


Since secant is the reciprocal of cosine, first imagine the cosine graph.


Step 2: Find asymptotes.


Cosine is zero at


x=π2,3π2

So secant has vertical asymptotes there.


Step 3: Plot key points where cosine is 1 or −1.



	sec⁡0=1

	sec⁡π=−1

	sec⁡2π=1




Step 4: Draw the branches.



	From 0 to π2, draw an upward branch starting at (0,1) and rising toward the asymptote.

	From π2 to 3π2, draw a downward branch with highest point at (π,−1).

	From 3π2 to 2π, draw another upward branch ending at (2π,1).




Worked Example 4: Graph y=csc⁡x from 0 to 2π


Step 1: Think about sine first.


Cosecant is the reciprocal of sine.


Step 2: Find asymptotes.


Sine is zero at


x=0,π,2π

So cosecant has vertical asymptotes at those x-values.


Step 3: Plot key points.



	csc⁡(π2)=1

	csc⁡(3π2)=−1




Step 4: Draw the branches.



	Between 0 and π, draw an upward U-shaped branch with lowest point at (π2,1).

	Between π and 2π, draw a downward branch with highest point at (3π2,−1).




9. Common mistakes to avoid



	Mixing up the periods: tangent and cotangent have period π, while secant and cosecant have period 2π.

	Placing asymptotes in the wrong spots: always look at where the denominator is zero.

	Drawing secant or cosecant like sine or cosine: they do not cross through the middle. Their branches stay above 1 or below −1.

	Forgetting to sketch sine or cosine first: this is very helpful for secant and cosecant.




10. Quick reference



	tan⁡x=sin⁡xcos⁡x, asymptotes where cos⁡x=0, period π

	cot⁡x=cos⁡xsin⁡x, asymptotes where sin⁡x=0, period π

	sec⁡x=1cos⁡x, asymptotes where cos⁡x=0, period 2π

	csc⁡x=1sin⁡x, asymptotes where sin⁡x=0, period 2π




[image: 📋]   Summary


To graph tangent, cotangent, secant, and cosecant, start from their definitions in terms of sine and cosine. Find where the denominator is zero to locate vertical asymptotes. Remember that tangent and cotangent repeat every π, while secant and cosecant repeat every 2π. For secant and cosecant especially, sketch the cosine or sine graph first, then draw the reciprocal branches.


  
  Put what you read to the test

  You've worked through Graphing Tangent and Reciprocal Functions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1205
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  Fundamental Trigonometric Identities are equations involving trigonometric functions that are always true, as long as both sides are defined. These identities are not true for just one angle—they work for all allowable angles.


In Grade 11, these identities are important because they help you simplify expressions, prove that two expressions are equivalent, and solve trigonometric equations more efficiently.


This lesson focuses on the three main groups of fundamental identities:


  	Reciprocal identities

  	Quotient identities

  	Pythagorean identities




Once you know these well, you can combine them with algebra skills to work through more complicated trigonometric expressions.


1. What is a trigonometric identity?


An identity is an equation that is true for every value in its domain. For example, the algebraic statement

a(b+c)=ab+ac

is an identity because it is always true.


In trigonometry, an example of an identity is

sin⁡2θ+cos⁡2θ=1

This is true for every angle θ where sine and cosine are defined.


Important: An identity is different from an equation you solve for a specific value. When proving an identity, your goal is to show that one side can be rewritten until it matches the other side.


2. The fundamental trigonometric identities


A. Reciprocal identities


These identities come from the fact that some trig functions are reciprocals of each other:

sin⁡θ=1csc⁡θcsc⁡θ=1sin⁡θ

cos⁡θ=1sec⁡θsec⁡θ=1cos⁡θ

tan⁡θ=1cot⁡θcot⁡θ=1tan⁡θ


These are useful when you want to rewrite all functions in terms of sine and cosine, or when a fraction can be simplified by replacing a trig function with its reciprocal.


B. Quotient identities


Tangent and cotangent can be written as quotients:

tan⁡θ=sin⁡θcos⁡θ

cot⁡θ=cos⁡θsin⁡θ


These are often the first identities used when simplifying expressions with tangent or cotangent.


C. Pythagorean identities


The most important Pythagorean identity is

sin⁡2θ+cos⁡2θ=1


This comes from the unit circle and the Pythagorean theorem. Since a point on the unit circle has coordinates (cos⁡θ,sin⁡θ), the equation of the circle gives

cos⁡2θ+sin⁡2θ=1


From this identity, two more useful identities can be created.


If we divide everything by cos⁡2θ, we get:

sin⁡2θcos⁡2θ+cos⁡2θcos⁡2θ=1cos⁡2θ

tan⁡2θ+1=sec⁡2θ


If we divide everything by sin⁡2θ, we get:

sin⁡2θsin⁡2θ+cos⁡2θsin⁡2θ=1sin⁡2θ

1+cot⁡2θ=csc⁡2θ


So the three key Pythagorean identities are:

sin⁡2θ+cos⁡2θ=1

1+tan⁡2θ=sec⁡2θ

1+cot⁡2θ=csc⁡2θ


3. Rearranged forms you should recognize


You should also be comfortable rearranging the Pythagorean identities. For example, from

sin⁡2θ+cos⁡2θ=1

we can write:

sin⁡2θ=1−cos⁡2θ

cos⁡2θ=1−sin⁡2θ


From

1+tan⁡2θ=sec⁡2θ

we can write:

tan⁡2θ=sec⁡2θ−1


From

1+cot⁡2θ=csc⁡2θ

we can write:

cot⁡2θ=csc⁡2θ−1


These forms are very useful in proofs and simplification.


4. Strategies for proving identities


When proving trigonometric identities, it helps to follow a plan.



  	Work on one side only, usually the more complicated side.

  	Rewrite functions like tan⁡θ,cot⁡θ,sec⁡θ,csc⁡θ in terms of sine and cosine when helpful.

  	Use the Pythagorean identities to replace expressions such as 1−sin⁡2θ with cos⁡2θ.

  	Simplify fractions carefully.

  	Do not assume the two sides are equal in the middle of your work.




A common mistake is changing both sides at once. If you change both sides, you are not proving they are equal—you may just be simplifying two different expressions. Usually, start with one side and transform it into the other.


5. Worked Examples


Example 1: Simplify using a quotient identity


Simplify:

sin⁡θcos⁡θ


Solution:

Using the quotient identity,

tan⁡θ=sin⁡θcos⁡θ

So,

sin⁡θcos⁡θ=tan⁡θ


Answer: tan⁡θ


Example 2: Simplify using a Pythagorean identity


Simplify:

1−sin⁡2θ


Solution:

Start with the identity

sin⁡2θ+cos⁡2θ=1

Subtract sin⁡2θ from both sides:

cos⁡2θ=1−sin⁡2θ

Therefore,

1−sin⁡2θ=cos⁡2θ


Answer: cos⁡2θ


Example 3: Prove an identity


Prove that

1−cos⁡2θsin⁡θ=sin⁡θ


Solution:

We start with the left side:

1−cos⁡2θsin⁡θ


Use the Pythagorean identity 1−cos⁡2θ=sin⁡2θ:

sin⁡2θsin⁡θ


Simplify:

sin⁡θ


This matches the right side, so the identity is proven.


Example 4: Prove a more advanced identity


Prove that

tan⁡θsec⁡θ=sin⁡θ


Solution:

Start with the left side:

tan⁡θsec⁡θ


Rewrite tan⁡θ and sec⁡θ using quotient and reciprocal identities:

sin⁡θcos⁡θ1cos⁡θ


Dividing by a fraction means multiplying by its reciprocal:

sin⁡θcos⁡θ⋅cos⁡θ


Simplify:

sin⁡θ


This matches the right side, so the identity is proven.


6. A deeper look at why rewriting in sine and cosine helps


Many trig expressions become easier when everything is written using sine and cosine. This is because sine and cosine are the basic trigonometric functions, and many other functions are built from them.


For example, if you see

1+tan⁡2θsec⁡2θ

you could use the Pythagorean identity right away:

sec⁡2θsec⁡2θ=1


Or you could rewrite in sine and cosine:

1+sin⁡2θcos⁡2θ1cos⁡2θ

This works too, but it is more complicated. So part of becoming good at identities is choosing the most efficient identity.


7. Common mistakes to avoid



  	Mixing up an identity with an equation: An identity is always true, not just true for one angle.

  	Forgetting domain restrictions: Expressions like tan⁡θ and sec⁡θ are not defined when cos⁡θ=0.

  	Using the wrong Pythagorean identity: Remember that 1+tan⁡2θ=sec⁡2θ, not 1+tan⁡θ=sec⁡2θ.

  	Incorrect exponent notation: sin⁡2θ means (sin⁡θ)2, not sin⁡(sin⁡θ).

  	Changing both sides in a proof: Try to work from one side to the other.




8. Quick identity reference sheet


Reciprocal identities

csc⁡θ=1sin⁡θ,sec⁡θ=1cos⁡θ,cot⁡θ=1tan⁡θ


Quotient identities

tan⁡θ=sin⁡θcos⁡θ,cot⁡θ=cos⁡θsin⁡θ


Pythagorean identities

sin⁡2θ+cos⁡2θ=1

1+tan⁡2θ=sec⁡2θ

1+cot⁡2θ=csc⁡2θ


9. Final summary


Fundamental trigonometric identities are the basic tools for simplifying and proving trig expressions. The most important ones are the reciprocal, quotient, and Pythagorean identities.


To prove an identity, usually start with the more complicated side, rewrite functions using the fundamental identities, and simplify step by step until it matches the other side. With practice, you will start to recognize which identity is most useful in each situation.


  
  Put what you read to the test

  You've worked through Fundamental Trigonometric Identities. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1206
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  Solving Trigonometric Equations


In algebra, you solve equations by finding the value of a variable that makes the equation true. In trigonometry, you do the same thing, but the variable is usually an angle, such as x or θ.


For example, in the equation sin⁡x=12, you are looking for all angles x whose sine value is 12.


This lesson will show you how to solve trigonometric equations over a given interval, such as 0≤x<2π or 0[image: °]≤x<360[image: °]. You will use algebra skills like factoring, along with trigonometry ideas from the unit circle.


1. What makes trigonometric equations different?


Trigonometric functions are periodic. That means their values repeat in a pattern. Because of this, a trigonometric equation can have more than one solution in an interval.


For instance, both 30[image: °] and 150[image: °] have sine 12. So the equation sin⁡x=12 has two solutions between 0[image: °] and 360[image: °].


That is why solving trigonometric equations usually has two parts:



  	Find the reference angle or basic trig value.

  	Use the unit circle to find all angles in the required interval.




2. Important unit circle facts


To solve trig equations, you should know the common exact values of sine, cosine, and tangent.


Some key values are:



  	sin⁡30[image: °]=1/2, sin⁡π6=12

  	cos⁡60[image: °]=1/2, cos⁡π3=12

  	tan⁡45[image: °]=1, tan⁡π4=1




Also remember which trig functions are positive in each quadrant:



  	Quadrant I: all are positive

  	Quadrant II: sine is positive

  	Quadrant III: tangent is positive

  	Quadrant IV: cosine is positive




This helps you decide where the solutions belong.


3. General steps for solving trigonometric equations



  	Simplify the equation if needed.

  	If possible, rewrite it so only one trig function appears.

  	Solve the resulting equation using algebra or known trig values.

  	Use the unit circle to find all angles in the given interval.

  	Check that every answer is in the required interval.




4. Solving basic trigonometric equations


If the equation already has one trig function by itself, such as cos⁡x=−12, you can solve directly from the unit circle.


Worked Example 1: Solve sin⁡x=12 for 0≤x<2π.


Step 1: Identify the reference angle.


Since sin⁡x=12, the reference angle is π6, because


sin⁡π6=12

Step 2: Decide where sine is positive.


Sine is positive in Quadrants I and II.


Step 3: Find the angles in those quadrants.


x=π6,x=π−π6=5π6

So the solutions are:


x=π6,5π6

Worked Example 2: Solve cos⁡θ=−32 for 0[image: °]≤θ<360[image: °].


Step 1: Find the reference angle.


Because


cos⁡30[image: °]=√(3)/2

the reference angle is 30[image: °].


Step 2: Decide where cosine is negative.


Cosine is negative in Quadrants II and III.


Step 3: Find the angles.


θ=180[image: °]−30[image: °]=150[image: °]
θ=180[image: °]+30[image: °]=210[image: °]

So the solutions are:


θ=150[image: °],210[image: °]

5. Solving equations involving tangent


Tangent behaves a little differently because it has period π, not 2π. On the interval 0≤x<2π, tangent often has two solutions.


Worked Example 3: Solve tan⁡x=1 for 0≤x<2π.


Step 1: Find the reference angle.


Since


tan⁡π4=1

the reference angle is π4.


Step 2: Decide where tangent is positive.


Tangent is positive in Quadrants I and III.


Step 3: Find the angles.


x=π4,x=π+π4=5π4

So the solutions are:


x=π4,5π4

6. Solving quadratic trigonometric equations


Sometimes a trig equation looks like a quadratic. In that case, treat the trig function like a variable, factor or solve the quadratic, and then solve each trig equation separately.


Worked Example 4: Solve 2sin⁡2x−3sin⁡x+1=0 for 0≤x<2π.


Step 1: Let u=sin⁡x. Then the equation becomes


2u2−3u+1=0

Step 2: Factor the quadratic.


(2u−1)(u−1)=0

So:


u=12oru=1

Replace u with sin⁡x:


sin⁡x=12orsin⁡x=1

Step 3: Solve each equation.


For sin⁡x=12, from Example 1:


x=π6,5π6

For sin⁡x=1:


x=π2

So all solutions are:


x=π6,π2,5π6

7. Factoring trigonometric equations


Sometimes the equation contains more than one trig term and can be solved by factoring.


For example, if you have


sin⁡xcos⁡x=0

then one factor must be zero. So:


sin⁡x=0orcos⁡x=0

Then solve each equation separately using the unit circle.


On the interval 0≤x<2π:



  	sin⁡x=0 at x=0,π

  	cos⁡x=0 at x=π2,3π2




So the full solution set is


x=0,π2,π,3π2

8. Be careful with the interval


The interval tells you which answers to include. Always check the endpoints carefully.


For example:



  	0≤x<2π includes 0 but does not include 2π

  	0[image: °]≤x<360[image: °] includes 0[image: °] but not 360[image: °]




So if x=0 is a solution, include it. But if x=2π, do not include it when the interval says x<2π.


9. Common mistakes to avoid



  	Forgetting a second solution: Many trig equations have more than one answer in one cycle.

  	Using the wrong quadrants: Check whether the trig function is positive or negative.

  	Forgetting the interval: Only include answers that lie in the stated range.

  	Mixing degrees and radians: Stay in the same unit throughout the problem.

  	Not factoring completely: In quadratic trig equations, solve all factors.




10. Problem-solving checklist


When solving a trigonometric equation, ask yourself:



  	Can I isolate one trig function?

  	Can I factor the equation?

  	What is the reference angle?

  	In which quadrants is the trig function positive or negative?

  	Which solutions are in the given interval?




[image: 📋]   Summary


Solving trigonometric equations means finding all angles that make the equation true. To do this, you often use exact unit circle values, reference angles, quadrant signs, and algebra skills like factoring.


For linear trig equations, solve directly from the unit circle. For quadratic trig equations, treat the trig expression like a variable, solve the quadratic, and then find all angles in the required interval. Always check the interval carefully so that you include every correct solution and no extra ones.


  
  Put what you read to the test

  You've worked through Solving Trigonometric Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1207
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  Law of Sines and the Ambiguous Case


When we work with non-right triangles, we cannot always use the basic right-triangle trig ratios by themselves. One of the most important tools for solving these triangles is the Law of Sines.


The Law of Sines helps us connect the sides and angles of any triangle. It is especially useful when we know:


  	Two angles and one side, or

  	Two sides and an angle opposite one of them.




That second situation is called the SSA case, and it can be tricky. Sometimes it gives one triangle, sometimes two different triangles, and sometimes no triangle at all. This is called the ambiguous case.


In this lesson, you will learn:


  	How to use the Law of Sines,

  	Why the SSA case is called ambiguous,

  	How to decide whether there are 0, 1, or 2 possible triangles,

  	How to solve triangles in each case.




1. The Law of Sines


In any triangle, label the angles as A, B, and C, and label the sides opposite those angles as a, b, and c.


The Law of Sines says:


asin⁡A=bsin⁡B=csin⁡C

This can also be written as:


sin⁡Aa=sin⁡Bb=sin⁡Cc

Both forms mean the same thing. You can use whichever version is easier for the problem.


Important matching rule: each side must be paired with its opposite angle.



  	Side a is opposite angle A

  	Side b is opposite angle B

  	Side c is opposite angle C




2. When do we use the Law of Sines?


The Law of Sines is most useful in these situations:


  	AAS: two angles and a non-included side

  	ASA: two angles and the included side

  	SSA: two sides and a non-included angle




The first two cases are usually straightforward. The SSA case is the one that can become ambiguous.


3. Why SSA can be ambiguous


Suppose you know angle A, side a opposite it, and another side b. You may try to use:


asin⁡A=bsin⁡B

Solving for sin⁡B gives:


sin⁡B=bsin⁡Aa

Here is the key idea: if you find a sine value, there may be two different angles between 0[image: °] and 180[image: °] that have that same sine.


For example,


sin⁡30[image: °]=0.5 and sin⁡150[image: °]=0.5

So if sin⁡B=0.5, then angle B could be:


  	30[image: °], or

  	150[image: °]




That means one set of side lengths may produce two different triangles.


But not always. Sometimes one of those angles does not work, and sometimes no triangle is possible at all.


4. The SSA ambiguous case: 0, 1, or 2 triangles


Assume we know:


  	an acute angle A,

  	its opposite side a,

  	another side b.




A helpful quantity is the height:


h=bsin⁡A

This height helps decide how many triangles are possible.


Compare a with h and b:


  	If a<h, then no triangle is possible.

  	If a=h, then there is one triangle, and it is a right triangle.

  	If h<a<b, then there are two triangles.

  	If a≥b, then there is one triangle.




This rule works when angle A is acute. That is the most common SSA ambiguous case in 11th Grade.


5. Solving an SSA problem with the Law of Sines


Here is the basic process:


  	Use the Law of Sines to find an unknown angle.

  	Check whether a second angle is possible using 180[image: °]−first angle.

  	Make sure the angle sum of the triangle is less than 180[image: °].

  	For each valid triangle, find the third angle.

  	Use the Law of Sines again to find the remaining side.




Worked Example 1: Using the Law of Sines in a non-ambiguous case


Solve triangle ABC if A=40[image: °], B=65[image: °], and a=10.


Step 1: Find the third angle.


C=180[image: °]−40[image: °]−65[image: °]=75[image: °]

Step 2: Use the Law of Sines to find side b.


asin⁡A=bsin⁡B

10/sin⁡40[image: °]=b/sin⁡65[image: °]

b=10sin⁡65[image: °]/sin⁡40[image: °]

Using a calculator:


b≈10(0.9063)0.6428≈14.10

Step 3: Find side c.


10/sin⁡40[image: °]=c/sin⁡75[image: °]

c=10sin⁡75[image: °]/sin⁡40[image: °]

c≈10(0.9659)0.6428≈15.02

Answer:


  	C=75[image: °]

  	b≈14.10

  	c≈15.02




This was not ambiguous because two angles were already known.


Worked Example 2: SSA with one triangle


Solve triangle ABC if A=35[image: °], a=8, and b=5.


Step 1: Use the Law of Sines to find B.


asin⁡A=bsin⁡B

8/sin⁡35[image: °]=5/sin⁡B

sin⁡B=5sin⁡35[image: °]/8

sin⁡B≈5(0.5736)8≈0.3585

So:


B≈sin⁡−1(0.3585)≈21.0[image: °]

Step 2: Check for a second triangle.


The other possible angle would be:


180[image: °]−21.0[image: °]=159.0[image: °]

Now check the angle sum:


35[image: °]+159.0[image: °]=194.0[image: °]

That is greater than 180[image: °], so it is impossible.


Therefore, there is only one triangle.


Step 3: Find angle C.


C=180[image: °]−35[image: °]−21.0[image: °]=124.0[image: °]

Step 4: Find side c.


asin⁡A=csin⁡C

8/sin⁡35[image: °]=c/sin⁡124.0[image: °]

c=8sin⁡124.0[image: °]/sin⁡35[image: °]

c≈8(0.8290)0.5736≈11.56

Answer:


  	B≈21.0[image: °]

  	C≈124.0[image: °]

  	c≈11.56




Worked Example 3: SSA with two triangles


Solve triangle ABC if A=40[image: °], a=10, and b=14.


Step 1: Use the Law of Sines to find B.


sin⁡B=bsin⁡A/a=14sin⁡40[image: °]/10

sin⁡B≈14(0.6428)10≈0.8999

So one possible angle is:


B1≈sin⁡−1(0.8999)≈64.1[image: °]

Because sine is also positive in the second quadrant, another possible angle is:


B2=180[image: °]−64.1[image: °]=115.9[image: °]

Step 2: Check whether both angles work.


For the first triangle:


A+B1=40[image: °]+64.1[image: °]=104.1[image: °]<180[image: °]

Valid.


For the second triangle:


A+B2=40[image: °]+115.9[image: °]=155.9[image: °]<180[image: °]

Also valid.


So there are two different triangles.


Triangle 1


Find angle C1:


C1=180[image: °]−40[image: °]−64.1[image: °]=75.9[image: °]

Now find side c1:


10/sin⁡40[image: °]=c1/sin⁡75.9[image: °]

c1=10sin⁡75.9[image: °]/sin⁡40[image: °]

c1≈10(0.9692)0.6428≈15.08

Triangle 2


Find angle C2:


C2=180[image: °]−40[image: °]−115.9[image: °]=24.1[image: °]

Now find side c2:


10/sin⁡40[image: °]=c2/sin⁡24.1[image: °]

c2=10sin⁡24.1[image: °]/sin⁡40[image: °]

c2≈10(0.4083)0.6428≈6.35

Answers:


  	Triangle 1: B≈64.1[image: °], C≈75.9[image: °], c≈15.08

  	Triangle 2: B≈115.9[image: °], C≈24.1[image: °], c≈6.35




Worked Example 4: SSA with no triangle


Determine whether a triangle exists if A=30[image: °], a=4, and b=10.


Method 1: Use the height test.


h=bsin⁡A=10sin⁡30[image: °]=10(0.5)=5

Compare a and h:


a=4,h=5

Since a<h, the side is too short to form a triangle.


So there is no triangle.


Method 2: Check with the Law of Sines.


sin⁡B=bsin⁡A/a=10sin⁡30[image: °]/4=10(0.5)/4=1.25

But sine values must be between −1 and 1. Since 1.25 is impossible, no triangle exists.


6. A quick decision guide for SSA


If you know A, a, and b, with A acute:


  	Find h=bsin⁡A.

  	Compare a to h and b.





  	If a<h: no triangle

  	If a=h: one right triangle

  	If h<a<b: two triangles

  	If a≥b: one triangle




You can also solve using the Law of Sines directly and then test whether the second angle works.


7. Common mistakes to avoid



  	Mixing up side-angle pairs. Always match each side with its opposite angle.

  	Forgetting the second possible angle. If you find B, also check 180[image: °]−B.

  	Not checking the angle sum. The angles of a triangle must add to 180[image: °].

  	Using degree mode incorrectly. Make sure your calculator is in degree mode, not radian mode, unless the problem says otherwise.

  	Accepting impossible sine values. If sin⁡B>1 or sin⁡B<−1, then no triangle exists.




8. Final summary


The Law of Sines is used to solve non-right triangles by relating each side to the sine of its opposite angle:


asin⁡A=bsin⁡B=csin⁡C

In the SSA ambiguous case, the given information may form zero, one, or two triangles. This happens because a sine value can correspond to two different angles.


To handle SSA problems well:


  	Use the Law of Sines carefully,

  	Check for a second angle,

  	Make sure the triangle angle sum stays below 180[image: °],

  	Or use the height test h=bsin⁡A to decide how many triangles exist.




Once you understand why the ambiguous case happens, these problems become much easier to solve correctly.


  
  Put what you read to the test

  You've worked through Law of Sines and the Ambiguous Case. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1208
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  Law of Cosines and Triangle Area


In many triangle problems, we cannot use the Pythagorean Theorem because the triangle is not a right triangle. In those cases, two very useful tools are the Law of Cosines and special formulas for the area of a triangle.


These ideas help us solve triangles when we know:


	SAS: two sides and the included angle

	SSS: all three sides




They also help us find the area of a triangle in two important ways:


	Using two sides and the included angle: A=12absin⁡C

	Using all three sides: Heron's Formula




Let a triangle have sides a, b, and c, with angles A, B, and C opposite those sides.


Important labeling rule: side a is opposite angle A, side b is opposite angle B, and side c is opposite angle C. Keeping the labels matched correctly is very important.


1. The Law of Cosines


The Law of Cosines connects the three sides of a triangle with one of its angles.


There are three forms:

c2=a2+b2−2abcos⁡C
a2=b2+c2−2bccos⁡A
b2=a2+c2−2accos⁡B

Each version is used depending on which angle or side you are working with.


This formula is similar to the Pythagorean Theorem. In fact, if angle C=90[image: °], then cos⁡90[image: °]=0, so the formula becomes:

c2=a2+b2

So the Pythagorean Theorem is actually a special case of the Law of Cosines.


When do we use the Law of Cosines?


	When we know two sides and the included angle (SAS) and want the third side

	When we know all three sides (SSS) and want an angle




2. Solving an SAS Triangle


If you know two sides and the angle between them, the Law of Cosines lets you find the missing third side first. After that, you can use other trig methods to find the remaining angles if needed.


Worked Example 1: Find the third side


In triangle ABC, suppose a=7, b=10, and C=60[image: °]. Find side c.


Since C is the angle between sides a and b, use:

c2=a2+b2−2abcos⁡C

Substitute the values:

c2=72+102−2(7)(10)cos⁡60[image: °]
c2=49+100−140(12)
c2=149−70
c2=79

Take the square root:

c=79≈8.89

So the third side is approximately 8.89.


3. Solving an SSS Triangle


If all three sides are known, the Law of Cosines can be rearranged to find an angle.


For example, to find angle C:

c2=a2+b2−2abcos⁡C

Solve for cos⁡C:

2abcos⁡C=a2+b2−c2
cos⁡C=a2+b2−c22ab

Then use inverse cosine to find the angle.


Worked Example 2: Find an angle from three sides


Suppose a triangle has sides a=5, b=8, and c=10. Find angle C.


Use:

cos⁡C=a2+b2−c22ab

Substitute:

cos⁡C=52+82−1022(5)(8)
cos⁡C=25+64−10080
cos⁡C=−1180
cos⁡C=−0.1375

Now find the angle:

C=cos⁡−1(−0.1375)≈97.9[image: °]

So angle C is about 97.9[image: °].


This makes sense because side c=10 is the longest side, so angle C should be the largest angle.


4. Area of a Triangle Using Sine


The usual area formula for a triangle is:

A=12(base)(height)

For triangles that are not right triangles, the height may not be given directly. Trigonometry helps us rewrite the height using sine.


This leads to the formula:

A=12absin⁡C

You can also write similar versions:

A=12bcsin⁡A
A=12acsin⁡B

Use the angle that is included between the two known sides.


Worked Example 3: Find area using two sides and an included angle


A triangle has sides a=9, b=12, and included angle C=35[image: °]. Find its area.


Use:

A=12absin⁡C

Substitute:

A=1/2(9)(12)sin⁡35[image: °]
A=54sin⁡35[image: °]

Using a calculator:

A≈54(0.5736)≈30.97

So the area is about 30.97 square units.


5. Heron's Formula


If all three side lengths are known, but no angle is known, Heron's Formula gives the area directly.


First find the semiperimeter:

s=a+b+c2

Then use:

A=s(s−a)(s−b)(s−c)

This is especially useful for SSS situations.


Worked Example 4: Find area from three sides


A triangle has sides 7, 8, and 9. Find its area.


Step 1: Find the semiperimeter.

s=7+8+92=242=12

Step 2: Use Heron's Formula.

A=12(12−7)(12−8)(12−9)
A=12(5)(4)(3)
A=720

Simplify or approximate:

A=125≈26.83

So the area is approximately 26.83 square units.


6. How to Decide Which Formula to Use


When solving a triangle problem, start by asking what information is given.



	If you know two sides and the included angle, use the Law of Cosines to find the third side, or use A=12absin⁡C to find area.

	If you know three sides, use the Law of Cosines to find an angle, or use Heron's Formula to find area.

	If you are finding area with sine, make sure the angle is between the two sides you are using.




7. Common Mistakes to Avoid


	Mixing up side and angle labels. Remember: each side is opposite the angle with the same letter.

	Using the wrong angle in the area formula. In A=12absin⁡C, angle C must be the angle between sides a and b.

	Forgetting the minus sign in the Law of Cosines. The formula is c2=a2+b2−2abcos⁡C, not plus.

	Calculator mode errors. Make sure your calculator is in degree mode if the angles are given in degrees.

	Rounding too early. Keep extra decimal places during the calculation and round only at the end.




8. Quick Check of Understanding



	If you know sides 6 and 11 and the included angle 40[image: °], which formula could find the third side?

	If you know sides 6, 11, and included angle 40[image: °], which formula could find the area directly?

	If you know all three sides of a triangle, which area formula works without finding an angle first?




Answers:


	Law of Cosines

	A=12absin⁡C

	Heron's Formula




[image: 📋]   Summary


The Law of Cosines is used for triangles that are not necessarily right triangles. It helps solve SAS triangles by finding a missing side and SSS triangles by finding a missing angle.


To find area, use A=12absin⁡C when you know two sides and the included angle. Use Heron's Formula, A=s(s−a)(s−b)(s−c), when you know all three sides. Choosing the correct formula depends on the information given.


  
  Put what you read to the test

  You've worked through Law of Cosines and Triangle Area. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1209






  
    
  [image: 📖]   Chapter 15

  Spatial Geometry and Mensuration



  [image: 📝]   Lesson 117: Dimensional Analysis and Scale

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1249




  Dimensional Analysis and Scale helps us answer two very important questions in geometry and measurement:
	How do we convert units correctly, especially when the units are more complicated than just metres or centimetres?
	What happens to length, area, and volume when a shape is enlarged or reduced?

This topic is especially useful in spatial geometry and mensuration, where we work with real objects, diagrams, models, maps, and solids.
In this lesson, you will learn how to use dimensional analysis to convert units and how to apply scale factors to 2D and 3D shapes.
1. What is dimensional analysis?
Dimensional analysis is a method of converting units by multiplying by conversion fractions that equal 1. The goal is to cancel unwanted units and end with the unit you want.
For example, since 1 m=100 cm, we can write:
100 cm1 mor1 m100 cmBoth fractions are equal to 1, but we choose the one that makes the unwanted unit cancel.
Suppose we want to convert 2.5 m to centimetres:
2.5 m×100 cm1 m=250 cmThe unit m cancels, leaving cm.
2. Converting squared and cubed units
When units involve area or volume, the conversion must also be squared or cubed.
For length:
1 m=100 cmFor area:
1 m2=(100 cm)2=10,000 cm2For volume:
1 m3=(100 cm)3=1,000,000 cm3This is a very common place where mistakes happen. Students sometimes think:
1 m2=100 cm2but that is incorrect. The conversion factor must match the dimension.
Key idea:
	Length units change by the scale factor itself.
	Area units change by the square of the scale factor.
	Volume units change by the cube of the scale factor.

3. Derived units
Derived units are units made from combining basic units. In geometry and measurement, common derived units include:
	Area: cm2,m2
	Volume: cm3,m3
	Rates such as density or speed may also appear in other topics, but here we mainly focus on geometric units.

To convert derived units, treat the units carefully and convert each part correctly.
For example, to convert 0.4 m3 to cm3:
0.4 m3×1,000,000 cm31 m3=400,000 cm34. Understanding scale
A scale factor tells us how much larger or smaller a figure becomes.
If the scale factor is:
	greater than 1, the figure is enlarged,
	between 0 and 1, the figure is reduced.

If a shape is enlarged by a scale factor of k, then:
	every length is multiplied by k,
	every area is multiplied by k2,
	every volume is multiplied by k3.

This is one of the most important rules in mensuration.
5. Scale in diagrams, maps, and models
Scale is often written as a ratio, such as 1:50 or 1:1000.
A scale of 1:50 means:
	1 unit on the drawing represents 50 units in real life.

So if a line on a diagram is 6 cm and the scale is 1:50, the real length is:
6×50=300 cm=3 mAlways make sure the units match before giving the final answer.
6. How resizing affects perimeter, area, and volume
When a 2D shape is resized, all lengths change by the scale factor. Since perimeter is made of lengths added together, perimeter also changes by the scale factor.
However, area covers surface, so it changes more quickly. If the scale factor is k, then area changes by k2.
For 3D solids, volume changes even more quickly because it depends on three dimensions. If the scale factor is k, then volume changes by k3.
Example of the pattern:
	If side lengths double (k=2), perimeter doubles, area becomes 4 times as large, and volume becomes 8 times as large.
	If side lengths triple (k=3), perimeter triples, area becomes 9 times as large, and volume becomes 27 times as large.

7. Worked Example 1: Converting area units
Question: Convert 3.2 m2 to cm2.
Step 1: Use the length conversion:
1 m=100 cmStep 2: Square it for area:
1 m2=10,000 cm2Step 3: Convert:
3.2 m2×10,000 cm21 m2=32,000 cm2Answer: 3.2 m2=32,000 cm2.
Worked Example 2: Using a map scale
Question: On a map with scale 1:25,000, the distance between two towns is 8 cm. What is the real distance in kilometres?
Step 1: Interpret the scale.
1 cm on the map represents 25,000 cm in real life.
Step 2: Multiply by the map distance:
8×25,000=200,000 cmStep 3: Convert centimetres to metres, then kilometres.
200,000 cm=2,000 m=2 kmAnswer: The real distance is 2 km.
Worked Example 3: Scale factor and area
Question: A rectangle has length 5 cm and width 3 cm. It is enlarged by a scale factor of 4. Find the new area.
Method 1: Find new dimensions first.
New length:
5×4=20 cmNew width:
3×4=12 cmNew area:
20×12=240 cm2Method 2: Use the area scale factor.
Original area:
5×3=15 cm2Since the scale factor is 4, the area scale factor is:
42=16So the new area is:
15×16=240 cm2Answer: The new area is 240 cm2.
Worked Example 4: Scale factor and volume
Question: A cube has side length 2 cm. It is enlarged by a scale factor of 3. Find the new volume.
Step 1: Find the original volume.
V=s3=23=8 cm3Step 2: Use the volume scale factor.
If the linear scale factor is 3, then the volume scale factor is:
33=27Step 3: Multiply:
8×27=216 cm3Answer: The new volume is 216 cm3.
8. A useful problem-solving strategy
When solving dimensional analysis and scale problems, use this checklist:
	Read the units carefully. Are you working with length, area, or volume?
	Choose the correct conversion factor. If the unit is squared or cubed, the conversion must also be squared or cubed.
	Identify the scale factor. Is it an enlargement or a reduction?
	Apply the correct power of the scale factor.	Length or perimeter: k
	Area: k2
	Volume: k3


	Check that your final unit makes sense.

9. Common mistakes to avoid
	Forgetting to square or cube the conversion factor.
Example: 1 m2≠100 cm2. It is 10,000 cm2.
	Using the wrong scale rule.
Lengths scale by k, areas by k2, volumes by k3.
	Mixing units.
Do not compare cm with m without converting first.
	Confusing map scale with scale factor of enlargement.
A map scale like 1:50,000 describes drawing-to-real-life size, while a scale factor like 2 or 12 describes resizing.

10. Quick comparison table
	Length: multiply by k
	Perimeter: multiply by k
	Area: multiply by k2
	Surface area: multiply by k2
	Volume: multiply by k3

11. Final summary
Dimensional analysis is a reliable way to convert units by using fractions that cancel unwanted units. It is especially important when working with area and volume, because squared and cubed units must be converted using squared and cubed factors.
Scale tells us how measurements change when figures are enlarged or reduced. If the linear scale factor is k, then lengths and perimeters scale by k, areas by k2, and volumes by k3.
If you remember to match the conversion and the scale rule to the dimension, you will solve these problems much more accurately.


  
  Put what you read to the test

  You've worked through Dimensional Analysis and Scale. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1210
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  Area of Complex Polygons


In real-life geometry, many shapes are not simple rectangles, triangles, or trapezoids. Instead, they are often complex polygons, which are shapes made from several straight sides and can be broken into smaller familiar shapes.


To find the area of a complex polygon, we usually decompose it into simpler polygons such as rectangles, triangles, parallelograms, and trapezoids. Then we find the area of each part and combine the results.


This skill is important in mensuration because floor plans, land plots, tiles, gardens, and composite diagrams often use irregular shapes. If you know how to split a shape carefully, you can still find its exact area.


What is a complex polygon?


A complex polygon in this lesson means a 2D shape with straight sides that is not one basic polygon formula by itself. It may look irregular, but it can still be analyzed by dividing it into simpler parts.


Main idea: find area by breaking the shape into parts or by finding a larger simple shape and subtracting the missing parts.


Two main strategies



  	Additive method: Split the figure into smaller standard shapes and add their areas.

  	Subtractive method: Enclose the figure in a larger known shape, then subtract the areas of the parts that are missing.




Useful area formulas



  	Rectangle: A=lw

  	Square: A=s2

  	Triangle: A=12bh

  	Parallelogram: A=bh

  	Trapezoid: A=12(a+b)h




Here, b is base, h is perpendicular height, l is length, w is width, and a and b in the trapezoid formula are the parallel sides.


Step-by-step method for finding the area of a complex polygon



  	Look at the shape carefully.

  	Decide how to split it into known polygons.

  	Label all needed lengths and heights.

  	Find the area of each simpler shape.

  	Add or subtract the areas as needed.

  	Write the final answer in square units.




Important reminders



  	Area is always measured in square units, such as cm2, m2, or units2.

  	Be careful not to use a slanted side as a height unless it is actually perpendicular.

  	Draw extra lines lightly if needed to create rectangles or triangles.

  	If a length is not given directly, try to find it by subtraction from the total length.




Worked Example 1: L-shaped polygon


Find the area of an L-shaped figure made from a vertical rectangle and a horizontal rectangle. Suppose the full outer dimensions are 10 m by 8 m, and a rectangle of 4 m by 3 m is missing from the top-right corner.


This is easiest with the subtractive method.


First find the area of the full outer rectangle:


Aouter=10×8=80

Now find the area of the missing rectangle:


Amissing=4×3=12

Subtract:


AL-shape=80−12=68

Answer: The area is 68 m2.


Why this works: The L-shape is really a full rectangle with one piece cut out. So subtracting the missing part gives the exact area.


Worked Example 2: Polygon split into a rectangle and a triangle


A shape consists of a rectangle measuring 12 cm by 5 cm, with a triangle attached to one side. The triangle has base 5 cm and perpendicular height 4 cm. Find the total area.


Use the additive method.


Area of the rectangle:


Arectangle=12×5=60

Area of the triangle:


Atriangle=12×5×4=10

Add the two areas:


Atotal=60+10=70

Answer: The total area is 70 cm2.


Worked Example 3: Irregular polygon using missing lengths


An irregular shape can be divided into two rectangles.


The bottom rectangle has length 15 m and height 6 m. On top of its left side is a smaller rectangle with width 9 m and height 4 m.


Find the total area.


Since the shape is made of two non-overlapping rectangles, we add their areas.


Area of the bottom rectangle:


A1=15×6=90

Area of the top rectangle:


A2=9×4=36

Total area:


Atotal=90+36=126

Answer: The area is 126 m2.


Now suppose you also wanted the width of the uncovered top-right part of the bottom rectangle. Since the whole bottom length is 15 m and the top rectangle covers 9 m of it, the remaining length is:


15−9=6

This idea of finding unknown side lengths by subtraction is very useful in complex polygon problems.


Worked Example 4: Complex polygon with a trapezoid and a rectangle


A figure is made from a rectangle and a trapezoid.



  	The rectangle has dimensions 8 cm by 6 cm.

  	On top of it sits a trapezoid with height 4 cm and parallel sides 8 cm and 14 cm.




Find the total area.


First, find the area of the rectangle:


Arectangle=8×6=48

Now find the area of the trapezoid:


Atrapezoid=12(8+14)(4)

Atrapezoid=12(22)(4)=44

Add them:


Atotal=48+44=92

Answer: The total area is 92 cm2.


How to choose the best method


When you see a complex polygon, ask yourself:



  	Is it easier to split it into smaller known shapes?

  	Or is it easier to place it inside a larger shape and subtract the unwanted parts?




There is often more than one correct method. Choose the one that makes the calculations simplest and avoids unnecessary steps.


Common mistakes to avoid



  	Forgetting a piece: Make sure all parts of the figure are included.

  	Overlapping pieces: If your split causes overlap, you may count area twice.

  	Using the wrong height: For triangles and trapezoids, the height must be perpendicular to the base.

  	Incorrect subtraction: In subtractive problems, subtract only the missing regions, not parts that still belong to the shape.

  	Wrong units: Area must be written in square units.




Checking your answer


After solving, do a quick reasonableness check:



  	Is your answer smaller than the enclosing rectangle if you used subtraction?

  	Is your answer larger than each individual part if you used addition?

  	Do the units make sense?

  	Did you use all the measurements correctly?




Brief practice ideas


When practicing this topic, try these steps:



  	Redraw the shape neatly.

  	Add dashed lines to split it into familiar polygons.

  	Write the formula for each part before calculating.

  	Keep your work organized so you can see where each number comes from.




[image: 📋]   Summary


The area of a complex polygon can be found by breaking the figure into simpler shapes or by subtracting missing parts from a larger known shape. The key is to use standard area formulas correctly and identify any missing lengths carefully.


With practice, irregular figures become much easier to handle. If you stay organized and choose a good decomposition, you can find exact areas confidently.


  
  Put what you read to the test

  You've worked through Area of Complex Polygons. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1211
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  Surface Area of Prisms and Cylinders


In spatial geometry, surface area tells us how much material is needed to cover the outside of a three-dimensional object. For example, if you wanted to wrap a box, paint a can, or cover a slanted prism with paper, you would need to know its surface area.


In this lesson, we will learn how to find the lateral surface area and the total surface area of right and oblique prisms and cylinders. A key idea is to use nets, which are flat patterns that show all the faces of a solid.


1. Key Vocabulary



  	Prism: A solid with two congruent, parallel bases and flat side faces.

  	Cylinder: A solid with two congruent, parallel circular bases and a curved side.

