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  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/732




  Rational Numbers and Decimal Expansions


In this lesson, you will learn how rational numbers are connected to decimals. You will see why every rational number has a decimal that either terminates (ends) or repeats in a pattern forever.


You will also learn how to turn repeating decimals back into fractions. This is an important skill because it helps show the connection between fractions, decimals, and the real number system.


1. What is a rational number?


A rational number is any number that can be written as a fraction of two integers:


ab

where a and b are integers and b≠0.


Examples of rational numbers include:


  	34

  	−2=−21

  	0.6=35

  	0.272727…




This means rational numbers include many fractions, whole numbers, integers, terminating decimals, and repeating decimals.


2. Types of decimal expansions


A decimal expansion is the decimal form of a number. Rational numbers can have two kinds of decimal expansions:


  	Terminating decimals: the digits end.

  	Repeating decimals: one digit or a group of digits repeats forever.




Examples of terminating decimals:


  	12=0.5

  	34=0.75

  	720=0.35




Examples of repeating decimals:


  	13=0.3333…=0.3‾

  	211=0.181818…=0.18‾

  	56=0.83333…=0.83‾




The bar over the digits shows the repeating part. For example, 0.27‾ means 0.27272727…


3. Why do rational numbers terminate or repeat?


When you change a fraction into a decimal, you are really dividing the numerator by the denominator. In long division, there are only a limited number of possible remainders.


For example, if you divide by 7, the remainder must be one of:


0,1,2,3,4,5,6

There cannot be any other remainder.


Two things can happen during division:


  	If the remainder becomes 0, the decimal stops. So the decimal terminates.

  	If a remainder repeats, the same division steps will repeat again and again. So the decimal repeats.




Since there are only finitely many possible remainders, one of these two things must happen. That is why every rational number has a decimal expansion that either terminates or repeats.


4. When does a decimal terminate?


A fraction in simplest form has a terminating decimal only when the denominator has no prime factors other than 2 and/or 5.


This is because decimals are based on powers of 10, and


10=2×5

So denominators that fit into a power of 10 will produce terminating decimals.


Examples:


  	38, since 8=23, terminates.

  	720, since 20=22×5, terminates.

  	23, since 3 is not a factor of 10, repeats.

  	512, since 12=22×3, repeats because of the factor 3.




Worked Example 1: Does the decimal terminate or repeat?


Decide whether 940 has a terminating or repeating decimal.


Step 1: Factor the denominator.


40=23×5

Step 2: Check the prime factors.


The denominator has only 2s and 5s, so the decimal terminates.


Step 3: Find the decimal.


940=0.225

So 940 is a rational number with a terminating decimal expansion.


5. Repeating decimals are also rational numbers


It may seem surprising, but a repeating decimal is always rational. That means it can always be written as a fraction.


We can prove this using algebra.


Worked Example 2: Convert a simple repeating decimal to a fraction


Write 0.4‾ as a fraction.


Step 1: Let


x=0.4‾

Step 2: Multiply by 10 so one repeating digit moves left of the decimal point.


10x=4.4‾

Step 3: Subtract the original equation.


10x−x=4.4‾−0.4‾

9x=4

Step 4: Solve for x.


x=49

So,


0.4‾=49

6. Converting repeating decimals with more than one repeating digit


If two digits repeat, multiply by 100. If three digits repeat, multiply by 1000, and so on. The idea is to line up the repeating parts so they cancel when you subtract.


Worked Example 3: Convert a repeating decimal with two repeating digits


Write 0.27‾ as a fraction.


Step 1: Let


x=0.27‾

Step 2: Multiply by 100 because 2 digits repeat.


100x=27.27‾

Step 3: Subtract the original equation.


100x−x=27.27‾−0.27‾

99x=27

Step 4: Solve.


x=2799

Step 5: Simplify.


2799=311

So,


0.27‾=311

7. Repeating decimals that start after some non-repeating digits


Sometimes a decimal has a part that does not repeat, and then a repeating part begins.


For example, in 0.16‾, the 1 does not repeat, but the 6 repeats forever:


0.16666…

These can also be changed into fractions using algebra.


Worked Example 4: Convert a mixed repeating decimal to a fraction


Write 0.16‾ as a fraction.


Step 1: Let


x=0.16‾

Step 2: Move the decimal so the repeating part starts right after the decimal point.


10x=1.6‾

Step 3: Now multiply again so one repeating digit moves left of the decimal point.


100x=16.6‾

Step 4: Subtract the smaller shifted equation from the larger one.


100x−10x=16.6‾−1.6‾

90x=15

Step 5: Solve.


x=1590=16

So,


0.16‾=16

8. A useful pattern to notice


Here are some common repeating decimals and fractions:


  	0.1‾=19

  	0.2‾=29

  	0.3‾=13

  	0.7‾=79

  	0.09‾=111

  	0.18‾=211




These patterns can help you check your work, but it is still important to know the algebraic method.


9. Important ideas to remember



  	A rational number can be written as ab, where a and b are integers and b≠0.

  	Every rational number has a decimal expansion that either terminates or repeats.

  	If a fraction in simplest form has a denominator with only factors of 2 and/or 5, the decimal terminates.

  	If the denominator has any other prime factor, the decimal repeats.

  	Every repeating decimal can be written as a fraction, so every repeating decimal is rational.




10. Quick check questions



  	Is 725 terminating or repeating?

  	Is 49 terminating or repeating?

  	Write 0.5‾ as a fraction.

  	Write 0.12‾ as a fraction.




Answers:


  	Terminating, because 25=52.

  	Repeating, because 9=32.

  	59

  	1299=433




[image: 📋]   Summary


Rational numbers are numbers that can be written as fractions. When written as decimals, they always either end or repeat. Terminating decimals come from fractions whose simplified denominators have only factors of 2 and 5, and repeating decimals can always be converted back into fractions using algebra.


  
  Put what you read to the test

  You've worked through Rational Numbers and Decimal Expansions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/691
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  Lesson: Irrational Numbers


In math, all the numbers we use on the number line are part of the real number system. Two important groups inside the real numbers are rational numbers and irrational numbers.


This lesson focuses on irrational numbers. By the end, you should be able to tell what an irrational number is, recognize common examples, and understand how irrational numbers look as decimals.


What is an irrational number?


An irrational number is a number that cannot be written as a fraction of two integers. In other words, it cannot be written in the form ab, where a and b are integers and b≠0.


Irrational numbers have decimal forms that go on forever without ending and without repeating in a pattern.


For example, the decimal for π begins like this:


π=3.1415926535…


The digits continue forever, and there is no repeating block of digits.


How are irrational numbers different from rational numbers?


A rational number can be written as a fraction. Its decimal form will either:



  	terminate, which means it ends, such as 0.75 or 2.4, or

  	repeat, which means a digit or group of digits repeats forever, such as 0.333… or 1.272727…




An irrational number does neither. Its decimal form does not end and does not repeat.


Here is a quick comparison:



  	Rational: 12=0.5

  	Rational: 13=0.333…

  	Irrational: 2=1.4142135…

  	Irrational: π=3.1415926…




Common examples of irrational numbers


Some irrational numbers appear often in math. You should especially know these:



  	π

  	2

  	3

  	5

  	Any square root of a number that is not a perfect square




Remember that a perfect square is a number like 1,4,9,16,25, because each is the square of an integer:


1=12,4=22,9=32,16=42,25=52

If you take the square root of a perfect square, you get an integer, which is rational.


For example:



  	9=3, which is rational

  	16=4, which is rational




But if the number is not a perfect square, its square root is irrational.


For example:



  	2 is irrational

  	7 is irrational

  	10 is irrational




How to recognize irrational numbers


Here are some good questions to ask yourself:



  	Can the number be written as a fraction of integers?

  	Does the decimal terminate?

  	Does the decimal repeat?

  	Is it the square root of a non-perfect square?




If the decimal goes on forever and does not repeat, the number is irrational.


If it is the square root of a number like 2,3,6,7,8, or any number that is not a perfect square, it is irrational.


Worked Example 1: Decide whether a decimal is irrational


Is 0.125 irrational?


Step 1: Check whether the decimal ends.


Yes, 0.125 terminates.


Step 2: Decide what that means.


A terminating decimal is rational, so 0.125 is not irrational.


Answer: 0.125 is rational.


Worked Example 2: Repeating versus irrational


Is 0.27272727… irrational?


Step 1: Look for a repeating pattern.


The digits 27 repeat over and over.


Step 2: Use the rule.


A repeating decimal is rational, not irrational.


Answer: 0.27272727… is rational.


Worked Example 3: Square roots


Is 18 irrational?


Step 1: Ask whether 18 is a perfect square.


No. 16 and 25 are perfect squares, but 18 is not.


Step 2: Use the rule.


The square root of a non-perfect square is irrational.


Answer: 18 is irrational.


Worked Example 4: Approximate an irrational number


Between which two integers does 11 lie?


Step 1: Find perfect squares around 11.


9<11<16

Step 2: Take square roots.


9<11<16

3<11<4

So 11 is between 3 and 4.


Its decimal approximation is about 3.32.


Answer: 11 is irrational and lies between 3 and 4.


Important idea: Approximations


Even though irrational numbers cannot be written exactly as simple fractions or exact decimals, we can still approximate them.


For example:



  	π≈3.14

  	2≈1.41

  	5≈2.24




These are not exact values. They are close values that help us work with irrational numbers.


Common mistakes to avoid



  	Mistake 1: Thinking all decimals are irrational. Some decimals terminate or repeat, so they are rational.

  	Mistake 2: Thinking every square root is irrational. Square roots of perfect squares are rational.

  	Mistake 3: Thinking a long decimal is automatically irrational. A decimal can be long and still terminate or repeat.




Quick practice ideas


Decide whether each number is rational or irrational:



  	0.4

  	0.666…

  	49

  	6

  	π




The answers are:



  	0.4: rational

  	0.666…: rational

  	49=7: rational

  	6: irrational

  	π: irrational




[image: 📋]   Summary


Irrational numbers are real numbers that cannot be written as fractions of integers. Their decimal forms go on forever without terminating or repeating.


Common examples include π and square roots of non-perfect squares, such as 2 and 11. Learning to tell the difference between rational and irrational numbers helps you understand the real number system more clearly.


  
  Put what you read to the test

  You've worked through Irrational Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/692
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  Lesson: The Real Number Continuum


Have you ever noticed that a number line looks completely filled in, with no gaps? That idea is called the real number continuum. It means that every point on the number line matches exactly one real number, and every real number has a place on the number line.


To understand this, we need to learn how real numbers are grouped and how they fit together. In this lesson, you will classify numbers into sets, compare rational and irrational numbers, and see why the number line is continuous.


1. What are real numbers?


Real numbers are all the numbers that can be placed on a number line. They include numbers less than zero, zero itself, and numbers greater than zero.


Some examples of real numbers are:


	, 7, 0, 4, 19

	12, −34, 2.5

	9=3, 2, π




All of these belong somewhere on the number line, so they are all real numbers.


2. Subsets of the real number system


The real number system is made of smaller groups, or subsets. You can think of these sets as nesting inside one another.



	Natural numbers: counting numbers such as 1,2,3,4,…

	Whole numbers: natural numbers and zero, so 0,1,2,3,…

	Integers: whole numbers and their opposites, so …,−3,−2,−1,0,1,2,3,…

	Rational numbers: numbers that can be written as a fraction ab, where a and b are integers and b≠0

	Irrational numbers: numbers that cannot be written as a fraction of integers




Together, rational numbers and irrational numbers make up the set of real numbers.


We can show the relationship like this:

Natural numbers 
 Whole numbers 
 Integers 
 Rational numbers 
 Real numbers


And irrational numbers are also part of the real numbers, but they are not rational.


3. Rational numbers


A number is rational if it can be written as a fraction.


Examples:


	5=51

	−2=−21

	0.75=34

	0.333⋯=13




Rational numbers have decimal forms that either:


	terminate (end), like 0.4 or 2.75

	repeat, like 0.121212… or 0.333…




4. Irrational numbers


A number is irrational if it cannot be written as a fraction of integers.


Its decimal form goes on forever without repeating in a pattern.


Examples:


	2=1.4142135…

	3=1.7320508…

	π=3.1415926…




Some square roots are rational, but only when the number inside the root is a perfect square. For example:


	16=4, which is rational

	25=5, which is rational

	10, which is irrational




5. Why is the number line called a continuum?


The word continuum means something that continues without gaps. The real number line is a continuum because between any two real numbers, there are always more real numbers.


For example, between 1 and 2, we can find:


	1.5

	1.1

	1.01

	2≈1.414




Even if you choose two numbers that are very close together, there is always another real number between them.


For instance, between 0.4 and 0.5, the number 0.45 is between them. Between 0.45 and 0.46, the number 0.455 is between them. This can continue forever.


That is why every point on the number line has a real number, and there are no empty spots between real numbers.


6. Classifying numbers in the real number system


When classifying a number, place it in the smallest set it belongs to.


For example:


	4 is a natural number. It is also whole, integer, rational, and real.

	0 is a whole number. It is also an integer, rational, and real.

	−7 is an integer. It is also rational and real.

	23 is a rational number. It is also real.

	5 is an irrational number. It is also real.




7. Worked Examples


Example 1: Classify 8

Step 1: Ask whether 8 is a counting number. Yes.

So the smallest set it belongs to is natural numbers.

It is also a whole number, integer, rational number, and real number.

Answer: 8 is a natural number.


Example 2: Classify −3

Step 1: Is it a natural number? No, because it is negative.

Step 2: Is it a whole number? No, because whole numbers are 0 and positive numbers.

Step 3: Is it an integer? Yes.

Since −3 is an integer, it is also rational because −3=−31.

Answer: −3 is an integer.


Example 3: Classify 0.625

Step 1: Does the decimal end? Yes.

A terminating decimal is rational.

We can write it as a fraction:

0.625=6251000=58

So it is a rational number.

Answer: 0.625 is rational.


Example 4: Classify 7

Step 1: Ask whether 7 is a perfect square. It is not.

So 7 cannot be written as a whole number or integer.

Its decimal goes on forever without repeating, so it is irrational.

Answer: 7 is an irrational number.


8. Real numbers and points on a number line


Every real number has exactly one location on the number line.



	Positive numbers are to the right of 0

	Negative numbers are to the left of 0

	Fractions and decimals fit between integers

	Irrational numbers also fit on the line, even if their decimal form never ends




For example, 2 is between 1 and 2 because:

12=1and22=4

Since 2 is between 1 and 4, 2 must be between 1 and 2.


This shows that irrational numbers are just as real as integers or fractions. They also have exact places on the number line.


9. Important ideas to remember


	Real numbers are all numbers on the number line.

	Rational numbers can be written as fractions and have decimals that end or repeat.

	Irrational numbers cannot be written as fractions and have decimals that do not end or repeat.

	The number line is a continuum, meaning it has no gaps.

	Between any two real numbers, there is always another real number.




Brief Summary

The real number continuum means that the number line is completely filled with real numbers. Real numbers include rational numbers, like fractions and terminating or repeating decimals, and irrational numbers, like 2 and π. By learning the subsets of the real number system, you can classify numbers correctly and understand that every point on the number line represents a real number.


  
  Put what you read to the test

  You've worked through The Real Number Continuum. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/693
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  Square Roots and Cube Roots


In this lesson, you will learn what square roots and cube roots mean, how to find them for numbers that are perfect squares or perfect cubes, and how to solve simple equations like x2=p and x3=p.


Roots are the opposite of powers. For example, squaring means multiplying a number by itself, and cubing means multiplying a number by itself twice. A root asks, “What number was multiplied to make this result?”


Understanding roots is an important part of the real number system. Some roots are whole numbers, and some are not. In 8th grade, you should be able to recognize and evaluate roots of perfect squares and perfect cubes.


1. What is a square root?


A square root of a number is a value that, when multiplied by itself, gives that number.


For example, since


42=16

we say that 4 is a square root of 16.


Because


(−4)2=16

−4 is also a square root of 16.


So the number 16 has two square roots: 4 and −4.


When you see the radical sign x, it means the principal square root, which is the nonnegative square root.


So, even though both 4 and −4 are square roots of 16, we write


16=4

Common perfect squares are numbers made by squaring whole numbers:



  	12=1

  	22=4

  	32=9

  	42=16

  	52=25

  	62=36

  	72=49

  	82=64

  	92=81

  	102=100




If a number is a perfect square, its square root is a whole number.


2. What is a cube root?


A cube root of a number is a value that, when multiplied by itself three times, gives that number.


For example, since


33=27

we say that 3 is the cube root of 27.


We write this as


273=3

Cube roots are different from square roots in an important way. A positive number has two square roots, but a number has only one real cube root.


For example:



  	23=8, so 83=2

  	(−2)3=−8, so −83=−2




Common perfect cubes are:



  	13=1

  	23=8

  	33=27

  	43=64

  	53=125

  	(−1)3=−1

  	(−2)3=−8

  	(−3)3=−27

  	(−4)3=−64




3. Square roots and cube roots are opposites of exponents


Square roots undo squaring, and cube roots undo cubing.


For square roots:


a2=∣a∣

This means the result is the distance from 0, so it is never negative.


For cube roots:


a33=a

Cube roots can be negative, positive, or zero.


4. Solving equations with square roots


To solve an equation like x2=p, ask: What numbers squared equal p?


If p is positive, there are usually two solutions: one positive and one negative.


For example, if


x2=49

then


x=7 or x=−7

because both 72 and (−7)2 equal 49.


If x2=0, then the only solution is x=0.


If x2 equals a negative number, there is no real number solution. For example, x2=−9 has no real solution because no real number squared gives a negative result.


5. Solving equations with cube roots


To solve an equation like x3=p, ask: What number cubed equals p?


There is only one real solution.


For example, if


x3=−27

then


x=−3

because


(−3)3=−27

6. Worked Examples


Example 1: Evaluate a square root


Find 81.


Ask: What positive number times itself equals 81?


92=81

So,


81=9

Answer: 9


Example 2: Evaluate a cube root


Find −643.


Ask: What number multiplied by itself three times equals −64?


(−4)3=−64

So,


−643=−4

Answer: −4


Example 3: Solve a square equation


Solve x2=36.


Ask: What numbers squared equal 36?


62=36and(−6)2=36

So the equation has two solutions:


x=6 or x=−6

Answer: x=±6


Example 4: Solve a cube equation


Solve x3=125.


Ask: What number cubed equals 125?


53=125

So,


x=5

Answer: 5


7. Important things to remember



  	25=5, not ±5. The radical sign means the principal, or nonnegative, square root.

  	But if you solve x2=25, the solutions are x=5 and x=−5.

  	Square roots of positive perfect squares are whole numbers.

  	Cube roots of perfect cubes are whole numbers.

  	A negative number cannot have a real square root.

  	A negative number can have a real cube root.




8. Quick check



  	49= ?

  	83= ?

  	Solve: x2=64

  	Solve: x3=−8




Answers:



  	7

  	2

  	x=8 or x=−8

  	x=−2




[image: 📋]   Summary


A square root tells what number was multiplied by itself to make a given number, and a cube root tells what number was multiplied by itself three times. The symbol  gives the nonnegative square root, while solving x2=p usually gives two solutions. Cube root equations like x3=p have one real solution, and cube roots can be negative.


  
  Put what you read to the test

  You've worked through Square Roots and Cube Roots. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/694
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  Approximating Irrational Numbers


In math, not every number can be written as a simple fraction or as a decimal that ends or repeats. Some numbers go on forever without repeating. These are called irrational numbers.


Common examples of irrational numbers are square roots of numbers that are not perfect squares, such as 2, 5, and 10.


Since irrational numbers cannot be written exactly as simple decimals, we often use approximations. An approximation is a value that is close to the exact number.


Approximating irrational numbers helps us do three important things:


  	compare their sizes,

  	place them on a number line,

  	estimate the value of expressions.




1. Use perfect squares to estimate square roots


A very useful strategy is to find the two perfect squares that your number is between.


For example, to estimate 7, think about the perfect squares near 7:


4=22and9=32

Since 7 is between 4 and 9, 7 must be between 2 and 3.


This gives us a first estimate:


2<7<3

To get a better approximation, decide whether 7 is closer to 4 or 9. Since 7 is closer to 9 than to 4, 7 is closer to 3 than to 2.


A decimal approximation is:


7≈2.65

2. Approximating by testing decimals


You can test decimal numbers by squaring them.


Suppose we want a better estimate for 7. Try 2.6:


2.62=6.76

Try 2.7:


2.72=7.29

Since 7 is between 6.76 and 7.29, we know:


2.6<7<2.7

If we want even more accuracy, test numbers like 2.64 and 2.65.


3. Comparing irrational numbers


Approximations help us compare irrational numbers with each other and with rational numbers.


For example, compare 8 and 2.9.


We know:


4<8<9

So:


2<8<3

A better approximation is:


8≈2.83

Since 2.83<2.9, we can say:


8<2.9

4. Locating irrational numbers on a number line


To place an irrational number on a number line, first find the two integers it is between. Then use a decimal approximation to decide where it belongs.


For example, 13:


9<13<16

So:


3<13<4

A decimal approximation is:


13≈3.61

On a number line, 13 would be placed between 3 and 4, a little past 3.6.


5. Estimating expressions with irrational numbers


Sometimes you need to estimate expressions that include irrational numbers.


For example, estimate:


5+2

Since 5≈2.24, then:


5+2≈2.24+2=4.24

This is not exact, but it is a useful estimate.


Worked Example 1: Find two integers that 11 is between


Step 1: Find perfect squares around 11.


9=32and16=42

Step 2: Since 11 is between 9 and 16, 11 is between 3 and 4.


3<11<4

Answer: 11 is between 3 and 4.


Worked Example 2: Approximate 11 to the nearest tenth


We already know:


3<11<4

Now test tenths:


3.32=10.89

3.42=11.56

Since 11 is between 10.89 and 11.56, we know:


3.3<11<3.4

Because 11 is closer to 10.89 than to 11.56, 11 is closer to 3.3.


Answer:


11≈3.3

Worked Example 3: Compare 18 and 4.3


First find an approximation for 18.


16<18<25

So:


4<18<5

Now test a decimal or use a known approximation:


18≈4.24

Now compare:


4.24<4.3

Answer:


18<4.3

Worked Example 4: Estimate 23+1


First approximate 3.


12=1and22=4

So 3 is between 1 and 2, and a common approximation is:


3≈1.73

Now substitute into the expression:


23+1≈2(1.73)+1

=3.46+1=4.46

Answer:


23+1≈4.46

Helpful steps to remember


  	Find the perfect squares on either side of the number.

  	Use those perfect squares to find the two integers the square root is between.

  	Test decimal values if you need a better approximation.

  	Use the approximation to compare numbers, place them on a number line, or estimate expressions.




Common mistakes to avoid


  	Do not assume a square root is rational just because it has a decimal approximation.

  	Do not forget that n is between the roots of the perfect squares around n.

  	When comparing numbers, make sure both numbers are written in a similar form, such as decimals.

  	Remember that an approximation is close to the value, not the exact value.




[image: 📋]   Summary


Irrational numbers like 2 and 7 cannot be written as exact fractions or terminating decimals, so we approximate them.


To approximate a square root, find the perfect squares around the number and then test decimals if needed. These approximations help you compare irrational numbers, place them on a number line, and estimate the value of expressions.


  
  Put what you read to the test

  You've worked through Approximating Irrational Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/695
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  Bounds and Error in Approximation


Sometimes in maths, we cannot write the exact value of a number as a simple decimal. This often happens with irrational numbers, such as 2, 5, or π. Their decimal digits go on forever and do not repeat.


Because of this, we often use an approximation. An approximation is a value that is close to the real number, but not exactly equal to it.


When we approximate, it is important to know how close our answer is. This is where bounds and error come in.


1. What are bounds?


A lower bound is a value that is less than or equal to the actual number.

An upper bound is a value that is greater than or equal to the actual number.


If a number x lies between two values, we can write:


a<x<b

This means a is a lower bound and b is an upper bound.


For example, we know:


12=1and22=4

Since 2 lies between 1 and 4, the square root of 2 must lie between 1 and 2:


1<2<2

So 1 is a lower bound for 2, and 2 is an upper bound.


2. Improving bounds


We can make bounds more accurate by checking decimal numbers.


For 2, try tenths:


1.42=1.96
1.52=2.25

Since 1.96<2<2.25, we know:


1.4<2<1.5

These bounds are tighter than 1<2<2, so they give a better approximation.


We can improve again by checking hundredths.


1.412=1.9881
1.422=2.0164

Since 1.9881<2<2.0164, we know:


1.41<2<1.42

This process is called iterative decimal approximation. It means improving a decimal approximation step by step.


3. What is error?


The error tells us how far an approximation may be from the true value.


If we say 2≈1.4, then the actual value is not exactly 1.4. The difference between the true value and the approximation is the error.


In school maths, we often talk about the maximum error, which is the greatest possible difference.


For example, if a number is rounded to 1 decimal place, it is accurate to the nearest tenth. That means the true value is within 0.05 of the rounded value.


So if a length is given as 3.2 cm correct to 1 decimal place, the actual length lies between:


3.15≤length<3.25

The maximum error is:


0.05

4. Bounds from rounding


When a number is rounded, we can work out its lower and upper bounds.



	Rounded to the nearest whole number: error is at most 0.5

	Rounded to 1 decimal place: error is at most 0.05

	Rounded to 2 decimal places: error is at most 0.005




For example:



	If x=7 correct to the nearest whole number, then 6.5≤x<7.5

	If y=4.8 correct to 1 decimal place, then 4.75≤y<4.85

	If z=2.34 correct to 2 decimal places, then 2.335≤z<2.345




Notice that we usually include the lower bound with ≤, but not the upper bound. That is because a number exactly at the upper bound would round up to the next value.


5. Using bounds for irrational numbers


Bounds are especially useful for irrational numbers because we cannot write their exact decimal values completely.


Suppose we want bounds for 5.


First, use whole numbers:


22=4and32=9

So:


2<5<3

Now use tenths:


2.22=4.84
2.32=5.29

Since 4.84<5<5.29, we get:


2.2<5<2.3

Now use hundredths:


2.232=4.9729
2.242=5.0176

So:


2.23<5<2.24

This tells us that 5 is approximately 2.24, or more accurately about 2.236….


Worked Example 1: Find whole-number bounds for 7


Step 1: Find perfect squares around 7.


22=4and32=9

Step 2: Since 4<7<9, take square roots.


2<7<3

Answer: The lower bound is 2 and the upper bound is 3.


Worked Example 2: Improve the bounds for 7 to 1 decimal place


We already know:


2<7<3

Try tenths:


2.62=6.76
2.72=7.29

Since 6.76<7<7.29, we know:


2.6<7<2.7

Answer: The bounds to 1 decimal place are 2.6 and 2.7.


Worked Example 3: Improve the bounds for 7 to 2 decimal places


We know:


2.6<7<2.7

Now test hundredths near the answer.


2.642=6.9696
2.652=7.0225

Since 6.9696<7<7.0225, we have:


2.64<7<2.65

Answer: The bounds to 2 decimal places are 2.64 and 2.65.


Worked Example 4: Find the bounds and maximum error for a rounded number


A mass is given as 12.7 kg correct to 1 decimal place.


Step 1: Numbers correct to 1 decimal place are rounded to the nearest tenth.


Half of one tenth is:


0.05

Step 2: Subtract and add 0.05.


12.7−0.05=12.65
12.7+0.05=12.75

Step 3: Write the bounds.


12.65≤mass<12.75

Step 4: State the maximum error.


maximum error=0.05 kg

Answer: The mass is at least 12.65 kg and less than 12.75 kg. The maximum error is 0.05 kg.


6. Tips for solving bounds questions



	For square roots, find the perfect squares on either side first.

	To improve bounds, test decimals and square them.

	For rounded values, use half of the place value to find the error.

	Use ≤ for the lower bound and < for the upper bound.

	Check that your approximation really lies between your bounds.




7. Common mistakes to avoid



	Mixing up upper and lower bounds: the lower bound is the smaller value.

	Using the wrong error amount: for 1 decimal place, use 0.05, not 0.1.

	Forgetting to square test values: when estimating n, compare the squares with n.

	Including the upper bound incorrectly: the upper bound is usually not included.




Brief Summary


Bounds tell us the interval where the true value lies. A lower bound is below the value, and an upper bound is above it. For irrational numbers like square roots, we can improve bounds step by step by testing decimal numbers. Error tells us how far an approximation could be from the true value, and rounded numbers have bounds based on half of the place value used.


  
  Put what you read to the test

  You've worked through Bounds and Error in Approximation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/696






  
    
  [image: 📖]   Chapter 2

  Integer Exponents and Scientific Notation
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  Product and Quotient Rules for Exponents
When you see an expression like 24, the base is 2 and the exponent is 4. The exponent tells how many times the base is used as a factor:
24=2⋅2⋅2⋅2
Exponents are a shortcut for repeated multiplication. In this lesson, you will learn what happens when you multiply or divide powers that have the same base.
These rules are very useful when working with large numbers, small numbers, and scientific notation.
1. Product Rule for Exponents
When multiplying powers with the same base, you add the exponents.
am⋅an=am+n
This rule only works when the bases are the same.
Why does this work? Expand the powers:
am⋅an=a⋅a⋅a⋯a⏟m factors⋅a⋅a⋅a⋯a⏟n factors
Now all the factors are together. That gives a total of m+n factors of a, so the result is am+n.
	x3⋅x2=x3+2=x5
	54⋅51=54+1=55
	102⋅106=108

Important: Do not add exponents if the bases are different.
	23⋅33 cannot become 66
	x2⋅y2 cannot become (xy)4


If the bases are different, the product rule does not apply.
2. Quotient Rule for Exponents
When dividing powers with the same base, you subtract the exponents.
aman=am−n
This also only works when the bases are the same, and the base cannot be zero.
Why does this work? Write out the factors:
a5a2=a⋅a⋅a⋅a⋅aa⋅a
Two a's in the numerator and denominator cancel, leaving:
a⋅a⋅a=a3
Since 5−2=3, this matches the rule:
a5a2=a5−2=a3
	x7x4=x7−4=x3
	109103=109−3=106
	m5m5=m5−5=m0=1

3. Connecting the Rules to Repeated Multiplication
The product rule and quotient rule come from counting factors.
For multiplication, you are combining groups of the same factor.
For division, you are removing matching factors from the top and bottom.
This is why:
	Multiply same base [image: →] add exponents
	Divide same base [image: →] subtract exponents

4. Worked Examples
Example 1: Multiply powers with the same base
Simplify: y4⋅y3
Step 1: Check the bases. Both bases are y, so use the product rule.
Step 2: Add the exponents.
y4⋅y3=y4+3=y7
Answer: y7
Example 2: Divide powers with the same base
Simplify: n8n2
Step 1: The bases are both n, so use the quotient rule.
Step 2: Subtract the exponents.
n8n2=n8−2=n6
Answer: n6
Example 3: Use coefficients and exponents together
Simplify: 3x2⋅4x5
Step 1: Multiply the numbers in front: 3⋅4=12.
Step 2: Multiply the powers with the same base x, so add exponents.
3x2⋅4x5=12x2+5=12x7
Answer: 12x7
Example 4: Divide a coefficient and a power
Simplify: 18a63a2
Step 1: Divide the coefficients: 18÷3=6.
Step 2: Divide the powers with the same base a, so subtract exponents.
18a63a2=6a6−2=6a4
Answer: 6a4
5. Common Mistakes to Avoid
	Do not add exponents when dividing.
x5x2=x3, not x7.
	Do not subtract exponents when multiplying.
x5⋅x2=x7, not x3.
	Make sure the bases are the same.
x3⋅y3 does not become (xy)6.
	Do not forget the coefficient.
In 2m3⋅5m2, the numbers multiply too: 2⋅5=10.

6. Quick Practice Ideas
Try these on your own:
	b2⋅b6
	p9p4
	7r3⋅2r4
	20t55t2

Answers:
	b8
	p5
	14r7
	4t3

7. Summary
The product rule says that when you multiply powers with the same base, you add the exponents:
am⋅an=am+n
The quotient rule says that when you divide powers with the same base, you subtract the exponents:
aman=am−n
Always check that the bases match before using these rules. If you remember multiply = add exponents and divide = subtract exponents, you will be able to simplify many exponent expressions correctly.


  
  Put what you read to the test

  You've worked through Product and Quotient Rules for Exponents. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/697
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  Power of a Power and Power of a Product


When working with exponents, there are patterns that help us simplify expressions quickly and correctly. In this lesson, you will learn two important exponent rules: power of a power and power of a product.


These rules are useful because they help you rewrite expressions without multiplying everything out every time. They also connect to the meaning of exponents as repeated multiplication.


First, remember what an exponent means. In an expression like 34, the base is 3 and the exponent is 4. This means:


34=3⋅3⋅3⋅3

The exponent tells how many times the base is used as a factor.


Rule 1: Power of a Power


A power of a power happens when one exponent is raised to another exponent, like (23)4.


To simplify a power of a power, multiply the exponents:


(am)n=amn

This rule works because the first exponent tells how many copies of the base are in each group, and the second exponent tells how many groups there are.


For example:


(23)4

First, write 23 as repeated multiplication:


(2⋅2⋅2)4

This means there are 4 groups of 2⋅2⋅2:


(2⋅2⋅2)(2⋅2⋅2)(2⋅2⋅2)(2⋅2⋅2)

Now count the total number of 2s. There are 3×4=12 factors of 2.


(23)4=212

So instead of multiplying the base exponents separately, we multiply the exponents together.


Rule 2: Power of a Product


A power of a product happens when a product is raised to an exponent, like (3⋅5)2 or (ab)4.


To simplify a power of a product, apply the exponent to each factor:


(ab)n=anbn

This rule works because the whole product is being multiplied by itself several times.


For example:


(3⋅5)2=(3⋅5)(3⋅5)

Now reorder the factors:


=3⋅3⋅5⋅5=32⋅52

So:


(3⋅5)2=32⋅52

This means you can raise each factor in the product to the same exponent.


Important idea: These rules come from expanding expressions. If you are unsure, write the expression out as repeated multiplication and look for the pattern.


Worked Example 1


Simplify (52)3.


Use the power of a power rule. Multiply the exponents:


(52)3=52⋅3=56

Answer: 56


Worked Example 2


Simplify (2x)4.


Use the power of a product rule. Apply the exponent to both factors:


(2x)4=24x4

Now simplify 24:


24=16

So the expression becomes:


(2x)4=16x4

Answer: 16x4


Worked Example 3


Simplify ((32)2).


This is a power of a power. Multiply the exponents:


(32)2=32⋅2=34

If you want to evaluate it fully:


34=81

Answer: 34, or 81


Worked Example 4


Simplify (2a3b)2.


This expression is a product of three factors: 2, a3, and b. Apply the exponent to each factor:


(2a3b)2=22(a3)2b2

Now use the power of a power rule on (a3)2:


(a3)2=a3⋅2=a6

Also simplify 22:


22=4

So the final answer is:


(2a3b)2=4a6b2

Answer: 4a6b2


Common Mistakes to Avoid



	Do not add exponents in a power of a power. For example, (x2)3 is x6, not x5.


	Do not forget to apply the exponent to every factor in a product. For example, (2x)3=23x3=8x3, not 2x3.


	Keep track of parentheses. Parentheses show what the exponent applies to. In (ab)2, the 2 applies to both a and b.





Quick Check



	Simplify (y4)2


	Simplify (3m)2


	Simplify (x2z)3





Answers



	(y4)2=y8


	(3m)2=32m2=9m2


	(x2z)3=(x2)3z3=x6z3





[image: 📋]   Summary


There are two main rules in this lesson:



	Power of a power: multiply the exponents.


	Power of a product: apply the exponent to each factor.





In symbols:


(am)n=amn

(ab)n=anbn

If you forget a rule, go back to the meaning of exponents as repeated multiplication. Expanding the expression can help you see why the rule works.


  
  Put what you read to the test

  You've worked through Power of a Power and Power of a Product. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/698
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  Zero and Negative Exponents


Exponents tell us how many times a number is multiplied by itself. For example, 34=3⋅3⋅3⋅3=81.


In this lesson, you will learn what happens when the exponent is zero or negative. These kinds of exponents may look strange at first, but they follow the same exponent patterns you already know.


By the end, you should understand two important ideas:


  	Any non-zero number raised to the zero power equals 1.

  	A negative exponent means take the reciprocal.




1. Review: What exponents mean


When the exponent is a positive whole number, it tells repeated multiplication.


  	23=2⋅2⋅2=8

  	52=5⋅5=25

  	101=10




You may already know this rule for dividing powers with the same base:

aman=am−nfor a≠0


This rule helps explain zero and negative exponents.


2. Zero exponents


Let’s look at a pattern with powers of 2:


  	24=16

  	23=8

  	22=4

  	21=2




Each time the exponent goes down by 1, the value is divided by 2.


So if we continue the pattern:


  	21=2

  	20=2÷2=1




This is why:

a0=1for any non-zero number a


Here are some examples:


  	70=1

  	(−3)0=1

  	1000=1




Important: the base must be non-zero. The rule is for a≠0.


Another way to see it is by using the division rule:

a5a5=a5−5=a0


But any non-zero number divided by itself is 1:

a5a5=1


So:

a0=1when a≠0


3. Negative exponents


Now let’s keep the same pattern going with powers of 2:


  	23=8

  	22=4

  	21=2

  	20=1




Again, each time the exponent goes down by 1, divide by 2.



  	2−1=1÷2=12

  	2−2=12÷2=14

  	2−3=14÷2=18




This leads to the rule:

a−n=1anfor a≠0


A negative exponent does not make the number negative. It means take the reciprocal of the positive exponent form.


For example:


  	3−2=132=19

  	10−1=110

  	5−3=153=1125




4. Be careful with negatives and parentheses


Parentheses matter a lot when the base is negative.


Compare these:


  	(−2)2=(−2)(−2)=4

  	−22=−(22)=−4




Now with a zero exponent:


  	(−2)0=1




And with a negative exponent:


  	(−2)−2=1(−2)2=14

  	(−2)−3=1(−2)3=−18




If the negative base is inside parentheses, include the sign as part of the base before applying the exponent.


5. Worked examples


Example 1: Evaluate a zero exponent

Find 90.

Step 1: Notice the base is 9, which is non-zero.

Step 2: Use the rule a0=1.

90=1


Answer: 1


Example 2: Evaluate a negative exponent

Find 4−2.

Step 1: A negative exponent means take the reciprocal.

4−2=142

Step 2: Compute 42.

42=16

Step 3: Write the final answer.

4−2=116


Answer: 116


Example 3: Negative base with a negative exponent

Find (−3)−3.

Step 1: Use the reciprocal rule.

(−3)−3=1(−3)3

Step 2: Compute (−3)3.

(−3)3=(−3)(−3)(−3)=9(−3)=−27

Step 3: Write the answer.

(−3)−3=1−27=−127


Answer: −127


Example 4: Rewrite with only positive exponents

Rewrite 1x−4 using only positive exponents.

Step 1: Since x−4=1x4, substitute that in.

1x−4=11x4

Step 2: Dividing by a fraction is the same as multiplying by its reciprocal.

11x4=x4


Answer: x4


6. Common mistakes to avoid


  	Mistake: Thinking a0=0.
Correct idea: a0=1 for any non-zero a.

  	Mistake: Thinking a negative exponent makes the answer negative.
Correct idea: a negative exponent means reciprocal, not negative.

  	Mistake: Forgetting parentheses with a negative base.
Correct idea: (−2)2 and −22 are not the same.

  	Mistake: Leaving negative exponents in a final answer when asked for positive exponents only.
Correct idea: move the factor to the other side of a fraction, or rewrite using reciprocals.




7. Quick check


  	60=1

  	2−3=18

  	(−5)0=1

  	(−2)−2=14




8. Summary

Zero and negative exponents follow patterns that match the exponent rules you already know.


  	For any non-zero base, a0=1.

  	For any non-zero base, a−n=1an.




Remember: a zero exponent gives 1, and a negative exponent means reciprocal. Always watch for parentheses when the base is negative.


  
  Put what you read to the test

  You've worked through Zero and Negative Exponents. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/699
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  Scientific notation is a way to write very large numbers and very small numbers in a shorter, clearer form.
In 8th grade, scientific notation means writing a number as the product of a single-digit number and a power of 10.
The general form is:
a×10n
where:
	�a is a number greater than or equal to 1 and less than 10.
	�n is an integer exponent, which can be positive, negative, or zero.

For example, 4.2×105 is in scientific notation because 4.2 is at least 1 but less than 10.
But 42×104 is not in scientific notation, because 42 is not a single-digit number.
Why do we use scientific notation?
Some numbers are awkward to write with all their zeros. Scientific notation helps us:
	write numbers more quickly,
	read large and small numbers more easily,
	compare sizes of numbers,
	show place value clearly using powers of 10.

How to format a number in scientific notation
To write a number in scientific notation, follow these steps:
	Find the decimal point.
	Move the decimal so the new number is between 1 and 10.
	Count how many places you moved the decimal.
	Write that count as the exponent on 10.

The direction you move the decimal tells whether the exponent is positive or negative:
	If you move the decimal left, the exponent is positive.
	If you move the decimal right, the exponent is negative.

Formatting very large numbers
Very large numbers usually have a positive exponent.
When you move the decimal to the left, you are making the number part smaller, so you need a positive power of 10 to keep the value the same.
Example idea:
530,000=5.3×105
The decimal in 530,000 starts at the end: 530000.
Move it left 5 places to get 5.3. Since the decimal moved left 5 places, the exponent is 5.
Formatting very small numbers
Very small numbers usually have a negative exponent.
When you move the decimal to the right, you are making the number part larger, so you need a negative power of 10 to keep the value the same.
Example idea:
0.00081=8.1×10−4
The decimal moves right 4 places to make 8.1, so the exponent is −4.
Important rule for correct formatting
In scientific notation, the first factor must be at least 1 and less than 10.
	Correct: 3.7×106
	Incorrect: 37×105
	Incorrect: 0.37×107

Only the first one is correctly formatted because 3.7 is between 1 and 10.
Worked Examples
Example 1: Write 72,000 in scientific notation.
Step 1: Put the decimal at the end: 72000.
Step 2: Move the decimal left until the number is between 1 and 10.
72000=7.2
The decimal moved 4 places left.
Step 3: Use 4 as the exponent on 10.
72,000=7.2×104
Example 2: Write 0.0056 in scientific notation.
Move the decimal right until the number is between 1 and 10.
0.0056=5.6
The decimal moved 3 places right, so the exponent is negative 3.
0.0056=5.6×10−3
Example 3: Is 45.1×103 correctly formatted scientific notation?
No. The number 45.1 is greater than 10, so it is not allowed in scientific notation form.
We need to rewrite 45.1 as 4.51 and adjust the power of 10.
45.1×103=4.51×104
So the correctly formatted scientific notation is:
4.51×104
Example 4: Write 0.00000092 in scientific notation.
Move the decimal right until the number becomes 9.2.
The decimal moves 7 places.
Because it moved right, the exponent is negative.
0.00000092=9.2×10−7
How to check your answer
Ask yourself these questions:
	Is the first number at least 1 and less than 10?
	Did I count the decimal moves correctly?
	Did I choose the correct sign for the exponent?

A quick check:
	If the original number was very large, the exponent should usually be positive.
	If the original number was very small, the exponent should usually be negative.

Common mistakes to avoid
	Using a first factor bigger than 10
Example: 23×104 is not correctly formatted.
	Using the wrong exponent sign
For a small number like 0.00034, the exponent should be negative, not positive.
	Miscounting decimal places
Count carefully how many places the decimal moves.
	Forgetting that whole numbers have a decimal point at the end
For example, 8,000 can be thought of as 8000.

Practice ideas
Try formatting these numbers on your own:
	6,400,000
	0.00045
	91,200
	0.0000003

Check that each answer has a first factor between 1 and 10.
[image: 📋]   Summary
Scientific notation writes a number as a×10n where a is at least 1 and less than 10.
To format a number, move the decimal until the first factor is between 1 and 10, then count the moves to find the exponent.
Move the decimal left for large numbers, which gives a positive exponent. Move the decimal right for small numbers, which gives a negative exponent.


  
  Put what you read to the test

  You've worked through Scientific Notation Formatting. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/700






  [image: 📝]   Lesson 11: Comparing Magnitudes

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/742




  Comparing Magnitudes means figuring out how many times larger one quantity is than another. In 8th Grade math, scientific notation helps us do this quickly, especially when the numbers are very large or very small.


For example, if one planet is much farther from the Sun than another, or if one cell is much smaller than a grain of sand, scientific notation makes the comparison easier to see and calculate.


In this lesson, you will learn how to compare two quantities written in scientific notation and find the factor that tells how many times greater one quantity is than the other.


Step 1: Remember scientific notation.


A number in scientific notation is written as


a×10n


where:


  	
     is a number greater than or equal to 1 and less than 10,
  

  	
    n is an integer exponent.
  




Examples:


  	
    4.5×106=4,500,000
  

  	
    3.2×10−4=0.00032
  




Step 2: Understand what “how many times larger” means.


To find how many times larger one number is than another, we divide.


If quantity A is larger than quantity B, then:


How many times larger=AB


So if one number is 20 and another is 5, then


205=4


This means 20 is 4 times as large as 5.


Step 3: Divide numbers in scientific notation.


When dividing scientific notation, divide the front numbers and subtract the exponents.


a×10mb×10n=(ab)×10m−n


This rule is the key to comparing magnitudes.


Main idea: The power of 10 tells a lot about the size of the number. A bigger exponent usually means a much larger number.


Worked Example 1: Compare two large numbers


A stadium holds 8×104 people for a special event. A school gym holds 2×103 people. How many times larger is the stadium capacity than the gym capacity?


Step 1: Write the comparison as division.


8×1042×103


Step 2: Divide the front numbers and subtract exponents.


(82)×104−3=4×101


Step 3: Simplify.


4×101=40


Answer: The stadium holds 40 times as many people as the gym.


Worked Example 2: Compare two very small quantities


A bacteria cell is about 6×10−6 meters long. A virus is about 3×10−8 meters long. How many times larger is the bacteria than the virus?


Step 1: Set up the division.


6×10−63×10−8


Step 2: Divide the front numbers and subtract exponents.


(63)×10−6−(−8)


2×102


Step 3: Simplify.


2×102=200


Answer: The bacteria is 200 times larger than the virus.


Notice something important: subtracting a negative exponent becomes addition.


−6−(−8)=−6+8=2


Worked Example 3: Compare a large number and a smaller number


The mass of Earth is about 6×1024 kilograms. The mass of the Moon is about 7.5×1022 kilograms. About how many times greater is Earth’s mass than the Moon’s mass?


Step 1: Write the ratio.


6×10247.5×1022


Step 2: Divide coefficients and subtract exponents.


(67.5)×1024−22=0.8×102


Step 3: Simplify.


0.8×102=80


Answer: Earth’s mass is about 80 times greater than the Moon’s mass.


Sometimes your answer may not look like standard scientific notation at first, like 0.8×102. That is okay while comparing. You can still simplify it to an ordinary number, which here is 80.


Worked Example 4: When the answer is not a whole number


One star is 9×105 kilometers wide. Another is 3.6×105 kilometers wide. How many times wider is the first star?


Step 1: Divide the two numbers.


9×1053.6×105


Step 2: Divide coefficients and subtract exponents.


(93.6)×105−5=2.5×100


Step 3: Simplify.


2.5×100=2.5


Answer: The first star is 2.5 times wider than the second star.


This shows that “how many times larger” does not always have to be a whole number.


Helpful strategy for comparing magnitudes


  	Decide which quantity is larger.

  	Write a division expression: larger quantity divided by smaller quantity.

  	Divide the coefficients.

  	Subtract the exponents on 10.

  	Simplify the result.

  	Write the answer in words: “___ is ___ times larger than ___.”




What the exponents tell you


If two numbers have the same coefficient, the exponent difference tells the comparison right away.


For example:


5×1075×103=1×104=10,000


So 5×107 is 10,000 times larger than 5×103.


Each increase of 1 in the exponent means the number becomes 10 times larger. An increase of 2 means 100 times larger. An increase of 3 means 1,000 times larger.


Common mistakes to avoid


  	Do not subtract the coefficients. You must divide them.

  	Do not add exponents when dividing. When dividing powers of 10, you subtract exponents.

  	Put the larger quantity on top if the question asks “how many times larger.”

  	Be careful with negative exponents. Subtracting a negative changes to addition.




Quick Check


Try these on your own:


  	How many times larger is 4×109 than 2×107?

  	How many times larger is 7.2×10−3 than 9×10−5?




Answers:


  	4×1092×107=2×102=200 so the first is 200 times larger.

  	7.2×10−39×10−5=0.8×102=80 so the first is 80 times larger.




[image: 📋]   Summary


Comparing magnitudes means finding how many times larger one quantity is than another. To do this with scientific notation, divide the coefficients and subtract the exponents:


a×10mb×10n=(ab)×10m−n


Scientific notation makes it much easier to compare very large and very small numbers. If you follow the steps carefully, you can compare sizes in science, astronomy, technology, and everyday math problems.


  
  Put what you read to the test

  You've worked through Comparing Magnitudes. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/701






  [image: 📝]   Lesson 12: Multiplying and Dividing in Scientific Notation

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/743




  Multiplying and Dividing in Scientific Notation


Scientific notation is a short way to write very large or very small numbers. A number in scientific notation is written as:


a×10n


where (a") is at least 1 but less than 10, and (n") is an integer.


Examples:


  	3.2×105

  	7.1×10−3




In this lesson, you will learn how to multiply and divide numbers written in scientific notation.


Why this works


When multiplying and dividing in scientific notation, we use exponent rules for powers of 10:


  	When multiplying powers with the same base: 10a⋅10b=10a+b

  	When dividing powers with the same base: 10a÷10b=10a−b




This means we can work with the number part and the power of 10 part separately.


How to multiply numbers in scientific notation



  	Multiply the coefficients.

  	Multiply the powers of 10 by adding the exponents.

  	Check whether the answer is in proper scientific notation.

  	If the coefficient is 10 or greater, rewrite it so the coefficient is between 1 and 10.




In general:


(a×10m)(b×10n)=(ab)×10m+n


Worked Example 1: Multiply two numbers in scientific notation


Find:


(2×103)(4×105)


Step 1: Multiply the coefficients.

2⋅4=8


Step 2: Add the exponents.

103⋅105=103+5=108


Step 3: Write the answer.


8×108


This is already in scientific notation because 8 is between 1 and 10.


Worked Example 2: Multiply and then adjust the coefficient


Find:


(6×104)(3×102)


Step 1: Multiply the coefficients.

6⋅3=18


Step 2: Add the exponents.

104⋅102=106


So we get:


18×106


But this is not proper scientific notation, because 18 is not between 1 and 10.


Rewrite 18 as:


18=1.8×101


Now combine the powers of 10:


18×106=(1.8×101)×106=1.8×107


Final answer:


1.8×107


How to divide numbers in scientific notation



  	Divide the coefficients.

  	Divide the powers of 10 by subtracting the exponents.

  	Check whether the answer is in proper scientific notation.

  	If needed, rewrite the coefficient so it is between 1 and 10.




In general:


a×10mb×10n=(ab)×10m−n


Worked Example 3: Divide two numbers in scientific notation


Find:


8×1072×103


Step 1: Divide the coefficients.

8÷2=4


Step 2: Subtract the exponents.

107÷103=107−3=104


Step 3: Write the answer.


4×104


This is already in scientific notation.


Worked Example 4: Divide and then adjust the coefficient


Find:


3×1056×102


Step 1: Divide the coefficients.

3÷6=0.5


Step 2: Subtract the exponents.

105÷102=105−2=103


So we get:


0.5×103


This is not proper scientific notation, because 0.5 is less than 1.


Rewrite 0.5 as:


0.5=5×10−1


Now combine the powers of 10:


0.5×103=(5×10−1)×103=5×102


Final answer:


5×102


A quick way to check your answer



  	The coefficient should be at least 1 and less than 10.

  	If you multiply numbers greater than 1, the product should usually be larger.

  	If you divide by a large number, the result should get smaller.