  	Base: One of the parallel congruent faces.

  	Lateral surface area (LSA): The area of the side surfaces only, not including the bases.

  	Total surface area (TSA): The area of all outer surfaces, including the bases.

  	Right solid: A prism or cylinder whose height is perpendicular to its bases.

  	Oblique solid: A prism or cylinder that slants, so its height is not along the edge or side surface.

  	Height: The perpendicular distance between the two bases.

  	Slant length: The length of a lateral edge or side segment on an oblique solid.




2. Understanding Nets


A net helps us see how the surfaces of a solid fit together. When you unfold a prism or cylinder, each face becomes a flat region whose area can be calculated.


For a prism, the net usually includes:


  	two identical base shapes, and

  	rectangles or parallelograms forming the side faces.




For a cylinder, the net includes:


  	two circles for the bases, and

  	one rectangle for a right cylinder or a slanted parallelogram-shaped side region for an oblique cylinder.




The net makes the main idea very clear:


Total Surface Area=Lateral Surface Area+2(Area of Base)

3. Surface Area of a Right Prism


In a right prism, the side faces are rectangles. If the base has perimeter P and the prism has height h, then the total area of all the side rectangles is:


LSA=Ph

This works because each rectangle has one side equal to a side of the base and the other side equal to the height. Adding all these rectangles gives perimeter times height.


If the area of one base is B, then the total surface area is:


TSA=Ph+2B

4. Surface Area of an Oblique Prism


In an oblique prism, the prism slants. The side faces are usually parallelograms, not rectangles. So we must be careful.


The total surface area still comes from adding the areas of all lateral faces and the two bases:


TSA=LSA+2B

However, for an oblique prism, you cannot always use Ph for the lateral area unless the dimensions given match the perpendicular height of each side face in the net. More often, you find the area of each parallelogram separately:


Area of a parallelogram=base×perpendicular height

So for an oblique prism:


  	find the area of each lateral face from the net,

  	add them to get the lateral surface area,

  	then add the two base areas.




Important: The height of the prism is the perpendicular distance between the bases. The slant edge is usually longer than the height. Do not confuse them.


5. Surface Area of a Right Cylinder


A right cylinder has two circular bases and one curved surface. If we unwrap the curved surface, it becomes a rectangle.


The rectangle in the net has:


  	length equal to the circumference of the base, which is 2πr,

  	width equal to the height h.




So the lateral surface area is:


LSA=(2πr)(h)=2πrh

Each circular base has area πr2, so the total surface area is:


TSA=2πrh+2πr2

This can also be written as:


TSA=2πr(h+r)

6. Surface Area of an Oblique Cylinder


An oblique cylinder is a slanted cylinder. The two bases are still congruent circles, but the side is not straight up and down.


Using a net, the lateral surface can be thought of as a slanted shape. In many school problems, the lateral surface area is found using the circumference of the base times the slant length s:


LSA=2πrs

Then the total surface area is:


TSA=2πrs+2πr2

Here, s is the distance along the side surface in the net, not the perpendicular height between the bases.


7. Strategy for Solving Surface Area Problems



  	Identify the solid: prism or cylinder, right or oblique.

  	Find the base area B.

  	Find the lateral surface area using the correct dimensions.

  	Add the two base areas if the question asks for total surface area.

  	Check units. Surface area is always in square units, such as cm2 or m2.




8. Worked Examples


Example 1: Right Rectangular Prism


A right rectangular prism has length 8 cm, width 5 cm, and height 12 cm. Find the lateral surface area and total surface area.


Step 1: Find the perimeter of the base.


The base is a rectangle with sides 8 cm and 5 cm, so:


P=2(8+5)=26 cm

Step 2: Find the lateral surface area.


LSA=Ph=26(12)=312 cm2

Step 3: Find the area of one base.


B=8×5=40 cm2

Step 4: Find the total surface area.


TSA=312+2(40)=312+80=392 cm2

Answer: Lateral surface area = 312 cm2, total surface area = 392 cm2.


Example 2: Right Triangular Prism


A right triangular prism has a triangular base with side lengths 6 cm, 8 cm, and 10 cm. The height of the prism is 15 cm. Find the total surface area.


Step 1: Find the perimeter of the base.


P=6+8+10=24 cm

Step 2: Find the lateral surface area.


LSA=Ph=24(15)=360 cm2

Step 3: Find the area of the triangular base.


The sides 6, 8, and 10 form a right triangle, so:


B=12(6)(8)=24 cm2

Step 4: Find the total surface area.


TSA=360+2(24)=360+48=408 cm2

Answer: 408 cm2.


Example 3: Right Cylinder


A cylinder has radius 4 m and height 9 m. Find the lateral and total surface area.


Step 1: Find the lateral surface area.


LSA=2πrh=2π(4)(9)=72π m2

Step 2: Find the area of the two bases.


2πr2=2π(42)=2π(16)=32π m2

Step 3: Find the total surface area.


TSA=72π+32π=104π m2

Answer: Lateral surface area = 72π m2, total surface area = 104π m2.


Example 4: Oblique Prism Using a Net


An oblique triangular prism has a triangular base with area 12 cm2. The three side faces in the net are parallelograms with areas 30 cm2, 42 cm2, and 36 cm2. Find the lateral and total surface area.


Step 1: Add the lateral face areas.


LSA=30+42+36=108 cm2

Step 2: Add the two bases.


2B=2(12)=24 cm2

Step 3: Find the total surface area.


TSA=108+24=132 cm2

Answer: Lateral surface area = 108 cm2, total surface area = 132 cm2.


9. Common Mistakes to Avoid



  	Mixing up lateral and total surface area. Lateral area does not include the bases.

  	Using the slant length when the formula needs perpendicular height. This is especially important for oblique solids.

  	Forgetting both bases. Total surface area includes two bases, not one.

  	Using the diameter instead of the radius in cylinder formulas.

  	Forgetting square units. Surface area must be written in units like cm2.




10. Quick Formula Review


For a right prism:


LSA=Ph
TSA=Ph+2B

For a right cylinder:


LSA=2πrh
TSA=2πrh+2πr2

For oblique prisms and cylinders:


  	use the net,

  	find the lateral area from the actual side faces,

  	then add 2B.




11. Final Summary


Surface area measures the outside covering of a solid. For prisms and cylinders, it is easiest to think in terms of a net: the side surfaces give the lateral surface area, and adding the two bases gives the total surface area.


For right prisms and right cylinders, there are direct formulas. For oblique solids, the safest method is often to use the net and add the areas of the lateral faces carefully. Always identify the correct dimensions and include square units in your answer.


  
  Put what you read to the test

  You've worked through Surface Area of Prisms and Cylinders. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1212
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  Surface Area of Pyramids and Cones


When we talk about the surface area of a 3D object, we mean the total area of all the outside faces or curved surfaces that cover it.


For pyramids and cones, surface area often has two parts:


  	Lateral surface area: the area of the sides only, not including the base.

  	Total surface area: the lateral area plus the area of the base.




In this lesson, you will learn how to calculate both types of surface area and how to use the Pythagorean theorem to find a missing slant height.


1. Surface Area of a Pyramid


A pyramid has a polygon base and triangular faces that meet at one point called the apex.


The most common pyramid problems in 11th Grade involve a regular pyramid. In a regular pyramid:


  	the base is a regular polygon, and

  	all lateral faces are congruent triangles.




The key measurement for surface area is the slant height, written as l. This is the height of each triangular face, measured from the midpoint of a base edge to the apex along the face.


For a regular pyramid, the lateral surface area formula is:


LA=12Pl

where:


  	LA = lateral area

  	P = perimeter of the base

  	l = slant height




The total surface area is:


SA=12Pl+B

where B is the area of the base.


Why does this formula work?


Each side face is a triangle. The area of one triangle is 12(base)(height). If you add all the triangular faces together, the sum of all their base lengths is the perimeter P, and the common height of each face is the slant height l. That gives:


LA=12Pl

2. Surface Area of a Cone


A cone has a circular base and one curved surface that meets at a point.


For a cone, the lateral surface area is:


LA=πrl

where:


  	r = radius of the base

  	l = slant height




The area of the circular base is:


B=πr2

So the total surface area of a cone is:


SA=πrl+πr2

This can also be factored as:


SA=πr(l+r)

3. Finding Slant Height Using the Pythagorean Theorem


Sometimes the slant height is given directly. Other times, you must find it first.


For both pyramids and cones, the slant height, the vertical height, and a horizontal distance in the base form a right triangle.


The Pythagorean theorem says:


a2+b2=c2

In these problems, the slant height is usually the hypotenuse, so:


l2=h2+x2

where:


  	h = vertical height

  	x = horizontal distance from the center of the base to the midpoint of a side, or to the edge depending on the shape

  	l = slant height




For a cone, the horizontal distance is the radius r, so:


l2=h2+r2

For a square pyramid, the horizontal distance from the center of the square base to the midpoint of one side is half the side length. If the side length is s, then:


l2=h2+(s2)2

Important reminder: Do not confuse the vertical height with the slant height. The vertical height goes straight down inside the solid. The slant height lies along the face of the pyramid or cone.


4. Step-by-Step Method


When solving surface area problems, use this order:


  	Identify the solid: pyramid or cone.

  	Decide whether the question asks for lateral area or total surface area.

  	Find the slant height if needed.

  	Use the correct formula.

  	Check whether to include the base.

  	Write the answer in square units.




Worked Example 1: Square Pyramid with Given Slant Height


A regular square pyramid has base side length 10 cm and slant height 13 cm. Find:


  	the lateral surface area

  	the total surface area




Step 1: Find the perimeter of the base.


P=4(10)=40 cm

Step 2: Find the lateral area.


LA=12Pl
LA=12(40)(13)
LA=20⋅13=260 cm2

Step 3: Find the base area.


The base is a square, so:


B=s2=102=100 cm2

Step 4: Find the total surface area.


SA=LA+B=260+100=360 cm2

Answer:


  	Lateral surface area: 260 cm2

  	Total surface area: 360 cm2




Worked Example 2: Cone with Given Radius and Slant Height


A cone has radius 5 m and slant height 12 m. Find the total surface area.


Step 1: Use the cone surface area formula.


SA=πrl+πr2

Step 2: Substitute the values.


SA=π(5)(12)+π(52)
SA=60π+25π
SA=85π m2

Step 3: Give an approximate decimal if needed.


85π≈266.9 m2

Answer: The total surface area is 85π m2, or about 266.9 m2.


Worked Example 3: Cone with Slant Height Found by Pythagorean Theorem


A cone has radius 6 cm and vertical height 8 cm. Find its lateral surface area.


Step 1: Find the slant height.


For a cone:


l2=h2+r2
l2=82+62
l2=64+36=100
l=10 cm

Step 2: Use the lateral area formula.


LA=πrl
LA=π(6)(10)=60π cm2

Step 3: Approximate if needed.


60π≈188.5 cm2

Answer: The lateral surface area is 60π cm2, or about 188.5 cm2.


Worked Example 4: Square Pyramid with Slant Height Found First


A regular square pyramid has base side length 14 cm and vertical height 24 cm. Find its total surface area.


Step 1: Find the slant height.


For a square pyramid, use half the side length:


s2=142=7 cm

Now apply the Pythagorean theorem:


l2=h2+(s2)2
l2=242+72
l2=576+49=625
l=25 cm

Step 2: Find the perimeter of the base.


P=4(14)=56 cm

Step 3: Find the lateral area.


LA=12Pl
LA=12(56)(25)
LA=28⋅25=700 cm2

Step 4: Find the base area.


B=142=196 cm2

Step 5: Find the total surface area.


SA=LA+B=700+196=896 cm2

Answer: The total surface area is 896 cm2.


5. Common Mistakes to Avoid



  	Using height instead of slant height. Surface area formulas for pyramids and cones use l, not the vertical height h.

  	Forgetting the base. If the problem asks for total surface area, include the base area.

  	Adding the wrong base area. A pyramid’s base depends on its shape. A cone’s base is always a circle.

  	Using the full side length instead of half when finding the slant height of a square pyramid.

  	Forgetting square units. Surface area must be written in units like cm2, m2, or in2.




6. Quick Formula List



  	Regular pyramid lateral area: LA=12Pl

  	Regular pyramid total surface area: SA=12Pl+B

  	Cone lateral area: LA=πrl

  	Cone total surface area: SA=πrl+πr2

  	Cone slant height: l2=h2+r2

  	Square pyramid slant height: l2=h2+(s2)2




7. Final Summary


To find the surface area of pyramids and cones, separate the problem into lateral area and base area. For pyramids, use 12Pl. For cones, use πrl.


If the slant height is missing, use the Pythagorean theorem to find it. Then substitute carefully into the correct formula and check whether the question wants lateral surface area only or total surface area.


  
  Put what you read to the test

  You've worked through Surface Area of Pyramids and Cones. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1213
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  Volume of Polyhedra and Cylinders


In spatial geometry, volume measures how much space a three-dimensional object takes up. We usually measure volume in cubic units, such as \cm^3\, \m^3\, or \in^3\.


In this lesson, you will learn how to calculate the volume of common solid shapes: prisms, pyramids, cylinders, and cones. You will also see an important pattern: pyramids and cones have one-third the volume of related prisms and cylinders when they have the same base area and height.


1. The Main Idea of Volume


Many volume formulas are built from the same simple idea:


Volume=base area×height

This works directly for solids with a constant cross-section, such as prisms and cylinders.


For solids that come to a point, such as pyramids and cones, the volume is one-third of the related prism or cylinder:


Volume=13(base area×height)

2. Volume of a Prism


A prism has two parallel, congruent bases, and the same cross-section all the way through. Examples include rectangular prisms and triangular prisms.


The formula for any prism is:


V=Bh

where:


  	\V\ = volume

  	\B\ = area of the base

  	\h\ = perpendicular height of the prism




For a rectangular prism, the base area is length times width, so:


V=lwh

3. Volume of a Cylinder


A cylinder is like a prism with a circular base. Since the base is a circle, its area is:


B=πr2

So the volume of a cylinder is:


V=πr2h

where:


  	\r\ = radius of the circular base

  	\h\ = perpendicular height




4. Volume of a Pyramid


A pyramid has a polygon base and triangular faces that meet at a single point called the apex.


The volume formula is:


V=13Bh

This means a pyramid with the same base area and height as a prism has only one-third of the prism’s volume.


5. Volume of a Cone


A cone is similar to a pyramid, but it has a circular base.


Its base area is \\pi r^2\, so its volume formula is:


V=13πr2h

Like the pyramid, a cone has one-third the volume of a cylinder with the same base and height.


6. Understanding the One-Third Relationship


This relationship is very important:


  	A pyramid and a prism with the same base area and height satisfy: \V_{\text{pyramid}} = \frac{1}{3}V_{\text{prism}}\

  	A cone and a cylinder with the same base area and height satisfy: \V_{\text{cone}} = \frac{1}{3}V_{\text{cylinder}}\




You can also reverse this idea:


  	The prism’s volume is 3 times the pyramid’s volume.

  	The cylinder’s volume is 3 times the cone’s volume.




This helps a lot when comparing solids instead of calculating each one from the start.


7. Important Notes About Height


In every volume formula, the height must be the perpendicular distance from the base to the top or apex. It is not always the slanted side.


For example, in a cone, the slant height is used in surface area problems, but not in the volume formula. Volume uses the straight up-and-down height.


8. Worked Examples


Example 1: Volume of a Rectangular Prism


A rectangular prism has length 8 cm, width 5 cm, and height 3 cm. Find its volume.


Step 1: Use the prism formula.


V=lwh

Step 2: Substitute the values.


V=8×5×3

V=120

Answer: The volume is \120\,cm^3\.


Example 2: Volume of a Cylinder


A cylinder has radius 4 m and height 10 m. Find its volume.


Step 1: Use the cylinder formula.


V=πr2h

Step 2: Substitute the values.


V=π(4)2(10)

V=π(16)(10)=160π

Step 3: Give an exact or approximate answer.


V=160π m3≈502.7 m3

Answer: The volume is \160\pi\,m^3\, or about \502.7\,m^3\.


Example 3: Volume of a Pyramid


A pyramid has a square base with side length 6 cm and perpendicular height 9 cm. Find its volume.


Step 1: Find the base area.


B=62=36 cm2

Step 2: Use the pyramid formula.


V=13Bh

Step 3: Substitute.


V=13(36)(9)

V=12×9=108

Answer: The volume is \108\,cm^3\.


Example 4: Comparing a Cone and a Cylinder


A cone and a cylinder have the same radius, 3 cm, and the same height, 12 cm. Compare their volumes.


Step 1: Find the cylinder’s volume.


Vcyl=πr2h=π(3)2(12)

Vcyl=π(9)(12)=108π

Step 2: Use the one-third relationship for the cone.


Vcone=13Vcyl=13(108π)=36π

Step 3: State the comparison.



  	Cylinder volume: \108\pi\,cm^3\

  	Cone volume: \36\pi\,cm^3\

  	The cylinder has 3 times the volume of the cone.




9. Common Mistakes to Avoid



  	Using the wrong height: Use the perpendicular height, not a slanted edge.

  	Forgetting the base area: In \V = Bh\, you must calculate the full area of the base first.

  	Forgetting the \\frac{1}{3}\: Pyramids and cones need the extra factor of one-third.

  	Mixing radius and diameter: If you are given the diameter, divide by 2 to get the radius.

  	Incorrect units: Volume must be written in cubic units, such as \cm^3\ or \m^3\.




10. Problem-Solving Strategy



  	Identify the solid: prism, cylinder, pyramid, or cone.

  	Find the base area \B\.

  	Use the correct formula.

  	Substitute carefully, including units.

  	Check whether the shape needs the factor \\frac{1}{3}\.




11. Quick Formula List



  	Prism: \V = Bh\

  	Rectangular prism: \V = lwh\

  	Cylinder: \V = \pi r^2 h\

  	Pyramid: \V = \frac{1}{3}Bh\

  	Cone: \V = \frac{1}{3}\pi r^2 h\




12. Summary


Volume tells us how much space a solid occupies. For prisms and cylinders, volume equals base area times height. For pyramids and cones, volume is one-third of that amount.


If two solids have the same base area and height, then a pyramid has one-third the volume of the prism, and a cone has one-third the volume of the cylinder. When solving problems, always identify the shape, use the correct base area, and make sure the height is perpendicular.


  
  Put what you read to the test

  You've worked through Volume of Polyhedra and Cylinders. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1214
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  Properties of Spheres


In spatial geometry, a sphere is a perfectly round 3-dimensional shape. Every point on the surface of a sphere is the same distance from its center. That fixed distance is called the radius.


Spheres appear in many real-life situations, such as balls, bubbles, planets, and storage tanks. To solve geometry problems involving spheres, we usually need to calculate their surface area or volume.


This lesson will teach you the main properties of spheres and hemispheres, the formulas you need, and how to apply them in worked examples.


1. Key parts of a sphere



  	Center: the middle point of the sphere

  	Radius \r\: the distance from the center to any point on the surface

  	Diameter \d\: the distance across the sphere through the center




The diameter is always twice the radius:


d=2r


So if you know one, you can find the other:


r=d2


2. Surface area of a sphere


The surface area tells us how much material is needed to cover the outside of a sphere.


The formula is:


SA=4πr2


This means the surface area depends on the square of the radius. If the radius gets larger, the surface area increases quickly.


3. Volume of a sphere


The volume tells us how much space is inside the sphere.


The formula is:


V=43πr3


This formula uses the cube of the radius, so small changes in radius can cause big changes in volume.


4. Hemisphere


A hemisphere is half of a sphere. It is formed when a sphere is cut into two equal parts through its center.


Because it is half of a sphere, its volume is half the volume of a sphere:


Vhemisphere=12(43πr3)=23πr3


For surface area, you must be careful. A hemisphere has two possible surface area questions:



  	Curved surface area only: just the rounded outside

  	Total surface area: the curved part plus the flat circular base




The curved surface area of a hemisphere is half the surface area of a sphere:


CSA=2πr2


The area of the circular base is:


πr2


So the total surface area of a hemisphere is:


TSA=2πr2+πr2=3πr2


5. Important formula list



  	Diameter of a sphere: \d = 2r\

  	Radius of a sphere: \r = \frac{d}{2}\

  	Surface area of a sphere: \SA = 4\pi r^2\

  	Volume of a sphere: \V = \frac{4}{3}\pi r^3\

  	Volume of a hemisphere: \V = \frac{2}{3}\pi r^3\

  	Curved surface area of a hemisphere: \CSA = 2\pi r^2\

  	Total surface area of a hemisphere: \TSA = 3\pi r^2\




6. Units and answers


Always pay attention to units:



  	Lengths are measured in units such as cm, m, or mm.

  	Surface area is measured in square units, such as \\text{cm}^2\ or \\text{m}^2\.

  	Volume is measured in cubic units, such as \\text{cm}^3\ or \\text{m}^3\.




If a question asks for an exact answer, leave your answer in terms of \\pi\. If it asks for a decimal answer, use a calculator and round as instructed.


7. Worked Example 1: Finding the surface area of a sphere


Question: Find the surface area of a sphere with radius \5\text{ cm}\.


Step 1: Write the formula.


SA=4πr2


Step 2: Substitute \r = 5\.


SA=4π(5)2


SA=4π(25)


SA=100π


Step 3: Give the answer.


The exact surface area is:


100π cm2


As a decimal:


100π≈314.16 cm2


Worked Example 2: Finding the volume from the diameter


Question: A sphere has diameter \12\text{ m}\. Find its volume.


Step 1: Find the radius.


r=d2=122=6 m


Step 2: Use the volume formula.


V=43πr3


V=43π(6)3


V=43π(216)


V=288π


Step 3: State the answer.


The exact volume is:


288π m3


As a decimal:


288π≈904.78 m3


Worked Example 3: Hemisphere total surface area


Question: Find the total surface area of a hemisphere with radius \4\text{ cm}\.


Step 1: Choose the correct formula.


Because this is total surface area, we include the curved surface and the flat base:


TSA=3πr2


Step 2: Substitute \r = 4\.


TSA=3π(4)2


TSA=3π(16)


TSA=48π


Step 3: Give the answer.


The total surface area is:


48π cm2


As a decimal:


48π≈150.80 cm2


Worked Example 4: Applied problem with a hemisphere


Question: A bowl is shaped like a hemisphere with radius \7\text{ cm}\. How much water can it hold?


This is asking for the volume of the hemisphere.


Step 1: Use the hemisphere volume formula.


V=23πr3


Step 2: Substitute \r = 7\.


V=23π(7)3


V=23π(343)


V=6863π


Step 3: Write the answer.


The exact volume is:


6863π cm3


As a decimal:


6863π≈718.38 cm3


So the bowl can hold about \718.38\text{ cm}^3\ of water.


8. Common mistakes to avoid



  	Using the diameter instead of the radius: Most formulas use \r\, not \d\. Always check first.

  	Mixing up area and volume formulas: Surface area uses \r^2\, but volume uses \r^3\.

  	Forgetting the base of a hemisphere: Total surface area is not just the curved part.

  	Wrong units: Use square units for area and cubic units for volume.

  	Rounding too early: Keep values exact until the final step when possible.




9. How scaling affects a sphere


Sometimes a question changes the size of a sphere. It is important to know how this affects surface area and volume.


If the radius is multiplied by a scale factor \k\:



  	The surface area is multiplied by \k^2\.

  	The volume is multiplied by \k^3\.




For example, if the radius doubles:



  	Surface area becomes \2^2 = 4\ times as large.

  	Volume becomes \2^3 = 8\ times as large.




This is very useful in applied geometry problems.


10. Quick check for understanding



  	What is the relationship between diameter and radius?

  	What formula gives the surface area of a sphere?

  	What is the difference between curved surface area and total surface area for a hemisphere?

  	If the radius of a sphere triples, by what factor does the volume increase?




Answers:



  	\d = 2r\

  	\SA = 4\pi r^2\

  	Curved surface area includes only the rounded part; total surface area includes the rounded part and the circular base.

  	The volume increases by \3^3 = 27\.




11. Summary


A sphere is a 3-dimensional shape where every point on the surface is the same distance from the center. The most important measurements are the radius and diameter, with \d = 2r\.


To solve problems with spheres, use:



  	SA=4πr2

  	V=43πr3




For hemispheres, remember that volume is half the sphere’s volume, and surface area depends on whether the flat circular base is included. Careful formula choice, correct units, and checking whether you are given radius or diameter will help you avoid mistakes.


  
  Put what you read to the test

  You've worked through Properties of Spheres. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1215
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  Mensuration of Composite Solids


In mensuration, we measure lengths, areas, and volumes of geometric figures. When a solid is made by combining two or more simple solids, or by removing one solid from another, it is called a composite solid.


Examples of composite solids include a cylinder with a hemisphere on top, a cuboid with a cone attached, or a block with a cylindrical hole drilled through it. In these shapes, we often need to find the volume and surface area.


This lesson explains how to break complex solids into simpler parts, how to handle hidden or removed surfaces correctly, and how to calculate volume and surface area step by step.


1. What is a composite solid?


A composite solid is a 3-dimensional object formed by:


  	joining simple solids, or

  	cutting out one solid from another.




The simple solids you usually work with in Grade 11 are:


  	cube

  	cuboid (rectangular prism)

  	cylinder

  	cone

  	sphere

  	hemisphere

  	prism

  	pyramid




To solve mensuration problems involving composite solids, the main idea is:


  	Identify the simple solids involved.

  	Decide whether they are added or removed.

  	Use the correct formulas for each part.

  	Be careful with common surfaces that are hidden inside the solid.




2. Important formulas


Here are the formulas you will use most often.


Cuboid

Volume:

V=lwh
Total surface area:

TSA=2(lw+lh+wh)

Cube

Volume:

V=a3
Total surface area:

TSA=6a2

Cylinder

Volume:

V=πr2h
Curved surface area:

CSA=2πrh
Total surface area:

TSA=2πrh+2πr2

Cone

Volume:

V=13πr2h
Curved surface area:

CSA=πrl
Total surface area:

TSA=πrl+πr2
where the slant height is

l=r2+h2

Sphere

Volume:

V=43πr3
Surface area:

SA=4πr2

Hemisphere

Volume:

V=23πr3
Curved surface area:

CSA=2πr2
Total surface area:

TSA=3πr2

3. Volume of a composite solid


The volume of a composite solid is usually the easiest part. You simply:


  	add the volumes of parts that are joined, and

  	subtract the volumes of parts that are removed.




So in general:

Volume of composite solid=sum of added volumes−sum of removed volumes

4. Surface area of a composite solid


Surface area needs more care than volume. Not every face of the smaller solids appears on the outside of the final shape.


When two solids are attached, the touching surfaces become internal surfaces. These hidden surfaces are not included in the external surface area.


When a hole or cavity is made, the newly exposed inside surface may need to be included, depending on the question. If the hole is open to the outside, its inner wall is part of the surface area. But the part removed from contact inside the object is not counted twice.


Useful surface area rule:

External surface area=sum of surface areas of parts−hidden joined areas

If a common face is fully hidden after joining, it usually gets removed twice, because it was counted once in each solid.


5. Step-by-step method


For any composite solid, follow this method:


  	Draw or imagine the solid clearly.

  	Split it into familiar shapes.

  	Mark all dimensions carefully.

  	Find the volume or surface area of each part.

  	Add or subtract as needed.

  	Check whether any surfaces are hidden, internal, or removed.

  	Write the final answer with correct units.




6. Worked Example 1: Cylinder with a hemisphere on top


A solid consists of a cylinder of radius 3 cm and height 10 cm, with a hemisphere of the same radius attached on top. Find:


  	the total volume

  	the external surface area




Step 1: Identify the parts


  	One cylinder

  	One hemisphere




Step 2: Volume


Volume of cylinder:

V1=πr2h=π(3)2(10)=90π

Volume of hemisphere:

V2=23πr3=23π(3)3=23π(27)=18π

Total volume:

V=90π+18π=108π cm3

So,

V=108π cm3

Step 3: Surface area


The circular top of the cylinder is covered by the hemisphere, so that circle is hidden and should not be counted.


External surface area consists of:


  	curved surface of cylinder

  	curved surface of hemisphere

  	base of cylinder




Curved surface area of cylinder:

2πrh=2π(3)(10)=60π

Curved surface area of hemisphere:

2πr2=2π(3)2=18π

Base of cylinder:

πr2=π(3)2=9π

Total external surface area:

SA=60π+18π+9π=87π cm2

Answer:


  	Volume = 108π cm3

  	External surface area = 87π cm2




7. Worked Example 2: Cuboid with a cylindrical hole through it


A rectangular block has length 12 cm, width 8 cm, and height 6 cm. A cylindrical hole of radius 2 cm is drilled straight through the height of the block. Find:


  	the remaining volume

  	the total surface area of the new solid




Step 1: Volume of the original cuboid

Vcuboid=lwh=12×8×6=576 cm3

Step 2: Volume of the cylindrical hole

The cylinder has radius 2 cm and height 6 cm.

Vhole=πr2h=π(2)2(6)=24π

Step 3: Remaining volume

V=576−24π cm3

Step 4: Surface area


First find the original surface area of the cuboid:

TSA=2(lw+lh+wh)
=2(12×8+12×6+8×6)
=2(96+72+48)
=2(216)=432 cm2

Now consider the effect of the hole:


  	Two circular areas are removed from the top and bottom faces.

  	The curved inner wall of the cylindrical hole is added.




Area removed from top and bottom:

2πr2=2π(2)2=8π

Curved surface area added inside hole:

2πrh=2π(2)(6)=24π

New total surface area:

SA=432−8π+24π=432+16π cm2

Answer:


  	Remaining volume = 576−24π cm3

  	Total surface area = 432+16π cm2




8. Worked Example 3: A cone on top of a cylinder


A toy is made by attaching a cone to the top of a cylinder. Both have radius 4 cm. The cylinder has height 9 cm, and the cone has height 3 cm. Find:


  	the total volume

  	the external surface area




Step 1: Volume of cylinder

V1=πr2h=π(4)2(9)=144π

Step 2: Volume of cone

V2=13πr2h=13π(4)2(3)=16π

Total volume:

V=144π+16π=160π cm3

Step 3: Surface area


The common circular face between the cone and cylinder is hidden, so it is not included.


We need:


  	curved surface area of cylinder

  	curved surface area of cone

  	base of cylinder




First find the slant height of the cone:

l=r2+h2=42+32=16+9=5

Curved surface area of cylinder:

2πrh=2π(4)(9)=72π

Curved surface area of cone:

πrl=π(4)(5)=20π

Base of cylinder:

πr2=π(4)2=16π

Total external surface area:

SA=72π+20π+16π=108π cm2

Answer:


  	Volume = 160π cm3

  	External surface area = 108π cm2




9. Worked Example 4: A hemisphere removed from a cube


A solid cube has side length 10 cm. A hemispherical cavity of radius 3 cm is scooped out from the top face. Find:


  	the volume of the remaining solid

  	the total surface area of the remaining solid




Step 1: Volume of cube

Vcube=103=1000 cm3

Step 2: Volume of hemisphere removed

Vhemi=23πr3=23π(3)3=18π

Remaining volume:

V=1000−18π cm3

Step 3: Surface area


Original surface area of cube:

SAcube=6a2=6(102)=600 cm2

When the hemispherical cavity is made:


  	the circular opening on the top face is removed from the flat surface,

  	the curved inside surface of the hemisphere is added.




Circular area removed from top face:

πr2=π(3)2=9π

Curved surface area of hemisphere added:

2πr2=2π(3)2=18π

Total surface area of remaining solid:

SA=600−9π+18π=600+9π cm2

Answer:


  	Remaining volume = 1000−18π cm3

  	Total surface area = 600+9π cm2




10. Common mistakes to avoid


  	Counting hidden faces: If two solids are joined, the touching faces are inside the shape and should not be counted in the external surface area.

  	Forgetting inside surfaces of holes or cavities: The inner curved surface may be part of the final surface area.

  	Using total surface area instead of curved surface area: For joined solids, only the exposed parts count.

  	Mixing dimensions: Make sure each radius, height, length, or width belongs to the correct solid.

  	Wrong units: Volume uses cubic units such as cm3, while surface area uses square units such as cm2.




11. Quick strategy for exam questions


  	Write the names of the simple solids present.

  	Decide whether the question asks for volume, surface area, or both.

  	For volume: add or subtract volumes.

  	For surface area: include only surfaces you can actually touch from outside, unless an inner cavity is open and exposed.

  	Check whether any circles, rectangles, or curved surfaces are hidden due to joining.

  	Leave answers in terms of π unless a decimal value is requested.




12. Brief summary


A composite solid is formed by joining or removing simple 3D solids. To find its volume, split the object into known shapes and add or subtract their volumes. To find its surface area, count only the exposed surfaces and exclude hidden joined faces, while including any exposed inner surfaces of holes or cavities.


With practice, the key skill is learning to visualize the solid carefully. Once you identify what is added, what is removed, and what is hidden, the calculations become much easier.


  
  Put what you read to the test

  You've worked through Mensuration of Composite Solids. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1216
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  Sample Spaces and Events are the foundation of probability. Before we can calculate how likely something is, we need to know all the possible outcomes of an experiment and decide which of those outcomes match the event we care about.


In probability, a random experiment is an action or process with an outcome that cannot be predicted with certainty ahead of time. Examples include tossing a coin, rolling a die, or choosing a card from a deck.


This lesson will show you how to describe a random experiment using a sample space, how to define different kinds of events, and how these ideas help us organize probability questions clearly and correctly.


1. What is a sample space?


A sample space is the set of all possible outcomes of a random experiment. We usually use the letter S to represent the sample space.


If one fair coin is tossed, the possible outcomes are Head and Tail. So the sample space is


S={H,T}


If a standard six-sided die is rolled once, the sample space is


S={1,2,3,4,5,6}


Every valid outcome must appear in the sample space, and nothing impossible should be included. A complete sample space is very important because probabilities are based on it.


2. How to list a sample space


When building a sample space, ask yourself:



  	What experiment is happening?

  	What are all the possible outcomes?

  	How can I represent them clearly?




There are different ways to list sample spaces:



  	Listing outcomes directly, such as {1,2,3,4,5,6}

  	Using ordered pairs, such as (1,2) for rolling two dice

  	Using tables or tree diagrams when there are several stages




For example, if two coins are tossed, the order matters because the first and second toss can be different. The sample space is


S={HH,HT,TH,TT}


Notice that HT and TH are different outcomes because they happen in a different order.


3. What is an event?


An event is any set of outcomes from the sample space. In other words, an event is a collection of outcomes we are interested in.


If a die is rolled and we want the event “an even number,” then the event is


E={2,4,6}


Because events are made from outcomes in the sample space, every event is a subset of the sample space.


For the die example, since


S={1,2,3,4,5,6}


the event E={2,4,6} is part of that sample space.


4. Simple events and compound events


A simple event contains exactly one outcome.


For example, when rolling a die, the event “rolling a 3” is


A={3}


This is a simple event because it has only one outcome.


A compound event contains more than one outcome.


For example, the event “rolling a number greater than 4” is


B={5,6}


This is a compound event because it has two outcomes.


So:



  	Simple event: one outcome

  	Compound event: two or more outcomes




5. Complementary events


The complement of an event is everything in the sample space that is not in the event.


If event A is “rolling an even number” on a die, then


A={2,4,6}


The complement of A, written as A′ or sometimes Ac, is


A′={1,3,5}


This means “not rolling an even number.”


Event A and its complement together make up the whole sample space, and they do not overlap.


In probability, this leads to the useful rule


P(A′)=1−P(A)


This rule is helpful when it is easier to find the probability of an event first and then subtract from 1.


6. The empty event and the certain event


Two special events appear often in probability:



  	The empty event, written ∅, has no outcomes. It is impossible.

  	The certain event is the whole sample space S. It must happen.




For example, if a die is rolled:



  	“Rolling a 7” is impossible, so the event is ∅.

  	“Rolling a number less than 7” is certain, so the event is S.




7. Counting outcomes carefully


Many mistakes in probability happen because the sample space is not written carefully. You must make sure each outcome is:



  	Possible

  	Counted once

  	Clearly distinguished from other outcomes




For example, when rolling two dice, the outcome (2,5) is different from (5,2) because the first die and second die are separate.


The sample space for rolling two dice has 6×6=36 outcomes.


8. Worked Example 1: One coin toss


Experiment: Toss one coin.


Step 1: Write the sample space.


S={H,T}


Step 2: Define an event. Let event A be “getting a head.”


A={H}


Step 3: Classify the event.


Since A has only one outcome, it is a simple event.


Step 4: Find the complement.


The complement is “not getting a head,” so


A′={T}


9. Worked Example 2: One die roll


Experiment: Roll a fair six-sided die.


Step 1: Write the sample space.


S={1,2,3,4,5,6}


Step 2: Define some events.



  	Event A: rolling a prime number

  	Event B: rolling a number less than 4




The prime numbers on a die are 2,3,5, so


A={2,3,5}


The numbers less than 4 are 1,2,3, so


B={1,2,3}


Step 3: Classify the events.



  	A is a compound event because it has three outcomes.

  	B is also a compound event because it has three outcomes.




Step 4: Find a complement.


The complement of B is “not less than 4,” so


B′={4,5,6}


10. Worked Example 3: Two coin tosses


Experiment: Toss two coins.


Step 1: Write the sample space.


S={HH,HT,TH,TT}


Step 2: Define the event C: getting exactly one head.


Exactly one head happens in outcomes HT and TH, so


C={HT,TH}


Step 3: Is this simple or compound?


Because there are two outcomes, C is a compound event.


Step 4: Find the complement.


The complement means “not exactly one head,” so the remaining outcomes are HH and TT.


C′={HH,TT}


11. Worked Example 4: Rolling two dice


Experiment: Roll two fair six-sided dice.


Step 1: Describe the sample space.


Each outcome is an ordered pair (x,y), where x is the first die and y is the second die. Since each die has 6 possible outcomes, there are


6×6=36


possible outcomes in the sample space.


We do not always need to list all 36 outcomes, but they range from (1,1) to (6,6).


Step 2: Define event D: the sum is 7.


The pairs that add to 7 are


D={(1,6),(2,5),(3,4),(4,3),(5,2),(6,1)}


Step 3: Classify the event.


Since D has 6 outcomes, it is a compound event.


Step 4: Define event E: doubles.


Doubles means both dice show the same number:


E={(1,1),(2,2),(3,3),(4,4),(5,5),(6,6)}


This is also a compound event.


12. Connecting sample spaces to probability


Once the sample space and event are written correctly, probability becomes much easier.


If all outcomes in the sample space are equally likely, then the probability of an event A is


P(A)=number of outcomes in Anumber of outcomes in S


For example, if a die is rolled and A={2,4,6}, then


P(A)=36=12


This works because there are 3 favorable outcomes out of 6 total outcomes.


13. Common mistakes to avoid



  	Leaving out outcomes from the sample space

  	Including impossible outcomes

  	Ignoring order when order matters, such as with two coin tosses or two dice

  	Confusing an event with a single outcome

  	Forgetting that the complement includes everything not in the event




Always check: Is my sample space complete? Does my event include exactly the outcomes described in the question?


14. Key ideas to remember



  	A sample space is the set of all possible outcomes.

  	An event is a set of outcomes from the sample space.

  	A simple event has one outcome.

  	A compound event has more than one outcome.

  	The complement of an event is everything in the sample space that is not in the event.

  	Correct probability starts with a correct sample space.




Brief Summary


To solve probability problems, first identify the random experiment and write its sample space. Then describe the event as the set of outcomes you want. Once you can distinguish simple, compound, and complementary events, you can organize probability questions clearly and calculate probabilities with confidence.


  
  Put what you read to the test

  You've worked through Sample Spaces and Events. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1217
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  Lesson: Theoretical vs. Empirical Probability


Probability is a way of measuring how likely something is to happen. In everyday life, we use probability when we talk about weather forecasts, games, sports, and even medical testing.


In this lesson, you will learn about two important ways to describe probability: theoretical probability and empirical probability. These ideas are closely related, but they are not the same. Understanding the difference helps you decide whether a probability comes from mathematical reasoning or from actual data.


1. What is theoretical probability?


Theoretical probability is the probability you calculate using what you know about all possible outcomes, before doing an experiment many times. It is based on reasoning about equally likely outcomes.


The basic formula is:


Theoretical Probability=Number of favorable outcomesTotal number of possible outcomes


This works best when the outcomes are equally likely. For example, when flipping a fair coin, the two possible outcomes are heads and tails, and each is equally likely.


So the theoretical probability of getting heads is:


P(heads)=12


Similarly, for a fair six-sided die, the theoretical probability of rolling a 4 is:


P(4)=16


2. What is empirical probability?


Empirical probability is based on observed results from an experiment or collected data. It tells you how often an event actually happened in a set of trials.


The formula is:


Empirical Probability=Number of times the event occurredTotal number of trials


For example, suppose you flip a coin 20 times and get 13 heads. Then the empirical probability of heads is:


P(heads)=1320=0.65


This result is different from the theoretical probability of 12. That does not necessarily mean anything is wrong. In a small number of trials, results often vary from the theoretical probability.


3. The key difference


The main difference is where the probability comes from:



  	Theoretical probability comes from the structure of the situation and mathematical reasoning.

  	Empirical probability comes from experimental data or observations.




Another way to think about it is:



  	Theoretical probability asks: What should happen?

  	Empirical probability asks: What did happen?




4. Why are they often different?


Theoretical and empirical probabilities are often close, but they are not always exactly the same.


This is because real experiments involve a limited number of trials. Random variation can cause short-run results to differ from expected values.


For example, even though a fair coin has a theoretical probability of 12 for heads, you might get 7 heads in 10 flips:


710=0.7


That does not mean the coin must be unfair. It may just be natural variation in a small sample.


As the number of trials increases, the empirical probability usually gets closer to the theoretical probability. This idea is called long-run relative frequency.


So if you flip a fair coin 10 times, the empirical probability might be far from 0.5. But if you flip it 10,000 times, the empirical probability will usually be much closer to 0.5.


5. When to use each type


Use theoretical probability when:



  	All possible outcomes are known.

  	The outcomes are equally likely.

  	You want to predict probability before collecting data.




Use empirical probability when:



  	You have data from experiments or observations.

  	The situation may be too complicated to analyze theoretically.

  	You want to estimate probability from real-world results.




6. Worked Example 1: Rolling a die


A fair six-sided die is rolled once. Find the theoretical probability of rolling an even number.


Step 1: List the possible outcomes.


The outcomes are 1,2,3,4,5,6, so there are 6 total outcomes.


Step 2: Find the favorable outcomes.


The even numbers are 2,4,6, so there are 3 favorable outcomes.


Step 3: Use the formula.