  	Make sure you added exponents when multiplying and subtracted exponents when dividing.




Common mistakes to avoid



  	Adding exponents when dividing. For division, you must subtract.

  	Forgetting to adjust the coefficient. Answers like 15×104 or 0.3×106 are not in proper scientific notation.

  	Mixing up coefficient and exponent work. Multiply or divide the coefficients normally, and use exponent rules only for the powers of 10.




Step-by-step strategy


When you see a multiplication or division problem in scientific notation, ask yourself:



  	What do I do with the coefficients?

  	What do I do with the exponents?

  	Is my final coefficient between 1 and 10?




Practice thinking


Try these in your head:


  	(5×102)(2×103) gives coefficient 5⋅2=10, so you will need to rewrite.

  	(9×106)÷(3×102) gives coefficient 9÷3=3, so it is likely already in proper form.




[image: 📋]   Summary


To multiply numbers in scientific notation, multiply the coefficients and add the exponents of 10.


To divide numbers in scientific notation, divide the coefficients and subtract the exponents of 10.


Always make sure your final answer is in proper scientific notation, with a coefficient that is at least 1 but less than 10.


  
  Put what you read to the test

  You've worked through Multiplying and Dividing in Scientific Notation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/702






  [image: 📝]   Lesson 13: Adding and Subtracting in Scientific Notation

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/744




  Adding and Subtracting in Scientific Notation


Scientific notation is a way to write very large or very small numbers using powers of 10. A number in scientific notation is written like this:


a×10n

Here, the number 07a is the coefficient, and it must be at least 1 but less than 10. The exponent n tells how many places the decimal point has been moved.


For example:


	3.2×104=32,000

	5.6×10−3=0.0056




Multiplying and dividing in scientific notation can be done by working with the coefficients and exponents separately. But adding and subtracting are different.


When you add or subtract numbers in scientific notation, the powers of 10 must match first. This is similar to adding like terms in algebra: you can add the coefficients only when the exponential parts are the same.


For example, you can add:


4×105+2×105=6×105

because both numbers have the same power of 10.


But you cannot directly add:


4×105+2×104

because the exponents are different. First, you must rewrite one of the numbers so both use the same power of 10.


Step-by-step method


	Check whether the powers of 10 are the same.

	If they are different, rewrite one number so both have the same exponent.

	Add or subtract the coefficients.

	Make sure the final answer is in proper scientific notation.




How to rewrite a number with a different exponent


Changing the exponent by 1 changes the coefficient by a factor of 10 in the opposite direction.



	3.5×106=35×105

	35×105=3.5×106




This means you can rewrite a number to match another exponent without changing its value.


Worked Example 1: Same exponents


Add:


(2.4×103)+(5.1×103)

The exponents are already the same, so add the coefficients:


2.4+5.1=7.5

Keep the power of 10 the same:


7.5×103

Answer: 7.5×103


Worked Example 2: Different exponents


Add:


(3.2×104)+(4.5×103)

The exponents are different: 4 and 3. Rewrite one number so both use the same exponent.


Lets rewrite 3.2×104 using 103:


3.2×104=32×103

Now the expression is:


32×103+4.5×103

Add the coefficients:


32+4.5=36.5

So we get:


36.5×103

This is not yet in proper scientific notation because 36.5 is greater than 10. Rewrite it:


36.5×103=3.65×104

Answer: 3.65×104


Worked Example 3: Subtracting with small numbers


Subtract:


(7.8×10−2)−(2.3×10−3)

The exponents are different: 2 and 3. Rewrite one number so both have the same exponent.


Rewrite 7.8×10−2 using 10−3:


7.8×10−2=78×10−3

Now subtract:


78×10−3−2.3×10−3=75.7×10−3

Rewrite in proper scientific notation:


75.7×10−3=7.57×10−2

Answer: 7.57×10−2


Worked Example 4: Subtracting when the result stays with the same exponent


Subtract:


(9.1×106)−(3.4×106)

The exponents match, so subtract the coefficients:


9.1−3.4=5.7

Keep the power of 10:


5.7×106

Answer: 5.7×106


Important idea to remember


When adding or subtracting in scientific notation, you are really combining numbers with the same place value size. The exponent tells that size. If the exponents do not match, the numbers are not in the same-sized groups yet.


Common mistakes to avoid


	Do not add the exponents. That is for multiplication, not addition.

	Do not add the coefficients unless the exponents match first.

	Always check the final answer. The coefficient must be at least 1 and less than 10.

	Be careful with negative exponents. A number like 10−2 is larger than 10−3 because 0.01>0.001.




Quick check

Try to think through these:


	(6×105)+(2×105)=8×105

	(4×102)+(3×101) must be rewritten first because the exponents are different.




[image: 📋]   Summary

To add or subtract in scientific notation, first make the powers of 10 the same. Then combine the coefficients and keep the common power of 10. Finally, rewrite the result so the coefficient is at least 1 but less than 10.


If you remember match exponents first, you will be able to solve these problems correctly.


  
  Put what you read to the test

  You've worked through Adding and Subtracting in Scientific Notation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/703






  [image: 📝]   Lesson 14: Technological Representations of Exponents

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/745




  Technological Representations of Exponents means understanding how calculators, computers, and apps show very large and very small numbers.


When numbers are too long to fit nicely on a screen, technology often uses E-notation. This is another way to write numbers in scientific notation.


If you already know scientific notation, then E-notation is the same idea with a different symbol. The letter E stands for “times ten to the power of.”


For example, the scientific notation 3.2×105 may appear on a calculator as 3.2E5 or sometimes as 3.2e5 in software.


This lesson will help you read E-notation, write it as scientific notation, and understand what the exponent means.


1. Review: Scientific Notation


Scientific notation is a short way to write very large or very small numbers.



  	A number in scientific notation has the form a×10n

  	The number a must be at least 1 and less than 10.

  	The exponent n tells how many places the decimal moves.




Examples:



  	4.7×103=4700

  	6.1×10−2=0.061




2. What E-Notation Means


On a calculator or computer, the expression ×10n is often replaced by E.


So these mean the same thing:



  	5.4×106

  	5.4E6




And these also mean the same thing:



  	8.2×10−4

  	8.2E−4




You can think of E-notation like this:


aEn=a×10n


3. How to Read Positive Exponents in E-Notation


If the exponent after the E is positive, the number is large. Move the decimal point to the right.


Example:


2.8E4=2.8×104


Since the exponent is 4, move the decimal 4 places to the right:


2.8→28→280→2800→28000


So, 2.8E4=28000.


4. How to Read Negative Exponents in E-Notation


If the exponent after the E is negative, the number is small. Move the decimal point to the left.


Example:


7.1E−3=7.1×10−3


Since the exponent is -3, move the decimal 3 places to the left:


7.1→0.71→0.071→0.0071


So, 7.1E−3=0.0071.


5. How to Change Scientific Notation to E-Notation


This is usually very simple. Replace ×10n with E followed by the exponent.



  	9.3×107=9.3E7

  	4.5×10−6=4.5E−6




6. How to Change E-Notation to Scientific Notation


Replace the E with ×10 and keep the exponent.



  	6.8E3=6.8×103

  	1.2E−5=1.2×10−5




7. Why Technology Uses E-Notation


Calculators and computers have limited screen space. Writing a number like 0.00000034 or 560000000 can take up a lot of room.


E-notation is faster, shorter, and easier for technology to display. It also helps avoid mistakes when reading long strings of zeros.


For example:



  	0.00000034=3.4×10−7=3.4E−7

  	560000000=5.6×108=5.6E8




8. Worked Examples


Example 1: Read a calculator display


A calculator shows 4.2E3. Write this in scientific notation and standard form.


Step 1: Replace E with ×10.


4.2E3=4.2×103


Step 2: The exponent is positive 3, so move the decimal 3 places to the right.


4.2→42→420→4200


Answer: Scientific notation: 4.2×103


Standard form: 4200


Example 2: Read a small number from software


A computer displays 6.5e-4. Write it in scientific notation and standard form.


Step 1: The lowercase e means the same as E.


6.5e−4=6.5×10−4


Step 2: The exponent is negative 4, so move the decimal 4 places to the left.


6.5→0.65→0.065→0.0065→0.00065


Answer: Scientific notation: 6.5×10−4


Standard form: 0.00065


Example 3: Change scientific notation to technological form


Write 3.09×106 in E-notation.


Step 1: Keep the first number, 3.09.


Step 2: Replace ×106 with E6.


3.09×106=3.09E6


Answer: 3.09E6


Example 4: Interpret a real technology display


A calculator gives the answer 9.81E-2. What number is this?


Step 1: Write it as scientific notation.


9.81E−2=9.81×10−2


Step 2: Move the decimal 2 places to the left.


9.81→0.981→0.0981


Answer: 0.0981


9. Common Mistakes to Avoid



  	Forgetting what E means: E does not mean “add.” It means ×10n.

  	Moving the decimal the wrong direction: Positive exponent means right. Negative exponent means left.

  	Ignoring the sign of the exponent: 2.4E5 and 2.4E−5 are very different numbers.

  	Misreading lowercase e: In many apps, e and E mean the same thing.




10. Quick Check



  	Write 7.3E2 in standard form.

  	Write 5.9E−3 in scientific notation.

  	Write 8.1×104 in E-notation.

  	Which is larger: 3.2E5 or 3.2E−5?




Answers:



  	730

  	5.9×10−3

  	8.1E4

  	3.2E5




[image: 📋]   Summary


E-notation is the way technology writes scientific notation. The expression aEn means a×10n.


If the exponent is positive, move the decimal to the right. If the exponent is negative, move the decimal to the left.


When you see E-notation on a calculator or computer, you can translate it into scientific notation and then into standard form. This helps you understand large and small numbers correctly.


  
  Put what you read to the test

  You've worked through Technological Representations of Exponents. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/704






  
    
  [image: 📖]   Chapter 3

  Algebraic Expressions and Structural Thinking



  [image: 📝]   Lesson 15: Anatomy of Algebraic Expressions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/746




  Anatomy of Algebraic Expressions


Algebraic expressions are made of different parts that each have a job. When you understand those parts, it becomes much easier to simplify expressions, combine like terms, and solve equations later on.


In this lesson, you will learn how to break an expression apart and name its pieces: terms, factors, coefficients, variables, and constants.


1. What is an algebraic expression?


An algebraic expression is a math phrase made of numbers, variables, and operations such as addition, subtraction, multiplication, and division. It does not have an equals sign.


Examples of algebraic expressions:


  	
    3x+5
  

  	
    4a−7
  

  	
    2m2+6m−1
  

  	
    5(y+2)
  




2. Terms: the parts separated by addition or subtraction


A term is one part of an expression. Terms are separated by plus or minus signs.


For example, in the expression


3x+5

the terms are:


  	
    3x
  

  	
    5
  




In the expression


7a−2b+9

the terms are:


  	
    7a
  

  	
    −2b
  

  	
    9
  




Notice that the minus sign belongs to the term after it. So the second term is −2b, not just 2b.


3. Factors: the pieces being multiplied


A factor is a number or variable that is multiplied with another number or variable.


For example, in the term


4x

the factors are:


  	
    4
  

  	
    x
  




In the term


3ab

the factors are:


  	
    3
  

  	
    a
  

  	
    b
  




In the term


5x2

the factors are:


  	
    5
  

  	
    x

  	
    x




This is because x2 means x⋅x.


4. Coefficients: the number part of a variable term


A coefficient is the numerical factor in a term with a variable. It tells how many of that variable part there are.


Examples:


  	In 6x, the coefficient is 6.

  	In −4y, the coefficient is −4.

  	In 9ab, the coefficient is 9.




Sometimes a variable seems to have no number in front of it. In that case, the coefficient is 1.


Example:


  	In x, the coefficient is 1.

  	In −z, the coefficient is −1.




5. Variables: symbols that stand for numbers


A variable is a letter or symbol that represents a number. Its value can change.


Examples of variables are x, y, a, and m.


In the expression


5x+2

the variable is x.


In the expression


3ab−7

the variables are a and b.


6. Constants: numbers with no variable


A constant is a number all by itself. It does not have a variable, so its value stays the same.


Examples:


  	In x+8, the constant is 8.

  	In 4m−11, the constant is −11.

  	In 2a+3b+6, the constant is 6.




7. Looking at a whole expression


Let’s study the expression


4x+7


  	Terms: 4x and 7

  	Variable: x

  	Coefficient: 4

  	Constant: 7

  	Factors of 4x: 4 and x




Now look at


6a−3b+10


  	Terms: 6a, −3b, and 10

  	Variables: a and b

  	Coefficients: 6 and −3

  	Constant: 10

  	Factors of 6a: 6 and a

  	Factors of −3b: −3 and b




8. Important idea: terms and factors are not the same


Students often mix up terms and factors. Here is the difference:


  	Terms are separated by addition or subtraction.

  	Factors are multiplied together inside one term.




For the expression


2x+5

the terms are 2x and 5.


Inside the term 2x, the factors are 2 and x.


9. Worked Examples


Example 1: Identify the parts of 5x+9


Step 1: Find the terms. They are separated by addition or subtraction.


  	Terms: 5x and 9




Step 2: Find the variable.


  	Variable: x




Step 3: Find the coefficient.


  	Coefficient of x: 5




Step 4: Find the constant.


  	Constant: 9




Answer: Terms: 5x, 9; variable: x; coefficient: 5; constant: 9.


Example 2: Identify the parts of 8y−4


Step 1: Terms are separated by subtraction.


  	Terms: 8y and −4




Step 2: Variable:


  	y




Step 3: Coefficient:


  	8




Step 4: Constant:


  	−4




Answer: Terms: 8y, −4; variable: y; coefficient: 8; constant: −4.


Example 3: Identify the parts of 3a+2b−7


Step 1: Find the terms.


  	3a

  	2b

  	−7




Step 2: Find the variables.


  	a and b




Step 3: Find the coefficients.


  	Coefficient of a: 3

  	Coefficient of b: 2




Step 4: Find the constant.


  	−7




Step 5: Find factors of each variable term.


  	Factors of 3a: 3 and a

  	Factors of 2b: 2 and b




Answer: Terms: 3a, 2b, −7; variables: a, b; coefficients: 3, 2; constant: −7.


Example 4: Identify the parts of 4x2+x−6


This expression is a little more advanced because one term has x2, but the same ideas still work.


Step 1: Find the terms.


  	4x2

  	x

  	−6




Step 2: Find the variable.


  	x




Step 3: Find the coefficients.


  	Coefficient of 4x2: 4

  	Coefficient of x: 1




Step 4: Find the constant.


  	−6




Step 5: Find factors of the term 4x2.


  	4, x, and x




Answer: Terms: 4x2, x, −6; variable: x; coefficients: 4 and 1; constant: −6.


10. Common mistakes to avoid



  	Forgetting the sign of a term: In 5x−3, the constant is −3, not 3.

  	Mixing up terms and factors: In 6y+2, the terms are 6y and 2, but the factors of 6y are 6 and y.

  	Forgetting the coefficient of 1: In x+4, the coefficient of x is 1.

  	Calling a variable term a constant: A constant has no variable.




11. Quick check


Try naming the parts of this expression:


7m−2n+12

You should find:


  	Terms: 7m, −2n, 12

  	Variables: m, n

  	Coefficients: 7, −2

  	Constant: 12




[image: 📋]   Summary


An algebraic expression can be understood by breaking it into parts. Terms are separated by addition or subtraction. Factors are multiplied together inside a term. A coefficient is the number part of a variable term, a variable is a symbol that stands for a number, and a constant is a number with no variable.


When you can spot these parts quickly, you build strong algebra skills. This helps you understand expressions more deeply and prepares you for simplifying, factoring, and solving equations.


  
  Put what you read to the test

  You've worked through Anatomy of Algebraic Expressions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/705






  [image: 📝]   Lesson 16: Combining Like Terms with Rational Coefficients

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/747




  Combining Like Terms with Rational Coefficients


In algebra, we often simplify expressions so they are easier to read and work with. One important skill is combining like terms.


When an expression has fractions, decimals, or negative numbers as coefficients, it can look harder at first. But the main idea stays the same: only like terms can be combined.


In this lesson, you will learn how to identify like terms, how to combine them when the coefficients are rational numbers, and how to avoid common mistakes.


1. What are like terms?


Like terms are terms that have the same variable part. This means they use the same letters raised to the same powers.


For example:


  	
    
      3x and −5x are like terms because both have x.

  

  	
    
      12y and 2.3y are like terms because both have y.

  

  	
    
      4ab and −0.7ab are like terms because both have ab.

  




These are not like terms:


  	
    3x and 3y

  

  	
    2a and 2a2

  

  	
    5mn and 5m

  




2. What is a coefficient?


A coefficient is the number multiplying the variable.


Examples:


  	
    In 7x, the coefficient is 7.

  

  	
    In −34y, the coefficient is −34.

  

  	
    In 1.2m, the coefficient is 1.2.

  




A rational number is any number that can be written as a fraction. This includes:


  	
    integers like 4 and −2

  

  	
    fractions like 35 and −72

  

  	
    decimals like 0.6 and −1.25

  




So when we combine like terms with rational coefficients, we are really adding or subtracting the number parts while keeping the variable part the same.


3. The basic rule for combining like terms


If two terms are like terms, combine their coefficients.


For example:

3x+5x=8x

We add the coefficients 3 and 5, and keep the x.


Another example:

12x+34x=(12+34)x=54x

The variable part does not change. Only the coefficients are combined.


4. A step-by-step method



  	
    Find the like terms. Look for terms with the same variable part.

  

  	
    Group them. You can mentally group them or rewrite the expression.

  

  	
    Add or subtract the coefficients. Be careful with negatives, fractions, and decimals.

  

  	
    Keep the variable part the same.

  

  	
    Write the simplified expression.

  




5. Worked Examples


Example 1: Integers and negatives


Simplify:

4x−7x+2

Step 1: Find like terms.


4x and −7x are like terms. The 2 is a constant, so it does not combine with x-terms.


Step 2: Combine the coefficients.

4x−7x=(4−7)x=−3x

Final answer:

−3x+2

Example 2: Fractions


Simplify:

23y+56y−12y

All three terms are like terms because they all have y.


Combine the coefficients:

(23+56−12)y

Use a common denominator of 6:

23=46,56=56,12=36

Now add and subtract:

(46+56−36)y=66y=y

Final answer:

y

Example 3: Decimals and constants


Simplify:

1.5a−0.8a+3.2−1.7

There are two groups of like terms:


  	
    1.5a and −0.8a

  

  	
    3.2 and −1.7

  




Combine the a-terms:

1.5a−0.8a=0.7a

Combine the constants:

3.2−1.7=1.5

Final answer:

0.7a+1.5

Example 4: Fractions, decimals, and negatives together


Simplify:

−34m+1.2m+14m−0.5

The like terms with variables are:

−34m,1.2m,14m

The constant is −0.5, which stays separate.


First combine the fraction terms:

−34m+14m=−24m=−12m

Now combine with 1.2m:

1.2m−12m

Since 12=0.5, this becomes:

1.2m−0.5m=0.7m

Bring down the constant:

0.7m−0.5

Final answer:

0.7m−0.5

6. Important ideas to remember



  	
    You can only combine like terms. The variable part must match exactly.

  

  	
    Add or subtract only the coefficients. Do not change the variable part.

  

  	
    Constants are like terms with other constants. For example, 4 and −1.2 can be combined.

  

  	
    Watch negative signs carefully. A minus sign changes the value of the coefficient.

  

  	
    Fractions and decimals can be combined too. You may rewrite fractions as decimals or decimals as fractions when it helps.

  




7. Common mistakes


Mistake 1: Combining terms that are not alike


Incorrect:

3x+2=5x

This is wrong because 3x and 2 are not like terms.


Correct simplified form:

3x+2

Mistake 2: Changing the variable part


Incorrect:

2x+5x=7x2

This is wrong because combining like terms means adding coefficients, not multiplying variables.


Correct:

2x+5x=7x

Mistake 3: Forgetting negative signs


Incorrect:

6y−9y=3y

Since 6−9=−3, the correct answer is:

6y−9y=−3y

8. Quick practice ideas


Try simplifying these on your own:


  	
    13x+23x

  

  	
    2.4n−1.1n+5

  

  	
    −3p+12p+4−7

  

  	
    0.8y+1.2y−0.5

  




9. Summary


Combining like terms means simplifying an expression by adding or subtracting terms with the same variable part. When the coefficients are rational numbers, you use the same idea, but you must be careful with fractions, decimals, and negatives.


Always check whether terms are truly alike, combine only the coefficients, and keep the variable part unchanged. With practice, even expressions with mixed numbers become much easier to simplify.


  
  Put what you read to the test

  You've worked through Combining Like Terms with Rational Coefficients. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/706






  [image: 📝]   Lesson 17: The Distributive Property with Negatives

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/748




  Lesson: The Distributive Property with Negatives


When you see a number outside parentheses, that number is meant to be multiplied by every term inside the parentheses. This is called the distributive property.


For example, in the expression 3(x+4), the 3 must be multiplied by both x and 4.


With negatives, this idea stays the same, but you must pay very close attention to the signs. A negative outside the parentheses can change the sign of every term inside.


The distributive property rule:


a(b+c)=ab+ac

This also works when subtraction is involved:


a(b−c)=ab−ac

If a is negative, the signs of the products may change. That is why careful sign work is so important.


Important sign rules for multiplication:


  	Positive × Positive = Positive

  	Positive × Negative = Negative

  	Negative × Positive = Negative

  	Negative × Negative = Positive




These sign rules help you distribute correctly when negatives appear.


Main idea: Multiply the number outside the parentheses by each term inside the parentheses, one at a time.


Here are the steps:


  	Look at the number or variable outside the parentheses.

  	Multiply it by the first term inside.

  	Multiply it by the second term inside.

  	Keep track of positive and negative signs.

  	Write the new expression.




What happens with a negative outside the parentheses?


If you have a negative factor outside, it gets multiplied by every term inside. This often changes each sign inside the parentheses.


For example:


−(x+5)=−1(x+5)=−x−5

The negative sign in front means you are really multiplying by −1.


Another example:


−(x−5)=−1(x−5)=−x+5

Notice that the −5 became +5 because −1×−5=+5.


Worked Example 1: Positive number outside


Simplify:


4(x−3)

Distribute the 4 to both terms:


4(x−3)=4(x)+4(−3)

Now multiply:


=4x−12

Answer: 4x−12


Even though the outside number was positive, the second term became negative because 4×−3=−12.


Worked Example 2: Negative number outside


Simplify:


−2(x+7)

Distribute −2 to both terms:


−2(x+7)=(−2)(x)+(−2)(7)

Multiply:


=−2x−14

Answer: −2x−14


Because −2 is negative, both products are negative here.


Worked Example 3: Negative number with subtraction inside


Simplify:


−3(2x−5)

Distribute −3 to both terms:


−3(2x−5)=(−3)(2x)+(−3)(−5)

Multiply each part:


=−6x+15

Answer: −6x+15


This example is important because the second product is positive. That happens because a negative times a negative is positive.


Worked Example 4: Fractions and negatives


Simplify:


−12(8x−6)

Distribute −12 to each term:


−12(8x−6)=(−12)(8x)+(−12)(−6)

Multiply:


=−4x+3

Answer: −4x+3


This shows that the distributive property also works with rational numbers like fractions.


A very common shortcut: If there is just a minus sign in front of parentheses, think of it as −1.


For example:


−(3x+2)=−1(3x+2)=−3x−2

−(3x−2)=−1(3x−2)=−3x+2

This shortcut helps explain why all the signs inside may change.


Common mistakes to avoid


  	Forgetting to multiply every term. In −2(x+5), you must multiply both x and 5.

  	Missing a sign change. In −(x−4), the answer is −x+4, not −x−4.

  	Multiplying only the number and not the variable term. In 3(2x−1), 3 multiplies 2x too, giving 6x.

  	Confusing subtraction with multiplication. The minus sign outside parentheses means multiply by −1, not just “drop the parentheses.”




Helpful check: After distributing a negative, ask yourself, Did I change each term correctly? If the outside factor was negative, each product should follow the sign rules for multiplication.


Practice thinking


Look at −(a+b). Since the outside is really −1, we get:


−(a+b)=−a−b

Now look at −(a−b):


−(a−b)=−a+b

The second sign changes because −1×−b=+b.


[image: 📋]   Summary


The distributive property means multiplying the outside factor by every term inside the parentheses. When negatives are involved, sign rules matter a lot. A negative outside parentheses is the same as multiplying by −1, so it can change the sign of each term inside.


If you go one term at a time and check your signs carefully, you can simplify expressions with confidence.


  
  Put what you read to the test

  You've worked through The Distributive Property with Negatives. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/707






  [image: 📝]   Lesson 18: Factoring Linear Expressions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/749




  Factoring Linear Expressions means rewriting an expression as a product. It is the reverse of the distributive property.
For example, if we know that
3(x+4)=3x+12then factoring goes backward:
3x+12=3(x+4)In this lesson, you will learn how to factor linear expressions by finding the greatest common factor, including when the factor is a number, a variable, or a rational number such as a fraction or decimal.
Why do we factor?
	It helps us see the structure of an expression.
	It makes some expressions easier to simplify or solve later.
	It shows what every term has in common.

1. The main idea: use the distributive property in reverse
When we distribute, we multiply a factor by each term inside parentheses.
4(a+2)=4a+8When we factor, we ask: What is common in every term?
4a+8=4(a+2)The number 4 is common to both terms, so we factor out 4.
2. What is the greatest common factor (GCF)?
The greatest common factor is the largest factor that divides every term in the expression.
For algebraic expressions, the GCF can include:
	a number
	a variable
	or both

To factor a linear expression, follow these steps:
	Look at all the terms.
	Find the greatest factor they have in common.
	Write that factor outside parentheses.
	Divide each term by the GCF to fill in the parentheses.
	Check by distributing to make sure you get the original expression back.

3. Factoring out a number
If all terms share a common number, factor that number out.
Example: In 10x+15, both 10 and 15 are divisible by 5.
10x+15=5(2x+3)We used 5 because it is the greatest number that goes into both terms.
4. Factoring out a variable
Sometimes the terms share a variable.
Example: In xy+x, both terms have a factor of x.
xy+x=x(y+1)We factored out x because both terms contain x.
5. Factoring out a number and a variable
Sometimes the GCF has more than one part.
Example: In 6x+9x, both terms share 3 and also share x.
6x+9x=3x(2+3)This is correct, though the expression inside simplifies further to 5. The important idea is that both terms were divided by 3x.
A clearer example is
8x+12=4(2x+3)Here, the GCF is 4.
6. Factoring linear trinomials
A trinomial has three terms. The same idea still works: find what all three terms have in common.
Example: In 6x+9+3y, each term is divisible by 3.
6x+9+3y=3(2x+3+y)Every term was divided by 3.
7. Factoring with fractions and decimals
A rational number can be a fraction or a decimal. You can still factor if every term has that factor in common.
Example with a fraction:
12x+12=12(x+1)Both terms share 12, so we factor it out.
Example with a decimal:
0.4x+0.8=0.4(x+2)Both terms are divisible by 0.4.
8. Be careful with negative factors
Sometimes it is helpful to factor out a negative number, especially if you want the first term inside the parentheses to be positive.
For example,
−3x−6=−3(x+2)Check:
−3(x+2)=−3x−6You can also factor out a positive 3 only if both terms are positive after dividing, but here the terms are negative, so factoring out −3 is the best choice.
Worked Example 1: Factor a binomial with a number GCF
Factor 14x+21.
Step 1: Find the GCF of 14 and 21. The greatest common factor is 7.
Step 2: Divide each term by 7.
	14x÷7=2x
	21÷7=3

Step 3: Write the factored form.
14x+21=7(2x+3)Check:
7(2x+3)=14x+21So the factorization is correct.
Worked Example 2: Factor out a variable
Factor 5m+m.
Step 1: Both terms have m in common.
Step 2: Factor out m.
	5m÷m=5
	m÷m=1

Step 3: Write the factored form.
5m+m=m(5+1)This can also simplify to 6m, but the factoring step is still correct.
Worked Example 3: Factor a trinomial
Factor 12x+6y+18.
Step 1: Find the GCF of 12, 6, and 18. The greatest common factor is 6.
Step 2: Divide each term by 6.
	12x÷6=2x
	6y÷6=y
	18÷6=3

Step 3: Write the factored form.
12x+6y+18=6(2x+y+3)Check:
6(2x+y+3)=12x+6y+18Worked Example 4: Factor with a rational factor
Factor 34x+94.
Step 1: Both terms have 34 in common.
Step 2: Divide each term by 34.
	34x÷34=x
	94÷34=3

Step 3: Write the factored form.
34x+94=34(x+3)9. Common mistakes to avoid
	Not using the greatest common factor. For example, for 12x+18, factoring out 2 works, but factoring out 6 is better because 6 is the GCF.
	Forgetting to divide every term by the factor outside the parentheses.
	Leaving out a 1. For example, x+xy=x(1+y), not x(y).
	Sign mistakes when factoring out a negative number.

10. Quick strategy you can always use
	Circle the terms.
	Ask, “What does every term have in common?”
	Choose the greatest common factor.
	Put that factor outside parentheses.
	Write what is left inside.
	Distribute to check.

11. Practice your thinking
Try asking yourself these questions as you factor:
	Do all terms have a common number?
	Do all terms have a common variable?
	Can I factor out a fraction or decimal?
	Did I divide each term correctly?
	Does distributing bring me back to the original expression?

[image: 📋]   Summary
Factoring linear expressions means using the distributive property backward. You find the greatest common factor of all the terms, place it outside parentheses, and write the remaining part inside. This works for binomials and trinomials, and the common factor can be a number, a variable, or a rational number like a fraction or decimal. Always check your answer by distributing.


  
  Put what you read to the test

  You've worked through Factoring Linear Expressions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/708






  [image: 📝]   Lesson 19: Generating Equivalent Expressions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/750




  Generating Equivalent Expressions means rewriting an expression so it looks different but still has the same value for every value of the variable.




For example, the expressions 3(x+2) and 3x+6 are equivalent. They may look different, but they give the same result no matter what number you substitute for x.




This idea is important in algebra because it helps us simplify expressions, solve equations, and understand how expressions are built.




Equivalent expressions are like two different ways to describe the same quantity. Just like 12 and 24 are equivalent fractions, algebraic expressions can also be equivalent.




To generate equivalent expressions, we use algebra rules that keep the value unchanged.




Main tools for generating equivalent expressions:




  	Combine like terms


  	Use the distributive property


  	Factor out a common factor


  	Rearrange terms carefully using addition and multiplication properties







1. Combining like terms




Like terms have the same variable part. For example, 4x and 9x are like terms, but 4x and 4y are not.




You can combine like terms by adding or subtracting their coefficients.




Example:


4x+7x=11x




But you cannot combine unlike terms:


4x+7y


This expression is already as simple as it can be.




2. Using the distributive property




The distributive property says:


a(b+c)=ab+ac




This means you multiply the outside factor by each term inside the parentheses.




For subtraction, the rule is similar:


a(b−c)=ab−ac




This helps us expand expressions and show that two forms are equivalent.




3. Factoring out a common factor




Factoring is the reverse of distributing. If all terms have a common factor, you can pull it out.




Example:


6x+12=6(x+2)




Both forms are equivalent because distributing 6 gives the original expression back.




4. Rearranging terms




When adding terms, you can often change the order without changing the value.




For example:


3x+5+2x=3x+2x+5=5x+5




Rearranging can make it easier to see like terms and simplify correctly.




Important idea: When generating equivalent expressions, the goal is to change the form, not the value.




Worked Example 1: Combine like terms


Simplify 5x+3+2x−1.




Step 1: Group like terms.


5x+2x+3−1




Step 2: Combine the x-terms and the constants.


7x+2




So, 5x+3+2x−1 and 7x+2 are equivalent expressions.




Worked Example 2: Use distribution


Rewrite 4(x+6) without parentheses.




Step 1: Distribute 4 to each term inside the parentheses.


4(x+6)=4⋅x+4⋅6




Step 2: Multiply.


4x+24




So, 4(x+6) is equivalent to 4x+24.




Worked Example 3: Distribute and then combine like terms


Simplify 2(3x+5)+4x.




Step 1: Distribute the 2.


2(3x+5)+4x=6x+10+4x




Step 2: Combine like terms.


6x+4x+10=10x+10




So, 2(3x+5)+4x is equivalent to 10x+10.




Worked Example 4: Factor a common factor


Rewrite 15x+20 in factored form.




Step 1: Find the greatest common factor of 15x and 20. That is 5.




Step 2: Factor out the 5.


15x+20=5(3x+4)




Check: Distribute to make sure it matches.


5(3x+4)=15x+20




So, 15x+20 and 5(3x+4) are equivalent.




How to tell whether expressions are equivalent




  	Simplify both expressions and see if they become the same.


  	Use distribution or factoring to rewrite one expression.


  	Substitute a value for the variable to check your thinking, but remember: to prove expressions are equivalent, algebra rules are better than testing just one number.







For example, compare 3(x+4) and 3x+12.


Distribute:


3(x+4)=3x+12


Since both forms match, they are equivalent.




Common mistakes to avoid




  	Combining unlike terms: 3x+2 cannot become 5x.


  	Forgetting to distribute to every term: 2(x+5) is 2x+10, not 2x+5.


  	Factoring incorrectly: 8x+4 factors to 4(2x+1), not 4(2x+4).


  	Dropping signs: Be careful with subtraction when distributing or combining terms.







Quick Practice




  	Rewrite 6(x+2) without parentheses.


  	Simplify 4x+9−x+1.


  	Factor 12x+18.


  	Are 2(x+7) and 2x+14 equivalent? Explain why.







Answers




  	6x+12


  	3x+10


  	6(2x+3)


  	Yes. Distributing 2 gives 2(x+7)=2x+14 so they are equivalent.







[image: 📋]   Summary


Generating equivalent expressions means rewriting an expression in a different form while keeping its value the same.




You can do this by combining like terms, using the distributive property, factoring out common factors, and rearranging terms carefully.




If two expressions can be simplified into the same form, then they are equivalent.


  
  Put what you read to the test

  You've worked through Generating Equivalent Expressions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/709






  [image: 📝]   Lesson 20: Evaluating Complex Formulas

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/751




  Evaluating Complex Formulas means finding the value of a formula after replacing its variables with given numbers.


In 8th grade, formulas can have more than one variable, and the numbers you substitute might be fractions, decimals, or negative numbers. Learning to evaluate these carefully helps you solve real-world problems in geometry, science, and algebra.


For example, a formula might tell you how to find area, volume, speed, or temperature. Your job is to substitute the values correctly and then simplify using the correct order of operations.


Main Idea: To evaluate a complex formula, you replace each variable with its value, use parentheses, and simplify step by step.


Steps for Evaluating a Formula


  	Write the formula.

  	Substitute the given value for each variable.

  	Use parentheses around substituted values, especially if a value is negative or a fraction.

  	Simplify using the order of operations.

  	Include units if the formula describes a measurement.




Why parentheses matter

If a variable is replaced by a negative number, the parentheses help you keep the sign correct. For example, if x=−3, then x2 becomes (−3)2=9, not −32=−9.


Parentheses are also helpful with fractions and decimals because they show exactly what number is being substituted.


Order of operations reminder


  	First, simplify inside parentheses.

  	Then evaluate exponents.

  	Next, multiply and divide from left to right.

  	Finally, add and subtract from left to right.




When evaluating formulas, do not combine terms too early. Substitute first, then simplify carefully.


Worked Example 1: Formula with two variables

Evaluate P=2l+2w when l=5.5 and w=3.

This formula gives the perimeter of a rectangle.

Substitute the values:

P=2(5.5)+2(3)

Now multiply:

P=11+6

Add:

P=17

So, the perimeter is 17 units.


Worked Example 2: Using a negative value

Evaluate y=4a−3b when a=−2 and b=12.

Substitute carefully:

y=4(−2)−3(12)

Multiply:

y=−8−32

Write −8 as halves to combine:

−8=−162

So,

y=−162−32=−192

You could also write the answer as:

y=−9.5


Worked Example 3: Formula with exponents

Evaluate A=s2+2sh when s=−3 and h=4.

Substitute using parentheses:

A=(−3)2+2(−3)(4)

Now evaluate the exponent first:

(−3)2=9

Then multiply:

2(−3)(4)=−24

So,

A=9+(−24)

A=−15

The value of the expression is -15.


Worked Example 4: A geometric formula with fractions

Evaluate the volume formula V=lwh when l=32, w=4, and h=53.

Substitute:

V=(32)(4)(53)

Multiply step by step. First:

(32)(4)=6

Then:

6(53)=303=10

So,

V=10

The volume is 10 cubic units.


Common Mistakes to Avoid


  	Forgetting parentheses around negative values. For example, (−2)2=4, but −22=−4.

  	Substituting incorrectly by missing one of the variables.

  	Ignoring order of operations and adding before multiplying.

  	Dropping units when the formula represents a measurement.




Helpful Strategy

After substituting, pause and look at the expression before simplifying. Ask yourself:


  	Did I replace every variable?

  	Did I use parentheses for negatives and fractions?

  	Am I following the order of operations?




This quick check can help you catch mistakes before you finish the problem.


Practice Thinking

Suppose you need to evaluate C=2πr when r=−3. In most geometry problems, radius is a distance, so it would normally be positive. But if a negative value is given in a math exercise, you still substitute carefully:

C=2π(−3)=−6π

This shows that in algebra, the formula follows the number you substitute. In real measurement situations, always think about whether the value makes sense.


[image: 📋]   Summary

Evaluating complex formulas means replacing variables with numbers and simplifying correctly.

Use parentheses when substituting negative numbers, fractions, or decimals. Then follow the order of operations step by step.

The more carefully you substitute and simplify, the more accurate your answer will be.


  
  Put what you read to the test

  You've worked through Evaluating Complex Formulas. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/710






  
    
  [image: 📖]   Chapter 4

  Linear Equations and Inequalities in One Variable



  [image: 📝]   Lesson 21: Multi-Step Linear Equations

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/752




  Multi-Step Linear Equations are equations that take more than one step to solve. You may need to distribute, combine like terms, and then use inverse operations to get the variable by itself.
In this lesson, you will learn how to solve these equations in a clear, organized way. You will also learn how to check your answer to make sure it is correct.
A linear equation is an equation where the variable has an exponent of 1, such as x or 3y. A multi-step linear equation might look like this:
3(x+4)−2x=11
This equation cannot be solved in just one step. You must work through several steps in the correct order.
Main idea: Your goal is always to get the variable alone on one side of the equation.
Here is a helpful step-by-step process:
	Distribute if there are parentheses.
	Combine like terms on each side if possible.
	Move variable terms to one side.
	Move constants to the other side.
	Solve for the variable.
	Check your answer by substituting it back into the original equation.

Let’s review two important skills used in these problems.
1. Distributive Property
When a number is outside parentheses, multiply it by every term inside.
For example:
2(x+5)=2x+10
−3(y−4)=−3y+12
Be careful with negative signs. A negative multiplied by a negative becomes positive.
2. Combining Like Terms
Like terms have the same variable part. For example, 3x and −5x are like terms, but 3x and 3y are not.
Examples:
4x+2x=6x
7−3=4
5x+2−3x+6=2x+8
Now let’s solve some equations step by step.
Worked Example 1: Combine like terms first
Solve:
3x+5+2x=20
Step 1: Combine like terms on the left side.
5x+5=20
Step 2: Subtract 5 from both sides.
5x=15
Step 3: Divide both sides by 5.
x=3
Check: Substitute x=3 into the original equation.
3(3)+5+2(3)=9+5+6=20
The solution is correct.
Worked Example 2: Use the distributive property
Solve:
4(x+2)=20
Step 1: Distribute the 4.
4x+8=20
Step 2: Subtract 8 from both sides.
4x=12
Step 3: Divide both sides by 4.
x=3
Check:
4(3+2)=4(5)=20
The solution is correct.
Worked Example 3: Distribute and combine like terms
Solve:
2(x+3)+4x=18
Step 1: Distribute the 2.
2x+6+4x=18
Step 2: Combine like terms.
6x+6=18
Step 3: Subtract 6 from both sides.
6x=12
Step 4: Divide both sides by 6.
x=2
Check:
2(2+3)+4(2)=2(5)+8=10+8=18
The solution is correct.
Worked Example 4: Variables on both sides
Solve:
5x+7=2x+19
Step 1: Move variable terms to one side. Subtract 2x from both sides.
3x+7=19
Step 2: Move constants to the other side. Subtract 7 from both sides.
3x=12
Step 3: Divide both sides by 3.
x=4
Check:
Left side: 5(4)+7=20+7=27
Right side: 2(4)+19=8+19=27
Both sides are equal, so the solution is correct.
What if there are parentheses and variables on both sides?
You follow the same process: distribute, combine like terms, move variable terms, move constants, and solve.
For example:
3(x+2)+x=18
Distribute:
3x+6+x=18
Combine like terms:
4x+6=18
Subtract 6:
4x=12
Divide by 4:
x=3
Common mistakes to avoid
	Forgetting to distribute to every term inside parentheses.
	Making sign mistakes, especially with negative numbers.
	Combining unlike terms, such as adding 3x and 4.
	Doing different operations on each side of the equation. Whatever you do to one side, do to the other side.
	Not checking your answer in the original equation.

Helpful tips
	Write each step on a new line so your work stays organized.
	If there are parentheses, distribute first.
	If you can combine like terms, do that before solving.
	Try to keep the variable on the left side, although either side works.
	Always check by substitution at the end.

Practice thinking
When you look at a multi-step equation, ask yourself:
	Are there parentheses to distribute?
	Are there like terms to combine?
	Are there variable terms on both sides?
	What should I undo first to isolate the variable?

[image: 📋]   Summary
To solve a multi-step linear equation, work in a clear order: distribute, combine like terms, move variable terms, move constants, and solve. The goal is to get the variable alone. If you stay organized and check your answer, you can solve even more complicated equations with confidence.


  
  Put what you read to the test

  You've worked through Multi-Step Linear Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/711






  [image: 📝]   Lesson 22: Variables on Both Sides

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/753




  Variables on Both Sides means solving equations where the variable appears on the left side and the right side of the equals sign.
For example, in the equation 3x+5=x+13, the variable x is on both sides. To solve it, we collect all the variable terms on one side and all the number terms on the other side.
This skill is important because many real equations are not already “cleaned up.” Learning how to move terms carefully helps you solve more complex linear equations with confidence.
Goal: Get the variable alone on one side of the equation.
Main Idea
When solving equations with variables on both sides, use opposite operations to keep the equation balanced. Whatever you do to one side, you must do to the other side.
A helpful plan is:
	Move all variable terms to one side.
	Move all constant terms to the other side.
	Simplify.
	Check your answer by substituting it back into the original equation.

How to Move Terms
	To move a variable term, add or subtract that term from both sides.
	To move a constant, add or subtract the number from both sides.
	If the variable has a coefficient, divide both sides by that coefficient at the end.

Example 1: A basic equation
Solve:
3x+5=x+13
Step 1: Move the variable terms to one side. Subtract x from both sides.
3x+5−x=x+13−x
2x+5=13
Step 2: Move the constant terms to the other side. Subtract 5 from both sides.
2x+5−5=13−5
2x=8
Step 3: Divide both sides by 2.
x=4
Check:
Left side: 3(4)+5=12+5=17
Right side: 4+13=17
Both sides are equal, so x=4 is correct.
Example 2: Variables with negative terms
Solve:
5x−7=2x+8
Step 1: Move the variable terms to one side. Subtract 2x from both sides.
5x−7−2x=2x+8−2x
3x−7=8
Step 2: Move the constant terms. Add 7 to both sides.
3x−7+7=8+7
3x=15
Step 3: Divide by 3.
x=5
Check:
Left side: 5(5)−7=25−7=18
Right side: 2(5)+8=10+8=18
The answer is correct.
Example 3: Variables and constants on both sides
Solve:
4x+9=2x−3
Step 1: Move the variable terms to one side. Subtract 2x from both sides.
4x+9−2x=2x−3−2x
2x+9=−3
Step 2: Move the constants. Subtract 9 from both sides.
2x+9−9=−3−9
2x=−12
Step 3: Divide by 2.
x=−6
Check:
Left side: 4(−6)+9=−24+9=−15
Right side: 2(−6)−3=−12−3=−15
So x=−6.
Example 4: Distribute first, then solve
Sometimes you must simplify each side before moving terms.
Solve:
2(x+3)=x+11
Step 1: Distribute.
2x+6=x+11
Step 2: Move the variable terms. Subtract x from both sides.
2x+6−x=x+11−x
x+6=11
Step 3: Subtract 6 from both sides.
x=5
Check:
Original equation: 2(5+3)=5+11
Left side: 2(8)=16
Right side: 16
The answer is correct.
Choosing Which Side Gets the Variable
You can move the variables to either side of the equation. Most students choose the side that keeps the coefficient positive.
For example, in 6x+4=2x+20, subtracting 2x from both sides gives 4x+4=20. This is often easier than subtracting 6x, which would create a negative coefficient.
Common Mistakes to Avoid
	Forgetting to do the same thing to both sides. An equation stays balanced only if both sides are treated equally.
	Moving a term without changing it correctly. If you subtract x from one side, you must subtract x from the other side too.
	Combining unlike terms. For example, 3x+5 cannot become 8x. Variable terms and constants are different kinds of terms.
	Not distributing first. In an equation like 3(x+2)=x+10, distribute before collecting variable terms.
	Skipping the check. Checking helps catch mistakes.

Special Cases
Sometimes solving an equation with variables on both sides leads to a surprising result.
Case 1: No solution
Example:
2x+5=2x+1
Subtract 2x from both sides:
5=1
This is false, so there is no solution.
Case 2: Infinitely many solutions
Example:
3x+4=3x+4
Subtract 3x from both sides:
4=4
This is always true, so there are infinitely many solutions.
Quick Strategy Reminder
	Simplify both sides if needed.
	Move variable terms to one side.
	Move constants to the other side.
	Divide to get the variable alone.
	Check the solution.

Try Thinking Through These
	7x+2=4x+14
	9+2x=5x−6
	4(x−1)=2x+6

As you practice, remember that solving equations is like keeping a scale balanced. Every step should keep both sides equal.
[image: 📋]   Summary
To solve equations with variables on both sides, collect the variable terms on one side and the constants on the other side. Use addition or subtraction to move terms, then divide if needed to isolate the variable. Always simplify carefully and check your answer in the original equation.


  
  Put what you read to the test

  You've worked through Variables on Both Sides. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/712






  [image: 📝]   Lesson 23: Clearing Fractions and Decimals

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/754




  Clearing Fractions and Decimals is a helpful strategy for solving linear equations in one variable. Sometimes an equation has fractions or decimals, and that can make the work feel messy. Instead of solving it right away, we can first rewrite the equation so it uses whole numbers.


The main idea is simple: multiply every term in the equation by the same number. This keeps the equation balanced while removing fractions or decimals.


When we clear fractions, we usually multiply by the least common denominator (LCD). When we clear decimals, we usually multiply by a power of 10, such as 10, 100, or 1000.


After the fractions or decimals are gone, the equation is usually much easier to solve.


Why does this work?


An equation is like a balanced scale. If you multiply one side by a number, you must multiply the other side by the same number. As long as you multiply every term on both sides by the same value, the two sides stay equal.


For example, if


x2+3=7,

we can multiply every term by 2:


2(x2)+2(3)=2(7).

This becomes


x+6=14,

which is much easier to solve.


How to clear fractions



  	Find the denominators in the equation.

  	Find the least common denominator (LCD).

  	Multiply every term in the equation by the LCD.

  	Simplify to remove the fractions.

  	Solve the equation.

  	Check your answer if possible.




Important reminder: Multiply every term, not just the fractions. Terms without fractions must also be multiplied.


Example of terms in an equation:


13x+5=23.

The terms are 13x, 5, and 23. If we multiply by 3, all three terms must be multiplied by 3.


How to clear decimals



  	Look at how many decimal places appear in the equation.

  	Choose a power of 10 that moves all decimals to the right enough places.

  	Multiply every term by that power of 10.

  	Simplify and solve.




For example, if the greatest number of decimal places is 2, then multiplying by 100 will clear the decimals.


Worked Example 1: Clearing fractions with one denominator


Solve:


x4+2=7

Step 1: Find the denominator.


The only denominator is 4, so the LCD is 4.


Step 2: Multiply every term by 4.


4(x4)+4(2)=4(7)

Step 3: Simplify.


x+8=28

Step 4: Solve.


x=20

Check:


204+2=5+2=7

The solution is correct.


Worked Example 2: Clearing fractions with different denominators


Solve:


x2−13=56

Step 1: Find the denominators.


The denominators are 2, 3, and 6. The LCD is 6.


Step 2: Multiply every term by 6.


6(x2)−6(13)=6(56)

Step 3: Simplify.


3x−2=5

Step 4: Solve.


3x=7

x=73

It is okay if the answer is still a fraction. Clearing fractions helps simplify the equation, but the solution itself can still be a fraction.


Worked Example 3: Clearing decimals


Solve:


0.3x+1.2=2.7

Step 1: Count decimal places.


Each decimal has 1 decimal place, so multiply every term by 10.


Step 2: Multiply every term by 10.


10(0.3x)+10(1.2)=10(2.7)

Step 3: Simplify.


3x+12=27

Step 4: Solve.


3x=15

x=5

Check:


0.3(5)+1.2=1.5+1.2=2.7

The solution is correct.


Worked Example 4: Clearing decimals and using distribution


Solve:


0.25(x+4)=1.5

Step 1: Choose a power of 10.


The greatest number of decimal places is 2, so multiply every term by 100.


100(0.25(x+4))=100(1.5)

Step 2: Simplify.


25(x+4)=150

Step 3: Divide both sides by 25.


x+4=6

Step 4: Solve.


x=2

Check:


0.25(2+4)=0.25(6)=1.5

The solution is correct.


Tips for success



  	Find the LCD carefully. A good LCD makes the equation easier.

  	Multiply every term. Do not forget whole numbers or terms in parentheses.

  	Use parentheses when needed. If a term has more than one part, like (x+4), keep it together when multiplying.

  	Simplify before solving. Once the fractions or decimals are gone, solve like a regular linear equation.

  	Check your answer. Plug it back into the original equation.




Common mistakes to avoid



  	Multiplying only one side of the equation.

  	Multiplying only the fractions and forgetting the other terms.

  	Choosing a number that does not clear all denominators.

  	Forgetting to distribute when parentheses are involved.

  	Moving decimals incorrectly when multiplying by 10, 100, or 1000.




When should you use this strategy?


Use clearing fractions or decimals when an equation looks harder because of fractional or decimal coefficients. Turning the equation into one with whole numbers often makes the solving steps quicker and less confusing.


Quick comparison



  	If the equation has fractions like 12 or 34, multiply by the LCD.

  	If the equation has decimals like 0.6 or 1.25, multiply by a power of 10.




Practice thinking


Before solving, ask yourself:



  	What is making this equation hard to read?

  	Are there fractions? Then what is the LCD?

  	Are there decimals? Then what power of 10 should I use?

  	Did I multiply every term on both sides?




[image: 📋]   Summary


Clearing fractions and decimals is a smart way to simplify linear equations before solving them. To clear fractions, multiply every term by the least common denominator. To clear decimals, multiply every term by a power of 10. After that, solve the simpler equation and check your answer in the original problem.


  
  Put what you read to the test

  You've worked through Clearing Fractions and Decimals. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/713






  [image: 📝]   Lesson 24: Identities and Contradictions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/755




  Identities and Contradictions are special kinds of equations you may see when solving linear equations in one variable.


Usually, when you solve an equation, you expect to find one value for the variable. But sometimes something different happens:



  	the equation is true for every value of the variable, or

  	the equation is true for no value of the variable.




Learning to recognize these cases helps you understand what an equation is really saying, not just how to move terms around.


In this lesson, you will learn:



  	what an identity is,

  	what a contradiction is,

  	how they appear when solving equations, and

  	how to explain why an equation has infinitely many solutions or no solution.




1. Review: What usually happens when solving an equation?


An equation says two expressions are equal. For example, in


2x+3=11


there is one value of x that makes the equation true.


We solve:


2x+3=11
2x=8
x=4


So this equation has one solution.


But not all equations work this way.


2. What is an identity?


An identity is an equation that is true for all values of the variable.


That means it has infinitely many solutions.


When solving, an identity usually ends with a statement that is always true, such as:



  	0=0

  	5=5

  	−2=−2




These are true no matter what value the variable has, because the variable has disappeared and both sides match.


Why does this happen?


It happens when both sides of the equation are really just different ways of writing the same expression.


For example,


3(x+2)=3x+6


If we simplify the left side, we get


3x+6=3x+6


That is true for every value of x, so it is an identity.


3. What is a contradiction?


A contradiction is an equation that is true for no value of the variable.


That means it has no solution.


When solving, a contradiction usually ends with a statement that is always false, such as:



  	0=5

  	3=−1

  	7=2




These statements can never be true, so the equation has no value that works.


Why does this happen?


It happens when the variable terms on both sides match, but the constant numbers do not match.


For example,


2x+1=2x+4


If we subtract 2x from both sides, we get


1=4


That is false, so this equation is a contradiction.


4. How to tell what kind of equation you have


When solving a linear equation, keep going until the variable is isolated or disappears.


Then decide which of these three results happened:



  	One solution: you get something like x=3

  	Identity: you get a true statement like 0=0

  	Contradiction: you get a false statement like 0=7




You can think of it like this:



  	If everything balances perfectly, it is an identity.

  	If the variable disappears but the numbers do not match, it is a contradiction.




5. Worked Examples


Example 1: Identity


Solve:


4x+8=2(2x+4)


Step 1: Simplify the right side.


4x+8=4x+8


Step 2: Subtract 4x from both sides.


8=8


This is always true.


Conclusion: The equation is an identity, so it has infinitely many solutions.


Example 2: Contradiction


Solve:


5(x−1)=5x+10


Step 1: Distribute.


5x−5=5x+10


Step 2: Subtract 5x from both sides.


−5=10


This is never true.


Conclusion: The equation is a contradiction, so it has no solution.


Example 3: One solution


Solve:


3x+7=x+15


Step 1: Subtract x from both sides.


2x+7=15


Step 2: Subtract 7 from both sides.


2x=8


Step 3: Divide by 2.


x=4


Conclusion: This equation has one solution, x=4.


This example is helpful because it shows that not every equation with variables on both sides is an identity or contradiction. Sometimes you still get one answer.


Example 4: A more complex identity


Solve:


6(x+1)−2x=4(x+2)−2


Step 1: Distribute on both sides.


6x+6−2x=4x+8−2


Step 2: Combine like terms.


4x+6=4x+6


Step 3: Subtract 4x from both sides.


6=6


This is always true.


Conclusion: The equation is an identity with infinitely many solutions.


6. Looking at structure


It is useful to notice the structure of an equation before you even finish solving.


Suppose an equation simplifies to this form:


ax+b=ax+b


Both sides are exactly the same. This will be an identity.


Now suppose an equation simplifies to this form:


ax+b=ax+c


where b and c are different numbers.


If you subtract ax from both sides, you get


b=c


If b and c are different, this is false. So it is a contradiction.


This is the structural reason behind these special cases:



  	same variable part and same number part  identity

  	same variable part but different number part  contradiction




7. Common mistakes to avoid



  	Stopping too early: Always simplify both sides fully before deciding.

  	Thinking 0=0 means no solution: It actually means infinitely many solutions.

  	Thinking 0=5 means one solution: It actually means no solution.

  	Forgetting to distribute: Expressions like 2(x+3) must become 2x+6.

  	Not combining like terms: Simplify carefully so you can see the true result.




8. Quick check questions


Try to decide what each equation has: one solution, infinitely many solutions, or no solution.



  	2x+6=2(x+3)

  	7x−4=7x+1

  	4x+9=3x+11




Answers:



  	2x+6=2x+6  identity  infinitely many solutions

  	Subtract 7x: −4=1  contradiction  no solution

  	Subtract 3x: x+9=11, so x=2  one solution




9. Summary


When solving linear equations, sometimes the variable disappears.



  	If you end with a true statement like 0=0, the equation is an identity and has infinitely many solutions.

  	If you end with a false statement like 0=4, the equation is a contradiction and has no solution.

  	If you end with something like x=5, the equation has one solution.




The key idea is to look at what the equation becomes after simplifying. That tells you whether both sides always match, never match, or match for just one value.


  
  Put what you read to the test

  You've worked through Identities and Contradictions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/714






  [image: 📝]   Lesson 25: Solving Literal Equations

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/756




  Solving Literal Equations means rearranging a formula so that a different variable is by itself.


A literal equation is an equation with two or more variables. For example, the formula for distance is d=rt, where d is distance, r is rate, and t is time.


Sometimes a formula is already solved for one variable, but you may need to solve it for a different one. This is done using the same idea as solving regular equations: use inverse operations to undo what is happening to the variable you want.


For example, if you know d=rt and want to solve for r, you ask: what is happening to r? It is being multiplied by t. To undo that, divide both sides by t.


Main idea: Treat the variable you want like the “answer” you are trying to isolate, and treat the other letters like numbers.


Here are the basic steps for solving a literal equation:



  	Choose the variable you want to isolate.

  	Undo addition or subtraction first.

  	Undo multiplication or division next.

  	Do the same thing to both sides of the equation.

  	Check that the variable is alone.




It helps to remember that letters other than the one you want are not special. They act like fixed values while you rearrange the equation.


Example 1: Solve A=lw for l


We want l by itself.


In A=lw, the variable l is multiplied by w. To undo multiplication by w, divide both sides by w.


A=lw

Aw=lww

Aw=l

So the equation solved for l is:


l=Aw

Example 2: Solve y=mx+b for x


We want x alone.


First, undo the +b by subtracting b from both sides.


y=mx+b

y−b=mx

Now x is being multiplied by m. Divide both sides by m.


y−bm=x

So the equation solved for x is:


x=y−bm

Notice the order: subtract first, then divide. This matches the order of operations in reverse.


Example 3: Solve P=2l+2w for w


We want w by itself.


First subtract 2l from both sides.


P=2l+2w

P−2l=2w

Now divide both sides by 2.


P−2l2=w

So the equation solved for w is:


w=P−2l2

You may also see the answer written as:


w=12(P−2l)

Both forms mean the same thing.


Example 4: Solve v=u+at for a


This example has more than one operation, but the steps are still the same.


We want a by itself. First subtract u from both sides.


v=u+at

v−u=at

Now divide both sides by t.


v−ut=a

So the equation solved for a is:


a=v−ut

Tips for Success



  	Keep the equation balanced. Whatever you do to one side, do to the other side.

  	Move terms in a careful order. Undo addition and subtraction before multiplication and division.

  	Watch parentheses. If a group of terms stays together, keep them grouped.

  	Do not plug in numbers unless asked. Literal equations usually stay in variable form.

  	Rewrite neatly. A clean layout makes it easier to see each step.




Common Mistakes



  	Forgetting to do the same operation to both sides.

  	Dividing only part of an expression instead of the entire side.

  	Changing the order of terms incorrectly.

  	Stopping before the chosen variable is fully isolated.




For example, in solving y=mx+b for x, it would be incorrect to write x=y−bm. You must subtract b first, then divide the entire expression:


x=y−bm

How to Check Your Answer


After solving, ask yourself these questions:



  	Is the variable I wanted completely alone?

  	Did I use inverse operations correctly?

  	Did I apply each operation to both sides?

  	Does the final equation still make sense as a formula?




[image: 📋]   Summary


Solving literal equations is just like solving regular equations, except the equation has more than one variable. The goal is to rearrange the formula so one chosen variable is isolated.


Use inverse operations, keep the equation balanced, and treat the other variables like numbers. With practice, you will be able to rewrite formulas in the form you need.


  
  Put what you read to the test

  You've worked through Solving Literal Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/715






  [image: 📝]   Lesson 26: Multi-Step Inequalities
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  Multi-Step Inequalities are a lot like multi-step equations, but there is one important difference: instead of finding one exact value, you are finding a set of values that make the inequality true.
An inequality uses symbols like:
	 less than
	 greater than
	= less than or equal to
	= greater than or equal to

For example, in the inequality x+37, the solution is not just one number. Any number greater than 4 will make the inequality true.
In this lesson, you will learn how to solve multi-step inequalities, including the very important rule about reversing the inequality sign when you multiply or divide by a negative number.
Why inequalities are different from equations
An equation, such as 2x+1=9, has a specific answer. But an inequality, such as 2x+19, has many possible answers.
When you solve an inequality, your goal is to get the variable by itself, just like with equations. You use inverse operations to undo addition, subtraction, multiplication, and division.
Rules for solving inequalities
	Add the same number to both sides: the inequality sign stays the same.
	Subtract the same number from both sides: the inequality sign stays the same.
	Multiply both sides by the same positive number: the inequality sign stays the same.
	Divide both sides by the same positive number: the inequality sign stays the same.
	Multiply or divide both sides by a negative number: reverse the inequality sign.

This last rule is the most important one to remember.
For example:
−2x10
To solve, divide both sides by −2. Since you are dividing by a negative number, reverse the inequality sign:
x−5
Steps for solving multi-step inequalities
	Simplify each side if needed. Combine like terms or use the distributive property.
	Move variable terms to one side and number terms to the other side.
	Undo multiplication or division to isolate the variable.
	If you multiply or divide by a negative number, reverse the inequality sign.
	Check your answer by testing a value that should work.

Worked Example 1: Two-step inequality
Solve:
x+512
Subtract 5 from both sides:
x+5−512−5
x7
Answer: x7
This means 7 is a solution, and any number greater than 7 is also a solution.
Worked Example 2: Multiplying or dividing by a negative
Solve:
−3x+419
First subtract 4 from both sides:
−3x15
Now divide both sides by −3. Because you are dividing by a negative, reverse the inequality sign:
x−5
Answer: x−5
Check with x=0:
−3(0)+419
419
This is true, and 0 is greater than −5, so the answer makes sense.
Worked Example 3: Inequality with distribution
Solve:
2(x−3)+511
First use the distributive property:
2x−6+511
Combine like terms:
2x−111
Add 1 to both sides:
2x12
Divide both sides by 2:
x6
Answer: x6
Because we divided by a positive number, the inequality sign stayed the same.
Worked Example 4: Variables on both sides
Solve:
5x−22x+7
Subtract 2x from both sides:
3x−27
Add 2 to both sides:
3x9
Divide both sides by 3:
x3
Answer: x3
This means 3 and all numbers greater than 3 are solutions.
How to write and understand the solution
When you solve an inequality, the answer tells you a whole group of numbers.
	x4 means all numbers less than 4
	x−2 means all numbers greater than -2
	x=6 means 6 and all numbers less than 6
	x=1 means 1 and all numbers greater than 1

If you draw the solution on a number line:
	Use an open circle for \) or \(, because the endpoint is not included.
	Use a closed circle for = or =, because the endpoint is included.

Common mistakes to avoid
	Forgetting to reverse the sign when dividing or multiplying by a negative number.
	Not distributing correctly when there are parentheses.
	Combining unlike terms. Only like terms can be combined.
	Treating an inequality like an equation. Remember, the answer is usually many numbers, not just one.

Quick reminder about reversing the sign
If you see something like:
−4x20
Divide by −4:
x−5
The sign changes from \) to \( because of the negative division.
Try these on your own
	3x+214
	−2x−17
	4(x+1)−3=13
	6x−52x+11

[image: 📋]   Summary
To solve a multi-step inequality, use the same basic process as solving equations: simplify, move terms, and isolate the variable.
The most important rule is this: if you multiply or divide both sides by a negative number, reverse the inequality sign.
Always check your work by substituting a value from your solution set back into the original inequality.


  
  Put what you read to the test

  You've worked through Multi-Step Inequalities. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/716






  [image: 📝]   Lesson 27: Compound Inequalities

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/758




  Compound Inequalities are two inequalities joined together in one statement. They help describe a range of possible values for a variable.


For example, if a number is greater than 2 and less than 7, we can write that as a compound inequality:


2<x<7


In this lesson, you will learn what compound inequalities mean, how to solve them, and how to graph their solutions on a number line.


There are two main types of compound inequalities:


  	And inequalities

  	Or inequalities




1. And Inequalities


An and inequality means a value must satisfy both parts at the same time.


Example:

x>3 and x<8


This means the number must be bigger than 3 and also smaller than 8. So the solution is all numbers between 3 and 8.


We can also write it as:

3<x<8


On a number line, this would have:


  	an open circle at 3 because 3 is not included

  	an open circle at 8 because 8 is not included

  	a shaded line between 3 and 8




If the inequality uses ≤ or ≥, then the endpoint is included, so we use a closed circle.


For example:

−2≤x<4


This means:


  	x can be -2, so use a closed circle at -2

  	x cannot be 4, so use an open circle at 4

  	shade between them




2. Or Inequalities


An or inequality means a value can satisfy either part. It does not have to satisfy both.


Example:

x<−1 or x>5


This means the number can be less than -1, or greater than 5.


On a number line, this would have:


  	an open circle at -1 and shading to the left

  	an open circle at 5 and shading to the right




The graph has two separate parts because the solutions are in two different places.


Important idea:


  	And means the overlap, or the values that work for both inequalities.

  	Or means the combination, or all values that work for either inequality.




How to Solve Compound Inequalities


The steps depend on how the inequality is written.


For an "and" inequality written in one line, do the same operation to all three parts.


Example:

4<x+1≤9


Subtract 1 from all three parts:

4−1<x+1−1≤9−1

3<x≤8


This means:


  	open circle at 3

  	closed circle at 8

  	shade between them




For inequalities joined by “and” or “or”, solve each part separately.


Example:

2x−1<7 and 3x+2≥5


Solve the first part:

2x−1<7

2x<8

x<4


Solve the second part:

3x+2≥5

3x≥3

x≥1


Because this is an and inequality, we need values that satisfy both:

x<4 and x≥1


So the solution is:

1≤x<4


A very important rule: If you multiply or divide by a negative number, flip the inequality sign.


For example:

−2x>6

Divide by -2:

x<−3


The sign changes from > to <.


Worked Example 1: Basic And Inequality


Solve and graph:

5<x−2≤10


Add 2 to all three parts:

5+2<x−2+2≤10+2

7<x≤12


Answer: 7<x≤12


Graph:


  	open circle at 7

  	closed circle at 12

  	shade between 7 and 12




Worked Example 2: And Inequality Solved Separately


Solve:

3x+1≤13 and x−4>−2


First part:

3x+1≤13

3x≤12

x≤4


Second part:

x−4>−2

x>2


Now combine them using and:

x>2 and x≤4


So the solution is:

2<x≤4


Worked Example 3: Or Inequality


Solve:

2x+3<1 or x−5≥2


First part:

2x+3<1

2x<−2

x<−1


Second part:

x−5≥2

x≥7


Because this is an or inequality, the solution is all values from either part:

x<−1 or x≥7


Graph:


  	open circle at -1, shade left

  	closed circle at 7, shade right




Worked Example 4: Inequality with a Negative Coefficient


Solve:

−3x+6≥12 or 2x−1<3


First part:

−3x+6≥12

−3x≥6

Divide by -3 and flip the sign:

x≤−2


Second part:

2x−1<3

2x<4

x<2


Now combine with or:

x≤−2 or x<2


Since every number less than or equal to -2 is already included in x<2, the full solution is simply:

x<2


This shows that sometimes one part of an or inequality is already covered by the other part.


How to Check Your Answer


  	Solve each inequality carefully.

  	If it is and, look for the overlap.

  	If it is or, include all values from both parts.

  	Check whether endpoints should be open or closed.

  	If you divide or multiply by a negative, flip the inequality sign.




Common Mistakes to Avoid


  	Mixing up and and or

  	Forgetting to flip the sign when dividing by a negative

  	Using a closed circle when the endpoint is not included

  	Using an open circle when the endpoint is included

  	Shading the wrong part of the number line




Real-World Meaning


Compound inequalities are useful when values must stay within a range or can fall into different allowed groups.


For example, if a ride at an amusement park is for children who are at least 48 inches tall and less than 72 inches tall, the height rule can be written as:

48≤h<72


If a store gives a discount to shoppers age 12 or younger or age 65 and older, that could be written as:

a≤12 or a≥65


[image: 📋]   Summary


A compound inequality combines two inequalities using and or or.


Use and when both conditions must be true. This usually gives one connected section on a number line.


Use or when either condition can be true. This often gives two separate rays on a number line.


When solving, work carefully, graph the solution, and remember to flip the inequality sign if you multiply or divide by a negative number.


  
  Put what you read to the test

  You've worked through Compound Inequalities. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/717






  [image: 📝]   Lesson 28: Modeling with Linear Equations

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/759




  Modeling with Linear Equations means taking a real-world situation, turning it into an equation, solving the equation, and then explaining what the answer means in the situation.


This is an important skill because many word problems are really asking you to find an unknown number. A linear equation helps you represent that unknown clearly.


In this lesson, you will learn how to:


  	identify the unknown quantity,

  	define a variable,

  	write a linear equation from a word problem,

  	solve the equation, and

  	check and interpret the answer in context.




1. What is a linear equation?

A linear equation is an equation where the variable has an exponent of 1. It can look like:

x+7=19

or

3x−5=16

When we model a situation with a linear equation, we are saying, “The relationship in this problem can be described with a straight-line pattern.” In 8th grade word problems, this often means there is a constant rate, a fixed fee, or a simple total.


2. Steps for modeling a word problem

When you read a word problem, do not rush to calculate right away. Follow these steps.


  	Read carefully. Figure out what the problem is about.

  	Choose a variable. Let the unknown be a letter, such as x.

  	Translate words into math. Write an equation that matches the situation.

  	Solve the equation.

  	Check your answer. Substitute it back into the situation.

  	Interpret the answer. Write what the number means in the real world.




3. Common word phrases and what they mean

These phrases often appear in word problems:


  	sum means add

  	difference means subtract

  	product means multiply

  	quotient means divide

  	is usually means equals (=)

  	more than means add

  	less than means subtract, but be careful with order

  	twice means multiply by 2

  	three times means multiply by 3




For example:


  	“5 more than a number” becomes x+5

  	“12 less than a number” becomes x−12

  	“twice a number” becomes 2x

  	“7 less than twice a number” becomes 2x−7




4. Look for the structure of the problem

Many real-world problems fit one of these patterns:


  	Starting amount + change = total

  	Rate × number of units + fixed amount = total

  	One quantity compared to another




These patterns help you decide how to write the equation.


Worked Example 1: Simple total

A number increased by 9 is 23. What is the number?

Step 1: Define the variable.

Let x be the number.

Step 2: Write the equation.

“Increased by 9” means add 9, and “is 23” means equals 23.

x+9=23

Step 3: Solve.

Subtract 9 from both sides:

x=14

Step 4: Interpret.

The number is 14.

Check: 14+9=23, so the answer makes sense.


Worked Example 2: Cost with a fixed fee

A gym charges a $15 sign-up fee and $8 per class. If Maya spent $63 in total, how many classes did she attend?

Step 1: Define the variable.

Let x be the number of classes.

Step 2: Write the equation.

The total cost is:

sign-up fee+cost per class=total

So:

15+8x=63

Step 3: Solve.

Subtract 15 from both sides:

8x=48

Divide by 8:

x=6

Step 4: Interpret.

Maya attended 6 classes.

Check: 15+8(6)=15+48=63.


Worked Example 3: Comparing two amounts

Jalen has 5 fewer stickers than Priya. Together they have 37 stickers. How many stickers does each person have?

Step 1: Define the variable.

Let x be the number of stickers Priya has.

Then Jalen has x−5 stickers.

Step 2: Write the equation.

Together they have 37:

x+(x−5)=37

Step 3: Solve.

Combine like terms:

2x−5=37

Add 5:

2x=42

Divide by 2:

x=21

Step 4: Interpret.

Priya has 21 stickers.

Jalen has 21−5=16 stickers.

Check: 21+16=37.


Worked Example 4: A more complex situation

A taxi ride costs a $4 starting fee plus $2.50 per mile. The total fare was $26.50. How many miles was the ride?

Step 1: Define the variable.

Let m be the number of miles.

Step 2: Write the equation.

4+2.5m=26.5

Step 3: Solve.

Subtract 4 from both sides:

2.5m=22.5

Divide by 2.5:

m=9

Step 4: Interpret.

The taxi ride was 9 miles.

Check: 4+2.5(9)=4+22.5=26.5.


5. How to know what the variable should represent

The variable should represent the quantity you are asked to find, or a quantity that makes the equation easy to write.

For example, if a problem asks for the number of tickets sold, let t represent the number of tickets. If the problem compares two people’s ages, choose one age as the variable, then write the other age using that variable.


6. Interpreting the answer in context

Solving the equation gives you a number, but the problem is not finished until you explain what that number means.

For example, if x=6, say “The student bought 6 notebooks” instead of only writing 6.


Also think about whether the answer makes sense in real life.


  	If you get a negative number for the number of tickets, something is wrong.

  	If you get 4.5 people, that does not make sense unless the problem allows parts.

  	If the problem is about money or distance, decimals may make sense.




7. Watch out for contextual constraints

A constraint is a rule from the real-world situation.

For example:


  	The number of students must be a whole number.

  	The number of items sold cannot be negative.

  	A distance or time usually cannot be negative.




Even if an equation has a solution, you must decide whether that solution makes sense in the problem.


Example of checking a constraint

A school bus holds 48 students. There are 12 already on the bus. If each stop adds the same number of students and after 3 stops the bus is full, how many students got on at each stop?

Let x be the number of students getting on at each stop.

12+3x=48

Subtract 12:

3x=36

Divide by 3:

x=12

This makes sense because 12 is a whole number and cannot be negative.


8. Special cases to understand

Sometimes, after simplifying an equation, you may get a special result.


No solution

Example:

2x+3=2x−5

Subtract 2x from both sides:

3=−5

This is false, so there is no solution.

In a real-world problem, this means the information does not fit together.


One solution

Most word problems have one solution.

Example:

3x+4=19

This gives one value of x.


When modeling, most realistic 8th grade problems will have one solution, but it is still useful to know that sometimes the numbers in a problem may not make sense together.


9. Tips for success


  	Underline important information as you read.

  	Name the variable clearly.

  	Write an equation before solving.

  	Use parentheses when combining expressions, like x+(x−5).

  	Check your answer in the original problem, not just in the equation.

  	Include units when needed, such as dollars, miles, or students.




10. Quick practice thinking

Here are some situations and the equations they model:


  	A number decreased by 7 is 18: x−7=18

  	$12 plus $3 per notebook totals $27: 12+3x=27

  	A rectangle’s length is 4 more than its width, and the length is 15: w+4=15

  	Two identical shirts and a $5 fee cost $41: 2x+5=41




Brief Summary

To model with a linear equation, first decide what the unknown is and choose a variable. Next, translate the words into an equation, solve it, and check the answer. Finally, explain the answer in the context of the problem and make sure it fits any real-world constraints.


  
  Put what you read to the test

  You've worked through Modeling with Linear Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/718






  
    
  [image: 📖]   Chapter 5

  Systems of Linear Equations
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  Concept of a Linear System


In 8th Grade Maths, you have already worked with linear equations. A linear equation is an equation whose graph is a straight line, such as y=2x+1 or x+y=6.


Sometimes, one equation is not enough to describe a situation. We may need two linear equations at the same time. When we study two linear equations together, we call them a system of linear equations, or simply a linear system.


The big idea is this: a solution to a linear system is an ordered pair (x,y) that makes both equations true at the same time.


That means a point is not a solution just because it works in one equation. It must work in each equation in the system.


1. What is a system of linear equations?


A system of linear equations is a set of two or more linear equations with the same variables. In 8th Grade, you will usually work with two equations and two variables, like x and y.


For example, this is a linear system:


{y=2x+1y=−x+7

Each equation describes a line. The system asks: Is there a point that lies on both lines?


If there is, that point is the solution to the system.


2. What does a solution mean?


A solution to a system is an ordered pair that satisfies both equations simultaneously. The word simultaneously means at the same time.


Suppose we want to check whether (2,5) is a solution to this system:


{y=x+3y=2x+1

Substitute x=2 and y=5 into the first equation:


y=x+3⇒5=2+3⇒5=5

This is true, so (2,5) works for the first equation.


Now check the second equation:


y=2x+1⇒5=2(2)+1⇒5=4+1⇒5=5

This is also true, so (2,5) works for the second equation too.


Because (2,5) makes both equations true, it is a solution to the system.


3. Why does graphing help?


Each linear equation can be graphed as a straight line. The solution to the system is the point where the two lines intersect, or cross.


If two lines cross at one point, that point is the one ordered pair that satisfies both equations.


This means:



	Points on the first line satisfy the first equation.

	Points on the second line satisfy the second equation.

	The point where both lines meet satisfies both.




4. Ways a linear system can behave


When you graph two lines in a system, three main things can happen.



	One solution: The lines cross once. There is exactly one ordered pair that satisfies both equations.

	No solution: The lines are parallel and never meet. There is no ordered pair that works for both equations.

	Infinitely many solutions: The lines are actually the same line, so every point on that line works for both equations.




Most of the time in early examples, you will see systems with one solution.


5. How to tell if an ordered pair is a solution


To check whether an ordered pair is a solution:



	Substitute the x-value and y-value into the first equation.

	See if the equation is true.

	Substitute the same values into the second equation.

	If both are true, the ordered pair is a solution.




This is an important skill because even before solving a system, you can test possible answers.


Worked Example 1: Checking a possible solution


Is (3,4) a solution to the system


{x+y=7y=x+1

Step 1: Check the first equation.


x+y=7⇒3+4=7⇒7=7

True.


Step 2: Check the second equation.


y=x+1⇒4=3+1⇒4=4

Also true.


Answer: Yes, (3,4) is a solution because it satisfies both equations.


Worked Example 2: A point that is not a solution


Is (2,3) a solution to the system


{y=2x−1x+y=5

Step 1: Check the first equation.


y=2x−1⇒3=2(2)−1⇒3=4−1⇒3=3

True.


Step 2: Check the second equation.


x+y=5⇒2+3=5⇒5=5

True again.


So (2,3) is a solution.


Now let us test (2,4) in the same system.


First equation:


y=2x−1⇒4=2(2)−1⇒4=3

This is false.


Even if a point worked in the second equation, it would not be a solution, because it must satisfy both equations.


Worked Example 3: Understanding the graph of a system


Consider the system


{y=x+2y=−x+4

These are two lines. The solution is where they meet.


We can find the intersection point by thinking about what both equations say about y. Since both equal y, set them equal:


x+2=−x+4

Add x to both sides:


2x+2=4

Subtract 2 from both sides:


2x=2

Divide by 2:


x=1

Substitute x=1 into either equation:


y=x+2=1+2=3

So the solution is (1,3).


This means the two lines intersect at (1,3), and that point lies on both graphs.


Worked Example 4: Looking at different kinds of systems


Case A: One solution


{y=x+1y=−2x+7

The slopes are different, so the lines cross once. This system has one solution.


Case B: No solution


{y=2x+3y=2x−1

These lines have the same slope but different starting points, so they are parallel. They never intersect. This system has no solution.


Case C: Infinitely many solutions


{y=x+42y=2x+8

If we simplify the second equation by dividing both sides by 2, we get


y=x+4

Now both equations are the same line. Every point on that line is a solution, so there are infinitely many solutions.


6. Real meaning of a linear system


A linear system can model a real situation where two conditions must both be true.


For example, imagine one equation shows the cost of one phone plan, and another equation shows the cost of a different phone plan. The solution to the system could tell you when the two plans cost the same amount.


So a system is useful because it helps us find where two relationships match.


7. Important ideas to remember



	A linear system is a set of two linear equations with the same variables.

	A solution is an ordered pair that makes both equations true.

	On a graph, the solution is the intersection point of the two lines.

	Some systems have one solution, no solution, or infinitely many solutions.

	To test a point, substitute it into both equations.




Brief Summary


A system of linear equations is two linear equations studied together. The solution to the system is the ordered pair that satisfies both equations at the same time. When graphed, the solution is usually the point where the two lines intersect. If the lines never meet, there is no solution, and if they are the same line, there are infinitely many solutions.


  
  Put what you read to the test

  You've worked through Concept of a Linear System. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/719
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  Solving Systems by Graphing


A system of linear equations is a set of two linear equations with the same variables. In 8th grade, you will often see systems with the variables x and y.


When we solve a system, we are looking for the ordered pair (x,y) that makes both equations true at the same time.


One way to solve a system is by graphing. We graph both lines on the same coordinate plane and look for the point where they cross. That point is called the intersection, and it is the solution to the system.


For example, if two lines intersect at (2,3), then (2,3) is the solution because it lies on both lines.


Why graphing works: Every point on a line is a solution to that equation. So if a point is on both lines, it must satisfy both equations. That is exactly what a solution to a system means.


Step-by-step: How to solve a system by graphing



  	Write each equation in a graph-friendly form, often slope-intercept form: y=mx+b.

  	Graph the first line.

  	Graph the second line on the same coordinate plane.

  	Find the intersection point.

  	Check the point in both equations if needed.




Helpful reminder about slope-intercept form:


In the equation


y=mx+b

the letter m is the slope and the letter b is the y-intercept.



  	The y-intercept tells where the line starts on the y-axis.

  	The slope tells how the line moves: rise over run.




For example, in y=2x+1:


  	slope =2=21

  	y-intercept =1




That means start at (0,1), then go up 2 and right 1 to get more points.


What the graph can show


When you graph a system, there are three possible results:



  	One solution: The lines cross once.

  	No solution: The lines are parallel and never meet.

  	Infinitely many solutions: The lines are the same line, so every point on the line works.




Most 8th grade problems focus first on finding the single intersection point.


Worked Example 1: A simple system


Solve the system by graphing:


y=x+1y=−x+5

Step 1: Graph the first line y=x+1.


  	y-intercept: (0,1)

  	slope: 1=11




From (0,1), go up 1 and right 1. Some points are (1,2), (2,3), and (3,4).


Step 2: Graph the second line y=−x+5.


  	y-intercept: (0,5)

  	slope: −1=−11




From (0,5), go down 1 and right 1. Some points are (1,4), (2,3), and (3,2).


Step 3: Find the intersection.


The lines cross at (2,3).


So the solution is


(2,3)

Check:


  	First equation: 3=2+1, true

  	Second equation: 3=−2+5, true




Because (2,3) makes both equations true, it is the solution.


Worked Example 2: One equation needs to be rewritten


Solve the system by graphing:


y=2x−1x+y=5

The first equation is already in slope-intercept form. The second is not, so we rewrite it.


Start with


x+y=5

Subtract x from both sides:


y=−x+5

Now graph both lines.


First line: y=2x−1


  	y-intercept: (0,−1)

  	slope: 2=21




Points on the line include (1,1) and (2,3).


Second line: y=−x+5


  	y-intercept: (0,5)

  	slope: −1




Points on the line include (1,4), (2,3), and (3,2).


The lines intersect at (2,3).


So the solution is


(2,3)

Check:


  	In y=2x−1: 3=2(2)−1=3

  	In x+y=5: 2+3=5




Worked Example 3: No solution


Solve the system by graphing:


y=12x+2y=12x−3

Look at the slopes and y-intercepts.


  	Both lines have slope 12.

  	The y-intercepts are different: 2 and −3.




Lines with the same slope but different y-intercepts are parallel. Parallel lines never intersect.


That means this system has no solution.


On a graph, you would see two lines going in the same direction, always staying the same distance apart.


Worked Example 4: Infinitely many solutions


Solve the system by graphing:


y=3x+22y=6x+4

The second equation is not in slope-intercept form, so rewrite it by dividing every term by 2:


y=3x+2

Now both equations are the same:


y=3x+2y=3x+2

If you graph them, both equations make the same line.


That means every point on the line is a solution, so the system has infinitely many solutions.


Tips for graphing accurately



  	Use a ruler or graph paper if possible.

  	Plot the y-intercept first.

  	Use the slope carefully to find more points.

  	Draw both lines on the same grid.

  	Label your lines if the graph gets confusing.

  	If the intersection is between grid points, graphing may only give an estimate.




How to tell what kind of answer a system has



  	Different slopes → one solution

  	Same slope, different y-intercepts → no solution

  	Same slope, same y-intercept → infinitely many solutions




Common mistakes to avoid



  	Mixing up slope and y-intercept. In y=mx+b, m is slope and b is the y-intercept.

  	Forgetting to rewrite an equation. If an equation is not in an easy-to-graph form, rewrite it first.

  	Graphing only one line. You need both lines on the same coordinate plane.

  	Reading the intersection incorrectly. Double-check the x-value and y-value.

  	Not checking the solution. Plug the point back into both equations when possible.




When graphing is useful


Graphing is a great way to see what is happening in a system. It helps you understand whether lines cross, are parallel, or are the same line.


It is especially useful when you want a visual answer. But if the lines intersect at a point that is not exactly on a grid point, graphing may not give a perfect answer. In those cases, other methods can sometimes be more exact.


Quick practice thinking


If you saw the system


y=x+4y=−2x+1

you would:


  	graph y=x+4 using y-intercept 4 and slope 1

  	graph y=−2x+1 using y-intercept 1 and slope −2

  	look for the point where the two lines cross




That crossing point would be the solution to the system.


[image: 📋]   Summary


To solve a system by graphing, graph both linear equations on the same coordinate plane and find the point where they intersect. The intersection point is the ordered pair that makes both equations true.


If the lines cross once, there is one solution. If they never cross, there is no solution. If they are the same line, there are infinitely many solutions.


Always graph carefully, and check your answer when you can.


  
  Put what you read to the test

  You've worked through Solving Systems by Graphing. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/720






  [image: 📝]   Lesson 31: Solving Systems by Substitution
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  Solving Systems by Substitution


A system of linear equations is a set of two equations with the same variables. When we solve a system, we are looking for the ordered pair \(x, y)\ that makes both equations true at the same time.


One useful way to solve a system is called substitution. This method works by solving one equation for one variable, then replacing that variable in the other equation.


Substitution is especially helpful when one equation already has a variable by itself, or when it is easy to get a variable alone.


What substitution means


If one equation tells you that \y = x + 3\, then wherever you see \y\, you can replace it with \x + 3\. That replacement is called substituting.


For example, if another equation is \2x + y = 9\, then substitute \x + 3\ for \y\:


2x+(x+3)=9

Now the equation has only one variable, so it is easier to solve.


Why substitution works


If two expressions are equal to the same variable, then they are equal to each other. So if \y = x + 3\, then in any equation containing \y\, we can use \x + 3\ instead. This lets us turn two equations into one equation with one unknown.


Steps for solving by substitution



  	Choose one equation and solve it for one variable.

  	Substitute that expression into the other equation.

  	Solve the new equation.

  	Plug your answer back in to find the other variable.

  	Check your ordered pair in both original equations.




Example 1: A variable is already isolated


Solve the system:


{y=x+42x+y=10

The first equation already has \y\ by itself:


y=x+4

Substitute \x + 4\ for \y\ in the second equation:


2x+y=10
2x+(x+4)=10

Now solve:


3x+4=10
3x=6
x=2

Now find \y\ by using \y = x + 4\:


y=2+4=6

So the solution is:


(2,6)

Check in both equations:



  	First equation: \6 = 2 + 4\ [image: ✔]

  	Second equation: \2(2) + 6 = 10\, so \4 + 6 = 10\ [image: ✔]




Example 2: Solve one equation first


Solve the system:


{x+y=9y=2x

The second equation already tells us \y = 2x\. Substitute \2x\ for \y\ in the first equation:


x+y=9
x+2x=9

Solve for \x\:


3x=9
x=3

Now use \y = 2x\:


y=2(3)=6

The solution is:


(3,6)

Check:



  	First equation: \3 + 6 = 9\ [image: ✔]

  	Second equation: \6 = 2(3)\ [image: ✔]




Example 3: You must isolate a variable first


Solve the system:


{3x+y=11x−y=1

Neither equation has a variable alone yet. Let’s solve the first equation for \y\:


3x+y=11
y=11−3x

Now substitute \11 - 3x\ for \y\ in the second equation:


x−y=1
x−(11−3x)=1

Be careful with the minus sign. Distribute it correctly:


x−11+3x=1
4x−11=1
4x=12
x=3

Now substitute \x = 3\ into \y = 11 - 3x\:


y=11−3(3)
y=11−9=2

The solution is:


(3,2)

Check:



  	First equation: \3(3) + 2 = 11\, so \9 + 2 = 11\ [image: ✔]

  	Second equation: \3 - 2 = 1\ [image: ✔]




Example 4: A word problem using substitution


Jada bought 2 notebooks and 1 pen for \\$7\\). She also bought 1 notebook and 1 pen for \\$5\\). How much does each item cost?


Let:



  	\n\ = cost of one notebook

  	\p\ = cost of one pen




Write a system:


{2n+p=7n+p=5

Solve the second equation for \p\:


n+p=5
p=5−n

Substitute \5 - n\ for \p\ in the first equation:


2n+p=7
2n+(5−n)=7

Solve:


n+5=7
n=2

Now find \p\:


p=5−2=3

So:



  	A notebook costs \\$2\\).

  	A pen costs \\$3\\).




Important tips



  	Pick the easier equation to solve first. If a variable already has a coefficient of 1, that is often the best choice.

  	Use parentheses when substituting, especially if the expression has more than one term.

  	Watch negative signs carefully. A mistake with signs can change the whole answer.

  	Always check your solution in both original equations.




Common mistakes to avoid



  	Forgetting parentheses
Example: if \y = 4 - x\, then substitute as \2x + (4 - x)\, not \2x + 4 - x\ without thinking about the grouping.

  	Not solving all the way
Finding only \x\ or only \y\ is not enough. A system’s solution is an ordered pair.

  	Checking in only one equation
Your answer must make both equations true.

  	Mixing up variables
Be sure you replace the correct variable with the correct expression.




When substitution is a good choice


Substitution is often the best method when:



  	one variable is already isolated, like \y = 3x - 2\

  	it is easy to solve for a variable

  	you want an algebraic method instead of graphing




Quick practice thinking


For the system


{y=x−1x+y=7

You would substitute \x - 1\ for \y\:


x+(x−1)=7

Then solve to find \x\, and use that value to find \y\.


[image: 📋]   Summary


To solve a system by substitution, first get one variable alone. Then replace that variable in the other equation with its equal expression. Solve the new equation, substitute back to find the second variable, and check your answer in both equations.


Substitution helps you find the point where two lines meet without drawing a graph. With careful work and checking, it is a powerful way to solve systems of linear equations.


  
  Put what you read to the test

  You've worked through Solving Systems by Substitution. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/721
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  Solving Systems by Elimination


Sometimes in math, you have two equations with the same two variables. This is called a system of linear equations.


Your goal is to find the one pair of values that makes both equations true at the same time.


One useful way to solve a system is called elimination. In elimination, you add or subtract the equations to make one variable disappear. Then you solve for the remaining variable.


This method works especially well when the equations are lined up neatly and the variable terms can cancel out.


What does eliminate mean?


To eliminate a variable means to get rid of it for a moment. For example, if you add +3y and −3y, they make 0y, so the y-terms disappear.


That leaves you with an equation in only one variable, which is much easier to solve.


When does elimination work?


Elimination works best when:


	the coefficients of one variable are already opposites, like +2x and −2x

	or you can multiply one or both equations so the coefficients become opposites




Step-by-step process for elimination


	Write the equations in standard form if possible, such as Ax+By=C.

	Line up like terms so the x-terms are above each other and the y-terms are above each other.

	Check whether one variable can be eliminated by adding or subtracting the equations.

	If not, multiply one or both equations to create opposite coefficients for one variable.

	Add or subtract the equations to eliminate a variable.

	Solve the new equation.

	Substitute your answer back into one of the original equations to find the other variable.

	Check your solution in both equations.




Important idea: adding vs. subtracting


If the coefficients are already opposites, you can add the equations.


If the coefficients are the same, you can subtract one equation from the other.


For example:


	3x+2y=10 and −3x+y=4 [image: →] add the equations to eliminate x

	4x+5y=9 and 4x−2y=12 [image: →] subtract the equations to eliminate x




Worked Example 1: One variable is already easy to eliminate


Solve the system:

2x+y=73x−y=8

The y-terms are +y and −y. They are opposites, so we can add the equations.


2x+y=73x−y=85x=15

Now solve for x:

5x=15
x=3

Substitute x=3 into one of the original equations. Use 2x+y=7:

2(3)+y=7
6+y=7
y=1

So the solution is:

(x,y)=(3,1)

Check in the second equation:

3(3)−1=8
9−1=8
It works.


Worked Example 2: Subtracting to eliminate


Solve the system:

4x+2y=184x−3y=3

The x-terms are both 4x. Since they are the same, we can subtract one equation from the other.


Subtract the second equation from the first:

4x+2y=18−(4x−3y=3)

This gives:

2y−(−3y)=18−3
5y=15
y=3

Now substitute y=3 into one of the original equations. Use 4x−3y=3:

4x−3(3)=3
4x−9=3
4x=12
x=3

So the solution is:

(x,y)=(3,3)

Worked Example 3: Multiply first, then eliminate


Solve the system:

x+2y=113x−2y=1

The y-terms are +2y and −2y, so they are already opposites. That means we can add the equations right away.


x+2y=113x−2y=14x=12

x=3

Substitute into x+2y=11:

3+2y=11
2y=8
y=4

So the solution is:

(x,y)=(3,4)

Now let’s look at a system where we must multiply first.


Solve:

x+y=92x−y=0

Actually, in this system, the y-terms are already opposites, so we can add:

x+y=92x−y=03x=9
x=3

Then:

3+y=9
y=6

So the solution is (3,6).


Let’s now do an example where multiplication is truly needed.


Worked Example 4: Multiplication is necessary


Solve the system:

2x+y=103x+2y=18

The coefficients of y are 1 and 2. They are not opposites yet. We can multiply the first equation by −2 so the y-terms become opposites.


Multiply the first equation by −2:

−2(2x+y=10)
−4x−2y=−20

Now use the new system:

−4x−2y=−203x+2y=18

Add the equations:

−4x−2y=−203x+2y=18−x=−2

x=2

Substitute x=2 into 2x+y=10:

2(2)+y=10
4+y=10
y=6

So the solution is:

(x,y)=(2,6)

Why multiplication helps


Sometimes the variable terms do not match in a way that lets them cancel. Multiplying changes the coefficients but keeps the equation balanced.


For example, if you have y in one equation and 2y in the other, you can multiply the first equation by 2 or −2. This creates matching or opposite coefficients so elimination can happen.


Common mistakes to avoid


	Do not forget to line up like terms. Make sure x-terms, y-terms, and constants are in the correct columns.

	If you multiply an equation, multiply every term. For example, multiplying 2x+y=10 by −2 gives −4x−2y=−20, not just −4x+y=10.

	Be careful with negative signs. When subtracting equations, signs often change.

	Always substitute back. After finding one variable, use an original equation to find the other.

	Check your answer in both equations. This helps catch errors.




Quick strategy tips


	Look first for coefficients that are already opposites.

	If the coefficients are the same, subtraction may be easiest.

	If nothing matches, decide which variable will be easiest to eliminate by multiplying.

	Choose the multiplication that keeps numbers as small as possible.




How elimination connects to the meaning of the system


When you solve a system, you are finding the point where the two lines meet. That point is the ordered pair that makes both equations true.


Elimination is an algebra method for finding that same point without drawing the graph.


Brief Summary


To solve a system by elimination, you combine equations so one variable disappears. Then you solve for the remaining variable and substitute back to find the other one.


If needed, multiply one or both equations first to create opposite coefficients. Always check your final answer in both original equations.


  
  Put what you read to the test

  You've worked through Solving Systems by Elimination. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/722






  [image: 📝]   Lesson 33: Special Cases in Systems

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/764




  Special Cases in Systems of Linear Equations


When you solve a system of linear equations, you are looking for a point that makes both equations true at the same time.


Usually, two lines cross once, so a system has one solution. But sometimes a system has a special case. The lines might never cross, or they might lie on top of each other.


In this lesson, you will learn how to recognize the two special cases in systems:


  	No solution: the lines are parallel and never meet

  	Infinitely many solutions: the two equations represent the same line




Understanding these cases helps you know what a system means before you even finish solving it.


1. Review: What is a solution to a system?


A system of linear equations has two equations with the same variables, such as x and y.


Example:

y=2x+1y=−x+4


A solution is an ordered pair (x,y) that works in both equations.


Graphically, the solution is where the two lines intersect.


There are three possible outcomes for a system of linear equations:


  	One solution: the lines intersect once

  	No solution: the lines never intersect

  	Infinitely many solutions: the lines are the same line




2. No solution: Parallel lines


Two lines are parallel if they have the same slope but different y-intercepts.


That means they rise or fall at the same rate, so they stay the same distance apart and never meet.


For example:

y=3x+2y=3x−5


Both lines have slope 3, but their y-intercepts are different: 2 and −5.


Since the lines are parallel, there is no point where they intersect.


So this system has no solution.


How to spot no solution algebraically


When solving by substitution or elimination, a no-solution system often ends with a false statement.


For example, you might get:

2=7


This is never true, so the system has no solution.


3. Infinitely many solutions: Same line


Sometimes two equations look different at first, but they actually represent the same line.


If that happens, every point on the line is a solution to both equations.


That means the system has infinitely many solutions.


Example:

y=2x+32y=4x+6


If we divide the second equation by 2, we get:

y=2x+3


Now both equations are exactly the same.


So the two lines lie on top of each other, and the system has infinitely many solutions.


How to spot infinitely many solutions algebraically


When solving, you may end with a true statement such as:

0=0

or

5=5


This means the two equations are equivalent, so the system has infinitely many solutions.


4. Comparing the three types of systems



  	One solution: different slopes, so the lines cross once

  	No solution: same slope, different y-intercepts, so the lines are parallel

  	Infinitely many solutions: same slope and same y-intercept, so the equations are the same line




If the equations are in slope-intercept form, y=mx+b:


  	m is the slope

  	b is the y-intercept




You can often decide the type of solution by comparing m and b.


5. Worked Examples


Example 1: Identify a system with no solution from slope-intercept form


Determine whether the system has one solution, no solution, or infinitely many solutions:

y=−2x+4y=−2x−1


Step 1: Compare the slopes.

Both lines have slope −2.


Step 2: Compare the y-intercepts.

The y-intercepts are 4 and −1, which are different.


Conclusion: The lines are parallel, so the system has no solution.


Example 2: Identify a system with infinitely many solutions


Determine whether the system has one solution, no solution, or infinitely many solutions:

3x+y=9y=−3x+9


Step 1: Rewrite the first equation in slope-intercept form.

3x+y=9

Subtract 3x from both sides:

y=−3x+9


Step 2: Compare the two equations.

Both equations are:

y=−3x+9


Conclusion: They are the same line, so the system has infinitely many solutions.


Example 3: Use elimination to recognize no solution


Solve the system:

2x+y=52x+y=11


Step 1: Subtract the first equation from the second.

(2x+y)−(2x+y)=11−5

0=6


Step 2: Interpret the result.

The statement 0=6 is false.


Conclusion: The system has no solution.


This makes sense because both equations have the same left side but different right sides, so they cannot both be true for the same point.


Example 4: Use elimination to recognize infinitely many solutions


Solve the system:

4x−2y=82x−y=4


Step 1: Compare the equations.

If we multiply the second equation by 2, we get:

2(2x−y=4)

4x−2y=8


This is exactly the first equation.


Step 2: Use elimination if needed.

Subtracting one equation from the other leads to a true statement like:

0=0


Conclusion: The equations are the same line, so the system has infinitely many solutions.


6. Tips for recognizing special cases quickly



  	Put both equations in the same form, if possible. Slope-intercept form is often easiest to compare.

  	Check the slopes.
    
      	Different slopes rightarrow one solution

      	Same slopes rightarrow could be no solution or infinitely many solutions

    

  

  	Check the y-intercepts.
    
      	Same slope + different y-intercepts rightarrow no solution

      	Same slope + same y-intercept rightarrow infinitely many solutions

    

  

  	Watch for false or true statements when solving.
    
      	False statement, like 3=8 rightarrow no solution

      	True statement, like 0=0 rightarrow infinitely many solutions

    

  




7. Common mistakes to avoid



  	Mistake: Thinking same slope always means same line.
 Fix: Check the y-intercepts too.

  	Mistake: Stopping after getting 0=0 and saying the solution is 0,0.
 Fix: 0=0 means infinitely many solutions, not the point (0,0).

  	Mistake: Stopping after getting 0=5 and trying to solve more.
 Fix: A false statement means there is no solution.




8. Summary


A system of linear equations can have one solution, no solution, or infinitely many solutions.


If the lines are parallel, they never intersect, so there is no solution.


If the two equations describe the same line, then every point on that line works, so there are infinitely many solutions.


You can recognize these special cases by comparing slopes and y-intercepts or by noticing whether solving gives a false statement like 0=6 or a true statement like 0=0.


  
  Put what you read to the test

  You've worked through Special Cases in Systems. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/723
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  Systems with Fractional and Decimal Coefficients


Sometimes a system of linear equations includes fractions or decimals in front of the variables. That can make the equations look harder than they really are.


The good news is that you can often make the system easier first. Before solving, you can clear the fractions or clear the decimals. Then you solve the system using the same methods you already know: substitution or elimination.


In this lesson, you will learn how to simplify systems with fractional and decimal coefficients and then solve them step by step.


What is a system of linear equations?


A system of linear equations is a set of two equations with the same variables. A solution is an ordered pair, like (x,y), that makes both equations true.


For example, this is a system:


{12x+y=52x−y=1

The fractions do not change what the solution means. We still want to find the values of x and y that work in both equations.


Why clear fractions or decimals first?


Fractions and decimals can make arithmetic slower and more confusing. If you rewrite the equations so the coefficients are whole numbers, the solving process is usually much easier.


You are not changing the solution if you multiply every term in one equation by the same nonzero number. You are just rewriting the equation in an easier form.


Clearing fractions


To clear fractions in an equation, find the least common denominator (LCD) of all the fractions in that equation. Then multiply every term in the equation by that LCD.


Example of clearing fractions:


12x+34y=6

The denominators are 2 and 4, so the LCD is 4. Multiply every term by 4:


4(12x)+4(34y)=4(6)

2x+3y=24

Now the equation has whole-number coefficients.


Clearing decimals


To clear decimals, multiply every term by a power of 10:



  	Multiply by 10 if the greatest number of decimal places is 1.

  	Multiply by 100 if the greatest number of decimal places is 2.

  	Multiply by 1000 if the greatest number of decimal places is 3.




Example of clearing decimals:


0.3x+1.2y=4.5

There is 1 decimal place in each number, so multiply every term by 10:


10(0.3x)+10(1.2y)=10(4.5)

3x+12y=45

Now the equation is easier to use in substitution or elimination.


Important rule


When you clear fractions or decimals, you must multiply every term on both sides of the equation. If you miss a term, the equation will no longer be equivalent.


For example, in


13x+y=7

if you multiply by 3, you must multiply all terms:


3(13x)+3(y)=3(7)

x+3y=21

After clearing, choose a solving method


Once the equations are rewritten, solve the system the same way you solve any other system.



  	Use substitution when one variable is easy to isolate.

  	Use elimination when the coefficients can be made opposites easily.




Worked Example 1: One equation has fractions


Solve the system:


{12x+y=4x−y=2

Step 1: Clear the fraction in the first equation.


The LCD is 2, so multiply every term in the first equation by 2:


2(12x+y=4)

x+2y=8

Now the system is:


{x+2y=8x−y=2

Step 2: Use elimination.


Subtract the second equation from the first:


(x+2y)−(x−y)=8−2

3y=6

y=2

Step 3: Substitute to find x.


Use x−y=2:


x−2=2

x=4

Solution: (4,2)


Check:


12(4)+2=2+2=4

4−2=2

Both equations are true.


Worked Example 2: Decimals in both equations


Solve the system:


{0.5x+0.2y=3.40.3x−0.2y=0.6

Step 1: Clear decimals.


Each number has 1 decimal place, so multiply every term in both equations by 10.