P(even)=36=12


Answer: The theoretical probability is 12.


7. Worked Example 2: Probability from data


A student rolls a die 50 times and gets a 6 on 11 rolls. Find the empirical probability of rolling a 6.


Step 1: Count how many times the event happened.


The event “roll a 6” happened 11 times.


Step 2: Count the total number of trials.


The die was rolled 50 times.


Step 3: Use the empirical formula.


P(6)=1150=0.22


Answer: The empirical probability is 1150, or 0.22.


Compare: The theoretical probability of rolling a 6 on a fair die is:


16≈0.167


The empirical probability 0.22 is higher, but that can happen in a sample of only 50 rolls.


8. Worked Example 3: Comparing theoretical and empirical probability


A bag contains 5 red marbles, 3 blue marbles, and 2 green marbles. One marble is selected at random.


Part A: Find the theoretical probability of selecting a blue marble.


Step 1: Find the total number of marbles.


5+3+2=10


Step 2: Find the number of favorable outcomes.


There are 3 blue marbles.


Step 3: Calculate theoretical probability.


P(blue)=310=0.3


Part B: Suppose the experiment is repeated 40 times, and a blue marble is selected 14 times. Find the empirical probability.


P(blue)=1440=720=0.35


Compare:



  	Theoretical probability: 0.3

  	Empirical probability: 0.35




The two values are close, but not exactly equal. This is normal in experimental data.


9. Worked Example 4: A more realistic situation


A basketball player attempts 80 free throws and makes 62 of them.


Part A: What is the empirical probability that the player makes a free throw?


P(make)=6280=3140=0.775


So the empirical probability is 0.775, or 77.5%.


Part B: Why is empirical probability more useful than theoretical probability here?


In this situation, there is no simple set of equally likely outcomes like there is with a coin or die. A free throw depends on skill, practice, fatigue, and other real-life factors.


That means empirical probability is the better choice because it uses actual performance data.


10. Important ideas to remember



  	Theoretical probability is based on possible outcomes and mathematical reasoning.

  	Empirical probability is based on observed results from trials or experiments.

  	Empirical probability can change when more data is collected.

  	With many trials, empirical probability often gets closer to theoretical probability.

  	If outcomes are not equally likely or the situation is based on real-world performance, empirical probability is often more useful.




11. Common mistakes



  	Mixing up formulas: theoretical uses favorable outcomes over total possible outcomes, while empirical uses number of times the event happened over total trials.

  	Assuming experimental results must exactly match theory: they usually do not, especially with a small number of trials.

  	Using theoretical probability when outcomes are not equally likely: not every real-life situation can be handled with simple counting.

  	Ignoring sample size: larger samples usually give more reliable empirical estimates.




12. Quick comparison table



  	Theoretical probability: based on what should happen

  	Empirical probability: based on what actually happened

  	Theoretical formula: favorable outcomestotal possible outcomes

  	Empirical formula: times event occurredtotal trials

  	Theoretical example: probability of rolling a 2 on a fair die is 16

  	Empirical example: if a 2 appears 9 times in 40 rolls, the empirical probability is 940




Brief Summary


Theoretical and empirical probability are two different ways to describe how likely an event is. Theoretical probability is found by reasoning about all possible outcomes, while empirical probability is found from experimental data. In small samples, they may differ, but as more trials are performed, empirical probability often moves closer to theoretical probability.


  
  Put what you read to the test

  You've worked through Theoretical vs. Empirical Probability. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1218
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  Mutually Exclusive Events and the Addition Rule


In probability, we often want to find the chance that one event or another event happens. For example, what is the probability of rolling a 2 or a 5? Or choosing a card that is a heart or a king?


To answer questions like these, we use the addition rule. This rule helps us combine probabilities correctly, especially when events may overlap.


This lesson will help you:


  	understand what mutually exclusive events are,

  	tell the difference between events that can happen together and those that cannot,

  	use the general addition rule,

  	and solve probability problems involving the word or.




1. What does “mutually exclusive” mean?


Two events are mutually exclusive if they cannot happen at the same time.


In other words, if event A happens, then event B cannot happen on that same trial. Their overlap is empty.


Mathematically, for mutually exclusive events:


P(A and B)=0

This means there is no outcome that belongs to both events.


Examples of mutually exclusive events:


  	Rolling a die and getting a 3 or a 6 on the same roll

  	Choosing one card and getting a queen or a jack

  	Tossing one coin and getting heads or tails




Examples that are not mutually exclusive:


  	Choosing one card and getting a heart or a king

  	Choosing a student who is in soccer or in music, because a student could be in both

  	Choosing a number from 1 to 10 that is even or greater than 6, because some numbers satisfy both




2. The meaning of “or” in probability


In probability, the word or usually means at least one of the events happens.


So A or B includes:


  	outcomes in A only,

  	outcomes in B only,

  	and outcomes in both A and B.




This is why we must be careful when adding probabilities. If some outcomes are counted in both events, we could accidentally count them twice.


3. The general addition rule


For any two events A and B, the probability that A or B happens is:


P(A or B)=P(A)+P(B)−P(A and B)

This is called the general addition rule.


Why do we subtract P(A and B)? Because if we add P(A) and P(B), any outcomes in both events get counted twice. Subtracting the overlap fixes that.


4. Special case: mutually exclusive events


If A and B are mutually exclusive, then:


P(A and B)=0

So the addition rule becomes simpler:


P(A or B)=P(A)+P(B)

This only works when the events cannot happen together.


5. How to decide which rule to use


When you see a probability question involving or, ask yourself:


  	Can the two events happen at the same time?

  	If no, they are mutually exclusive, so add directly.

  	If yes, use the general addition rule and subtract the overlap.




A quick check is to think about one single outcome. Could that outcome belong to both events? If yes, the events are not mutually exclusive.


6. Worked Example 1: Mutually exclusive events on a die


Question: A fair six-sided die is rolled once. What is the probability of getting a 2 or a 5?


Step 1: Define the events.


  	A: rolling a 2

  	B: rolling a 5




Step 2: Decide if they are mutually exclusive.

On one roll, you cannot get both 2 and 5. So they are mutually exclusive.


Step 3: Find each probability.

Since the die is fair:


P(A)=16,P(B)=16

Step 4: Add the probabilities.


P(A or B)=P(A)+P(B)=16+16=26=13

Answer: The probability is 13.


7. Worked Example 2: Not mutually exclusive events with cards


Question: One card is chosen from a standard 52-card deck. What is the probability that the card is a heart or a king?


Step 1: Define the events.


  	A: the card is a heart

  	B: the card is a king




Step 2: Decide if they are mutually exclusive.

No. The king of hearts is both a heart and a king, so the events overlap.


Step 3: Find the probabilities.


  	There are 13 hearts, so P(A)=1352

  	There are 4 kings, so P(B)=452

  	There is 1 king of hearts, so P(A and B)=152




Step 4: Use the general addition rule.


P(A or B)=P(A)+P(B)−P(A and B)

P(A or B)=1352+452−152=1652=413

Answer: The probability is 413.


Important note: If you had simply added 1352+452, you would have counted the king of hearts twice. That is why subtracting the overlap matters.


8. Worked Example 3: Using sets of numbers


Question: A number is chosen at random from 1 to 10. What is the probability that it is even or greater than 6?


Step 1: List the sample space.

The possible outcomes are:


{1,2,3,4,5,6,7,8,9,10}

Step 2: Define the events.


  	A: even numbers = {2,4,6,8,10}

  	B: numbers greater than 6 = {7,8,9,10}




Step 3: Find the overlap.

The numbers in both sets are:


A∩B={8,10}

So the events are not mutually exclusive.


Step 4: Compute the probabilities.


P(A)=510,P(B)=410,P(A and B)=210

Step 5: Apply the general addition rule.


P(A or B)=510+410−210=710

Answer: The probability is 710.


You can also check by listing all numbers that are even or greater than 6:


{2,4,6,7,8,9,10}

There are 7 favorable outcomes out of 10 total, which confirms 710.


9. Worked Example 4: Using given probabilities


Question: In a class,


  	P(S)=0.55 is the probability a student plays a sport,

  	P(M)=0.40 is the probability a student studies music,

  	P(S and M)=0.18 is the probability a student does both.




Find the probability that a randomly chosen student plays a sport or studies music.


Step 1: Use the general addition rule.


P(S or M)=P(S)+P(M)−P(S and M)

Step 2: Substitute the values.


P(S or M)=0.55+0.40−0.18

P(S or M)=0.77

Answer: The probability is 0.77.


This means there is a 77% chance that a randomly chosen student does at least one of the two activities.


10. Common mistakes to avoid



  	Adding probabilities when events overlap.
Always check whether the events can happen together.

  	Confusing “or” with “and”.
“Or” means at least one happens. “And” means both happen together.

  	Forgetting to subtract the overlap.
If the events are not mutually exclusive, subtract P(A and B).

  	Assuming all events with different names are mutually exclusive.
For example, “heart” and “king” are different descriptions, but one card can be both.




11. A helpful visual idea


Imagine two overlapping circles, one for event A and one for event B. The overlap represents outcomes that are in both events.


When you calculate P(A)+P(B), the overlap is counted twice. So you subtract it once:


P(A or B)=P(A)+P(B)−P(A and B)

If the circles do not overlap at all, then the events are mutually exclusive, and there is nothing to subtract.


12. Quick guide



  	If events cannot happen together:

  P(A or B)=P(A)+P(B)

  	If events can happen together:

  P(A or B)=P(A)+P(B)−P(A and B)

  	Mutually exclusive means:

  P(A and B)=0




13. Summary


Mutually exclusive events are events that cannot happen at the same time. For these events, the probability of A or B is just the sum of their probabilities.


If two events are not mutually exclusive, they overlap. In that case, use the general addition rule:


P(A or B)=P(A)+P(B)−P(A and B)

Whenever you see the word or, first ask: Can both events happen together? That question tells you which version of the addition rule to use.


  
  Put what you read to the test

  You've worked through Mutually Exclusive Events and Addition Rule. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1219
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  Independent Events and the Multiplication Rule


Probability helps us measure how likely something is to happen. In many problems, we want to know the chance that two events both happen. For example, what is the probability of flipping a head and then rolling an even number? Questions like this are answered using the multiplication rule.


To use this rule correctly, we must understand whether the events are independent or not. This lesson explains what independent events are, how to recognize them, and how to calculate joint probabilities using multiplication.


1. Review: What is an event?


An event is an outcome or a group of outcomes from a probability experiment.



  	Rolling a 3 on a die

  	Getting heads on a coin toss

  	Drawing a red card from a deck




The probability of an event A is written as P(A).


All probabilities are between 0 and 1:


0≤P(A)≤1

2. What does “independent” mean?


Two events are independent if the occurrence of one event does not change the probability of the other event.


In simple words, knowing that one event happened gives you no new information about whether the other event will happen.


For example:



  	Event A: getting heads on a coin toss

  	Event B: rolling a 4 on a die




The result of the coin toss does not affect the die roll, so these events are independent.


3. Multiplication rule for independent events


If two events A and B are independent, then the probability that both occur is:


P(A and B)=P(A∩B)=P(A)⋅P(B)

This is called the multiplication rule for independent events.


The symbol A∩B means “A and B” or “the intersection of A and B.”


4. Formal definition of independence


Mathematically, two events A and B are independent if and only if:


P(A∩B)=P(A)P(B)

This is not just a rule for calculating. It is also the definition of independence.


So if you are given probabilities and want to prove that two events are independent, you check whether this equation is true.


5. Important idea: independent does not mean mutually exclusive


Students often confuse independent with mutually exclusive.



  	Independent events: one event does not affect the other.

  	Mutually exclusive events: both events cannot happen at the same time.




For example, when rolling one die:



  	Event A: rolling an even number

  	Event B: rolling an odd number




These are mutually exclusive because a roll cannot be both even and odd.


But they are not independent, because if you know the roll is even, then the probability of odd becomes 0.


In fact, if two events are mutually exclusive and both have nonzero probability, they cannot be independent.


6. How to identify independent events


Events are often independent in situations like these:



  	Tossing a coin and rolling a die

  	Two separate spins of a spinner

  	Drawing a card, replacing it, then drawing again




Events are often not independent when one result changes the next one, such as drawing cards without replacement.


7. Worked Example 1: Basic multiplication with independent events


A fair coin is tossed and a fair six-sided die is rolled. What is the probability of getting heads and a 5?


Step 1: Find each probability.


P(heads)=12
P(5)=16

Step 2: Decide if the events are independent.


The coin toss does not affect the die roll, so the events are independent.


Step 3: Multiply.


P(heads and 5)=12⋅16=112

Answer: The probability is 112.


8. Worked Example 2: More than two independent events


A coin is tossed three times. What is the probability of getting three heads?


Each toss is independent of the others.


The probability of heads on one toss is:


P(H)=12

So the probability of heads on all three tosses is:


P(HHH)=12⋅12⋅12=18

Answer: The probability of three heads is 18.


This shows that for several independent events, we multiply all the individual probabilities.


9. Worked Example 3: Testing whether events are independent


Suppose:


P(A)=0.4,P(B)=0.5,P(A∩B)=0.2

Are A and B independent?


Step 1: Use the definition of independence.


If the events are independent, then:


P(A∩B)=P(A)P(B)

Step 2: Calculate the product.


P(A)P(B)=0.4×0.5=0.2

Step 3: Compare.


P(A∩B)=0.2

Since:


P(A∩B)=P(A)P(B)

the events are independent.


Answer: Yes, A and B are independent.


10. Worked Example 4: A case that is not independent


A bag contains 3 red marbles and 2 blue marbles. Two marbles are drawn without replacement. What is the probability that both are red?


Step 1: Find the probability of the first red marble.


P(first red)=35

Step 2: Find the probability of the second red marble after the first red was drawn.


Now there are 2 red marbles left out of 4 marbles total.


P(second red∣first red)=24=12

Step 3: Multiply the probabilities.


P(both red)=35⋅12=310

Answer: The probability is 310.


Why are these events not independent?


Before any draw, the probability of red is 35. After drawing one red marble, the probability of red on the second draw becomes 24. Since the probability changed, the events are not independent.


11. Connecting independence to conditional probability


Another way to think about independence is with conditional probability.


If events A and B are independent, then:


P(A∣B)=P(A)

This means the probability of A given that B happened is the same as the original probability of A.


Similarly:


P(B∣A)=P(B)

This matches the idea that one event does not affect the other.


12. Steps for solving independence problems



  	Identify the two events clearly.

  	Decide whether the events are independent.

  	If they are independent, use:
    P(A∩B)=P(A)P(B)
  

  	If you are testing for independence, compare P(A∩B) with P(A)P(B).

  	Be careful with situations where outcomes change, such as drawing without replacement.




13. Common mistakes to avoid



  	Adding instead of multiplying when asked for the probability that both events happen.

  	Assuming events are independent without checking the situation carefully.

  	Confusing independent with mutually exclusive.

  	Forgetting that “without replacement” usually means the events are dependent.




14. Quick practice ideas


Ask yourself these questions when solving:



  	Does the first event change the second event?

  	Am I looking for “and,” meaning both events happen?

  	Should I multiply the probabilities?

  	Can I test independence using P(A∩B)=P(A)P(B)?




15. Summary


Independent events are events where one does not affect the probability of the other. For independent events, the probability that both occur is found by multiplying their probabilities:


P(A∩B)=P(A)P(B)

This formula is also the definition of independence. To prove events are independent, check whether the probability of both events equals the product of their individual probabilities.


When solving problems, always pay attention to whether the first outcome changes the second. If it does, the events are not independent, and you should not use the independent multiplication rule directly.


  
  Put what you read to the test

  You've worked through Independent Events and Multiplication Rule. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1220
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  Conditional Probability is used when we want the probability of an event given that another event has already happened.


For example, suppose you draw one card from a standard deck. The probability of drawing a king is usually based on all 52 cards. But if you are told the card is a face card, then you no longer consider all 52 cards. You only consider the face cards. This smaller set of possible outcomes is called a reduced sample space.


That is the main idea of conditional probability: when new information is given, the total number of possible outcomes may change.


The notation for conditional probability is P(A∣B), which is read as “the probability of event A given event B.”


The formula is


P(A∣B)=P(A∩B)P(B)

as long as P(B)≠0.


Here:


  	A∩B means both A and B happen.

  	P(B) is the probability that the given condition happens.

  	P(A∣B) is the probability of A within the outcomes where B has happened.




Why does this formula make sense?


Once we know B has happened, we ignore all outcomes not in B. So the “new total” is P(B). Out of those outcomes, we want the part where both A and B happen, which is P(A∩B).


So conditional probability is really a fraction:


conditional probability=part you want inside the conditionwhole conditioned group

Important idea: conditional probability is not always the same as ordinary probability.


For instance, the probability that a student is left-handed in a school might be different from the probability that a student is left-handed given that the student plays baseball. The extra information can change the probability.


Visual way to think about it


Imagine all outcomes in a rectangle. Event B is one region inside it. Event A is another region. The overlap A∩B is the part where both occur. When finding P(A∣B), you focus only on the region for B, and then ask what fraction of that region lies in the overlap.


Worked Example 1: Rolling a die


A fair six-sided die is rolled.


  	Let A = “the result is even.”

  	Let B = “the result is greater than 3.”




Find P(A∣B).


Step 1: List the outcomes in B.

If the result is greater than 3, then the possible outcomes are {4,5,6}.


Step 2: Find which of these are also in A.

The even numbers in {4,5,6} are {4,6}.


Step 3: Form the conditional probability.

There are 3 outcomes in the reduced sample space, and 2 of them satisfy A.


P(A∣B)=23

Check using the formula:

A∩B means even and greater than 3, so the outcomes are {4,6}. Thus P(A∩B)=26=13.


Also, P(B)=36=12.


P(A∣B)=P(A∩B)P(B)=1/31/2=23

Both methods agree.


Worked Example 2: Cards


One card is drawn from a standard 52-card deck.


  	Let A = “the card is a king.”

  	Let B = “the card is a face card.”




Find P(A∣B).


Step 1: Identify the conditioned group.

Face cards are jacks, queens, and kings. There are 3 face cards in each of 4 suits, so there are 12 face cards total.


Step 2: Count how many of those are kings.

There are 4 kings in the deck, and all of them are face cards.


Step 3: Compute the probability in the reduced sample space.


P(A∣B)=412=13

Using the formula:

P(A∩B)=P(king and face card)=P(king)=452.


Also, P(B)=1252.


P(A∣B)=4/5212/52=412=13

This shows how knowing the card is a face card changes the sample space from 52 cards to 12 cards.


Worked Example 3: Table of data


A class survey gives the following information:



  		Plays Sport	Does Not Play Sport	Total

  	Male	18	7	25

  	Female	12	13	25

  	Total	30	20	50




Find the probability that a student is male given that the student plays a sport.


Let


  	A = “student is male”

  	B = “student plays a sport”




We want P(A∣B).


Method 1: Read from the reduced sample space.

If we already know the student plays a sport, then we only look at the “Plays Sport” column. There are 30 such students.


Among those 30 students, 18 are male.


P(A∣B)=1830=35=0.6

Method 2: Use the formula.

P(A∩B)=P(male and plays sport)=1850.


P(B)=P(plays sport)=3050.


P(A∣B)=18/5030/50=1830=35

So the probability is 0.6, or 60%.


Worked Example 4: Two marbles without replacement


A bag contains 5 red marbles and 3 blue marbles. Two marbles are drawn one after the other without replacement.


Find the probability that the second marble is red given that the first marble was blue.


Let


  	A = “second marble is red”

  	B = “first marble is blue”




If the first marble was blue, then one blue marble has been removed. The bag now has 5 red marbles and 2 blue marbles, for a total of 7 marbles.


So, in this reduced sample space, the probability that the second marble is red is


P(A∣B)=57

Why conditional probability matters here: the first draw changes the situation. Once we know the first marble was blue, the probabilities for the second draw are based on the remaining marbles, not the original 8 marbles.


Key points to remember


  	Conditional probability means a probability with extra information.

  	The condition changes the sample space.

  	The formula is P(A∣B)=P(A∩B)P(B) provided P(B)≠0.

  	Always ask: “Given B, what outcomes are still possible?”

  	Then find how many of those outcomes also satisfy A.




Common mistakes


  	Using the original sample space instead of the reduced one. If a condition is given, you usually should not use the original total.

  	Mixing up P(A∣B) and P(B∣A). These are usually different. “A given B” is not the same as “B given A.”

  	Forgetting the intersection. In the formula, the numerator is P(A∩B), the probability that both happen.

  	Dividing by the wrong probability. The denominator is the probability of the condition, which is P(B).




Quick comparison


  	P(A): probability of A out of all outcomes.

  	P(A∣B): probability of A out of only the outcomes where B happens.




Mini-check questions


  	If a card is known to be a heart, what sample space should you use: all 52 cards or just the hearts?

  	In P(A∣B), which event goes in the denominator?

  	If A∩B is impossible, what is P(A∣B)?




Answers


  	Just the hearts, because the condition reduces the sample space.

  	P(B), because B is the given condition.

  	It is 0, because P(A∩B)=0.




[image: 📋]   Summary


Conditional probability tells us how likely an event is when another event is already known to have happened. It works by reducing the sample space to only the outcomes that satisfy the condition.


The main formula is


P(A∣B)=P(A∩B)P(B)

To solve problems, first identify the condition, then focus only on that smaller group of outcomes. Finally, count how many of those outcomes also satisfy the event you want.


  
  Put what you read to the test

  You've worked through Conditional Probability. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1221
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  Tree Diagrams and Sequential Probability


In probability, many situations happen in steps. For example, you might toss a coin twice, pick two cards one after another, or choose students from a class without replacing them. When an event happens in stages, we call it a sequential probability problem.


A very useful way to organize these problems is with a tree diagram. A tree diagram shows each possible outcome step by step, and it helps us calculate the probability of each final result.


In this lesson, you will learn how to build tree diagrams, how to multiply probabilities along branches, and how to add probabilities when different branches lead to the same type of outcome.


1. What is a tree diagram?


A tree diagram is a branching picture that represents all possible outcomes of a sequence of events. Each branch shows one possible result at a stage, and each branch is labeled with its probability.


The diagram starts from one point. From there, branches split for the first event. Then each of those branches splits again for the second event, and so on.


For example, if you flip a coin twice, the first flip can be Heads or Tails. Then from each of those, the second flip can also be Heads or Tails. This creates four possible final outcomes:



  	HH

  	HT

  	TH

  	TT




2. Key idea: multiply along a path


When you follow one complete path in a tree diagram, you are finding the probability that all of those events happen in that order. To calculate that, you multiply the probabilities along the path.


If event A happens first and event B happens second, then:


P(A then B)=P(A)×P(B∣A)

The symbol P(B∣A) means “the probability of B given that A has already happened.” This is especially important when the second event depends on the first one.


3. Key idea: add across different paths


Sometimes there is more than one path that gives the outcome you want. In that case, after finding each path probability, you add them.


So tree-diagram problems often use this pattern:



  	Multiply along each branch

  	Add the relevant final branches




4. Independent and dependent events


To use a tree diagram correctly, you need to know whether events are independent or dependent.


Independent events are events where one event does not change the probability of the next event.


Examples:


  	Flipping a coin twice

  	Rolling a die, then rolling it again




If two events are independent, then:


P(A then B)=P(A)×P(B)

Dependent events are events where the first event changes the probability of the second event.


Examples:


  	Drawing two cards from a deck without replacement

  	Choosing two students from a group without putting the first one back




In dependent events, the branch probabilities in later stages may change based on what happened earlier.


5. How to build a tree diagram


Follow these steps:



  	Identify each stage of the event.

  	Draw branches for all outcomes of the first stage.

  	From each branch, draw branches for the second stage.

  	Label every branch with its correct probability.

  	Multiply probabilities along a path to find a final outcome.

  	Add path probabilities if more than one path matches the event you want.




Worked Example 1: Tossing a coin twice


A fair coin is tossed twice. Find the probability of getting exactly one head.


Step 1: List the branches


For each toss:


  	Heads: 12

  	Tails: 12




The possible outcomes are:


  	HH

  	HT

  	TH

  	TT




Step 2: Find the probability of each path


For example:


P(HT)=12×12=14

P(TH)=12×12=14

Step 3: Add the paths with exactly one head


Exactly one head happens in HT or TH.


P(exactly one head)=P(HT)+P(TH)=14+14=12

Answer: The probability of getting exactly one head is 12.


Worked Example 2: Choosing colored marbles without replacement


A bag contains 3 red marbles and 2 blue marbles. Two marbles are chosen without replacement. Find the probability that both marbles are red.


Step 1: First draw probabilities


There are 5 marbles total.


P(R1)=35,P(B1)=25

Step 2: Second draw probabilities


If the first marble was red, then 2 red marbles remain out of 4 total:


P(R2∣R1)=24=12

If the first marble was blue, then 3 red marbles remain out of 4 total:


P(R2∣B1)=34

The probabilities changed, so this is a dependent event.


Step 3: Multiply along the RR branch


P(RR)=P(R1)×P(R2∣R1)=35×12=310

Answer: The probability that both marbles are red is 310.


Worked Example 3: Finding “one of each color”


Using the same bag with 3 red marbles and 2 blue marbles, two marbles are chosen without replacement. Find the probability of getting one red and one blue.


This outcome can happen in two different orders:


  	Red then Blue

  	Blue then Red




Path 1: Red then Blue


P(RB)=35×24=35×12=310

Path 2: Blue then Red


P(BR)=25×34=620=310

Add the two paths


P(one red and one blue)=P(RB)+P(BR)=310+310=610=35

Answer: The probability of choosing one red and one blue is 35.


Worked Example 4: A three-stage tree diagram


A factory machine produces a good item with probability 0.9 and a defective item with probability 0.1. Three items are checked, and we assume each item is independent of the others. Find the probability that exactly two of the three items are good.


Step 1: Understand the branches


For each item:


  	Good (G): 0.9

  	Defective (D): 0.1




Step 2: Identify outcomes with exactly two good items



  	GGD

  	GDG

  	DGG




Step 3: Find each path probability


P(GGD)=0.9×0.9×0.1=0.081

P(GDG)=0.9×0.1×0.9=0.081

P(DGG)=0.1×0.9×0.9=0.081

Step 4: Add the paths


P(exactly two good)=0.081+0.081+0.081=0.243

Answer: The probability that exactly two of the three items are good is 0.243.


6. Reading a tree diagram carefully


When looking at a tree diagram, remember:



  	Each level represents a new stage in the experiment.

  	The probabilities on branches from the same point should add up to 1.

  	The probability at the end of a path comes from multiplying all branch probabilities on that path.

  	If an event can happen in several ways, add the probabilities of those final branches.




7. Common mistakes to avoid



  	Adding when you should multiply: probabilities along one path must be multiplied.

  	Forgetting to add multiple paths: if an outcome can happen in different orders, include all of them.

  	Using the same probabilities after no replacement: in dependent events, probabilities change.

  	Missing branches: make sure the tree shows all possible outcomes.

  	Ignoring order: in sequential probability, red then blue is a different path from blue then red, even if they belong to the same final event.




8. Quick strategy for solving problems


When you see a sequential probability question, ask yourself:



  	How many stages are there?

  	What are the possible outcomes at each stage?

  	Are the events independent or dependent?

  	What final outcome am I looking for?

  	Do I need one path or several paths?




Then build the tree, multiply along the needed paths, and add if necessary.


9. Summary


Tree diagrams help organize probability problems that happen in stages. They are especially useful for showing all possible outcomes clearly.


To solve these problems, multiply probabilities along a branch and add probabilities across different branches that match the event you want.


For independent events, the probabilities stay the same at each stage. For dependent events, later probabilities can change based on earlier outcomes.


If you build the tree carefully and keep track of which branches matter, you can solve many sequential probability problems accurately and confidently.


  
  Put what you read to the test

  You've worked through Tree Diagrams and Sequential Probability. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1222
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  Combinatorial Probability is a way of finding probability by counting. Instead of listing every possible outcome one by one, we use counting methods such as permutations and combinations to count how many outcomes are possible and how many are favorable.


This is especially useful when there are many outcomes, such as choosing students from a class, arranging letters, or drawing cards from a deck.


The main idea is this:


P(event)=number of favorable outcomesnumber of total outcomes


In combinatorial probability, the challenge is usually not the probability formula itself. The challenge is counting correctly.


1. Start with equally likely outcomes


Combinatorial probability works best when all outcomes in the sample space are equally likely. For example, when drawing a random hand of cards, every possible hand of that size is equally likely.


If outcomes are equally likely, then counting methods can be used directly. If outcomes are not equally likely, then simple counting may not give the correct probability.


2. Total outcomes and favorable outcomes


To calculate a combinatorial probability, you usually do two things:



  	Count the total number of possible outcomes.

  	Count the number of outcomes that satisfy the condition.




Then divide:


P(E)=n(E)n(S)


Here, n(E) means the number of favorable outcomes, and n(S) means the number of outcomes in the sample space.


3. Permutations: when order matters


A permutation is an arrangement where order matters.


For example, choosing 1st, 2nd, and 3rd place in a race is a permutation, because changing the order changes the result.


The number of permutations of r objects chosen from n objects is:


nPr=n!(n−r)!


The symbol ! means factorial:


n!=n(n−1)(n−2)⋯(2)(1)


For example,


5!=5⋅4⋅3⋅2⋅1=120


4. Combinations: when order does not matter


A combination is a selection where order does not matter.


For example, choosing 3 students to form a committee is a combination, because the group is the same no matter what order the names are listed in.


The number of combinations of r objects chosen from n objects is:


nCr=(nr)=n!r!(n−r)!


5. How to decide: permutation or combination?



  	Use a permutation if rearranging the chosen items creates a different outcome.

  	Use a combination if rearranging the chosen items does not create a different outcome.




A good question to ask is: Does order matter here?


6. Common situations in combinatorial probability



  	Selecting groups: usually combinations.

  	Ranking or arranging: usually permutations.

  	Card hands: combinations, because a hand is the same regardless of order.

  	Sequences of outcomes: often permutations or multiplication counting.




7. Worked Example 1: Choosing students


A class has 10 students. Two students are chosen at random to clean the board. What is the probability that both chosen students are girls if there are 6 girls and 4 boys?


Step 1: Count total outcomes.


We are choosing 2 students from 10, and order does not matter.


Total outcomes=(102)=10!2!8!=45


Step 2: Count favorable outcomes.


We need both students to be girls. There are 6 girls, and we choose 2 of them.


Favorable outcomes=(62)=6!2!4!=15


Step 3: Find the probability.


P(both girls)=1545=13


Answer: The probability is 13.


Why combinations? Because choosing Anna and Mia is the same group as choosing Mia and Anna.


8. Worked Example 2: Arranging letters


The letters A, B, C, D, and E are arranged randomly. What is the probability that the arrangement begins with A and ends with E?


Step 1: Count total outcomes.


There are 5 distinct letters. The number of arrangements is:


5!=120


Step 2: Count favorable outcomes.


If the arrangement must begin with A and end with E, then those two positions are fixed.


That leaves B, C, and D to arrange in the 3 middle positions.


3!=6


Step 3: Find the probability.


P(begins with A and ends with E)=3!5!=6120=120


Answer: The probability is 120.


Why permutations? Because different orders of the letters are different outcomes.


9. Worked Example 3: Drawing cards


From a standard deck of 52 cards, 5 cards are drawn at random. What is the probability that all 5 cards are hearts?


Step 1: Count total outcomes.


A 5-card hand is a selection, so order does not matter.


Total outcomes=(525)


Step 2: Count favorable outcomes.


There are 13 hearts in the deck. To get all 5 cards as hearts, we choose 5 from those 13 hearts.


Favorable outcomes=(135)


Step 3: Write the probability.


P(all 5 hearts)=(135)(525)


Now calculate:


(135)=1287


(525)=2,598,960


So,


P(all 5 hearts)=12872,598,960≈0.000495


Answer: The probability is approximately 0.000495, or about 0.0495%.


10. Worked Example 4: At least one


A bag contains 7 red marbles and 5 blue marbles. Three marbles are chosen at random without replacement. What is the probability that at least one marble is blue?


Problems with the phrase at least one are often easier if we use the complement.


Complement idea:


P(at least one blue)=1−P(no blue)


Step 1: Count total outcomes.


There are 12 marbles total, and we choose 3.


Total outcomes=(123)=220


Step 2: Count the complement.


No blue means all 3 marbles are red. There are 7 red marbles.


No blue outcomes=(73)=35


So,


P(no blue)=35220=744


Step 3: Use the complement.


P(at least one blue)=1−744=3744


Answer: The probability is 3744.


11. Helpful strategies for solving combinatorial probability problems



  	Read carefully and decide what counts as one outcome.

  	Ask whether order matters.

  	Count total outcomes first.

  	Then count favorable outcomes.

  	For phrases like at least one, at most, or none, consider using the complement.

  	Check that favorable outcomes are part of the same sample space as total outcomes.




12. Common mistakes to avoid



  	Using permutations when combinations are needed, or the other way around.

  	Forgetting that order does not matter in selections like committees or hands of cards.

  	Counting favorable outcomes and total outcomes in different ways. For example, using ordered outcomes for one and unordered outcomes for the other.

  	Ignoring the complement method when it would make the problem easier.

  	Mixing up “without replacement” and “with replacement”. In combinatorial probability, many selection problems are without replacement.




13. Quick comparison



  	Permutation: arrangement, ranking, ordered list

  	Combination: group, team, hand, committee




14. Final summary


Combinatorial probability uses counting methods to find the probability of an event.


You begin with


P(E)=n(E)n(S)


Then you count carefully using:



  	Permutations when order matters: nPr=n!(n−r)!

  	Combinations when order does not matter: (nr)=n!r!(n−r)!




The key skill is deciding how to count outcomes correctly. Once you know whether order matters, many probability problems become much easier to solve.


  
  Put what you read to the test

  You've worked through Combinatorial Probability. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1223
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  Expected Value is a way of finding the long-run average outcome of a random situation.


It helps answer questions like:


  	How much money do you expect to win or lose in a game?

  	What is the average score you would get over many trials?

  	Is a game fair?

  	Which financial choice is better when outcomes are uncertain?




Even though the actual result of one trial may be different, the expected value tells you what the average result would approach if the situation were repeated many times.


For example, if a game has an expected value of −$0.50, that does not mean you lose exactly 50 cents every time. It means that over many plays, your average result would be a loss of about 50 cents per game.


1. Discrete random variables


A random variable is a variable whose value depends on chance.


A discrete random variable takes specific separate values, often whole numbers. For example:


  	the number shown on a die: 1,2,3,4,5,6

  	the number of heads in 3 coin tosses: 0,1,2,3

  	the profit from a game: −2,0,5




To work with expected value, we first describe the random variable using a probability distribution.


A probability distribution lists:


  	all possible values of the random variable

  	the probability of each value




If X is a discrete random variable, then a probability distribution may look like this:


Xx1x2x3x4P(X=x)p1p2p3p4

The probabilities must satisfy two rules:


  	each probability is between 0 and 1

  	the probabilities add to 1




2. Formula for expected value


The expected value of a discrete random variable X is written as E(X).


It is found by multiplying each possible value by its probability, then adding the results:


E(X)=∑xP(X=x)

In expanded form, this means:


E(X)=x1p1+x2p2+x3p3+⋯

This is a weighted average. Values with higher probabilities affect the expected value more.


3. How to calculate expected value



  	List all possible values of the random variable.

  	Find the probability of each value.

  	Multiply each value by its probability.

  	Add all the products.




4. Worked Example 1: Expected value of a die roll


Let X be the number rolled on a fair six-sided die.


The possible values are 1,2,3,4,5,6, and each has probability 16.


E(X)=1(16)+2(16)+3(16)+4(16)+5(16)+6(16)

E(X)=1+2+3+4+5+66=216=3.5

The expected value is 3.5.


This does not mean you can roll a 3.5 on one toss. It means that over many rolls, the average result will approach 3.5.


5. Worked Example 2: A simple game


You pay $2 to play a game. A fair coin is tossed.


  	If it lands heads, you win $5.

  	If it lands tails, you win nothing.




We want the net gain, which means winnings minus cost.


So the possible outcomes for net gain are:


  	Heads: 5−2=3, so gain $3

  	Tails: 0−2=−2, so gain −$2




Let X be the net gain. Then:


P(X=3)=12,P(X=−2)=12

Now calculate expected value:


E(X)=3(12)+(−2)(12)

E(X)=32−22=12=0.5

The expected value is $0.50.


This means that in the long run, the average net gain is 50 cents per game. This is a good game for the player.


6. Fair games


A game is called fair when the expected net gain is 0.


That means, on average, neither the player nor the organiser gains money in the long run.



  	If E(X)=0, the game is fair.

  	If E(X)>0, the game favors the player.

  	If E(X)<0, the game favors the organiser.




When a question asks whether a game is fair, make sure you use the net gain, not just the prize amount.


7. Worked Example 3: Is this game fair?


A bag contains 5 balls: 1 red and 4 blue. You pay $3 to draw one ball.


  	If you draw the red ball, you receive $10.

  	If you draw a blue ball, you receive nothing.




Find the expected net gain and decide if the game is fair.


Step 1: Find the possible net gains.


  	Red ball: 10−3=7, so net gain is $7

  	Blue ball: 0−3=−3, so net gain is −$3




Step 2: Find the probabilities.


P(X=7)=15,P(X=−3)=45

Step 3: Calculate expected value.


E(X)=7(15)+(−3)(45)

E(X)=75−125=−55=−1

The expected net gain is −$1.


This means that over many plays, a player would lose an average of $1 per game. So the game is not fair; it favors the organiser.


8. Expected value in financial decisions


Expected value is also used to compare choices involving uncertainty.


For example, a business might compare possible profits under different market conditions, or a person might compare whether buying insurance is worth it.


The idea stays the same: multiply each possible outcome by its probability, then add.


Worked Example 4: Choosing between two options


A student can choose one of two weekend jobs.


Job A:


  	50% chance of earning $80

  	50% chance of earning $120




Job B:


  	20% chance of earning $50

  	50% chance of earning $100

  	30% chance of earning $150




Find the expected earning for each job.


Job A


E(A)=80(0.5)+120(0.5)

E(A)=40+60=100

Expected earning for Job A is $100.


Job B


E(B)=50(0.2)+100(0.5)+150(0.3)

E(B)=10+50+45=105

Expected earning for Job B is $105.


Since 105>100, Job B has the higher expected earning.


This does not guarantee Job B will pay more on one particular weekend. It only means its average earning is higher over many weekends.


9. Important ideas and common mistakes



  	Expected value is an average in the long run. It is not usually the result of one single trial.

  	Use all possible outcomes. Leaving one out gives the wrong answer.

  	Check that probabilities add to 1. If they do not, the distribution is incomplete or incorrect.

  	Use net gain for games involving a cost. Subtract the cost to play before finding expected value.

  	Negative expected value means average loss. Positive expected value means average gain.




10. Quick practice thinking


If a game costs $4 to play and gives a 110 chance of winning $30, with no prize otherwise, then the net gains are:


  	win: 30−4=26

  	lose: 0−4=−4




The expected value is:


E(X)=26(110)+(−4)(910)

E(X)=2.6−3.6=−1

So the player expects to lose $1 per game on average.


11. Summary


Expected value tells us the long-run average result of a random process.


For a discrete random variable X, the formula is:


E(X)=∑xP(X=x)

To calculate it, multiply each possible value by its probability and add the results.


Expected value is useful for analyzing probability distributions, deciding whether games are fair, and comparing financial choices with uncertain outcomes.


Always remember: expected value describes what happens on average over many trials, not what must happen in one attempt.


  
  Put what you read to the test

  You've worked through Expected Value. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1224
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  Lesson: Data Classification and Sampling


In statistics, we often work with data, which are pieces of information collected about people, objects, or events. Before we analyze data, we need to understand what type of data we have and how the data were collected. These two ideas are very important because they affect how we summarize data and how trustworthy our conclusions are.


In this lesson, you will learn how to classify variables as qualitative or quantitative, and as discrete or continuous. You will also learn the main sampling methods: random, stratified, systematic, and cluster sampling.


1. What is a variable?


A variable is any characteristic that can be recorded for an individual in a study. An individual could be a person, a school, a car, a package, or anything else being studied.


Examples of variables include:


  	Age of a student

  	Favorite sport

  	Number of siblings

  	Height of a plant

  	Type of phone used




2. Qualitative vs. Quantitative Variables


The first big classification is whether a variable is qualitative or quantitative.


Qualitative variables describe qualities or categories. They usually do not involve meaningful numerical calculations.


Examples of qualitative variables:


  	Eye color

  	Blood type

  	Political party preference

  	Favorite subject




Even if categories are given numbers, the variable can still be qualitative. For example, if students rate lunch as 1 = poor, 2 = fair, 3 = good, these numbers represent categories, not actual amounts.


Quantitative variables represent numerical values where arithmetic makes sense. These variables measure or count something.


Examples of quantitative variables:


  	Test score

  	Weight

  	Distance traveled

  	Number of pets




A useful question is: Does the number describe an amount? If yes, the variable is probably quantitative. If it labels a category, it is qualitative.


3. Discrete vs. Continuous Variables


Discrete and continuous are classifications of quantitative variables.


Discrete variables come from counting. They usually take separate values, often whole numbers.


Examples of discrete variables:


  	Number of students in a classroom

  	Number of text messages received today

  	Number of goals scored in a game




You cannot usually have values like 2.5 students or 7.3 goals, so these values are counted one by one.


Continuous variables come from measuring. They can take any value in an interval, including decimals.


Examples of continuous variables:


  	Height

  	Time

  	Temperature

  	Mass




For example, a runner's time might be 12.4 seconds, 12.43 seconds, or 12.431 seconds depending on the precision of the measuring tool.


Important idea:


  	Qualitative: categories

  	Quantitative: numbers that measure or count

  	Discrete: counted values

  	Continuous: measured values




4. Population and Sample


In statistics, the population is the entire group we want information about. A sample is a smaller group selected from the population.


For example:


  	If a school wants to know how much sleep its students get, the population is all students in the school.

  	If the school surveys 150 students, those 150 students are the sample.




We use samples because studying an entire population is often too expensive, takes too much time, or is not practical.


5. Why Sampling Method Matters


A sample should represent the population fairly. If the sample is chosen poorly, the results may be biased. A biased sample tends to favor certain outcomes and does not reflect the whole population well.


For example, if a school surveys only students in an honors math class about homework time, the sample may not represent all students in the school.


6. Main Sampling Methods


There are several common sampling methods. You should know how each one works and when it is useful.


A. Random Sampling


In a random sample, every individual in the population has an equal chance of being selected.