{10(0.5x+0.2y=3.4)10(0.3x−0.2y=0.6)

{5x+2y=343x−2y=6

Step 2: Use elimination.


Add the equations because 2y and −2y are opposites:


(5x+2y)+(3x−2y)=34+6

8x=40

x=5

Step 3: Find y.


Substitute into 5x+2y=34:


5(5)+2y=34

25+2y=34

2y=9

y=4.5

Solution: (5,4.5)


Check:


0.5(5)+0.2(4.5)=2.5+0.9=3.4

0.3(5)−0.2(4.5)=1.5−0.9=0.6

Both equations are true.


Worked Example 3: Fractions in both equations


Solve the system:


{13x+12y=423x−12y=1

Step 1: Clear fractions in each equation.


In both equations, the denominators are 3 and 2, so the LCD is 6. Multiply each equation by 6.


First equation:


6(13x+12y=4)

2x+3y=24

Second equation:


6(23x−12y=1)

4x−3y=6

Now the system is:


{2x+3y=244x−3y=6

Step 2: Use elimination.


Add the equations:


(2x+3y)+(4x−3y)=24+6

6x=30

x=5

Step 3: Find y.


Substitute into 2x+3y=24:


2(5)+3y=24

10+3y=24

3y=14

y=143

Solution: (5,143)


It is okay if a solution includes a fraction. Clearing fractions from the equations does not mean the answer must be a whole number.


Worked Example 4: Use substitution after clearing decimals


Solve the system:


{1.2x+0.5y=7.1y=2x+1

Step 1: Clear decimals in the first equation.


The greatest number of decimal places is 1, so multiply the first equation by 10:


10(1.2x+0.5y=7.1)

12x+5y=71

Now the system is:


{12x+5y=71y=2x+1

Step 2: Use substitution.


Substitute 2x+1 for y:


12x+5(2x+1)=71

12x+10x+5=71

22x+5=71

22x=66

x=3

Step 3: Find y.


y=2(3)+1=7

Solution: (3,7)


Common mistakes to avoid



  	Forgetting to multiply every term. If you clear fractions or decimals, every term must be multiplied.

  	Using the wrong LCD. Check the denominators carefully before multiplying.

  	Only clearing one equation when both need it. Simplify each equation as needed.

  	Sign mistakes. Be careful with negative signs when adding or subtracting equations.

  	Not checking the solution. Substitute your answer back into the original equations.




Helpful strategy



  	Look at each equation.

  	If there are fractions, multiply by the LCD.

  	If there are decimals, multiply by a power of 10.

  	Rewrite the system with simpler coefficients.

  	Choose substitution or elimination.

  	Solve for both variables.

  	Check your answer in the original system.




Brief Summary


Systems with fractional and decimal coefficients can be solved just like other systems, but it helps to simplify first. Clear fractions by multiplying each equation by the least common denominator. Clear decimals by multiplying by a power of 10. Then use substitution or elimination, and always check your solution in the original equations.


  
  Put what you read to the test

  You've worked through Systems with Fractional and Decimal Coefficients. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/724






  [image: 📝]   Lesson 35: Contextual Applications of Systems

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/766




  Contextual Applications of Systems means using systems of linear equations to solve real-world problems. A system has two equations with the same two variables. The solution is the pair of values that makes both equations true at the same time.
In 8th grade, you will often use systems to model situations with costs, mixtures, rates, and break-even points. These problems may sound like stories, but they can be solved by carefully defining variables, writing equations, and solving the system.
This lesson will show you how to turn words into equations, solve the system, and explain what the answer means in the context of the problem.
Why systems are useful
Sometimes one equation is not enough. If a problem has two unknown values, you usually need two equations. Systems help us find those two unknowns together.
For example, if you buy some adult tickets and some student tickets, there are two unknowns: how many of each type were bought. If you know the total number of tickets and the total cost, you can write a system.
How to model a real-world problem with a system
	Read carefully. Decide what the unknown quantities are.
	Define variables. For example, let a be the number of adult tickets and s be the number of student tickets.
	Write two equations. Look for two facts in the problem, such as a total number and a total cost.
	Solve the system. You can use graphing, substitution, or elimination.
	Check the answer. Substitute your values back into both equations.
	Interpret the answer. Write a sentence that explains what the numbers mean in the real situation.

Clue words to look for
	Total number often leads to adding variables, like x+y=20.
	Total cost often leads to a money equation, like 5x+3y=76.
	Rate problems often use distance, time, or speed relationships.
	Mixture problems often involve amount and value.
	Break-even means two costs or earnings are equal.

Common forms of contextual systems
1. Cost problems
These problems involve prices of two different items. You may know the total number of items and the total amount spent.
A common structure is:
x+y=total number of itemsax+by=total costHere, a and b are the prices of the two items.
2. Mixture problems
These problems combine two groups or ingredients. In 8th grade, this often means mixing items with different values, such as coins or different prices.
You may know:
	the total number of items, and
	the total value

That creates a system similar to a cost problem.
3. Rate problems
Rate problems compare how fast things happen or how far things travel. You may have one situation for each equation.
For example, if two people travel different distances at different rates but for the same amount of time, you can write equations using the information given.
4. Break-even problems
A break-even point is when two amounts are equal. For example, one company may charge a starting fee plus a smaller cost per hour, while another company charges no starting fee but a larger cost per hour.
You can model each company with a linear equation. The point where the graphs meet is the break-even point.
Ways to solve systems
Graphing
Graph both equations on the same coordinate plane. The point where the lines intersect is the solution.
This method is helpful for seeing what the solution means, especially in break-even problems. But if the intersection is not at an exact grid point, graphing may only give an estimate.
Substitution
Solve one equation for one variable, then substitute that expression into the other equation.
This method works well when one equation is already written as something like y=x+4 or x=12−y.
Elimination
Add or subtract equations to remove one variable. This method is often useful in cost and mixture problems.
Worked Example 1: Ticket Cost Problem
A school play sold 30 tickets. Student tickets cost $4 each and adult tickets cost $6 each. The total money collected was $156. How many student tickets and adult tickets were sold?
Step 1: Define variables.
Let s = number of student tickets.
Let a = number of adult tickets.
Step 2: Write the equations.
The total number of tickets is 30:
s+a=30The total cost is 156 dollars:
4s+6a=156Step 3: Solve the system.
Use substitution. From the first equation:
s=30−aSubstitute into the cost equation:
4(30−a)+6a=156120−4a+6a=156120+2a=1562a=36a=18Now find s:
s=30−18=12Step 4: Write the answer.
There were 12 student tickets and 18 adult tickets sold.
Check:
12+18=304(12)+6(18)=48+108=156Both equations are true.
Worked Example 2: Coin Mixture Problem
A jar contains only nickels and dimes. There are 40 coins in all, and their total value is $3.10. How many nickels and how many dimes are in the jar?
Step 1: Define variables.
Let n = number of nickels.
Let d = number of dimes.
Step 2: Write the equations.
Total number of coins:
n+d=40Total value in cents: $3.10=310 cents
5n+10d=310Step 3: Solve the system.
It helps to simplify the second equation by dividing by 5:
n+2d=62Now subtract the first equation:
n+2d=62n+d=40Subtract:
d=22Then:
n=40−22=18Step 4: Write the answer.
The jar has 18 nickels and 22 dimes.
Check:
18+22=405(18)+10(22)=90+220=310Worked Example 3: Rate Problem
A cyclist travels at 12 miles per hour, and a runner travels at 6 miles per hour. Together they travel 54 miles in one afternoon. The cyclist rides for x hours and the runner runs for y hours. If together they spend 6 hours exercising, how long does each person exercise?
Step 1: Define variables.
Let x = hours the cyclist rides.
Let y = hours the runner runs.
Step 2: Write the equations.
Total time:
x+y=6Total distance:
12x+6y=54Step 3: Solve the system.
Divide the second equation by 6:
2x+y=9Now use the first equation:
x+y=6Subtract the first equation from the simplified second equation:
2x+y=9x+y=6Subtract:
x=3Then:
y=6−3=3Step 4: Write the answer.
The cyclist rides for 3 hours, and the runner runs for 3 hours.
Check:
12(3)+6(3)=36+18=54Worked Example 4: Break-Even Problem
Two music streaming plans have different pricing.
	Plan A charges a $10 monthly fee plus $2 per download.
	Plan B charges no monthly fee and $4 per download.

At how many downloads do the two plans cost the same? What is that cost?
Step 1: Define variables.
Let x = number of downloads.
Let y = total cost.
Step 2: Write equations for each plan.
Plan A:
y=2x+10Plan B:
y=4xStep 3: Solve the system.
At the break-even point, the costs are equal, so set the equations equal:
2x+10=4x10=2xx=5Now find the cost:
y=4(5)=20Step 4: Write the answer.
The plans cost the same at 5 downloads, and the cost is $20.
What the graph means: If you graph both lines, they intersect at (5,20). That point is the break-even point.
How to choose the right method
	Use graphing when you want to see the situation clearly, especially for break-even points.
	Use substitution when one equation is easy to solve for one variable.
	Use elimination when the equations line up nicely and one variable can be removed by adding or subtracting.

Tips for writing equations from word problems
	Always define your variables first.
	Use one equation for one fact from the problem.
	Be careful with units. For money, decide whether to use dollars or cents.
	Read the question at the end. Make sure your answer matches what is being asked.
	Check whether your answer makes sense. For example, a negative number of tickets would not make sense.

Common mistakes to avoid
	Mixing up variables: If x is adult tickets, do not use it later for student tickets.
	Forgetting total equations: Many problems include a total number and a total value.
	Using the wrong rates or costs: Match each variable with the correct number.
	Not checking the solution: A quick check can catch mistakes.
	Ignoring context: The solution to the equations must fit the real-world situation.

Quick practice thinking
If a problem says, “There are 25 animals made up of chickens and rabbits, and there are 70 legs total,” you can define variables and write:
c+r=252c+4r=70That is a system because there are two unknowns and two facts.
If a problem says, “A gym charges $15 to sign up and $8 per class, while another gym charges $11 per class with no sign-up fee,” you can write:
y=8x+15y=11xThe solution tells when the total cost is the same.
[image: 📋]   Summary
Real-world systems problems usually involve two unknowns and two relationships. To solve them, define variables, write two equations, solve the system, and explain what the answer means.
Systems can model many everyday situations, including costs, coin values, rates, and break-even points. The key is turning words into equations carefully and checking that your solution makes sense in the real situation.


  
  Put what you read to the test

  You've worked through Contextual Applications of Systems. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/725






  
    
  [image: 📖]   Chapter 6

  Proportional Relationships and Rate of Change



  [image: 📝]   Lesson 36: Unit Rates and Complex Fractions
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  Lesson: Unit Rates and Complex Fractions


When two quantities are compared using division, we call the comparison a rate. Rates are used in real life all the time. For example, miles per hour, dollars per pound, and words per minute are all rates.


A unit rate is a rate with a denominator of 1. It tells how much of one quantity there is for 1 unit of another quantity. For example, if 180 miles are traveled in 3 hours, then the unit rate is 60 miles per 1 hour, or 60 miles per hour.


In 8th grade, unit rates often involve fractions and decimals. Sometimes the rate itself looks like a fraction divided by another fraction. This is called a complex fraction.


For example, the expression 34÷12 is a complex fraction because one fraction is being divided by another fraction. Complex fractions are useful because they help us find unit rates when amounts are less than 1 or are written as fractions.


Why unit rates matter



  	They help compare situations fairly.

  	They show how much happens for 1 unit.

  	They connect arithmetic to algebra and proportional relationships.

  	They help us decide which deal, speed, or method is better.




How to find a unit rate


To find a unit rate, divide the first quantity by the second quantity.


General form:


unit rate=amountnumber of units

If the denominator is not 1, divide to make it 1.


For example, if 12 notebooks cost $3, then the cost per notebook is:


312=0.25

So the unit rate is $0.25 per notebook.


Unit rates with fractions


Sometimes one or both quantities are fractions. Then we still divide, but we may need to divide by a fraction.


Remember this rule:


To divide by a fraction, multiply by its reciprocal.


ab÷cd=ab×dc

The reciprocal of a fraction is found by flipping it. For example:



  	The reciprocal of 23 is 32.

  	The reciprocal of 54 is 45.




Understanding complex fractions as unit rates


A complex fraction often appears when we write a rate with fractional amounts. For example, suppose a machine uses 34 liter of fuel in 12 hour. The rate in liters per hour is:


3412

This means:


34÷12

Now multiply by the reciprocal:


34×21=64=32=1.5

So the unit rate is 1.5 liters per hour.


Steps for solving unit rates with complex fractions



  	Write the rate as a division problem.

  	If needed, rewrite mixed numbers as improper fractions.

  	Divide by multiplying by the reciprocal.

  	Simplify the answer.

  	Add units so the answer makes sense.




Worked Example 1: Simple fraction unit rate


A runner jogs 35 mile in 110 hour. Find the unit rate in miles per hour.


Step 1: Write the rate as division.


35÷110

Step 2: Multiply by the reciprocal.


35×101=305=6

Answer: The unit rate is 6 miles per hour.


This means the runner travels 6 miles in 1 hour if the speed stays constant.


Worked Example 2: Decimal unit rate


Three pounds of apples cost $4.50. What is the cost per pound?


We divide cost by number of pounds:


4.503=1.50

Answer: The unit rate is $1.50 per pound.


This example uses decimals, but the idea is the same. A unit rate always tells the amount for 1 unit.


Worked Example 3: Complex fraction with mixed numbers


A recipe uses 112 cups of flour to make 34 batch of muffins. How many cups of flour are needed for 1 full batch?


Step 1: Rewrite the mixed number.


112=32

Step 2: Write the unit rate.


3234=32÷34

Step 3: Multiply by the reciprocal.


32×43=126=2

Answer: The unit rate is 2 cups of flour per batch.


This tells us how much flour is needed for exactly 1 batch.


Worked Example 4: Mixed units


A car travels 126 miles using 4.5 gallons of gas. Find the unit rate in miles per gallon.


Divide miles by gallons:


1264.5=28

Answer: The car gets 28 miles per gallon.


This is a unit rate with mixed units because we are comparing miles and gallons.


How to interpret a unit rate


Finding the number is only part of the job. You must also understand what it means.



  	6 miles per hour means 6 miles are traveled in 1 hour.

  	$1.50 per pound means each pound costs $1.50.

  	2 cups per batch means each full batch needs 2 cups.

  	28 miles per gallon means the car travels 28 miles on 1 gallon.




Common mistakes to avoid



  	Reversing the division: Be careful about which quantity goes on top. For miles per hour, divide miles by hours, not hours by miles.

  	Forgetting the reciprocal: When dividing by a fraction, flip the second fraction and multiply.

  	Leaving out units: Always label the answer, such as dollars per item or miles per hour.

  	Not changing mixed numbers: Rewrite mixed numbers as improper fractions before dividing.




Quick check: Which unit rate should you use?


If the question asks:



  	cost per item, divide total cost by number of items

  	miles per hour, divide miles by hours

  	words per minute, divide words by minutes

  	ounces per serving, divide ounces by servings




Connection to proportional relationships


In a proportional relationship, the unit rate is the constant amount that connects the two quantities. If a relationship is proportional, the unit rate stays the same.


For example, if oranges cost $2 per pound, then:



  	1 pound costs $2

  	2 pounds cost $4

  	3 pounds cost $6




The cost changes, but the unit rate stays constant at $2 per pound. This constant unit rate is an important idea in understanding linear relationships later.


[image: 📋]   Summary


A rate compares two quantities using division, and a unit rate tells the amount for 1 unit. When fractions are involved, unit rates may look like complex fractions, which are solved by dividing fractions.


To solve a complex fraction, rewrite it as division and multiply by the reciprocal of the second fraction. Then simplify and include the correct units.


If you keep track of what the units mean and divide in the correct order, unit rates become a powerful way to compare situations and solve real-world problems.


  
  Put what you read to the test

  You've worked through Unit Rates and Complex Fractions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/726






  [image: 📝]   Lesson 37: Constant of Proportionality
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  Constant of Proportionality


In many real-life situations, one quantity changes at a constant rate compared to another quantity. When this happens, the relationship is called a proportional relationship.


The constant of proportionality is the number that tells how much one quantity changes for each 1 unit of the other quantity. It is the same multiplier every time.


For example, if each notebook costs $3, then the total cost is always 3 times the number of notebooks. The number 3 is the constant of proportionality.


In a proportional relationship, the equation has the form:


y=kx


Here:


  	
    
      
        x
       is one quantity
    

  

  	
    
      
        y
       is the other quantity
    

  

  	
    
      
        k
       is the constant of proportionality
    

  




You can find the constant of proportionality by dividing:


k=yx


This works only when the relationship is proportional and the ratio stays the same.


How to recognize a proportional relationship



  	
    The ratio yx is the same for all pairs of values.

  

  	
    The equation can be written as y=kx.

  

  	
    Its graph is a straight line that goes through the origin, which is the point (0,0).

  

  	
    In words, one quantity is a constant multiple of the other.

  




Finding the constant of proportionality from a table


Look at each pair of values and divide y by x. If the result is always the same, that result is the constant of proportionality.


Worked Example 1: Table


A table shows the number of bags of apples and the total cost.



  BagsCost1428312520



Let x = number of bags and y = cost.


Now divide cost by number of bags:


41=4,82=4,123=4,205=4


The ratio is always 4, so the relationship is proportional.


The constant of proportionality is:


k=4


This means each bag costs $4. The equation is:


y=4x


Finding the constant of proportionality from an equation


If an equation is already written in the form y=kx, then the constant of proportionality is just the number in front of x.


Worked Example 2: Equation


Find the constant of proportionality in:


y=7x


The equation matches the form y=kx.


So:


k=7


This means y is always 7 times x.


For example:


  	
    If x=1, then y=7

  

  	
    If x=3, then y=21

  




Finding the constant of proportionality from a graph


On a graph of a proportional relationship, the line passes through the origin. To find the constant of proportionality, choose a point on the line and divide y by x.


Worked Example 3: Graph


A graph shows a line passing through (0,0) and (4,10).


Use the point (4,10):


k=yx=104=52=2.5


The constant of proportionality is:


k=2.5


So the equation is:


y=2.5x


This means for every 1 unit increase in x, y increases by 2.5.


Finding the constant of proportionality from words


Sometimes a problem describes the relationship in a sentence. Look for a phrase like:


  	
    "for each"

  

  	
    "per"

  

  	
    "times as much"

  




These often tell you the constant of proportionality.


Worked Example 4: Verbal Description


A machine fills 6 bottles every minute. Let x be the number of minutes and y be the number of bottles filled.


The machine fills 6 bottles for each 1 minute, so the constant of proportionality is 6.


k=6


The equation is:


y=6x


If the machine runs for 4 minutes, then:


y=6(4)=24


So it fills 24 bottles.


How to tell when a relationship is not proportional


Not every table, graph, or equation shows a proportional relationship.


A relationship is not proportional if:


  	
    The ratio yx is not constant

  

  	
    The graph does not go through (0,0)

  

  	
    The equation is not in the form y=kx

  




For example, the equation


y=3x+2


is not proportional because of the +2. It does not match the form y=kx.


Common mistakes to avoid



  	
    Mixing up the order of division: If the relationship is written as y=kx, find k using yx, not xy.

  

  	
    Assuming every straight line is proportional: A graph must be a straight line and pass through the origin.

  

  	
    Using a table without checking all rows: Make sure the ratio is the same for every pair.

  

  	
    Forgetting what k means: It tells how much y there is for each 1 unit of x.

  




Quick check



  	
    In the equation y=9x, what is the constant of proportionality?

  

  	
    If a table has pairs (2,6), (4,12), and (5,15), what is k?

  

  	
    A runner goes 8 miles per hour. If x is hours and y is miles, write the equation.

  

  	
    Is y=5x+1 proportional? Why or why not?

  




Answers



  	
    k=9

  

  	
    62=3, 124=3, 155=3, so k=3

  

  	
    y=8x

  

  	
    No. It is not proportional because it is not in the form y=kx.

  




[image: 📋]   Summary


The constant of proportionality is the constant multiplier in a proportional relationship. It tells how much one quantity changes for each 1 unit of another quantity.


You can find it from a table, graph, equation, or verbal description. In every case, look for the same idea: a relationship that can be written as


y=kx


and where


k=yx


If the ratio stays constant, the relationship is proportional. If it does not, then it is not proportional.


  
  Put what you read to the test

  You've worked through Constant of Proportionality. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/727






  [image: 📝]   Lesson 38: Graphing Proportional Relationships

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/769




  Graphing Proportional Relationships


In 8th grade, you learn that some quantities change together in a very special way. When one quantity is always a constant multiple of another, the relationship is called proportional.


For example, if apples cost $2 each, then the total cost is always 2 times the number of apples. If you buy 1 apple, the cost is $2. If you buy 3 apples, the cost is $6. If you buy 10 apples, the cost is $20. The ratio stays the same, so this is a proportional relationship.


When we graph a proportional relationship, the graph has an important pattern: it forms a straight line that passes through the origin.


The origin is the point (0,0). It means that when one quantity is 0, the other quantity is also 0. This makes sense in proportional situations. If you buy 0 apples, the cost is $0.


1. What makes a relationship proportional?


A relationship is proportional if it can be written in the form


y=kx

In this equation:


  	x is one quantity,

  	y is the other quantity,

  	k is the constant of proportionality.




The constant of proportionality tells how much y changes for each 1 unit of x. It is also the unit rate.


For example, in


y=3x

the constant of proportionality is 3. This means for every 1 unit increase in x, y increases by 3.


2. Key features of the graph


A graph of a proportional relationship has these features:


  	It is a straight line.

  	It passes through the origin, (0,0).

  	The slope, or steepness, is the constant of proportionality.




If the constant of proportionality is larger, the line is steeper. If it is smaller, the line is less steep.


3. How to graph a proportional relationship


There are two common ways to graph a proportional relationship.


Method A: Start with an equation


  	Write the equation in the form y=kx.

  	Plot the origin, (0,0).

  	Choose some x-values.

  	Use the equation to find the matching y-values.

  	Plot the points.

  	Draw a straight line through the points.




Method B: Start with a table


  	Check whether the ratios yx are the same for all nonzero x-values.

  	If the ratio is constant, the relationship is proportional.

  	Plot the ordered pairs.

  	Make sure the graph forms a straight line through (0,0).




4. Why does the graph go through the origin?


In a proportional relationship, if x=0, then


y=k(0)=0

So the point (0,0) must be on the graph. This is one of the easiest ways to recognize a proportional graph.


If a straight line does not go through the origin, then it is not proportional.


Worked Example 1: Graphing from an equation


Graph the relationship


y=2x

Step 1: Identify the constant of proportionality.

Here, k=2.


Step 2: Make a table of values.



  	If x=0, then y=2(0)=0

  	If x=1, then y=2(1)=2

  	If x=2, then y=2(2)=4

  	If x=3, then y=2(3)=6




So the points are:


(0,0),(1,2),(2,4),(3,6)

Step 3: Plot the points and draw a line.

The points form a straight line through the origin. This confirms the relationship is proportional.


What does the graph mean?

For every 1 unit increase in x, the value of y increases by 2.


Worked Example 2: Graphing from a table


A car travels at a constant speed. The table shows time and distance.



  	1 hour \(\) 50 miles

  	2 hours \(\) 100 miles

  	3 hours \(\) 150 miles

  	4 hours \(\) 200 miles




Let x be time in hours and y be distance in miles.


Step 1: Check the ratios.


501=50,1002=50,1503=50,2004=50

The ratio yx is always 50, so this is a proportional relationship.


Step 2: Write the equation.


y=50x

Step 3: Graph the points.


(1,50),(2,100),(3,150),(4,200)

Also include the origin:


(0,0)

Step 4: Draw the line.

The graph is a straight line through the origin.


Interpretation: The car travels 50 miles each hour. The constant of proportionality is 50.


Worked Example 3: Deciding whether a graph is proportional


Suppose a line is straight, but it passes through (0,3) instead of (0,0).


Is it proportional?


No. Even though the graph is a straight line, it does not pass through the origin. That means it cannot represent a proportional relationship.


A proportional graph must match the form


y=kx

But a line through (0,3) would look more like


y=kx+3

This is linear, but not proportional.


Worked Example 4: Finding the constant of proportionality from a graph


A graph passes through the points (0,0) and (4,12). Is the relationship proportional, and what is the constant of proportionality?


Step 1: Check for the origin.

Since the graph passes through (0,0), it could be proportional.


Step 2: Find the constant of proportionality.

Use


k=yx

Using the point (4,12):


k=124=3

So the equation is


y=3x

Conclusion: Yes, the relationship is proportional, and the constant of proportionality is 3.


5. Connecting graphs, tables, and equations


For proportional relationships, these three forms all show the same idea:


  	Table: The ratio yx stays constant.

  	Equation: The rule is y=kx.

  	Graph: The points lie on a straight line through the origin.




If you can move between these forms, you understand the relationship well.


6. Common mistakes to avoid


  	Forgetting the origin: A proportional graph must go through (0,0).

  	Only checking if it is a straight line: Not every straight line is proportional.

  	Mixing up x and y: Be careful which quantity goes on each axis.

  	Not checking the ratio: In a proportional relationship, yx must stay the same.




7. Quick checklist for graphing proportional relationships


  	Can the relationship be written as y=kx?

  	Is the ratio yx constant?

  	Does the graph make a straight line?

  	Does the line pass through (0,0)?




If the answer to all of these is yes, then the relationship is proportional.


[image: 📋]   Summary


A proportional relationship can be written as y=kx, where k is the constant of proportionality. On a graph, proportional relationships form straight lines that pass through the origin.


To graph one, plot (0,0), use the equation or table to find more points, and draw a straight line. Always remember: straight line + origin = proportional relationship.


  
  Put what you read to the test

  You've worked through Graphing Proportional Relationships. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/728
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  Unit Rate as Slope


In 8th grade math, you learn that a proportional relationship can be shown in a table, an equation, a graph, or a real-world situation.


When a relationship is proportional, one quantity is always a constant multiple of the other. This means the ratio stays the same.


That constant ratio is called the unit rate. On a graph, this same idea is called the slope.


This lesson will help you see how unit rate, slope, and the steepness of a graph are connected.


1. What is a unit rate?


A rate compares two different kinds of quantities, like miles and hours, dollars and pounds, or pages and minutes.


A unit rate tells how much of one quantity there is for 1 unit of the other quantity.


For example, if a car travels 120 miles in 3 hours, the unit rate is:


1203=40

So the car travels 40 miles per hour.


This means that for every 1 hour, the car goes 40 miles.


2. What is slope?


Slope tells how much the output changes when the input changes.


On a graph, slope measures how steep a line is.


Slope is often written as:


slope=riserun

Rise means the vertical change, and run means the horizontal change.


It can also be written using coordinates:


m=y2−y1x2−x1

Here, the slope compares the change in y to the change in x.


3. How are unit rate and slope connected?


In a proportional relationship, the graph is a straight line that goes through the origin, which is (0,0).


The equation of a proportional relationship is:


y=kx

The number k is the constant of proportionality.


That same number k is also the unit rate and the slope.


So in a proportional relationship:



  	constant of proportionality = unit rate = slope




This is a very important idea. It means that if you know one of these, you know all three.


4. Why does slope represent unit rate?


Think about a graph where x is hours and y is miles traveled.


If the slope is 40, that means:


change in mileschange in hours=40

So for every 1 hour, the miles increase by 40.


That is exactly what a unit rate means: 40 miles for 1 hour.


So the slope tells the unit rate when the relationship is proportional.


5. Steepness and slope


The slope also tells how steep the line looks on the graph.



  	A greater positive slope means a steeper line going upward from left to right.

  	A smaller positive slope means a less steep line going upward.

  	If the slope is 0, the line is flat.




For proportional relationships in this lesson, we usually focus on positive slopes.


Compare these ideas:



  	A line with slope 5 rises 5 units for every 1 unit it runs.

  	A line with slope 2 rises 2 units for every 1 unit it runs.




The line with slope 5 is steeper because it goes up more quickly.


6. Finding unit rate from a table


If a relationship is proportional, you can find the unit rate by dividing y by x.


If the value of yx is always the same, then the relationship is proportional, and that value is the slope.


Worked Example 1: Table to unit rate and slope


A bicyclist rides the distances shown below.



  	1 hour → 12 miles

  	2 hours → 24 miles

  	3 hours → 36 miles




Find the unit rate and slope.


Step 1: Divide distance by time.


121=12,242=12,363=12

Step 2: Since the ratio is always 12, the relationship is proportional.


Step 3: The unit rate is 12 miles per hour.


Step 4: The slope is also 12.


If you graph the points, the line goes through the origin and rises 12 for every 1 it runs.


7. Finding slope from a graph


When points are on a graph, you can count rise and run between two points.


If the graph represents a proportional relationship, the slope you find is the unit rate.


Worked Example 2: Graph idea using points


Suppose a line goes through (0,0) and (4,20).


Find the slope and explain the unit rate.


Step 1: Use rise over run.


slope=20−04−0=204=5

Step 2: The slope is 5.


Step 3: Because the line goes through the origin, this is a proportional relationship.


Step 4: The unit rate is 5.


This means the quantity increases by 5 units of y for every 1 unit of x.


8. Finding slope from an equation


In a proportional relationship, the equation has the form:


y=kx

The number multiplying x is the slope and the unit rate.


Worked Example 3: Equation to unit rate and slope


A relationship is given by:


y=3.5x

Find the slope and explain what it means.


Step 1: Compare the equation to y=kx.


Here, k=3.5.


Step 2: The slope is 3.5.


Step 3: The unit rate is also 3.5.


This means that for every increase of 1 in x, y increases by 3.5.


For example, if x represents pounds and y represents cost, then the cost is $3.50 per pound.


9. Using two points to find slope


Even if you are not given the origin, you can still find slope using any two points on the line.


If the relationship is proportional, the line will still pass through the origin, even if it is not shown in the problem.


Worked Example 4: Two points on a proportional line


A line includes the points (2,14) and (5,35).


Find the slope and unit rate.


Step 1: Use the slope formula.


m=35−145−2=213=7

Step 2: The slope is 7.


Step 3: Check the ratio yx.


142=7and355=7

Since the ratio is constant, the relationship is proportional.


Step 4: The unit rate is 7.


This means y increases by 7 for every 1 increase in x.


10. How to tell whether unit rate equals slope


The unit rate equals the slope when the relationship is proportional.


You can check for a proportional relationship in these ways:



  	The graph is a straight line through (0,0).

  	The equation is in the form y=kx.

  	The ratio yx is constant in a table.




If these are true, then the slope is the unit rate.


11. Common mistakes to avoid



  	Mixing up rise and run: Slope is riserun, not the other way around.

  	Using subtraction in the wrong order: In y2−y1x2−x1, keep the order the same in the top and bottom.

  	Assuming every line shows a proportional relationship: The line must go through the origin.

  	Forgetting the meaning: Slope is not just a number. It tells how much y changes for each 1 unit of x.




12. Quick check for understanding


Ask yourself these questions when solving a problem:



  	Is the relationship proportional?

  	What does 1 unit of x represent?

  	How much does y change for that 1 unit?

  	Does the graph’s steepness match the slope value?




13. Summary


In a proportional relationship, the unit rate and the slope are the same number.


This number tells how much y changes for every 1 unit increase in x.


On a graph, slope also shows the steepness of the line. A greater slope means a steeper line.


You can find this value from a table, a graph, two points, or an equation like y=kx.


Remember: in proportional relationships, constant of proportionality = unit rate = slope.


  
  Put what you read to the test

  You've worked through Unit Rate as Slope. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/729
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  Comparing Proportional Relationships


In 8th Grade maths, you will often see situations where two quantities change together. For example, the number of notebooks you buy and the total cost, or the number of hours worked and the amount of money earned.


When one quantity is always a constant multiple of the other, the relationship is called a proportional relationship.


A big skill is being able to compare two proportional relationships, even when they are shown in different ways, such as:


  	an equation,

  	a table,

  	a graph, or

  	a word description.




This lesson will help you figure out which relationship has the greater rate, how to read the unit rate from different forms, and how to compare them correctly.


1. What is a proportional relationship?


A proportional relationship can be written in the form

y=kx


Here, k is the constant of proportionality. It tells how much y changes for each 1 unit of x.


This constant is also called the unit rate or the rate of change in proportional situations.


For example, if

y=4x

then the constant of proportionality is 4. This means for every 1 increase in x, y increases by 4.


2. Key idea when comparing proportional relationships


To compare two proportional relationships, find the unit rate for each one.


Then ask:


  	Which one has the greater constant of proportionality?

  	Which one grows faster?

  	Which gives more output for the same input?




If one relationship has a larger unit rate, then it has the steeper graph and the larger value of k.


3. How to recognize a proportional relationship in different forms


From an equation:

If the equation is written as

y=kx

then the constant of proportionality is the number multiplying x.


Example: In y=7x, the unit rate is 7.


From a table:

Divide y by x for any pair of values.

If the ratio yx is always the same, then the relationship is proportional, and that common ratio is the unit rate.


From a graph:

A proportional relationship is shown by a straight line that passes through the origin, which is (0,0).


To find the unit rate from the graph, choose a point on the line and compute

unit rate=yx


This is also the slope of the line in a proportional relationship.


From a word description:

Look for a constant rate such as:


  	"$3 per notebook"

  	"travels 60 miles each hour"

  	"earns $12 for each hour worked"




That constant rate is the unit rate.


4. Comparing relationships shown in different ways


Sometimes one relationship is given as an equation and the other as a graph. Or one might be in a table and the other in words. The method is always the same:


  	Find the unit rate for the first relationship.

  	Find the unit rate for the second relationship.

  	Compare the two rates.




The relationship with the greater unit rate has:


  	the larger constant of proportionality,

  	the steeper line on a graph,

  	and the greater output for the same input.




Worked Example 1: Equation vs. Equation


Compare these two proportional relationships:


  	Relationship A: y=5x

  	Relationship B: y=3x




Step 1: Find the unit rate for each.


  	For A, the constant of proportionality is 5.

  	For B, the constant of proportionality is 3.




Step 2: Compare.

Since 5>3, Relationship A has the greater rate of change.


Conclusion: For the same value of x, Relationship A gives a larger value of y.


Worked Example 2: Table vs. Equation


Compare the relationship shown in the table with the equation y=6x.



  	x	y

  	1	4

  	2	8

  	3	12




Step 1: Find the unit rate from the table.

Compute yx:


  	41=4

  	82=4

  	123=4




The table shows a proportional relationship with unit rate 4.


Step 2: Find the unit rate from the equation.

In y=6x, the unit rate is 6.


Step 3: Compare.

Since 6>4, the equation y=6x represents the greater proportional relationship.


Conclusion: The equation grows faster than the relationship in the table.


Worked Example 3: Graph vs. Equation


Suppose Relationship A is shown by a graph that passes through the points (0,0) and (2,10). Relationship B is given by

y=4x


Which relationship has the greater unit rate?


Step 1: Find the unit rate from the graph.

Use the point (2,10):

yx=102=5


So Relationship A has unit rate 5.


Step 2: Find the unit rate from the equation.

Relationship B has unit rate 4.


Step 3: Compare.

Since 5>4, the graph represents the greater proportional relationship.


Conclusion: The line on the graph is steeper than the graph of y=4x.


Worked Example 4: Word description vs. Graph


Relationship A: A taxi charges $2 per mile.


Relationship B is shown on a graph passing through (0,0) and (3,9).


Which relationship has the greater rate?


Step 1: Find the unit rate for Relationship A.

"$2 per mile" means the unit rate is 2.


Step 2: Find the unit rate for Relationship B.

Use the point (3,9):

93=3


So Relationship B has unit rate 3.


Step 3: Compare.

Since 3>2, Relationship B has the greater rate.


Conclusion: Relationship B increases more for each 1 unit of input.


5. Important graph facts



  	A proportional relationship must be a straight line.

  	It must pass through the origin, (0,0).

  	A steeper line means a greater unit rate, if the lines are increasing.

  	The ratio yx stays constant for every point on the line, except when x=0.




6. Common mistakes to avoid



  	Do not just compare points without finding the unit rate. Two relationships may use different x-values, so compare the rate, not just the y-values.

  	Do not assume every line is proportional. If a graph does not pass through (0,0), it is not a proportional relationship.

  	Do not mix up x and y. For proportional relationships, use yx to find the constant of proportionality.

  	Do not forget the meaning of the rate. A unit rate describes how much output changes for each 1 unit of input.




7. Quick strategy you can always use


When you need to compare two proportional relationships, ask yourself:


  	Is each relationship proportional?

  	What is the unit rate of the first one?

  	What is the unit rate of the second one?

  	Which unit rate is larger?




If the unit rates are equal, then the two relationships are the same proportional relationship, even if they are shown in different forms.


8. Final summary


Comparing proportional relationships means comparing their constant of proportionality, also called the unit rate.


No matter how the relationship is shownby equation, table, graph, or wordsyou can find the rate and compare it.


Remember: in a proportional relationship, the equation looks like y=kx, the graph is a straight line through the origin, and the ratio yx stays constant.


Once you know the unit rates, you can decide which relationship increases faster or whether they are equal.


  
  Put what you read to the test

  You've worked through Comparing Proportional Relationships. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/730
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  Percent Applications Review


Percent means “out of 100”. When we say 25%, we mean 25 out of 100, or 25100, which is the same as 0.25.


In real life, percents are used in many situations, such as sales, taxes, tips, markups, markdowns, discounts, and simple interest. To solve these problems, it helps to remember that percent problems are really proportional reasoning problems.


In this lesson, you will review how to:


  	find a percent of a number,

  	find a new price after a markup or markdown,

  	add sales tax,

  	find simple interest.




1. Changing a percent into a decimal


To use a percent in calculations, change it to a decimal by dividing by 100, or moving the decimal point two places left.



  	15%=0.15

  	8%=0.08

  	125%=1.25




This is important because to find a percent of an amount, you multiply by the decimal form of the percent.


2. Finding a percent of a number


To find p% of a number, use:


percent amount=(decimal form of percent)(whole amount)

For example, to find 20% of 50:


0.20×50=10

So, 20% of 50 is 10.


This idea is the foundation for all percent applications. In markup, markdown, tax, and interest, you first find the percent amount, then combine it with the original amount.


3. Markup


A markup is an amount added to the original price. Stores may mark up items to make a profit.


To solve a markup problem:


  	Find the markup amount.

  	Add it to the original price.




Formula:


markup=(markup rate)(original price)

new price=original price+markup

4. Markdown


A markdown is an amount subtracted from the original price. This usually happens during a sale or discount.


To solve a markdown problem:


  	Find the markdown amount.

  	Subtract it from the original price.




Formula:


markdown=(markdown rate)(original price)

sale price=original price−markdown

5. Sales tax


Sales tax is an extra amount added to the price of an item when you buy it.


To solve a sales tax problem:


  	Find the tax amount.

  	Add it to the original price.




Formula:


tax=(tax rate)(price)

total cost=price+tax

6. Simple interest


Simple interest is money earned or paid based only on the original amount of money.


The original amount is called the principal.


The simple interest formula is:


I=Prt

where:


  	I = interest

  	P = principal

  	r = annual interest rate as a decimal

  	t = time in years




After finding the interest, you can find the total amount:


A=P+I

7. One-step shortcut using percent multipliers


Sometimes you can find the final amount in one step.



  	For a 15% markup or tax, multiply by 1.15.

  	For a 20% markdown, multiply by 0.80.




Why does this work?


If an item increases by 15%, then the new amount is:


100%+15%=115%=1.15

If an item decreases by 20%, then the new amount is:


100%−20%=80%=0.80

This shortcut is helpful, but make sure you understand the two-step method first.


Worked Example 1: Finding a markdown


A jacket costs $60. It is on sale for 25% off. What is the sale price?


Step 1: Find the markdown amount.


0.25×60=15

The discount is $15.


Step 2: Subtract the markdown from the original price.


60−15=45

Answer: The sale price is $45.


You could also use the shortcut:


60×0.75=45

Since 25% off means you pay 75% of the original price.


Worked Example 2: Adding sales tax


A video game costs $48. The sales tax rate is 7.5%. What is the total cost?


Step 1: Change the tax rate to a decimal.


7.5%=0.075

Step 2: Find the tax amount.


0.075×48=3.60

The tax is $3.60.


Step 3: Add the tax to the original price.


48+3.60=51.60

Answer: The total cost is $51.60.


You could also use the multiplier 1.075:


48×1.075=51.60

Worked Example 3: Markup


A store buys a backpack for $32 and marks it up 40%. What is the new price?


Step 1: Find the markup.


0.40×32=12.80

The markup is $12.80.


Step 2: Add the markup to the original price.


32+12.80=44.80

Answer: The new price is $44.80.


Using the multiplier method:


32×1.40=44.80

Worked Example 4: Simple interest


You deposit $500 into a savings account that earns 6% simple interest each year for 3 years. How much interest will you earn, and what will be the total amount?


Use the simple interest formula:


I=Prt

Substitute the values:


I=500(0.06)(3)

I=90

The interest earned is $90.


Now find the total amount:


A=P+I=500+90=590

Answer: You will earn $90 in interest, and the total amount will be $590.


How to decide whether to add or subtract


A common mistake is using the percent correctly but then doing the wrong operation. Use these clues:



  	Markup means add.

  	Tax means add.

  	Markdown, discount, or sale means subtract.

  	Simple interest earned is usually added to the principal to get the total.




Common mistakes to avoid



  	Forgetting to change the percent to a decimal.

  	Subtracting when you should add, or adding when you should subtract.

  	Finding only the tax, markup, or discount amount, but not the final total.

  	In simple interest problems, forgetting that t is in years.




Helpful problem-solving steps



  	Read the problem carefully.

  	Identify the original amount.

  	Identify the percent rate.

  	Decide whether the percent amount should be added or subtracted.

  	Calculate carefully and label your answer.




Quick Review



  	Percent means out of 100.

  	To find a percent of a number, multiply by the decimal form.

  	Markup and tax increase a price.

  	Markdown decreases a price.

  	Simple interest uses the formula I=Prt.




[image: 📋]   Summary


Percent applications are all about finding a part of an amount and then using it in context. In shopping problems, you may add a markup or tax, or subtract a markdown. In money problems, simple interest tells how much extra money is earned or owed based on the original amount.


If you remember to change the percent to a decimal, multiply correctly, and then decide whether to add or subtract, you can solve many real-world percent problems with confidence.


  
  Put what you read to the test

  You've worked through Percent Applications Review. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/731






  
    
  [image: 📖]   Chapter 7

  Linear Relationships and Slope
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  Lesson: Slope from a Graph


When you look at a line on a coordinate plane, you can describe how steep it is and whether it goes up or down. That measurement is called the slope.


Slope tells us how much a line changes vertically compared to how much it changes horizontally. Another way to say this is rise over run.


In math, slope is written as:


slope=riserun


If you can read points from a graph, you can find the slope of a line.


1. What slope means



  	Rise means how far you move up or down.

  	Run means how far you move left or right.

  	Slope compares these two changes.




If a line goes up as you move to the right, the slope is positive.

If a line goes down as you move to the right, the slope is negative.

If a line is completely flat, the slope is 0.

If a line goes straight up and down, the slope is undefined because the run is 0.


2. How to find slope from a graph


To find slope from a graph, follow these steps:



  	Find two points on the line that land exactly on grid intersections.

  	Start at one point and move to the other point.

  	Count the rise: how many units up or down.

  	Count the run: how many units right.

  	Write the slope as riserun and simplify if needed.




It is usually easiest to move left to right. That helps you keep the sign correct.


3. Positive, negative, zero, and undefined slope



  	Positive slope: line rises from left to right

  	Negative slope: line falls from left to right

  	Zero slope: horizontal line

  	Undefined slope: vertical line




These are important because they tell you what the graph looks like even before you calculate the exact slope.


4. Using coordinates from the graph


If the graph shows two points, you can also use their coordinates. Suppose the points are (x1,y1) and (x2,y2). Then:


m=y2−y1x2−x1


Here, m stands for slope. This is another way to say rise over run.


For 8th Grade, it is often easiest to count on the graph first, then check with the coordinates.


Worked Example 1: Positive slope


A line passes through the points (1,2) and (4,5).


Start at (1,2) and move to (4,5).



  	Rise: from 2 to 5 is up 3

  	Run: from 1 to 4 is right 3




So the slope is:


33=1


Answer: The slope is 1.


This means the line goes up 1 unit for every 1 unit it moves right.


Worked Example 2: Negative slope


A line passes through the points (2,6) and (6,2).


Move from left to right, starting at (2,6).



  	Rise: from 6 to 2 is down 4, so the rise is −4

  	Run: from 2 to 6 is right 4, so the run is 4




Now find the slope:


−44=−1


Answer: The slope is −1.


This means the line goes down 1 unit for every 1 unit it moves right.


Worked Example 3: Fraction slope


A line passes through the points (0,1) and (4,3).



  	Rise: from 1 to 3 is up 2

  	Run: from 0 to 4 is right 4




So the slope is:


24=12


Answer: The slope is 12.


This means the line goes up 1 unit for every 2 units it moves right.


Worked Example 4: Zero and undefined slope


Horizontal line: Suppose a line passes through (1,4) and (5,4).



  	Rise: from 4 to 4 is 0

  	Run: from 1 to 5 is 4




04=0


The slope is 0.


Vertical line: Suppose a line passes through (3,1) and (3,6).



  	Rise: from 1 to 6 is 5

  	Run: from 3 to 3 is 0




50


You cannot divide by 0, so the slope is undefined.


5. Important tips when reading a graph



  	Choose points that are exactly on the line and on grid corners.

  	Move in the same direction each time, usually left to right.

  	If you move down, your rise is negative.

  	If you use coordinates, subtract in the same order for top and bottom of the fraction.

  	Simplify the fraction if possible.




6. Common mistakes to avoid



  	Mixing up rise and run: rise is vertical, run is horizontal.

  	Forgetting the sign: down means negative rise.

  	Counting spaces incorrectly: count the units carefully on the grid.

  	Using points not on the line: make sure both points are really on the line.

  	Calling a vertical line slope 0: vertical lines have undefined slope, not 0.




7. Quick check: what kind of slope is it?



  	Line goes up to the right → positive

  	Line goes down to the right → negative

  	Line is flat → 0

  	Line is straight up and down → undefined




8. Practice thinking


If a line rises 5 and runs 2, the slope is:

52


If a line goes down 3 and right 6, the slope is:

−36=−12


If a line does not rise at all, the slope is:

0


[image: 📋]   Summary


Slope tells how steep a line is and whether it goes up or down. To find slope from a graph, pick two points on the line and count rise over run.


Remember:



  	Positive slope: up to the right

  	Negative slope: down to the right

  	Zero slope: horizontal line

  	Undefined slope: vertical line




If you carefully count vertical change and horizontal change, you can find the slope of any line shown on a graph.


  
  Put what you read to the test

  You've worked through Slope from a Graph. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/732
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  The Slope Formula


When we look at a line on a coordinate plane, one important idea is its slope. Slope tells us how steep a line is and whether it goes up, down, or stays flat as we move from left to right.


The slope formula helps us find the slope when we know two points on a line.


The formula is:


m=y2−y1x2−x1


Here, m stands for slope. The points are written as (x1,y1) and (x2,y2).


This formula means:


  	Subtract the y-values to find the change in y, also called the rise.

  	Subtract the x-values to find the change in x, also called the run.

  	Then divide.




So slope can also be thought of as:


slope=riserun


Why order matters: If you use y2−y1 on top, then you must use x2−x1 on the bottom in the same order. If you switch the order for both, the slope will still be correct. But if you switch only the top or only the bottom, your answer will be wrong.


How to use the slope formula


  	Write the two points.

  	Label one point as (x1,y1) and the other as (x2,y2).

  	Substitute the numbers into the formula.

  	Simplify carefully.




Example 1: Positive slope


Find the slope of the line through (1,2) and (5,10).


Step 1: Use the formula.


m=y2−y1x2−x1


Let (x1,y1)=(1,2) and (x2,y2)=(5,10).


Step 2: Substitute.


m=10−25−1


Step 3: Simplify.


m=84=2


The slope is 2.


This means the line goes up 2 units for every 1 unit it moves to the right.


Example 2: Negative slope


Find the slope of the line through (3,7) and (8,2).


Use (x1,y1)=(3,7) and (x2,y2)=(8,2).


m=2−78−3


m=−55=−1


The slope is -1.


A negative slope means the line goes down as you move from left to right.


Example 3: A fractional slope


Find the slope of the line through (−2,1) and (4,5).


Let (x1,y1)=(−2,1) and (x2,y2)=(4,5).


m=5−14−(−2)


Notice that subtracting a negative becomes addition.


m=46


m=23


The slope is 23.


This means the line rises 2 units for every 3 units it moves to the right.


Example 4: Zero slope


Find the slope of the line through (2,4) and (7,4).


Use the formula:


m=4−47−2


m=05=0


The slope is 0.


A slope of 0 means the line is horizontal. It does not go up or down.


Special case: Undefined slope


What if the x-values are the same? For example, the points (3,1) and (3,6).


m=6−13−3=50


Division by 0 is not possible, so the slope is undefined.


An undefined slope means the line is vertical.


What the sign of the slope tells you


  	Positive slope: the line rises from left to right.

  	Negative slope: the line falls from left to right.

  	Zero slope: the line is horizontal.

  	Undefined slope: the line is vertical.




Common mistakes to avoid


  	Mixing the order: If you subtract the y-values in one order, subtract the x-values in that same order.

  	Forgetting negative signs: Be careful when subtracting negative numbers.

  	Switching x and y: The top is always the change in y, and the bottom is always the change in x.

  	Dividing by zero: If the x-values are the same, the slope is undefined.




Quick check with reversed order


In Example 1, we used (1,2) and (5,10):


m=10−25−1=84=2


If we reverse the order of both points, we get:


m=2−101−5=−8−4=2


The slope is still 2. This shows that reversing both the top and bottom keeps the answer the same.


[image: 📋]   Summary


The slope formula is used to find the slope of a line from two points:


m=y2−y1x2−x1


Slope tells how much a line rises or falls compared to how far it moves left or right. A positive slope rises, a negative slope falls, a slope of 0 is horizontal, and an undefined slope is vertical.


When using the formula, subtract carefully and keep the order of the points consistent. With practice, the slope formula becomes a quick and useful tool for understanding linear relationships.


  
  Put what you read to the test

  You've worked through The Slope Formula. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/733






  [image: 📝]   Lesson 44: Similar Triangles and Constant Slope

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/775




  Similar Triangles and Constant Slope


When we draw a straight, non-vertical line on a coordinate plane, the line has a special property: its slope stays the same no matter which two points on the line we choose.


This lesson explains why that happens. We will use similar triangles to show that the ratio of vertical change to horizontal change is constant along a line.


Remember:


  	Rise = how much the graph goes up or down

  	Run = how much the graph goes left or right

  	Slope = riserun




For a non-vertical line, the run is never 0, so the slope is defined.


1. Review: What are similar triangles?


Two triangles are similar if they have the same shape, even if they are different sizes.


In similar triangles:


  	Matching angles are equal.

  	Matching side lengths have the same ratio.




For example, if one right triangle has legs 3 and 4, and a larger similar triangle has legs 6 and 8, then the side lengths were multiplied by 2. The triangles are different sizes, but the ratio of leg lengths stays the same:


34=68


This idea of equal ratios is the key to understanding slope.


2. Making triangles on a line


Suppose a straight line passes through several points. If we pick any two points on the line, we can draw a right triangle by moving horizontally from one point and vertically to the other point.


The horizontal side shows the run. The vertical side shows the rise.


If we choose a different pair of points on the same line, we can make another right triangle.


These right triangles will have:


  	a right angle, because horizontal and vertical segments meet at 90 degrees,

  	and the same acute angle where the line meets the horizontal side.




Because they have two matching angles, the triangles are similar.


That means the ratio

riserun

is the same for both triangles.


So the slope is constant all along the line.


3. Why slope is constant on a non-vertical line


Let two different triangles be formed on the same line.


Triangle 1 has rise r1 and run u1.

Triangle 2 has rise r2 and run u2.


Since the triangles are similar, corresponding side lengths are proportional:


r1u1=r2u2


But each of these ratios is just slope. So both triangles give the same slope.


This proves an important fact:


For any two points on the same non-vertical line, the slope is always the same.


4. Connecting this to the slope formula


If a line passes through points (x1,y1) and (x2,y2), then:


rise=y2−y1

run=x2−x1


So the slope formula is:


m=y2−y1x2−x1


This formula works because of the similar triangles idea. No matter which two points you choose on the line, the ratio stays the same.


5. Worked Example 1: Finding slope from one triangle


A line goes through the points (1,2) and (5,6). Find the slope.


Step 1: Find the rise.

6−2=4


Step 2: Find the run.

5−1=4


Step 3: Write rise over run.

m=44=1


Answer: The slope is 1.


This means the line goes up 1 unit for every 1 unit it moves right.


6. Worked Example 2: Showing slope stays the same with different points


Suppose the same line contains the points (1,2), (3,4), and (5,6).


Let us find the slope using two different pairs of points.


Using (1,2) and (3,4):

m=4−23−1=22=1


Using (1,2) and (5,6):

m=6−25−1=44=1


Both slopes are the same.


Why? The triangles made from these points are similar. One triangle may be larger, but the ratio of rise to run does not change.


7. Worked Example 3: A line with negative slope


A line passes through (2,7) and (6,3). Find the slope.


Step 1: Find the rise.

3−7=−4


Step 2: Find the run.

6−2=4


Step 3: Divide.

m=−44=−1


Answer: The slope is −1.


A negative slope means the line goes downward as you move from left to right.


If you made larger or smaller triangles on this same line, they would still be similar, and each one would still give slope −1.


8. Worked Example 4: Using similar triangles to compare slopes


On one line, a small right triangle has rise 3 and run 5. A larger triangle on the same line has run 15. What is its rise?


Since both triangles are on the same line, they are similar. So their rise-to-run ratios are equal:


35=x15


Now solve for x.


Because 15 is 3 times 5, the rise must also be 3 times 3:

x=9


Answer: The larger triangle has rise 9.


Check the slope:

35=915


The ratios match, so the slope stays constant.


9. Important idea: why we say non-vertical line


A vertical line has no horizontal change, so its run is 0.


That would make the slope:

rise0


Division by 0 is not allowed, so vertical lines have undefined slope.


That is why this idea of constant slope is stated for non-vertical lines.


10. Common mistakes to avoid


  	Mixing up rise and run. Rise is the change in y. Run is the change in x.

  	Subtracting in different orders. If you do y2−y1, then you must also do x2−x1.

  	Forgetting negative slope. If the line goes down as you move right, the slope is negative.

  	Using a vertical line. If the run is 0, the slope is undefined.




11. What this means for linear relationships


A linear relationship makes a straight line when graphed.


The constant slope tells us the line changes at a steady rate. For example, if the slope is 2, then every time x increases by 1, y increases by 2.


This steady change is what makes the graph a straight line instead of a curve.


12. Quick check for understanding


  	If two right triangles are drawn on the same non-vertical line, why are they similar?

  	If one triangle on a line has rise 4 and run 7, what is the slope?

  	If another triangle on that same line has run 14, what must its rise be?

  	What kind of line has undefined slope?




Answers:


  	They both have a right angle and share the same angle made by the line, so they have two equal angles.

  	47

  	Since the run doubled from 7 to 14, the rise also doubles from 4 to 8.

  	A vertical line.




[image: 📋]   Summary


On any straight, non-vertical line, triangles formed by rise and run are similar triangles.


Because similar triangles have equal side ratios, the ratio

riserun

is always the same.


That ratio is the slope, so the slope of a non-vertical line is constant between any two points on the line.


  
  Put what you read to the test

  You've worked through Similar Triangles and Constant Slope. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/734






  [image: 📝]   Lesson 45: The Y-Intercept
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  Lesson: The Y-Intercept


When we graph a line, one important number to look for is the y-intercept. The y-intercept tells us where the line crosses the y-axis.


This is useful because it gives us a starting point for the line. In real-world situations, the y-intercept often represents the starting amount or initial value before anything changes.


In this lesson, you will learn:


  	what the y-intercept means on a graph,

  	how to find it in an equation,

  	how to write it as a point, and

  	how to interpret it in real-life situations.




1. What is the y-intercept?


The y-intercept is the point where a line crosses the y-axis.


Every point on the y-axis has an x-coordinate of 0. So to find the y-intercept, we look for the point on the line where:


x=0


If a line crosses the y-axis at 5, then its y-intercept is the point \,(0,5).


If a line crosses the y-axis at −2, then its y-intercept is \,(0,−2).


2. Finding the y-intercept from an equation


A very common way to write a linear equation is:


y=mx+b


This is called slope-intercept form.



  	m is the slope, which tells how steep the line is.

  	b is the y-intercept, which tells where the line crosses the y-axis.




So in the equation y=mx+b, the y-intercept is just the number b.


For example:


  	In y=2x+3, the y-intercept is 3, so the point is (0,3).

  	In y=−4x+1, the y-intercept is 1, so the point is (0,1).

  	In y=12x−6, the y-intercept is −6, so the point is (0,−6).




3. Why is the x-coordinate always 0?


The y-axis is the vertical axis on a coordinate plane. Any point on that axis is not to the left or right of the origin, so its x-value must be 0.


That means every y-intercept has this form:


(0,b)


Here, b is the y-value where the line crosses the y-axis.


4. Finding the y-intercept by substituting x=0


Even if an equation is not already written as y=mx+b, you can still find the y-intercept by plugging in x=0.


This works because the y-intercept is the point where the graph crosses the y-axis, and on the y-axis, x=0.


For example, if the equation is:


y=3x−7


Substitute x=0:


y=3(0)−7=−7


So the y-intercept is:


(0,−7)


5. The y-intercept on a graph


On a graph, the y-intercept is the point where the line touches or crosses the y-axis.


To find it:


  	Locate the y-axis.

  	Find where the line crosses it.

  	Write that point as (0,y).




For example, if the line crosses the y-axis at 4, the y-intercept is (0,4).


If it crosses at −3, the y-intercept is (0,−3).


6. The y-intercept as an initial value


In many word problems, the y-intercept represents the amount you start with before the value begins to increase or decrease.


For example, suppose a taxi ride costs a starting fee of $5, and then $2 for each mile. The total cost y after x miles can be written as:


y=2x+5


Here, the y-intercept is 5. That means when x=0 miles, the cost is $5. This is the starting cost.


This is why the y-intercept is often called the initial value.


Worked Example 1: Find the y-intercept from slope-intercept form


Find the y-intercept of:


y=4x+2


Step 1: Compare the equation to y=mx+b.


Here, b=2.


Step 2: Write the intercept as a point.


Since y-intercepts are on the y-axis, x=0.


So the y-intercept is:


(0,2)


Answer: The y-intercept is 2, or as a point, (0,2).


Worked Example 2: Find the y-intercept with a negative value


Find the y-intercept of:


y=−3x−5


Step 1: Identify b.


The equation is already in the form y=mx+b, so b=−5.


Step 2: Write the point.


(0,−5)


Answer: The y-intercept is −5, and the point is (0,−5).


Worked Example 3: Find the y-intercept by substituting x=0


Find the y-intercept of:


y=6x+1


You could read it directly, but let us use substitution to practice.


Step 1: Let x=0.


y=6(0)+1


Step 2: Simplify.


y=1


Step 3: Write the point.


(0,1)


Answer: The y-intercept is (0,1).


Worked Example 4: Interpret the y-intercept in a real-world situation


A gym charges $20 to sign up and then $15 each month. The total cost after x months is:


y=15x+20


What is the y-intercept, and what does it mean?


Step 1: Identify b.


In y=15x+20, the y-intercept is 20.


Step 2: Write it as a point.


(0,20)


Step 3: Interpret it.


When x=0 months, the total cost is $20. This means the starting cost is $20, which is the sign-up fee.


Answer: The y-intercept is (0,20), and it represents the starting fee.


Common mistakes to avoid



  	Mixing up the slope and the y-intercept. In y=mx+b, m is the slope and b is the y-intercept.

  	Forgetting that the y-intercept is a point on the y-axis. The x-coordinate must always be 0.

  	Writing the intercept as (b,0). That would be an x-intercept, not a y-intercept.

  	Ignoring negative signs. In y=2x−4, the y-intercept is −4, not 4.




Quick check


Try these on your own:


  	For y=x+7, what is the y-intercept?

  	For y=−2x+9, where does the line cross the y-axis?

  	In y=5x−3, what is the initial value?




Answers:


  	(0,7)

  	(0,9)

  	−3




[image: 📋]   Summary


The y-intercept is where a line crosses the y-axis. Since every point on the y-axis has x=0, the y-intercept is always found when x=0.


In the equation y=mx+b, the number b is the y-intercept. Written as a point, it is (0,b).


In real-world problems, the y-intercept often tells the starting value or initial amount. Understanding the y-intercept helps you read graphs, understand equations, and make sense of situations involving linear relationships.


  
  Put what you read to the test

  You've worked through The Y-Intercept. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/735
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  Slope-Intercept Form is one of the most useful ways to write a linear equation. It helps us understand a line quickly by showing its slope and its y-intercept.


The slope-intercept form of a line is:


y=mx+b


In this form:


  	(y) is the output value.

  	(x) is the input value.

  	(m) is the slope, or rate of change.

  	(b) is the y-intercept, or where the line crosses the y-axis.




When a line is written in slope-intercept form, you can learn two important things right away:


  	How steep the line is and whether it goes up or down.

  	Where the line starts on the y-axis.




Lets look more closely at each part.


1. The slope (m)


Slope tells how much the line changes as you move from left to right. Another way to say this is that slope is the rise over run.


m=change in ychange in x


If the slope is positive, the line rises from left to right. If the slope is negative, the line falls from left to right.



  	If m=2, the line goes up 2 for every 1 right.

  	If m=−3, the line goes down 3 for every 1 right.

  	If m=12, the line goes up 1 for every 2 right.




2. The y-intercept (b)


The y-intercept is the point where the line crosses the y-axis. On the y-axis, the x-value is always 0, so the y-intercept is always a point of the form (0,b).


For example:


  	If b=4, the line crosses the y-axis at (0,4).

  	If b=−2, the line crosses the y-axis at (0,−2).




How to read an equation in slope-intercept form


Suppose you see the equation:


y=3x+1


This tells you:


  	The slope is 3.

  	The y-intercept is 1, so the line crosses the y-axis at (0,1).




To graph this line:


  	Plot the y-intercept (0,1).

  	Use the slope 3, which means 31.

  	From (0,1), move up 3 and right 1 to get another point.

  	Draw a straight line through the points.




Worked Example 1: Identify slope and y-intercept


Find the slope and y-intercept of:

y=5x−2


Step 1: Compare the equation to y=mx+b.

Here, m=5 and b=−2.


Answer:


  	Slope: 5

  	y-intercept: −2, or the point (0,−2)




Worked Example 2: Graph from slope-intercept form


Graph the line:

y=−2x+3


Step 1: Identify the slope and y-intercept.


  	m=−2

  	b=3




Step 2: Plot the y-intercept at (0,3).


Step 3: Use the slope −2. Write it as:

−2=−21


This means go down 2 and right 1.


Starting at (0,3):


  	Go down 2 to 1

  	Go right 1 to 1




So another point is (1,1).


You could do it again to get another point, such as (2,−1).


Answer: Plot (0,3), (1,1), and (2,−1), then draw the line.


Worked Example 3: Write an equation from slope and y-intercept


Write the equation of a line with slope 12 and y-intercept −4.


Step 1: Start with the form:

y=mx+b


Step 2: Substitute the given values.


  	m=12

  	b=−4




y=12x−4


Answer: The equation is y=12x−4.


Worked Example 4: Write an equation from a graph description


A line crosses the y-axis at (0,2). From that point, it goes up 1 and right 3. Write the equation.


Step 1: Find the y-intercept.

The line crosses at (0,2), so b=2.


Step 2: Find the slope.

It goes up 1 and right 3, so:

m=13


Step 3: Use slope-intercept form.

y=mx+b

y=13x+2


Answer: The equation is y=13x+2.


How slope-intercept form connects to real life


Slope-intercept form can describe situations where one amount changes at a constant rate and starts with an initial amount.


For example, suppose a bike rental costs $4 to start and then $2 for each hour.


Let:


  	x = number of hours

  	y = total cost




The equation is:

y=2x+4


In this equation:


  	The slope 2 means the cost increases by $2 each hour.

  	The y-intercept 4 means the starting cost is $4.




This is why slope is often called the rate of change, and the y-intercept is often called the initial value.


Common mistakes to avoid


  	Mixing up slope and y-intercept. In y=mx+b, the number with x is the slope. The number by itself is the y-intercept.

  	Forgetting the sign. In y=−3x+5, the slope is −3, not 3.

  	Thinking b is an x-value. The y-intercept is a y-value, and the point is (0,b).

  	Not writing the slope as a fraction when graphing. A whole number like 4 can be written as 41.




Quick review


  	Slope-intercept form is y=mx+b

  	m is the slope, or rate of change

  	b is the y-intercept, or initial value

  	The y-intercept is the point (0,b)

  	You can graph a line by plotting the y-intercept and then using the slope




[image: 📋]   Summary


Slope-intercept form makes linear equations easier to read, write, and graph. When you see y=mx+b, you can immediately identify the slope and the y-intercept. This helps you understand how the line changes and where it begins on the coordinate plane.


  
  Put what you read to the test

  You've worked through Slope-Intercept Form. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/736
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  Point-Slope Form is a way to write the equation of a line when you know the slope and one point on the line.


This is helpful because sometimes you are not given the y-intercept. Instead, you may be told a slope and a point like \,(3,5). Point-slope form lets you write the equation directly from that information.


The point-slope form of a line is:


y−y1=m(x−x1)


In this formula:


  	m is the slope

  	(x1,y1) is a point on the line




So if you know the slope and one point, you can substitute those values into the formula.


Why does this form make sense?


Remember that slope tells us how steep a line is. Slope compares the change in y-values to the change in x-values.


If you start at a known point \,(x1,y1) and move to another point \,(x,y) on the same line, then the slope between those two points must still be \,m.


That idea leads to point-slope form. You do not need to memorize where it comes from right now, but it helps to know that it is based on the meaning of slope.


How to use point-slope form



  	Identify the slope \,m.

  	Identify the point \,(x1,y1).

  	Substitute into \,y−y1=m(x−x1).

  	If needed, simplify to slope-intercept form \,y=mx+b.




Important sign reminder: When substituting a point, pay close attention to negatives.


For example, if the point is \,(−2,4), then:


y−4=m(x−(−2))


This becomes:


y−4=m(x+2)


Subtracting a negative turns into adding.


Worked Example 1: Write an equation from a slope and a point


Write the equation of the line with slope \,m=3 that passes through \,(2,1).


Step 1: Use point-slope form


y−y1=m(x−x1)


Step 2: Substitute


Here, \,m=3, \,x1=2, and \,y1=1.


y−1=3(x−2)


That equation is already correct in point-slope form.


Step 3: Change to slope-intercept form


Distribute the 3:


y−1=3x−6


Add 1 to both sides:


y=3x−5


So the equation can be written as:


  	Point-slope form: \,y−1=3(x−2)

  	Slope-intercept form: \,y=3x−5




Worked Example 2: Using a negative y-value


Write the equation of the line with slope \,m=−2 passing through \,(4,−3).


Step 1: Substitute into point-slope form


y−y1=m(x−x1)


y−(−3)=−2(x−4)


Simplify the left side:


y+3=−2(x−4)


Step 2: Change to slope-intercept form


Distribute \,−2:


y+3=−2x+8


Subtract 3 from both sides:


y=−2x+5


So the equation is:


  	Point-slope form: \,y+3=−2(x−4)

  	Slope-intercept form: \,y=−2x+5




Worked Example 3: Using a negative x-value


Write the equation of the line with slope \,m=12 passing through \,(−6,7).


Step 1: Substitute carefully


y−7=12(x−(−6))


Because \,x1=−6, the expression \,x−(−6) becomes \,x+6.


y−7=12(x+6)


Step 2: Change to slope-intercept form


Distribute \,12:


y−7=12x+3


Add 7 to both sides:


y=12x+10


So the equation is:


  	Point-slope form: \,y−7=12(x+6)

  	Slope-intercept form: \,y=12x+10




Worked Example 4: Start from words


A line has slope \,4 and passes through the point \,(0,−2). Write the equation.


Step 1: Identify what you know


  	Slope: \,m=4

  	Point: \,(0,−2)




Step 2: Substitute into point-slope form


y−(−2)=4(x−0)


Simplify:


y+2=4x


Step 3: Solve for y


y=4x−2


This example shows that even if the point has \,x=0, point-slope form still works.


How point-slope form connects to slope-intercept form


Point-slope form and slope-intercept form both describe the same line. They are just different ways of writing the equation.



  	Point-slope form: \,y−y1=m(x−x1)

  	Slope-intercept form: \,y=mx+b




Point-slope form is best when you know:


  	the slope

  	one point on the line




Slope-intercept form is best when you want to easily see:


  	the slope \,m

  	the y-intercept \,b




Common mistakes to avoid



  	Mixing up the point values: In \,(x1,y1), the first number is always x and the second number is always y.

  	Forgetting parentheses: Always write \,(x−x1) in parentheses before simplifying.

  	Sign mistakes with negatives: For example, if \,x1=−3, then \,x−(−3)=x+3.

  	Changing the slope by mistake: The slope \,m stays exactly the same when you substitute.




Quick check


If the slope is \,5 and the point is \,(1,8), then the point-slope form is:


y−8=5(x−1)


If the slope is \,−1 and the point is \,(−2,3), then the point-slope form is:


y−3=−1(x−(−2))


which simplifies to


y−3=−1(x+2)


[image: 📋]   Summary


Point-slope form is a useful way to write the equation of a line when you know the slope and one point.


The formula is:


y−y1=m(x−x1)


To use it, substitute the slope and the point carefully, especially when negative numbers are involved.


Then, if needed, simplify the equation to slope-intercept form \,y=mx+b.


  
  Put what you read to the test

  You've worked through Point-Slope Form. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/737






  [image: 📝]   Lesson 48: Standard Form of a Linear Equation

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/779




  Standard Form of a Linear Equation is one way to write the equation of a line. In 8th Grade, the standard form is usually written as:

Ax+By=C
In this form, A, B, and C are numbers, and A and B are not both 0.

This form is useful because it makes it easier to find the x-intercept and y-intercept of a line. Intercepts are the points where the line crosses the axes.


	The x-intercept is where the line crosses the x-axis. At that point, the y-value is 0.

	The y-intercept is where the line crosses the y-axis. At that point, the x-value is 0.



Learning standard form helps you move between different equation forms and understand how a line behaves on the coordinate plane.


Main Idea: What standard form looks like

An equation is in standard form if the x-term and y-term are on the same side, and the number is on the other side.

For example:


	
3x+2y=12 is in standard form.

	5x−y=10 is in standard form.

	y=2x+4 is not in standard form. It is in slope-intercept form.



Sometimes the equation may need to be rearranged so it matches the pattern Ax+By=C.


How to write an equation in standard form


	Put the x-term and y-term on the same side of the equation.

	Put the constant number on the other side.

	If needed, combine like terms.

	Try to keep the coefficients as whole numbers.



For example, start with:

y=2x+6
Move the x-term to the left side by subtracting 2x from both sides:

−2x+y=6
This matches standard form. Another common version is to make the x-term positive:

2x−y=−6
Both equations represent the same line.


Finding intercepts from standard form

One big reason standard form is helpful is that intercepts are easy to find.


	To find the x-intercept, let y=0.

	To find the y-intercept, let x=0.



Then solve for the remaining variable.


Worked Example 1: Find the intercepts of a line in standard form

Find the x-intercept and y-intercept of:

2x+3y=12
Step 1: Find the x-intercept

Set y=0:

2x+3(0)=12
2x=12
x=6
So the x-intercept is (6,0).

Step 2: Find the y-intercept

Set x=0:

2(0)+3y=12
3y=12
y=4
So the y-intercept is (0,4).


Worked Example 2: Rewrite an equation in standard form

Write this equation in standard form:

y=4x−7
We want the x-term and y-term on the same side. Subtract 4x from both sides:

−4x+y=−7
This is standard form.

If you want the x-term to be positive, multiply every term by −1:

4x−y=7
So a standard form of the equation is:

4x−y=7

Worked Example 3: Find intercepts after rewriting the equation

Find the intercepts of:

y=−3x+9
Step 1: Rewrite in standard form

Add 3x to both sides:

3x+y=9
Step 2: Find the x-intercept

Set y=0:

3x+0=9
3x=9
x=3
The x-intercept is (3,0).

Step 3: Find the y-intercept

Set x=0:

3(0)+y=9
y=9
The y-intercept is (0,9).


Worked Example 4: Standard form with subtraction

Find the intercepts of:

5x−2y=20
x-intercept: Let y=0.

5x−2(0)=20
5x=20
x=4
The x-intercept is (4,0).

y-intercept: Let x=0.

5(0)−2y=20
−2y=20
y=−10
The y-intercept is (0,−10).


Tips to remember


	Standard form looks like Ax+By=C.

	To find the x-intercept, always substitute y=0.

	To find the y-intercept, always substitute x=0.

	If the equation is not in standard form, rearrange it first.

	Check that your intercept points make sense: x-intercepts have y-value 0, and y-intercepts have x-value 0.




Common mistakes


	Mixing up the intercept rules: For the x-intercept, use y=0, not x=0.

	Forgetting to move terms correctly: When rewriting an equation, do the same operation to both sides.

	Not writing intercepts as points: Write (6,0), not just 6.

	Sign mistakes: Be careful with negative numbers when solving.




Quick Check

Try these on your own:


	Write y=2x+5 in standard form.

	Find the x-intercept of 4x+y=8.

	Find the y-intercept of 6x−3y=12.



Answers:


	2x−y=−5 or −2x+y=5

	Set y=0: 4x=8, so x=2. The x-intercept is (2,0).

	Set x=0: −3y=12, so y=−4. The y-intercept is (0,−4).




[image: 📋]   Summary

Standard form is a way to write a linear equation as Ax+By=C. This form is especially helpful for finding intercepts quickly. To find the x-intercept, set y=0. To find the y-intercept, set x=0. With practice, you will be able to rewrite equations and find intercepts with confidence.


  
  Put what you read to the test

  You've worked through Standard Form of a Linear Equation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/738






  [image: 📝]   Lesson 49: Graphing from Various Forms

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/780




  Graphing from Various Forms


Linear equations can be written in different forms, but they can all describe the same kind of graph: a straight line.


In this lesson, you will learn how to graph a line when the equation is written in different ways. Sometimes the equation shows the slope and y-intercept. Sometimes it is in standard form, and sometimes it gives you a point and a slope.


The big idea is this: no matter what form the equation is in, you need enough information to plot points and draw the line.


Important vocabulary


  	Slope: how steep a line is; it tells how much the line rises or falls compared to how much it moves right.

  	y-intercept: the point where the line crosses the y-axis.

  	x-intercept: the point where the line crosses the x-axis.

  	Graph: the picture of the equation on the coordinate plane.




1. Graphing from slope-intercept form


Slope-intercept form looks like this:


y=mx+b

Here:


  	
    
      m
     is the slope.
  

  	
    
      b
     is the y-intercept.
  




This form is usually the easiest to graph because it tells you where the line starts and how it moves.


How to graph from slope-intercept form


  	Find the y-intercept (0,b).

  	Plot that point on the y-axis.

  	Use the slope m to find another point.

  	Draw a straight line through the points.




Remember that slope is often written as a fraction:


m=riserun

For example, if the slope is 23, go up 2 and right 3.


If the slope is negative, one direction will be down. For example, −12 means go down 1 and right 2.


Worked Example 1: Slope-intercept form


Graph the line:


y=23x+1

Step 1: Find the y-intercept.

The y-intercept is 1, so plot the point (0,1).


Step 2: Use the slope.

The slope is 23. From (0,1), go up 2 and right 3.


That gives another point: (3,3).


You could also repeat the slope again to get another point, such as (6,5).


Step 3: Draw the line.

Connect the points with a straight line.


2. Graphing from standard form


Standard form looks like this:


Ax+By=C

For 8th grade, a very useful way to graph from standard form is to find the intercepts.


How to find intercepts


  	To find the x-intercept, let y=0.

  	To find the y-intercept, let x=0.




Why does this work?


  	Any point on the x-axis has a y-value of 0.

  	Any point on the y-axis has an x-value of 0.




How to graph from standard form using intercepts


  	Set y=0 and solve for x. This gives the x-intercept.

  	Set x=0 and solve for y. This gives the y-intercept.

  	Plot both intercepts.

  	Draw a straight line through them.




Worked Example 2: Standard form


Graph the line:


2x+3y=6

Step 1: Find the x-intercept.

Let y=0:


2x+3(0)=6
2x=6
x=3

So the x-intercept is (3,0).


Step 2: Find the y-intercept.

Let x=0:


2(0)+3y=6
3y=6
y=2

So the y-intercept is (0,2).


Step 3: Plot the intercepts.

Plot (3,0) and (0,2).


Step 4: Draw the line.

Connect the points with a straight line.


Tip: If you want, you can also rewrite standard form into slope-intercept form first. But using intercepts is often faster.


3. Graphing from point-slope form


Point-slope form looks like this:


y−y1=m(x−x1)

Here:


  	m is the slope.

  	(x1,y1) is a point on the line.




This form tells you one point on the line and how the line moves from that point.


How to graph from point-slope form


  	Identify the given point (x1,y1).

  	Plot that point.

  	Use the slope to find another point.

  	Draw the line through the points.




Worked Example 3: Point-slope form


Graph the line:


y−2=−12(x−1)

Step 1: Identify the point.

The point is (1,2).


Step 2: Plot the point.

Place a point at (1,2).


Step 3: Use the slope.

The slope is −12.


This means go down 1 and right 2.


Starting at (1,2):


  	right 2 gives x=3

  	down 1 gives y=1




So another point is (3,1).


You could also move the opposite way: up 1 and left 2, giving the point (−1,3).


Step 4: Draw the line.

Connect the points with a straight line.


4. Choosing a graphing strategy


Different forms suggest different graphing methods.



  	If the equation is in y=mx+b, use the y-intercept and slope.

  	If the equation is in Ax+By=C, use the x- and y-intercepts.

  	If the equation is in y−y1=m(x−x1), use the given point and slope.




No matter which form you start with, graphing always comes down to plotting points correctly.


Worked Example 4: Comparing forms


Graph the line:


y=−2x+4

This is in slope-intercept form.


Step 1: Find the y-intercept.

The y-intercept is 4, so plot (0,4).


Step 2: Use the slope.

The slope is −2, which can be written as −21.


From (0,4), go down 2 and right 1 to get (1,2).


Repeat to get another point: (2,0).


Step 3: Draw the line.

Draw a straight line through (0,4), (1,2), and (2,0).


Notice something important: the point (2,0) is the x-intercept. Even when you graph using slope and y-intercept, you may notice other useful points along the way.


Common mistakes to avoid


  	Mixing up rise and run. Rise is the vertical change; run is the horizontal change.

  	Forgetting the sign of the slope. A negative slope means the line goes down as you move right.

  	Using the wrong intercept. The y-intercept must be on the y-axis, and the x-intercept must be on the x-axis.

  	Reading the point wrong in point-slope form. In y−y1=m(x−x1), the point is (x1,y1).

  	Drawing a curved line. Linear equations always graph as straight lines.




Quick check questions


  	In y=3x−2, what is the y-intercept?

  	In y=3x−2, what is the slope?

  	For x+2y=8, what do you set equal to 0 to find the x-intercept?

  	In y−5=14(x+2), what point is given?




Answers


  	The y-intercept is −2, so the point is (0,−2).

  	The slope is 3.

  	Set y=0.

  	The point is (−2,5).




[image: 📋]   Summary


Linear equations can be graphed from different forms.



  	In slope-intercept form, graph using the y-intercept and slope.

  	In standard form, graph by finding the x-intercept and y-intercept.

  	In point-slope form, graph using the given point and the slope.




If you can identify what information the equation gives you, you can graph the line correctly.


  
  Put what you read to the test

  You've worked through Graphing from Various Forms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/739






  [image: 📝]   Lesson 50: Horizontal and Vertical Lines

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/781




  Horizontal and Vertical Lines are special kinds of lines on the coordinate plane. They look simple, but they are very important when learning about slope and graphing equations.
In this lesson, you will learn how to recognize horizontal and vertical lines, how their equations are written, and how their slopes are different.
Remember that on a coordinate plane, the x-axis goes left and right, and the y-axis goes up and down. A point is written as (x,y).
A horizontal line goes straight across, from left to right. Every point on a horizontal line has the same y-value.
For example, on the line y=3, some points are (−2,3), (0,3), and (5,3). The x-values change, but the y-value stays 3.
That means the equation of any horizontal line has the form:
y=b
where b is a number. It tells you the height of the line on the graph.
A vertical line goes straight up and down. Every point on a vertical line has the same x-value.
For example, on the line x=−4, some points are (−4,2), (−4,0), and (−4,−5). The y-values change, but the x-value stays −4.
That means the equation of any vertical line has the form:
x=a
where a is a number. It tells you where the line is placed left or right on the graph.
Now let’s connect this to slope. Slope tells how steep a line is. A common slope formula is:
m=y2−y1x2−x1
For a horizontal line, the y-values are the same. So the change in y is 0. That makes the slope:
m=0x2−x1=0
So, horizontal lines have slope 0.
For a vertical line, the x-values are the same. So the change in x is 0. That would make the slope look like dividing by 0:
m=y2−y10
But division by 0 is not allowed. So, vertical lines have undefined slope.
This is a very important difference:
	Horizontal line  slope is 0
	Vertical line  slope is undefined

It is also helpful to compare these lines to the axes:
	The x-axis is a horizontal line with equation y=0.
	The y-axis is a vertical line with equation x=0.

When graphing a horizontal line like y=2, start at 2 on the y-axis. Then draw a line straight across the graph.
When graphing a vertical line like x=−3, start at −3 on the x-axis. Then draw a line straight up and down.
One common mistake is mixing up x=a and y=b. A good memory trick is:
	y=b: stay at the same height  horizontal line
	x=a: stay at the same side-to-side position  vertical line

Worked Example 1: Identify the type of line
What kind of line is y=−1? What is its slope?
Step 1: Notice that the equation is written as y=b.
Step 2: Equations of the form y=b are horizontal lines.
Step 3: Horizontal lines have slope 0.
Answer: y=−1 is a horizontal line, and its slope is 0.
Worked Example 2: Identify the type of line
What kind of line is x=5? What is its slope?
Step 1: Notice that the equation is written as x=a.
Step 2: Equations of the form x=a are vertical lines.
Step 3: Vertical lines have undefined slope.
Answer: x=5 is a vertical line, and its slope is undefined.
Worked Example 3: Write the equation of a line from a graph description
A line passes through the point (3,4) and is horizontal. What is its equation?
Step 1: A horizontal line keeps the same y-value.
Step 2: The point (3,4) has y-value 4.
Step 3: So the equation is:
y=4
Answer: The equation is y=4.
Worked Example 4: Write the equation of a line from points
Find the equation of the line through (−2,1) and (−2,6).
Step 1: Compare the x-values and y-values.

The x-values are both −2. The y-values are different.
Step 2: If the x-value stays the same, the line is vertical.
Step 3: A vertical line has equation x=a, where a is the constant x-value.
So the equation is:
x=−2
Answer: The equation is x=−2.
How to tell horizontal and vertical lines apart
	Look at the equation.
	If it is y=number, the line is horizontal.
	If it is x=number, the line is vertical.
	Then decide the slope:	horizontal  slope 0
	vertical  slope undefined



Quick Check
	y=7  horizontal or vertical? Horizontal
	x=−1  horizontal or vertical? Vertical
	Slope of y=0? 0
	Slope of x=0? Undefined

[image: 📋]   Summary
Horizontal lines go left and right and have equations of the form y=b. Their slope is 0 because the y-value does not change.
Vertical lines go up and down and have equations of the form x=a. Their slope is undefined because calculating slope would require dividing by 0.
If you remember same y means horizontal and same x means vertical, you will be able to graph and identify these lines with confidence.


  
  Put what you read to the test

  You've worked through Horizontal and Vertical Lines. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/740






  
    
  [image: 📖]   Chapter 8

  Functions and Their Representations



  [image: 📝]   Lesson 51: Definition of a Function

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/782




  Definition of a Function


In math, we often study how one quantity depends on another. For example, the total cost depends on how many items you buy, and the distance traveled depends on how long you move.


A function is a special kind of rule. It takes an input and gives an output. The most important part is this: each input must match with exactly one output.


This idea is the definition of a function:


A function is a rule that assigns exactly one output to each input.


You can think of a function like a machine. You put something in, and the machine gives one result back. If the same input could give two different outputs, then it is not a function.


Important words


  	Input: the value you start with

  	Output: the value you get from the rule

  	Rule: what the function does to the input




We often use letters like x for the input and y for the output. For example, in the rule y=2x+1, you choose a value for x, and then the rule tells you the value of y.


What makes something a function?

To decide whether something is a function, ask this question:


Does every input have exactly one output?



  	If yes, it is a function.

  	If no, it is not a function.




There are two common ways something can fail to be a function:


  	An input has more than one output.

  	An input is missing an output when it should have one in the situation.




Functions can be shown in different ways

In 8th grade, you may see functions represented as:


  	words

  	tables

  	ordered pairs

  	equations

  	graphs




No matter how the function is shown, the definition stays the same: one input, one output.


1. Functions in words

A rule written in words can describe a function. For example:

“Multiply the input by 3.”

If the input is 4, the output is 12. If the input is 7, the output is 21. Each input leads to one output, so this is a function.


2. Functions in a table

A table shows inputs and outputs in pairs.


Example table:


xy1427310413



Each input value of x appears once and has one output value of y. So this table represents a function.


If a table showed the same input with two different outputs, it would not be a function.


For example:


xy252837



Here, the input 2 has outputs 5 and 8. Since one input gives two outputs, this is not a function.


3. Functions as ordered pairs

An ordered pair looks like (x,y). The first number is the input, and the second number is the output.


Example: (1,2),(2,4),(3,6),(4,8)

Each input is different and has one output, so this is a function.


Example: (2,3),(2,6),(5,9)

The input 2 is paired with both 3 and 6. That means it is not a function.


4. Functions as equations

An equation can represent a function if each input gives exactly one output.


Example: y=x+4

If you choose any value for x, there is only one value of y.


  	If x=1, then y=5

  	If x=3, then y=7

  	If x=10, then y=14



So y=x+4 is a function.


5. Functions on a graph

On a graph, a function means that each x-value matches only one y-value.


A helpful test is the vertical line test:


  	If a vertical line touches the graph at only one point each time, the graph is a function.

  	If a vertical line touches the graph at more than one point, the graph is not a function.




Why does this work? A vertical line has one fixed x-value. If it hits the graph in two places, then that same input x has two outputs y, so it cannot be a function.


Functions and real-life situations

Many real-life rules are functions.


  	A number of movie tickets bought and the total cost

  	Hours worked and total pay

  	Number of miles traveled at a constant rate and total distance




In each case, one input gives one output.


But not every real-life matching is a function.

For example, “student to favorite sports” may not be a function if one student likes basketball and soccer. That one input would have more than one output.


Worked Example 1: Using a rule

Rule: “Multiply the input by 2, then add 1.”

Is this a function?


Step 1: Check what happens to an input.

If the input is 3:

y=2(3)+1=7


If the input is 5:

y=2(5)+1=11


Step 2: Ask whether each input gets exactly one output.

Yes. Every input is changed by the same rule and gives one answer.


Answer: Yes, this is a function.


Worked Example 2: Looking at ordered pairs

Decide whether the set (1,4),(2,6),(3,8),(2,6) is a function.


Step 1: Look at the inputs: 1,2,3,2.

The input 2 appears twice.


Step 2: Check whether it has different outputs.

Both times, 2 is paired with 6.


Important idea: Repeating the same ordered pair does not break the function rule. The problem happens only when one input has different outputs.


Answer: Yes, this is still a function.


Worked Example 3: Looking at a table

Decide whether this table represents a function.



xy49511613512



Step 1: Look for repeated inputs.

The input 5 appears twice.


Step 2: Compare the outputs for that input.

One time 5 gives 11, and another time 5 gives 12.


Step 3: Use the definition.

One input has two different outputs.


Answer: No, this is not a function.


Worked Example 4: Looking at an equation

Does the equation y=3x−2 represent a function?


Step 1: Try some inputs.


  	If x=0, then y=3(0)−2=−2

  	If x=2, then y=3(2)−2=4

  	If x=−1, then y=3(−1)−2=−5




Step 2: Decide if each input gives one output.

Yes. Every value of x leads to exactly one value of y.


Answer: Yes, y=3x−2 is a function.


How this connects to linear and nonlinear patterns

Some functions are linear, and some are nonlinear. Both can still be functions.


A linear function has a graph that is a straight line, such as y=2x+1.

A nonlinear function does not have a straight-line graph, such as y=x2.


The key point is this: being a function is not the same as being linear.


  	Some functions are linear.

  	Some functions are nonlinear.

  	As long as each input has exactly one output, it is a function.




Common mistakes to avoid


  	Mistake 1: Thinking all equations are functions. Some are not. Always check whether one input can give more than one output.

  	Mistake 2: Looking only at outputs. Outputs are allowed to repeat. Different inputs can have the same output.

  	Mistake 3: Forgetting that repeated inputs are okay only if they repeat the same output.




For example, the set (1,5),(2,5),(3,5) is a function. Different inputs all lead to the same output, and that is allowed.


Quick check questions


  	Is (1,2),(2,3),(3,4) a function?

  	Is (4,7),(4,9),(5,10) a function?

  	Does the rule y=x−8 describe a function?

  	If a graph fails the vertical line test, is it a function?




Answers


  	Yes, each input has one output.

  	No, input 4 has two outputs.

  	Yes, each input gives exactly one output.

  	No, it is not a function.




[image: 📋]   Summary

A function is a rule that assigns exactly one output to each input. You can recognize functions in words, tables, ordered pairs, equations, and graphs. To check, always ask: Does each input have only one output? If yes, it is a function. If no, it is not.


  
  Put what you read to the test

  You've worked through Definition of a Function. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/741






  [image: 📝]   Lesson 52: The Vertical Line Test
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  The Vertical Line Test


When we look at a graph, we often want to know whether it represents a function. A function is a rule that gives exactly one output for each input.


In graphing, the input is usually the 34x-value and the output is the y-value. So if a graph is a function, each x-value can match with only one y-value.


The Vertical Line Test is a quick way to check this on a graph.


What is the Vertical Line Test?


Imagine drawing a vertical line anywhere on the graph. A vertical line goes straight up and down.


If that vertical line touches the graph in more than one point, then the graph is not a function.


If every vertical line touches the graph at only one point, then the graph is a function.


Why does this work?


A vertical line shows one fixed x-value. If that same x-value hits the graph in two places, then that one input has two different outputs.


That breaks the rule of a function, because a function must give only one output for each input.


Key idea: A graph is a function only if no x-value is used more than once with different y-values.


How to use the Vertical Line Test



  	Look at the graph.


  	Imagine moving a vertical line from left to right across the graph.


  	Check how many times the line touches the graph at each spot.


  	If it ever touches twice or more, the graph is not a function.


  	If it always touches once, the graph is a function.





What kinds of graphs usually pass the test?



  	A straight line that is not vertical


  	A parabola opening up or down


  	Many curves that go through only one y-value for each x-value





What kinds of graphs usually fail the test?



  	A vertical line


  	A circle


  	Sideways curves that give two y-values for one x-value





Worked Example 1: A slanted line


Suppose a graph is a straight line like y=2x+1


If you draw vertical lines across this graph, each vertical line hits the line only once.


That means each x-value has exactly one y-value.


Conclusion: This graph is a function.


Worked Example 2: A circle


Now think about a circle, such as a graph centered at the origin.


If you draw a vertical line through the middle of the circle, it will hit the circle in two places: one point on the top half and one point on the bottom half.


That means the same x-value has two different y-values.


Conclusion: A circle is not a function.


Worked Example 3: A parabola opening upward


Look at the graph of y=x2


This is a U-shaped graph. Even though it curves, any vertical line touches it only once.


For example:



  	If x=0, then y=0


  	If x=2, then y=4


  	If x=−2, then y=4





Notice that different x-values can share the same y-value. That is okay.


What is not okay is one x-value having two different y-values.


Conclusion: y=x2 is a function.


Worked Example 4: A sideways parabola


Now look at a sideways parabola, such as x=y2


This graph opens to the right. If you draw a vertical line through part of the graph, it will often hit the graph twice.


For example, when x=4, the graph includes:


4=y2

So:


y=2ory=−2

The same x-value, 4, gives two different y-values.


Conclusion: This graph is not a function.


Important notes to remember



  	The test checks whether a graph is a function by looking at x-values.


  	It is okay for two points to have the same y-value.


  	It is not okay for one x-value to have more than one y-value.


  	A graph can curve and still be a function.


  	A graph does not have to be a straight line to be a function.





Common mistake


Some students think that if a graph crosses a horizontal line more than once, it is not a function. That is not true.


The Vertical Line Test uses vertical lines, not horizontal ones.


For example, the graph of y=x2 is a function, even though many horizontal lines cross it twice.


Quick checklist



  	Does any vertical line hit the graph more than once?


  	If yes, it is not a function.


  	If no, it is a function.





[image: 📋]   Summary


The Vertical Line Test helps you decide whether a graph represents a function. If every vertical line touches the graph at only one point, the graph is a function.


If even one vertical line touches the graph more than once, then the graph is not a function. Always remember: one x-value must go with only one y-value.


  
  Put what you read to the test

  You've worked through The Vertical Line Test. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/742






  [image: 📝]   Lesson 53: Domain and Range in Context

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/784




  Domain and Range in Context


When we talk about a function, we are talking about a rule that takes an input and gives exactly one output. In real-life situations, not every input makes sense, and not every output is possible. That is why we study domain and range.


The domain is the set of all possible input values. The range is the set of all possible output values.


For example, if a machine takes the number of hours you work and gives your pay, then the hours worked are the input and the pay is the output. But you cannot work a negative number of hours, so the context helps limit the domain.


Why “in context” matters


In math class, a function might allow many values. But in a real situation, the story often gives limits. These limits help us decide which inputs and outputs are reasonable.


For example, a formula may work for all numbers, but if it represents the number of movie tickets bought, then the input should not be negative. Also, you usually cannot buy half a ticket, so the input may need to be whole numbers only.


Main idea: To find domain and range in context, ask two questions:



  	What inputs make sense in this situation?

  	What outputs come from those sensible inputs?




How to find the domain



  	Identify the input.

  	Think about what values the input can have.

  	Use the context to rule out impossible values.




Some common context limits are:



  	No negative values, such as time, distance, age, or number of items.

  	Whole numbers only, such as people, books, or tickets.

  	A maximum value, such as the number of seats in a bus or the hours in a day.




How to find the range



  	Identify the output.

  	Use the possible inputs from the domain.

  	Find all output values that can happen.




The range depends on the domain. If the set of inputs changes, the set of outputs may change too.


Worked Example 1: Movie tickets


A movie theater charges $12 per ticket. Let C=12t, where t is the number of tickets and C is the total cost.


Step 1: Find the domain.


The input is t, the number of tickets. You cannot buy a negative number of tickets, and usually tickets are counted in whole numbers.


So the domain is:


all whole numbers greater than or equal to 0


If we write some possible values, the domain could look like:


0,1,2,3,4,…


Step 2: Find the range.


Use the rule C=12t.



  	If t=0, then C=0

  	If t=1, then C=12

  	If t=2, then C=24




So the range is:


0,12,24,36,48,…


These are all nonnegative multiples of 12.


Worked Example 2: Filling a water tank


A water tank starts empty and fills at a rate of 5 liters per minute. The amount of water is given by W=5m, where m is the number of minutes.


Suppose the tank fills for up to 20 minutes.


Step 1: Find the domain.


The input is time in minutes. Time cannot be negative. Since the tank fills for up to 20 minutes, the possible input values are from 0 to 20.


So the domain is:


0≤m≤20


Here, any time between 0 and 20 makes sense, including decimals like 3.5 minutes.


Step 2: Find the range.


Use W=5m.



  	At m=0, W=0

  	At m=20, W=100




So the range is:


0≤W≤100


The water amount can be any value from 0 liters to 100 liters.


Notice the difference from Example 1: time can be measured with parts of a minute, so decimals are allowed in the domain.


Worked Example 3: Height on a ladder


A person climbs a ladder at a steady rate. Their height above the ground is given by h=2t+1, where t is time in seconds and h is height in feet. The person climbs for 6 seconds.


Step 1: Find the domain.


The input is time. Since the climb starts at 0 seconds and lasts 6 seconds, the domain is:


0≤t≤6


Step 2: Find the range.


Find the smallest and largest output.



  	At t=0, h=2(0)+1=1

  	At t=6, h=2(6)+1=13




So the range is:


1≤h≤13


This means the person’s height above the ground goes from 1 foot to 13 feet.


Worked Example 4: Renting bikes


A bike shop rents bikes for $8 each. There are only 15 bikes available. Let R=8b, where b is the number of bikes rented and R is the total cost.


Step 1: Find the domain.


The input is the number of bikes rented. You cannot rent a negative number of bikes. You also cannot rent more than 15 bikes, and the number of bikes must be a whole number.


So the domain is:


0,1,2,3,…,15


Step 2: Find the range.


Use R=8b.



  	If b=0, then R=0

  	If b=1, then R=8

  	If b=15, then R=120




So the range is:


0,8,16,24,…,120


Important idea: Even though the rule R=8b could keep going forever in pure math, the real-world situation limits the domain to at most 15 bikes.


How domain and range may look in different representations


You may see a function as a table, graph, equation, or word problem. No matter how it is shown, domain means inputs and range means outputs.



  	In a table: domain is the set of input values; range is the set of output values.

  	On a graph: domain is the set of x-values; range is the set of y-values.

  	In an equation: think about what the variable represents in the context.

  	In a story: use common sense and the details in the situation.




Example from a table


Suppose a table shows the cost to mail packages.


Inputs: number of packages mailed

Outputs: total cost



  	1→4

  	2→8

  	3→12

  	4→16




The domain is {1,2,3,4}.

The range is {4,8,12,16}.


Common mistakes to avoid



  	Mixing up domain and range. Domain is input; range is output.

  	Ignoring the context. A formula may allow many numbers, but the situation may not.

  	Forgetting about whole numbers. Some inputs, like people or tickets, cannot be decimals.

  	Forgetting about limits. A maximum number of seats, hours, or items can shorten the domain and range.




Quick check questions


1. A taxi charges $3 per mile. If a ride can be from 0 to 25 miles, what is the domain?

The domain is all mile values from 0 to 25. If distance can include parts of a mile, then:

0≤m≤25


2. Using the same taxi ride, what is the range for cost C=3m?

At m=0, cost is 0. At m=25, cost is 75. So:

0≤C≤75


3. A classroom has 30 desks. If s is the number of students seated, what kind of numbers are in the domain?

The domain uses whole numbers from 0 to 30, because you cannot have a negative number of students or part of a student.


[image: 📋]   Summary


Domain is the set of possible inputs. Range is the set of possible outputs. In real-world problems, you must use the context to decide what values make sense.


Always ask:



  	What does the input represent?

  	Can it be negative?

  	Must it be a whole number?

  	Is there a greatest or smallest possible value?




Then use those input values to find the output values. That is how you find domain and range in context.


  
  Put what you read to the test

  You've worked through Domain and Range in Context. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/743






  [image: 📝]   Lesson 54: Multiple Representations of Functions
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  Multiple Representations of Functions


In math, the same function can be shown in different ways. You might see it as a word description, an equation, a table, or a graph. Learning to move between these forms helps you understand what the function is doing.


A function is a rule that matches each input with exactly one output. The input is often called the independent variable, and the output is often called the dependent variable because it depends on the input.


For example, if you put in a number of hours worked and get out an amount of money earned, the money depends on the hours. That relationship can be described with words, shown in a table, written as an equation, or drawn on a graph.


The 4 common representations of a function



  	Verbal description: tells the rule in words

  	Algebraic rule: shows the rule using variables and numbers

  	Table of values: lists input-output pairs

  	Graph: shows the pairs as points on a coordinate plane




These forms all describe the same relationship. Your job is to recognize how they connect.


1. Verbal descriptions


A verbal description explains how the output changes when you know the input. Here are some examples:



  	"The cost is 3 dollars for each notebook."

  	"Start with 5, then add 2 for each hour."

  	"The area of a square is the side length times itself."




When reading a verbal description, ask:



  	What is the input?

  	What is the output?

  	Does the output increase by the same amount each time?

  	Can I write a rule for it?




2. Algebraic rules


An algebraic rule uses variables to show the function. For example:



  	y=3x

  	y=2x+5

  	y=x2




In these rules, x is the input and y is the output. To find an output, substitute a value for x.


For example, in y=2x+5, if x=4, then


y=2(4)+5=8+5=13

So the input-output pair is (4,13).


3. Tables of values


A table shows several inputs and their matching outputs. Tables are useful because they help you see patterns.


For the rule y=2x+1, a table could be:



  	x	y

  	0	1

  	1	3

  	2	5

  	3	7




As x increases by 1, y increases by 2. That constant change is an important clue that this function is linear.


4. Graphs


A graph shows the input-output pairs as points (x,y) on the coordinate plane. The horizontal axis is the x-axis, and the vertical axis is the y-axis.


To graph a function from a table:



  	Take each row as an ordered pair.

  	Plot the points.

  	Look for a pattern in the points.




If the points lie on a straight line, the function is linear. If they make a curve or another shape, the function is nonlinear.


How the representations connect


Suppose a function says, "You earn 4 dollars for each hour worked."



  	Verbal: You earn 4 dollars per hour.

  	Equation: y=4x

  	Table: inputs are hours, outputs are dollars earned

  	Graph: points like (1,4), (2,8), (3,12)




Each form is saying the same thing in a different way.


Linear and nonlinear functions


A linear function changes at a constant rate. This means when the input increases by the same amount each time, the output also changes by the same amount each time.


Examples of linear rules:



  	y=3x

  	y=x+7

  	y=5−2x




On a graph, a linear function makes a straight line.


A nonlinear function does not change at a constant rate.


Examples of nonlinear rules:



  	y=x2

  	y=2x is beyond this course, so focus mainly on examples like y=x2




For 8th Grade, a common nonlinear example is y=x2. Its graph is not a straight line, and the outputs do not increase by the same amount each time.


How to tell if a table is linear


Check how the output changes when the input increases evenly.


Example table:



  	x	y

  	1	4

  	2	7

  	3	10

  	4	13




The outputs go up by 3 each time. Since the change is constant, the function is linear.


Now look at this table:



  	x	y

  	1	1

  	2	4

  	3	9

  	4	16




The outputs increase by 3, then 5, then 7. The change is not constant, so the function is nonlinear.


Worked Example 1: From words to equation to table


Problem: A taxi charges 2 dollars for each mile traveled. Show this function as a verbal rule, an equation, and a table.


Step 1: Identify the variables.



  	Input: number of miles, x

  	Output: total cost, y




Step 2: Write the verbal rule.


The cost is 2 dollars for each mile.


Step 3: Write the equation.


Since the cost is 2 times the number of miles,


y=2x

Step 4: Make a table.



  	x	y

  	0	0

  	1	2

  	2	4

  	3	6




Step 5: Describe the graph.


Plot the points (0,0), (1,2), (2,4), and (3,6). They form a straight line, so the function is linear.


Worked Example 2: From equation to table to graph idea


Problem: Represent the function y=x+3 using a table and describe its graph.


Step 1: Choose some input values.


Let x=0,1,2,3.


Step 2: Find the outputs.



  	If x=0, then y=0+3=3

  	If x=1, then y=1+3=4

  	If x=2, then y=2+3=5

  	If x=3, then y=3+3=6




Step 3: Write the table.



  	x	y

  	0	3

  	1	4

  	2	5

  	3	6




Step 4: Describe the graph.