Example: Number all 2,000 students in a school from 1 to 2000, then use a random number generator to choose 100 students.


Why it is useful: It helps reduce bias because selection is based on chance, not personal choice.


B. Stratified Sampling


In a stratified sample, the population is divided into groups called strata that share a common trait. Then a random sample is taken from each stratum.


Example: A school divides students by grade level (9th, 10th, 11th, 12th) and randomly selects students from each grade.


Why it is useful: It ensures that important subgroups are represented in the sample.


C. Systematic Sampling


In a systematic sample, you choose individuals according to a fixed pattern after a random starting point.


Example: From an alphabetized list of students, start at the 7th student and then choose every 20th student after that.


If the starting point is random and the list has no hidden pattern that affects results, this method can work well.


D. Cluster Sampling


In a cluster sample, the population is divided into natural groups, called clusters. Then some clusters are randomly selected, and all individuals in those selected clusters are surveyed.


Example: A district randomly selects 3 homeroom classes and surveys every student in those classes.


Why it is useful: It is often easier and cheaper when the population is spread out.


7. Comparing Stratified and Cluster Sampling


Students often confuse stratified and cluster sampling, so it is important to compare them carefully.



  	Stratified sampling: divide into groups based on a characteristic, then randomly choose some individuals from every group.

  	Cluster sampling: divide into natural groups, then randomly choose entire groups and include everyone in those groups.




Example:


  	Stratified: choose some students from each grade level.

  	Cluster: choose a few entire classrooms and survey every student in them.




8. How to Identify the Sampling Method


Use these clues:


  	If everyone has an equal chance directly, think random.

  	If the population is split into categories and sampled from each category, think stratified.

  	If every nth person is selected, think systematic.

  	If whole groups are chosen, think cluster.




9. Worked Example 1: Classifying Variables


Classify each variable as qualitative or quantitative. If it is quantitative, say whether it is discrete or continuous.



  	Number of books in a backpack

  	Brand of shoes worn by a student

  	Time spent studying for a test

  	Number of languages spoken




Solution



  	Number of books in a backpack: quantitative, discrete. It is a count.

  	Brand of shoes worn by a student: qualitative. It names a category.

  	Time spent studying for a test: quantitative, continuous. Time is measured and can include decimals.

  	Number of languages spoken: quantitative, discrete. It is counted in whole numbers.




10. Worked Example 2: Identifying a Sampling Method


A principal wants to survey students about cafeteria food. She separates students into freshmen, sophomores, juniors, and seniors, then randomly chooses 25 students from each group.


What sampling method is this?


Solution


The students are first divided into groups by grade level, and then a random sample is taken from each group. This is stratified sampling.


Why not cluster sampling? Because the principal did not choose whole groups and survey everyone in them. She selected some individuals from each group.


11. Worked Example 3: Distinguishing Systematic and Random Sampling


A company has a list of 800 employees. It randomly chooses a starting point at employee 12, then selects every 15th employee after that.


What sampling method is this?


Solution


This is systematic sampling because the sample is chosen using a fixed interval: every 15th employee.


The random starting point helps make the sample fairer, but the key feature is the regular pattern.


12. Worked Example 4: Evaluating a Sampling Plan


A student wants to estimate how many hours teenagers spend on social media each day. She asks 30 students from the school library right after school.


Is this likely to be a good sample?


Solution


This is probably not a good sample because it may be biased. Students in the library right after school may not represent all teenagers. For example, they may spend their time differently from students who play sports, work after school, or go straight home.


A better method would be to take a random sample of students from the entire school, or use a stratified sample if the student wants to make sure different grade levels are represented.


13. Choosing the Best Sampling Method


Different situations call for different methods.



  	Random sampling is a strong general method when a full list of the population is available.

  	Stratified sampling is useful when you want all important subgroups represented.

  	Systematic sampling is simple and efficient when data are listed in order and no harmful pattern exists.

  	Cluster sampling is useful when the population is naturally grouped and it is easier to sample entire groups.




14. Common Mistakes to Avoid



  	Do not call a variable continuous unless it is quantitative first.

  	Do not assume that any variable with numbers is quantitative. Sometimes numbers are just labels.

  	Do not confuse stratified and cluster sampling.

  	Do not ignore bias. Even a large sample can give poor results if it is chosen badly.




15. Quick Check


Try these on your own:


  	Classify: hair color

  	Classify: number of missed school days

  	Classify: body temperature

  	A coach selects every 5th athlete from a roster after a random start. What method is used?

  	A researcher randomly chooses 4 classrooms and surveys every student in those rooms. What method is used?




Answers


  	Hair color: qualitative

  	Number of missed school days: quantitative, discrete

  	Body temperature: quantitative, continuous

  	Every 5th athlete: systematic sampling

  	4 classrooms, everyone surveyed: cluster sampling




[image: 📋]   Summary


Data classification helps us understand what kind of information we are working with. Qualitative variables describe categories, while quantitative variables describe numerical amounts. Quantitative variables can be discrete if they are counted, or continuous if they are measured.


Sampling is how we choose part of a population to study. Random, stratified, systematic, and cluster sampling each have different uses. Understanding these methods helps you decide whether a sample is fair and whether statistical conclusions are reliable.


  
  Put what you read to the test

  You've worked through Data Classification and Sampling. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1225
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  Survey Design and Bias is an important part of statistics because the quality of data depends on how the data is collected. Even if you calculate averages, percentages, or graphs correctly, your conclusions can still be misleading if the survey itself was poorly designed.
In this lesson, you will learn what makes a good survey, what bias means, and how to recognize common types of bias such as selection bias, response bias, and measurement bias. You will also learn how to improve a survey so that the results better represent the population.
What is a survey?
A survey is a method of collecting information by asking questions to a group of people. The goal is usually to learn something about a larger group, called the population, by studying a smaller group, called the sample.
For example, a school might want to know how students travel to school. It may not be practical to ask every student, so it asks a sample of students and uses their answers to estimate the habits of the whole school.
What is bias?
Bias is a systematic error that causes survey results to consistently lean in a certain direction. Bias is different from random chance. Random variation may cause small differences, but bias creates unfair or unrepresentative results.
If a survey is biased, the data may not reflect the true opinions or behaviors of the population. That means conclusions drawn from the survey can be inaccurate.
Why survey design matters
A good survey should:
	Clearly identify the population being studied
	Use a sample that represents that population
	Ask questions in a clear and neutral way
	Measure responses consistently and accurately
	Avoid methods that pressure or confuse participants

If any of these parts are weak, bias can enter the study.
Main types of bias
In this lesson, we focus on three major types:
	Selection bias
	Response bias
	Measurement bias

1. Selection bias
Selection bias happens when the sample is chosen in a way that does not fairly represent the population. Some groups may be more likely to be included, while others are left out.
This means the survey results may reflect only part of the population instead of the whole group.
Common causes of selection bias
	Using a sample of convenience, such as surveying only nearby people
	Surveying volunteers who choose to respond
	Surveying only one subgroup of the population
	Excluding people who are harder to reach

Example of selection bias
A student wants to know whether teenagers in the city support building more skate parks. She surveys people at a skate park.
This sample is biased because people at a skate park are more likely than average to support skate parks. The sample does not represent all teenagers in the city.
How to reduce selection bias
	Choose the sample randomly when possible
	Make sure all members of the population have a fair chance to be selected
	Include people from different groups, locations, or times

2. Response bias
Response bias happens when people do not answer survey questions truthfully or their answers are influenced by the wording of the question or the survey situation.
Even if the right people are surveyed, the answers may still be inaccurate.
Common causes of response bias
	Leading questions that push people toward a certain answer
	Loaded questions that contain assumptions or emotional language
	Questions about private topics, where people may not answer honestly
	People trying to give socially acceptable answers instead of truthful ones

Example of response bias
Suppose a survey asks, “Don’t you agree that our school should finally improve its outdated cafeteria?”
This is a leading question. Words like “finally” and “outdated” suggest that the cafeteria needs improvement. This may pressure students to answer “yes,” even if they feel neutral.
Better version
A more neutral question would be: “How satisfied are you with the school cafeteria?”
This wording allows students to respond honestly without being pushed toward an answer.
How to reduce response bias
	Use neutral wording
	Avoid emotionally charged words
	Keep questions clear and simple
	Allow privacy when answering sensitive questions
	Make answer choices balanced

3. Measurement bias
Measurement bias happens when the method of measuring or recording data is flawed. The tool, process, or observer may introduce error in a consistent way.
This type of bias is common not only in surveys but also in observational studies and experiments.
Examples of measurement bias
	A scale that always reads 2 pounds too high
	A thermometer that is not calibrated correctly
	A survey question that is confusing, causing people to misunderstand what is being asked
	Different people recording data in inconsistent ways


How to reduce measurement bias
	Use accurate and tested measuring tools
	Write questions clearly
	Train data collectors to follow the same process
	Check instruments and procedures before collecting data

Good survey questions
Strong survey questions are important because poor wording can create bias. A good survey question should be:
	Clear: easy to understand
	Neutral: does not push toward a certain answer
	Specific: focused on one idea
	Answerable: something the person can reasonably know

Avoid these common question problems
	Leading questions: “How much do you enjoy our excellent school events?”
	Double-barreled questions: “Do you like the teachers and the lunch?” This asks two things at once.
	Vague questions: “Do you study often?” The word “often” means different things to different people.
	Confusing answer choices: choices that overlap or leave out reasonable options

Representative samples
A survey is most useful when the sample is representative of the population. That means the sample reflects the variety of people in the full group.
For example, if a school has students from grades 9 through 12, a survey about school lunches should not question only seniors. A better sample would include students from all grades.
Random sampling
One of the best ways to reduce selection bias is random sampling. In a random sample, each member of the population has an equal or fair chance of being chosen.
Random sampling does not guarantee perfect results, but it helps the sample better represent the population.
Voluntary response and convenience samples
Two common sampling methods often create bias:
	Voluntary response sample: people choose whether to participate
	Convenience sample: people are selected because they are easy to reach

These methods are easy to use, but they often produce biased results.
For instance, an online poll on a news website about homework time is a voluntary response sample. People with strong opinions may be more likely to answer, so the results may not represent all students.
Nonresponse and missing opinions
Sometimes bias occurs because certain people do not respond at all. If the nonresponders differ from the responders, the results may be misleading.
For example, if a school emails a survey about after-school activities, students who rarely check email may be left out. Their opinions will not appear in the data.
This problem is closely related to selection bias because part of the population is underrepresented.
Worked Example 1: Identifying selection bias
A principal wants to know whether students want a later school start time. She surveys 100 students who are arriving late to school.
Question: Is this survey likely to be biased?
Solution:
	The population is all students at the school.
	The sample includes only students arriving late.
	Students who arrive late may be more likely to want a later start time than other students.

Conclusion: Yes, this survey shows selection bias. The sample is not representative of the whole school.
Improvement: Randomly select students from the entire school, not just late arrivals.
Worked Example 2: Identifying response bias
A survey asks, “Do you support the sensible decision to require school uniforms?”
Question: What type of bias might this cause?
Solution:
	The phrase “sensible decision” suggests that supporting uniforms is the smart choice.
	This wording may influence people to agree.

Conclusion: This creates response bias because the question is leading.
Improvement: Ask, “Do you support, oppose, or feel neutral about requiring school uniforms?”
Worked Example 3: Identifying measurement bias
A PE class records students’ sprint times, but one stopwatch consistently starts late by 0.3 seconds.
Question: What kind of bias is this?
Solution:
	The measuring tool is producing inaccurate results in a consistent way.
	All times recorded with that stopwatch will be off.

Conclusion: This is measurement bias.
Improvement: Check and calibrate the stopwatch or use the same accurate timing method for all students.
Worked Example 4: Critiquing a full survey
A local gym wants to know how often teenagers exercise each week. It posts a survey on its fitness app asking, “How many times do you work out each week to stay healthy and fit?”
Question: What possible biases are present?
Solution:
	The survey is posted on a fitness app, so the people who see it are likely already interested in exercise.
	This creates selection bias because the sample may not represent all teenagers.
	The phrase “to stay healthy and fit” may make people want to report more exercise than they actually do.
	This creates response bias.

Conclusion: The survey may have both selection bias and response bias.
Improvement: Survey a random sample of teenagers from different places, and ask a neutral question such as, “How many times do you exercise in a typical week?”
How to critique a survey step by step
When you are asked to evaluate a survey, use these questions:
	Who is the population?
	How was the sample chosen?
	Does the sample represent the population?
	Are the questions clear and neutral?
	Could people feel pressured to answer in a certain way?
	Was the data measured or recorded accurately?

This process helps you identify where bias may appear.
Comparing the three main biases
	Selection bias: the wrong people are chosen
	Response bias: people’s answers are influenced or not truthful
	Measurement bias: the method of measuring or recording is flawed

A helpful way to remember them is:
	Selection = who is in the sample
	Response = how people answer
	Measurement = how data is collected or measured

Why this matters in real life
Survey results are used in schools, businesses, science, health studies, and government decisions. If a survey is biased, people may make poor decisions based on inaccurate data.
For example, a company may launch a product based on a biased survey, or a school may change a policy based on results that do not reflect all students. Understanding bias helps you become a smarter reader of data and a better creator of surveys.
Brief summary
A survey is used to learn about a population by questioning a sample. For a survey to be useful, the sample must be representative, the questions must be neutral, and the data must be measured accurately.
The three main biases in this lesson are selection bias, response bias, and measurement bias. By learning to recognize these problems, you can judge whether data and conclusions are trustworthy.


  
  Put what you read to the test

  You've worked through Survey Design and Bias. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1226
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  Measures of Central Tendency are numbers that describe the center or typical value of a dataset. In statistics, the three main measures of central tendency are the mean, median, and mode.


These measures help us summarize data quickly. For example, if a class takes a test, instead of listing every score, we can describe the overall performance using a single central value.


In this lesson, you will learn how to find the mean, median, and mode for raw data and for grouped frequency distributions. You will also learn how to decide which measure is the most appropriate, especially when data is skewed.


1. Why measures of central tendency matter


Real-world data often contains many values. Measures of central tendency help answer questions like:


  	What is the average score?

  	What value lies in the middle?

  	Which value occurs most often?




Each measure gives a different idea of what the “center” means. Sometimes all three are similar, but sometimes they are very different.


2. Mean


The mean is what most people call the average. To find the mean, add all the data values and divide by the number of values.


The formula for the mean of raw data is:

Mean=sum of all valuesnumber of values=∑xn

Here, ∑x means “add all the data values,” and n is the total number of data points.


3. Median


The median is the middle value when the data is arranged in order from smallest to largest.


To find the median:


  	Arrange the data in order.

  	If there is an odd number of values, the median is the middle one.

  	If there is an even number of values, the median is the average of the two middle values.




The median is useful because it is not strongly affected by very large or very small values.


4. Mode


The mode is the value that appears most often.


A dataset may have:


  	One mode if one value occurs most frequently.

  	More than one mode if several values tie for highest frequency.

  	No mode if all values occur the same number of times.




The mode is especially useful when data is categorical or when we want to know the most common value.


5. Worked Example 1: Finding mean, median, and mode from raw data


Consider the dataset:

4,7,7,9,10


Mean:

Mean=4+7+7+9+105=375=7.4

Median:

The data is already in order: 4,7,7,9,10. There are 5 values, so the middle value is the 3rd value.

Median =7


Mode:

The value 7 appears twice, more than any other value.

Mode =7


So for this dataset:


  	Mean =7.4

  	Median =7

  	Mode =7




6. Worked Example 2: Raw data with an even number of values


Find the mean, median, and mode for:

3,5,8,8,12,14


Mean:

Mean=3+5+8+8+12+146=506≈8.33

Median:

The data is already in order. There are 6 values, so the median is the average of the 3rd and 4th values.

Median=8+82=8

Mode:

The value 8 appears twice, while all other values appear once.

Mode =8


So the results are:


  	Mean ≈8.33

  	Median =8

  	Mode =8




7. Mean from a frequency table


Sometimes data is given in a frequency table. Instead of listing every value, the table tells us how many times each value appears.


To find the mean from a frequency table, use:

Mean=∑fx∑f

Here:


  	x is the data value,

  	f is the frequency,

  	fx means value × frequency.




Worked Example 3: Mean, median, and mode from a frequency table


The number of books read by students in a month is shown below:


Values: 1,2,3,4,5

Frequencies: 2,3,4,2,1


First, find the mean.

∑f=2+3+4+2+1=12
∑fx=(1)(2)+(2)(3)+(3)(4)+(4)(2)+(5)(1)
∑fx=2+6+12+8+5=33
Mean=3312=2.75

Median:

There are 12 values in total, so the median is the average of the 6th and 7th values.


Let us list positions:


  	Value 1 appears in positions 1–2

  	Value 2 appears in positions 3–5

  	Value 3 appears in positions 6–9

  	Value 4 appears in positions 10–11

  	Value 5 appears in position 12




The 6th and 7th values are both 3, so:

Median=3

Mode:

The highest frequency is 4, which belongs to value 3.

Mode =3


So:


  	Mean =2.75

  	Median =3

  	Mode =3




8. Grouped frequency distributions


When datasets are large, values are often grouped into class intervals, such as 0–9, 10–19, 20–29, and so on. This is called a grouped frequency distribution.


For grouped data, we usually estimate the mean using the midpoint of each class.


The midpoint of a class interval is:

Midpoint=lower class limit+upper class limit2

Then we use:

Estimated mean=∑fm∑f

where m is the midpoint of each class.


Worked Example 4: Estimated mean from grouped data


The test scores of students are grouped as follows:


  	0–9: frequency 2

  	10–19: frequency 5

  	20–29: frequency 8

  	30–39: frequency 3




Step 1: Find the midpoint of each class.


  	0–9: midpoint =0+92=4.5

  	10–19: midpoint =10+192=14.5

  	20–29: midpoint =20+292=24.5

  	30–39: midpoint =30+392=34.5




Step 2: Multiply each midpoint by its frequency.

(4.5)(2)=9
(14.5)(5)=72.5
(24.5)(8)=196
(34.5)(3)=103.5

Step 3: Add the frequencies and the products.

∑f=2+5+8+3=18
∑fm=9+72.5+196+103.5=381

Step 4: Find the estimated mean.

Estimated mean=38118≈21.17

So the estimated mean score is about 21.17.


9. Median and mode for grouped data


For grouped data, the exact median and exact mode cannot usually be found because the exact individual values are not known. However, we can still identify:


  	the median class, which contains the middle value,

  	the modal class, which has the greatest frequency.




Using the data from the previous example:


  	Frequencies are 2,5,8,3, so total n=18.

  	The middle positions are the 9th and 10th values.




Cumulative frequencies are:


  	0–9: 2

  	10–19: 7

  	20–29: 15

  	30–39: 18




The 9th and 10th values fall in the class 20–29, so the median class is 20–29.


The highest frequency is 8, which also belongs to 20–29, so the modal class is 20–29.


10. Choosing the best measure


It is important to choose the measure that best represents the data.


Use the mean when:


  	the data is fairly balanced,

  	there are no extreme values that strongly affect the average.




Use the median when:


  	the data is skewed,

  	there are outliers,

  	you want the middle value rather than the average.




Use the mode when:


  	you want the most common value,

  	the data is categorical,

  	repeated values are important.




11. What is skewed data?


A dataset is skewed when values are not spread evenly. One side of the data stretches farther than the other.


For example, consider incomes in a small group:

20,22,24,25,120


Mean:

Mean=20+22+24+25+1205=2115=42.2

Median:

The middle value is 24.


Here, the mean is 42.2, but most values are in the 20s. The large value 120 pulls the mean upward. So the mean does not represent the typical income very well.


In this case, the median is a better measure of center because it is less affected by the outlier.


12. Comparing mean, median, and mode


Here is a quick comparison:


  	Mean: uses every value; sensitive to outliers.

  	Median: middle value; resistant to outliers.

  	Mode: most frequent value; useful for most common category or score.




13. Common mistakes to avoid


  	Do not find the median without ordering the data first.

  	Do not confuse mean with median. The mean uses all values, while the median uses the middle position.

  	Do not forget frequencies. In a frequency table, repeated values must be counted properly.

  	For grouped data, remember that the mean is an estimate. It is based on class midpoints.

  	Do not automatically choose the mean. If the data is skewed, the median may be better.




14. Step-by-step strategy


When solving problems about central tendency, use this approach:


  	Look at how the data is presented: raw list, frequency table, or grouped table.

  	If needed, arrange raw data in order.

  	Find the mean using the correct formula.

  	Find the median by locating the middle position.

  	Find the mode by identifying the highest frequency.

  	Check whether the data has outliers or is skewed.

  	Choose the measure that best describes the center.




15. Brief summary


The mean, median, and mode are the main measures of central tendency. The mean is the average, the median is the middle value, and the mode is the most frequent value.


For raw data, you can compute each measure directly. For frequency tables, use frequencies carefully, and for grouped data, use class midpoints to estimate the mean and identify the median class and modal class.


Most importantly, choose the measure that matches the shape of the data. If the data is skewed or has outliers, the median is often the best measure of center.


  
  Put what you read to the test

  You've worked through Measures of Central Tendency. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1227






  [image: 📝]   Lesson 135: Measures of Dispersion

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1267




  Measures of Dispersion describe how spread out a set of data is. Two data sets can have the same average but look very different if one is tightly grouped and the other is widely spread out.


In descriptive statistics, measures of center such as the mean and median tell us where the data is located, while measures of dispersion tell us how much the values vary. In this lesson, you will learn four important measures of spread:



  	Range

  	Interquartile Range (IQR)

  	Variance

  	Standard Deviation




Understanding these measures helps you compare data sets and decide whether values are clustered together or spread far apart.


1. Range


The range is the simplest measure of dispersion. It tells you the distance between the largest and smallest values in a data set.


Range=Maximum−Minimum


The range is easy to calculate, but it uses only two values. This means it can be strongly affected by an unusually large or small value.


Example: Find the range of the data set 3,7,8,10,14.


The maximum is 14 and the minimum is 3.


Range=14−3=11


So, the range is 11.


2. Interquartile Range (IQR)


The interquartile range measures the spread of the middle 50% of the data. It is less affected by extreme values than the range.


To find the IQR, first find:



  	Q1: the first quartile, or lower quartile

  	Q3: the third quartile, or upper quartile




Then use:


IQR=Q3−Q1


How to find quartiles:



  	Put the data in order from least to greatest.

  	Find the median.

  	Find the median of the lower half; this is Q1.

  	Find the median of the upper half; this is Q3.




Worked Example 1: Find the IQR of 2,4,5,7,8,10,12,15,18.


Step 1: The data is already in order.


Step 2: Find the median. Since there are 9 values, the middle value is the 5th value.


Median=8


Step 3: Find the lower half and upper half. Do not include the median when splitting the data.


Lower half: 2,4,5,7

Upper half: 10,12,15,18


Step 4: Find Q1 and Q3.


Q1=4+52=4.5


Q3=12+152=13.5


Step 5: Find the IQR.


IQR=13.5−4.5=9


So, the interquartile range is 9.


Why IQR is useful: It focuses on the center of the data and ignores extreme values. That makes it helpful when the data contains outliers.


3. Variance


The variance measures how far the data values are, on average, from the mean. It uses every value in the data set.


To calculate variance, follow these steps:



  	Find the mean.

  	Subtract the mean from each data value to get each deviation.

  	Square each deviation.

  	Find the average of those squared deviations.




For a full data set, the population variance is written as:


σ2=∑(x−μ)2n


where:


  	x represents each data value

  	μ is the mean

  	n is the number of data values




At this level, you will often calculate variance directly from a small data set by using the steps rather than memorizing the symbols.


Worked Example 2: Find the variance of the data set 2,4,6,8.


Step 1: Find the mean.


μ=2+4+6+84=204=5


Step 2: Find each deviation from the mean.



  	2−5=−3

  	4−5=−1

  	6−5=1

  	8−5=3




Step 3: Square each deviation.



  	(−3)2=9

  	(−1)2=1

  	12=1

  	32=9




Step 4: Add the squared deviations.


9+1+1+9=20


Step 5: Divide by the number of values, n=4.


σ2=204=5


So, the variance is 5.


Important note: Variance is measured in squared units. For example, if the data is measured in meters, the variance is measured in square meters. Because of this, variance is useful mathematically, but it is not always easy to interpret directly.


4. Standard Deviation


The standard deviation is the square root of the variance. It tells us the typical distance of the data values from the mean, in the same units as the original data.


σ=variance


Using the population variance formula, standard deviation is:


σ=∑(x−μ)2n


Because standard deviation is in the same units as the data, it is often easier to understand than variance.


Worked Example 3: Find the standard deviation of the data set 2,4,6,8.


From the previous example, the variance is 5.


So the standard deviation is:


σ=5≈2.24


So, the standard deviation is approximately 2.24.


This means the data values are typically about 2.24 units away from the mean.


Comparing Small and Large Spread


Look at these two data sets:


Set A: 9,10,10,11,10

Set B: 2,6,10,14,18


Both sets have mean 10, but Set A is tightly grouped around 10, while Set B is much more spread out. Measures of dispersion help us describe that difference clearly.


Set A will have a small range, small IQR, and small standard deviation. Set B will have larger values for those measures.


Worked Example 4: Compare the spread of two data sets using range and standard deviation.


Data Set A: 5,6,7,8,9

Data Set B: 1,4,7,10,13


Step 1: Find the range of each set.


For Set A:

Range=9−5=4


For Set B:

Range=13−1=12


So Set B has a larger range.


Step 2: Find the standard deviation of each set.


First, both means are:


μ=7


For Set A, the deviations are:

−2,−1,0,1,2


The squared deviations are:

4,1,0,1,4


Sum:

4+1+0+1+4=10


Variance:

σ2=105=2


Standard deviation:

σ=2≈1.41


For Set B, the deviations are:

−6,−3,0,3,6


The squared deviations are:

36,9,0,9,36


Sum:

36+9+0+9+36=90


Variance:

σ2=905=18


Standard deviation:

σ=18≈4.24


Conclusion: Set B has a much larger standard deviation, so its values are much more spread out from the mean than Set A.


When to Use Each Measure



  	Range: Quick measure of overall spread, but affected a lot by extreme values.

  	IQR: Good for describing the spread of the middle half of the data, especially when outliers exist.

  	Variance: Uses all data values and is useful for calculations, but is in squared units.

  	Standard deviation: Uses all data values and is easier to interpret because it is in the original units.




Common Mistakes to Avoid



  	Forgetting to put the data in order before finding the median or quartiles.

  	Using the wrong maximum or minimum when finding range.

  	For variance and standard deviation, forgetting to square the deviations.

  	Taking the square root too early before finishing the variance calculation.

  	Confusing variance and standard deviation. Remember: standard deviation is the square root of variance.




Key Ideas to Remember



  	Measures of dispersion describe how spread out data is.

  	A small measure of dispersion means the data values are close together.

  	A large measure of dispersion means the data values are spread farther apart.

  	Range and IQR are based on positions in the data.

  	Variance and standard deviation are based on distance from the mean.




Brief Summary


The range is the difference between the largest and smallest values. The IQR is the difference between the upper and lower quartiles and shows the spread of the middle 50% of the data.


The variance is the average of the squared distances from the mean, and the standard deviation is the square root of the variance. Together, these measures help us understand and compare how much data sets vary.


  
  Put what you read to the test

  You've worked through Measures of Dispersion. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1228
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  Data Visualization is the part of statistics where we turn raw numbers into graphs or organized displays so patterns are easier to see. In 11th Grade maths, three important visual tools are histograms, stem-and-leaf plots, and box-and-whisker plots. These help us understand how data is distributed, whether values are clustered together or spread out, and whether the data is symmetric or skewed.


When we visualize data, we are not just drawing pictures. We are looking for meaning. A good graph can help answer questions like:


  	Where do most of the data values fall?

  	Is the data spread out or tightly grouped?

  	Are there any unusually high or low values?

  	Is the distribution roughly symmetric, or is it skewed to one side?




Before using any graph, it is helpful to sort the data from least to greatest. Ordered data makes it easier to spot patterns and calculate important values like the median and quartiles.


1. Histograms

A histogram is a graph that shows how many data values fall within certain intervals, called bins or classes. It looks similar to a bar graph, but the bars in a histogram touch because the data is numerical and continuous over intervals.


To make a histogram:


  	Choose equal-width intervals for the data.

  	Count how many values fall into each interval.

  	Draw bars whose heights match the frequencies.




For example, if test scores are grouped into intervals like 50–59, 60–69, 70–79, and so on, the histogram shows how many students scored in each range.


A histogram is useful because it quickly shows the shape of the distribution. Some common shapes are:


  	Symmetric: the left and right sides are roughly balanced.

  	Skewed right: most data is on the lower side, with a tail stretching to the right.

  	Skewed left: most data is on the higher side, with a tail stretching to the left.

  	Uniform: bars are about the same height.

  	Clustered: several values are concentrated in one or more areas.




2. Stem-and-Leaf Plots

A stem-and-leaf plot organizes data by place value. Each number is split into a stem and a leaf. Usually, the stem is all but the last digit, and the leaf is the last digit.


For example, the number 47 can be split as:

Stem: 4, Leaf: 7


A stem-and-leaf plot keeps the original data values while also showing the overall shape of the distribution. That makes it very useful for small to medium-sized datasets.


To create a stem-and-leaf plot:


  	Write the stems in a vertical column.

  	Place each leaf next to its correct stem.

  	Arrange the leaves in order from least to greatest.




For instance, if the data values are 32, 35, 37, 41, 44, and 49, the plot would be:

3 | 2 5 7
4 | 1 4 9


This means the data values are 32, 35, 37, 41, 44, and 49.


3. Box-and-Whisker Plots

A box-and-whisker plot, also called a box plot, summarizes data using five key values. These are called the five-number summary:


  	Minimum

  	First quartile, or Q1

  	Median

  	Third quartile, or Q3

  	Maximum




The median divides the data into two equal halves. The quartiles divide the data into four equal parts.


In a box plot:


  	The box goes from Q1 to Q3.

  	A line inside the box marks the median.

  	The whiskers extend from the box to the minimum and maximum values.




The length of the box shows the interquartile range, or IQR, which measures the spread of the middle 50% of the data.


The formula for interquartile range is:

IQR=Q3−Q1


Box plots are especially helpful for comparing datasets and for identifying spread, center, and possible skewness.


Understanding Distribution Shape and Skewness

One important goal of data visualization is to understand the distribution of the data. The distribution describes how the values are spread.


Symmetric distribution: If the graph looks similar on both sides of the center, the data is symmetric. In this case, the mean and median are often close together.


Right-skewed distribution: If the graph has a longer tail on the right, the data is right-skewed. This usually means a few larger values pull the distribution to the right.


Left-skewed distribution: If the graph has a longer tail on the left, the data is left-skewed. This usually means a few smaller values pull the distribution to the left.


In a box plot, skewness can often be seen if one whisker is much longer than the other or if the median is not centered in the box.


Worked Example 1: Making a Stem-and-Leaf Plot

The following quiz scores were recorded:

62, 75, 71, 68, 74, 63, 79, 72, 65, 67


Step 1: Order the data.

62, 63, 65, 67, 68, 71, 72, 74, 75, 79


Step 2: Separate stems and leaves.


  	Stem 6: leaves 2, 3, 5, 7, 8

  	Stem 7: leaves 1, 2, 4, 5, 9




Step 3: Write the plot.

6 | 2 3 5 7 8
7 | 1 2 4 5 9


Interpretation: The scores are spread through the 60s and 70s, with no extreme low or high values. The data appears fairly balanced.


Worked Example 2: Creating a Histogram from Frequency Data

A teacher groups project scores into intervals:


  	50–59: 2 students

  	60–69: 5 students

  	70–79: 8 students

  	80–89: 6 students

  	90–99: 3 students




To draw the histogram, place the score intervals on the horizontal axis and frequency on the vertical axis. Then draw touching bars with heights 2, 5, 8, 6, and 3.


Interpretation: The tallest bar is 70–79, so most students scored in that range. The bars rise and then fall, so the distribution is roughly mound-shaped. It is fairly close to symmetric, though not perfectly.


Worked Example 3: Finding the Five-Number Summary and Drawing a Box Plot

Consider the data:

4, 6, 7, 8, 10, 12, 13, 15, 18


Step 1: Find the median.

There are 9 values, so the middle value is the 5th value:

Median = 10


Step 2: Find Q1.

The lower half is 4, 6, 7, 8. The middle of these is:

Q1=6+72=6.5


Step 3: Find Q3.

The upper half is 12, 13, 15, 18. The middle of these is:

Q3=13+152=14


Step 4: Write the five-number summary.


  	Minimum = 4

  	Q1=6.5

  	Median = 10

  	Q3=14

  	Maximum = 18




Step 5: Find the interquartile range.

IQR=Q3−Q1=14−6.5=7.5


Interpretation: The middle 50% of the data lies between 6.5 and 14. The distances on each side of the median are similar, so the data is approximately symmetric.


Worked Example 4: Describing Skewness from a Box Plot

Suppose a box plot has the following five-number summary:


  	Minimum = 12

  	Q1=18

  	Median = 20

  	Q3=24

  	Maximum = 40




Notice that the right whisker goes from 24 to 40, which is much longer than the left whisker from 12 to 18.


Interpretation: This suggests the distribution is right-skewed. Most values are lower, but a few larger values stretch the distribution to the right.


How to Choose the Best Display

Each graph has strengths. The best choice depends on the dataset and what you want to learn from it.


  	Use a histogram when you want to see the overall shape of numerical data, especially for larger datasets.

  	Use a stem-and-leaf plot when you want to see the shape of the data and still keep the exact values.

  	Use a box-and-whisker plot when you want a quick summary of center and spread, or when comparing two or more datasets.




Common Mistakes to Avoid


  	Using unequal interval widths in a histogram without clear labeling.

  	Forgetting to order leaves in a stem-and-leaf plot.

  	Confusing quartiles with the minimum or maximum in a box plot.

  	Describing a graph only by its highest point and ignoring spread or skewness.

  	Assuming every graph with one peak is perfectly symmetric.




What to Look for When Interpreting Any Data Display


  	Center: Where is the middle of the data?

  	Spread: How far apart are the values?

  	Shape: Is it symmetric, skewed, or clustered?

  	Unusual values: Are there gaps or extreme values?




If you build the habit of checking these four features, you will become much better at reading and comparing data displays.


[image: 📋]   Summary

Data visualization helps us organize and understand numerical information. Histograms show how often values fall in intervals, stem-and-leaf plots show the exact values while revealing the distribution, and box-and-whisker plots summarize the data using the five-number summary. By studying these graphs, we can describe the center, spread, and shape of data, including whether it is symmetric, right-skewed, or left-skewed. These skills help us draw better statistical conclusions from real-world information.


  
  Put what you read to the test

  You've worked through Data Visualization. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1229
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  Outlier Detection is an important part of descriptive statistics. When we collect data, most values usually cluster in a main group, but sometimes one or two values are much smaller or much larger than the rest. These unusual values are called outliers.


Outliers matter because they can change how we describe a dataset. They can affect the mean, the spread, and sometimes the conclusions we make. In this lesson, you will learn how to identify outliers using the 1.5 IQR rule and how to describe their effect on statistical summaries.


What is an outlier?


An outlier is a data value that is unusually far away from the rest of the data. It does not automatically mean the value is wrong. Sometimes an outlier is caused by a mistake in recording data, but sometimes it is a real and meaningful result.


For example, in a set of quiz scores mostly between 72 and 91, a score of 15 would likely be an outlier. In a list of daily temperatures around 20 to 28 degrees, a temperature of 22 is not an outlier because it fits the pattern of the data.


Why do we use the 1.5 IQR rule?


One common way to detect outliers is with the interquartile range, or IQR. The IQR measures the spread of the middle half of the data. Since it focuses on the middle 50%, it is less affected by extreme values than the full range.


The 1.5 IQR rule uses quartiles:



  	: the first quartile, or the median of the lower half of the data

  	: the third quartile, or the median of the upper half of the data

  	IQR: the interquartile range, found by subtracting  from 




The formula is


IQR=Q3−Q1

Then we calculate the lower fence and upper fence:


Lower Fence=Q1−1.5(IQR)
Upper Fence=Q3+1.5(IQR)

Any value below the lower fence or above the upper fence is considered an outlier.


Steps for detecting outliers



  	Put the data in order from least to greatest.

  	Find the median.

  	Find , the median of the lower half.

  	Find , the median of the upper half.

  	Compute the IQR using  - .

  	Find the lower and upper fences.

  	Check whether any data values fall outside the fences.




Important note about quartiles


When finding quartiles, first find the median of the entire dataset. Then split the data into a lower half and an upper half. If the number of data points is odd, do not include the overall median in either half when finding  and .


Worked Example 1: Finding an outlier in a small dataset


Suppose the data are:


3, 5, 6, 7, 8, 9, 10, 12, 25


Step 1: Find the median


There are 9 values, so the median is the 5th value:


Median = 8


Step 2: Find  and 


Lower half: 3, 5, 6, 7

Upper half: 9, 10, 12, 25


 is the median of the lower half:


Q1=5+62=5.5

 is the median of the upper half:


Q3=10+122=11

Step 3: Find the IQR


IQR=Q3−Q1=11−5.5=5.5

Step 4: Find the fences


Lower Fence=5.5−1.5(5.5)=5.5−8.25=−2.75

Upper Fence=11+1.5(5.5)=11+8.25=19.25

Step 5: Identify outliers


Any value less than .75 or greater than 19.25 is an outlier. The value 25 is greater than 19.25, so 25 is an outlier.


Worked Example 2: A dataset with no outliers


Consider the data:


11, 12, 13, 15, 16, 18, 19, 20


Step 1: Find the median


There are 8 values, so the median is the average of the 4th and 5th values:


Median=15+162=15.5

Step 2: Find  and 


Lower half: 11, 12, 13, 15

Upper half: 16, 18, 19, 20


Q1=12+132=12.5

Q3=18+192=18.5

Step 3: Find the IQR


IQR=18.5−12.5=6

Step 4: Find the fences


Lower Fence=12.5−1.5(6)=12.5−9=3.5

Upper Fence=18.5+1.5(6)=18.5+9=27.5

Step 5: Check for outliers


All values are between 3.5 and 27.5, so there are no outliers.


Worked Example 3: Comparing the effect of an outlier on the mean and median


Look at these two datasets:


Dataset A: 4, 5, 6, 6, 7

Dataset B: 4, 5, 6, 6, 30


Both datasets have 5 values.


Dataset A


Mean=4+5+6+6+75=285=5.6

Median = 6


Dataset B


Mean=4+5+6+6+305=515=10.2

Median = 6


Notice what happened:



  	The mean changed a lot, from 5.6 to 10.2.

  	The median stayed the same at 6.




This shows that outliers strongly affect the mean, but the median is more resistant. That is why the median and IQR are often better summaries when outliers are present.


Worked Example 4: Full outlier analysis


A student records the number of minutes classmates spend studying on a certain night:


20, 25, 30, 35, 35, 40, 45, 50, 120


Step 1: Find the median


There are 9 values, so the median is the 5th value:


Median = 35


Step 2: Find  and 


Lower half: 20, 25, 30, 35

Upper half: 40, 45, 50, 120


Q1=25+302=27.5

Q3=45+502=47.5

Step 3: Find the IQR


IQR=47.5−27.5=20

Step 4: Find the fences


Lower Fence=27.5−1.5(20)=27.5−30=−2.5

Upper Fence=47.5+1.5(20)=47.5+30=77.5

Step 5: Identify outliers


The value 120 is greater than 77.5, so 120 is an outlier.


Step 6: Describe the effect on the data


Let us compare the mean and median.


Mean with outlier=20+25+30+35+35+40+45+50+1209=4009≈44.4

The median is 35.


The mean is much higher than the median because the outlier 120 pulls the mean upward. If we wanted a typical study time, the median of 35 minutes may describe the class better than the mean of about 44.4 minutes.


How outliers appear on box plots


A box plot is a graph that shows the median, quartiles, and possible outliers. The box goes from  to , and the line inside the box shows the median. The “whiskers” extend to the smallest and largest non-outlier values. Outliers are often plotted as separate points beyond the whiskers.


This makes box plots very useful for quickly spotting unusual values.


How outliers affect statistical summaries



  	Mean: usually affected a lot by outliers

  	Median: usually affected very little

  	Range: affected a lot because it uses the smallest and largest values

  	IQR: affected much less because it uses the middle 50% of the data




Because of this, when a dataset has outliers, the median and IQR are often better choices than the mean and range for describing the center and spread.


Be careful: an outlier is not always a mistake


After finding an outlier, you should think about what it means. Ask questions such as:



  	Was the data entered incorrectly?

  	Was the value measured in the wrong units?

  	Is the value unusual but still real?




For example, if one student studied for 120 minutes, that may be unusual, but it could still be true. In that case, the outlier should not simply be erased. Instead, it should be reported and interpreted carefully.


Common mistakes to avoid



  	Not ordering the data before finding quartiles

  	Using the median as part of both halves when the number of data values is odd

  	Forgetting that the IQR is calculated by  - 

  	Using 1.5 incorrectly in the fence formulas

  	Assuming every extreme value is automatically an error




Quick checklist for solving outlier problems



  	Sort the data.

  	Find the median, , and .

  	Compute the IQR.

  	Find the lower and upper fences.

  	Identify any values outside the fences.

  	Describe how those outliers affect the mean, median, range, or IQR.




[image: 📋]   Summary


An outlier is a value that is much smaller or larger than the rest of the data. To detect outliers, we use the 1.5 IQR rule: first find  and , then compute


IQR=Q3−Q1

Next, calculate the fences:


Q1−1.5(IQR)andQ3+1.5(IQR)

Any value outside those fences is an outlier. Outliers can strongly affect the mean and range, but they usually have less effect on the median and IQR. That is why median and IQR are often the better summaries when outliers are present.


  
  Put what you read to the test

  You've worked through Outlier Detection. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1230
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  Lesson: Bivariate Data and Scatter Plots


In statistics, we often want to study how two variables are related. For example, we might ask whether study time is connected to test scores, whether height is related to arm span, or whether temperature affects ice cream sales.


When data values come in pairs, we call the data bivariate data. The word bi means two, so bivariate data involves two measured quantities for each individual, object, or situation.


A very useful way to display bivariate data is with a scatter plot. A scatter plot helps us see whether the two variables seem related, and if they are, what kind of relationship they have.


1. What is bivariate data?


Bivariate data consists of ordered pairs, usually written as (x,y).



  	x represents one variable, usually placed on the horizontal axis.

  	y represents the second variable, usually placed on the vertical axis.