The points are (0,3), (1,4), (2,5), and (3,6). The graph is a straight line. Each time x increases by 1, y increases by 1, so the function is linear.


Worked Example 3: From table to rule


Problem: Write a rule for this table and decide whether the function is linear.



  	x	y

  	1	5

  	2	8

  	3	11

  	4	14




Step 1: Look for the pattern.


As x goes up by 1, y goes up by 3. So this suggests a linear rule of the form:


y=3x+b

Step 2: Use a point from the table.


Use (1,5):


5=3(1)+b
5=3+b
b=2

So the rule is


y=3x+2

Step 3: Check the rule.


If x=4, then


y=3(4)+2=12+2=14

This matches the table, so the rule is correct. The function is linear because the output changes by a constant amount.


Worked Example 4: Recognizing a nonlinear function


Problem: Compare the verbal rule, equation, and table for the function where the output is the square of the input.


Verbal rule: The output is the input multiplied by itself.


Equation:


y=x2

Table:



  	x	y

  	0	0

  	1	1

  	2	4

  	3	9

  	4	16




Step 1: Look at the changes in output.


The outputs change by 1, then 3, then 5, then 7. The changes are not the same each time.


Step 2: Decide if it is linear.


No. The function is nonlinear.


Step 3: Describe the graph.


The graph does not make a straight line. It curves upward.


Tips for translating between representations



  	From words to equation: look for phrases like “for each,” “times,” “plus,” or “starts at.”

  	From equation to table: choose input values and substitute them into the rule.

  	From table to graph: turn each row into a point.

  	From table to equation: look for a constant change in the output.

  	From graph to table: read the coordinates of points on the graph.




Common mistakes to avoid



  	Mixing up input and output

  	Writing points as (y,x) instead of (x,y)

  	Thinking every table is linear

  	Forgetting to check whether the output changes by a constant amount

  	Using the wrong variable in an equation




Quick check questions



  	If a function is described as “add 6 to the input,” what equation could represent it?

  	If the equation is y=5x, what is the output when x=3?

  	If a table’s outputs increase by 4 each time the inputs increase by 1, is it linear or nonlinear?

  	What does the graph of a linear function look like?




Answers:



  	y=x+6

  	y=15

  	Linear

  	A straight line




[image: 📋]   Summary


A function matches each input to exactly one output. The same function can be represented with words, an equation, a table, and a graph. These forms all show the same relationship in different ways.


When working with multiple representations, look for patterns. Linear functions have a constant rate of change and make straight lines on graphs. Nonlinear functions do not have a constant rate of change and do not graph as straight lines.


  
  Put what you read to the test

  You've worked through Multiple Representations of Functions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/744
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  Comparing Functions means looking at two different functions and deciding how they are alike or different.
Sometimes one function is shown with an equation, while another is shown in a table, graph, or word description. Your job is to compare important features, such as the rate of change and the starting value.
This skill helps you answer questions like:
	Which function grows faster?
	Which function starts at a higher value?
	Are both functions linear?
	How can I compare them if they are shown in different ways?

In this lesson, you will learn how to compare functions clearly and step by step.
1. What is a function?
A function is a rule that gives exactly one output for each input.
Functions can be shown in different representations:
	Equation, such as y=3x+2
	Table of values
	Graph
	Word description

Even if two functions are shown differently, you can still compare them.
2. Important features to compare
When comparing two functions, pay close attention to these features:
	Rate of change: how much the output changes when the input increases by 1
	Starting value: the output when the input is 0
	Linear or nonlinear: whether the function changes at a constant rate

Rate of change tells how steeply a function rises or falls.
For a linear function written as y=mx+b:
	m is the rate of change
	b is the starting value

For example, in y=4x+1:
	Rate of change = 4
	Starting value = 1

3. How to find these features in different representations
From an equation
If the equation is in the form y=mx+b, then:
	Rate of change = m
	Starting value = b

Example: in y=2x+5, the rate of change is 2 and the starting value is 5.
From a table
Look at how the output changes when the input increases by 1.
If the change is always the same, the function is linear.
Example table:
xy031629312
As x increases by 1, y increases by 3 each time. So:
	Rate of change = 3
	Starting value = 3 because when x=0, y=3

From a graph
To find the starting value, look for where the graph crosses the y-axis. That happens when x=0.
To find the rate of change, choose two points on the graph and see how much the function goes up or down compared to how much it moves right.
If the graph is a straight line, the function is linear.
From a word description
Look for:
	A value the function starts with
	How much it changes each time

Example: “A bike rental costs $5 to start and $2 for each hour.”
This means:
	Starting value = 5
	Rate of change = 2

The equation would be y=2x+5.
4. Steps for comparing functions
	Identify how each function is represented.
	Find the rate of change for each function.
	Find the starting value for each function.
	Decide which function has the greater rate of change.
	Decide which function has the greater starting value.
	Check whether each function is linear or nonlinear.

Now let’s work through some examples.
Worked Example 1: Equation vs. Table
Compare these two functions.
Function A: y=3x+4
Function B:
xy0217212317
Step 1: Find the rate of change and starting value of Function A.
In y=3x+4:
	Rate of change = 3
	Starting value = 4

Step 2: Find the rate of change and starting value of Function B.
In the table, as x increases by 1, the outputs go:
2,7,12,17
The output increases by 5 each time.
	Rate of change = 5
	Starting value = 2

Step 3: Compare.
	Function B has the greater rate of change because 5>3.
	Function A has the greater starting value because 4>2.

Both functions are linear because both have a constant rate of change.
Worked Example 2: Word Description vs. Equation
Function C: “A streaming service charges $8 each month plus a one-time sign-up fee of $12.”
Function D: y=10x+5
Step 1: Write the information for Function C.
The sign-up fee is the starting value, so 12.
The monthly charge is the rate of change, so 8.
Function C can be written as:
y=8x+12
Step 2: Read Function D.
For y=10x+5:
	Rate of change = 10
	Starting value = 5

Step 3: Compare.
	Function D has the greater rate of change because 10>8.
	Function C has the greater starting value because 12>5.

Worked Example 3: Table vs. Nonlinear Table
Compare these two functions.
Function E:
xy011427310
Function F:
xy01122437
Step 1: Look at Function E.
The outputs increase by:
4−1=3, 7−4=3, 10−7=3
The change is always 3, so Function E is linear.
	Rate of change = 3
	Starting value = 1

Step 2: Look at Function F.
The outputs increase by:
2−1=1, 4−2=2, 7−4=3
The change is not constant, so Function F is nonlinear.
	It does not have one constant rate of change.
	Starting value = 1

Step 3: Compare.
	Function E is linear, but Function F is nonlinear.
	Both functions have the same starting value, 1.
	Only Function E has a constant rate of change, which is 3.

This is important: if a function does not change at a constant rate, you should not compare it as if it were linear.
Worked Example 4: Graph Idea Compared to an Equation
Suppose a graph shows a line crossing the y-axis at 6. From one point to another, the line goes up 2 units when it moves right 1 unit.
Compare this graph to Function G: y=x+9.
Step 1: Find the features of the graph.
	Starting value = 6
	Rate of change = 2

So the graph represents a line like:
y=2x+6
Step 2: Find the features of Function G.
For y=x+9:
	Rate of change = 1
	Starting value = 9

Step 3: Compare.
	The graphed function has the greater rate of change because 2>1.
	Function G has the greater starting value because 9>6.

5. Helpful comparison language
When answering comparison questions, you can use sentence starters like these:
	“Function ___ has a greater rate of change than Function ___.”
	“Function ___ has a greater starting value.”
	“Both functions are linear because they have constant rates of change.”
	“Function ___ is nonlinear because its rate of change is not constant.”

6. Common mistakes to avoid
	Mixing up rate of change and starting value
In y=mx+b, m is the rate of change and b is the starting value.
	Not checking for constant change in a table
A table is only linear if the output changes by the same amount each time the input increases equally.
	Reading the wrong value as the starting value
The starting value is the output when x=0.
	Comparing nonlinear functions as if they were linear
If the rate of change is not constant, say that the function is nonlinear.

7. Quick check
Try these on your own:
	Function H: y=4x+2
Function I starts at 5 and increases by 3 each step.
Which has the greater rate of change? Which has the greater starting value?
	A table has values (0,7),(1,11),(2,15),(3,19).
What is the rate of change? What is the starting value? Is it linear?
	A function has starting value 2 and rate of change 6. Another has equation y=5x+4.
Which grows faster? Which starts higher?

Answers:
	Function H has greater rate of change because 4>3. Function I has greater starting value because 5>2.
	Rate of change = 4, starting value = 7, and it is linear.
	The first function grows faster because 6>5. The second function starts higher because 4>2.

[image: 📋]   Summary
To compare functions, find the rate of change and the starting value for each function, even if they are shown in different ways.
In an equation y=mx+b, m is the rate of change and b is the starting value.
In a table, look for constant change in the outputs. In a graph, use the y-axis crossing for the starting value and the steepness of the line for the rate of change.
Always check whether each function is linear or nonlinear before comparing them.


  
  Put what you read to the test

  You've worked through Comparing Functions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/745
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  Identifying Nonlinear Functions means deciding whether a function does not have a constant rate of change.


In 8th Grade, a linear function is a function whose graph is a straight line and whose rate of change stays the same. A nonlinear function is a function where the rate of change changes.


This lesson will help you recognize nonlinear functions in tables, graphs, and equations by checking whether the change is constant.


First, remember what a function is. A function is a rule that gives each input exactly one output. For example, if every value of x matches with only one value of y, then the relationship is a function.


The big idea: To prove a function is nonlinear, show that its rate of change is not constant.


For a linear function, equal changes in x give equal changes in y. For a nonlinear function, equal changes in x do not give equal changes in y.


For example, if x increases by 1 each time, a linear function might have y increase by 3 each time. But if y changes by 2, then 5, then 9, the rate of change is not constant, so the function is nonlinear.


How to check a table:


  	Look at how x changes.

  	If the changes in x are equal, compare the changes in y.

  	If the changes in y are not equal, the function is nonlinear.




If the changes in x are not equal, you need to compare the rate of change over each interval. That means checking how much y changes compared to how much x changes.


The rate of change between two points is:


rate of change=change in ychange in x

If those rates are different for different intervals, the function is nonlinear.


How to check a graph:


  	A linear function makes a straight line.

  	A nonlinear function does not make a straight line.

  	You can also check whether the steepness changes from one part of the graph to another.




If the graph bends or curves, the rate of change is changing, so the function is nonlinear.


How to check an equation:


  	Linear equations in 8th Grade usually look like y=mx+b.

  	If the equation does not fit that form, it may be nonlinear.




For example, y=4x+1 is linear because it is in the form y=mx+b.


But equations like y=x2 or y=2x2+3 are nonlinear. Their graphs are not straight lines, and their rates of change are not constant.


Worked Example 1: Table with equal x-steps


Decide whether this function is linear or nonlinear.



  	x	0	1	2	3

  	y	4	7	10	13




Step 1: Check the change in x. Each time, x increases by 1.


Step 2: Check the change in y.


  	From 4 to 7: change of +3

  	From 7 to 10: change of +3

  	From 10 to 13: change of +3




The change in y is constant, so the rate of change is constant.


Conclusion: This function is linear, not nonlinear.


Worked Example 2: Table showing a nonlinear function


Decide whether this function is linear or nonlinear.



  	x	0	1	2	3

  	y	1	2	5	10




Step 1: The changes in x are all +1.


Step 2: Find the changes in y.


  	From 1 to 2: +1

  	From 2 to 5: +3

  	From 5 to 10: +5




The changes in y are not the same.


That means the rate of change is not constant.


Conclusion: This function is nonlinear.


Worked Example 3: Unequal x-steps


Decide whether this function is linear or nonlinear.



  	x	1	3	6

  	y	2	8	17




Here, the changes in x are not all 1, so we should compare rates of change.


Between (1,2) and (3,8):


8−23−1=62=3

Between (3,8) and (6,17):


17−86−3=93=3

The rate of change is 3 in both intervals.


Conclusion: This function is linear.


Now compare that to this table:



  	x	1	3	6

  	y	2	8	20




Between (1,2) and (3,8):


8−23−1=62=3

Between (3,8) and (6,20):


20−86−3=123=4

The rates are different, so the rate of change is not constant.


Conclusion: This function is nonlinear.


Worked Example 4: Using an equation


Decide whether y=x2+1 is linear or nonlinear.


This equation is not in the form y=mx+b. It has x2, so that is a clue that it is nonlinear.


We can also test it with values.



  	x	0	1	2	3

  	y	1	2	5	10




Now check the changes in y:


  	+1

  	+3

  	+5




The changes are not constant.


Conclusion: y=x2+1 is nonlinear.


Common mistakes to avoid


  	Looking only at the first change: You must compare more than one interval.

  	Forgetting to check x-changes: If x does not change by the same amount, use the rate of change formula.

  	Thinking every function is linear: A relationship can be a function and still be nonlinear.

  	Using only the shape of the points without checking: When possible, calculate to be sure.




Quick checklist for identifying a nonlinear function


  	Make sure the relationship is a function.

  	Check whether the rate of change stays the same.

  	If the rate of change changes, the function is nonlinear.

  	On a graph, if it is not a straight line, it is nonlinear.

  	In an equation, if it is not of the form y=mx+b, check carefully because it may be nonlinear.




[image: 📋]   Summary


A function is nonlinear when its rate of change is not constant. In a table, equal changes in x should give equal changes in y for a linear function. If the changes or rates are different, the function is nonlinear.


On a graph, linear functions make straight lines, while nonlinear functions curve or change steepness. In equations, linear functions look like y=mx+b, but equations such as y=x2 are nonlinear.


  
  Put what you read to the test

  You've worked through Identifying Nonlinear Functions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/746






  [image: 📝]   Lesson 57: Graphing Nonlinear Functions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/788




  Graphing Nonlinear Functions


In earlier lessons, you may have graphed linear functions. A linear function makes a straight line on a graph because the rate of change stays the same.


In this lesson, you will learn about nonlinear functions. These functions do not make a straight line when graphed. Instead, the graph may curve or change direction.


You will learn how to:


  	recognize a nonlinear function,

  	make a table of values,

  	plot points on a coordinate plane, and

  	graph simple quadratic and absolute value functions.




1. What is a nonlinear function?


A function is a rule that gives exactly one output for each input. The input is usually called x, and the output is usually called y.


A function is nonlinear if its graph is not a straight line. This usually happens when the pattern in the outputs does not change by the same amount each time.


For example, in a linear function, if x goes up by 1 each time, then y changes by the same amount each time. In a nonlinear function, that is not true.


Here are two common nonlinear functions in 8th grade:


  	Quadratic functions, such as y=x2

  	Absolute value functions, such as y=∣x∣




2. How to graph a nonlinear function


To graph a nonlinear function, follow these steps:


  	Choose several x-values.

  	Substitute each x-value into the rule.

  	Find the matching y-values.

  	Make a table of ordered pairs.

  	Plot the points on the coordinate plane.

  	Connect the points smoothly if the graph curves.




When graphing nonlinear functions, it is important to plot enough points. Since the graph is not a straight line, two points are usually not enough to show the shape.


3. Looking for patterns in a table


A table can help you tell whether a function is linear or nonlinear.


If the x-values increase by the same amount, check how the y-values change:


  	If the y-values change by the same amount, the function is linear.

  	If the y-values do not change by the same amount, the function is nonlinear.




Example of a nonlinear pattern:

If the y-values are 0,1,4,9, the changes are +1,+3,+5. Since the changes are not the same, the function is nonlinear.


4. Graphing a quadratic function


A simple quadratic function is:

y=x2


This means you square each x-value to get y.


The graph of y=x2 is a curved shape called a parabola. For 8th grade, it is enough to notice that it forms a smooth U-shape.


Worked Example 1: Graph y=x2


Step 1: Choose some x-values.

A good choice is values around 0:

x=−3,−2,−1,0,1,2,3


Step 2: Find the y-values.


  	If x=−3, then y=(−3)2=9

  	If x=−2, then y=(−2)2=4

  	If x=−1, then y=(−1)2=1

  	If x=0, then y=02=0

  	If x=1, then y=12=1

  	If x=2, then y=22=4

  	If x=3, then y=32=9




Step 3: Make a table.

xy−39−24−1100112439


Step 4: Plot the points.

Plot:


  	(−3,9)

  	(−2,4)

  	(−1,1)

  	(0,0)

  	(1,1)

  	(2,4)

  	(3,9)




Step 5: Connect the points with a smooth curve.

You should see a U-shaped graph. It is not a line, so it is nonlinear.


Important observation: The graph is the same on both sides of the y-axis. This happens because squaring a positive number and squaring its matching negative number give the same result.


5. Graphing an absolute value function


A simple absolute value function is:

y=∣x∣


The absolute value of a number is its distance from 0. Because distance cannot be negative:


  	∣3∣=3

  	∣−3∣=3

  	∣0∣=0




The graph of y=∣x∣ makes a V-shape.


Worked Example 2: Graph y=∣x∣


Step 1: Choose x-values.

x=−3,−2,−1,0,1,2,3


Step 2: Find y-values.


  	If x=−3, then y=∣−3∣=3

  	If x=−2, then y=∣−2∣=2

  	If x=−1, then y=∣−1∣=1

  	If x=0, then y=∣0∣=0

  	If x=1, then y=∣1∣=1

  	If x=2, then y=∣2∣=2

  	If x=3, then y=∣3∣=3




Step 3: Make a table.

xy−33−22−1100112233


Step 4: Plot the points and connect them.

The graph forms a V-shape with its lowest point at (0,0).


Even though the graph has straight pieces, the whole graph is not one straight line, so it is still nonlinear.


6. Comparing linear and nonlinear graphs


Here is a quick comparison:


  	Linear: graph is a straight line, and the change in y is constant.

  	Nonlinear: graph is not a straight line, and the change in y is not constant.




For example:


  	y=2x+1 is linear.

  	y=x2 is nonlinear.

  	y=∣x∣ is nonlinear.




7. Worked Example 3: Use a table to graph y=x2+1


This function is similar to y=x2, but every output is 1 more.


Step 1: Choose x-values.

x=−2,−1,0,1,2


Step 2: Calculate each output.


  	If x=−2, then y=(−2)2+1=4+1=5

  	If x=−1, then y=(−1)2+1=1+1=2

  	If x=0, then y=02+1=1

  	If x=1, then y=12+1=2

  	If x=2, then y=22+1=5




Step 3: Write the ordered pairs.

(−2,5),  (−1,2),  (0,1),  (1,2),  (2,5)


Step 4: Graph the points.

Connect them with a smooth U-shaped curve.


What do you notice? The graph looks like y=x2, but it is shifted up by 1 unit because every y-value is 1 greater.


8. Worked Example 4: Graph y=∣x∣+2


This function is similar to y=∣x∣, but every output is 2 more.


Step 1: Choose x-values.

x=−3,−2,−1,0,1,2,3


Step 2: Find the outputs.


  	If x=−3, then y=∣−3∣+2=3+2=5

  	If x=−2, then y=∣−2∣+2=2+2=4

  	If x=−1, then y=∣−1∣+2=1+2=3

  	If x=0, then y=∣0∣+2=2

  	If x=1, then y=∣1∣+2=1+2=3

  	If x=2, then y=∣2∣+2=2+2=4

  	If x=3, then y=∣3∣+2=3+2=5




Step 3: Plot the points.

(−3,5),  (−2,4),  (−1,3),  (0,2),  (1,3),  (2,4),  (3,5)


Step 4: Connect the points.

You get a V-shape with the lowest point at (0,2).


What changed? The graph of y=∣x∣ moved up 2 units.


9. Common mistakes to avoid


  	Forgetting parentheses with negative numbers: (−2)2=4, but −22=−4. When squaring a negative number, use parentheses.

  	Using too few points: Nonlinear graphs need several points to show the correct shape.

  	Connecting curved graphs with straight line segments only: For a quadratic function, draw a smooth curve.

  	Mixing up absolute value and negatives: Absolute value is always 0 or greater.




10. Quick check for understanding

Ask yourself these questions when graphing:


  	Did I choose enough x-values?

  	Did I substitute each x-value correctly?

  	Did I plot each ordered pair in the right place?

  	Does the graph look like a curve or a V-shape instead of one straight line?




11. Summary


A nonlinear function is a function whose graph is not a straight line. To graph one, make a table of values, plot the ordered pairs, and connect the points in a way that matches the shape of the function.


Quadratic functions like y=x2 make a U-shaped curve. Absolute value functions like y=∣x∣ make a V-shaped graph.


The more carefully you build your table and plot your points, the easier it is to graph nonlinear functions correctly.


  
  Put what you read to the test

  You've worked through Graphing Nonlinear Functions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/747






  [image: 📝]   Lesson 58: Describing Qualitative Function Graphs

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/789




  Describing Qualitative Function Graphs


In math, a function is a rule that matches each input with exactly one output. A graph of a function shows how one quantity changes as another quantity changes.


Sometimes, a graph does not need exact numbers. Instead, we describe its shape. This is called a qualitative graph. A qualitative graph shows what is happening overall: whether the graph goes up, goes down, stays flat, changes quickly, or changes slowly.


This skill is useful in real life. For example, you may not know the exact temperature every hour, but you can still describe whether the temperature is rising, falling, or staying the same. That description can be shown with a qualitative graph.


In this lesson, you will learn how to read and sketch qualitative function graphs from words and situations.


1. What is a qualitative graph?


A qualitative graph focuses on the behavior of a function instead of exact coordinates. It answers questions like:



  	Is the graph increasing or decreasing?

  	Is it flat for part of the time?

  	Does it change fast or slowly?

  	Does it curve, or is it a straight line?




When sketching a qualitative graph, the exact numbers on the axes are often not important. What matters is the overall pattern.


2. Reading the axes


Before drawing or interpreting a graph, always ask:



  	What does the horizontal axis represent?

  	What does the vertical axis represent?




Many real-world graphs use time on the horizontal axis. The vertical axis shows the quantity that changes, such as distance, height, temperature, or money.


For example:



  	Time and temperature

  	Time and distance from home

  	Time and amount of water in a tank




3. Important graph behaviors


Here are the main shapes and what they mean.



  	Increasing: As you move from left to right, the graph goes up. The output is getting larger.

  	Decreasing: As you move from left to right, the graph goes down. The output is getting smaller.

  	Constant: The graph is flat. The output stays the same.

  	Steep increase: The graph rises quickly. The output is increasing fast.

  	Gentle increase: The graph rises slowly. The output is increasing, but not fast.

  	Steep decrease: The graph falls quickly. The output is decreasing fast.

  	Gentle decrease: The graph falls slowly. The output is decreasing, but not fast.




4. Straight graphs and curved graphs


A straight line means the quantity changes at a steady rate. If the graph rises in a straight line, the output increases by the same amount over equal time intervals.


A curved graph means the rate of change is not steady. The quantity may start changing slowly and then change faster, or the other way around.


This helps us tell the difference between linear and nonlinear behavior:



  	Linear: straight-line pattern

  	Nonlinear: curved or changing pattern




5. Continuous graphs


In this topic, we often use continuous graphs. A continuous graph can be drawn without lifting your pencil from the paper. It represents situations where change happens smoothly over time.


For example, a person's height above the ground while riding a Ferris wheel changes smoothly. Temperature during the day also changes in a continuous way.


6. Turning words into a graph


When a problem gives a real-world description, follow these steps:



  	Identify the input and output.

  	Decide how the output changes over time.

  	Break the story into parts.

  	Sketch each part of the graph.

  	Make sure the graph matches the story from left to right.




Look for clue words such as:



  	increases or rises [image: →] graph goes up

  	decreases or falls [image: →] graph goes down

  	stays the same [image: →] flat graph

  	quickly [image: →] steeper graph

  	slowly [image: →] less steep graph




7. Worked Example 1: Temperature during a day


Situation: Early in the morning, the temperature is cool. By noon, it rises steadily. In the afternoon, it stays about the same for a while. In the evening, it drops.


Step 1: Choose axes.


  	Horizontal axis: time of day

  	Vertical axis: temperature




Step 2: Break the story into parts.


  	Morning to noon: temperature rises

  	Afternoon: temperature stays constant

  	Evening: temperature falls




Step 3: Describe the graph.

The graph starts low, slopes upward, becomes flat for a while, and then slopes downward.


What this means: The graph is increasing, then constant, then decreasing.


Worked Example 2: Walking away from home


Situation: A student leaves home and walks to a park at a steady speed. They stay at the park for a while. Then they walk back home faster than before.


Step 1: Choose axes.


  	Horizontal axis: time

  	Vertical axis: distance from home




Step 2: Think about the distance from home.


  	Walking to the park: distance from home increases steadily

  	Staying at the park: distance stays the same

  	Walking home faster: distance decreases quickly




Step 3: Describe the graph.

The graph starts at 0 because the student begins at home. It rises in a straight line, becomes flat, and then drops back to 0 with a steeper line.


Why is the last part steeper? A steeper line shows faster change. Since the student walks home faster, the distance decreases more quickly.


Worked Example 3: Filling a container


Situation: Water is poured into a container. At first, the water level rises slowly. Then it rises faster. Finally, the pouring stops.


Axes:


  	Horizontal axis: time

  	Vertical axis: water level




Interpret the story:


  	At first, the level increases slowly

  	Later, the level increases more quickly

  	When pouring stops, the level stays the same




Describe the graph: The graph rises gently at first, then rises more steeply, and then becomes flat.


This graph could be made of two line segments and then a flat segment. The important idea is that the graph shows increasing faster over time, followed by constant.


Worked Example 4: Height of a ball thrown upward


Situation: A ball is thrown up into the air. It rises, slows down, reaches its highest point, and then falls back down.


Axes:


  	Horizontal axis: time

  	Vertical axis: height




Describe the motion:


  	The height increases at first

  	The increase slows as the ball reaches the top

  	Then the height decreases as the ball falls




Describe the graph: The graph rises, curves over to a highest point, and then curves downward.


This is a nonlinear graph because it is curved, not a straight line.


8. How to describe a graph in words


If you are given a graph and need to explain it, move from left to right. Say what happens in each part.


You can use sentence starters like these:



  	The graph starts by increasing.

  	Then it remains constant.

  	Next, it decreases slowly.

  	After that, it increases more quickly.

  	The graph reaches a highest point.

  	The graph returns to its starting value.




9. Common mistakes to avoid



  	Ignoring the axes: A graph of distance from home is different from a graph of speed. Always check what each axis means.

  	Mixing up height and steepness: A higher graph value means more output, but a steeper graph means faster change.

  	Reading the graph out of order: Always read from left to right because that shows how the situation changes over time.

  	Forgetting flat sections: If something stays the same, the graph should be horizontal there.

  	Using exact numbers when none are given: In a qualitative graph, the overall shape matters more than exact values.




10. Quick check: match the description to the graph shape


Here are some short descriptions and the graph behavior they suggest:



  	A plant grows steadily each week. [image: →] increasing straight line

  	A car stops at a red light. [image: →] flat section on a distance graph

  	The amount of money in a piggy bank decreases as coins are spent. [image: →] decreasing graph

  	A runner starts slowly and then speeds up. [image: →] graph increases, becoming steeper




11. A helpful way to think about qualitative graphs


You are telling the story of change using a picture. The graph does not need exact scale marks to be useful. It just needs to show the right pattern.


Ask yourself:


  	What is changing?

  	Is it going up, down, or staying the same?

  	Is it changing quickly or slowly?

  	Is the change steady or not steady?




[image: 📋]   Summary


A qualitative function graph shows the overall shape of how one quantity changes with another, usually over time. Instead of focusing on exact numbers, it shows whether the output increases, decreases, stays the same, or changes quickly or slowly.


To sketch or describe one, first identify the axes, then break the situation into parts, and match each part to a graph shape. Straight lines show steady change, while curves show change that is not steady. Reading from left to right helps you explain the story the graph tells.


  
  Put what you read to the test

  You've worked through Describing Qualitative Function Graphs. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/748






  
    
  [image: 📖]   Chapter 9

  Geometric Transformations
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  Translations on the Coordinate Plane


In geometry, a translation means moving a figure from one place to another without turning it, flipping it, or changing its size. You can think of it as a slide.


When a shape is translated, every point on the shape moves the same distance in the same direction. The shape keeps its size and its orientation. That means the translated figure looks exactly like the original figure, just in a different location.


On a coordinate plane, we describe translations by telling how far a point moves left or right and up or down.


Key idea: A translation changes the location of a figure, but not its shape, side lengths, angle measures, or size.


Important vocabulary


  	Pre-image: the original figure before the translation

  	Image: the new figure after the translation

  	Coordinate rule: a rule that tells how each point moves




We often label the image using prime symbols. For example, if the original point is A, the translated point is written as A′.


How translations change coordinates


If a point moves:


  	right, add to the x-coordinate

  	left, subtract from the x-coordinate

  	up, add to the y-coordinate

  	down, subtract from the y-coordinate




The general translation rule is:


(x,y)→(x+a, y+b)


Here, a tells how far the point moves left or right, and b tells how far it moves up or down.



  	If a is positive, move right.

  	If a is negative, move left.

  	If b is positive, move up.

  	If b is negative, move down.




For example:


  	(x,y)→(x+3,y) means move 3 units right.

  	(x,y)→(x−2,y) means move 2 units left.

  	(x,y)→(x,y+5) means move 5 units up.

  	(x,y)→(x,y−4) means move 4 units down.

  	(x,y)→(x+2,y−3) means move 2 units right and 3 units down.




How to translate a figure


  	Look at the translation rule or direction.

  	Apply the same move to each vertex of the figure.

  	Plot the new points.

  	Connect the points in the same order as the original figure.




Because every point moves the same way, the image will be congruent to the pre-image. That means the figures are the same size and shape.


Worked Example 1: Translate one point


Point A(2,3) is translated 4 units right and 2 units up. Find A′.


Step 1: Moving 4 units right means add 4 to the x-coordinate.

2+4=6


Step 2: Moving 2 units up means add 2 to the y-coordinate.

3+2=5


So the image is:

A′(6,5)


Coordinate rule:

(x,y)→(x+4,y+2)


Worked Example 2: Translate a triangle


Triangle ABC has vertices A(1,1), B(4,1), and C(2,3). Translate the triangle by the rule

(x,y)→(x−3,y+2)


This means move every point 3 units left and 2 units up.


Find each image point:


  	A(1,1)→A′(1−3,1+2)=(−2,3)

  	B(4,1)→B′(4−3,1+2)=(1,3)

  	C(2,3)→C′(2−3,3+2)=(−1,5)




So the translated triangle has vertices:

A′(−2,3),B′(1,3),C′(−1,5)


Notice that the triangle did not change shape or size. It only slid to a new location.


Worked Example 3: Find the translation rule


Suppose point P(−4,2) is translated to P′(1,−3). Find the translation rule.


Step 1: Compare the x-coordinates.

1−(−4)=5

The point moved 5 units right.


Step 2: Compare the y-coordinates.

−3−2=−5

The point moved 5 units down.


So the translation rule is:

(x,y)→(x+5,y−5)


Worked Example 4: Translate a rectangle with negative coordinates


Rectangle QRST has vertices Q(−3,−1), R(1,−1), S(1,−4), and T(−3,−4). Translate it 2 units left and 6 units up.


The rule is:

(x,y)→(x−2,y+6)


Now apply the rule to each vertex:


  	Q(−3,−1)→Q′(−5,5)

  	R(1,−1)→R′(−1,5)

  	S(1,−4)→S′(−1,2)

  	T(−3,−4)→T′(−5,2)




So the image is:

Q′(−5,5),R′(−1,5),S′(−1,2),T′(−5,2)


How to tell if your answer makes sense


  	Did every point move the same number of units?

  	Did the figure keep the same shape and size?

  	Did you add or subtract correctly?

  	Did left/right change the x-coordinate and up/down change the y-coordinate?




Common mistakes to avoid


  	Mixing up x and y: left and right affect x, not y.

  	Using the wrong sign: left and down mean subtract; right and up mean add.

  	Moving only one point: every vertex must be translated.

  	Changing the shape: a translation does not stretch, shrink, rotate, or reflect the figure.




Quick practice ideas


  	Translate (3,−2) by 1 unit left and 4 units up.

  	Use the rule (x,y)→(x+2,y−3) on point (−1,5).

  	Find the rule that maps (2,7) to (−3,4).




Brief Summary

A translation is a slide of a figure on the coordinate plane. Every point moves the same distance in the same direction. Use the rule (x,y)→(x+a,y+b) to show how coordinates change: add or subtract from x for left/right and from y for up/down. After a translation, the figure keeps the same size and shape.


  
  Put what you read to the test

  You've worked through Translations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/749






  [image: 📝]   Lesson 60: Reflections

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/791




  Reflections on the Coordinate Plane


A reflection is a transformation that flips a figure over a line. The line you flip over is called the line of reflection.


When a figure is reflected, it keeps the same size and shape. This means a reflection is a rigid transformation. Only the position and orientation change.


In 8th grade, you will often reflect points and shapes across these lines:


  	the x-axis

  	the y-axis

  	the line y=x

  	the line y=−x




The key idea is that each point and its image are the same distance from the line of reflection, but on opposite sides.


Important vocabulary:


  	Pre-image: the original figure

  	Image: the figure after the reflection

  	Prime notation: the image is often labeled with a prime, such as A′




1. Reflecting across the x-axis


When you reflect a point across the x-axis, the x-coordinate stays the same, but the y-coordinate changes sign.


The rule is:

(x,y)→(x,−y)


This makes sense because a point above the x-axis moves the same distance below it, or a point below moves the same distance above it.


Example:

If A=(4,3), then reflecting across the x-axis gives:

A′=(4,−3)


If B=(−2,−5), then reflecting across the x-axis gives:

B′=(−2,5)


2. Reflecting across the y-axis


When you reflect a point across the y-axis, the y-coordinate stays the same, but the x-coordinate changes sign.


The rule is:

(x,y)→(−x,y)


Example:

If C=(6,−1), then reflecting across the y-axis gives:

C′=(−6,−1)


If D=(−3,4), then reflecting across the y-axis gives:

D′=(3,4)


3. Reflecting across the line y=x


The line y=x is a diagonal line that goes through the origin and rises from left to right.


When you reflect a point across y=x, the coordinates switch places.


The rule is:

(x,y)→(y,x)


Example:

If E=(2,7), then reflecting across y=x gives:

E′=(7,2)


If F=(−4,1), then reflecting across y=x gives:

F′=(1,−4)


4. Reflecting across the line y=−x


The line y=−x is another diagonal line through the origin, but it falls from left to right.


When you reflect a point across y=−x, the coordinates switch places and both signs change.


The rule is:

(x,y)→(−y,−x)


Example:

If G=(3,5), then reflecting across y=−x gives:

G′=(−5,−3)


If H=(−2,6), then reflecting across y=−x gives:

H′=(−6,2)


A quick chart of reflection rules


  	Across the x-axis: (x,y)→(x,−y)

  	Across the y-axis: (x,y)→(−x,y)

  	Across y=x: (x,y)→(y,x)

  	Across y=−x: (x,y)→(−y,−x)




How to tell if your reflection makes sense


  	If you reflect across the x-axis, only the point’s vertical position should change.

  	If you reflect across the y-axis, only the point’s horizontal position should change.

  	If you reflect across y=x, the coordinates should trade places.

  	If you reflect across y=−x, the coordinates should trade places and change signs.




Worked Example 1: Reflecting one point across the x-axis


Reflect the point P=(−5,2) across the x-axis.


Step 1: Use the rule for the x-axis:

(x,y)→(x,−y)


Step 2: Keep the x-coordinate the same and change the sign of the y-coordinate.

(−5,2)→(−5,−2)


Answer: P′=(−5,−2)


Worked Example 2: Reflecting one point across y=x


Reflect the point Q=(8,−3) across the line y=x.


Step 1: Use the rule:

(x,y)→(y,x)


Step 2: Switch the coordinates.

(8,−3)→(−3,8)


Answer: Q′=(−3,8)


Worked Example 3: Reflecting a triangle across the y-axis


Triangle ABC has vertices:


  	A=(1,2)

  	B=(4,5)

  	C=(3,1)




Reflect triangle ABC across the y-axis.


Step 1: Use the rule for reflection across the y-axis:

(x,y)→(−x,y)


Step 2: Reflect each vertex.


  	A=(1,2)→A′=(−1,2)

  	B=(4,5)→B′=(−4,5)

  	C=(3,1)→C′=(−3,1)




Answer: The reflected triangle has vertices

A′=(−1,2),B′=(−4,5),C′=(−3,1)


Worked Example 4: Reflecting a shape across y=−x


Rectangle JKLM has vertices:


  	J=(2,1)

  	K=(5,1)

  	L=(5,−2)

  	M=(2,−2)




Reflect the rectangle across the line y=−x.


Step 1: Use the rule:

(x,y)→(−y,−x)


Step 2: Reflect each point.


  	J=(2,1)→J′=(−1,−2)

  	K=(5,1)→K′=(−1,−5)

  	L=(5,−2)→L′=(2,−5)

  	M=(2,−2)→M′=(2,−2)




Answer:

J′=(−1,−2),K′=(−1,−5),L′=(2,−5),M′=(2,−2)


Notice that M=(2,−2) stayed the same after the reflection. That is because the point lies on the line y=−x. Any point on the line of reflection does not move.


Common mistakes to avoid


  	Mixing up the x-axis and y-axis rules. Remember: x-axis changes the y; y-axis changes the x.

  	Forgetting to switch coordinates when reflecting across y=x or y=−x.

  	Forgetting the sign changes for reflection across y=−x.

  	Only reflecting one point of a figure. Every vertex must be reflected.




Helpful memory tips


  	x-axis: think “flip up and down,” so the y changes.

  	y-axis: think “flip left and right,” so the x changes.

  	y=x: just swap the coordinates.

  	y=−x: swap the coordinates and make them opposites.




[image: 📋]   Summary


A reflection flips a figure across a line while keeping the same size and shape. On the coordinate plane, you can use rules to reflect points quickly and accurately.


Use these four main rules:


  	(x,y)→(x,−y) across the x-axis

  	(x,y)→(−x,y) across the y-axis

  	(x,y)→(y,x) across y=x

  	(x,y)→(−y,−x) across y=−x




If you remember what changes, what stays the same, and when coordinates switch, you will be able to reflect both points and whole figures with confidence.


  
  Put what you read to the test

  You've worked through Reflections. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/750






  [image: 📝]   Lesson 61: Rotations About the Origin

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/792




  Rotations About the Origin are a type of geometric transformation on the coordinate plane. A rotation turns a point or a figure around a fixed center. In this lesson, the center of rotation will always be the origin, which is the point \(0,0) \.


When a figure rotates around the origin, its shape and size stay the same. Only its position changes. This means a rotation is a rigid transformation.


In 8th grade, you will usually rotate points and figures by 90[image: °], 180[image: °], or 270[image: °], either clockwise or counterclockwise.


Important idea: A rotation changes the coordinates of each point using a rule. If you know the rule, you can quickly find the image of any point.


Before we begin:


  	The original point is called the preimage.

  	The new point after rotation is called the image.

  	If the original point is \A(x,y)\, the rotated point might be named \A'\ or \A''\, depending on the problem.




Clockwise means turning in the direction of a clock’s hands.

Counterclockwise means turning the opposite way.


Let’s learn the coordinate rules for rotations about the origin.


1. Rotation of 90[image: °] counterclockwise

The rule is:

(x,y)→(−y,x)

This means:


  	The old \y\-value becomes the new \x\-value, but with the opposite sign.

  	The old \x\-value becomes the new \y\-value.




2. Rotation of 180[image: °]

The rule is:

(x,y)→(−x,−y)

This works for both clockwise and counterclockwise, because turning 180[image: °] in either direction lands in the same place.


3. Rotation of 270[image: °] counterclockwise

The rule is:

(x,y)→(y,−x)


4. Rotation of 90[image: °] clockwise

The rule is:

(x,y)→(y,−x)

Notice that this is the same rule as 270[image: °] counterclockwise.


5. Rotation of 270[image: °] clockwise

The rule is:

(x,y)→(−y,x)

Notice that this is the same rule as 90[image: °] counterclockwise.


Here is a helpful list to remember:


  	90[image: °] counterclockwise: \(x,y) \rightarrow (-y,x) \

  	180[image: °]: \(x,y) \rightarrow (-x,-y) \

  	270[image: °] counterclockwise: \(x,y) \rightarrow (y,-x) \

  	90[image: °] clockwise: \(x,y) \rightarrow (y,-x) \

  	270[image: °] clockwise: \(x,y) \rightarrow (-y,x) \




A useful pattern:


  	For 90[image: °] and 270[image: °] rotations, the coordinates switch places.

  	Then one of the signs changes.

  	For 180[image: °], the coordinates do not switch places, but both signs change.




Now let’s work through some examples.


Worked Example 1: Rotate one point 90[image: °] counterclockwise

Rotate point \A(4,1)\ 90[image: °] counterclockwise about the origin.

Use the rule:

(x,y)→(−y,x)

Substitute \x=4\ and \y=1\:

(4,1)→(−1,4)

So the image is \A'(-1,4)\.


Check the pattern: the coordinates switched from \4,1\ to \1,4\, and then the new \x\-value became negative.


Worked Example 2: Rotate one point 180[image: °]

Rotate point \B(-3,5)\ 180[image: °] about the origin.

Use the rule:

(x,y)→(−x,−y)

Substitute the coordinates:

(−3,5)→(3,−5)

So the image is \B'(3,-5)\.


What happened? Both signs changed. The point moved to the opposite side of the origin.


Worked Example 3: Rotate one point 90[image: °] clockwise

Rotate point \C(-2,-6)\ 90[image: °] clockwise about the origin.

Use the rule:

(x,y)→(y,−x)

Substitute the coordinates:

(−2,−6)→(−6,2)

So the image is \C'(-6,2)\.


Notice: the coordinates switched places, and the new \y\-value became the opposite of the original \x\-value.


Worked Example 4: Rotate a triangle 270[image: °] counterclockwise

Triangle \ABC\ has vertices:


  	\A(1,2)\

  	\B(4,2)\

  	\C(2,5)\



Rotate the triangle 270[image: °] counterclockwise about the origin.


Use the rule:

(x,y)→(y,−x)


Now rotate each vertex one at a time.


For \A(1,2)\:

(1,2)→(2,−1)

So \A'(2,-1)\.


For \B(4,2)\:

(4,2)→(2,−4)

So \B'(2,-4)\.


For \C(2,5)\:

(2,5)→(5,−2)

So \C'(5,-2)\.


The rotated triangle has vertices:


  	\A'(2,-1)\

  	\B'(2,-4)\

  	\C'(5,-2)\




How to rotate a whole figure:


  	Look at the direction and angle of rotation.

  	Choose the correct rotation rule.

  	Apply the rule to each vertex.

  	Plot the new points if needed.

  	Connect the points in the same order to make the rotated figure.




How to avoid common mistakes:


  	Do not confuse clockwise and counterclockwise. Read the direction carefully.

  	Do not forget sign changes. A wrong sign gives the wrong location.

  	Do not mix up 90[image: °] and 270[image: °]. They use different directions unless matched correctly.

  	Remember that 180[image: °] always gives the same result whether clockwise or counterclockwise.

  	Rotate every vertex of a figure. One point is not enough for a whole polygon.




Quick memory tips:


  	90[image: °] rotations: switch the coordinates.

  	180[image: °] rotation: change both signs.

  	90[image: °] counterclockwise: \(-y,x)\

  	90[image: °] clockwise: \(y,-x)\




Mini practice ideas:


  	Rotate \(3,-2)\ by 180[image: °].

  	Rotate \(-5,1)\ by 90[image: °] counterclockwise.

  	Rotate \(2,4)\ by 90[image: °] clockwise.




The answers would be:


  	\(3,-2) \rightarrow (-3,2)\

  	\(-5,1) \rightarrow (-1,-5)\

  	\(2,4) \rightarrow (4,-2)\




[image: 📋]   Summary

A rotation about the origin turns a point or figure around \(0,0) \ without changing its size or shape. To rotate points, use the correct coordinate rule based on the angle and direction. The most important rules to remember are:


  	\(x,y) \rightarrow (-y,x) \ for 90[image: °] counterclockwise

  	\(x,y) \rightarrow (-x,-y) \ for 180[image: °]

  	\(x,y) \rightarrow (y,-x) \ for 90[image: °] clockwise




If you practice these rules and pay close attention to signs, you will be able to rotate both points and entire figures correctly.


  
  Put what you read to the test

  You've worked through Rotations About the Origin. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/751






  [image: 📝]   Lesson 62: Properties of Rigid Motions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/793




  Properties of Rigid Motions


In geometry, a transformation is a change in the position of a figure. Some transformations slide, flip, or turn a figure without changing its size or shape.


These special transformations are called rigid motions. A rigid motion keeps the figure congruent to the original figure. That means the image has the same size and the same shape as the original.


The three rigid motions you will study are:


	Translation: a slide

	Reflection: a flip

	Rotation: a turn




When a figure is transformed, the original figure is called the preimage, and the new figure is called the image.


The most important idea in this lesson is that rigid motions preserve certain properties. In math, preserve means keep unchanged.


Rigid motions preserve:


	segment length

	angle measure

	parallel lines




This means if a segment is 5 units long before a rigid motion, it is still 5 units long after. If an angle measures 60[image: °] before, it still measures 60[image: °] after. If two lines are parallel before, they are still parallel after.


Why does this matter? Because it helps us prove that two figures are congruent and helps us understand how shapes move on the coordinate plane.


1. Translation


A translation slides every point of a figure the same distance in the same direction.


For example, moving a point right 3 units and up 2 units follows the rule

(x,y)→(x+3,y+2)


In a translation:


	lengths stay the same

	angles stay the same

	parallel lines stay parallel

	the orientation stays the same




If triangle ABC is translated to triangle A′B′C′, then:


	AB=A′B′

	BC=B′C′

	∠A=∠A′

	Any parallel sides remain parallel




2. Reflection


A reflection flips a figure across a line called the line of reflection.


Some common reflection rules are:


	Across the x-axis: (x,y)→(x,−y)

	Across the y-axis: (x,y)→(−x,y)




In a reflection:


	lengths stay the same

	angles stay the same

	parallel lines stay parallel

	the figure may face the opposite direction




Even though the figure looks flipped, the side lengths and angle measures do not change.


3. Rotation


A rotation turns a figure around a fixed point called the center of rotation.


On a coordinate plane, many problems use rotations around the origin.


Common rotation rules are:


	90[image: °] counterclockwise: (x,y)→(−y,x)

	180[image: °]: (x,y)→(−x,−y)

	270[image: °] counterclockwise: (x,y)→(y,−x)




In a rotation:


	lengths stay the same

	angles stay the same

	parallel lines stay parallel

	the figure turns, but does not change size or shape




What does “preserve segment length” mean?


If a segment has endpoints A and B, then after a rigid motion the image segment A′B′ has the same length.


So if AB=7, then A′B′=7 too.


This is true for translations, reflections, and rotations.


What does “preserve angle measure” mean?


If an angle measures 35[image: °], then after a rigid motion its image also measures 35[image: °].


So if m∠P=35[image: °], then m∠P′=35[image: °].


What does “preserve parallel lines” mean?


If two lines never meet before a rigid motion, they still never meet after the motion.


For example, if AB‾ is parallel to CD‾, written AB‾∥CD‾, then after a rigid motion:

A′B′‾∥C′D′‾


How can students verify this experimentally?


To verify experimentally means to check by drawing, measuring, or using coordinates.


You can:


	plot a figure on a coordinate plane

	perform a translation, reflection, or rotation

	measure side lengths before and after

	measure angles before and after

	check whether parallel sides are still parallel




If the measurements match, you have verified that the rigid motion preserved those properties.


Worked Example 1: Translation preserves length


Segment AB has endpoints A(1,2) and B(4,2). Translate it using the rule

(x,y)→(x+2,y+3)


Step 1: Find the image points.


	A(1,2)→A′(3,5)

	B(4,2)→B′(6,5)




Step 2: Compare lengths.


Segment AB is horizontal. Its length is the difference in the x-values:

4−1=3


Segment A′B′ is also horizontal. Its length is:

6−3=3


Conclusion: The translation preserved segment length because AB=A′B′=3.


Worked Example 2: Reflection preserves angle measure


Suppose triangle ABC has an angle ∠A=50[image: °]. The triangle is reflected across the y-axis to form triangle A′B′C′.


What is m∠A′?


A reflection is a rigid motion, so it preserves angle measure.


Therefore,

m∠A′=50[image: °]


Conclusion: The reflected angle has the same measure as the original angle.


Worked Example 3: Rotation preserves parallel lines


A quadrilateral has opposite sides PQ‾ and RS‾ that are parallel.


The figure is rotated 90[image: °] around the origin to form P′Q′R′S′.


Are P′Q′‾ and R′S′‾ parallel?


Yes. A rotation is a rigid motion, and rigid motions preserve parallel lines.


So if

PQ‾∥RS‾

then

P′Q′‾∥R′S′‾


Conclusion: The rotated image still has those sides parallel.


Worked Example 4: Using coordinates to verify a rotation


Triangle ABC has points A(1,1), B(3,1), and C(2,4). Rotate the triangle 180[image: °] about the origin.


The rule for a 180[image: °] rotation is

(x,y)→(−x,−y)


Step 1: Find the image points.


	A(1,1)→A′(−1,−1)

	B(3,1)→B′(−3,−1)

	C(2,4)→C′(−2,−4)




Step 2: Check one side length.


Segment AB is horizontal from x=1 to x=3, so its length is 2.


Segment A′B′ is horizontal from x=−1 to x=−3, so its length is also 2.


Step 3: Check an angle idea.


Since a rotation is a rigid motion, all angles in the image triangle match the angles in the original triangle.


Conclusion: The rotation preserved length and angle measure, so the image triangle is congruent to the original triangle.


Important idea: Rigid motions do not change size


A rigid motion keeps distances the same. That is why the figure stays congruent.


This is different from a dilation, which can change the size of a figure. A dilation is not a rigid motion unless the scale factor is 1.


How to recognize that a transformation is a rigid motion



	If the figure is only slid, flipped, or turned, it is a rigid motion.

	If the side lengths stay the same, it may be a rigid motion.

	If the angle measures stay the same, that supports that it is a rigid motion.

	If the figure becomes larger or smaller, it is not a rigid motion.




Quick comparison



	Translation: preserves length, angle measure, and parallel lines

	Reflection: preserves length, angle measure, and parallel lines

	Rotation: preserves length, angle measure, and parallel lines




Common mistakes to avoid



	Thinking a reflected figure has different angle measures because it looks backwards

	Forgetting that a rotation changes position, not size

	Mixing up rigid motions with dilations

	Checking only one point instead of the whole figure




[image: 📋]   Summary


Rigid motions are translations, reflections, and rotations. They move a figure without changing its size or shape.


These transformations preserve segment length, angle measure, and parallel lines. That means the image is congruent to the original figure.


You can verify these properties experimentally by plotting figures, applying a transformation, and checking measurements before and after. If the lengths, angles, and parallel sides stay the same, then the transformation is a rigid motion.


  
  Put what you read to the test

  You've worked through Properties of Rigid Motions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/752






  [image: 📝]   Lesson 63: Dilations and Scale Factor

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/794




  Dilations and Scale Factor


In geometry, a dilation is a transformation that changes the size of a figure but keeps its shape the same. That means the new figure is similar to the original figure.


When a figure is dilated, every point moves away from or toward a fixed point called the center of dilation. The amount of change is controlled by a number called the scale factor.


This lesson will help you understand what dilations do, how to use the scale factor, and how to find the coordinates of a dilated figure on the coordinate plane.


1. What is a dilation?


A dilation makes a figure either larger or smaller.



  	If the figure gets larger, it is an enlargement.

  	If the figure gets smaller, it is a reduction.




A dilation does not change angle measures. It also keeps corresponding sides in the same proportion. Because of this, the original figure and the image are similar figures.


2. What is the scale factor?


The scale factor tells how much each length changes in a dilation.



  	If the scale factor is greater than 1, the image is larger.