For example, if a teacher records the number of hours each student studied and that student's test score, the data might look like this:



  	Student 1: (2,68)

  	Student 2: (4,75)

  	Student 3: (5,82)




Each ordered pair describes one student. The first number is the study time, and the second number is the test score.


2. What is a scatter plot?


A scatter plot is a graph made by plotting each ordered pair from a bivariate data set as a point on a coordinate plane.


To make a scatter plot:



  	Identify the two variables.

  	Choose which variable goes on the x-axis and which goes on the y-axis.

  	Label both axes clearly with units if needed.

  	Choose a reasonable scale for each axis.

  	Plot each ordered pair as a point.




Unlike a line graph, you do not connect the points in a scatter plot. Each point represents one pair of values.


3. Reading a scatter plot


After graphing the data, look for a pattern. A scatter plot can suggest whether the variables are related.


There are three main types of association you should recognize:



  	Positive association: As x increases, y tends to increase.

  	Negative association: As x increases, y tends to decrease.

  	No clear association: The points do not show an obvious upward or downward trend.




For example:



  	If students who study more usually score higher, the scatter plot shows a positive association.

  	If the outside temperature rises while the number of hot chocolate sales falls, the scatter plot shows a negative association.

  	If shoe size and math grade do not seem connected, the scatter plot may show no clear association.




4. Linear and non-linear relationships


One important goal of a scatter plot is to decide whether the relationship looks linear or non-linear.


A relationship is linear if the points follow a pattern close to a straight line. This does not mean every point lies exactly on one line, but the overall trend looks straight.


A relationship is non-linear if the pattern curves or changes direction, so a straight line would not describe it well.


Here is how to tell the difference:



  	Linear: points cluster around a straight upward or downward trend

  	Non-linear: points form a curve, arc, or other shape that is not straight




For example, if distance traveled increases at a steady rate over time, the data may look linear. But if a ball is thrown into the air, its height over time may rise and then fall, creating a non-linear pattern.


5. Strength of association


Scatter plots also show how strong a relationship is.



  	Strong association: points lie close to a line or curve

  	Weak association: points are more spread out




So a scatter plot can be described in more than one way. For example, you might say:



  	strong positive linear association

  	weak negative linear association

  	strong non-linear association

  	no clear association




6. Outliers


An outlier is a data point that lies far away from the overall pattern of the rest of the data.


Outliers are important because they can affect how we interpret the relationship. An outlier might happen because of:



  	a recording mistake

  	an unusual event

  	a value that is real but uncommon




When looking at a scatter plot, always notice whether one or two points are much farther away than the others.


7. Choosing the variables for each axis


Usually, the variable that might help explain or predict the other one is placed on the x-axis. The response or outcome variable is usually placed on the y-axis.


For instance:



  	hours studied → x-axis

  	test score → y-axis




This makes sense because study time may help explain changes in test score.


Worked Example 1: Making a scatter plot


A coach records the number of practice hours and the number of free throws made by 6 players in one minute.



  	(1,5)

  	(2,6)

  	(3,8)

  	(4,9)

  	(5,11)

  	(6,12)




Step 1: Identify the variables.



  	x= practice hours

  	y= free throws made




Step 2: Plot the points on a coordinate plane.


Step 3: Describe the pattern.


As practice hours increase, the number of free throws made also increases. The points would lie close to an upward-sloping straight line.


Conclusion: The scatter plot shows a strong positive linear association.


Worked Example 2: Negative association


A store manager compares outside temperature and the number of winter hats sold in one day.



  	(30,25)

  	(35,22)

  	(40,18)

  	(45,14)

  	(50,10)

  	(55,7)




Here, x is temperature and y is hats sold.


As temperature increases, hat sales decrease. The points follow a downward trend that is close to a straight line.


Conclusion: The scatter plot shows a strong negative linear association.


Worked Example 3: Non-linear association


A science class measures the height of a small rocket at different times after launch.



  	(0,0)

  	(1,12)

  	(2,20)

  	(3,24)

  	(4,20)

  	(5,12)

  	(6,0)




The rocket rises, reaches a highest point, and then falls back down. If these points are plotted, they do not form a straight line. Instead, they form a curved shape.


Conclusion: The scatter plot shows a strong non-linear association.


This example is important because not every relationship is linear. A scatter plot helps you see that quickly.


Worked Example 4: Spotting an outlier


A class records hours studied and quiz scores:



  	(1,62)

  	(2,68)

  	(3,74)

  	(4,79)

  	(5,85)

  	(6,50)




The first five points suggest that more study time is linked to higher quiz scores. But the point (6,50) is much lower than expected.


This point does not fit the overall upward pattern, so it is an outlier.


Conclusion: The data mostly shows a positive linear association, but there is one outlier.


8. What scatter plots can and cannot tell us


A scatter plot can help us:



  	see whether two variables seem related

  	tell whether the relationship is positive, negative, or unclear

  	decide whether the pattern is linear or non-linear

  	notice outliers




However, a scatter plot does not prove that one variable causes the other. For example, even if two variables are related, that does not always mean one directly causes the change in the other.


9. Common mistakes to avoid



  	Mixing up the variables: Be sure the correct variable is on each axis.

  	Using an uneven scale: Choose a clear, consistent scale.

  	Connecting the points: Scatter plot points should usually stay separate.

  	Forcing a linear interpretation: If the data curves, describe it as non-linear.

  	Ignoring outliers: A strange point may matter.




10. Quick checklist for describing a scatter plot


When you are asked to interpret a scatter plot, use this checklist:



  	Is the association positive, negative, or none?

  	Is the pattern linear or non-linear?

  	Is the association strong or weak?

  	Are there any outliers?




A good complete description might be: "The scatter plot shows a strong positive linear association with no obvious outliers."


Brief Summary


Bivariate data involves two variables measured together as ordered pairs. A scatter plot graphs these pairs so that we can study the relationship between the variables. By looking at the direction, shape, strength, and any outliers, we can describe whether the data shows a positive or negative association, whether it is linear or non-linear, and how closely the points follow a pattern.


  
  Put what you read to the test

  You've worked through Bivariate Data and Scatter Plots. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1231
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  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1271




  Correlation and Regression help us study the relationship between two numerical variables. For example, we might want to know whether study time is related to test scores, or whether hours of exercise are related to resting heart rate.


In this lesson, you will learn how to:


	interpret the Pearson correlation coefficient;

	find and understand the least squares regression line;

	use a regression model to make predictions by interpolation and extrapolation;

	decide when a linear model makes sense and when to be careful.




1. Looking for a relationship between two variables


When we compare two numerical variables, we often place the data on a scatter plot. Each point represents one pair of values \, (x,y).


For example, if x is hours studied and y is test score, then a point (4,82) means a student studied 4 hours and scored 82.


A scatter plot helps us see whether the variables are related.



	Positive association: as x increases, y tends to increase.

	Negative association: as x increases, y tends to decrease.

	No clear association: the points do not follow a clear trend.




If the points lie roughly around a straight line, then a linear model may be appropriate.


2. Pearson correlation coefficient


The Pearson correlation coefficient, written as r, measures the strength and direction of a linear relationship between two variables.


The value of r is always between −1 and 1:


−1≤r≤1


	If r>0, the relationship is positive.

	If r<0, the relationship is negative.

	If r is close to 1 or −1, the linear relationship is strong.

	If r is close to 0, the linear relationship is weak.




Common interpretations are:


	r≈1: very strong positive linear correlation

	r≈−1: very strong negative linear correlation

	r≈0: little or no linear correlation




Important: correlation does not prove causation. If two variables are correlated, that does not automatically mean one causes the other.


For instance, ice cream sales and swimming activity may both increase in summer. They are related, but one does not directly cause the other. A third factor, temperature, affects both.


3. The least squares regression line


When data show a roughly linear trend, we can model the relationship using a line called the least squares regression line.


This line is often written as:


y^=a+bx

where:


	y^ is the predicted value of y,

	a is the y-intercept,

	b is the slope.




The slope tells us how much the predicted value of y changes when x increases by 1 unit.


The y-intercept is the predicted value of y when x=0. Sometimes this is meaningful, and sometimes it is not, depending on the situation.


The term least squares means the line is chosen so that the squared vertical distances from the data points to the line are as small as possible.


4. Formulas for the regression line


To calculate the least squares regression line, we often use these formulas:


b=r(sysx)

a=yˉ−bxˉ

where:


	r is the correlation coefficient,

	sx is the standard deviation of the x-values,

	sy is the standard deviation of the y-values,

	xˉ is the mean of the x-values,

	yˉ is the mean of the y-values.




In many school problems, a calculator or software gives the regression equation directly. Even if technology does the calculations, you still need to understand what the equation means.


5. Interpreting the regression line


Suppose the regression line is:


y^=52+6x

If x is hours studied and y is test score, then:


	the slope 6 means each additional hour studied is associated with an increase of about 6 points in the predicted test score;

	the intercept 52 means the predicted score for 0 hours of study is 52.




Remember that this is a prediction, not a guarantee. Real data points will usually not all lie exactly on the line.


6. Residuals


A residual measures how far an actual data value is from the predicted value.


residual=y−y^


	A positive residual means the actual value is above the regression line.

	A negative residual means the actual value is below the regression line.

	A residual of 0 means the point lies exactly on the line.




Residuals help us judge how well the regression line fits the data.


7. Interpolation and extrapolation


Once we have a regression line, we can use it to make predictions.



	Interpolation means predicting for an x-value within the range of the observed data.

	Extrapolation means predicting for an x-value outside the range of the observed data.




Interpolation is usually safer because it stays within the data we actually observed.


Extrapolation can be risky because the pattern may not continue beyond the available data.


Worked Example 1: Interpreting correlation


A set of data has correlation coefficient r=0.84.


Question: What does this tell us about the relationship between the variables?


Solution:


	The value is positive, so the relationship is positive.

	The value is close to 1, so the linear relationship is strong.




Conclusion: There is a strong positive linear correlation between the two variables.


If one variable increases, the other tends to increase as well.


Worked Example 2: Finding the regression line from summary statistics


Suppose for a dataset we know:


	xˉ=5

	yˉ=18

	sx=2

	sy=6

	r=0.75




Find the least squares regression line.


Step 1: Find the slope.


b=r(sysx)=0.75(62)=0.75(3)=2.25

Step 2: Find the intercept.


a=yˉ−bxˉ=18−2.25(5)=18−11.25=6.75

Regression equation:


y^=6.75+2.25x

Interpretation: For each increase of 1 unit in x, the predicted value of y increases by 2.25 units.


Worked Example 3: Using the regression line for prediction


A teacher finds that the relationship between hours studied (x) and test score (y) is modeled by:


y^=52+6x

(a) Predict the score of a student who studies 4 hours.


Substitute x=4:


y^=52+6(4)=52+24=76

So the predicted score is 76.


(b) If a student studied 4 hours and actually scored 81, find the residual.


residual=y−y^=81−76=5

The residual is 5.


This means the student scored 5 points above the predicted value.


Worked Example 4: Interpolation vs. extrapolation


A regression model for plant growth was built using data for sunlight hours from 2 to 8 hours per day:


y^=10+1.8x

(a) Predict the plant height when x=5 hours of sunlight.


y^=10+1.8(5)=10+9=19

The predicted height is 19.


Since 5 is within the data range 2 to 8, this is interpolation.


(b) Predict the plant height when x=12 hours of sunlight.


y^=10+1.8(12)=10+21.6=31.6

The model predicts 31.6.


However, 12 is outside the observed data range, so this is extrapolation.


We should be cautious because the linear pattern may not continue that far.


8. How to judge whether a linear model is appropriate


Before using correlation and regression, check the scatter plot.


A linear model is reasonable when:


	the points follow a roughly straight-line pattern;

	there are no extreme outliers that strongly distort the pattern;

	the association looks reasonably consistent.




A linear model may not be appropriate when:


	the pattern is curved instead of straight;

	the data are scattered with no clear trend;

	one or two unusual points heavily affect the graph.




9. Important cautions



	Correlation does not imply causation.

	A strong correlation can still have outliers.

	A weak correlation does not always mean no relationship; the relationship might be non-linear.

	Extrapolation can be unreliable.

	The regression line predicts, but does not give exact values.




10. Step-by-step strategy for problems



	Look at the variables and identify which is x and which is y.

	Use the scatter plot, if given, to see whether the relationship is positive, negative, or weak.

	Interpret the value of r.

	If needed, find the regression line using:
b=r(sysx),a=yˉ−bxˉ


	Write the equation in the form:
y^=a+bx


	Substitute the given x-value to make a prediction.

	If asked, find the residual using:
y−y^


	Decide whether the prediction is interpolation or extrapolation.




11. Quick practice questions


1. If r=−0.91, what does that tell you?

Answer: a strong negative linear correlation.


2. If the regression line is y^=15−2x, what does the slope mean?

Answer: for each increase of 1 in x, the predicted value of y decreases by 2.


3. If the actual value is 27 and the predicted value is 24, what is the residual?

Answer: 27−24=3.


4. Why is extrapolation risky?

Answer: because it predicts beyond the observed data, where the same pattern may not continue.


[image: 📋]   Summary


Correlation measures the direction and strength of a linear relationship between two numerical variables. The Pearson correlation coefficient r ranges from −1 to 1.


The least squares regression line, written as y^=a+bx, gives a linear model for predicting values of y from values of x. The slope describes the rate of change, and the intercept gives the predicted value when x=0.


You can use the regression line for interpolation and extrapolation, but predictions outside the data range should be treated carefully. Always remember that correlation does not prove causation.


  
  Put what you read to the test

  You've worked through Correlation and Regression. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1232






  
    
  [image: 📖]   Chapter 18

  Matrix Algebra
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  Matrix Anatomy and Equality


Matrices are rectangular arrangements of numbers. They help organize information clearly and are used in many areas of mathematics, science, economics, and technology.


Before students can add, subtract, or multiply matrices, they must understand a matrix’s anatomy: its rows, columns, order, and entries. They also need to know when two matrices are considered equal.


This lesson explains how to read a matrix, describe its size, name its elements, and decide whether two matrices are equal.


1. What is a matrix?


A matrix is a rectangular array of numbers arranged in rows and columns. A single number inside a matrix is called an element or an entry.


For example, in the matrix


A=[25−1034]

the numbers are arranged in rows and columns.



	The first row is [2  5  −1].

	The second row is [0  3  4].

	The first column is [20]

	The second column is [53]

	The third column is [−14]




2. Order of a matrix


The order of a matrix tells its dimensions. It is written as


number of rows×number of columns.


For the matrix


A=[25−1034]

there are 2 rows and 3 columns, so its order is


2×3

This is read as “2 by 3.”


Here are some examples of matrix orders:



	A matrix with 3 rows and 2 columns has order 3×2.

	A matrix with 4 rows and 4 columns has order 4×4.

	A matrix with 1 row and 5 columns has order 1×5.

	A matrix with 6 rows and 1 column has order 6×1.




Important: Order matters. A 2×3 matrix is not the same size as a 3×2 matrix.


3. Naming elements in a matrix


Each element in a matrix can be named by its position. The usual notation is aij, which means:



	i = row number

	j = column number




So aij means the entry in the ith row and jth column.


For example, consider


B=[7−2510946−3]

Then:



	b11=7 because it is in row 1, column 1

	b12=−2 because it is in row 1, column 2

	b23=9 because it is in row 2, column 3

	b31=4 because it is in row 3, column 1

	b33=−3 because it is in row 3, column 3




When identifying an element, always read row first, then column.


4. General form of a matrix


A matrix can be written in general form as


A=[a11a12a13⋯a1na21a22a23⋯a2na31a32a33⋯a3n⋮⋮⋮⋱⋮am1am2am3⋯amn]

This means the matrix has m rows and n columns, so its order is m×n.


You do not need to memorize this entire pattern. The important idea is that each entry is named using its row and column position.


5. Special note about rows and columns


A matrix with only one row is called a row matrix (or row vector in some contexts).


Example:


[38−16]

Its order is 1×4.


A matrix with only one column is called a column matrix (or column vector in some contexts).


Example:


[52−7]

Its order is 3×1.


6. Equality of matrices


Two matrices are equal only if both of these conditions are true:



	They have the same order.

	Each corresponding element is equal.




In symbols, matrices A and B are equal if:



	they have the same dimensions, and

	for every position (i,j), aij=bij.




For example,


A=[142−3],B=[142−3]

Since both are 2×2 and every matching entry is the same, A=B.


But if even one entry is different, the matrices are not equal.


For example,


A=[142−3],C=[1423]

These matrices are not equal because the bottom-right entry is different: −3≠3.


Also, if the orders are different, the matrices cannot be equal, even if some numbers match.


For example,


[123456]≠[123456]

The first matrix has order 2×3, while the second has order 3×2.


7. Using equality to find unknown values


If two matrices are equal, then the entries in matching positions must be equal. This allows us to form equations and solve for unknowns.


For example, if


[x+12y3y−4]=[5830]

then corresponding entries must match:



	x+1=5

	2y=8

	3=3

	y−4=0




Solving gives:



	x=4

	y=4




Notice that both equations involving y agree, which confirms the solution is correct.


Worked Example 1: Finding the order


Find the order of


M=[310−25476]

Step 1: Count the rows.


There are 2 rows.


Step 2: Count the columns.


There are 4 columns.


Answer: The order of M is


2×4

Worked Example 2: Identifying an element


Given


N=[8−13065429]

find:



	n21

	n32

	n13




Step 1: Remember that the first number in the subscript is the row, and the second is the column.


Step 2: Read each position carefully.



	n21: row 2, column 1 = 0

	n32: row 3, column 2 = 2

	n13: row 1, column 3 = 3




Answer:


n21=0,n32=2,n13=3

Worked Example 3: Deciding whether two matrices are equal


Determine whether


P=[27−15]andQ=[27−15]

are equal.


Step 1: Compare the orders.


Both matrices are 2×2.


Step 2: Compare corresponding entries.



	Top-left: 2=2

	Top-right: 7=7

	Bottom-left: −1=−1

	Bottom-right: 5=5




Conclusion: Since the orders are the same and all corresponding entries are equal,


P=Q

Worked Example 4: Finding unknowns using matrix equality


If


[2xy+343y]=[107412]

find x and y.


Step 1: Match corresponding elements.



	2x=10

	y+3=7

	4=4

	3y=12




Step 2: Solve the equations.


From 2x=10,


x=5

From y+3=7,


y=4

Check with 3y=12:


3(4)=12

This is true, so the values are correct.


Answer:


x=5,y=4

Common mistakes to avoid



	Mixing up rows and columns: In aij, the row comes first.

	Writing the order backwards: Always write rows × columns.

	Assuming same numbers means equal matrices: The numbers must be in the same positions, and the matrices must have the same order.

	Ignoring one mismatched entry: If even one corresponding element is different, the matrices are not equal.




Quick check for understanding


For the matrix


R=[148−205]


	Its order is 2×3.

	r12=4.

	r23=5.

	It has 2 rows and 3 columns.




If another matrix has the same order but one entry is different, then it is not equal to R.


[image: 📋]   Summary


A matrix is a rectangular arrangement of numbers in rows and columns. Its order is written as rows × columns. Each element is identified by its position, written as aij, where i is the row and j is the column.


Two matrices are equal only when they have the same order and every corresponding element is equal. This idea also helps us find unknown values by matching entries in the same positions.


  
  Put what you read to the test

  You've worked through Matrix Anatomy and Equality. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1233
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  Matrix Addition and Scalar Multiplication


Matrices are rectangular arrays of numbers arranged in rows and columns. They are useful for organizing information and doing calculations in a structured way.


In this lesson, you will learn how to add matrices, subtract matrices, and multiply a matrix by a scalar. A scalar is just a single number.


These operations are important because they are the basic arithmetic of matrix algebra. Once you understand them, you can work with larger matrix problems more confidently.


1. What is a matrix?


A matrix is a table of numbers. For example,


A=[25−13]

has 2 rows and 2 columns, so it is called a 2 by 2 matrix.


The size of a matrix is called its dimensions. A matrix with 3 rows and 2 columns has dimensions 3×2.


2. Matrix addition


Two matrices can be added only if they have the same dimensions. This means they must have the same number of rows and the same number of columns.


To add matrices, add the numbers in matching positions. This is called entry-wise addition.


If


A=[abcd],B=[efgh]

then


A+B=[a+eb+fc+gd+h]

Each entry in the answer comes from adding the corresponding entries of the two matrices.


3. Matrix subtraction


Matrix subtraction works the same way as addition. The matrices must also have the same dimensions.


Subtract each entry in the second matrix from the matching entry in the first matrix.


If


A=[abcd],B=[efgh]

then


A−B=[a−eb−fc−gd−h]

4. Scalar multiplication


A scalar is a single number, such as 2, −3, or 12.


To multiply a matrix by a scalar, multiply every entry in the matrix by that number.


If


A=[abcd]

then multiplying by a scalar k gives


kA=[kakbkckd]

Scalar multiplication changes the values in the matrix, but it does not change the dimensions of the matrix.


5. Important rules to remember



  	Addition and subtraction: only possible when the matrices have the same dimensions.

  	Scalar multiplication: multiply every entry by the scalar.

  	Dimensions stay the same after addition, subtraction, or scalar multiplication.




6. Worked Example 1: Adding two matrices


Find


[14−27]+[3−152]

Step 1: Check dimensions.


Both matrices are 2×2, so addition is possible.


Step 2: Add matching entries.


[1+34+(−1)−2+57+2]=[4339]

Answer:


[4339]

7. Worked Example 2: Subtracting matrices


Find


[60−38]−[25−14]

Step 1: Check dimensions.


Both are 2×2, so subtraction is possible.


Step 2: Subtract matching entries.


[6−20−5−3−(−1)8−4]=[4−5−24]

Answer:


[4−5−24]

8. Worked Example 3: Scalar multiplication


Find −3A if


A=[2−415]

Step 1: Multiply every entry by −3.


−3A=−3[2−415]=[−3(2)−3(−4)−3(1)−3(5)]

Step 2: Simplify.


[−612−3−15]

Answer:


[−612−3−15]

9. Worked Example 4: Combining scalar multiplication and addition


Find


2[1−230]+[45−16]

Step 1: Multiply the first matrix by 2.


2[1−230]=[2−460]

Step 2: Add the two matrices.


[2−460]+[45−16]=[2+4−4+56+(−1)0+6]

=[6156]

Answer:


[6156]

10. When matrix addition is not possible


Consider these two matrices:


A=[123456],B=[78910]

Matrix A is 2×3, and matrix B is 2×2.


Because their dimensions are different, A+B and A−B are not defined.


This is a very common mistake. Before adding or subtracting, always check the dimensions first.


11. Common mistakes to avoid



  	Adding matrices with different dimensions. This is not allowed.

  	Forgetting to add or subtract matching positions only. Do not mix entries from different places.

  	Missing negative signs. Be especially careful when subtracting negative numbers.

  	For scalar multiplication, forgetting to multiply every entry. Every number in the matrix must be multiplied by the scalar.




12. Quick practice questions


Try these on your own:



  	
    [210−3]+[4−256]
  

  	
    [7−124]−[35−21]
  

  	
    4[−1320]
  




Answers:



  	
    [6−153]
  

  	
    [4−643]
  

  	
    [−41280]
  




13. Summary


Matrix addition and subtraction are done by combining corresponding entries, but only when the matrices have the same dimensions.


Scalar multiplication means multiplying every entry in a matrix by the same number.


If you remember to check dimensions first and work carefully entry by entry, you can do these matrix operations accurately and confidently.


  
  Put what you read to the test

  You've worked through Matrix Addition and Scalar Multiplication. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1234
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  Matrix Multiplication is a way of combining two matrices to create a new matrix. It is one of the most important ideas in matrix algebra because it helps us represent repeated calculations, organize data, and solve systems involving several variables.
Unlike adding or subtracting matrices, matrix multiplication is not done by multiplying matching entries in the same position. Instead, each entry in the product comes from a dot product: we multiply entries from a row of the first matrix by entries from a column of the second matrix, then add the results.
In this lesson, you will learn:
	when two matrices can be multiplied,
	how to compute each entry of the product,
	how to find the size of the answer, and
	why matrix multiplication is generally non-commutative, meaning that usually AB≠BA.

1. Sizes of matrices and compatibility
A matrix is described by its dimensions: rows × columns. For example, a 2×3 matrix has 2 rows and 3 columns.
Suppose
Am×n and Bn×p.The product AB is defined only if the number of columns in A equals the number of rows in B. These matching middle numbers must be the same.
When multiplication is possible, the product matrix AB will have size
m×p.A good way to remember this is:
Inside numbers must match; outside numbers give the answer's size.
For example:
	(2×3)(3×4) is possible, and the result is 2×4.
	(3×2)(2×1) is possible, and the result is 3×1.
	(2×3)(2×2) is not possible, because the inside numbers 3 and 2 do not match.

2. The rule for finding each entry
If A and B can be multiplied, then each entry in AB is found by taking a row from A and a column from B.
If A=[aij] and B=[bij], then the entry in row i, column j of AB is:
(AB)ij=ai1b1j+ai2b2j+ai3b3j+⋯In simpler words:
	Take row i from the first matrix.
	Take column j from the second matrix.
	Multiply corresponding entries.
	Add the products.

This is exactly a dot product.
3. Example 1: Multiplying a row matrix by a column matrix
Find
[23][45].First check the dimensions:
	The first matrix is 1×2.
	The second matrix is 2×1.

The inside numbers match, so multiplication is possible. The result will be 1×1.
Now compute the single entry using the dot product:
2(4)+3(5)=8+15=23.So,
[23][45]=[23].4. Example 2: Multiplying two 2×2 matrices
Find
A=[1234],B=[5678],AB.Both matrices are 2×2, so the product is defined and the answer will also be 2×2.
We find each entry one at a time.
Entry in row 1, column 1:
1(5)+2(7)=5+14=19Entry in row 1, column 2:
1(6)+2(8)=6+16=22Entry in row 2, column 1:
3(5)+4(7)=15+28=43Entry in row 2, column 2:
3(6)+4(8)=18+32=50Therefore,
AB=[19224350].5. Organizing the work carefully
When multiplying matrices, students often make mistakes by losing track of which row and column they are using. A neat method is:
	Write the size of each matrix.
	Check that the inside numbers match.
	Write the size of the result.
	Fill in the product one entry at a time.
	For each entry, clearly identify the row from the first matrix and the column from the second.

This careful structure helps prevent errors.
6. Example 3: A 2×3 times a 3×2 matrix
Find
A=[102−131],B=[31245−2].First check dimensions:
	A is 2×3
	B is 3×2

The inside numbers match, so AB is defined. The result will be 2×2.
Now calculate each entry.
Row 1 of A is [1,0,2].
Column 1 of B is
[325]So the entry in row 1, column 1 is:
1(3)+0(2)+2(5)=3+0+10=13Column 2 of B is
[14−2]So the entry in row 1, column 2 is:
1(1)+0(4)+2(−2)=1+0−4=−3Row 2 of A is [−1,3,1].
Using column 1 of B:
(−1)(3)+3(2)+1(5)=−3+6+5=8Using column 2 of B:
(−1)(1)+3(4)+1(−2)=−1+12−2=9Therefore,
AB=[13−389].7. When multiplication is not possible
Not every pair of matrices can be multiplied. For example, suppose
C=[123456],D=[78910].Matrix C is 2×3, and matrix D is 2×2.
To multiply CD, the number of columns in C must equal the number of rows in D. But C has 3 columns and D has 2 rows.
Since 3≠2, the product CD is undefined.
This is a very common exam question: always check dimensions before starting any arithmetic.
8. Matrix multiplication is not commutative
For real numbers, multiplication is commutative because ab=ba. For example, 3×5=5×3.
Matrix multiplication is different. In general,
AB≠BA.Sometimes one product exists and the other does not. Even if both exist, they may give different answers.
Example 4: Showing that AB≠BA
Let
A=[1201],B=[3041].First find AB.
Row 1, column 1:
1(3)+2(4)=3+8=11Row 1, column 2:
1(0)+2(1)=2Row 2, column 1:
0(3)+1(4)=4Row 2, column 2:
0(0)+1(1)=1So,
AB=[11241].Now find BA.
Row 1, column 1:
3(1)+0(0)=3Row 1, column 2:
3(2)+0(1)=6Row 2, column 1:
4(1)+1(0)=4Row 2, column 2:
4(2)+1(1)=8+1=9So,
BA=[3649].Since
[11241]≠[3649],we have proved that
AB≠BA.This shows that order matters in matrix multiplication.
9. Important patterns to remember
	You multiply rows by columns, not rows by rows.
	The number of columns in the first matrix must equal the number of rows in the second.
	The result takes its size from the outside dimensions.
	Even if both AB and BA exist, they are usually different.

10. Common mistakes
	Forgetting to check dimensions first. Always do this before calculating.
	Multiplying entries in the same position. That is not matrix multiplication.
	Mixing up rows and columns. Each entry comes from one row of the first matrix and one column of the second.
	Assuming AB=BA. This is usually false.
	Getting the size of the answer wrong. Use the outside dimensions.

11. Quick step-by-step guide
	Write the dimensions of both matrices.
	Check whether the inside numbers match.
	If they do not match, the product is undefined.
	If they do match, write the dimensions of the product using the outside numbers.
	Find each entry by dot product: row from the first matrix, column from the second.
	Simplify carefully.

12. Brief summary
Matrix multiplication combines two matrices by using dot products of rows and columns. The product AB is only defined when the number of columns in A equals the number of rows in B, and the result has the outside dimensions.
To find each entry, multiply matching row and column entries and add. Most importantly, matrix multiplication is not commutative, so in general AB≠BA.


  
  Put what you read to the test

  You've worked through Matrix Multiplication. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1235
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  Identity, Zero, and Transpose Matrices


Matrices are rectangular arrangements of numbers written in rows and columns. They are useful for organizing information and performing calculations in a structured way. In this lesson, you will learn about three important types of matrices: the identity matrix, the zero matrix, and the transpose of a matrix.


These ideas appear often in matrix algebra because they help us understand how matrices behave in addition and multiplication. They also help when solving systems and simplifying matrix expressions.


1. Reviewing matrix size


A matrix with 2 rows and 3 columns is called a (2 \times 3) matrix. In general, if a matrix has m rows and n columns, its size is written as m×n.


For example,


A=[147258]

has 2 rows and 3 columns, so it is a 2×3 matrix.


Knowing the size of a matrix is important because matrix operations depend on it. For example, matrices can only be added when they have the same size.


2. The zero matrix


A zero matrix is a matrix in which every entry is 0. It is usually written using the symbol O or sometimes just shown directly.


Examples of zero matrices are:


[0000],[000000]

A zero matrix can have different sizes. A 2×2 zero matrix is different from a 2×3 zero matrix because their dimensions are different.


Why the zero matrix matters:



  	It is the additive identity for matrices.

  	Adding a zero matrix to a matrix does not change the matrix.




If A is any matrix, then


A+O=A

as long as O is the zero matrix of the same size as A.


For example, if


A=[3−152]andO=[0000],

then


A+O=[3−152]+[0000]=[3−152]=A

The zero matrix also has an important multiplication property. If a zero matrix is multiplied by another matrix, the result is a zero matrix, provided the multiplication is defined.


For example,


[0000][1234]=[0000]

3. The identity matrix


An identity matrix is a square matrix with 1s on the main diagonal and 0s everywhere else. The main diagonal runs from the top left to the bottom right.


The identity matrix of size 2×2 is


I2=[1001]

The identity matrix of size 3×3 is


I3=[100010001]

Only square matrices can be identity matrices. That means the number of rows must equal the number of columns.


Why the identity matrix matters:



  	It is the multiplicative identity for matrices.

  	Multiplying a matrix by the correct identity matrix does not change the matrix.




If A is a matrix, then


AI=AandIA=A

as long as the dimensions match correctly.


This is similar to ordinary numbers, where multiplying by 1 does not change the number. The identity matrix plays the role of 1 in matrix multiplication.


For example, let


A=[25−13]

Then


AI2=[25−13][1001]=[25−13]

and


I2A=[1001][25−13]=[25−13]

4. The transpose of a matrix


The transpose of a matrix is formed by switching its rows and columns. The transpose of matrix A is written as AT.


If a number is in row 1, column 2 of A, then in AT it moves to row 2, column 1.


For example, if


A=[123456]

then the transpose is


AT=[142536]

Notice what happened:



  	The first row (1,2,3) became the first column.

  	The second row (4,5,6) became the second column.

  	A 2×3 matrix became a 3×2 matrix.




Important transpose facts:



  	If A is m×n, then AT is n×m.

  	Taking the transpose twice gives back the original matrix: (AT)T=A.

  	The transpose of a square matrix is still square.




5. Comparing the three ideas



  	Zero matrix: all entries are 0; it leaves a matrix unchanged under addition.

  	Identity matrix: 1s on the main diagonal and 0s elsewhere; it leaves a matrix unchanged under multiplication.

  	Transpose: not a special matrix type by itself, but an operation that flips rows into columns.




This difference is important. The zero and identity matrices are specific kinds of matrices. The transpose is something you do to a matrix.


Worked Example 1: Using the zero matrix


Find A+O if


A=[7−341],O=[0000]

Step 1: Add corresponding entries.


A+O=[7+0−3+04+01+0]

Step 2: Simplify.


A+O=[7−341]

Answer: Adding the zero matrix does not change the matrix.


Worked Example 2: Multiplying by the identity matrix


Find BI2 if


B=[62−59]

Step 1: Write the identity matrix.


I2=[1001]

Step 2: Multiply.


BI2=[62−59][1001]

Now calculate each entry:


BI2=[6(1)+2(0)6(0)+2(1)−5(1)+9(0)−5(0)+9(1)]=[62−59]

Answer:


BI2=B

Worked Example 3: Finding a transpose


Find the transpose of


C=[30−2145]

Step 1: Turn each row of C into a column.



  	First row: (3,0,−2) becomes the first column.

  	Second row: (1,4,5) becomes the second column.




Step 2: Write the new matrix.


CT=[3104−25]

Answer: The 2×3 matrix became a 3×2 matrix.


Worked Example 4: Combining ideas


Let


D=[270−1]

Find:



  	D+O

  	DI2

  	DT




1. Add the zero matrix


D+O=[270−1]+[0000]=[270−1]

2. Multiply by the identity matrix


DI2=[270−1][1001]=[270−1]

3. Find the transpose


DT=[207−1]

Notice: The zero and identity matrices leave D unchanged in their special operations, but the transpose changes its arrangement.


6. Common mistakes to avoid



  	Mixing up zero and identity matrices: the zero matrix has all 0s, but the identity matrix has 1s on the diagonal.

  	Using the wrong size identity matrix: if the dimensions do not match, the multiplication may not be defined.

  	Forgetting to switch rows and columns in a transpose: do not just rewrite the matrix; actually flip its layout.

  	Thinking transpose means reversing order: transpose is not a mirror from left to right; it is a row-column switch.




7. Quick check for understanding


Try these on your own:



  	Write the 3×3 zero matrix.

  	Write the 2×2 identity matrix.

  	Find the transpose of [419].

  	What happens when you add a zero matrix to any matrix of the same size?

  	What happens when you multiply a matrix by the correct identity matrix?




Brief Summary


The zero matrix has all entries equal to 0 and acts like 0 in matrix addition. The identity matrix has 1s on the main diagonal and acts like 1 in matrix multiplication. The transpose of a matrix is found by switching rows and columns. Understanding these three ideas helps you work more confidently with matrix algebra.


  
  Put what you read to the test

  You've worked through Identity, Zero, and Transpose Matrices. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1236
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  Determinants of 2x2 and 3x3 Matrices


In matrix algebra, a determinant is a special number connected to a square matrix. It can tell us important things, such as whether a matrix has an inverse and whether a system of equations has a unique solution.


In this lesson, you will learn how to calculate determinants for 2x2 and 3x3 matrices. You will also learn how to use minors and cofactors when finding the determinant of a 3x3 matrix.


1. What is a determinant?


A determinant is defined only for a square matrix, which means the number of rows equals the number of columns. For a matrix A, we write its determinant as det⁡(A) or sometimes ∣A∣.


For example, if


A=(abcd),

then the determinant of A is


det⁡(A)=ad−bc. 

This is the basic rule for a 2x2 determinant.


2. Determinant of a 2x2 matrix


For a 2x2 matrix


(abcd),

the determinant is found by multiplying the numbers on the main diagonal and subtracting the product of the numbers on the other diagonal:


det⁡(abcd)=ad−bc. 

You can remember this as:



  	first diagonal product: ad

  	second diagonal product: bc

  	subtract: ad−bc




Worked Example 1: Basic 2x2 determinant


Find the determinant of


(3527). 

Use the formula:


det⁡=(3)(7)−(5)(2). 

=21−10=11. 

So, the determinant is 11.


Worked Example 2: 2x2 determinant with negatives


Find the determinant of


(−463−2). 

Apply the formula carefully:


det⁡=(−4)(−2)−(6)(3). 

=8−18=−10. 

So, the determinant is -10.


3. Determinant of a 3x3 matrix


A 3x3 determinant takes more work. For a matrix


A=(abcdefghi),

we usually find the determinant by expansion by minors and cofactors.


This means we choose one row or one column and expand using the entries in that row or column. The first row is often the easiest place to start.


4. Minors and cofactors


To expand a 3x3 determinant, you need to understand minors and cofactors.


The minor of an entry is the determinant of the 2x2 matrix left after removing the row and column of that entry.


The cofactor is the minor with a sign attached. The signs follow this pattern:


(+−+−+−+−+). 

So the cofactor of an entry is:



  	the minor itself if the sign is positive

  	the negative of the minor if the sign is negative




If we expand along the first row, then


det⁡(A)=aC11+bC12+cC13,

where C11,C12,C13 are the cofactors of the entries in the first row.


Because of the sign pattern, this becomes


det⁡(A)=a∣efhi∣−b∣dfgi∣+c∣degh∣. 

Then each 2x2 determinant is found using ad−bc.


5. Step-by-step method for a 3x3 determinant



  	Choose a row or column to expand along.

  	Write the correct sign pattern: +,−,+ or −,+,−, depending on position.

  	For each entry, remove its row and column to make a 2x2 matrix.

  	Find that 2x2 determinant.

  	Multiply each entry by its cofactor.

  	Add the results.




Worked Example 3: 3x3 determinant by expansion along the first row


Find the determinant of


(2130−14521). 

Expand along the first row. Use the sign pattern +,−,+:


det⁡=2∣−1421∣−1∣0451∣+3∣0−152∣. 

Now find each 2x2 determinant.


First one:


∣−1421∣=(−1)(1)−(4)(2)=−1−8=−9. 

Second one:


∣0451∣=(0)(1)−(4)(5)=0−20=−20. 

Third one:


∣0−152∣=(0)(2)−(−1)(5)=0+5=5. 

Substitute these back in:


det⁡=2(−9)−1(−20)+3(5). 

=−18+20+15=17. 

So, the determinant is 17.


Worked Example 4: Choosing a helpful row or column


Find the determinant of


(1023−14056). 

We can expand along the first row. This is a good choice because it contains a zero, which makes the work easier.


det⁡=1∣−1456∣−0∣3406∣+2∣3−105∣. 

Now calculate each 2x2 determinant.


∣−1456∣=(−1)(6)−(4)(5)=−6−20=−26. 

∣3−105∣=(3)(5)−(−1)(0)=15−0=15. 

Substitute:


det⁡=1(−26)−0(anything)+2(15). 

=−26+30=4. 

So, the determinant is 4.


6. Why choosing the right row or column helps


You can expand along any row or any column, and you will get the same determinant. However, some choices are better than others.


It is usually smartest to choose:



  	a row or column with one or more zeros

  	a row or column with simpler numbers




This reduces the amount of calculation and lowers the chance of mistakes.


7. Common mistakes to avoid



  	Forgetting the sign pattern: for 3x3 determinants, the signs are not all positive.

  	Mixing up rows and columns: when finding a minor, remove the correct row and column.

  	Errors with negative numbers: always use brackets when multiplying negatives.

  	Using the wrong 2x2 formula: remember it is ad−bc, not ad+bc.

  	Arithmetic slips: check subtraction carefully.




8. Quick check: determinant equals zero


If the determinant of a square matrix is 0, that matrix is special. In later work, this often means the matrix does not have an inverse.


For example, for the 2x2 matrix


(2412),

the determinant is


2⋅2−4⋅1=4−4=0. 

So this matrix has determinant zero.


9. Practice tips



  	For 2x2 matrices, memorize ad−bc.

  	For 3x3 matrices, write the sign pattern before you start.

  	Circle or underline the row or column you are expanding along.

  	Work one minor at a time to stay organized.

  	Check your arithmetic at the end.




[image: 📋]   Summary


A determinant is a number found from a square matrix. For a 2x2 matrix, the determinant is found using the simple rule ad−bc.


For a 3x3 matrix, the determinant is found by expansion using minors and cofactors. The key ideas are removing the correct row and column to form 2x2 determinants and using the correct sign pattern +,−,+ and −,+,−.


With practice, determinants become much easier. Start by mastering 2x2 matrices, then carefully apply the expansion steps to 3x3 matrices.


  
  Put what you read to the test

  You've worked through Determinants of 2x2 and 3x3 Matrices. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1237
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  Inverse of a 2×2 Matrix


In matrix algebra, an inverse matrix works like a reciprocal for numbers. For example, the reciprocal of 5 is 15 because 5⋅15=1. In the same way, if a matrix A has an inverse, then multiplying A by its inverse gives the identity matrix.


For a 2×2 matrix, the identity matrix is


I=(1001)

If A−1 is the inverse of A, then


AA−1=A−1A=I

This lesson will show you how to find the inverse of a 2×2 matrix, when an inverse exists, and how to check your answer.


1. The general form of a 2×2 matrix


A 2×2 matrix has 2 rows and 2 columns. We usually write it as


A=(abcd)

To find its inverse, we first need its determinant.


2. Determinant of a 2×2 matrix


The determinant of


A=(abcd)

is


det⁡(A)=ad−bc

This value is very important because it tells us whether the matrix has an inverse.



  	If ad−bc≠0, then the matrix has an inverse.

  	If ad−bc=0, then the matrix does not have an inverse.




A matrix with determinant 0 is called a singular matrix.


A matrix with determinant not equal to 0 is called non-singular or invertible.


3. Formula for the inverse of a 2×2 matrix


If


A=(abcd)

and ad−bc≠0, then


A−1=1ad−bc(d−b−ca)

This formula has two main parts:



  	Find the determinant ad−bc.

  	Form the matrix (d−b−ca), which comes from swapping a and d, and changing the signs of b and c.




This new matrix is often called the adjoint for the 2×2 case in school mathematics.


4. Step-by-step method


To find the inverse of a 2×2 matrix:



  	Write the matrix in the form (abcd).

  	Calculate the determinant: ad−bc.

  	If the determinant is 0, stop. The matrix is singular and has no inverse.

  	If the determinant is not 0, swap the diagonal entries a and d.

  	Change the signs of the other two entries b and c.

  	Multiply the new matrix by 1ad−bc.




5. Worked Example 1: A simple inverse


Find the inverse of


A=(2134)

Step 1: Find the determinant


det⁡(A)=(2)(4)−(1)(3)=8−3=5

Since the determinant is 5, which is not 0, the inverse exists.


Step 2: Swap the diagonal entries and change the signs of the off-diagonal entries


(2134)→(4−1−32)

Step 3: Multiply by 15


A−1=15(4−1−32)

So the inverse is


A−1=(45−15−3525)

Checking the answer


We can check by multiplying A and A−1:


(2134)(45−15−3525)

=(2(45)+1(−35)2(−15)+1(25)3(45)+4(−35)3(−15)+4(25))

=(85−35−25+25125−125−35+85)=(1001)

So the answer is correct.


6. Worked Example 2: Inverse with a negative number


Find the inverse of


B=(5−213)

Step 1: Determinant


det⁡(B)=(5)(3)−(−2)(1)=15−(−2)=17

Since 17≠0, the inverse exists.


Step 2: Form the adjoint-style matrix


Swap 5 and 3, and change the signs of −2 and 1:


(5−213)→(32−15)

Step 3: Multiply by 117


B−1=117(32−15)

So


B−1=(317217−117517)

7. Worked Example 3: A singular matrix


Find the inverse of


C=(2412)

Step 1: Determinant


det⁡(C)=(2)(2)−(4)(1)=4−4=0

Since the determinant is 0, this matrix is singular.


Conclusion: C−1 does not exist.


This is an important result. Do not continue using the inverse formula if the determinant is 0, because division by 0 is not allowed.


8. Worked Example 4: Using the inverse carefully


Find the inverse of


D=(4726)

Step 1: Determinant


det⁡(D)=(4)(6)−(7)(2)=24−14=10

The inverse exists because the determinant is not 0.


Step 2: Swap the diagonal entries and change signs of the other two


(4726)→(6−7−24)

Step 3: Multiply by 110


D−1=110(6−7−24)

Simplify each entry if possible:


D−1=(35−710−1525)

9. Common mistakes to avoid



  	Forgetting the determinant: Always calculate ad−bc first.

  	Using the formula when the determinant is 0: A singular matrix has no inverse.

  	Changing the wrong entries: Only swap the diagonal entries a and d. Then change the signs of b and c.

  	Sign errors: Be especially careful when the matrix already contains negative numbers.

  	Forgetting to multiply the whole matrix by 1ad−bc: The fraction applies to every entry.




10. Quick pattern to remember


For


(abcd)

the inverse is


1ad−bc(d−b−ca)

You can remember it as:



  	Swap the diagonal numbers.

  	Negate the off-diagonal numbers.

  	Divide by the determinant.




11. Why the determinant matters


The determinant measures whether the matrix can be reversed. If the determinant is 0, the matrix loses information in a way that cannot be undone, so no inverse exists.


For 11th Grade, the most important idea is simple: determinant 0 means no inverse.


12. Brief summary


An inverse matrix undoes the effect of a matrix, just like a reciprocal undoes multiplication by a number. For a 2×2 matrix


A=(abcd)

the determinant is ad−bc. If this determinant is not zero, then


A−1=1ad−bc(d−b−ca)

If ad−bc=0, the matrix is singular and has no inverse. Always check the determinant first, then apply the formula carefully.


  
  Put what you read to the test

  You've worked through Inverse of a 2x2 Matrix. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1238
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  Solving Linear Systems with Matrices


In algebra, a system of linear equations is a set of equations with the same variables. For example, the system


{2x+y=7x−3y=−5

has two equations and two variables.


One way to solve a system like this is by substitution or elimination. Another powerful method is to use matrices. Matrices help organize the numbers in a system and allow us to solve it in a structured way.


In this lesson, you will learn how to:


	write a linear system in the form AX=B,

	identify the coefficient matrix, variable matrix, and constant matrix,

	find the inverse of a 2×2 matrix,

	use X=A−1B to solve a system.




1. Writing a system as a matrix equation


A system of two linear equations in two variables can be written in this form:


AX=B

Here:


	A is the coefficient matrix,

	X is the variable matrix,

	B is the constant matrix.




For the system


{ax+by=ecx+dy=f

the matrix form is


[abcd][xy]=[ef]

This is just a compact way to write the same system.


2. Solving with the inverse matrix


If the matrix A has an inverse, we can solve


AX=B

by multiplying both sides on the left by A−1:


A−1AX=A−1B

Since A−1A=I, where I is the identity matrix, we get:


IX=A−1B

X=A−1B

So the main idea is:


X=A−1B

3. Finding the inverse of a 2×2 matrix


For a matrix


A=[abcd]

the inverse is


A−1=1ad−bc[d−b−ca]

But this only works if


ad−bc≠0

The value ad−bc is called the determinant of the matrix. If the determinant is 0, the matrix does not have an inverse, so this method cannot be used.


4. Steps for solving a 2×2 system using matrices



	Write the system in the form AX=B.

	Identify the coefficient matrix A.

	Find A−1.

	Compute X=A−1B.

	Read the values of x and y from the matrix X.




Worked Example 1: A basic system


Solve the system using matrices:


{x+y=52x−y=1

Step 1: Write in matrix form


[112−1][xy]=[51]

So,


A=[112−1],X=[xy],B=[51]

Step 2: Find the inverse of A


First find the determinant:


(1)(−1)−(1)(2)=−1−2=−3

Since −3≠0, the inverse exists.


A−1=1−3[−1−1−21]

Step 3: Multiply A−1B


X=A−1B=1−3[−1−1−21][51]

=1−3[(−1)(5)+(−1)(1)(−2)(5)+(1)(1)]=1−3[−6−9]

=[23]

So the solution is


x=2,y=3

Worked Example 2: Coefficients other than 1


Solve the system:


{3x+2y=16x+4y=14

Step 1: Write the matrix equation


[3214][xy]=[1614]

Step 2: Find the inverse


The determinant is


(3)(4)−(2)(1)=12−2=10

So,


A−1=110[4−2−13]

Step 3: Multiply


X=A−1B=110[4−2−13][1614]

=110[(4)(16)+(−2)(14)(−1)(16)+(3)(14)]=110[64−28−16+42]

=110[3626]=[185135]

Therefore,


x=185,y=135

Worked Example 3: A system with a negative value


Solve the system:


{2x+3y=75x−y=4

Step 1: Matrix form


[235−1][xy]=[74]

Step 2: Inverse of the coefficient matrix


The determinant is


(2)(−1)−(3)(5)=−2−15=−17

So the inverse exists, and


A−1=1−17[−1−3−52]

Step 3: Multiply by the constant matrix


X=1−17[−1−3−52][74]

=1−17[(−1)(7)+(−3)(4)(−5)(7)+(2)(4)]=1−17[−19−27]

=[19172717]

So the solution is


x=1917,y=2717

What if the determinant is 0?


Consider the system


{2x+4y=61x+2y=3

The coefficient matrix is


A=[2412]

Its determinant is


(2)(2)−(4)(1)=4−4=0

Since the determinant is 0, A−1 does not exist. That means the inverse method cannot be used for this system.


This usually means the system has either:


	no solution, or

	more than one solution.




Common mistakes to avoid



	Putting coefficients in the wrong order. The order of variables must stay consistent. If the equations use x then y, every row in the coefficient matrix must follow that same order.

	Forgetting negative signs. Be very careful when copying coefficients and when using the inverse formula.

	Using the inverse formula incorrectly. For [abcd], the inverse uses [d−b−ca]. The diagonal entries switch places, and the other two change signs.

	Not checking the determinant. If ad−bc=0, the matrix has no inverse.

	Multiplying matrices incorrectly. Multiply each row of the first matrix by each column of the second matrix.




Quick check: Why does this method work?


It works because matrix multiplication can represent a system of equations. The matrix A contains the coefficients, and multiplying by A−1 “undoes” the effect of A, just like dividing both sides of an equation by a number.


For a regular equation such as 3x=12, you solve by multiplying by 13. For a matrix equation AX=B, you solve by multiplying by A−1.


Practice idea


When you solve a system with matrices, always do a quick check by substituting your answers back into the original equations. This helps catch arithmetic mistakes.


For example, in Worked Example 1, we found x=2 and y=3. Check:


x+y=2+3=5

2x−y=2(2)−3=4−3=1

Both equations are true, so the solution is correct.


[image: 📋]   Summary


To solve a 2×2 system with matrices, write the system as AX=B. Then find the inverse of the coefficient matrix A, as long as its determinant is not 0. Finally, multiply to get X=A−1B, which gives the values of x and y.


This method is especially useful because it is organized and connects algebra to matrix operations. Once you are comfortable with writing systems in matrix form and finding inverses, solving systems becomes a clear step-by-step process.


  
  Put what you read to the test

  You've worked through Solving Linear Systems with Matrices. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1239






  [image: 📝]   Lesson 147: Geometric Transformations with Matrices

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1279




  Geometric Transformations with Matrices


In coordinate geometry, points can be moved, flipped, turned, or stretched. These changes are called transformations. In matrix algebra, we can perform many of these transformations by multiplying a transformation matrix by a column vector that represents a point.


This is a powerful idea because one matrix can transform many points in the same way. Instead of working out each move by drawing and counting, we can use matrix multiplication to get exact coordinates.


In this lesson, you will learn how to represent points as column vectors, how to apply a 2 by 2 matrix to a point, and how to recognize common transformations such as reflections, rotations, and dilations.


1. Representing a point as a column vector


A point \(x, y) \ on the coordinate plane can be written as the column vector


[xy]

For example:


  	The point \(3, 2) \ becomes \\begin{bmatrix}
  3 \\
  2
  \end{bmatrix}
  \

  	The point \(-1, 4) \ becomes \\begin{bmatrix}
  -1 \\
  4
  \end{bmatrix}
  \




This vector tells us the horizontal position and vertical position of the point.


2. Using a matrix to transform a point


A 2 by 2 matrix has the form


[abcd]

To transform a point, multiply the matrix by the point's column vector:


[abcd][xy]=[ax+bycx+dy]

This gives the coordinates of the image, which is the transformed point.


So if a point \(x, y) \ is transformed, its new coordinates are found by multiplying the matrix by the column vector.


3. Common transformation matrices


Some matrices represent standard geometric transformations. These are important to recognize.


A. Reflection in the x-axis


A reflection in the x-axis keeps the x-coordinate the same and changes the sign of the y-coordinate:


(x,y)→(x,−y)

The matrix is


[100−1]

B. Reflection in the y-axis


A reflection in the y-axis changes the sign of the x-coordinate and keeps the y-coordinate the same:


(x,y)→(−x,y)

The matrix is


[−1001]

C. Reflection in the line \y = x \


This swaps the coordinates:


(x,y)→(y,x)

The matrix is


[0110]

D. Rotation \90^\circ\ anticlockwise about the origin


This turns every point a quarter turn anticlockwise:


(x,y)→(−y,x)

The matrix is


[0−110]

E. Rotation \90^\circ\ clockwise about the origin


This turns every point a quarter turn clockwise:


(x,y)→(y,−x)

The matrix is


[01−10]

F. Rotation \180^\circ\ about the origin


This changes both signs:


(x,y)→(−x,−y)

The matrix is


[−100−1]

G. Dilation from the origin


A dilation changes the size of a shape. A scale factor \k\ multiplies both coordinates by \k\:


(x,y)→(kx,ky)

The matrix is


[k00k]

If \k > 1\, the image is enlarged. If \0 < k < 1\, the image is reduced.


4. Why matrix multiplication works


The matrix tells us how the x-coordinate and y-coordinate combine to make the new point. Each row creates one new coordinate.


For example, in


[abcd][xy]=[ax+bycx+dy]

the first row gives the new x-coordinate, and the second row gives the new y-coordinate.


This is why it is important to multiply correctly and keep the order of the entries clear.


Worked Example 1: Reflecting a single point in the x-axis


Find the image of the point \(4, -3) \ under reflection in the x-axis.


Step 1: Write the transformation matrix


[100−1]

Step 2: Write the point as a column vector


[4−3]

Step 3: Multiply


[100−1][4−3]=[1(4)+0(−3)0(4)+(−1)(−3)]=[43]

Answer: The image is \(4, 3) \.


This makes sense because reflecting in the x-axis changes the sign of the y-coordinate only.


Worked Example 2: Rotating a point \90^\circ\ anticlockwise


Find the image of \(2, 5) \ after a \90^\circ\ anticlockwise rotation about the origin.


Step 1: Use the correct matrix


[0−110]

Step 2: Multiply by the column vector


[0−110][25]=[0(2)+(−1)(5)1(2)+0(5)]=[−52]

Answer: The image is \(-5, 2) \.


You can also remember this rule as \(x, y) \to (-y, x) \.


Worked Example 3: Dilation of a triangle


A triangle has vertices \A(1, 2) \, \B(3, 1) \, and \C(-2, 4) \. It is enlarged by scale factor 2 from the origin. Find the image of each vertex.


Step 1: Write the dilation matrix


[2002]

Step 2: Transform each point


For \A(1, 2) \:


[2002][12]=[24]

So \A'(2, 4) \.


For \B(3, 1) \:


[2002][31]=[62]

So \B'(6, 2) \.


For \C(-2, 4) \:


[2002][−24]=[−48]

So \C'(-4, 8) \.


Answer: The image of the triangle has vertices \A'(2, 4) \, \B'(6, 2) \, and \C'(-4, 8) \.


Worked Example 4: Identifying a transformation from its matrix


Describe the transformation represented by


[0110]

Step 1: Apply it to a general point


[0110][xy]=[yx]

This changes \(x, y) \ into \(y, x) \.


Step 2: Interpret the result


Swapping the coordinates means reflection in the line \y = x \.


Answer: The matrix represents a reflection in the line \y = x \.


5. Transforming a whole shape


To transform a shape, apply the matrix to every vertex. Then plot the new points and join them in the same order.


For example, if a square has four vertices, you multiply the transformation matrix by each of the four column vectors.


This works because a matrix transformation moves every point in the plane according to the same rule.


6. Important patterns to remember



  	Reflection in the x-axis: \(x, y) \to (x, -y) \

  	Reflection in the y-axis: \(x, y) \to (-x, y) \

  	Reflection in \y = x \: \(x, y) \to (y, x) \

  	Rotation \90^\circ\ anticlockwise: \(x, y) \to (-y, x) \

  	Rotation \90^\circ\ clockwise: \(x, y) \to (y, -x) \

  	Rotation \180^\circ\: \(x, y) \to (-x, -y) \

  	Dilation by scale factor \k\: \(x, y) \to (kx, ky) \




7. Common mistakes and how to avoid them



  	Mixing up the order of coordinates: Always write points as \\begin{bmatrix} x \\ y \end{bmatrix} \, not \\begin{bmatrix} y \\ x \end{bmatrix} \.

  	Using the wrong matrix: Check whether the question asks for reflection, rotation, or dilation.

  	Making sign errors: Negative signs are very important in reflections and rotations.

  	Multiplying in the wrong way: Use row-by-column multiplication carefully.




8. Quick check for understanding


Try these mentally or on paper:


  	What matrix reflects a point in the y-axis?

  	What is the image of \(3, -1) \ under a \180^\circ\ rotation?

  	What happens to \(x, y) \ under the matrix \\begin{bmatrix}
  3 & 0 \\
  0 & 3
  \end{bmatrix}
  \?




Answers:


  	\\begin{bmatrix}
  -1 & 0 \\
  0 & 1
  \end{bmatrix}
  \

  	\(-3, 1) \

  	A dilation from the origin with scale factor 3




[image: 📋]   Summary


Geometric transformations can be represented neatly using matrices. A point is written as a column vector, and multiplying by a 2 by 2 matrix gives the transformed point.


Different matrices produce different transformations, including reflections, rotations, and dilations. Once you know the common transformation matrices and how to multiply correctly, you can transform single points or entire shapes with confidence.


  
  Put what you read to the test

  You've worked through Geometric Transformations with Matrices. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1240






  
    
  [image: 📖]   Chapter 19

  Vector Algebra and 3D Geometry



  [image: 📝]   Lesson 148: Scalars vs. Geometric Vectors
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  Lesson: Scalars vs. Geometric Vectors


In maths and physics, we often describe quantities such as length, mass, speed, force, and displacement. Some of these quantities need only a size to be fully described. Others need both a size and a direction. This is the key idea behind scalars and vectors.


Understanding the difference is important because scalars and vectors are handled differently. In particular, vectors can be added and subtracted using geometric methods such as the triangle rule and the parallelogram rule.


1. What is a scalar?


A scalar is a quantity that has magnitude only. Magnitude means size or amount.


Examples of scalar quantities include:


  	Mass: 5 kg

  	Temperature: 22[image: °]C

  	Time: 3 s

  	Distance: 12 m

  	Speed: 60 km/h




Notice that each of these tells us how much, but not which way.


For example, if a car travels at 60 km/h, that tells us its speed, but not whether it is moving north, south, east, or west. So speed is a scalar.


2. What is a geometric vector?


A geometric vector is a quantity that has both magnitude and direction.


Examples of vector quantities include:


  	Displacement

  	Velocity

  	Acceleration

  	Force




For example, saying “move 5 m east” gives both a size, 5 m, and a direction, east. That makes it a vector.


Geometrically, a vector is often drawn as a directed line segment, or arrow.


  	The length of the arrow represents the magnitude.

  	The arrowhead shows the direction.




Vectors are often named using bold letters such as a, v, or by two points such as AB→.


3. Magnitude and direction


If a vector v has magnitude 7, we write its magnitude as ∣v∣=7.


Two vectors are equal if they have:


  	the same magnitude, and

  	the same direction.




They do not need to start at the same point. A vector can be shifted to another location without changing the vector, as long as its length and direction stay the same.


4. Scalar vs. vector: important comparisons



  	Distance is a scalar because it measures how much ground is covered.

  	Displacement is a vector because it measures the change in position and includes direction.




For example, if someone walks 3 m east and then 3 m west:


  	Total distance traveled is 6 m.

  	Total displacement is 0 m, because they end where they started.




Another important pair is:


  	Speed: scalar

  	Velocity: vector




Speed tells how fast something moves. Velocity tells how fast and in what direction it moves.


5. Representing vectors geometrically


Suppose a vector means “4 units to the right.” We can draw it as an arrow pointing right with length 4.


If another vector means “3 units upward,” we draw an arrow pointing up with length 3.


These geometric pictures help us combine vectors visually. This is one of the most useful features of vectors.


6. Adding vectors geometrically


When adding vectors, we combine their effects. If one vector says to move one way and another says to move another way, their sum tells the overall result.


There are two common geometric methods for vector addition:


  	the triangle rule

  	the parallelogram rule




7. Triangle rule for vector addition


To add a+b using the triangle rule:


  	Draw vector a.

  	Starting at the end of a, draw vector b.

  	The vector from the start of a to the end of b is the sum a+b.




This is often called the head-to-tail method.


If you imagine walking according to vector a, then continuing according to vector b, the result is your total displacement.


8. Parallelogram rule for vector addition


To add a and b using the parallelogram rule:


  	Draw both vectors starting from the same point.

  	Complete a parallelogram using copies of the two vectors.

  	The diagonal from the common starting point gives a+b.




This method is especially useful when both vectors start at the same point.


9. Subtracting vectors geometrically


Vector subtraction can be understood as adding the opposite vector.


The opposite of vector b is written −b. It has:


  	the same magnitude as b,

  	but the opposite direction.




So:

a−b=a+(−b)

To subtract geometrically:


  	Reverse the direction of b to get −b.

  	Add −b to a using the triangle rule or parallelogram rule.




Another useful geometric idea is this: if vectors a and b start at the same point, then a−b is the vector from the tip of b to the tip of a.


10. Worked Example 1: Identifying scalars and vectors


Classify each quantity as a scalar or a vector:


  	8 kg

  	12 m north

  	25[image: °]C

  	40 km/h east




Solution


  	8 kg: scalar, because it has magnitude only.

  	12 m north: vector, because it has magnitude and direction.

  	25[image: °]C: scalar, because temperature has no direction.

  	40 km/h east: vector, because it gives speed with direction, so it is velocity.




11. Worked Example 2: Vector addition using the triangle rule


A student walks 4 m east and then 3 m north. Find the resultant displacement.


Step 1: Draw the first vector

Draw an arrow 4 m to the east.


Step 2: Draw the second vector from the tip of the first

From the end of that arrow, draw an arrow 3 m north.


Step 3: Draw the resultant

The resultant vector goes from the starting point to the final point.


This forms a right triangle with side lengths 4 and 3. The magnitude of the resultant is:

42+32=16+9=25=5

So the resultant displacement has magnitude 5 m.


The direction is north-east. More precisely, it is the direction from the start point to the end point.


Answer: The resultant displacement is 5 m in a north-east direction.


12. Worked Example 3: Vector addition using the parallelogram rule


Two forces act on an object from the same point:


  	F1: 6 N east

  	F2: 6 N north




Find the resultant force geometrically.


Solution

Because both vectors start at the same point, the parallelogram rule works well.


  	Draw F1 as an arrow 6 units east.

  	Draw F2 as an arrow 6 units north from the same starting point.

  	Complete the parallelogram.

  	The diagonal from the common start point is the resultant.




The diagonal forms a right triangle with sides 6 and 6, so its magnitude is:

62+62=72=62

So the resultant force is:

62 N

The direction is halfway between east and north, which is 45^\circ\ north of east.


Answer: The resultant force is 62 N at 45[image: °] north of east.


13. Worked Example 4: Vector subtraction


A boat’s displacement is represented by vector a, 10 m east. A second vector b is 4 m east. Find a−b.


Solution

We use:

a−b=a+(−b)

Since b is 4 m east, the opposite vector −b is 4 m west.


Now add:


  	10 m east

  	4 m west




The result is 6 m east.


Answer:

a−b=6 m east

14. Common mistakes to avoid



  	Confusing distance and displacement: distance is scalar, displacement is vector.

  	Confusing speed and velocity: speed is scalar, velocity is vector.

  	Adding vector magnitudes directly when directions are different. For example, 4 m east plus 3 m north is not 7 m; it must be combined geometrically.

  	Forgetting that subtraction means adding the opposite vector.

  	Ignoring direction. Two vectors with the same magnitude are not equal if their directions are different.




15. Key ideas to remember



  	A scalar has magnitude only.

  	A vector has magnitude and direction.

  	Vectors are represented by arrows.

  	Equal vectors have the same magnitude and direction.

  	Vector addition can be done using the triangle rule or parallelogram rule.

  	Vector subtraction means adding the opposite vector.




Brief Summary


Scalars describe size only, while geometric vectors describe both size and direction. This difference matters because vectors must be combined using geometric rules, not just ordinary addition. The triangle rule and parallelogram rule help us add vectors, and subtraction is done by adding the opposite vector. Once you keep track of both magnitude and direction, vector problems become much easier to understand.


  
  Put what you read to the test

  You've worked through Scalars vs. Geometric Vectors. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1241
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  Algebraic Vectors and Components


In many maths and physics problems, a quantity has both a size and a direction. These quantities are called vectors. Examples include displacement, velocity, force, and acceleration.


In this lesson, you will learn how to write vectors algebraically using components, how to use 6, 7 notation, and how to find a vector6s magnitude and direction angle.


This is an important skill because it lets us work with vectors using algebra instead of always drawing diagrams.


1. What is a vector?


A vector has:


  	magnitude: how large it is

  	direction: which way it points




A scalar quantity only has size. For example, mass and temperature are scalars, but force and velocity are vectors.


When we draw a vector on a coordinate plane, it can be described by how far it moves:


  	horizontally

  	vertically




These are called the components of the vector.


2. Writing vectors in component form


If a vector moves:


  	6 units to the right, and

  	3 units up,




then its component form is:


(63)

or, using algebraic vector notation,


6i+3j

Here:


  	i means 1 unit in the horizontal direction

  	j means 1 unit in the vertical direction




So:


  	6i means 6 units horizontally

  	3j means 3 units vertically




If a vector points left or down, the component will be negative.


For example:


  	−4i means 4 units left

  	−2j means 2 units down




3. Position vectors


A position vector describes the location of a point relative to the origin.


If point A has coordinates (x,y), then the position vector of A is:


OA⃗=xi+yj

For example, if A=(4,−2), then:


OA⃗=4i−2j

This means start at the origin, move 4 units right and 2 units down.


4. Vectors between two points


To find the vector from point A(x1,y1) to point B(x2,y2), subtract coordinates:


AB⃗=(x2−x1y2−y1)

In i,j notation, this is:


AB⃗=(x2−x1)i+(y2−y1)j

This is very useful when you know the coordinates of two points and want the vector joining them.


Worked Example 1: Writing a vector from components


A vector has horizontal component 5 and vertical component −3. Write it in:


  	column form

  	i,j form




Solution


The vector has:


  	5 units right

  	3 units down




So the column form is:


(5−3)

And the algebraic form is:


5i−3j

5. Adding and subtracting vectors


Vectors in component form are added and subtracted by working with matching components.


If


a=2i+5j,b=4i−j

then:


a+b=(2+4)i+(5−1)j=6i+4j

and


a−b=(2−4)i+(5−(−1))j=−2i+6j

This works because vectors combine component by component.


6. Magnitude of a vector


The magnitude of a vector is its length or size. For a vector


v=ai+bj

the magnitude is written as ∣v∣ and found using Pythagoras' theorem:


∣v∣=a2+b2

This is because the horizontal and vertical components form a right triangle.


For example, if


v=3i+4j

then:


∣v∣=32+42=9+16=25=5

Worked Example 2: Finding a vector between two points and its magnitude


Let A(2,1) and B(7,5).

Find:


  	AB⃗

  	the magnitude of AB⃗




Solution


First subtract coordinates:


AB⃗=(7−25−1)=(54)

So in algebraic form:


AB⃗=5i+4j

Now find the magnitude:


∣AB⃗∣=52+42=25+16=41

So the answers are:


  	AB⃗=5i+4j

  	∣AB⃗∣=41




7. Direction angle of a vector


The direction angle tells us which way a vector points. Usually, this angle is measured from the positive x-axis.


For a vector


v=ai+bj

we can use trigonometry:


tan⁡θ=ba

So:


θ=tan⁡−1(ba)

This gives the basic angle, but you must also think about the quadrant of the vector.


Quadrants reminder:


  	Quadrant I: right and up

  	Quadrant II: left and up

  	Quadrant III: left and down

  	Quadrant IV: right and down




If both components are positive, the vector is in Quadrant I and the calculator result usually works directly.


If not, you may need to adjust the angle so it matches the correct direction.


Worked Example 3: Magnitude and direction angle


Find the magnitude and direction angle of:


v=6i+8j

Solution


Step 1: Find the magnitude


∣v∣=62+82=36+64=100=10

Step 2: Find the direction angle


tan⁡θ=86=43

θ=tan⁡−1(4/3)≈53.1[image: °]

Since both components are positive, the vector is in Quadrant I, so this angle is correct.


Answer:


  	magnitude = 10

  	direction angle ≈53.1[image: °]




8. Finding components from magnitude and direction


Sometimes you know the magnitude and angle, and you need the components.


If a vector has magnitude r and direction angle θ, then:


x=rcos⁡θ
y=rsin⁡θ

So the vector is:


v=(rcos⁡θ)i+(rsin⁡θ)j

This comes from right triangle trigonometry.


Worked Example 4: Finding components from magnitude and angle


A vector has magnitude 12 and direction angle 30[image: °]. Write the vector in i,j form.


Solution


Use:


x=rcos⁡θ,y=rsin⁡θ

So:


x=12cos⁡30[image: °]=12(√(3)/2)=6√(3)

y=12sin⁡30[image: °]=12(1/2)=6

Therefore:


v=63i+6j

9. Important signs and interpretation


Always pay attention to whether components are positive or negative.



  	positive i: right

  	negative i: left

  	positive j: up

  	negative j: down




For example:


  	3i−2j means right 3, down 2

  	−4i+5j means left 4, up 5




This helps you check whether your angle and drawing make sense.


10. Common mistakes to avoid



  	Mixing up coordinates when finding AB⃗
Always do end point minus start point.

  	Forgetting negative signs
A downward or leftward component must be negative.

  	Using the wrong ratio for angle
For ai+bj, use tan⁡θ=ba.

  	Ignoring the quadrant
The calculator gives a reference angle, but the actual direction must match the vector.

  	Confusing magnitude with components
The magnitude is one number; components are the horizontal and vertical parts.




11. Quick practice questions



  	Write the vector with components (−2,7) in i,j form.

  	Find PQ⃗ if P(1,−3) and Q(5,2).

  	Find the magnitude of 8i−6j.

  	Find the direction angle of 3i+3j.




Answers


  	−2i+7j

  	4i+5j

  	82+(−6)2=100=10

  	tan⁡θ=33=1, so θ=45[image: °]




[image: 📋]   Summary


Vectors can be written using components in column form or in algebraic form using i and j. The i component shows horizontal movement, and the j component shows vertical movement.


You can find a vector between two points by subtracting coordinates, find its magnitude using


∣v∣=a2+b2

and find its direction angle using


θ=tan⁡−1(ba)

when the vector is ai+bj, remembering to check the quadrant.


These ideas are the foundation for working with vectors in both maths and physics.


  
  Put what you read to the test

  You've worked through Algebraic Vectors and Components. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1242
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  Unit Vectors and Normalization


In vector algebra, a vector can tell us how much and which direction. For example, a velocity vector tells both speed and direction, and a force vector tells both strength and direction.


Sometimes, we only care about the direction of a vector and not its size. That is where unit vectors and normalization become useful.


A unit vector is a vector with length 1. It keeps the direction of the original vector but removes its magnitude. Normalization is the process of turning a non-zero vector into a unit vector.


This idea is very important in maths, physics, and 3D geometry because it lets us describe direction clearly and compare vectors without being affected by their lengths.


1. What is the magnitude of a vector?


Before we can make a unit vector, we need to know how to find the magnitude (or length) of a vector.


If a 2D vector is written as v⃗=⟨a,b⟩, then its magnitude is


∣v⃗∣=a2+b2

If a 3D vector is written as v⃗=⟨a,b,c⟩, then its magnitude is


∣v⃗∣=a2+b2+c2

This comes from the Pythagorean Theorem.


2. What is a unit vector?


A unit vector is any vector whose magnitude is exactly 1.


For example:


  	⟨1,0⟩ is a unit vector because its length is 1.

  	⟨0,1⟩ is also a unit vector.

  	⟨35,45⟩ is a unit vector because its magnitude is 1.




We often use special standard unit vectors in coordinate geometry:


  	In 2D: i=⟨1,0⟩, j=⟨0,1⟩

  	In 3D: i=⟨1,0,0⟩, j=⟨0,1,0⟩, k=⟨0,0,1⟩




These represent directions along the coordinate axes.


3. What does it mean to normalize a vector?


To normalize a vector means to divide the vector by its own magnitude.


If v⃗ is a non-zero vector, then the unit vector in the direction of v⃗ is


v^=v⃗∣v⃗∣

Here, v^ means “the unit vector in the direction of v⃗.”


This works because dividing by the magnitude scales the vector down or up so that its new length becomes 1, while the direction stays the same.


Important: You can only normalize a non-zero vector. The zero vector ⟨0,0⟩ or ⟨0,0,0⟩ has magnitude 0, and division by 0 is not possible.


4. Why normalization works


Suppose v⃗ has magnitude ∣v⃗∣. If we divide every component by ∣v⃗∣, we get a new vector:


v⃗∣v⃗∣

The magnitude of this new vector is


∣v⃗∣v⃗∣∣=∣v⃗∣∣v⃗∣=1

So the new vector has length 1, which is exactly what we want.


5. Step-by-step method for normalization



  	Write the vector clearly.

  	Find its magnitude.

  	Divide each component of the vector by the magnitude.

  	Check that the new vector has magnitude 1.




Worked Example 1: Normalize a 2D vector


Find the unit vector in the direction of v⃗=⟨3,4⟩.


Step 1: Find the magnitude.


∣v⃗∣=32+42=9+16=25=5

Step 2: Divide the vector by its magnitude.


v^=v⃗∣v⃗∣=⟨3,4⟩5=⟨35,45⟩

Step 3: Check the magnitude.


∣v^∣=(35)2+(45)2=925+1625=1=1

So the unit vector is


⟨35,45⟩

Worked Example 2: Normalize a vector with a negative component


Find the unit vector in the direction of u⃗=⟨−2,6⟩.


Step 1: Find the magnitude.


∣u⃗∣=(−2)2+62=4+36=40=210

Step 2: Divide by the magnitude.


u^=⟨−2,6⟩210=⟨−2210,6210⟩=⟨−110,310⟩

You may also write this by rationalizing the denominators:


u^=⟨−1010,31010⟩

Both forms are correct.


Worked Example 3: Normalize a 3D vector


Find the unit vector in the direction of w⃗=⟨2,−1,2⟩.


Step 1: Find the magnitude.


∣w⃗∣=22+(−1)2+22=4+1+4=9=3

Step 2: Divide by the magnitude.


w^=⟨2,−1,2⟩3=⟨23,−13,23⟩

Step 3: Check the magnitude.


∣w^∣=(23)2+(−13)2+(23)2=49+19+49=1=1

So the unit vector is


⟨23,−13,23⟩

Worked Example 4: Use a unit vector to build a vector with a given magnitude


A force acts in the direction of ⟨3,4⟩, but its magnitude is 20. Find the force vector.


Step 1: Find the unit vector in the given direction.


From Example 1, the unit vector in the direction of ⟨3,4⟩ is


⟨35,45⟩

Step 2: Multiply the unit vector by the required magnitude.


F⃗=20⟨35,45⟩=⟨12,16⟩

So the force vector is


⟨12,16⟩

This shows why unit vectors are useful: once we know the pure direction, we can scale it to any length we need.


6. Geometric meaning


When you normalize a vector, you do not change its direction. You only change its length to 1.


You can imagine the original vector and its unit vector as arrows pointing exactly the same way, but the unit vector is shorter or longer so that its final length is exactly 1.


This is especially useful in 3D geometry, where we often want a clean direction vector for a line, plane, motion, or force.


7. Common mistakes to avoid



  	Forgetting to find the magnitude first. Do not divide by one component; divide by the whole magnitude.

  	Using the wrong magnitude formula. In 3D, remember to include all three squared components.

  	Changing the direction by mistake. A unit vector must point in the same direction as the original vector.

  	Normalizing the zero vector. This is impossible because its magnitude is 0.

  	Assuming a vector is already a unit vector. Always check its magnitude if you are unsure.




8. Quick check: Is this a unit vector?


To test whether a vector is a unit vector, find its magnitude. If the magnitude is 1, then it is a unit vector.


For example, is ⟨12,32⟩ a unit vector?


(12)2+(32)2=14+34=1=1

Yes, it is a unit vector.


9. Key ideas to remember



  	A vector has both magnitude and direction.

  	A unit vector has magnitude 1.

  	Normalization means turning a non-zero vector into a unit vector.

  	The formula is v^=v⃗∣v⃗∣

  	Normalization keeps direction the same but changes the length to 1.

  	The zero vector cannot be normalized.




Brief Summary


Unit vectors are vectors of length 1 that show direction only. To normalize a non-zero vector, divide it by its magnitude. This process is useful whenever we want pure direction, and it also helps us create vectors of any required magnitude in the same direction.


  
  Put what you read to the test

  You've worked through Unit Vectors and Normalization. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1243
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  The Dot Product (Scalar Product)


In vector algebra, we often work with quantities that have both magnitude and direction. These quantities are called vectors. The dot product, also called the scalar product, is a way of combining two vectors to get a single number.


This idea is important because it connects algebra and geometry. Algebraically, we can calculate the dot product using vector components. Geometrically, it tells us about the angle between two vectors.


By the end of this lesson, you should be able to:


  	calculate the dot product of two vectors in 2D and 3D,

  	use the dot product formula involving the angle between vectors,

  	find the angle between two vectors,

  	recognize when two vectors are perpendicular.




1. What is the dot product?


Suppose we have two vectors

a⃗=(a1a2),b⃗=(b1b2)


Then their dot product is defined by multiplying matching components and adding the results:

a⃗⋅b⃗=a1b1+a2b2


In 3D, if

a⃗=(a1a2a3),b⃗=(b1b2b3)


then

a⃗⋅b⃗=a1b1+a2b2+a3b3


The answer is a scalar, which means it is a single number, not a vector.


2. Geometric meaning of the dot product


The dot product can also be written using the magnitudes of the vectors and the angle between them:

a⃗⋅b⃗=∣a⃗∣ ∣b⃗∣cos⁡θ


Here:


  	∣a⃗∣ is the magnitude (length) of a⃗,

  	∣b⃗∣ is the magnitude (length) of b⃗,

  	θ is the angle between the two vectors.




This formula is very important because it shows how the dot product measures how much one vector points in the same direction as another.


Notice what happens for special angles:


  	If θ=0[image: °], then cos⁡θ=1, so the dot product is positive and as large as possible.

  	If θ=90[image: °], then cos⁡θ=0, so the dot product is 0.

  	If θ>90[image: °], then cos⁡θ is negative, so the dot product is negative.




3. Magnitude of a vector


To use the angle formula, we need to know how to find the magnitude of a vector.


For a 2D vector

a⃗=(a1a2)

the magnitude is

∣a⃗∣=a12+a22


For a 3D vector

a⃗=(a1a2a3)

the magnitude is

∣a⃗∣=a12+a22+a32


4. Two key formulas to remember



  	Component formula: a⃗⋅b⃗=a1b1+a2b2+a3b3

  	Angle formula: a⃗⋅b⃗=∣a⃗∣ ∣b⃗∣cos⁡θ




These two formulas describe the same dot product. This means we can connect algebra and geometry by setting them equal:

a1b1+a2b2+a3b3=∣a⃗∣ ∣b⃗∣cos⁡θ


From this, we can find the angle between two vectors:

cos⁡θ=a⃗⋅b⃗∣a⃗∣ ∣b⃗∣


5. When are two vectors perpendicular?


Two vectors are perpendicular if the angle between them is 90[image: °].


Since cos⁡90[image: °]=0, the dot product of perpendicular vectors is:

a⃗⋅b⃗=0


So a very useful test is:

If a⃗⋅b⃗=0, then the vectors are perpendicular.


6. Important properties of the dot product



  	It is commutative: a⃗⋅b⃗=b⃗⋅a⃗

  	Dot product with itself gives the square of the magnitude: a⃗⋅a⃗=∣a⃗∣2

  	If one vector is the zero vector, the dot product is zero.




For example,

a⃗⋅a⃗=a12+a22+a32=∣a⃗∣2


This is a useful way to check your work.


7. Worked Example 1: Basic 2D dot product


Find the dot product of

a⃗=(34),b⃗=(2−1)


Step 1: Multiply matching components.

3(2)=6,4(−1)=−4


Step 2: Add the results.

a⃗⋅b⃗=6+(−4)=2


Answer: a⃗⋅b⃗=2


The answer is a number, so it is a scalar.


8. Worked Example 2: Dot product in 3D


Find the dot product of

p⃗=(1−25),q⃗=(43−1)


Step 1: Multiply matching components.

1(4)=4,(−2)(3)=−6,5(−1)=−5


Step 2: Add them.

p⃗⋅q⃗=4−6−5=−7


Answer: p⃗⋅q⃗=−7


Since the result is negative, the angle between the vectors is greater than 90[image: °].


9. Worked Example 3: Finding the angle between two vectors


Find the angle between

a⃗=(12),b⃗=(34)


Step 1: Find the dot product.

a⃗⋅b⃗=1(3)+2(4)=3+8=11


Step 2: Find the magnitudes.

∣a⃗∣=12+22=5

∣b⃗∣=32+42=25=5


Step 3: Use the angle formula.

cos⁡θ=a⃗⋅b⃗∣a⃗∣ ∣b⃗∣=1155


Step 4: Find the angle.

θ=cos⁡−1(1155)


Using a calculator,

θ≈10.3[image: °]


Answer: The angle between the vectors is approximately 10.3[image: °]


10. Worked Example 4: Testing for perpendicular vectors


Show whether the vectors

u⃗=(21−3),v⃗=(4−22)

are perpendicular.


Step 1: Find the dot product.

u⃗⋅v⃗=2(4)+1(−2)+(−3)(2)

=8−2−6=0


Step 2: Interpret the result.

Since the dot product is 0, the vectors are perpendicular.


Answer: Yes, the vectors are perpendicular.


11. Common mistakes to avoid



  	Do not add components first. Multiply matching components first, then add.

  	Do not confuse dot product with multiplication of vectors. The dot product gives a scalar, not a vector.

  	Be careful with negative signs. A small sign error can change the whole answer.

  	Use the correct angle formula. cos⁡θ=a⃗⋅b⃗∣a⃗∣ ∣b⃗∣

  	Make sure your calculator is in the correct mode (degrees or radians), depending on what your course expects. In school problems, degrees are usually used unless stated otherwise.




12. Quick practice ideas


To get comfortable with dot product, practice these types of questions:


  	Find the dot product of two vectors in 2D.

  	Find the dot product of two vectors in 3D.

  	Use the dot product to find the angle between two vectors.

  	Check whether two vectors are perpendicular.




13. Final summary


The dot product is a way of combining two vectors to produce a single number. Using components, we multiply matching entries and add them. Using geometry, the dot product is also equal to the product of the magnitudes times the cosine of the angle between the vectors.


This makes the dot product very useful for finding angles and checking perpendicularity. If the dot product is zero, the vectors are perpendicular. If the dot product is positive, the angle is acute; if it is negative, the angle is obtuse.


Key formulas:

a⃗⋅b⃗=a1b1+a2b2+a3b3

a⃗⋅b⃗=∣a⃗∣ ∣b⃗∣cos⁡θ

cos⁡θ=a⃗⋅b⃗∣a⃗∣ ∣b⃗∣

a⃗⋅b⃗=0⇒vectors are perpendicular


  
  Put what you read to the test

  You've worked through The Dot Product (Scalar Product). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1244
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  Orthogonal and Parallel Vectors


Vectors are quantities that have both magnitude and direction. In coordinate form, a vector can be written as \\vec{v} = \langle a, b \rangle\ in 2D or \\vec{v} = \langle a, b, c \rangle\ in 3D.


Two important relationships between vectors are parallel and orthogonal. Understanding these ideas helps in geometry, physics, and later work with lines, planes, and forces.