  	If the scale factor is between 0 and 1, the image is smaller.

  	If the scale factor is 1, the figure stays the same size.




For example:


  	Scale factor of 2 means every length is doubled.

  	Scale factor of 3 means every length is tripled.

  	Scale factor of 12 means every length becomes half as long.

  	Scale factor of 14 means every length becomes one fourth as long.




If a side length is 6 units and the scale factor is 2, the new length is


6×2=12


If a side length is 6 units and the scale factor is 12, the new length is


6×12=3


3. Center of dilation


The center of dilation is the point from which the figure grows or shrinks. Every point on the figure moves along a straight path starting from the center of dilation.


In many coordinate plane problems in 8th Grade, the center of dilation is the origin, which is (0,0).


When the center of dilation is the origin, the rule is simple:


(x,y)→(kx,ky)


Here, k is the scale factor.


This means:


  	Multiply the x-coordinate by the scale factor.

  	Multiply the y-coordinate by the scale factor.




4. How coordinates change in a dilation


If the center is the origin and the scale factor is 2, then:


(x,y)→(2x,2y)


If the center is the origin and the scale factor is 12, then:


(x,y)→(x2,y2)


This rule works for every point in the figure.


5. Worked Example 1: Dilating one point


Dilate point A(3,4) by a scale factor of 2 from the origin.


Step 1: Use the rule (x,y)→(2x,2y).


Step 2: Multiply each coordinate by 2.


A(3,4)→A′(6,8)


Answer: The image of point A is A′(6,8).


This makes sense because the point moves farther from the origin, so the image is part of an enlargement.


6. Worked Example 2: Reducing one point


Dilate point B(−8,6) by a scale factor of 12 from the origin.


Step 1: Use the rule


(x,y)→(x2,y2)


Step 2: Divide each coordinate by 2.


B(−8,6)→B′(−4,3)


Answer: The image of point B is B′(−4,3).


The image is closer to the origin, so this is a reduction.


7. Worked Example 3: Dilating a triangle


Triangle ABC has vertices A(1,2), B(4,2), and C(1,5). Dilate the triangle by a scale factor of 3 from the origin.


Step 1: Multiply each coordinate by 3.



  	A(1,2)→A′(3,6)

  	B(4,2)→B′(12,6)

  	C(1,5)→C′(3,15)




Answer: The dilated triangle has vertices


A′(3,6),B′(12,6),C′(3,15)


Notice that each side length becomes 3 times as long. The triangle keeps the same shape, but it becomes larger.


8. Worked Example 4: Finding the scale factor


A segment has length 5 units. After dilation, its image has length 15 units. What is the scale factor?


Use the relationship


image length=original length×scale factor


Substitute the values:


15=5×k


Solve for k:


k=155=3


Answer: The scale factor is 3.


Because the scale factor is greater than 1, the dilation is an enlargement.


9. How to recognize enlargements and reductions



  	If k>1, the image is bigger.

  	If 0<k<1, the image is smaller.

  	If k=1, there is no size change.




Examples:


  	k=4: enlargement

  	k=32: enlargement

  	k=13: reduction

  	k=34: reduction




10. Important ideas to remember



  	A dilation changes size, not shape.

  	The center of dilation is the point from which all points move.

  	The scale factor tells how much the figure grows or shrinks.

  	When the center is the origin, multiply both coordinates by the scale factor.

  	Corresponding side lengths are multiplied by the same scale factor.




11. Common mistakes to avoid



  	Forgetting to multiply both coordinates: In a dilation from the origin, both x and y must be multiplied by the scale factor.

  	Mixing up enlargement and reduction: A scale factor bigger than 1 enlarges; a scale factor between 0 and 1 reduces.

  	Adding instead of multiplying: Dilations use multiplication, not addition.

  	Changing the shape: A true dilation keeps the figure similar to the original.




12. Quick practice ideas


Try these on your own:



  	Dilate (2,5) by a scale factor of 4 from the origin.

  	Dilate (−6,9) by a scale factor of 13 from the origin.

  	A side length of 8 becomes 20 after dilation. Find the scale factor.




Answers:


  	(8,20)

  	(−2,3)

  	208=52




[image: 📋]   Summary


A dilation is a transformation that makes a figure larger or smaller while keeping its shape the same. The amount of change is called the scale factor.


When the center of dilation is the origin, use the rule (x,y)→(kx,ky). If k>1, the figure enlarges. If 0<k<1, the figure reduces. Understanding this rule will help you graph and describe dilations on the coordinate plane.


  
  Put what you read to the test

  You've worked through Dilations and Scale Factor. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/753






  [image: 📝]   Lesson 64: Coordinate Rules for Dilations

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/795




  Coordinate Rules for Dilations


A dilation is a transformation that changes the size of a figure but keeps its shape the same. When a figure is dilated, the new figure is called the image.


In this lesson, we will learn how to write and use coordinate rules for dilations centered at the origin. The origin is the point \,(0,0).


When a dilation is centered at the origin, every point \,(x,y) is multiplied by the same number, called the scale factor.


The coordinate rule is:


(x,y)→(kx,ky)


Here, \,k is the scale factor.



  	If \,k>1, the image is an enlargement. The figure gets bigger.

  	If \,0<k<1, the image is a reduction. The figure gets smaller.

  	If \,k=1, the figure stays the same size.




The important idea is simple: multiply both coordinates by the scale factor.


For example, if the scale factor is \,2, then:


(x,y)→(2x,2y)


If the scale factor is \,12, then:


(x,y)→(x2,y2)


This works because each point moves along the line from the origin to that point. A larger scale factor moves the point farther from the origin. A smaller scale factor moves the point closer to the origin.


How to use the rule



  	Look at the original point \,(x,y).

  	Find the scale factor \,k.

  	Multiply the x-coordinate by \,k.

  	Multiply the y-coordinate by \,k.

  	Write the new point.




Worked Example 1: Dilation with a whole-number scale factor


Dilate the point \,(3,4) by a scale factor of \,2 centered at the origin.


Use the rule:


(x,y)→(2x,2y)


Substitute \,x=3 and \,y=4:


(3,4)→(2⋅3,2⋅4)=(6,8)


So the image of \,(3,4) is (6,8).


Because the scale factor is greater than 1, the point moves farther from the origin.


Worked Example 2: Dilation with a fraction scale factor


Dilate the point \,(−8,6) by a scale factor of \,12 centered at the origin.


Use the rule:


(x,y)→(12x,12y)


Substitute the coordinates:


(−8,6)→(12(−8),12(6))


(−8,6)→(−4,3)


So the image is (−4,3).


Because the scale factor is between 0 and 1, the point moves closer to the origin.


Worked Example 3: Dilating a whole figure


Triangle \,ABC has vertices \,A(1,2), \,B(4,2), and \,C(2,5). Dilate the triangle by a scale factor of \,3 centered at the origin.


Use the rule:


(x,y)→(3x,3y)


Find each image point one at a time.


For point \,A(1,2):


A(1,2)→A′(3,6)


For point \,B(4,2):


B(4,2)→B′(12,6)


For point \,C(2,5):


C(2,5)→C′(6,15)


So the dilated image is triangle \,A′B′C′ with vertices:



  	A′(3,6)

  	B′(12,6)

  	C′(6,15)




Notice that every coordinate was multiplied by 3.


Worked Example 4: Writing the rule from a scale factor


A dilation centered at the origin has scale factor \,34. What is the coordinate rule? Then use it on the point \,(12,−8).


First, write the rule:


(x,y)→(34x,34y)


Now apply it to \,(12,−8):


(12,−8)→(34⋅12,34⋅(−8))


(12,−8)→(9,−6)


So the image is (9,−6).


What stays the same in a dilation?



  	The figure keeps the same shape.

  	Corresponding angles stay the same.

  	The image and original lie on the same rays from the origin.




What changes in a dilation?



  	The size usually changes.

  	The coordinates change based on the scale factor.

  	The distance from the origin is multiplied by the scale factor.




Common mistakes to avoid



  	Do not add the scale factor. In a dilation, you multiply.

  	Make sure you multiply both coordinates.

  	If the scale factor is a fraction, the point should usually move closer to the origin.

  	Keep track of negative signs. For example, \,2⋅(−3)=−6.




Quick check


If a point is \,(5,−2) and the scale factor is \,4, then:


(5,−2)→(20,−8)


If a point is \,(5,−2) and the scale factor is \,15, then:


(5,−2)→(1,−25)


[image: 📋]   Summary


A dilation centered at the origin follows the rule:


(x,y)→(kx,ky)


The number \,k is the scale factor. If \,k is greater than 1, the figure gets larger. If \,k is between 0 and 1, the figure gets smaller. To find the image of a point, multiply both coordinates by \,k.


  
  Put what you read to the test

  You've worked through Coordinate Rules for Dilations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/754






  [image: 📝]   Lesson 65: Successive Transformations

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/796




  Successive Transformations means doing more than one transformation in order to a figure on the coordinate plane.
A transformation changes a figure’s position, direction, or size. In 8th Grade, the main transformations are:
	Translation: slide
	Reflection: flip
	Rotation: turn
	Dilation: resize

When transformations happen one after another, the order matters. A figure translated and then reflected may end up in a different place than if it were reflected first and then translated.
In this lesson, you will learn how to follow a sequence of transformations, track coordinates carefully, and sometimes recognize when two or more transformations can be described as one single transformation.
1. Review of basic coordinate rules
It helps to know the common coordinate rules for transformations on the coordinate plane.
	Translation by  vector                                                                     by                        (a,b):     (x,y) \rightarrow (x+a, y+b)
	Reflection across the x-axis: (x,y)→(x,−y)
	Reflection across the y-axis: (x,y)→(−x,y)
	Reflection across the line y=x: (x,y)→(y,x)
	Rotation of 90[image: °] counterclockwise about the origin: (x,y)→(−y,x)
	Rotation of 180[image: °] about the origin: (x,y)→(−x,−y)
	Rotation of 90[image: °] clockwise about the origin: (x,y)→(y,−x)
	Dilation with scale factor k about the origin: (x,y)→(kx,ky)

2. What makes transformations successive?
If a triangle is translated and then reflected, those are successive transformations. The image after the first transformation becomes the starting figure for the second transformation.
You can think of the steps like this:
	Start with the original figure.
	Apply the first transformation.
	Use the new coordinates.
	Apply the second transformation.
	Continue if there are more steps.

Important: Do not try to jump to the end too quickly. It is usually easiest to rewrite the coordinates after each transformation.
3. Why order matters
Suppose you start with the point (1,2).
If you reflect across the x-axis first, you get:
(1,2)→(1,−2)
Then if you translate right 3 units, you get:
(1,−2)→(4,−2)
But if you translate first, then reflect, the result is different.
Translate right 3 units:
(1,2)→(4,2)
Then reflect across the x-axis:
(4,2)→(4,−2)
In this case, the final answer happened to be the same. But that does not always happen. Let’s change the translation.
Start again with (1,2), and use a translation up 3 units.
Reflect first:
(1,2)→(1,−2)
Then translate up 3:
(1,−2)→(1,1)
Now reverse the order.
Translate up 3 first:
(1,2)→(1,5)
Then reflect across the x-axis:
(1,5)→(1,−5)
The final points are (1,1) and (1,−5), which are different. This shows that order matters.
4. A good strategy for successive transformations
When working with a figure, follow these steps:
	List the original coordinates.
	Do the first transformation only.
	Write the new coordinates clearly.
	Do the next transformation using the new coordinates.
	Check your work. Make sure each point followed the correct rule.

If the figure has several vertices, organize your work in a table.
For example:
Original point A(x,y) becomes A′( , ) after the first transformation, then A′′( , ) after the second transformation.
The marks like prime (′) and double prime (′′) help show the order:
	Original figure: A,B,C
	After first transformation: A′,B′,C′
	After second transformation: A′′,B′′,C′′

5. Worked Example 1: translation, then reflection
Triangle ABC has vertices:
A(1,1),B(3,1),C(2,4)
First, translate the triangle right 2 units and up 1 unit. Then reflect it across the x-axis.
Step 1: Translation
The rule is:
(x,y)→(x+2,y+1)
	A(1,1)→A′(3,2)
	B(3,1)→B′(5,2)
	C(2,4)→C′(4,5)

Step 2: Reflect across the x-axis
The rule is:
(x,y)→(x,−y)
	A′(3,2)→A′′(3,−2)
	B′(5,2)→B′′(5,−2)
	C′(4,5)→C′′(4,−5)

Final image:
A′′(3,−2),B′′(5,−2),C′′(4,−5)
What should you notice? We did not reflect the original points. We reflected the points after the translation.
6. Worked Example 2: two reflections that make one rotation
Start with point P(2,−1).
Reflect it across the x-axis, then reflect it across the y-axis.
Step 1: Reflect across the x-axis
(x,y)→(x,−y)
So:
(2,−1)→(2,1)
Step 2: Reflect across the y-axis
(x,y)→(−x,y)
So:
(2,1)→(−2,1)
Final answer: (−2,1)
Now compare this to a 180[image: °] rotation about the origin:
(x,y)→(−x,−y)
If we rotate (2,−1) by 180[image: °], we get:
(2,−1)→(−2,1)
The result is the same.
Conclusion: Reflecting across the x-axis and then across the y-axis has the same effect as a 180^\circ rotation about the origin.
This is an example of describing a sequence of transformations as one single transformation.
7. Worked Example 3: rotation, then translation
Rectangle RSTU has vertices:
R(1,1),S(4,1),T(4,3),U(1,3)
First rotate the rectangle 90[image: °] counterclockwise about the origin. Then translate it left 2 units.
Step 1: Rotate 90[image: °] counterclockwise
The rule is:
(x,y)→(−y,x)
	R(1,1)→R′(−1,1)
	S(4,1)→S′(−1,4)
	T(4,3)→T′(−3,4)
	U(1,3)→U′(−3,1)

Step 2: Translate left 2 units
The rule is:
(x,y)→(x−2,y)
	R′(−1,1)→R′′(−3,1)
	S′(−1,4)→S′′(−3,4)
	T′(−3,4)→T′′(−5,4)
	U′(−3,1)→U′′(−5,1)

Final image:
R′′(−3,1),S′′(−3,4),T′′(−5,4),U′′(−5,1)
8. Worked Example 4: dilation, then reflection
Triangle JKL has vertices:
J(1,2),K(3,2),L(2,5)
Dilate the triangle by a scale factor of 2 about the origin, then reflect it across the line y=x.
Step 1: Dilation by scale factor 2
The rule is:
(x,y)→(2x,2y)
	J(1,2)→J′(2,4)
	K(3,2)→K′(6,4)
	L(2,5)→L′(4,10)

Step 2: Reflect across y=x
The rule is:
(x,y)→(y,x)
	J′(2,4)→J′′(4,2)
	K′(6,4)→K′′(4,6)
	L′(4,10)→L′′(10,4)

Final image:
J′′(4,2),K′′(4,6),L′′(10,4)
What changed here?
	The dilation changed the size of the triangle.
	The reflection changed its orientation.

9. Recognizing equivalent single transformations
Sometimes a sequence of transformations can be replaced by one transformation.
Here are some useful patterns:
	Two translations can be combined into one translation.
	Reflect across the x-axis, then across the y-axis = 180^\circ rotation about the origin.
	Two reflections across the same line bring the figure back to its original position.

Example with translations:
Translate right 4 units, then left 1 unit.
The total movement is right 3 units.
So the single transformation is:
(x,y)→(x+3,y)
Example with up and down movement:
Translate up 5 units, then down 2 units.
The total movement is up 3 units.
So the single transformation is:
(x,y)→(x,y+3)
10. Common mistakes to avoid
	Doing the transformations in the wrong order. Always follow the order given.
	Using the original coordinates every time. After the first step, use the new image points.
	Mixing up reflection rules. For example, across the x-axis changes the sign of y, not x.
	Mixing up rotation rules. Check whether it is clockwise or counterclockwise.
	Forgetting that dilation changes size. Multiply both coordinates by the scale factor if the center is the origin.

11. Quick check questions
Try these on your own.
	Start with (3,2). Translate left 4 units, then reflect across the y-axis.
	Start with (1,−5). Reflect across the x-axis, then rotate 180[image: °] about the origin.
	Triangle vertices are (0,1), (2,1), and (1,3). Dilate by scale factor 3, then translate down 2 units.

Answers
	(3,2)→(−1,2)→(1,2)
	(1,−5)→(1,5)→(−1,−5)
	After dilation: (0,3), (6,3), (3,9); after translating down 2: (0,1), (6,1), (3,7)

12. Summary
Successive transformations are transformations done one after another.
To solve problems, apply one step at a time and rewrite the coordinates after each step.
Remember that order matters, and some sequences can be described by a single equivalent transformation.
If you stay organized and use the correct coordinate rules, you can track any figure through multiple transformations with confidence.


  
  Put what you read to the test

  You've worked through Successive Transformations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/755






  [image: 📝]   Lesson 66: Spatial Transformations

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/494




  Spatial Transformations are ways to move a shape on a flat surface, like paper or a grid, without changing its size or shape.
In 4th Grade, the three main spatial transformations are translations, reflections, and rotations.
These moves help us describe how shapes change position. Even when a shape moves, the sides and angles stay the same.
Important idea: A transformation changes where a figure is or how it faces, but it does not make the figure bigger or smaller.
Let’s learn each kind of transformation.
1. Translation
A translation means a shape slides from one place to another.
When a shape is translated:
	It does not turn.
	It does not flip.
	Its size stays the same.
	Its shape stays the same.

You can think of a translation as a smooth slide.
If a square moves 3 units right and 2 units up, every point on the square moves the same way:
3 units right and 2 units up
This means the whole shape slides together.
2. Reflection
A reflection means a shape flips over a line. This line is called the line of reflection.
When a shape is reflected:
	It flips to the other side of a line.
	It keeps the same size and shape.
	It looks like a mirror image.

If the line of reflection is vertical, the shape flips left to right. If the line is horizontal, the shape flips up and down.
A reflection helps us talk about symmetry. If one half of a figure matches the other half across a line, the figure has line symmetry.
3. Rotation
A rotation means a shape turns around a fixed point.
When a shape rotates:
	It turns.
	It does not slide only.
	It does not flip like a reflection.
	Its size and shape stay the same.

A shape can turn a quarter turn, half turn, or full turn.
	Quarter turn = 90[image: °]
	Half turn = 180[image: °]
	Full turn = 360[image: °]

These turns can happen clockwise or counterclockwise.
For example:
90[image: °], 180[image: °], 360[image: °]
How transformations keep figures the same
After a translation, reflection, or rotation, the figure still has:
	the same side lengths,
	the same angle sizes,
	the same number of sides and corners.

So if a rectangle is moved, reflected, or rotated, it is still a rectangle.
Using position words on a grid
Many transformations are shown on a grid. A grid helps us count how far a shape moves.
On a grid, we can describe moves using words like:
	left
	right
	up
	down

For example, a point might move:
4 units left
or
2 units down
Each point in the figure must move the same amount in a translation.
Worked Example 1: Translation
A triangle is moved 5 squares to the right.
What kind of transformation is this?
Step 1: Ask what the shape is doing.
The triangle is sliding.
Step 2: Check if it turns or flips.
No, it does not turn or flip.
Answer: This is a translation.
Why? A translation is a slide, and the triangle moved right without changing shape or direction.
Worked Example 2: Reflection
A heart shape is on the left side of a vertical line. Another matching heart shape is on the right side of the line, the same distance away, but reversed like a mirror image.
What transformation happened?
Step 1: Notice the line in the middle.
This is the line of reflection.
Step 2: Notice the shape is flipped across the line.
Answer: This is a reflection.
Why? The shape flipped over a line and became a mirror image.
Worked Example 3: Rotation
An arrow that points up is turned so it points right.
What transformation happened?
Step 1: Ask if the arrow slid, flipped, or turned.
It turned.
Step 2: Find how much it turned.
From up to right is a quarter turn.
Answer: This is a rotation of 90[image: °].
Why? The arrow turned, but it stayed the same size and shape.
Worked Example 4: Choosing the transformation
A square starts in one place on a grid.
Then it appears in a new place:
	same size,
	same direction,
	not flipped,
	3 units up and 4 units left.

What transformation is it?
Step 1: The square changed place.
Step 2: It did not turn.
Step 3: It did not flip.
Answer: It is a translation.
Why? The square only slid on the grid.
How to tell the transformations apart
	Translation = slide
	Reflection = flip
	Rotation = turn

A good way to remember:
	If it slides, it is a translation.
	If it looks like a mirror image, it is a reflection.
	If it turns around a point, it is a rotation.

Things to watch out for
	A shape that moves to a new place is not always a translation. Check whether it also turns or flips.
	A reflection needs a line of reflection.
	A rotation changes the direction the shape faces.
	None of these transformations change the size of the shape.

Why this matters
Spatial transformations help us understand maps, patterns, art, building designs, and puzzle shapes.
They also help us describe figures using lines, angles, symmetry, and position.
Quick review
	A translation is a slide.
	A reflection is a flip over a line.
	A rotation is a turn around a point.
	In all three transformations, the figure keeps the same size and shape.

[image: 📋]   Summary
Spatial transformations are ways to move shapes without changing their size or shape. The three main transformations are translation, reflection, and rotation.
Remember: slide, flip, turn. If you can tell how a shape moved, you can name the transformation.


  
  Put what you read to the test

  You've worked through Spatial Transformations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/446






  
    
  [image: 📖]   Chapter 10

  Congruence and Similarity



  [image: 📝]   Lesson 67: Defining Congruence through Transformations
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  Defining Congruence through Transformations


In geometry, two figures are called congruent when they have the same size and the same shape. But in 8th grade, we do more than just say they “look the same.” We give a precise definition using transformations.


A figure is congruent to another figure if one figure can be moved onto the other using a sequence of rigid motions.


Rigid motions are moves that do not change the size or shape of a figure. The three rigid motions are:


  	Translation: sliding a figure

  	Rotation: turning a figure around a point

  	Reflection: flipping a figure across a line




If you can use one or more of these motions to map one figure exactly onto another, then the figures are congruent.


Important idea: Rigid motions preserve distance and angle measure. That means side lengths stay the same, and angles stay the same.


So if figure A can be translated, rotated, or reflected to match figure B exactly, then:


  	corresponding sides have equal lengths, and

  	corresponding angles have equal measures.




This is why congruent figures always have the same size and shape.


What does “mapped to” mean?


To map one figure to another means that every point of the first figure lands exactly on a matching point of the second figure after the transformation.


For example, if point A moves to point D, point B moves to point E, and point C moves to point F, then triangle ABC maps to triangle DEF.


We write this as:

△ABC≅△DEF


This statement also tells us the corresponding vertices:


  	A↔D

  	B↔E

  	C↔F




So the matching parts are:


  	AB≅DE

  	BC≅EF

  	AC≅DF

  	∠A≅∠D

  	∠B≅∠E

  	∠C≅∠F




Understanding the three rigid motions


1. Translation

A translation slides every point of a figure the same distance in the same direction. The figure does not turn or flip.


For example, moving a triangle 4 units right and 2 units up is a translation. Every vertex moves the same way.


2. Rotation

A rotation turns a figure around a fixed point. The figure may point in a new direction, but its size and shape do not change.


Common rotations are 90[image: °], 180[image: °], and 270[image: °].


3. Reflection

A reflection flips a figure across a line, called the line of reflection. The reflected figure is like a mirror image.


Sometimes two congruent figures look reversed. In that case, a reflection may be needed.


A sequence of rigid motions


Sometimes one motion is enough to map one figure onto another. Other times, you need more than one motion.


For example, a figure might need to be:


  	rotated, then translated, or

  	reflected, then translated.




If a sequence of rigid motions works, the figures are still congruent.


How to decide if figures are congruent using transformations



  	Look at the size of the figures. If one is larger or smaller, they are not congruent.

  	Check whether one figure could be slid, turned, or flipped to match the other.

  	Make sure all corresponding sides and angles line up exactly.

  	If they match exactly after rigid motions, the figures are congruent.




What is not allowed?


Moves that change size are not rigid motions. For example:


  	stretching

  	shrinking

  	resizing




If one figure must be enlarged or reduced to match another, then the figures are similar, not congruent.


Worked Example 1: Congruent by translation


Triangle ABC has vertices A(1,1), B(4,1), and C(2,3).

Triangle DEF has vertices D(6,4), E(9,4), and F(7,6).


Are the triangles congruent?


Step 1: Compare how the points move.

From A(1,1) to D(6,4), the movement is 5 units right and 3 units up.

From B(4,1) to E(9,4), the movement is also 5 units right and 3 units up.

From C(2,3) to F(7,6), the movement is again 5 units right and 3 units up.


Step 2: Decide on the transformation.

All points move the same way, so this is a translation.


Conclusion:

Triangle ABC can be translated to triangle DEF, so:

△ABC≅△DEF


Worked Example 2: Congruent by rotation


Suppose a triangle is turned 180[image: °] around the origin, and its image matches another triangle exactly.


Original triangle:


  	A(1,2)

  	B(3,2)

  	C(2,4)




Image triangle:


  	D(−1,−2)

  	E(−3,−2)

  	F(−2,−4)




Step 1: Recognize the pattern.

A 180[image: °] rotation around the origin changes each point (x,y) to (−x,−y).


Check the vertices:


  	(1,2)→(−1,−2)

  	(3,2)→(−3,−2)

  	(2,4)→(−2,−4)




Step 2: Decide on congruence.

Since a rotation maps the first triangle onto the second, the triangles are congruent.


Conclusion:

△ABC≅△DEF


Worked Example 3: Congruent by reflection and translation


Figure P is a right triangle on the left side of a vertical line. Figure Q is the same triangle on the right side, but it appears reversed and also shifted upward.


Are the figures congruent?


Step 1: Notice the reversal.

Because the figure appears reversed, a translation alone will not work. A reflection is likely needed.


Step 2: Reflect figure P.

Reflect figure P across the vertical line. Now the triangle has the same orientation as figure Q.


Step 3: Translate if needed.

After reflecting, slide the triangle upward until it matches figure Q.


Conclusion:

A reflection followed by a translation maps figure P onto figure Q, so the figures are congruent.


Worked Example 4: Not congruent


Rectangle R has side lengths 3 units and 5 units. Rectangle S has side lengths 6 units and 10 units.


Are the rectangles congruent?


Step 1: Compare sizes.

Rectangle S is larger. In fact, each side length is doubled:

6=2⋅3and10=2⋅5


Step 2: Ask whether a rigid motion can fix that.

No. A translation, rotation, or reflection does not change side lengths.


Conclusion:

The rectangles are not congruent. They have the same shape, but not the same size.


Tips for matching corresponding parts



  	Match vertices in the order the congruence statement gives them.

  	If the figure is turned or flipped, do not assume the leftmost point matches the leftmost point.

  	Use side lengths and angle sizes to help identify which points correspond.




For example, in:

△XYZ≅△MNO


the corresponding parts are:


  	X↔M

  	Y↔N

  	Z↔O




So:


  	XY≅MN

  	YZ≅NO

  	XZ≅MO




Common mistakes to avoid



  	Mistake 1: Thinking figures are congruent just because they have the same shape. They must also have the same size.

  	Mistake 2: Forgetting that a reflected figure can still be congruent.

  	Mistake 3: Mixing up corresponding vertices in a congruence statement.

  	Mistake 4: Using a dilation (resize) and calling it congruence. Dilations are not rigid motions.




Why this definition matters


Defining congruence through transformations makes geometry more precise. Instead of guessing from a picture, we can explain exactly why two figures are congruent.


It also helps us solve geometry problems. If we know one figure can be mapped onto another by rigid motions, then we know all corresponding sides and angles are equal.


Brief Summary


Two figures are congruent if one can be mapped to the other by a sequence of rigid motions: translations, rotations, and reflections. These motions keep lengths and angle measures the same, so congruent figures have the same size and shape. If a figure must be resized to match another, then the figures are not congruent.


  
  Put what you read to the test

  You've worked through Defining Congruence through Transformations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/756
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  Defining Similarity through Transformations


In geometry, two figures can look the same shape even if one is larger or smaller than the other. When that happens, we say the figures are similar.


In 8th grade math, we define similarity using transformations. This means we decide whether two figures are similar by checking if one figure can be moved, flipped, turned, and resized to match the other.


More exactly, two figures are similar if one can be mapped onto the other by a sequence of rigid motions and a dilation.


Let’s break that definition into parts so it makes sense.


1. Rigid motions


Rigid motions are transformations that do not change size or shape. They only change position or direction.



  	Translation: sliding a figure

  	Rotation: turning a figure

  	Reflection: flipping a figure across a line




If one figure can be mapped to another using only rigid motions, then the figures are congruent.


2. Dilation


A dilation changes the size of a figure but keeps its shape. In a dilation, all lengths are multiplied by the same number, called the scale factor.



  	If the scale factor is greater than 1, the figure gets larger.

  	If the scale factor is between 0 and 1, the figure gets smaller.




For example, if every side length is multiplied by 2, the figure becomes twice as large. If every side length is multiplied by 12, the figure becomes half as large.


Similarity means same shape, not necessarily same size.


So, when we define similarity through transformations, we are saying:



  	You may use rigid motions to move the figure into the correct position.

  	You may use a dilation to enlarge or reduce it.

  	If after these transformations the figure matches the other one, the figures are similar.




Important idea: The order of the transformations can vary. You might dilate first and then rotate, or translate first and then dilate. What matters is that there is some sequence that maps one figure onto the other.


What stays the same in similar figures?



  	Angle measures stay the same.

  	The shape stays the same.

  	Side lengths are proportional.




What can change?



  	The size can change.

  	The position can change.

  	The orientation can change.




This means that similar figures may be facing different directions or be in different places on the coordinate plane, but they still have matching angle measures and proportional side lengths.


How is similarity different from congruence?



  	Congruent figures: same shape and same size; can be mapped using only rigid motions.

  	Similar figures: same shape, but sizes may be different; can be mapped using rigid motions and a dilation.




Every pair of congruent figures is also similar, because a dilation with scale factor 1 keeps the size the same. But not every pair of similar figures is congruent.


Using side lengths to recognize similarity


One way to tell if figures might be similar is to compare corresponding side lengths. If all corresponding side lengths have the same ratio, then a dilation may map one figure to the other.


For example, suppose one triangle has side lengths 3, 4, and 5, and another has side lengths 6, 8, and 10.


The side lengths are multiplied by 2:


63=2,84=2,105=2

Because the same scale factor works for all corresponding sides, the triangles are similar. A dilation with scale factor 2 would resize the smaller triangle to match the larger one.


Using coordinates to recognize similarity


On a coordinate plane, you can sometimes check similarity by seeing whether the points of one figure are multiplied by the same scale factor from a center of dilation, often the origin.


For example, if point (2,3) becomes (4,6), both coordinates were multiplied by 2. That suggests a dilation centered at the origin with scale factor 2.


If all points in the figure follow the same scaling pattern, and rigid motions can align the figures if needed, then the figures are similar.


Worked Example 1: Basic enlargement


Triangle A has side lengths 2, 3, and 4. Triangle B has side lengths 4, 6, and 8. Are the triangles similar?


Step 1: Compare corresponding side lengths.


42=2,63=2,84=2

All side lengths are multiplied by the same number, 2.


Step 2: Interpret with transformations.


A dilation with scale factor 2 maps Triangle A to a triangle with the same side lengths as Triangle B.


If needed, a translation, rotation, or reflection could place it exactly on Triangle B.


Conclusion: The triangles are similar.


Worked Example 2: Same shape, turned and moved


One rectangle is 3 units by 5 units. Another rectangle is 15 units by 9 units. Are they similar?


Be careful: corresponding side lengths must match in the correct order.


If the smaller rectangle has sides 3 and 5, then a similar rectangle would need sides multiplied by the same scale factor.


Check possible ratios:


155=3and93=3

So the rectangle with sides 3 and 5 can be dilated by a scale factor of 3 to get a rectangle with sides 9 and 15.


Since rectangles may be rotated, a 9×15 rectangle is the same shape as a 15×9 rectangle after a rotation.


Conclusion: The rectangles are similar. A dilation by 3, followed by a rotation if needed, maps one to the other.


Worked Example 3: Not similar


Triangle PQR has side lengths 4, 6, and 9. Triangle XYZ has side lengths 8, 12, and 20. Are they similar?


Step 1: Compare side ratios.


84=2,126=2,209≠2

The first two side lengths scale by 2, but the third does not.


Step 2: Decide whether a dilation works.


Since one scale factor does not work for all corresponding sides, there is no single dilation that maps one triangle to the other.


Conclusion: The triangles are not similar.


Worked Example 4: Similarity on the coordinate plane


Triangle ABC has vertices A(1,1), B(2,1), and C(1,3). Triangle DEF has vertices D(2,2), E(4,2), and F(2,6). Are the triangles similar?


Step 1: Compare the coordinates.



  	A(1,1)→D(2,2)

  	B(2,1)→E(4,2)

  	C(1,3)→F(2,6)




Each coordinate is multiplied by 2.


Step 2: Interpret the transformation.


This is a dilation centered at the origin with scale factor 2.


Because the same dilation maps every vertex of Triangle ABC to the corresponding vertex of Triangle DEF, the triangles have the same shape.


Conclusion: The triangles are similar.


How to decide if two figures are similar



  	Check whether one figure looks like an enlargement or reduction of the other.

  	See if corresponding side lengths have the same ratio.

  	Remember that figures can also be translated, rotated, or reflected.

  	Ask: Can a sequence of rigid motions and a dilation map one figure onto the other?




If the answer is yes, the figures are similar.


Common mistakes to avoid



  	Mixing up congruent and similar figures: congruent means same size too; similar does not.

  	Using different scale factors: for similarity, all corresponding side lengths must use the same scale factor.

  	Ignoring rotations or reflections: figures can still be similar even if they are turned or flipped.

  	Matching the wrong sides: compare corresponding sides carefully.




[image: 📋]   Summary


Two figures are similar if one can be mapped onto the other using a sequence of rigid motions and a dilation.


Rigid motions keep size and shape the same, while a dilation changes size by a scale factor. Similar figures have equal corresponding angles and proportional corresponding side lengths.


When deciding if figures are similar, think about whether one figure can be moved and resized to match the other. If it can, then the figures are similar.


  
  Put what you read to the test

  You've worked through Defining Similarity through Transformations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/757






  [image: 📝]   Lesson 69: Angle-Angle (AA) Similarity

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/799




  Angle-Angle (AA) Similarity is a rule that helps us decide when two triangles have the same shape, even if they are different sizes.


Two triangles are similar if their matching angles are equal and their matching side lengths are in the same ratio. This means one triangle is a scaled copy of the other.


In this lesson, you will learn what AA Similarity means, why it works, how to identify matching parts of triangles, and how to use it to solve problems.


Key idea: If two angles of one triangle are congruent to two angles of another triangle, then the triangles are similar.


We write this as the AA Similarity Theorem.


Suppose triangle 1 has angles that match two angles in triangle 2:


∠A≅∠Dand∠B≅∠E

Then the triangles are similar:


△ABC∼△DEF

The order matters. In the statement


△ABC∼△DEF

the matching vertices are:



  	
    
      A↔D
    

  

  	
    
      B↔E
    

  

  	
    
      C↔F
    

  




That means the matching sides are:



  	AB↔DE


  	BC↔EF


  	AC↔DF





Why does AA Similarity work?


Every triangle has angle measures that add to 180[image: °].


If two angles of one triangle match two angles of another triangle, then the third angles must also match. For example, if:


∠A=50[image: °] and ∠B=60[image: °]

then the third angle is:


180[image: °]−50[image: °]−60[image: °]=70[image: °]

If another triangle also has angles 50[image: °] and 60[image: °], then its third angle must also be 70[image: °].


So the two triangles have all the same angle measures. Triangles with the same angle measures always have the same shape, so they are similar.


Important: Similar triangles are not always congruent.



  	Congruent triangles have the same shape and the same size.


  	Similar triangles have the same shape, but they can be different sizes.





For example, a triangle with side lengths 3,4,5 and a triangle with side lengths 6,8,10 are similar because each side in the second triangle is twice as long as the matching side in the first triangle.


How to use AA Similarity



  	Find two pairs of congruent angles.


  	State that the triangles are similar by AA.


  	Match the vertices in the correct order.


  	Use matching sides to write proportions.


  	Solve for any missing lengths.





Worked Example 1: Deciding if triangles are similar


Triangle ABC has angles 40[image: °], 65[image: °], and 75[image: °].


Triangle DEF has angles 40[image: °], 75[image: °], and 65[image: °].


Are the triangles similar?


Step 1: Compare the angles.


Both triangles have the same three angle measures: 40[image: °], 65[image: °], and 75[image: °].


Step 2: Use AA Similarity.


Since at least two angles match, the triangles are similar.


Answer: Yes, the triangles are similar by AA Similarity.


Worked Example 2: Naming similar triangles correctly


Suppose:



  	∠A≅∠D


  	∠B≅∠E


  	∠C≅∠F





Write the similarity statement.


Step 1: Match the vertices in order.



  	A↔D


  	B↔E


  	C↔F





Step 2: Write the triangles in matching order.


△ABC∼△DEF

Why is order important?


If you write the wrong order, then you might compare the wrong sides and get incorrect proportions.


Worked Example 3: Finding a missing side length


Suppose △ABC∼△DEF, where:



  	AB=6


  	BC=9


  	DE=10


  	EF=x





Find x.


Step 1: Match the sides.


Since △ABC∼△DEF, we know:



  	AB↔DE


  	BC↔EF





So:


ABDE=BCEF

Substitute the values:


610=9x

Step 2: Solve the proportion.


6x=90

x=15

Answer: EF=15.


Check: The scale factor from the first triangle to the second is:


106=53

If we multiply 9 by 53, we get:


9⋅53=15

The answer makes sense.


Worked Example 4: Using a diagram idea with a parallel line


In many geometry problems, a line segment inside a triangle is parallel to one side of the triangle. This creates matching angles.


Suppose in triangle ABC, points D and E are on sides AB and AC, and DE∥BC.


Then compare triangles ADE and ABC.


Step 1: Find equal angles.


Because DE is parallel to BC:



  	∠ADE≅∠ABC


  	∠AED≅∠ACB





Also, the triangles share angle A.


Step 2: Use AA Similarity.


Since two angles match,


△ADE∼△ABC

Step 3: Use the similarity to find lengths.


If AD=4, AB=10, and AC=15, find AE.


From the similarity statement:



  	AD↔AB


  	AE↔AC





Write a proportion:


ADAB=AEAC

Substitute values:


410=AE15

Solve:


10⋅AE=60

AE=6

Answer: AE=6.


Common mistakes to avoid



  	Mixing up similar and congruent: Similar triangles can be different sizes.


  	Using the wrong vertex order: Always match equal angles first.


  	Comparing non-matching sides: Use the similarity statement to match sides correctly.


  	Forgetting the third angle: If two angles match, the third one matches automatically.





Quick strategy for problems



  	Look for angle markings in the diagram.


  	Check whether two angles are equal.


  	Write a correct similarity statement.


  	Set up proportions using matching sides.


  	Solve carefully and check whether your answer makes sense.





[image: 📋]   Summary


The AA Similarity Theorem says that if two angles of one triangle are congruent to two angles of another triangle, then the triangles are similar.


Similar triangles have equal matching angles and proportional matching sides. Once you know triangles are similar, you can write proportions to find missing lengths.


Always match the vertices in the correct order. That helps you compare the correct sides and avoid mistakes.


  
  Put what you read to the test

  You've worked through Angle-Angle (AA) Similarity. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/758






  [image: 📝]   Lesson 70: Proportional Parts of Similar Figures

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/800




  Proportional Parts of Similar Figures


When two figures are similar, they have the same shape but not necessarily the same size. This means their matching angles are equal, and their matching side lengths are in the same ratio.


This lesson will help you understand how to use those matching side lengths to find missing measurements. You will learn how to set up proportions, solve them, and check that your answers make sense.


1. What does “similar” mean?


Two figures are similar if one can be made from the other by a combination of transformations that keep the shape the same, such as resizing, sliding, turning, or flipping.


For similar figures:


  	Corresponding angles are congruent (equal in measure).

  	Corresponding sides are proportional.




If triangle ABC is similar to triangle DEF, we write

△ABC∼△DEF


This tells us the vertices match in order:


  	
    
      A corresponds to D
    

  

  	
    
      B corresponds to E
    

  

  	
    
      C corresponds to F
    

  




So the matching sides are:


  	
    
      AB corresponds to DE
    

  

  	
    
      BC corresponds to EF
    

  

  	
    
      AC corresponds to DF
    

  




That means

ABDE=BCEF=ACDF


2. What are proportional parts?


Proportional parts are matching parts of similar figures that keep the same ratio.


For example, if one figure is twice as large as another, then every corresponding side is twice as long. If one figure is half as large, then every corresponding side is half as long.


This common ratio is called the scale factor.


If the scale factor from a small figure to a large figure is 3, then


  	every side of the large figure is 3 times the matching side of the small figure, and

  	the ratio of corresponding sides is constant.




3. How to solve for missing side lengths


To find a missing side in similar figures, follow these steps:


  	
    Match the corresponding sides correctly.

  

  	
    Write a proportion.

  

  	
    Solve the equation.

  

  	
    Check whether your answer fits the figure.

  




A very common mistake is matching the wrong sides. Always use the order in the similarity statement or look carefully at which angles and sides line up.


4. Worked Example 1: Finding a missing side in similar triangles


Suppose

△ABC∼△DEF


and you know:


  	
    
      AB=6
    

  

  	
    
      DE=9
    

  

  	
    
      BC=10
    

  

  	
    
      EF=x
    

  




Because AB corresponds to DE and BC corresponds to EF, we write:

ABDE=BCEF


Substitute the values:

69=10x


Now solve by cross multiplying:

6x=90

x=15


Answer: EF=15


Let’s check. The scale factor from triangle ABC to triangle DEF is

96=32=1.5


So the matching side to 10 should be

10⋅1.5=15


The answer makes sense.


5. Worked Example 2: Similar polygons


Similar figures are not only triangles. Polygons can also be similar if all corresponding angles are equal and all corresponding sides are proportional.


Suppose two similar pentagons have corresponding sides:


  	
    
      small pentagon side: 8
    

  

  	
    
      large pentagon side: 12
    

  




Another side on the small pentagon is 14, and the matching side on the large pentagon is x.


Write the proportion:

812=14x


Cross multiply:

8x=168

x=21


Answer: the missing side is 21.


You could also use the scale factor. From small to large, the scale factor is

128=32


Then

14⋅32=21


6. Overlapping similar triangles


Sometimes similar triangles appear inside larger triangles. This often happens when a segment is drawn parallel to one side of a triangle.


When a line segment is parallel to one side of a triangle, it can create a smaller triangle that is similar to the larger triangle.


In these problems, the triangles may overlap or one may be inside the other. You still solve them the same way:


  	
    identify the similar triangles,

  

  	
    match corresponding sides,

  

  	
    set up a correct proportion.

  




7. Worked Example 3: Overlapping similar triangles


In triangle ABC, points D and E lie on sides AB and AC. Suppose DE∥BC. Then

△ADE∼△ABC


Let:


  	
    
      AD=4
    

  

  	
    
      AB=10
    

  

  	
    
      AE=6
    

  

  	
    
      AC=x
    

  




Because the smaller triangle ADE is similar to the larger triangle ABC, corresponding sides are proportional:

ADAB=AEAC


Substitute:

410=6x


Cross multiply:

4x=60

x=15


Answer: AC=15


Check the scale factor. From the small triangle to the large triangle, the factor is

104=2.5


So

6⋅2.5=15


The answer is reasonable.


8. Worked Example 4: A more challenging overlapping triangle problem


Suppose DE∥BC in triangle ABC, so

△ADE∼△ABC


You know:


  	
    
      AD=9
    

  

  	
    
      DB=6
    

  

  	
    
      AE=x
    

  

  	
    
      EC=8
    

  




Be careful here. The whole side AB is not 9. Since AB=AD+DB, we get

AB=9+6=15


Also, the whole side AC is

AC=AE+EC=x+8


Now use similarity:

ADAB=AEAC


Substitute:

915=xx+8


Simplify 915 to 35:

35=xx+8


Cross multiply:

3(x+8)=5x

3x+24=5x

24=2x

x=12


Answer: AE=12


Let’s check. If AE=12, then

AC=12+8=20


Now compare the side ratios:

ADAB=915=35

and

AEAC=1220=35


The ratios match, so the answer is correct.


9. Tips for success



  	
    Match sides carefully. Do not compare sides that are not corresponding.

  

  	
    Use the order of the letters. In △ABC∼△DEF, side AB matches DE, not EF or DF.

  

  	
    Watch for whole lengths. In overlapping triangle problems, a full side may be made of two smaller parts.

  

  	
    Check scale factor. If one figure is larger, the matching side should also be larger.

  

  	
    Keep ratios consistent. If you start with small over large, stay with small over large in the whole proportion.

  




10. Common mistakes



  	
    Mixing up corresponding sides

  

  	
    Using one small side and one large side in the wrong order

  

  	
    Forgetting to add side segments to get a whole side

  

  	
    Solving the proportion correctly but not checking whether the answer makes sense in the diagram

  




11. Quick review


If figures are similar, then their corresponding side lengths are proportional.


To find a missing side:


  	
    identify corresponding sides,

  

  	
    write a proportion,

  

  	
    solve, and

  

  	
    check your answer.

  




In overlapping triangles, look carefully for smaller and larger similar triangles, especially when a line is parallel to one side of a triangle.


[image: 📋]   Summary


Similar figures have equal corresponding angles and proportional corresponding sides. The constant ratio between matching sides is called the scale factor. By matching sides correctly and writing a proportion, you can find missing side lengths in similar polygons and in overlapping similar triangles.


  
  Put what you read to the test

  You've worked through Proportional Parts of Similar Figures. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/759






  [image: 📝]   Lesson 71: Scale Factor Effects on Perimeter and Area

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/801




  Scale Factor Effects on Perimeter and Area


When one figure is enlarged or reduced to make a similar figure, every side length changes by the same number. That number is called the scale factor.


In this lesson, you will learn an important idea: if a figure is scaled by a factor of k, then its perimeter is multiplied by k, but its area is multiplied by k2.


This is a big idea in geometry because students often mix up what happens to lengths and what happens to areas. Perimeter is a measurement of distance around a shape, so it changes like side lengths. Area measures how much surface is covered, so it changes more quickly.


1. Review: What is a scale factor?


A scale factor tells how much larger or smaller a figure becomes during a dilation.



  	If k>1, the figure is enlarged.

  	If 0<k<1, the figure is reduced.

  	If k=1, the figure stays the same size.




For example, if a rectangle has side lengths 3 and 5, and it is dilated by a scale factor of 2, the new side lengths are 6 and 10.


Every length is multiplied by 2. This is the key idea that helps us understand what happens to perimeter and area.


2. Effect of scale factor on perimeter


Perimeter is the total distance around a figure. Since perimeter is found by adding side lengths, and every side length is multiplied by the same scale factor, the whole perimeter is also multiplied by that scale factor.


If the original perimeter is P, then after scaling by k, the new perimeter is


P′=kP

This means:



  	Double all side lengths k=2  perimeter doubles.

  	Triple all side lengths k=3  perimeter triples.

  	Cut all side lengths in half k=12  perimeter is cut in half.




Why does this work?


Suppose a triangle has side lengths a, b, and c. Its perimeter is


P=a+b+c

After scaling by k, the new side lengths are ka, kb, and kc. The new perimeter is


P′=ka+kb+kc

Factor out k:


P′=k(a+b+c)

Since a+b+c=P, we get


P′=kP

So perimeter changes by the same factor as the side lengths.


3. Effect of scale factor on area


Area measures the amount of space inside a figure. Area depends on two dimensions: length and width, or base and height.


If each length is multiplied by k, then area is multiplied by k twice:


A′=k2A

This means:



  	If a figure is enlarged by 2, the area becomes 22=4 times as great.

  	If a figure is enlarged by 3, the area becomes 32=9 times as great.

  	If a figure is reduced by 12, the area becomes (12)2=14 of the original.




Why does this work?


Think about a rectangle with length l and width w. Its area is


A=lw

After scaling by k, the new length is kl and the new width is kw. The new area is


A′=(kl)(kw)

Multiply:


A′=k2lw

Since lw=A, we get


A′=k2A

So area changes by the square of the scale factor.


4. Comparing perimeter and area


This chart shows the difference:



  	Lengths multiply by k

  	Perimeter multiplies by k

  	Area multiplies by k2




This is why area grows faster than perimeter when a figure gets larger.


For example, if side lengths are multiplied by 4:



  	Perimeter is multiplied by 4

  	Area is multiplied by 42=16




5. Worked Example 1: Finding the new perimeter


A square has side length 6 cm. It is enlarged by a scale factor of 3. Find the new perimeter.


Step 1: Find the original perimeter.


P=4×6=24

Step 2: Multiply by the scale factor.


P′=3×24=72

Answer: The new perimeter is 72 cm.


You could also check by finding the new side length first: 6×3=18, then 4×18=72.


6. Worked Example 2: Finding the new area


A rectangle has an area of 15 square units. It is enlarged by a scale factor of 4. Find the new area.


Step 1: Use the area rule.


A′=k2A

Step 2: Substitute values.


A′=42×15

A′=16×15=240

Answer: The new area is 240 square units.


Notice that the area did not become 60. That would be multiplying by 4 only once. Since area has two dimensions, we must use 42.


7. Worked Example 3: Finding the scale factor from areas


Two similar figures have areas 27 square inches and 243 square inches. What is the scale factor from the smaller figure to the larger figure?


Step 1: Compare the areas.


24327=9

So the area was multiplied by 9.


Step 2: Find the number whose square is 9.


k2=9

k=3

Answer: The scale factor is 3.


This works because area changes by k2, not just k.


8. Worked Example 4: Perimeter and area together


A triangle has perimeter 18 cm and area 12 square cm. It is reduced by a scale factor of 13. Find the new perimeter and new area.


Step 1: Find the new perimeter.


P′=kP=13×18=6

So the new perimeter is 6 cm.


Step 2: Find the new area.


A′=k2A=(13)2×12

A′=19×12=129=43

Answer:



  	New perimeter: 6 cm

  	New area: 43 square cm




This example shows that when a figure gets smaller, the area shrinks even more than the perimeter.


9. Common mistakes to avoid



  	Mistake 1: Multiplying area by k instead of k2.

  	Mistake 2: Using k2 for perimeter. Perimeter only uses side lengths, so it multiplies by k.

  	Mistake 3: Forgetting that units change. Perimeter uses units like cm, but area uses square units like cm2.

  	Mistake 4: Comparing areas directly to side lengths. If you know the area ratio, take the square root to find the scale factor.




10. Quick rules to remember



  	If side lengths change by a factor of k, perimeter changes by k.

  	If side lengths change by a factor of k, area changes by k2.

  	If you know the perimeter ratio, that ratio is the scale factor.

  	If you know the area ratio, the scale factor is the square root of that ratio.




11. Final summary


When a figure is dilated by a scale factor of k, every side length is multiplied by k. Because perimeter is made from lengths added together, perimeter is also multiplied by k.


Area is different because it depends on two dimensions. When both dimensions are multiplied by k, the area is multiplied by k2. This is why enlarging a figure makes area grow much faster than perimeter.


If you remember perimeter  k and area  k2, you will be able to solve many similarity problems correctly.


  
  Put what you read to the test

  You've worked through Scale Factor Effects on Perimeter and Area. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/760
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  Indirect Measurement Applications means finding a distance or height that is hard or impossible to measure directly by using geometry instead.
In 8th Grade math, the main tool for indirect measurement is similar triangles. If two triangles are similar, then their matching side lengths have the same ratio. This lets us use something we can measure to find something we cannot easily measure.
This idea is useful in real life. For example, you can estimate the height of a tree, a flagpole, or a building, or the width of a river, without climbing or crossing.
Main Idea: If two triangles are similar, then corresponding sides are proportional.
That means if triangle A is similar to triangle B, then
side in Amatching side in A=side in Bmatching side in Bor more specifically, if the triangles are labeled to show matching sides, then
ABDE=BCEF=ACDFThe most important step is to make sure you match the correct sides.
How do similar triangles appear in indirect measurement?
	When two objects cast shadows at the same time, the sunlight creates the same angle for both objects.
	Each object and its shadow form a right triangle.
	Because the angle from the sun is the same, the triangles are similar.
	Then the ratio of height to shadow length is the same for both objects.