In this lesson, you will learn how to:


  	recognize when two vectors are parallel,

  	recognize when two vectors are orthogonal,

  	use scalar multiples to prove parallelism,

  	use the dot product to prove orthogonality.




1. What does it mean for vectors to be parallel?


Two vectors are parallel if they point in the same direction or exactly opposite directions. This happens when one vector is a scalar multiple of the other.


If \\vec{u}\ and \\vec{v}\ are vectors, then they are parallel if there exists a number \k\ such that


u⃗=kv⃗. 

The number \k\ is called a scalar. If \k > 0\, the vectors point in the same direction. If \k < 0\, they point in opposite directions.


For example, if


a⃗=⟨2,3⟩andb⃗=⟨4,6⟩,

then


b⃗=2a⃗,

so the vectors are parallel.


If instead


c⃗=⟨−2,−3⟩,

then


c⃗=−1a⃗,

so \\vec{a}\ and \\vec{c}\ are also parallel, but they point in opposite directions.


How to test for parallel vectors


In 2D, compare the ratios of corresponding components:


u⃗=⟨a,b⟩,v⃗=⟨c,d⟩. 

If


ac=bd

for the same scalar value, then the vectors are parallel.


In 3D, the idea is the same. For


u⃗=⟨a,b,c⟩,v⃗=⟨d,e,f⟩,

the vectors are parallel if all corresponding components have the same scale factor:


ad=be=cf.

Be careful: this method only works when the denominators are not zero. Often, the safest method is to check directly whether one vector can be written as \k\ times the other.


2. What does it mean for vectors to be orthogonal?


Two vectors are orthogonal if they meet at a right angle. In other words, the angle between them is \90^\circ\.


The main test for orthogonality uses the dot product.


For vectors in 2D:


⟨a,b⟩⋅⟨c,d⟩=ac+bd

For vectors in 3D:


⟨a,b,c⟩⋅⟨d,e,f⟩=ad+be+cf

Two vectors are orthogonal if and only if their dot product is zero:


u⃗⋅v⃗=0. 

For example, let


p⃗=⟨2,3⟩,q⃗=⟨3,−2⟩. 

Then


p⃗⋅q⃗=(2)(3)+(3)(−2)=6−6=0. 

So \\vec{p}\ and \\vec{q}\ are orthogonal.


Why does a zero dot product mean a right angle?


The dot product is also connected to the angle \\theta\ between two vectors:


u⃗⋅v⃗=∣u⃗∣ ∣v⃗∣cos⁡θ. 

If the vectors are not zero vectors and \\vec{u} \cdot \vec{v} = 0\, then


∣u⃗∣ ∣v⃗∣cos⁡θ=0. 

Since the magnitudes are not zero, it must be that


cos⁡θ=0,

which means


θ=90[image: °]. 

So the vectors are orthogonal.


3. Important difference: parallel vs orthogonal



  	Parallel vectors: one is a scalar multiple of the other.

  	Orthogonal vectors: their dot product is zero.




These are different ideas. A pair of vectors usually cannot be both parallel and orthogonal, unless one of the vectors is the zero vector.


4. The zero vector


The zero vector is


0⃗=⟨0,0⟩or⟨0,0,0⟩. 

Its magnitude is zero, so it has no direction. Because of this, questions involving the zero vector need care.



  	The zero vector has dot product zero with every vector.

  	But in school mathematics, we usually focus on non-zero vectors when talking about direction, parallelism, and angles.




So when you test whether vectors are parallel or orthogonal, it is usually assumed the vectors are non-zero unless stated otherwise.


5. Worked Examples


Example 1: Testing for parallel vectors in 2D


Determine whether \\vec{u} = \langle 3, 6 \rangle\ and \\vec{v} = \langle 1, 2 \rangle\ are parallel.


Step 1: Check if one vector is a scalar multiple of the other.


Multiply \\vec{v}\ by 3:


3v⃗=3⟨1,2⟩=⟨3,6⟩. 

This matches \\vec{u}\.


Conclusion:


u⃗=3v⃗,

so the vectors are parallel.


Example 2: Testing for orthogonal vectors in 2D


Determine whether \\vec{a} = \langle 4, 1 \rangle\ and \\vec{b} = \langle 2, -8 \rangle\ are orthogonal.


Step 1: Find the dot product.


a⃗⋅b⃗=(4)(2)+(1)(−8)=8−8=0. 

Conclusion: Since the dot product is zero, the vectors are orthogonal.


Example 3: Decide whether vectors are parallel, orthogonal, or neither


Let


p⃗=⟨2,−3,1⟩,q⃗=⟨4,−6,2⟩. 

Step 1: Test for parallelism.


Compare components:


42=2,−6−3=2,21=2. 

All components have the same scale factor.


So


q⃗=2p⃗. 

Therefore, the vectors are parallel.


Step 2: Test for orthogonality if needed.


p⃗⋅q⃗=(2)(4)+(−3)(−6)+(1)(2)=8+18+2=28. 

The dot product is not zero, so they are not orthogonal.


Conclusion: The vectors are parallel, not orthogonal.


Example 4: Find a value that makes vectors orthogonal


Find the value of \k\ so that


u⃗=⟨k,5⟩andv⃗=⟨2,−4⟩

are orthogonal.


Step 1: Use the condition for orthogonality.


u⃗⋅v⃗=0. 

Step 2: Compute the dot product.


⟨k,5⟩⋅⟨2,−4⟩=2k+5(−4). 

2k−20=0. 

Step 3: Solve for \k\.


2k=20
k=10

Conclusion: The vectors are orthogonal when


k=10. 

6. Common mistakes to avoid



  	Mixing up the tests: Parallel vectors use scalar multiples; orthogonal vectors use dot product.

  	Only checking one pair of components: In 3D, all three components must match the same scale factor for parallelism.

  	Arithmetic errors in the dot product: Watch negative signs carefully.

  	Assuming perpendicular-looking vectors in a sketch are orthogonal: Always prove it with the dot product.




7. Quick strategy guide


If a question asks whether two vectors are parallel:


  	Try to write one vector as \k\ times the other.

  	If that works, they are parallel.

  	If it does not, they are not parallel.




If a question asks whether two vectors are orthogonal:


  	Calculate the dot product.

  	If the result is 0, they are orthogonal.

  	If the result is not 0, they are not orthogonal.




If a question asks whether vectors are parallel, orthogonal, or neither:


  	Check for scalar multiples first.

  	Then check the dot product.

  	State the correct relationship clearly.




8. Summary


To prove two vectors are parallel, show that one is a scalar multiple of the other:


u⃗=kv⃗. 

To prove two vectors are orthogonal, show that their dot product is zero:


u⃗⋅v⃗=0. 

These two tests are simple and powerful. Once you know which test to use, you can quickly decide the relationship between vectors in both 2D and 3D.


  
  Put what you read to the test

  You've worked through Orthogonal and Parallel Vectors. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1245
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  Resolving Vectors and Physical Applications


In many real-life situations, a quantity has both size and direction. Such a quantity is called a vector. Examples include force, velocity, displacement, and acceleration.


Often, a single vector acts at an angle. To understand its effect clearly, we break it into parts along chosen directions, usually horizontal and vertical. This process is called resolving a vector into components.


Resolving vectors is very important in physics. It helps us analyze forces on an object, motion on an incline, the pull of ropes, and velocity in different directions.


1. What does it mean to resolve a vector?


To resolve a vector means to split it into two or more perpendicular parts whose combined effect is the same as the original vector.


In 2D, we usually resolve a vector into:


  	a horizontal component

  	a vertical component




If a vector has magnitude V and makes an angle θ with the positive horizontal axis, then:


Vx=Vcos⁡θ
Vy=Vsin⁡θ

Here:


  	Vx is the horizontal component

  	Vy is the vertical component




These formulas come from right-triangle trigonometry. The cosine gives the side adjacent to the angle, and the sine gives the side opposite the angle.


2. Visual idea of components


Imagine pushing a box with a force directed upward and to the right. The force does two things at once:


  	it pushes the box forward

  	it also tends to lift it upward




These two effects are described by the horizontal and vertical components of the force.


So, instead of working with one slanted vector, we work with two simpler perpendicular vectors. This makes calculations much easier.


3. Signs of components


The formulas Vx=Vcos⁡θ and Vy=Vsin⁡θ give magnitudes based on the angle, but the direction matters too.


Use signs carefully:


  	right is usually positive (+)

  	left is usually negative (−)

  	up is usually positive (+)

  	down is usually negative (−)




For example, if a vector points down and to the right, then its horizontal component is positive and its vertical component is negative.


4. Resultant vectors from components


If the horizontal and vertical components of a vector are known, we can rebuild the original vector. This original vector is called the resultant.


If the components are x and y, then the magnitude of the resultant is:


R=x2+y2

The direction angle θ, measured from the horizontal, is found using:


tan⁡θ=yx

So:


θ=tan⁡−1(yx)

Always think about the quadrant to make sure the direction is correct.


5. Why resolving vectors matters in physics


Many physics problems involve forces or velocities acting at angles. Objects usually move or balance along horizontal and vertical directions, so resolving vectors lets us study each direction separately.


This is useful in situations such as:


  	finding the effect of a force pulling at an angle

  	analyzing tension in ropes

  	studying motion on a slope

  	combining velocities in different directions




6. Important idea: perpendicular directions are independent


Horizontal and vertical components do not interfere with each other. This means we can analyze them separately.


For example, if a force has a horizontal part of 20 N and a vertical part of 15 N, we treat these as separate effects in their own directions.


This is one of the main reasons vector resolution is so powerful.


7. Worked Example 1: Resolving a force into components


A force of 50 N acts at an angle of 30[image: °] above the horizontal. Find its horizontal and vertical components.


Step 1: Write the formulas


Fx=Fcos⁡θ
Fy=Fsin⁡θ

Step 2: Substitute the values


Fx=50cos⁡30[image: °]
Fy=50sin⁡30[image: °]

Step 3: Use trig values


cos⁡30[image: °]=√(3)/2≈0.866
sin⁡30[image: °]=0.5

So:


Fx=50(0.866)=43.3 N
Fy=50(0.5)=25 N

Answer:


  	Horizontal component = 43.3 N to the right

  	Vertical component = 25 N upward




This means the single 50 N force has the same effect as two perpendicular forces of 43.3 N and 25 N.


8. Worked Example 2: Finding a resultant from components


A velocity has components 12 m/s east and 5 m/s north. Find the magnitude and direction of the velocity.


Step 1: Find the magnitude


R=122+52
R=144+25
R=169=13 m/s

Step 2: Find the direction


tan⁡θ=512
θ=tan⁡−1(512)
θ≈22.6[image: °]

Answer:

The velocity is 13 m/s at 22.6[image: °] north of east.


9. Worked Example 3: Force on an inclined plane


A block rests on a smooth slope inclined at 20[image: °] to the horizontal. Its weight is 100 N. Resolve the weight into:


  	a component parallel to the slope

  	a component perpendicular to the slope




When dealing with an incline, it is often best to choose axes:


  	along the slope

  	perpendicular to the slope




For a slope angle θ:


  	component of weight parallel to slope = Wsin⁡θ

  	component of weight perpendicular to slope = Wcos⁡θ




Here, W=100 N and θ=20[image: °].


Parallel component:


W∥=100sin⁡20[image: °]
W∥=100(0.342)=34.2 N

Perpendicular component:


W⊥=100cos⁡20[image: °]
W⊥=100(0.940)=94.0 N

Answer:


  	Component down the slope = 34.2 N

  	Component into the slope = 94.0 N




The parallel component tends to make the block slide down the slope. The perpendicular component presses the block against the surface.


10. Worked Example 4: Tension and equilibrium


A lamp is hanging at rest from a rope. The tension in the rope is 80 N, and the rope makes an angle of 40[image: °] with the ceiling. Find the vertical and horizontal components of the tension.


Since the ceiling is horizontal, the rope makes a 40[image: °] angle with the horizontal.


Horizontal component:


Tx=80cos⁡40[image: °]
Tx=80(0.766)=61.3 N

Vertical component:


Ty=80sin⁡40[image: °]
Ty=80(0.643)=51.4 N

Answer:


  	Horizontal component = 61.3 N

  	Vertical component = 51.4 N




In equilibrium problems, vertical components often balance weight, and horizontal components often balance each other.


11. Resolving vectors in 3D


In three dimensions, a vector can have components in the x-, y-, and z-directions.


A vector may be written as:


V⃗=⟨Vx,Vy,Vz⟩

Its magnitude is:


∣V⃗∣=Vx2+Vy2+Vz2

In physical applications, this is useful when motion or force is not limited to a flat surface.


For example, if a drone moves with velocity components 3 m/s east, 4 m/s north, and 12 m/s upward, then the speed is:


∣V⃗∣=32+42+122
∣V⃗∣=9+16+144
∣V⃗∣=169=13 m/s

This is the 3D version of Pythagoras' theorem.


12. Common mistakes to avoid


  	Mixing up sine and cosine: use cosine for the side adjacent to the given angle, sine for the opposite side.

  	Ignoring signs: left/down may need negative values.

  	Using the wrong angle: make sure you know whether the angle is measured from the horizontal, vertical, or slope.

  	Forgetting units: include units like N, m/s, or m.

  	Not checking reasonableness: each component should usually be smaller than the original vector.




13. Problem-solving steps for resolving vectors


  	Draw a clear diagram.

  	Mark the angle carefully.

  	Choose axes, usually horizontal/vertical or parallel/perpendicular to a slope.

  	Use sine and cosine to find components.

  	Add signs if needed based on direction.

  	For resultants, use Pythagoras for magnitude and inverse tangent for direction.

  	Check that your answer makes physical sense.




14. Key formulas


  	Horizontal component: Vx=Vcos⁡θ

  	Vertical component: Vy=Vsin⁡θ

  	Resultant magnitude in 2D: R=x2+y2

  	Direction in 2D: θ=tan⁡−1(y/x)

  	Magnitude in 3D: ∣V⃗∣=Vx2+Vy2+Vz2




15. Brief summary


Resolving vectors means splitting a vector into perpendicular components, usually horizontal and vertical. If a vector of magnitude V makes an angle θ with the horizontal, its components are Vcos⁡θ and Vsin⁡θ.


These components help us solve physics problems involving force, tension, motion, and slopes. Once components are known, we can also combine them to find a resultant using Pythagoras' theorem and trigonometry.


With careful diagrams, correct trig ratios, and attention to signs, resolving vectors becomes a very useful tool in both mathematics and physics.


  
  Put what you read to the test

  You've worked through Resolving Vectors and Physical Applications. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1246
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  3D Cartesian Coordinates help us describe the position of points in space. In 2D, a point is written as (x,y) and shows where the point is on a flat plane. In 3D, we need one more number, so a point is written as (x,y,z).


This extra coordinate lets us describe positions in space, not just on a sheet of paper. 3D coordinates are used in geometry, physics, engineering, computer graphics, and many real-world models.


In this lesson, you will learn how the three axes work, how to plot and describe points in 3D, and how to find the distance and midpoint between two points in space.


1. The 3D Coordinate System


A 3D Cartesian coordinate system has three number lines, called axes:


  	x-axis: usually drawn left-right

  	y-axis: usually drawn sideways on the page

  	z-axis: usually drawn up-down




These three axes meet at one point called the origin. The origin has coordinates:

(0,0,0)


Each point in space is described by an ordered triple:

(x,y,z)


This means:


  	move x units along the x-axis,

  	move y units parallel to the y-axis,

  	move z units parallel to the z-axis.




The order matters. The point (2,1,3) is different from (1,2,3).


2. Understanding the Coordinates


For a point (x,y,z):


  	x tells how far the point is in the x-direction,

  	y tells how far the point is in the y-direction,

  	z tells how far the point is above or below the xy-plane.




The xy-plane is the flat plane where z=0. Similarly:


  	the yz-plane is where x=0,

  	the xz-plane is where y=0.




These planes are the 3D versions of the coordinate axes in 2D. They help us picture where a point is located.


For example:


  	If a point is (4,−2,0), it lies on the xy-plane because z=0.

  	If a point is (0,3,5), it lies on the yz-plane because x=0.

  	If a point is (−1,0,2), it lies on the xz-plane because y=0.




3. How to Plot a Point in 3D


To plot a point (x,y,z):


  	Start at the origin (0,0,0).

  	Move along the x-direction by x units.

  	From there, move parallel to the y-axis by y units.

  	Then move parallel to the z-axis by z units.




Because 3D drawings are shown on flat paper, sketches may look slanted. The picture is only a visual aid, but the coordinates still follow the same exact rules.


4. Distance from the Origin in 3D


In 2D, the distance from the origin to (x,y) is found using the Pythagorean theorem:

d=x2+y2


In 3D, we extend this idea one more step. For a point (x,y,z), the distance from the origin is:

d=x2+y2+z2


This works because we first find the distance in the xy-plane, then use the Pythagorean theorem again with the z-value.


5. Distance Between Two Points in 3D


Suppose we have two points:

A(x1,y1,z1)andB(x2,y2,z2)


The distance between them is:

AB=(x2−x1)2+(y2−y1)2+(z2−z1)2


This is the 3D version of the distance formula you already know from 2D. The only difference is the extra z-term.


6. Midpoint of a Line Segment in 3D


The midpoint is the point exactly halfway between two endpoints.


If the endpoints are:

A(x1,y1,z1)andB(x2,y2,z2)


then the midpoint is:

M(x1+x22,y1+y22,z1+z22)


This means we average each coordinate separately.


7. Worked Examples


Example 1: Identifying position in space

Consider the point P(3,−2,4).


  	The x-coordinate is 3, so the point is 3 units in the positive x-direction.

  	The y-coordinate is −2, so it is 2 units in the negative y-direction.

  	The z-coordinate is 4, so it is 4 units above the xy-plane.




So P(3,−2,4) is a point in space that is right/left according to x, sideways according to y, and upward according to z.


Example 2: Distance from the origin

Find the distance from the origin to the point Q(2,3,6).


Use the formula:

d=x2+y2+z2


Substitute the values:

d=22+32+62

d=4+9+36

d=49

d=7


Answer: The distance from the origin to Q is 7 units.


Example 3: Distance between two points

Find the distance between A(1,2,3) and B(5,−1,7).


Use the 3D distance formula:

AB=(x2−x1)2+(y2−y1)2+(z2−z1)2


Substitute the coordinates:

AB=(5−1)2+(−1−2)2+(7−3)2

AB=42+(−3)2+42

AB=16+9+16

AB=41


Answer: The distance between A and B is 41 units.


Example 4: Midpoint in 3D

Find the midpoint of the segment joining C(2,4,−1) and D(6,0,5).


Use the midpoint formula:

M(x1+x22,y1+y22,z1+z22)


Substitute the values:

M(2+62,4+02,−1+52)

M(82,42,42)

M(4,2,2)


Answer: The midpoint is (4,2,2).


8. Common Mistakes to Avoid


  	Mixing up the order: Always write coordinates as (x,y,z), not in any other order.

  	Forgetting the third term: In 3D distance, include (z2−z1)2.

  	Sign errors: Be careful when subtracting negative numbers, such as −1−2=−3.

  	Not averaging each coordinate: In the midpoint formula, divide each sum by 2.




9. Quick Check for Understanding


  	What plane does the point (3,5,0) lie on?

  	Find the distance from the origin to (−2,1,2).

  	Find the midpoint of (1,1,1) and (3,5,7).




Answers:


  	(3,5,0) lies on the xy-plane.

  	Distance: (−2)2+12+22=4+1+4=3

  	Midpoint: (1+32,1+52,1+72)=(2,3,4)




10. Summary


In 3D Cartesian coordinates, a point is written as (x,y,z). The three coordinates tell us the point’s position relative to the x-, y-, and z-axes.


You can find distance in 3D by extending the Pythagorean theorem:

d=(x2−x1)2+(y2−y1)2+(z2−z1)2


You can find the midpoint by averaging each coordinate:

M(x1+x22,y1+y22,z1+z22)


These ideas are important for 3D geometry and also connect directly to vectors, motion, and spatial problems in mathematics and physics.


  
  Put what you read to the test

  You've worked through 3D Cartesian Coordinates. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1247
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  Vectors in 3D Space help us describe movement, force, position, and direction when things are not limited to a flat plane. In 2D, we use the horizontal and vertical directions. In 3D, we add a third direction, usually called the �depth or height direction.


A 3D vector tells us how far and in what direction something goes in space. For example, a drone might move 4 units east, 3 units north, and 2 units up. That movement is a vector in 3D space.


In this lesson, you will learn how to write 3D vectors using unit vectors �i,j,k, find their magnitude, calculate direction cosines, and use the dot product in three dimensions.


1. Writing vectors in 3D


In 3D space, we usually use three perpendicular axes:


	x-axis: left-right direction

	y-axis: forward-back direction

	z-axis: up-down direction




The three standard unit vectors are:


	i: one unit in the x-direction

	j: one unit in the y-direction

	k: one unit in the z-direction




A vector with components a, b, and c is written as

v⃗=ai+bj+ck


It can also be written in coordinate form as

v⃗=⟨a,b,c⟩


These two forms mean the same thing.


For example,

v⃗=2i−3j+5k


means the vector has components:


	x-component: 2

	y-component: −3

	z-component: 5




So in coordinate form,

v⃗=⟨2,−3,5⟩


2. Position vectors in 3D


If a point in space has coordinates (x,y,z), then the vector from the origin to that point is called its position vector.


For a point P(4,−2,7), the position vector is

OP→=4i−2j+7k


This vector starts at the origin (0,0,0) and ends at (4,−2,7).


3. Vector between two points


To find the vector from point A(x1,y1,z1) to point B(x2,y2,z2), subtract the coordinates of A from the coordinates of B:

AB→=⟨x2−x1, y2−y1, z2−z1⟩


In unit vector form,

AB→=(x2−x1)i+(y2−y1)j+(z2−z1)k


This is very useful in geometry and physics because it tells both the distance and direction from one point to another.


4. Magnitude of a 3D vector


The magnitude of a vector is its length or size. For a vector

v⃗=⟨a,b,c⟩


the magnitude is

∣v⃗∣=a2+b2+c2


This formula comes from the 3D version of the Pythagorean theorem.


For example, if v⃗=⟨3,4,12⟩, then

∣v⃗∣=32+42+122=9+16+144=169=13


So the vector has length 13.


5. Unit vectors in the direction of a vector


A unit vector is a vector with magnitude 1. To find the unit vector in the direction of a vector v⃗, divide the vector by its magnitude:

v^=v⃗∣v⃗∣


If v⃗=⟨a,b,c⟩, then

v^=⟨a∣v⃗∣,b∣v⃗∣,c∣v⃗∣⟩


This keeps the direction the same but changes the length to 1.


6. Direction cosines


In 3D, a vector can make angles with all three axes. Suppose a vector v⃗ makes angles α, β, and γ with the positive x-, y-, and z-axes.


The direction cosines are:

cos⁡α,cos⁡β,cos⁡γ


For a vector v⃗=⟨a,b,c⟩, the direction cosines are found by dividing each component by the magnitude:

cos⁡α=a∣v⃗∣,cos⁡β=b∣v⃗∣,cos⁡γ=c∣v⃗∣


Notice that these are exactly the components of the unit vector in the direction of v⃗.


An important fact is:

cos⁡2α+cos⁡2β+cos⁡2γ=1


This is a useful check for your work.


7. Dot product in 3D


The dot product combines two vectors and gives a number, not another vector.


If

a⃗=⟨a1,a2,a3⟩andb⃗=⟨b1,b2,b3⟩


then their dot product is

a⃗⋅b⃗=a1b1+a2b2+a3b3


In unit vector form, if

a⃗=a1i+a2j+a3k

and

b⃗=b1i+b2j+b3k


then

a⃗⋅b⃗=a1b1+a2b2+a3b3


The dot product is also related to the angle θ between the vectors:

a⃗⋅b⃗=∣a⃗∣ ∣b⃗∣cos⁡θ


This formula is useful for finding the angle between two vectors.


8. When vectors are perpendicular


Two vectors are perpendicular if they meet at a right angle. In 3D, just like in 2D, this happens when their dot product is zero:

a⃗⋅b⃗=0


This works as long as neither vector is the zero vector.


Worked Example 1: Writing a vector and finding its magnitude


Write the vector ⟨−2,6,3⟩ in unit vector form, and find its magnitude.


Step 1: Write in unit vector form

v⃗=−2i+6j+3k


Step 2: Use the magnitude formula

∣v⃗∣=(−2)2+62+32

=4+36+9

=49=7


Answer: The vector is −2i+6j+3k, and its magnitude is 7.


Worked Example 2: Finding a vector between two points


Find the vector from A(1,−2,4) to B(5,3,−1).


Step 1: Subtract coordinates of A from coordinates of B

AB→=⟨5−1, 3−(−2), −1−4⟩

=⟨4,5,−5⟩


Step 2: Write in unit vector form if needed

AB→=4i+5j−5k


Answer: AB→=⟨4,5,−5⟩


Worked Example 3: Finding direction cosines


Find the direction cosines of the vector

v⃗=2i−j+2k


Step 1: Identify the components

v⃗=⟨2,−1,2⟩


Step 2: Find the magnitude

∣v⃗∣=22+(−1)2+22=4+1+4=9=3


Step 3: Divide each component by the magnitude

cos⁡α=23,cos⁡β=−13,cos⁡γ=23


Check:

(23)2+(−13)2+(23)2=49+19+49=1


Answer: The direction cosines are 23, −13, and 23.


Worked Example 4: Dot product and angle between two vectors


Find the dot product of

a⃗=⟨1,2,2⟩andb⃗=⟨2,1,−2⟩

Then determine whether the vectors are perpendicular.


Step 1: Compute the dot product

a⃗⋅b⃗=(1)(2)+(2)(1)+(2)(−2)

=2+2−4=0


Step 2: Interpret the result

Since the dot product is 0, the vectors are perpendicular.


Optional angle check: If a⃗⋅b⃗=∣a⃗∣ ∣b⃗∣cos⁡θ=0, then cos⁡θ=0, so θ=90[image: °].


Answer: The dot product is 0, so the vectors are perpendicular.


9. Common mistakes to avoid


	Forgetting the third component: In 3D, every vector has x-, y-, and z-components.

	Mixing up point coordinates and vector components: A point is a location like (2,3,4), while a vector describes movement like ⟨2,3,4⟩.

	Subtracting points in the wrong order: AB→=B−A, not A−B.

	Making sign errors: Be careful with negative coordinates and components.

	Using the wrong magnitude formula: In 3D, use a2+b2+c2, not just two terms.




10. Key formulas


	Vector form: v⃗=ai+bj+ck=⟨a,b,c⟩

	Vector from A(x1,y1,z1) to B(x2,y2,z2): AB→=⟨x2−x1, y2−y1, z2−z1⟩

	Magnitude: ∣v⃗∣=a2+b2+c2

	Unit vector in direction of v⃗: v^=v⃗∣v⃗∣

	Direction cosines: cos⁡α=a∣v⃗∣,cos⁡β=b∣v⃗∣,cos⁡γ=c∣v⃗∣

	Dot product: a⃗⋅b⃗=a1b1+a2b2+a3b3

	Angle formula: a⃗⋅b⃗=∣a⃗∣ ∣b⃗∣cos⁡θ




Brief Summary


Vectors in 3D space use three components to describe direction and size. We write them using i, j, and k, find their lengths using the 3D magnitude formula, and describe their directions using direction cosines.


The dot product helps compare two vectors and can show whether they are perpendicular or help find the angle between them. These skills are important in geometry, mechanics, and any situation involving motion or force in space.


  
  Put what you read to the test

  You've worked through Vectors in 3D Space. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1248
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  Lesson: Formulation of Mathematical Models


In many real-life situations, we want to understand a problem, make predictions, or choose the best decision. A mathematical model is a mathematical representation of a real-world situation. It turns words, quantities, and relationships into equations, inequalities, tables, graphs, or formulas.


The process of formulating a mathematical model means translating a context into mathematics. This requires us to decide what the important quantities are, name them with variables, identify fixed values called parameters, and make reasonable assumptions so the problem becomes manageable.


This skill is important because real-world problems are often messy. They include extra details, missing information, and quantities that change. A good model simplifies the situation enough to be useful while still matching reality closely enough to answer the question.


1. What is a mathematical model?


A mathematical model is a set of mathematical relationships that describes how quantities in a situation are connected. Depending on the problem, a model might be:


  	an equation, such as C=50+12m,

  	an inequality, such as 3x+2y≤100,

  	a function, such as h(t)=−4.9t2+20t+1.5,

  	a geometric rule involving area, volume, or distance,

  	or a statistical model based on data.




The goal is not just to do calculations. The goal is to represent the situation clearly so that the mathematics answers a real question.


2. Main parts of formulating a model


When building a mathematical model, there are four main parts to identify.



  	Variables: quantities that can change. For example, time, distance, number of items sold, or temperature.

  	Parameters: fixed values in the model. For example, a ticket price of 12 dollars or a constant speed of 60 km/h.

  	Relationships: the mathematical connections between quantities. These may come from formulas, patterns, geometry, or data.

  	Assumptions: simplifications that make the problem easier to model. For example, assuming a constant rate, ignoring air resistance, or treating demand as linear.




3. A step-by-step method for formulating models


You can use the following process whenever you are asked to create a model from a context.



  	Read the situation carefully. Identify what is happening and what question must be answered.

  	Choose the important quantities. Ignore details that do not affect the question.

  	Define variables clearly. State what each variable represents and include units when possible.

  	Identify parameters or known constants. These are values given in the problem or estimated from information.

  	Make simplifying assumptions. Write them clearly so the model is understandable.

  	Write the mathematical relationships. Use equations, formulas, or inequalities.

  	Check if the model makes sense. Think about units, signs, reasonable values, and whether the model matches the context.

  	Refine if needed. If the model is too simple or unrealistic, improve it.




4. Defining variables, parameters, and assumptions


One of the most important parts of mathematical modeling is being precise about symbols.


Suppose a problem says that a company charges a fixed monthly fee plus a cost for each gigabyte of data used. A student might quickly write C=20+5x. That equation may be correct, but the model is incomplete unless the symbols are defined.


A complete formulation would say:


  	Let C be the monthly cost in dollars.

  	Let x be the number of gigabytes used in the month.

  	The fixed fee is 20 dollars.

  	The cost per gigabyte is 5 dollars.

  	Assume there are no taxes or extra fees.




Then the model is

C=20+5x


Without definitions and assumptions, the equation alone may be unclear or incomplete.


5. Why assumptions matter


Real life is usually more complicated than school problems. A model cannot include every detail, so assumptions are necessary.


For example, if you model the distance traveled by a car using d=vt, you are assuming the speed v stays constant. In reality, cars stop, turn, and speed up. Still, the model can be useful for short trips or average motion.


Good assumptions should be:


  	reasonable for the situation,

  	stated clearly,

  	and connected to the purpose of the model.




If assumptions are unrealistic, the model may give misleading answers.


6. Types of relationships often used in Grade 11 modeling


In Grade 11, many models come from common mathematical patterns:


  	Linear models: constant rate of change, such as y=mx+b.

  	Quadratic models: curved relationships, such as projectile motion or area problems.

  	Geometric models: formulas for perimeter, area, volume, and the Pythagorean theorem.

  	Statistical models: trend lines based on data, often used for prediction.

  	Systems of equations or inequalities: situations with multiple conditions or constraints.




Formulating a model means choosing the type of relationship that best fits the context.


Worked Example 1: A linear cost model


Problem: A bike rental shop charges a basic fee of 8 dollars plus 3 dollars per hour. Formulate a mathematical model for the total cost.


Step 1: Define variables.


  	Let h be the number of hours the bike is rented.

  	Let C be the total cost in dollars.




Step 2: Identify parameters.


  	Basic fee: 8

  	Hourly rate: 3




Step 3: State an assumption.


  	Assume the hourly rate stays the same for all rental hours.




Step 4: Write the model.

C=8+3h


Interpretation: The total cost starts at 8 dollars and increases by 3 dollars for each additional hour.


Check: If the bike is rented for 2 hours, then

C=8+3(2)=14

This is reasonable because the cost should be more than the basic fee.


Worked Example 2: A geometric model with constraints


Problem: A farmer has 200 meters of fencing to build a rectangular pen. Formulate a model for the area of the pen in terms of its width.


Step 1: Define variables.


  	Let w be the width of the rectangle in meters.

  	Let l be the length of the rectangle in meters.

  	Let A be the area in square meters.




Step 2: Use the perimeter condition.

A rectangle has perimeter

2l+2w=200


Solve for l:

2l=200−2w

l=100−w


Step 3: Write the area formula.

A=lw


Substitute l=100−w:

A=w(100−w)

A=100w−w2


Model:

A(w)=100w−w2


Assumptions:


  	The pen is exactly rectangular.

  	All 200 meters of fencing are used.

  	Width and length are positive, so 0<w<100.




This example shows that a model can include both a formula and a domain restriction.


Worked Example 3: A model from a word problem involving revenue and profit


Problem: A school club sells T-shirts for 15 dollars each. The club pays 120 dollars as a fixed setup cost and 6 dollars to make each shirt. Formulate a model for profit when x shirts are sold.


Step 1: Define the variable.


  	Let x be the number of T-shirts sold.

  	Let P be the profit in dollars.




Step 2: Build revenue and cost models.

Revenue is the money earned from sales:

R=15x


Cost is the setup cost plus production cost:

C=120+6x


Step 3: Use the relationship for profit.

P=R−C


Substitute the expressions:

P=15x−(120+6x)

P=15x−120−6x

P=9x−120


Model:

P(x)=9x−120


Assumptions:


  	Every shirt produced is sold.

  	The selling price stays at 15 dollars per shirt.

  	The production cost stays at 6 dollars per shirt.




Interpretation: Profit increases by 9 dollars for each shirt sold after accounting for the variable cost, but the club must first recover the fixed setup cost.


Worked Example 4: A statistical model from data


Problem: A student records the number of hours studied and the corresponding test scores:


  	(1,58)

  	(2,64)

  	(3,71)

  	(4,77)




Formulate a simple mathematical model relating score to study time.


Step 1: Define variables.


  	Let h be the number of hours studied.

  	Let S be the test score.




Step 2: Look for a pattern.

The scores increase by about 6 or 7 points for each extra hour. A linear model is reasonable.


Step 3: Estimate the rate of change.

Using the first and last data points:

m=77−584−1=193≈6.33


Step 4: Write a linear model.

Use S=mh+b. Substitute (1,58):

58=6.33(1)+b

b≈51.67


So one possible model is

S≈6.33h+51.67


Assumptions:


  	The relationship between study time and score is approximately linear.

  	Other factors affecting test scores are ignored.




Interpretation: The model predicts that each extra hour of study raises the score by about 6.33 points.


7. How to judge whether a model is good


After formulating a model, do not stop immediately. A model should be checked.


Ask these questions:


  	Do the variables and units make sense?

  	Are the assumptions clearly stated?

  	Does the equation match the words in the problem?

  	Are the outputs reasonable in real life?

  	Is the model too simple, or is it appropriate for the purpose?




For example, if a cost model gives a negative cost, something is wrong. If an area model allows a negative width, the domain must be corrected. If a linear model is used for data that curves strongly, another model may be better.


8. Common mistakes when formulating models



  	Not defining variables: Writing equations without saying what symbols mean.

  	Ignoring units: Mixing meters and centimeters, or hours and minutes, without converting.

  	Using the wrong relationship: Choosing a linear model when the situation is geometric or quadratic.

  	Forgetting assumptions: Leaving out conditions such as constant rate or fixed price.

  	Ignoring restrictions: Allowing impossible values like negative time or fractional people.




9. Helpful questions to ask yourself


When you build a model, ask:


  	What am I trying to find or describe?

  	Which quantities change?

  	Which quantities stay fixed?

  	What formula or pattern connects these quantities?

  	What assumptions am I making?

  	What values are realistic for the variables?




These questions help turn a confusing context into an organized mathematical structure.


10. Final summary


Formulating a mathematical model means translating a real-world problem into mathematics. To do this well, you must identify variables, parameters, and relationships, then make assumptions that simplify the situation without losing the main idea.


A strong model is clear, reasonable, and useful. It includes defined symbols, correct equations or inequalities, realistic restrictions, and stated assumptions. Once a model is written, it should always be checked and, if necessary, refined.


As you practice, remember that modeling is not just about finding an answer. It is about representing the real world with mathematics in a thoughtful and organized way.


  
  Put what you read to the test

  You've worked through Formulation of Mathematical Models. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1249
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  Optimization under Constraints is about finding the largest or smallest possible value of a quantity when there are rules or limits you must follow.


In real life, we often want to make the best choice, but we cannot choose anything we want. A company may want to maximize profit with a limited budget. A farmer may want the largest possible area of a field using a fixed amount of fencing. A student may want to minimize travel time while staying within a budget. These are all optimization problems.


In math, the quantity we want to maximize or minimize is called the objective function. The rule or limit we must obey is called the constraint.


For example, if you want the largest area of a rectangle made with 40 meters of fencing, then:


  	The objective is to maximize area.

  	The constraint is that the perimeter must be 40 meters.




This lesson will show you how to turn words into equations, use the constraint to reduce the number of variables, and then find an absolute maximum or minimum on the allowed domain.


Why this matters in mathematical modeling: optimization is a major part of modeling real situations. You build a model using variables and equations, test what values are possible, and decide which value gives the best outcome.


Main idea: most optimization problems follow these steps.


  	Define the variables clearly.

  	Write the objective function.

  	Write the constraint equation or inequality.

  	Use the constraint to rewrite the objective in terms of one variable.

  	Identify the realistic domain.

  	Find the maximum or minimum value on that domain.

  	Interpret the result in the context of the problem.




Important vocabulary


  	Objective function: the expression you want to maximize or minimize.

  	Constraint: a condition that limits the possible values.

  	Domain restriction: the set of values that make sense in the real situation.

  	Absolute maximum: the greatest value of a function on a given domain.

  	Absolute minimum: the smallest value of a function on a given domain.




A common strategy

Many optimization problems begin with two variables, such as length and width, or number of products A and B. But it is usually easier to optimize a function of only one variable.


So we use the constraint to solve for one variable in terms of the other. Then we substitute into the objective function.


For instance, if a rectangle has length l and width w, and the perimeter is 40, then

2l+2w=40. 
Solving for one variable gives

w=20−l. 
If the area is A=lw, then

A(l)=l(20−l)=20l−l2. 
Now the problem has been reduced to one variable.


How do we know where the maximum or minimum happens?

In 11th Grade math, you may find the best value by:


  	looking at the graph,

  	using the vertex of a quadratic,

  	testing endpoints of a restricted domain,

  	or comparing reasonable values in a table.




If the function is quadratic, the vertex often gives the highest or lowest value. If the domain is restricted, you must also check the endpoints.


Domain restrictions are essential. A value that works algebraically may not make sense in context. For example, a width cannot be negative, and the number of products made cannot be a fraction if only whole items are allowed.


So after writing the equations, always ask:


  	Can the variable be negative?

  	Must the value be a whole number?

  	Is there a budget, time, or size limit?

  	Are there endpoints that must be checked?




Worked Example 1: Maximizing the area of a rectangle with fixed perimeter

A rectangle uses 40 meters of fencing. What dimensions give the maximum area?


Step 1: Define variables.

Let the length be l meters and the width be w meters.


Step 2: Write the objective function.

We want to maximize area:

A=lw. 

Step 3: Write the constraint.

The perimeter is 40 meters:

2l+2w=40. 

Step 4: Rewrite using one variable.

Solve for w:

w=20−l. 
Substitute into the area formula:

A(l)=l(20−l)=20l−l2. 

Step 5: Identify the domain.

Both dimensions must be positive, so

0<l<20. 

Step 6: Find the maximum.

The function

A(l)=−l2+20l
is a downward-opening parabola, so its maximum occurs at the vertex.


For ax2+bx+c, the vertex is at

x=−b2a. 
Here, a=−1 and b=20, so

l=−202(−1)=10. 
Then

w=20−10=10. 

Step 7: Interpret.

The rectangle with maximum area is a 10 m by 10 m square.

The maximum area is

A=10⋅10=100 m2. 

Key lesson: with a fixed perimeter, the rectangle of greatest area is a square.


Worked Example 2: Minimizing cost under a production constraint

A school is buying notebooks and folders for an event. Notebooks cost $2 each, and folders cost $3 each. The school needs a total of 100 items. How many notebooks and folders should it buy to minimize cost?


Step 1: Define variables.

Let n be the number of notebooks and f be the number of folders.


Step 2: Objective function.

The total cost is

C=2n+3f. 
We want to minimize C.


Step 3: Constraint.

The total number of items is 100:

n+f=100. 

Step 4: Rewrite with one variable.

Solve for f:

f=100−n. 
Substitute into the cost function:

C(n)=2n+3(100−n).
C(n)=2n+300−3n=300−n. 

Step 5: Domain.

Since the school cannot buy a negative number of items,

0≤n≤100. 
Also, the values should be whole numbers.


Step 6: Find the minimum.

The function

C(n)=300−n
decreases as n increases. So the minimum cost happens when n is as large as possible.


The largest possible value is n=100. Then

f=0. 

Step 7: Interpret.

To minimize cost, the school should buy 100 notebooks and 0 folders.

The minimum cost is

C=2(100)+3(0)=200. 

Key lesson: when one item is always cheaper and there are no other restrictions, the minimum cost often happens at an endpoint of the domain.


Worked Example 3: Maximizing revenue with a price model

A student club sells tickets for a fundraiser. If the ticket price is $10, then 120 people will attend. For each $1 increase in price, attendance drops by 5 people. What ticket price gives the maximum revenue?


This is a realistic modeling problem because changing one variable, price, affects another variable, attendance.


Step 1: Define a variable.

Let x be the number of $1 price increases.


Then:


  	New ticket price: 10+x

  	New attendance: 120−5x




Step 2: Objective function.

Revenue equals price times attendance:

R=(10+x)(120−5x). 

Step 3: Expand.

R(x)=1200−50x+120x−5x2
R(x)=−5x2+70x+1200. 

Step 4: Domain.

Attendance cannot be negative:

120−5x≥0. 
So

x≤24. 
Also, in this situation, x≥0 because we are only considering price increases. So the domain is

0≤x≤24. 

Step 5: Find the maximum.

This is a downward-opening quadratic, so the maximum is at the vertex:

x=−b2a=−702(−5)=7. 

Step 6: Interpret.

The best ticket price is

10+7=17. 
The attendance will be

120−5(7)=85. 
The maximum revenue is

R=17⋅85=1445. 

So the club should charge $17 per ticket, and the maximum revenue is $1445.


Key lesson: in many business models, revenue can be written as a quadratic, and the maximum occurs at the vertex.


Worked Example 4: Minimizing material for a rectangular pen beside a wall

A farmer wants to build a rectangular pen against a barn wall, so only three sides need fencing. The pen must have an area of 200 square meters. What dimensions use the least fencing?


Step 1: Define variables.

Let x be the width perpendicular to the wall, and let y be the length along the wall.


Step 2: Objective function.

Only three sides are fenced, so the total fencing is

F=2x+y. 
We want to minimize F.


Step 3: Constraint.

The area must be 200 square meters:

xy=200. 

Step 4: Rewrite using one variable.

Solve for y:

y=200x. 
Substitute into the fencing formula:

F(x)=2x+200x. 

Step 5: Domain.

Since dimensions must be positive,

x>0. 

Step 6: Find the minimum.

This function is not quadratic, so a graph or table is helpful.


Try some values:


  	If x=5, then y=40, so F=2(5)+40=50

  	If x=10, then y=20, so F=2(10)+20=40

  	If x=8, then y=25, so F=16+25=41

  	If x=12, then y≈16.67, so F≈24+16.67=40.67




The smallest fencing amount from these values occurs near x=10.


Then

y=20010=20. 

Step 7: Interpret.

The dimensions that use the least fencing are approximately 10 m by 20 m.

The minimum amount of fencing is

F=40 m. 

Key lesson: not every optimization function is quadratic, but the same modeling process still works: define variables, use the constraint, reduce to one variable, check the realistic domain, and compare values carefully.


Tips for solving optimization problems


  	Read carefully. Decide what quantity must be made largest or smallest.

  	Name variables clearly. Include units if possible.

  	Write the constraint exactly. Many mistakes happen here.

  	Substitute to get one variable. This makes the problem easier to analyze.

  	Check the domain. Real-world answers must make sense.

  	Use the right tool. Vertex for quadratics, endpoints for restricted intervals, or a table/graph for other functions.

  	Answer in words. State what the numbers mean in the context.




Common mistakes to avoid


  	Optimizing the wrong quantity. For example, confusing area with perimeter.

  	Forgetting the constraint.

  	Not restricting the domain to realistic values.

  	Finding the best value of the variable but forgetting to calculate the actual maximum or minimum quantity.

  	Ignoring endpoints when the domain is limited.




How optimization connects to advanced mathematical modeling

In advanced modeling, you do more than solve an equation. You create a mathematical description of a real situation, examine what assumptions you made, and decide whether the model makes sense.


For example:


  	In geometry, you may maximize area or minimize material.

  	In algebra, you may model cost, revenue, or profit.

  	In statistics, you may compare outcomes and decide which choice is most efficient.




A good model includes:


  	reasonable variables,

  	correct relationships,

  	clear constraints,

  	and answers that are realistic in context.




Brief Summary

Optimization under constraints means finding the greatest or least possible value of a quantity while following a rule or limit.


To solve these problems, define variables, write the objective function and constraint, substitute to get one variable, find the realistic domain, and then determine the absolute maximum or minimum.


Always check that your answer makes sense in the real situation. In mathematical modeling, the best answer is not just mathematically correct—it must also fit the context.


  
  Put what you read to the test

  You've worked through Optimization under Constraints. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1250
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  Modeling Periodic Phenomena means using mathematics to describe situations that repeat in a regular cycle.


Many real-world patterns are periodic: ocean tides rise and fall, daily temperatures warm and cool, and sound waves repeat rapidly. A very useful way to model these patterns is with sinusoidal functions, which are based on sine and cosine.


In this lesson, you will learn how to recognize periodic behavior, identify the important features of a cycle, and build a sinusoidal equation from data.


1. What is a periodic phenomenon?


A phenomenon is periodic if it repeats after a fixed amount of time or distance. That repeating amount is called the period.



  	A tide may repeat every 12.4 hours.

  	A temperature pattern may repeat every 24 hours.

  	A seasonal pattern may repeat every 12 months.




If the graph rises and falls in a regular, wave-like way, a sinusoidal model may be appropriate.


2. The basic sinusoidal functions


The two most common periodic functions are:


y=Asin⁡(Bx)+D


and


y=Acos⁡(Bx)+D


These equations can also include a horizontal shift:


y=Asin⁡(B(x−C))+D


y=Acos⁡(B(x−C))+D


Each parameter has a meaning:



  	Amplitude: ∣A∣ tells how far the graph moves above and below its middle line.

  	Period: the length of one complete cycle.

  	Midline: y=D, the average value of the oscillation.

  	Horizontal shift: C, which moves the graph left or right.




3. Key measurements from data


When fitting a sinusoidal model to data, the first step is to find the main features of the cycle.


Suppose the data has a maximum value and a minimum value. Then:


Amplitude=maximum−minimum2


Midline=maximum+minimum2


If one full cycle takes P units, then the parameter B is:


B=2πP


This is important because sine and cosine naturally repeat every 2π, so we scale the input to match the real-world period.


4. Choosing sine or cosine


You can often use either sine or cosine to model the same data, as long as you use the correct horizontal shift.



  	Use cosine if the cycle starts at a maximum or minimum.

  	Use sine if the cycle starts at the midline and moves upward or downward.




In practice, both are acceptable if they fit the data correctly.


5. A step-by-step strategy for building a model



  	Identify the maximum and minimum values.

  	Calculate the amplitude.

  	Find the midline.

  	Determine the period from the repeating pattern.

  	Compute B=2πP.

  	Choose sine or cosine based on where the cycle begins.

  	Add a horizontal shift if needed so the graph matches the data.

  	Check the model against key points in the data.




Worked Example 1: Modeling a Ferris Wheel


A rider on a Ferris wheel is 1 meter above the ground at the lowest point and 21 meters above the ground at the highest point. The wheel completes one rotation every 40 seconds. At time t=0, the rider is at the highest point. Write a sinusoidal model for the rider's height.


Step 1: Find amplitude


A=21−12=10


Step 2: Find the midline


D=21+12=11


Step 3: Find B


The period is P=40, so


B=2π40=π20


Step 4: Choose the function


Since the rider starts at the maximum height, cosine is a good choice.


h(t)=10cos⁡(π20t)+11


Check: At t=0, cos⁡(0)=1, so


h(0)=10(1)+11=21


This matches the highest point.


Worked Example 2: Daily Temperature Model


Suppose the temperature in a city varies periodically through the day. The minimum temperature is 12[image: °]C and the maximum is 28[image: °]C. The cycle repeats every 24 hours. Assume the temperature reaches its minimum at midnight, t=0. Build a model.


Step 1: Amplitude


A=28−122=8


Step 2: Midline


D=28+122=20


Step 3: Period parameter


B=2π24=π12


Step 4: Choose a function


At t=0, the temperature is at a minimum. A cosine graph with negative amplitude works well:


T(t)=−8cos⁡(π12t)+20


Check:


At t=0,


T(0)=−8(1)+20=12


which is the minimum temperature.


Worked Example 3: Fitting a Sinusoidal Model from Data


A tide is measured over time. The water level is highest at 7 meters and lowest at 3 meters. A full cycle takes 12 hours. The tide is at its average level and rising at t=0. Find a model.


Step 1: Amplitude


A=7−32=2


Step 2: Midline


D=7+32=5


Step 3: Find B


B=2π12=π6


Step 4: Choose the function


The tide begins at the midline and is rising, which matches the basic sine pattern.


H(t)=2sin⁡(π6t)+5


Check: At t=0, sin⁡(0)=0, so


H(0)=5


This is the average level, and the graph rises after that, as required.


6. Using a horizontal shift


Sometimes the cycle does not begin at a maximum, minimum, or midline. In that case, a horizontal shift helps line up the model with the data.


For example, suppose a wave has amplitude 4, midline 10, and period 8, and it reaches a maximum at t=3.


First find B:


B=2π8=π4


Since cosine reaches a maximum when its input is 0, shift the graph so that t=3 gives input 0:


y=4cos⁡(π4(t−3))+10


This means the peak occurs at the correct time.


Worked Example 4: Acoustic Wave Model


A sound sensor records a wave with maximum value 6 and minimum value -2. One cycle lasts 0.5 seconds. The wave reaches a maximum at t=0.1 seconds. Write a model.


Step 1: Amplitude


A=6−(−2)2=4


Step 2: Midline


D=6+(−2)2=2


Step 3: Period parameter


B=2π0.5=4π


Step 4: Use cosine with a shift


Because the maximum occurs at t=0.1, use:


y=4cos⁡(4π(t−0.1))+2


Check: When t=0.1, the cosine input is 0, so


y=4(1)+2=6


That matches the maximum value.


7. Interpreting a sinusoidal model


Once you have a model, you should be able to explain what each part means in context.


For example, in


y=3sin⁡(π6t)+12



  	The amplitude is 3, so the quantity changes 3 units above and below the average.

  	The midline is y=12, so the average value is 12.

  	The period is




P=2ππ/6=12


So the cycle repeats every 12 time units.


8. Evaluating whether a sinusoidal model makes sense


Not every repeating-looking pattern is perfectly sinusoidal. Real data may have noise, measurement error, or uneven cycles.


When deciding whether a sinusoidal model is reasonable, ask:



  	Does the data repeat regularly?

  	Are the highs and lows spaced about evenly?

  	Is there a roughly constant midline?

  	Is the change smooth rather than abrupt?




If the answers are mostly yes, a sinusoidal model is often useful, even if it is not perfect.


9. Common mistakes to avoid



  	Confusing amplitude and maximum value: amplitude is half the distance from maximum to minimum, not the maximum itself.

  	Forgetting the midline: many real situations do not oscillate around 0.

  	Using the period directly as B: remember that B=2πP.

  	Ignoring the starting position: make sure the equation matches whether the data begins at a peak, trough, or midline.

  	Forgetting units: period and horizontal shift must match the units of the input variable.




10. Quick guide for fitting a sinusoidal function from empirical data



  	Find a high point and a low point from the data.

  	Compute amplitude and midline.

  	Estimate the cycle length to get the period.

  	Convert period to B.

  	Pick sine or cosine based on the starting point.

  	Shift the graph if the cycle starts later or earlier than the basic pattern.

  	Test the model with known data points.




[image: 📋]   Summary


Periodic phenomena repeat in a regular cycle, and sinusoidal functions are powerful tools for modeling them.


To build a sinusoidal model, find the amplitude, midline, and period, then choose sine or cosine and apply any needed horizontal shift.


With practice, you can use these models to describe and predict real situations such as tides, temperatures, wheel motion, and waves.


  
  Put what you read to the test

  You've worked through Modeling Periodic Phenomena. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1251
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  Exponential and Logistic Growth Models


In many real-world situations, a quantity changes over time. Populations grow, diseases spread, rumors travel, and new technologies are adopted. Mathematics helps us describe these patterns using growth models.


Two important models are exponential growth and logistic growth. Exponential growth describes situations where the amount keeps increasing at a rate proportional to its current size, with no limit. Logistic growth describes situations where growth starts quickly but slows down because of limited resources, space, or other constraints.


In 11th Grade mathematical modeling, it is important not only to use these equations, but also to decide which model makes sense for a given situation and to interpret what the numbers mean in context.


1. Exponential Growth


Exponential growth happens when the rate of change depends on the current amount. The more there is now, the faster it grows.


A common exponential growth model is


P(t)=P0(1+r)t

where:


  	
    
      
        P(t)
      
      is the amount after time t,
    

  

  	
    
      
        P0
      
      is the initial amount,
    

  

  	
    
      
        r
      
      is the growth rate written as a decimal,
    

  

  	
    
      
        t
      
      is time.
    

  




For example, if a population starts at 500 and grows by 8% each year, then


P(t)=500(1.08)t

This means each year, the population is multiplied by 1.08.


Key features of exponential growth:


  	The graph rises faster and faster over time.


  	There is no built-in maximum.


  	The percent growth rate stays constant.


  	It works well over short periods when resources are not yet limited.





When is exponential growth reasonable?


  	Early stages of population growth in a new environment


  	Early spread of an infection when few people are infected


  	Money growing with compound interest





2. Logistic Growth


In real life, unlimited growth usually does not continue forever. Food, space, medical intervention, immunity, or social behavior can slow growth. This is where logistic growth is useful.


A logistic model includes a carrying capacity, which is the greatest amount the environment can support in the long run.


A common logistic function is


P(t)=K1+Ae−bt

where:


  	K is the carrying capacity,


  	A and b are positive constants,


  	t is time.





The value of K is especially important because it represents the upper limit the model approaches.


Key features of logistic growth:


  	Growth is slow at first.


  	Then growth becomes rapid.


  	Later, growth slows down again.


  	The graph is S-shaped, also called a sigmoid curve.


  	The output approaches K, but does not exceed it in the model.





When is logistic growth reasonable?


  	Population growth with limited food or habitat


  	Spread of a disease in a population where many eventually become immune or recover


  	Adoption of a product in a fixed market





3. Comparing the Models



  	Exponential growth has no limit and keeps increasing faster.


  	Logistic growth has a limit and eventually levels off.


  	Exponential growth is often useful at the beginning of a process.


  	Logistic growth is better when there are constraints or a maximum possible amount.





In modeling, choosing the right model is just as important as solving the equation.


4. Understanding Parameters in Context


When you see a model, each number should mean something in the real situation.


For exponential growth:


P(t)=P0(1+r)t


  	P0: starting amount


  	r: percent increase per time period


  	t: number of time periods





For logistic growth:


P(t)=K1+Ae−bt


  	K: maximum sustainable population or total possible cases


  	A: related to the starting condition


  	b: how quickly the quantity grows





Even if you are not asked to derive these constants, you should be able to interpret them.


5. Worked Example 1: Basic Exponential Growth


A bacteria culture starts with 200 bacteria and grows by 25% each hour. Write a model and find the number of bacteria after 5 hours.


Step 1: Identify the initial amount and growth rate.


  	Initial amount: P0=200


  	Growth rate: r=0.25





Step 2: Write the exponential model.


P(t)=200(1.25)t

Step 3: Substitute t=5.


P(5)=200(1.25)5

P(5)=200(3.0517578125)≈610.35

Since population is usually counted in whole numbers, we round to about 610 bacteria.


Interpretation: Because the growth rate stays at 25% per hour, the culture grows faster as time goes on.


6. Worked Example 2: Finding Time in an Exponential Model


A town has 8,000 people. A flu outbreak begins with 120 infected people, and the number of infected people grows by 40% per day during the first few days. After how many days will the model predict about 1,000 infected people?


Step 1: Write the model.


I(t)=120(1.4)t

We want to find t when I(t)=1000.


1000=120(1.4)t

Step 2: Divide by 120.


1000120=(1.4)t

8.333…=(1.4)t

Step 3: Solve using trial, calculator, or logarithms.


Using logarithms:


t=log⁡(8.333…)log⁡(1.4)

t≈0.92080.1461≈6.30

So the model predicts about 1,000 infected people after 6.3 days.


Interpretation: This exponential model may work only at the start of the outbreak. It will eventually become unrealistic because the number of infected people cannot grow beyond the town's population.


7. Worked Example 3: Reading a Logistic Model


A deer population in a wildlife area is modeled by


P(t)=12001+11e−0.4t

where t is measured in years.


Find:


  	the carrying capacity,


  	the initial population,


  	the population after 4 years.





Step 1: Identify the carrying capacity.


In a logistic model, the number on top is K.


K=1200

So the carrying capacity is 1200 deer.


Step 2: Find the initial population.


The initial population is P(0).


P(0)=12001+11e0

P(0)=12001+11(1)=120012=100

So the initial population is 100 deer.


Step 3: Find the population after 4 years.


P(4)=12001+11e−0.4(4)

P(4)=12001+11e−1.6

Using a calculator, e−1.6≈0.2019.


P(4)=12001+11(0.2019)

P(4)=12001+2.2209=12003.2209≈372.6

So after 4 years, the population is about 373 deer.


Interpretation: The population grows quickly at first, but it will gradually slow down and level off near 1200 deer.


8. Worked Example 4: Choosing Between Exponential and Logistic Growth


A new disease appears in a school district. At first, the number of reported cases rises rapidly. After several weeks, the increase slows because many students have recovered, stayed home, or become less likely to catch the disease.


Which model is more appropriate over the entire outbreak: exponential or logistic?


Answer: The better model is logistic growth.


Why?


  	Exponential growth may describe the early stage, when cases rise quickly.


  	But exponential growth assumes unlimited increase, which is not realistic in a school district with a limited number of students.


  	Logistic growth accounts for a maximum number of possible cases and for the slowing of growth over time.





Modeling idea: In epidemiology, exponential growth can be useful for short-term predictions early on, but logistic growth is often better once limits and slowing effects matter.


9. How to Tell Which Model to Use


Ask yourself these questions:



  	Is the quantity growing by a constant percent over equal time intervals?


  	Is there no important limit in the short term?





If yes, an exponential model may fit.



  	Does growth begin fast but then slow down?


  	Is there a maximum possible value?


  	Are resources or population size limited?





If yes, a logistic model may fit better.


10. Common Mistakes to Avoid



  	Using percent as a whole number instead of a decimal: 12% should be written as 0.12, not 12.


  	Forgetting the growth factor: If the rate is 12%, use 1.12, not just 0.12.


  	Using exponential growth forever: Many real situations eventually hit limits.


  	Misreading carrying capacity: In a logistic model, K is the long-term upper limit.


  	Ignoring units: Time might be in days, months, or years, and the rate must match that unit.





11. Real-World Interpretation


Mathematical models are useful, but they are only approximations. A population may not grow exactly according to one equation forever. Weather, migration, medical treatment, policy changes, and human behavior can affect the results.


That is why advanced mathematical modeling includes not only writing equations, but also evaluating whether the model still makes sense and refining it when needed.


For example:


  	An exponential model may fit early disease spread but fail later.


  	A logistic model may fit a limited habitat better than an exponential one.


  	Data collected over time can help decide whether the model should be changed.





12. Brief Summary


Exponential growth models describe situations where a quantity grows by a constant percent and has no built-in limit:


P(t)=P0(1+r)t

Logistic growth models describe situations where growth slows as the quantity approaches a maximum value called the carrying capacity:


P(t)=K1+Ae−bt

Use exponential growth for early, unrestricted growth and logistic growth when limits matter. In real-world modeling, always interpret the parameters and decide whether the model matches the situation.


  
  Put what you read to the test

  You've worked through Exponential and Logistic Growth Models. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1252






  [image: 📝]   Lesson 160: Regression Analysis and Model Selection

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/1292




  Regression Analysis and Model Selection helps us answer an important question in mathematical modeling: Which equation best describes real-world data?


In many situations, data points do not lie exactly on a single line or curve. Instead, we use regression to find an equation that fits the data as closely as possible.


In 11th Grade Maths, you will often compare linear, quadratic, and exponential models. Then you will decide which model is best by looking at the graph, the residuals, and the value of R^2, called R-squared.


This lesson explains what regression is, how to use it, and how to choose the best model for a set of data.


1. What is regression analysis?


Regression analysis is the process of using data to find an equation that models the relationship between two variables.


If the input variable is called x and the output variable is called y, regression finds an equation that predicts y from x.


Common regression models in this course include:



  	Linear regression: y=mx+b

  	Quadratic regression: y=ax2+bx+c

  	Exponential regression: y=abx




Each model has a different shape:



  	A linear model forms a straight line and represents a constant rate of change.

  	A quadratic model forms a parabola and is useful when data rises then falls, or falls then rises.

  	An exponential model represents repeated percent growth or decay.




2. Why model selection matters


Different equations can fit the same data with different levels of accuracy. Choosing the wrong type of model can lead to poor predictions.


For example:


  	If data grows by about the same amount each time, a linear model may work well.

  	If data changes direction, a quadratic model may fit better.

  	If data grows by the same percent each time, an exponential model is often best.




So, model selection means testing several reasonable models and comparing how well they fit the data.


3. Using technology for regression


In real data sets, calculating the best-fit equation by hand can be time-consuming. That is why students use technology such as:



  	graphing calculators,

  	spreadsheets,

  	Desmos,

  	statistical software.




These tools can quickly generate regression equations and values such as R2.


Even when technology does the calculations, you must still decide whether the model makes sense. A high R2 alone does not always guarantee the best choice.


4. Understanding residuals


A residual is the difference between an actual data value and the value predicted by a model.


The formula is:


residual=actual value−predicted value

If a residual is positive, the actual point is above the model. If a residual is negative, the actual point is below the model.


Small residuals mean the model fits the data well. Large residuals mean the model misses the data by more.


When studying residuals, we often look at a residual plot. This graph shows residuals instead of original y-values.


A good model usually has residuals that:


  	are close to 0,

  	are scattered randomly,

  	do not show a clear pattern.




If the residual plot shows a pattern, that suggests the model is not capturing the true relationship well.


5. Understanding R2


The value R2, or R-squared, measures how well a regression model fits the data.


Its value is between 0 and 1, or sometimes written as a percent between 0% and 100%.


An R2 value closer to 1 means the model explains more of the variation in the data.


For example:


  	R2=0.95 means the model fits very well.

  	R2=0.62 means the fit is much weaker.




In general, when comparing models for the same data, a larger R2 suggests a better fit.


However, you should also check:


  	whether the graph shape matches the data,

  	whether the residuals are random,

  	whether the model makes sense in context.




6. Recognizing which model might fit


Before using technology, it helps to look at the data and guess the possible model type.



  	Linear: points lie around a straight line; first differences are roughly constant.

  	Quadratic: points form a curved pattern with a turning point; second differences are roughly constant.

  	Exponential: points increase or decrease faster over time; ratios are roughly constant.




These patterns help you choose which regressions to test first.


7. Worked Example 1: Choosing between linear and exponential


A town tracks the number of visitors to a nature center over 5 years.



	Year (x)	0	1	2	3	4

	Visitors (y)	120	150	180	210	240




Step 1: Look for a pattern.


The number of visitors increases by about 30 each year:


150−120=30,180−150=30,210−180=30,240−210=30

A constant difference suggests a linear model.


Step 2: Write a likely model.


The starting value is 120 when x=0, and the rate of change is 30, so a good model is:


y=30x+120

Step 3: Check fit.


This model predicts every value exactly, so all residuals are 0. That means the model is an excellent fit.


Conclusion: A linear regression is the best model.


8. Worked Example 2: Quadratic model


A ball is thrown upward, and its height is measured at different times.



	Time (x) seconds	0	1	2	3	4

	Height (y) meters	2	8	10	8	2




Step 1: Look at the shape.


The height rises, reaches a maximum, and then falls. That is not linear. It matches the shape of a quadratic model.


Step 2: Check differences.


First differences:


8−2=6,10−8=2,8−10=−2,2−8=−6

Second differences:


2−6=−4,−2−2=−4,−6−(−2)=−4

Since the second differences are constant, a quadratic model fits.


Step 3: Use technology.


A quadratic regression might give:


y=−2x2+8x+2

Step 4: Check one value.


When x=2:


y=−2(2)2+8(2)+2=−8+16+2=10

This matches the table exactly.


Conclusion: A quadratic regression is the best choice because the data has a turning point and the residuals would be 0 for this data set.


9. Worked Example 3: Exponential growth and model comparison


A bacteria culture is measured every hour.



	Hour (x)	0	1	2	3	4

	Population (y)	50	75	112	168	252




Step 1: Look for a pattern.


The differences are not constant:


75−50=25,112−75=37,168−112=56,252−168=84

But the ratios are about constant:


7550=1.5,11275≈1.49,168112=1.5,252168=1.5

A nearly constant ratio suggests an exponential model.


Step 2: Write the model form.


For exponential growth, use:


y=abx

The initial amount is 50, so a=50. The growth factor is about 1.5, so:


y=50(1.5)x

Step 3: Check predictions.


At x=3:


y=50(1.5)3=50(3.375)=168.75

This is very close to the actual value 168.


Step 4: Compare models.


If technology gives a higher R2 for exponential regression than for linear regression, and the residual plot for the exponential model is more random, then the exponential model is the better choice.


Conclusion: The best-fit model is exponential.


10. Worked Example 4: Using residuals and R2 to choose the best model


Suppose technology tests the same data with three models and gives these results:



  	Linear regression: R2=0.89

  	Quadratic regression: R2=0.98

  	Exponential regression: R2=0.91




The residual plots show:


  	Linear: clear curved pattern

  	Quadratic: random scatter around 0

  	Exponential: slight pattern




Which model should be selected?


The quadratic model should be selected because:


  	it has the highest R2,

  	its residuals are randomly scattered,

  	the other models show patterns in their residuals, meaning those models miss some structure in the data.




Conclusion: The quadratic regression is the best-fit model.


11. A step-by-step process for model selection


When you are given a data set, use this process:



  	Graph the data. Look at the overall shape.

  	Guess possible models. Decide whether linear, quadratic, or exponential seems reasonable.

  	Use technology to run regressions. Find the equations and R2 values.

  	Compare residuals. Look for small, random scatter around 0.

  	Choose the best model. Select the one with a strong fit, reasonable shape, and meaningful context.

  	Use the model carefully. Make predictions only when they make sense for the situation.




12. Important notes about interpretation


A model is useful because it helps us make predictions, but all models have limits.


You should be careful when predicting values far beyond the data set. This is called extrapolation, and it can be unreliable because the pattern may change.


Predictions within the range of the data are usually more trustworthy. This is called interpolation.


Also, even if a model has a high R2, it should still make sense in the real-world context. For example, a model predicting a negative population would not be reasonable.


13. Common mistakes to avoid



  	Choosing a model only because it has the highest R2, without checking residuals.

  	Using a linear model when the data clearly curves.

  	Confusing exponential growth with linear growth.

  	Ignoring the meaning of the variables in context.

  	Making predictions far outside the data range without caution.




14. Quick comparison of model types



  	Linear: constant difference, straight-line trend, equation of form y=mx+b

  	Quadratic: turning point, curved parabola, equation of form y=ax2+bx+c

  	Exponential: constant ratio or percent change, rapid growth or decay, equation of form y=abx




15. Brief summary


Regression analysis is used to find an equation that best fits a set of data. In this course, the most common choices are linear, quadratic, and exponential models.


To choose the best model, you should examine the graph, compare R2 values, and study residuals. A good model matches the shape of the data, has a high R2, and produces residuals with no clear pattern.


Model selection is not just about technology. It is about using mathematical reasoning to decide which equation best represents a real-world situation.


  
  Put what you read to the test

  You've worked through Regression Analysis and Model Selection. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1253
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  Lesson: Parameter Sensitivity and Validation


In mathematical modeling, we often create an equation or rule to represent a real-world situation. For example, we might model population growth, business profit, travel time, or the spread of a rumor. A model is useful because it helps us make predictions.


But real-world models are never perfect. They depend on parameters, which are fixed values in the model that represent important features of the situation. If those values are estimated incorrectly, the model’s prediction may change. This is why we study parameter sensitivity and validation.


Parameter sensitivity means checking how much a model’s output changes when one of its parameters changes a little.


Validation means testing whether the model gives results that are close to real data or reasonable for the situation.


These ideas help us answer important questions:


  	Which parts of the model matter the most?

  	Are small errors in the inputs causing large errors in the prediction?

  	Can we trust the model enough to use it?




1. What is a parameter?


A parameter is a number in a model that stays constant for one version of the model, but could have a different value in another situation.


For example, in the linear model


y=mx+b

the values of m and b are parameters. They control the shape and position of the line.


In an exponential growth model


P(t)=P0(1+r)t

the values P0 and r are parameters. Here:


  	P0 is the starting amount,

  	r is the growth rate.




If we change a parameter, the model’s prediction changes. The key question is how much it changes.


2. Understanding parameter sensitivity


A model is sensitive to a parameter if a small change in that parameter causes a large change in the output.


A model is not very sensitive to a parameter if changing it slightly only changes the output a little.


Suppose a model for cost is


C=50n+200

where n is the number of items made. The parameter 50 represents cost per item, and 200 represents fixed cost.


If the cost per item changes from 50 to 52, then the new model is


C=52n+200

For n=10, the cost changes from


50(10)+200=700

to


52(10)+200=720

That is a change of only 20.


But for n=500, the cost changes from


50(500)+200=25200

to


52(500)+200=26200

Now the difference is 1000. This shows that sensitivity can also depend on the input values, not just on the parameter itself.


3. Why sensitivity matters in modeling


When we build a model, we often estimate parameter values from incomplete data. For example:


  	a growth rate may be estimated from last year’s trend,

  	a cost per unit may change because of inflation,

  	a speed or time estimate may vary in real life.




If the model is very sensitive to one parameter, then we need to estimate that parameter carefully. Even a small mistake could make the prediction unreliable.


If the model is not very sensitive to a parameter, then small estimation errors may not matter much.


This helps us decide:


  	which values need the most attention,

  	which assumptions are safe,

  	whether the model is strong enough for decision-making.




4. How to test parameter sensitivity


A simple way to test sensitivity is to change one parameter at a time while keeping the others fixed.


This process often follows these steps:


  	Choose a model and identify its parameters.

  	Find the original prediction.

  	Change one parameter slightly, such as by +5% or −5%.

  	Recalculate the prediction.

  	Compare the new result to the original result.




You can measure the change using:


  	difference: new output minus original output,

  	percent change:




Percent change=new output−original outputoriginal output×100%

If a small parameter change causes a large percent change in output, the model is sensitive to that parameter.


5. Worked Example 1: Linear model sensitivity


A school fundraiser model is


R=8s+150

where R is total revenue in dollars and s is the number of shirts sold.


The parameter 8 means each shirt sells for $8, and 150 is an initial donation.


Suppose s=40.


Step 1: Find the original prediction.


R=8(40)+150=320+150=470

Step 2: Change the price parameter slightly.


If the price was actually $8.50 per shirt, the new model is


R=8.5s+150

Step 3: Find the new prediction.


R=8.5(40)+150=340+150=490

Step 4: Compare the results.


The revenue changed by


490−470=20

The percent change in revenue is


20470×100%≈4.26%

Conclusion: A $0.50 change in shirt price caused about a 4.26% change in predicted revenue when 40 shirts are sold.


6. Worked Example 2: Exponential model sensitivity


A bacteria culture is modeled by


P(t)=500(1.12)t

where t is time in hours.


The growth rate parameter is 12%, or r=0.12.


Find how sensitive the prediction at t=6 is to a small change in growth rate.


Step 1: Original prediction


P(6)=500(1.12)6

P(6)≈500(1.9738)≈986.9

Step 2: Increase the growth rate from 12% to 13%


New model:


P(t)=500(1.13)t

New prediction:


P(6)=500(1.13)6

P(6)≈500(2.0800)≈1040.0

Step 3: Compare


Difference:


1040.0−986.9=53.1

Percent change in output:


53.1986.9×100%≈5.38%

Conclusion: Increasing the growth rate by only 1 percentage point changed the prediction after 6 hours by about 5.38%. Exponential models are often quite sensitive to growth rate.


7. Validation: checking whether the model makes sense


Even if a model is written correctly, it still may not fit reality well. That is why we validate it.


To validate a model means to compare its predictions with actual data or with what should reasonably happen in the real world.


Common validation questions include:


  	Does the model match known data points?

  	Are the predictions close to observed results?

  	Do the outputs make sense in context?

  	Does the model work only for a short time, or for a wide range of inputs?




A model can fail validation for several reasons:


  	important variables were left out,

  	parameter values were estimated poorly,

  	the chosen type of model was not appropriate,

  	the model is being used outside the range where it makes sense.




8. Worked Example 3: Validating a model with data


A student models the height of a plant with


h(t)=2.5t+8

where h is height in centimeters and t is time in weeks.


The student records actual data:


  	At t=2, actual height is 13 cm

  	At t=4, actual height is 18 cm

  	At t=6, actual height is 22 cm




Step 1: Use the model to predict each value.


For t=2:


h(2)=2.5(2)+8=13

For t=4:


h(4)=2.5(4)+8=18

For t=6:


h(6)=2.5(6)+8=23

Step 2: Compare predicted and actual values.



  	Week 2: predicted 13, actual 13

  	Week 4: predicted 18, actual 18

  	Week 6: predicted 23, actual 22




Step 3: Decide whether the model is valid.


The model matches the first two data points exactly and is only off by 1 cm at week 6. This suggests the model is reasonably valid for this time period.


However, we should still be careful. A plant cannot keep growing linearly forever. Later, the growth may slow down. So the model may be valid only for the first several weeks.


9. Sensitivity and validation together


These two ideas work best when used together.


A model may fit past data well, but still be risky if it is extremely sensitive to one parameter. In that case, small errors in measuring that parameter can make future predictions less trustworthy.


On the other hand, a model may not be very sensitive, but still be a poor model if it does not match actual data.


A strong model should:


  	fit the data reasonably well,

  	use realistic assumptions,

  	not change wildly from tiny parameter errors unless that behavior is expected,

  	be used only in a sensible domain.




10. Worked Example 4: Sensitivity and validation in one problem


A theater models ticket income with


I=pn

where p is ticket price and n is number of tickets sold.


They expect to sell 300 tickets at $12 each, so the predicted income is


I=12(300)=3600

Now suppose the estimated number of tickets sold could be off by 10 tickets.


Sensitivity check:


If n=290, then


I=12(290)=3480

If n=310, then


I=12(310)=3720

So the income could vary from 3480 to 3720.


Compared to 3600, this is a change of 120 dollars.


Percent change:


1203600×100%=3.33%

So the model is somewhat sensitive to the ticket estimate, but not extremely so.


Validation check:


Suppose actual sales for a similar event last month were 295 tickets at the same price, giving actual income


12(295)=3540

The model predicted 3600, which is off by


3600−3540=60

This is a small difference, so the model seems reasonably valid for planning.


11. Questions to ask when evaluating a model


When checking sensitivity and validation, ask yourself:


  	What are the important parameters in this model?

  	Which parameters are estimated, and how accurate are those estimates?

  	What happens if one parameter increases or decreases slightly?

  	Does the model still match real data?

  	Are the predictions realistic?

  	Is the model being used outside the interval where it was built?




12. Common mistakes



  	Changing more than one parameter at once when trying to test sensitivity. This makes it harder to tell which parameter caused the output change.

  	Assuming a model is correct just because it looks nice. A model must be checked against data.

  	Ignoring context. A negative population or impossible height does not make sense, even if the algebra is correct.

  	Using a model too far into the future. Many models work only over a limited range.

  	Looking only at one data point. Validation is stronger when several data points are checked.




13. Practical strategy for students


When you are asked to analyze a model, use this simple method:


  	Write down the model clearly.

  	Identify the parameters.

  	Calculate the original prediction.

  	Change one parameter slightly.

  	Recalculate and compare the results.

  	Use data or context to decide whether the model is valid.

  	State a conclusion in words.




Brief Summary


Parameter sensitivity tells us how much a model’s prediction changes when a parameter changes a little. Validation tells us whether the model matches real data and makes sense in context. A good mathematical model is not just easy to compute—it is also tested, checked, and used carefully.


  
  Put what you read to the test

  You've worked through Parameter Sensitivity and Validation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/1254
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  Linear Optimization and Constraints is about making the best choice when you have limits.
In real life, people often want to get the most or least of something. For example, a business may want to make the most profit, or a family may want to spend the least money while staying within a budget.
In math, this is called optimization. When the limits are written as math rules, they are called constraints.
In this lesson, you will learn how to:
	understand what optimization means,
	identify constraints,
	write simple linear expressions and inequalities,
	test possible answers,
	find the maximum profit or minimum cost.

1. What does linear optimization mean?
The word linear means the relationships are made with variables that have a power of 1, such as x or y. A linear expression looks like 5x+3y.
The word optimization means finding the best value. Usually this means:
	maximum: the greatest amount, such as the highest profit,
	minimum: the smallest amount, such as the lowest cost.

So, linear optimization means finding the greatest or smallest value of a linear expression while following certain rules.
2. What are constraints?
Constraints are the limits or restrictions in a problem. They tell you what is allowed and what is not allowed.
Constraints are often written as inequalities, such as:
	x+y≤10
	2x+3y≤18
	x≥0
	y≥0

These tell us that the values of x and y cannot be just anything. They must stay within the limits.
For example, if x is the number of sandwiches and y is the number of drinks sold, then:
	x≥0 means you cannot sell a negative number of sandwiches,
	y≥0 means you cannot sell a negative number of drinks,
	x+y≤10 could mean you can sell at most 10 total items.

3. Important parts of an optimization problem
Most linear optimization problems have these parts:
	Variables: what the numbers stand for.
	Objective: what you want to maximize or minimize.
	Constraints: the limits you must follow.

For example:
Let x = number of fruit cups
Let y = number of snack bags
If each fruit cup earns $3 profit and each snack bag earns $2 profit, then the profit is:
P=3x+2yThis is called the objective function because it is what we want to make as large as possible.
If there are only enough supplies to make 12 items total, then one constraint is:
x+y≤12We also know:
x≥0andy≥04. How to solve a simple linear optimization problem
At this level, one helpful way is to:
	Define the variables.
	Write the objective function.
	Write the constraints.
	Find possible solutions that follow all constraints.
	Test those solutions in the objective function.
	Choose the greatest or smallest value, depending on the question.

This is often done by making a table of possible values.
Worked Example 1: Maximum profit with one constraint
A student club is selling notebooks and pens.
	A notebook earns $4 profit.
	A pen earns $2 profit.
	They can sell at most 10 items total.

Find the maximum profit.
Step 1: Define the variables
Let n = number of notebooks
Let p = number of pens
Step 2: Write the objective function
Profit=4n+2pStep 3: Write the constraint
n+p≤10n≥0,p≥0Step 4: Test possible solutions
Since notebooks earn more profit than pens, we should check what happens if we sell more notebooks.
	If n=10 and p=0, profit is 4(10)+2(0)=40.
	If n=8 and p=2, profit is 4(8)+2(2)=32+4=36.
	If n=5 and p=5, profit is 4(5)+2(5)=20+10=30.
	If n=0 and p=10, profit is 0+20=20.

Answer: The maximum profit is $40 by selling 10 notebooks and 0 pens.
This makes sense because notebooks give more profit per item.
Worked Example 2: Maximum profit with two constraints
A snack stand sells smoothies and granola cups.
	Each smoothie earns $5.
	Each granola cup earns $3.
	They can make at most 8 items total.
	They have enough fruit for at most 5 smoothies.

Find the maximum profit.
Step 1: Define the variables
Let s = number of smoothies
Let g = number of granola cups
Step 2: Objective function
P=5s+3gStep 3: Constraints
s+g≤8s≤5s≥0,g≥0Step 4: Find possible solutions
Since smoothies earn more profit, try the largest possible number of smoothies first.
	s=5, then g can be at most 3. Profit: 5(5)+3(3)=25+9=34.
	s=4, then g can be at most 4. Profit: 5(4)+3(4)=20+12=32.
	s=3, then g can be at most 5. Profit: 15+15=30.
	s=2, then g can be at most 6. Profit: 10+18=28.

Answer: The maximum profit is $34 when the stand sells 5 smoothies and 3 granola cups.
5. Minimum cost problems
Optimization does not always mean getting the biggest number. Sometimes we want the smallest number.
For example, a family may want to buy supplies for the lowest cost while still getting enough of each item.
Worked Example 3: Minimum cost
A teacher needs to buy folders and notebooks for a class.
	Folders cost $2 each.
	Notebooks cost $3 each.
	She needs at least 12 total items.
	She must buy at least 4 notebooks.

Find the minimum cost.
Step 1: Define the variables
Let f = number of folders
Let n = number of notebooks
Step 2: Objective function
C=2f+3nWe want to minimize C.
Step 3: Constraints
f+n≥12n≥4f≥0Step 4: Reason through the choices
Folders cost less than notebooks, so to keep cost low, we should use the smallest allowed number of notebooks.
If n=4, then we need at least 8 folders to make 12 items total.
Cost:
C=2(8)+3(4)=16+12=28Check another choice:
	If n=5, then f=7. Cost: 2(7)+3(5)=14+15=29.
	If n=6, then f=6. Cost: 12+18=30.

Answer: The minimum cost is $28, with 8 folders and 4 notebooks.
6. How constraints help us eliminate impossible answers
Suppose a problem says:
	x+y≤6
	x≥0
	y≥0

Then:
	(3,2) works because 3+2=5, which is less than or equal to 6.
	(4,2) works because 4+2=6.
	(5,3) does not work because 5+3=8, which is too large.
	(−1,4) does not work because x cannot be negative.

This is important because only values that follow all constraints are allowed.
7. Thinking about the best choice
When you solve these problems, ask yourself:
	What do the variables mean?
	What am I trying to maximize or minimize?
	What limits must I follow?
	Which choices are possible?
	Which possible choice gives the best result?

Sometimes the item with the larger profit should be chosen more often. But not always. A second constraint may limit how many you can use.
That is why we must check the constraints carefully.
Worked Example 4: A fuller optimization problem
A school store sells water bottles and keychains.
	Each water bottle earns $6 profit.
	Each keychain earns $4 profit.
	The store can stock at most 9 items total.
	Because of limited shelf space, it can stock at most 4 water bottles.

Find the maximum profit.
Step 1: Define variables
Let w = number of water bottles
Let k = number of keychains
Step 2: Write the objective function
P=6w+4kStep 3: Write the constraints
w+k≤9w≤4w≥0,k≥0Step 4: Test the most important possible values
Use as many water bottles as possible first, because they earn more profit.
	If w=4, then k can be at most 5. Profit: 6(4)+4(5)=24+20=44.
	If w=3, then k can be at most 6. Profit: 18+24=42.
	If w=2, then k can be at most 7. Profit: 12+28=40.
	If w=1, then k can be at most 8. Profit: 6+32=38.
	If w=0, then k=9. Profit: 36.

Answer: The maximum profit is $44 by stocking 4 water bottles and 5 keychains.
8. Common mistakes to avoid
	Forgetting what the variables mean. Always define them clearly.
	Ignoring a constraint. A solution must follow every rule.
	Mixing up maximize and minimize. Check whether you want the greatest or smallest value.
	Using negative numbers. In many real-life problems, the number of items cannot be negative.
	Not testing enough possibilities. Make sure you compare valid choices before deciding.

9. Quick step-by-step guide
	Read the problem carefully.
	Choose variables for the unknown amounts.
	Write the objective function.
	Write all constraints as inequalities.
	List or test possible solutions that satisfy the constraints.
	Compute the value of the objective function for those solutions.
	Pick the solution with the maximum or minimum value.

10. Summary
Linear optimization helps us make the best decision when there are limits.
The objective function tells us what we want to maximize or minimize. The constraints tell us what values are allowed.
To solve a problem, define the variables, write the objective function, write the constraints, test valid solutions, and choose the best one.
This kind of math is useful in business, budgeting, shopping, planning, and many other real-life situations.


  
  Put what you read to the test

  You've worked through Linear Optimization and Constraints. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/689
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