For shadows, we often use this proportion:
height of object 1shadow of object 1=height of object 2shadow of object 2You can also solve problems using mirrors or lines of sight. In those situations, the triangles are similar because they have equal angles.
Steps for solving indirect measurement problems
	Draw and label a diagram.
	Find the two similar triangles.
	Match corresponding sides carefully.
	Write a proportion.
	Solve the equation.
	Check whether the answer makes sense.

Important reminder: Similar triangles do not have equal side lengths. Their side lengths are in the same ratio.
Worked Example 1: Finding the height of a tree using shadows
A student who is 5 feet tall casts a 4-foot shadow. At the same time, a tree casts a 28-foot shadow. How tall is the tree?
Step 1: Set up similar triangles.
The student and the tree each form a triangle with the ground and the sunlight. The triangles are similar.
Step 2: Write a proportion.
54=h28Here, h is the height of the tree.
Step 3: Solve.
4h=5⋅28 4h=140 h=35Answer: The tree is 35 feet tall.
Check: The tree’s shadow is much longer than the student’s shadow, so the tree should be much taller than the student. A height of 35 feet makes sense.
Worked Example 2: Finding the height of a building
A 6-foot pole casts an 8-foot shadow. At the same time, a building casts a 60-foot shadow. How tall is the building?
Step 1: Write the matching ratio.
68=h60Step 2: Solve.
8h=6⋅60 8h=360 h=45Answer: The building is 45 feet tall.
Why this works: The ratio of height to shadow length stays the same because the sun angle is the same for both triangles.
Worked Example 3: Finding the width of a river
A surveyor wants to find the width of a river without crossing it. The diagram shows two similar triangles. In the smaller triangle, one side is 6 meters and the matching side is 8 meters. In the larger triangle, the side matching 6 meters is 24 meters. What is the side matching 8 meters?
Let the unknown width be w.
Step 1: Write a proportion using matching sides.
68=24wStep 2: Cross multiply.
6w=8⋅24 6w=192 w=32Answer: The width is 32 meters.
Notice: Since 24 is 4 times 6, the matching side should also be 4 times 8. And 4⋅8=32. This helps us check the answer quickly.
Worked Example 4: A mirror measurement problem
A small mirror is placed on the ground between a student and a flagpole. When the student stands 3 feet from the mirror, she can see the top of the flagpole in the mirror. Her eye level is 4.5 feet above the ground. The mirror is 12 feet from the flagpole. How tall is the flagpole?
In this situation, the triangles are similar. The student’s triangle has height 4.5 and base 3. The flagpole’s triangle has height h and base 12.
Step 1: Write a proportion.
4.53=h12Step 2: Solve.
3h=4.5⋅12 3h=54 h=18Answer: The flagpole is 18 feet tall.
Common mistakes to avoid
	Mixing up corresponding sides. Height must be matched with height, and shadow must be matched with shadow.
	Using different units. If one length is in feet and another is in inches, convert first.
	Setting up the proportion backwards. If you write one ratio as height over shadow, keep the other ratio in the same order.
	Assuming triangles are similar without checking. Make sure there are matching angles that show similarity.

Quick Example of a Unit Conversion
A person is 48 inches tall and casts a 3-foot shadow. A tree casts a 21-foot shadow. How tall is the tree?
First, make the units match. Since 48 inches is 4 feet, use
43=h21 3h=84 h=28The tree is 28 feet tall.
How to recognize an indirect measurement problem
You are probably looking at indirect measurement if:
	You need to find a height, width, or distance that is difficult to measure directly.
	The problem includes shadows, mirrors, or sight lines.
	The problem gives two triangles that share matching angles.
	You are expected to use proportions.

Helpful strategy
Before solving, ask yourself: Which sides go together? If you label the matching sides first, the proportion becomes much easier to write correctly.
[image: 📋]   Summary
Indirect measurement uses similar triangles to find lengths you cannot easily measure. Once you know the triangles are similar, you can write a proportion with corresponding sides and solve for the unknown length. This method is especially useful for heights of tall objects and widths of places that are hard to cross.


  
  Put what you read to the test

  You've worked through Indirect Measurement Applications. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/761






  
    
  [image: 📖]   Chapter 11

  Angles, Lines, and Polygons



  [image: 📝]   Lesson 73: Vertical, Adjacent, and Linear Pairs

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/803




  Vertical, Adjacent, and Linear Pairs are special relationships between angles. When lines cross or when angles sit next to each other, we can use these relationships to find missing angle measures.


These angle ideas are important because they help us solve geometry problems and algebra problems. If you know how two angles are connected, you can write an equation and solve for an unknown value.


In this lesson, you will learn how to identify adjacent angles, vertical angles, and linear pairs. You will also use the ideas of complementary and supplementary angles to solve problems.


1. Review: What is an angle?


An angle is formed by two rays that share the same endpoint. The shared endpoint is called the vertex.


Angles are measured in degrees. For example, a right angle measures 90[image: °], and a straight angle measures 180[image: °].


2. Complementary and Supplementary Angles


Before learning the three main angle relationships, it helps to remember these two important definitions:



  	Complementary angles are two angles whose measures add up to 90[image: °].

  	Supplementary angles are two angles whose measures add up to 180[image: °].




These words describe the sum of two angles. The angles do not have to be next to each other unless the problem says so.


For example:



  	If one angle is 35[image: °], its complement is 55[image: °] because 35+55=90.

  	If one angle is 120[image: °], its supplement is 60[image: °] because 120+60=180.




3. Adjacent Angles


Adjacent angles are two angles that are next to each other. They share:



  	a common vertex, and

  	a common side.




They do not overlap.


If two angles sit side by side, they are adjacent. Adjacent angles can have many different sums. Some adjacent angles add to 90[image: °], some add to 180[image: °], and some do not make either of those totals.


So, being adjacent tells you about the position of the angles, not their total measure.


4. Vertical Angles


Vertical angles are formed when two lines intersect. They are the opposite angles across from each other.


A very important fact is this:


Vertical angles are always equal.


If two lines cross and one of the angles measures 70[image: °], then the angle directly across from it also measures 70[image: °].


The other two opposite angles are also equal to each other.


When two lines intersect, four angles are formed:



  	one pair of vertical angles, and

  	another pair of vertical angles.




5. Linear Pairs


A linear pair is a special kind of adjacent angle pair.


Two angles form a linear pair if:



  	they are adjacent, and

  	their non-common sides form a straight line.




Because a straight line measures 180[image: °], angles in a linear pair are always supplementary.


That means if angles A and B form a linear pair, then:


A+B=180


So every linear pair is supplementary, but not every supplementary pair is a linear pair. To be a linear pair, the angles must also be adjacent.


6. How these ideas are connected



  	Adjacent angles: next to each other.

  	Vertical angles: opposite each other when lines intersect; they are equal.

  	Linear pair: adjacent angles that form a straight line; they add to 180[image: °].

  	Complementary angles: add to 90[image: °].

  	Supplementary angles: add to 180[image: °].




7. How to solve angle problems


When solving a problem, ask yourself these questions:



  	Are the angles next to each other? If yes, they may be adjacent.

  	Are the angles opposite each other in intersecting lines? If yes, they are vertical angles.

  	Do the angles form a straight line? If yes, they are a linear pair and sum to 180[image: °].

  	Does the problem say complementary or supplementary? Use 90[image: °] or 180[image: °].

  	Can you write an equation and solve for the variable?




Worked Example 1: Finding a vertical angle


Two lines intersect. One angle measures 48[image: °]. What is the measure of the vertical angle across from it?


Step 1: Identify the relationship.


The angle across from it is a vertical angle.


Step 2: Use the vertical angle rule.


Vertical angles are equal, so the opposite angle also measures:


48[image: °]


Answer: The vertical angle measures 48[image: °].


Worked Example 2: Finding a linear pair


One angle in a linear pair measures 132[image: °]. Find the measure of the other angle.


Step 1: Use the linear pair rule.


Linear pairs are supplementary, so their measures add to 180[image: °].


Let the missing angle be x.


x+132=180


Step 2: Solve.


x=180−132


x=48


Answer: The other angle measures 48[image: °].


Worked Example 3: Solving with algebra using vertical angles


Two vertical angles are labeled (3x+5)[image: °] and (5x−19)[image: °]. Find x, then find the angle measure.


Step 1: Use the vertical angle relationship.


Vertical angles are equal, so:


3x+5=5x−19


Step 2: Solve the equation.


Subtract 3x from both sides:


5=2x−19


Add 19 to both sides:


24=2x


Divide by 2:


x=12


Step 3: Find the angle measure.


Substitute x=12 into one expression:


3(12)+5=36+5=41


Answer: x=12, and each vertical angle measures 41[image: °].


Worked Example 4: Solving with algebra using a linear pair


Two angles form a linear pair. Their measures are (2x+10)[image: °] and (4x−4)[image: °]. Find x, then find both angle measures.


Step 1: Use the linear pair relationship.


Linear pairs add to 180[image: °], so:


(2x+10)+(4x−4)=180


Step 2: Combine like terms.


6x+6=180


Step 3: Solve.


6x=174


x=29


Step 4: Find each angle.


First angle:


2x+10=2(29)+10=68


Second angle:


4x−4=4(29)−4=112


Check:


68+112=180


Answer: x=29. The angles measure 68[image: °] and 112[image: °].


8. Common mistakes to avoid



  	Do not confuse adjacent and vertical angles. Adjacent angles are side by side. Vertical angles are across from each other.

  	Do not assume all adjacent angles are supplementary. They are only supplementary if they form a linear pair or if the problem says so.

  	Do not forget the equation. Vertical angles are equal, but linear pairs add to 180.

  	Check your final answer. If the angles are vertical, they should match. If they are a linear pair, they should add to 180[image: °].




9. Quick identification practice


Use these clues:



  	If two angles share a side and a vertex, they are adjacent.

  	If two angles are opposite when lines cross, they are vertical.

  	If two adjacent angles make a straight line, they are a linear pair.




10. Summary


Angle relationships help you understand how angles connect. Adjacent angles are next to each other, vertical angles are opposite and equal, and linear pairs are adjacent angles that add to 180[image: °].


When a problem includes variables, use the angle relationship to write an equation. Then solve the equation and check that your answer fits the angle rule.


  
  Put what you read to the test

  You've worked through Vertical, Adjacent, and Linear Pairs. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/762






  [image: 📝]   Lesson 74: Parallel Lines and Transversals

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/804




  Parallel Lines and Transversals


When a line crosses two other lines, it can create many angle relationships. In this lesson, you will learn how to recognize and use the angle pairs formed when a transversal crosses parallel lines.


This idea is important because once you know one angle, you can often find several others without measuring. You will also learn the names of special angle pairs: corresponding angles, alternate interior angles, alternate exterior angles, and consecutive interior angles.


1. Important vocabulary



  	Parallel lines are lines in the same plane that never meet. We show parallel lines with the symbol ∥.

  	Transversal means a line that crosses two or more other lines.

  	Interior angles are the angles between the two lines.

  	Exterior angles are the angles outside the two lines.




Imagine two parallel horizontal lines cut by a slanted line. This slanted line is the transversal. At each crossing, four angles are formed, for a total of eight angles.


2. Why angle relationships happen


When the two lines are parallel, the angle patterns created by the transversal are predictable. Some angle pairs are always equal, and some always add up to 180[image: °].


These patterns help us solve problems quickly. Instead of measuring every angle, we use the relationships between the angles.


3. The four main angle pairs


A. Corresponding angles


Corresponding angles are in the same relative position at each intersection.



  	For example, one angle might be above the top line and to the right of the transversal.

  	Its corresponding angle would be above the bottom line and to the right of the transversal.




If the lines are parallel, then corresponding angles are congruent, which means they have the same measure.


So if angle 1 and angle 5 are corresponding, then


m∠1=m∠5


B. Alternate interior angles


Alternate interior angles are:



  	between the two parallel lines, and

  	on opposite sides of the transversal.




If the lines are parallel, then alternate interior angles are congruent.


So if angle 3 and angle 6 are alternate interior, then


m∠3=m∠6


C. Alternate exterior angles


Alternate exterior angles are:



  	outside the two parallel lines, and

  	on opposite sides of the transversal.




If the lines are parallel, then alternate exterior angles are congruent.


So if angle 1 and angle 8 are alternate exterior, then


m∠1=m∠8


D. Consecutive interior angles


Consecutive interior angles are:



  	between the two parallel lines, and

  	on the same side of the transversal.




These angles are supplementary, which means their measures add up to 180[image: °].


So if angle 3 and angle 5 are consecutive interior, then


m∠3+m∠5=180[image: °]


4. A common angle diagram


Many textbooks number the eight angles like this:


At the top intersection, angles 1,2,3,4. At the bottom intersection, angles 5,6,7,8.


Even if your diagram is labeled differently, the important part is the position of the angles.



  	Corresponding: (1,5),(2,6),(3,7),(4,8)

  	Alternate interior: (3,6),(4,5)

  	Alternate exterior: (1,8),(2,7)

  	Consecutive interior: (3,5),(4,6)




5. Other useful angle facts


There are also angle relationships you already know from intersecting lines.



  	Vertical angles are opposite each other and are congruent.

  	Linear pairs are next to each other on a straight line and add up to 180[image: °].




These facts can help you find all the missing angles in a diagram once you know just one angle.


6. How to identify an angle pair



  	Check whether the angle is inside or outside the parallel lines.

  	Check whether the two angles are on the same side or opposite sides of the transversal.

  	Check whether they are in the same relative position at each intersection.




Use these clues:



  	Same position → corresponding

  	Inside + opposite sides → alternate interior

  	Outside + opposite sides → alternate exterior

  	Inside + same side → consecutive interior




Worked Example 1: Finding a corresponding angle


Suppose two parallel lines are cut by a transversal, and one angle measures 65[image: °]. A corresponding angle is asked for.


Because corresponding angles are congruent when lines are parallel, the corresponding angle also measures


65[image: °]


Answer: The corresponding angle is 65[image: °].


Worked Example 2: Finding a consecutive interior angle


One consecutive interior angle measures 112[image: °]. Find the other one.


Consecutive interior angles are supplementary, so they add to 180[image: °].


x+112=180


Subtract 112 from both sides:


x=68


Answer: The other consecutive interior angle is 68[image: °].


Worked Example 3: Solving with an equation


Two alternate interior angles are labeled (3x+10)[image: °] and (5x−14)[image: °]. Find x.


Alternate interior angles are congruent, so set them equal:


3x+10=5x−14


Subtract 3x from both sides:


10=2x−14


Add 14 to both sides:


24=2x


Divide by 2:


x=12


Now find the angle measure:


3x+10=3(12)+10=46


Answer: x=12, and each alternate interior angle measures 46[image: °].


Worked Example 4: Finding all angles from one angle


In a diagram of parallel lines cut by a transversal, suppose one angle is 130[image: °].


Its vertical angle is also 130[image: °].


The two angles next to it form linear pairs, so each of those is


180−130=50[image: °]


Their vertical angles are also 50[image: °].


At the other intersection, corresponding, alternate interior, and alternate exterior relationships show that the four angles there will match these same measures: two will be 130[image: °] and two will be 50[image: °].


Answer: All eight angles are either 130[image: °] or 50[image: °].


7. Common mistakes to avoid



  	Do not guess by how the picture looks. Use the angle positions carefully.

  	Make sure the lines are marked as parallel. These special relationships depend on parallel lines.

  	Do not confuse alternate interior with consecutive interior. Alternate interior angles are equal, but consecutive interior angles add to 180[image: °].

  	Remember that corresponding means same relative position, not just “close together.”




8. Quick check



  	If two angles are between the lines and on opposite sides of the transversal, they are alternate interior angles.

  	If two angles are outside the lines and on opposite sides of the transversal, they are alternate exterior angles.

  	If two angles are in the same relative position, they are corresponding angles.

  	If two angles are between the lines and on the same side of the transversal, they are consecutive interior angles.




9. Summary


When a transversal crosses parallel lines, special angle relationships are formed. Corresponding angles, alternate interior angles, and alternate exterior angles are congruent. Consecutive interior angles are supplementary, so they add to 180[image: °].


If you can identify whether angles are inside or outside the lines, and whether they are on the same side or opposite sides of the transversal, you can name the angle pair and solve for missing angle measures.


  
  Put what you read to the test

  You've worked through Parallel Lines and Transversals. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/763
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  Angle Relationships with Parallel Lines


When a line crosses two parallel lines, it creates several angles. These angles are not random. Many of them are connected in special ways, and knowing those relationships helps us find missing angle measures.


In this lesson, you will learn the most important angle relationships formed by a transversal, how to recognize them, and how to use them to solve problems, including algebra problems with variables.


Important vocabulary


  	Parallel lines: lines that never meet and stay the same distance apart.

  	Transversal: a line that crosses two or more other lines.

  	Congruent angles: angles that have the same measure.

  	Supplementary angles: two angles whose measures add to 180[image: °].




Imagine two parallel lines cut by a transversal. This creates eight angles. Some pairs are equal, and some add to 180[image: °].


Main angle relationships


1. Corresponding angles

Corresponding angles are in the same relative position at each intersection. If the lines are parallel, corresponding angles are congruent.

So if one corresponding angle is 65[image: °], the other is also 65[image: °].


2. Alternate interior angles

These angles are between the parallel lines and on opposite sides of the transversal. If the lines are parallel, alternate interior angles are congruent.


3. Alternate exterior angles

These angles are outside the parallel lines and on opposite sides of the transversal. If the lines are parallel, alternate exterior angles are congruent.


4. Same-side interior angles

These angles are between the parallel lines and on the same side of the transversal. If the lines are parallel, same-side interior angles are supplementary.

That means their measures add to 180[image: °].


5. Vertical angles

Vertical angles are opposite each other when two lines intersect. Vertical angles are always congruent, even if the lines are not parallel.


6. Linear pairs

A linear pair is a pair of angles that form a straight line. Linear pairs are always supplementary.


How to solve angle problems with parallel lines


  	Identify the angle relationship.

  	Decide if the angles are equal or if they add to 180[image: °].

  	Write an equation.

  	Solve for the variable, if there is one.

  	Substitute the value back in to find the angle measure.




Quick guide


  	Corresponding angles → congruent

  	Alternate interior angles → congruent

  	Alternate exterior angles → congruent

  	Same-side interior angles → supplementary

  	Vertical angles → congruent

  	Linear pair → supplementary




Worked Example 1: Find a missing angle

Two parallel lines are cut by a transversal. One angle measures 72[image: °]. Find the measure of its alternate interior angle.


Step 1: Identify the relationship.

The angles are alternate interior angles.


Step 2: Use the rule.

Alternate interior angles are congruent when lines are parallel.


Answer:

m∠=72[image: °]


Worked Example 2: Use supplementary angles

Two same-side interior angles measure 110[image: °] and x[image: °]. Find x.


Step 1: Identify the relationship.

Same-side interior angles are supplementary.


Step 2: Write an equation.

110+x=180


Step 3: Solve.

x=180−110=70


Answer:

x=70[image: °]


Worked Example 3: Solve an algebra problem with congruent angles

Two corresponding angles are labeled (3x+15)[image: °] and (5x−25)[image: °]. Find x and the angle measure.


Step 1: Identify the relationship.

Corresponding angles are congruent.


Step 2: Set the expressions equal.

3x+15=5x−25


Step 3: Solve for x.

Subtract 3x from both sides:

15=2x−25

Add 25 to both sides:

40=2x

Divide by 2:

x=20


Step 4: Find the angle measure.

Substitute x=20 into either expression.

3(20)+15=60+15=75

Check with the other expression:

5(20)−25=100−25=75


Answer:

x=20 and m∠=75[image: °]


Worked Example 4: Multi-step algebra problem

Two same-side interior angles are labeled (2x+30)[image: °] and (4x−6)[image: °]. Find x and both angle measures.


Step 1: Identify the relationship.

Same-side interior angles are supplementary.


Step 2: Write the equation.

(2x+30)+(4x−6)=180


Step 3: Combine like terms.

6x+24=180


Step 4: Solve for x.

Subtract 24 from both sides:

6x=156

Divide by 6:

x=26


Step 5: Find both angle measures.

First angle:

2(26)+30=52+30=82

Second angle:

4(26)−6=104−6=98


Step 6: Check.

82+98=180


Answer:

x=26

The angle measures are 82[image: °] and 98[image: °].


Tips for recognizing angle pairs


  	If the angles are in matching corners at each intersection, they are probably corresponding.

  	If the angles are inside the parallel lines and across from each other, they are alternate interior.

  	If the angles are outside the parallel lines and across from each other, they are alternate exterior.

  	If the angles are inside the parallel lines on the same side, they are same-side interior.

  	If the angles are opposite at one intersection, they are vertical angles.

  	If the angles make a straight line, they are a linear pair.




Common mistakes to avoid


  	Do not assume every pair of angles is congruent. Some pairs add to 180[image: °] instead.

  	Make sure the lines are marked parallel before using these special transversal rules.

  	After solving for x, do not forget to plug it back in to find the actual angle measure.

  	Check whether the problem asks for the value of x, the angle measure, or both.




[image: 📋]   Summary

When a transversal cuts parallel lines, special angle relationships appear. Corresponding angles, alternate interior angles, and alternate exterior angles are congruent. Same-side interior angles are supplementary. Vertical angles are congruent, and linear pairs are supplementary.


To solve problems, first name the angle relationship, then write an equation based on whether the angles are equal or add to 180[image: °]. This helps you solve missing angle problems and multi-step algebra problems with confidence.


  
  Put what you read to the test

  You've worked through Angle Relationships with Parallel Lines. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/764
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  Triangle Angle Sum Theorem


Triangles are one of the most important shapes in math. No matter what kind of triangle you draw, its three interior angles always add up to the same total.


This idea is called the Triangle Angle Sum Theorem. It says:


The sum of the interior angles of any triangle is 180[image: °].


In math symbols, if a triangle has angles A, B, and C, then:


A+B+C=180[image: °]

In this lesson, you will learn what this theorem means, why it is true, and how to use it to find missing angles in triangles.


What are interior angles?


The interior angles of a triangle are the angles inside the triangle. Since a triangle has 3 sides, it also has 3 interior angles.



  	one angle at each vertex

  	all three are inside the triangle

  	their total is always 180[image: °]




This is true for every triangle:



  	small or large

  	skinny or wide

  	right, acute, or obtuse




Why do the angles add to 180[image: °]?


We can give an informal proof using a parallel line and a transversal.


Imagine triangle ABC. We will focus on the top vertex, C. Through point C, draw a line parallel to the base AB.


Now the other two sides of the triangle, AC and BC, cross that new parallel line. That means they act like transversals.


Because the new line is parallel to AB:



  	the angle formed by AC with the parallel line matches angle A

  	the angle formed by BC with the parallel line matches angle B




These matching angles are equal because of alternate interior angles formed by a transversal crossing parallel lines.


At point C, the three angles along the straight line are:



  	an angle equal to A

  	the triangle's angle C

  	an angle equal to B




Angles on a straight line add to 180[image: °]. So:


A+C+B=180[image: °]

Rewriting in the usual order:


A+B+C=180[image: °]

That is why the interior angles of every triangle sum to 180[image: °].


Important idea to remember


If you know any two angles in a triangle, you can always find the third angle.


Since all three add to 180[image: °], subtract the two known angles from 180[image: °].


missing angle=180[image: °]−(angle 1+angle 2)

Types of triangles and angle sums


The theorem works for all types of triangles.



  	Acute triangle: all angles are less than 90[image: °]

  	Right triangle: one angle is exactly 90[image: °]

  	Obtuse triangle: one angle is greater than 90[image: °]




Even though these triangles look different, the angle sum is still 180[image: °].


Worked Example 1: Find one missing angle


A triangle has angles 50[image: °] and 60[image: °]. Find the third angle.


Step 1: Write the triangle angle sum equation.


50[image: °]+60[image: °]+x=180[image: °]

Step 2: Add the known angles.


110[image: °]+x=180[image: °]

Step 3: Subtract 110[image: °] from 180[image: °].


x=70[image: °]

Answer: The third angle is 70[image: °].


Worked Example 2: Right triangle


A right triangle has one angle of 90[image: °] and another angle of 35[image: °]. Find the third angle.


Step 1: Set up the equation.


90[image: °]+35[image: °]+x=180[image: °]

Step 2: Add the known angles.


125[image: °]+x=180[image: °]

Step 3: Subtract.


x=55[image: °]

Answer: The third angle is 55[image: °].


Worked Example 3: Use an expression


In a triangle, two angles measure x and x, and the third angle measures 40[image: °]. Find x.


Step 1: Write the angle sum equation.


x+x+40[image: °]=180[image: °]

Step 2: Combine like terms.


2x+40=180

Step 3: Subtract 40.


2x=140

Step 4: Divide by 2.


x=70

Answer: Each of those angles is 70[image: °].


So the triangle's three angles are 70[image: °], 70[image: °], and 40[image: °].


Worked Example 4: Decide if angle measures form a triangle


Can a triangle have angles 85[image: °], 45[image: °], and 60[image: °]?


Add the angles:


85+45+60=190

Since 190[image: °]≠180[image: °], these angle measures cannot make a triangle.


Common mistakes to avoid



  	Forgetting to use 180 degrees: The interior angles of a triangle always add to 180[image: °], not another number.

  	Using an exterior angle by mistake: Make sure you are adding the angles inside the triangle.

  	Arithmetic errors: Add carefully, then subtract from 180[image: °].

  	Not checking if the answer makes sense: A triangle angle must be greater than 0[image: °].




How this connects to parallel lines


This theorem is closely connected to angle relationships you learned with parallel lines and transversals.


When a line crosses two parallel lines, certain angles are equal, such as alternate interior angles. In the informal proof, drawing a line through one vertex of a triangle parallel to the opposite side lets us match two triangle angles to angles on a straight line.


Since a straight line measures 180[image: °], the three triangle angles must also total 180[image: °].


Quick strategy for solving problems



  	Write down the three triangle angles.

  	Set their sum equal to 180[image: °].

  	Substitute the known values.

  	Solve for the missing angle.

  	Check that all three angles add to 180[image: °].




Brief Summary


The Triangle Angle Sum Theorem says that the three interior angles of any triangle always add up to 180[image: °].


You can understand this by drawing a line parallel to one side of the triangle and using angle relationships from parallel lines and transversals. This creates angles on a straight line, which add to 180[image: °].


If you know two angles in a triangle, you can find the third by subtracting their sum from 180[image: °]. This theorem is a powerful tool for solving triangle problems and checking whether three angles can form a triangle.


  
  Put what you read to the test

  You've worked through Triangle Angle Sum Theorem. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/765
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  Exterior Angle Theorem is a useful rule about triangles. It helps us find missing angles quickly and understand how angles in a triangle are connected.


In this lesson, you will learn what an exterior angle is, what the theorem says, why it works, and how to use it to solve problems.


First, let’s review two important ideas:


  	An interior angle is an angle inside a triangle.

  	An exterior angle is formed when one side of a triangle is extended.




Imagine triangle ABC. If you extend one side, the angle on the outside is called an exterior angle.


The two interior angles that are not next to that exterior angle are called the remote interior angles.


Exterior Angle Theorem: The measure of an exterior angle of a triangle is equal to the sum of the measures of the two remote interior angles.


In symbols, if ∠E is an exterior angle of a triangle, and the two remote interior angles are ∠1 and ∠2, then


m∠E=m∠1+m∠2

This means you can add the two far-away interior angles to get the exterior angle.


It also means the exterior angle is always greater than either one of the remote interior angles by itself, because it is their sum.


Why does this theorem work?


We know that the interior angles of a triangle always add up to 180[image: °].


m∠A+m∠B+m∠C=180[image: °]

We also know that an interior angle and its adjacent exterior angle form a straight line, so they add up to 180[image: °].


If ∠C and the exterior angle ∠E are next to each other, then


m∠C+m∠E=180[image: °]

Since both expressions equal 180[image: °], we can set them equal in a useful way. From the triangle sum,


m∠A+m∠B+m∠C=180[image: °]

And from the straight line,


m∠C+m∠E=180[image: °]

So the outside angle must equal the sum of the other two inside angles:


m∠E=m∠A+m∠B

That is the Exterior Angle Theorem.


How to use the theorem


  	Find the exterior angle.

  	Identify the two remote interior angles. These are the two interior angles not touching the exterior angle.

  	Add the two remote interior angles.

  	Set that sum equal to the exterior angle.




Worked Example 1: Find the exterior angle


A triangle has remote interior angles of 50[image: °] and 65[image: °]. Find the exterior angle.


Use the Exterior Angle Theorem:


m∠E=50[image: °]+65[image: °]

m∠E=115[image: °]

Answer: The exterior angle is 115[image: °].


Worked Example 2: Find a missing interior angle


An exterior angle of a triangle measures 130[image: °]. One remote interior angle is 58[image: °]. Find the other remote interior angle.


Let the missing angle be x.


130=58+x

Subtract 58 from both sides:


x=130−58

x=72

Answer: The missing remote interior angle is 72[image: °].


Worked Example 3: Solve an equation with variables


An exterior angle is (3x+10)[image: °]. The two remote interior angles are (x+20)[image: °] and 40[image: °]. Find x.


Use the theorem:


3x+10=(x+20)+40

Simplify the right side:


3x+10=x+60

Subtract x from both sides:


2x+10=60

Subtract 10:


2x=50

Divide by 2:


x=25

Answer: x=25.


We can check by finding the angle measures:


  	Exterior angle: 3(25)+10=85[image: °]

  	Remote interior angles: 25+20=45[image: °] and 40[image: °]




Since 45[image: °]+40[image: °]=85[image: °], the answer is correct.


Worked Example 4: Use the theorem in a multi-step problem


In a triangle, the exterior angle is 140[image: °]. One interior angle next to it is not needed. The two remote interior angles are (2x)[image: °] and (x+20)[image: °]. Find x and then find the two remote interior angles.


Use the Exterior Angle Theorem:


140=2x+(x+20)

Simplify:


140=3x+20

Subtract 20:


120=3x

Divide by 3:


x=40

Now find the two angles:


  	2x=2(40)=80[image: °]

  	x+20=40+20=60[image: °]




Check:


80[image: °]+60[image: °]=140[image: °]

Answer: x=40, and the remote interior angles are 80[image: °] and 60[image: °].


Common mistakes to avoid


  	Using the wrong two interior angles: Only use the two remote interior angles, not the one next to the exterior angle.

  	Adding all three interior angles to the exterior angle: The theorem uses only two interior angles.

  	Mixing up interior and exterior angles: The exterior angle is outside the triangle and is formed by extending a side.




Helpful tip


If you see one angle outside a triangle, look across the triangle to the two interior angles that are not touching it. Those are the two angles you add.


Let’s connect this to what you already know


You may already know that the angles inside a triangle add up to 180[image: °]. The Exterior Angle Theorem is connected to that rule. It gives you a faster way to find an outside angle without first finding the third interior angle.


For example, if the remote interior angles are 35[image: °] and 75[image: °], then the exterior angle is simply


35[image: °]+75[image: °]=110[image: °]

You do not need to find the inside angle next to the exterior angle first.


[image: 📋]   Summary



  	An exterior angle is formed when one side of a triangle is extended.

  	The remote interior angles are the two interior angles not next to that exterior angle.

  	The Exterior Angle Theorem says:




exterior angle=sum of the two remote interior angles

This theorem helps you solve for missing angles in triangles, including problems with variables.


  
  Put what you read to the test

  You've worked through Exterior Angle Theorem. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/766
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  Interior and Exterior Angles of Polygons


Polygons are closed shapes made from straight line segments. Examples include triangles, quadrilaterals, pentagons, and hexagons.


In this lesson, you will learn what interior angles and exterior angles are, how to find their sums, and how to find each angle in a regular polygon.


Understanding these angle rules helps you solve many geometry problems quickly and accurately.


1. What is a polygon?


A polygon is a flat, closed figure made of straight sides. The name of a polygon depends on how many sides it has.



	3 sides: triangle

	4 sides: quadrilateral

	5 sides: pentagon

	6 sides: hexagon

	7 sides: heptagon

	8 sides: octagon




A polygon with all sides equal and all angles equal is called a regular polygon.


2. Interior angles


An interior angle is an angle inside a polygon. Every vertex of the polygon has one interior angle.


For example, a triangle has 3 interior angles, and a pentagon has 5 interior angles.


Sum of the interior angles


The sum of the interior angles of an n-sided polygon is:


(n−2)×180[image: °]

Here, n means the number of sides.


Why does this formula work?


You can divide any polygon into triangles by drawing diagonals from one vertex.


A polygon with n sides can be split into n−2 triangles. Since each triangle has angle sum 180[image: °], the total is:


(n−2)×180[image: °]

For example:



	A triangle: (3−2)×180=180[image: °]

	A quadrilateral: (4−2)×180=360[image: °]

	A pentagon: (5−2)×180=540[image: °]

	A hexagon: (6−2)×180=720[image: °]




3. Exterior angles


An exterior angle is formed when one side of a polygon is extended. It is the angle outside the polygon between the extended side and the next side.


Each interior angle and its exterior angle form a linear pair, so they add to 180[image: °].


interior angle+exterior angle=180[image: °]

This means if you know one, you can find the other.


Sum of the exterior angles


The sum of the exterior angles of any polygon, if you take one exterior angle at each vertex going all the way around, is always:


360[image: °]

This is true for triangles, quadrilaterals, pentagons, and all other polygons.


4. Regular polygons


In a regular polygon, all sides are equal and all angles are equal. That means:



	All interior angles are the same.

	All exterior angles are the same.




Each exterior angle of a regular polygon


Since the sum of all exterior angles is 360[image: °], for a regular polygon with n sides, each exterior angle is:


360[image: °]/n

Each interior angle of a regular polygon


Because an interior angle and exterior angle add to 180[image: °], each interior angle is:


180[image: °]−360[image: °]/n

You may also see this written as:


(n−2)×180[image: °]/n

Both formulas give the same answer for the measure of one interior angle in a regular polygon.


5. Important formulas to remember



	Sum of interior angles of an n-gon: (n−2)×180[image: °]

	Sum of exterior angles of any polygon: 360[image: °]

	Each exterior angle of a regular n-gon: 360[image: °]/n

	Each interior angle of a regular n-gon: 180[image: °]−360[image: °]/n




6. Worked Examples


Example 1: Find the sum of the interior angles of a hexagon.


A hexagon has n=6 sides. Use the formula:


(n−2)×180[image: °]

(6−2)×180[image: °]=4×180[image: °]=720[image: °]

Answer: The sum of the interior angles is 720[image: °].


Example 2: Find one exterior angle of a regular octagon.


An octagon has n=8 sides. In a regular polygon, each exterior angle is:


360[image: °]/n

360[image: °]/8=45[image: °]

Answer: Each exterior angle is 45[image: °].


Example 3: Find one interior angle of a regular pentagon.


A pentagon has n=5 sides.


First find each exterior angle:


360[image: °]/5=72[image: °]

Now subtract from 180[image: °]:


180[image: °]−72[image: °]=108[image: °]

Answer: Each interior angle is 108[image: °].


You could also use:


(5−2)×180[image: °]/5=540[image: °]/5=108[image: °]

Example 4: A regular polygon has each exterior angle equal to 30[image: °]. How many sides does it have?


Use the regular polygon exterior angle formula:


360[image: °]/n=30[image: °]

Solve for n:


360=30n

n=36030=12

Answer: The polygon has 12 sides.


7. Common mistakes to avoid



	Mixing up sum and one angle: (n−2)×180[image: °] gives the sum of all interior angles, not one interior angle.

	Forgetting “regular”: You can only divide by n to find one equal angle if the polygon is regular.

	Using the wrong formula: The interior angle sum is not always 360[image: °]. Only the sum of the exterior angles is always 360[image: °].

	Confusing interior and exterior angles: Remember, they are supplementary, so they add to 180[image: °].




8. Quick check



	What is the sum of the interior angles of a pentagon?

	What is each exterior angle of a regular hexagon?

	What is each interior angle of a regular decagon?

	If each exterior angle of a regular polygon is 40[image: °], how many sides does it have?




Answers:



	(5−2)×180=540[image: °]

	360÷6=60[image: °]

	Exterior angle: 360÷10=36[image: °], so interior angle: 180−36=144[image: °]

	360÷40=9 sides




9. Summary


Interior angles are the angles inside a polygon, and exterior angles are the angles outside formed by extending a side.


The sum of the interior angles of an n-sided polygon is (n−2)×180[image: °]. The sum of the exterior angles of any polygon is always 360[image: °].


For regular polygons, each exterior angle is 360[image: °]/n and each interior angle is 180[image: °]−360[image: °]/n. These formulas help you solve many polygon angle problems with confidence.


  
  Put what you read to the test

  You've worked through Interior and Exterior Angles of Polygons. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/767






  
    
  [image: 📖]   Chapter 12

  The Pythagorean Theorem
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  Proofs of the Pythagorean Theorem


The Pythagorean Theorem is one of the most important ideas in geometry. It tells us the relationship between the side lengths of a right triangle.


If a right triangle has legs of lengths a and b, and hypotenuse of length c, then:


a2+b2=c2

In this lesson, we will not only use this formula, but also understand why it is true. A proof explains why a math statement must always work.


Important vocabulary:


  	Right triangle: a triangle with one 90[image: °] angle.

  	Legs: the two sides that make the right angle.

  	Hypotenuse: the side opposite the right angle, and the longest side.

  	Square of a number: the number times itself, such as 52=25.




When we see a2, b2, and c2 in the theorem, we can think of them as the areas of squares built on each side of the triangle.


The big idea: In any right triangle, the area of the square on the hypotenuse is equal to the sum of the areas of the squares on the two legs.


area on side a+area on side b=area on side c

That is exactly what a2+b2=c2 means.


Why do we study proofs?


  	Proofs help us understand, not just memorize.

  	Proofs show that the theorem works for every right triangle.

  	Proofs connect geometry and algebra.




Visual Proof Idea 1: Squares on the Sides


Imagine a right triangle with legs a and b, and hypotenuse c. Now build a square on each side:


  	a square with side length a, so its area is a2

  	a square with side length b, so its area is b2

  	a square with side length c, so its area is c2




The Pythagorean Theorem says that the two smaller square areas together exactly match the largest square area.


So if the triangle has side lengths 3, 4, and 5, then:


32+42=52
9+16=25

The two smaller squares have areas 9 and 16, and together they make 25, the area of the largest square.


This is a visual way to think about the theorem: it is really an area relationship.


Geometric Proof Idea 2: Rearranging Triangles Inside a Square


One famous proof uses a large square and four copies of the same right triangle.


Suppose each triangle has legs a and b, and hypotenuse c.


First, make a large square with side length a+b. Its area is:


(a+b)2

Now place four identical right triangles inside this large square. There are two useful ways to arrange them.


Arrangement 1: The four triangles leave a small square in the center with side length c.


The area of the large square is equal to:


  	the area of 4 triangles, plus

  	the area of the center square




Each triangle has area:


12ab

So four triangles have total area:


4(12ab)=2ab

The center square has area:


c2

So:


(a+b)2=2ab+c2

Now expand the left side:


a2+2ab+b2=2ab+c2

Subtract 2ab from both sides:


a2+b2=c2

That proves the Pythagorean Theorem.


This proof is powerful because it uses only area and rearranging shapes.


Geometric Proof Idea 3: Comparing Two Ways to Find the Same Area


Another way to understand the proof is to compare two expressions for the same large square.


The large square has side length a+b, so its area is:


(a+b)2

But if it is made from four right triangles and a center square of side c, then its area is also:


4(12ab)+c2

Simplify:


2ab+c2

Since both expressions describe the same area, they must be equal:


(a+b)2=2ab+c2

Then:


a2+2ab+b2=2ab+c2

a2+b2=c2

This kind of proof is called a proof by area comparison.


What the proof shows


The theorem is not just a pattern from a few examples like 3-4-5. The proof shows that whenever a triangle is a right triangle, the side lengths must satisfy:


a2+b2=c2

And if side lengths satisfy this equation, that is a strong sign that the triangle is a right triangle.


Worked Example 1: Understanding the area model


A right triangle has legs 6 and 8, and hypotenuse 10. Show how the theorem works using areas.


Step 1: Find the area of the square on each leg.


62=36
82=64

Step 2: Add the two areas.


36+64=100

Step 3: Find the area of the square on the hypotenuse.


102=100

Conclusion: The two smaller square areas add to the largest square area, so this matches the Pythagorean Theorem.


Worked Example 2: Using the rearrangement proof with numbers


Use the rearrangement proof for a right triangle with legs 3 and 4, and hypotenuse 5.


Step 1: Find the area of the large square with side length 3+4=7.


72=49

Step 2: Find the total area of the four triangles.


One triangle has area:


12(3)(4)=6

Four triangles have area:


4⋅6=24

Step 3: Find the center square area.


49−24=25

Step 4: Compare with c2.


52=25

Conclusion: The center square really has area c2, and the proof works for this triangle.


Worked Example 3: Proving the theorem with algebra


Suppose a large square has side length a+b. Inside it are four right triangles with area 12ab each, and a center square with area c2. Prove the theorem.


Step 1: Write the area of the large square.


(a+b)2

Step 2: Write the area of the pieces inside.


4(12ab)+c2

Step 3: Set them equal.


(a+b)2=4(12ab)+c2

Step 4: Simplify.


a2+2ab+b2=2ab+c2

Step 5: Subtract 2ab from both sides.


a2+b2=c2

Conclusion: This proves the Pythagorean Theorem.


Worked Example 4: Explaining why a triangle is right


A triangle has side lengths 5, 12, and 13. Use the theorem to explain why it is a right triangle.


Step 1: Check whether the shorter sides satisfy the equation.


52+122=25+144=169

Step 2: Compare with the longest side squared.


132=169

Since:


52+122=132

the side lengths fit the Pythagorean Theorem.


Conclusion: This triangle is a right triangle.


Common mistakes to avoid


  	Using the theorem on a triangle that is not a right triangle.

  	Forgetting that c is always the hypotenuse, the longest side.

  	Adding side lengths instead of adding squares of side lengths.

  	Mixing up area and side length. For example, a2 is the area of a square with side a.




How proofs connect to later math


Understanding this proof helps with many future ideas:


  	finding missing sides in right triangles

  	finding distances on a coordinate plane

  	understanding diagonal lengths in rectangles, boxes, and other shapes

  	seeing how algebra can prove geometry facts




Quick check for understanding


  	What do a, b, and c stand for in a right triangle?

  	Why do we build squares on the sides of the triangle in the proof?

  	In the rearrangement proof, what is the area of one triangle?

  	Why does comparing two ways to find the area of the same large square prove the theorem?




Brief Summary


The Pythagorean Theorem says that in a right triangle, a2+b2=c2. Proofs help us understand that this is always true, not just true for a few examples.


A visual proof shows that the areas of the two smaller squares add to the area of the square on the hypotenuse. A geometric proof uses four identical right triangles inside a large square and compares areas in two different ways.


When you understand the proof, you understand the theorem more deeply. You are not just using a formula—you know why it works.


  
  Put what you read to the test

  You've worked through Proofs of the Pythagorean Theorem. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/768
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  Finding the Hypotenuse


When you look at a right triangle, one side is special. It is called the hypotenuse.


The hypotenuse is the side across from the right angle, and it is always the longest side of the triangle.


To find the hypotenuse, we use the Pythagorean Theorem. This theorem only works for right triangles.


The Pythagorean Theorem says:


a2+b2=c2


In this formula:


  	
    
      
        a
      
      and
      
        b
      
      are the lengths of the two shorter sides, called the legs.
    

  

  	
    
      
        c
      
      is the length of the hypotenuse.
    

  




So if you know the lengths of both legs, you can find the hypotenuse by following these steps.



  	Square each leg length.


  	Add the squares.


  	Take the square root of the sum.





That means the formula for the hypotenuse can also be written as:


c=a2+b2


Let’s look at this carefully. If a triangle has legs of length 3 and 4, then:


c=32+42

c=9+16

c=25=5


So the hypotenuse is 5 units long.


Important reminder: Do not add the side lengths first and then square. You must square each leg first, then add.


For example, this is not correct:

c=(3+4)2


The correct method is:

c=32+42


How to recognize the hypotenuse


  	Find the right angle first.


  	The side directly across from that right angle is the hypotenuse.


  	It will always be the longest side.





This matters because in the formula, the hypotenuse must be the side labeled c.


Worked Example 1: Basic whole-number sides


A right triangle has legs of lengths 6 units and 8 units. Find the hypotenuse.


Step 1: Write the formula.

c=a2+b2


Step 2: Substitute the known values.

c=62+82


Step 3: Square each number.

c=36+64


Step 4: Add.

c=100


Step 5: Take the square root.

c=10


Answer: The hypotenuse is 10 units.


Worked Example 2: When the answer is not a whole number


A right triangle has legs of lengths 5 cm and 12 cm. Find the hypotenuse.


Use the formula:

c=52+122

c=25+144

c=169

c=13


Answer: The hypotenuse is 13 cm.


Now let’s try one where the square root does not make a perfect whole number.


A right triangle has legs of lengths 7 m and 9 m. Find the hypotenuse.


c=72+92

c=49+81

c=130


Since 130 is not a perfect square, the exact answer is 130.


As a decimal,

130≈11.4


Answer: The hypotenuse is about 11.4 m.


Worked Example 3: Real-world problem


A ladder is leaning against a wall. The bottom of the ladder is 9 feet from the wall, and the top touches the wall 12 feet above the ground. How long is the ladder?


This forms a right triangle.


  	One leg is 9 ft.


  	The other leg is 12 ft.


  	The ladder is the hypotenuse because it is across from the right angle.





Use the Pythagorean Theorem:

c=92+122

c=81+144

c=225

c=15


Answer: The ladder is 15 feet long.


Worked Example 4: Using decimals


A right triangle has legs of lengths 2.5 inches and 6 inches. Find the hypotenuse.


c=2.52+62

c=6.25+36

c=42.25

c=6.5


Answer: The hypotenuse is 6.5 inches.


Tips for success


  	Make sure the triangle is a right triangle.


  	Label the legs as a and b, and the hypotenuse as c.


  	Square the leg lengths before adding.


  	Take the square root at the end.


  	Include the correct units in your final answer.


  	If needed, round your decimal answer as directed.





Common mistakes to avoid


  	Using the theorem on a triangle that is not a right triangle.


  	Forgetting which side is the hypotenuse.


  	Adding first instead of squaring first.


  	Forgetting to take the square root.


  	Writing an answer that is shorter than one of the legs. The hypotenuse must be the longest side.





Quick check


If the legs are 8 and 15, then:

c=82+152

c=64+225

c=289=17


So the hypotenuse is 17.


[image: 📋]   Summary


To find the hypotenuse of a right triangle, use the Pythagorean Theorem: a2+b2=c2


When solving for the hypotenuse, use:

c=a2+b2


Square the two leg lengths, add them, and then take the square root. Always remember that the hypotenuse is across from the right angle and is the longest side in the triangle.


  
  Put what you read to the test

  You've worked through Finding the Hypotenuse. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/769
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  Finding a Missing Leg is an important skill when using the Pythagorean Theorem. In a right triangle, if you know the length of the hypotenuse and one leg, you can find the other leg.
This lesson will show you how to set up the equation, solve it step by step, and check that your answer makes sense.
First, remember the Pythagorean Theorem:
For any right triangle, if the legs are a and b, and the hypotenuse is c, then
a2+b2=c2The legs are the two shorter sides that form the right angle. The hypotenuse is the longest side, and it is always across from the right angle.
When you are finding a missing leg, you already know:
	the hypotenuse
	one leg

So your job is to solve for the other leg.
The basic idea is to substitute the known side lengths into the Pythagorean Theorem and then isolate the missing leg.
If a is missing, and you know b and c, then:
a2+b2=c2Subtract b2 from both sides:
a2=c2−b2Then take the square root:
a=c2−b2You can use the same process if b is the missing leg.
Important: Do not just subtract the side lengths. You must subtract the squares of the side lengths first.
For example, if the hypotenuse is 13 and one leg is 5, you do not do 13−5=8. Instead, you do:
a2=132−52That means:
a2=169−25=144Then:
a=144=12Steps for finding a missing leg
	Identify the hypotenuse. It is the longest side.
	Write the Pythagorean Theorem: a2+b2=c2.
	Substitute the known values.
	Subtract the square of the known leg from the square of the hypotenuse.
	Take the square root to find the missing leg.
	Check that your answer is shorter than the hypotenuse.

Worked Example 1
A right triangle has a hypotenuse of 10 units and one leg of 6 units. Find the other leg.
Step 1: Set up the equation.
a2+62=102Step 2: Square the known numbers.
a2+36=100Step 3: Subtract 36 from both sides.
a2=64Step 4: Take the square root.
a=8Answer: The missing leg is 8 units.
Check:
62+82=36+64=100=102The answer works.
Worked Example 2
A right triangle has a hypotenuse of 15 units and one leg of 9 units. Find the missing leg.
Step 1: Write the equation.
a2+92=152Step 2: Square the numbers.
a2+81=225Step 3: Subtract 81.
a2=144Step 4: Take the square root.
a=12Answer: The missing leg is 12 units.
Worked Example 3
A right triangle has a hypotenuse of 25 units and one leg of 7 units. Find the other leg.
Step 1: Set up the equation.
a2+72=252Step 2: Square the known values.
a2+49=625Step 3: Subtract 49 from both sides.
a2=576Step 4: Take the square root.
a=24Answer: The missing leg is 24 units.
Worked Example 4
A right triangle has a hypotenuse of 13.4 units and one leg of 8 units. Find the missing leg.
Step 1: Write the equation.
a2+82=13.42Step 2: Square the numbers.
a2+64=179.56Step 3: Subtract 64.
a2=115.56Step 4: Take the square root.
a=115.56≈10.75Answer: The missing leg is about 10.75 units.
Sometimes your answer will be a whole number, and sometimes it will be a decimal. Both are possible.
Common mistakes to avoid
	Using the wrong side as the hypotenuse: The hypotenuse is always the longest side.
	Subtracting before squaring: You must square first, then subtract.
	Forgetting the square root: If you find a2=49, the leg is a=7, not 49.
	Getting a leg longer than the hypotenuse: That cannot happen in a right triangle.

Quick check strategy
After you solve, ask yourself:
	Is my missing side shorter than the hypotenuse?
	Did I square the side lengths first?
	Did I take the square root at the end?

Practice thinking
If the hypotenuse is 20 and one leg is 16, then the missing leg is found by:
a2=202−162a2=400−256=144a=12So the missing leg is 12.
[image: 📋]   Summary
To find a missing leg in a right triangle, use the Pythagorean Theorem:
a2+b2=c2When the hypotenuse and one leg are known, subtract the square of the known leg from the square of the hypotenuse. Then take the square root to find the missing leg.
This can be written as:
missing leg=(hypotenuse)2−(known leg)2If you follow the steps carefully, you can solve missing leg problems with confidence.


  
  Put what you read to the test

  You've worked through Finding a Missing Leg. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/770
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  Converse of the Pythagorean Theorem


In earlier work, you may have used the Pythagorean Theorem to find a missing side length in a right triangle. It says that if a triangle is a right triangle, then the side lengths follow this rule:


a2+b2=c2


Here, a and b are the lengths of the two shorter sides, and c is the longest side, called the hypotenuse.


The converse of the Pythagorean Theorem works in the opposite direction. Instead of starting with a right triangle, we start with the side lengths. Then we test whether those side lengths make a right triangle.


Converse of the Pythagorean Theorem: If the square of the longest side of a triangle is equal to the sum of the squares of the other two sides, then the triangle is a right triangle.


In symbols, if the side lengths are a, b, and c, with c as the longest side, then:


a2+b2=c2

If this equation is true, the triangle is a right triangle. If it is not true, then the triangle is not a right triangle.


Important: Before testing, always make sure you know which side is the longest. That side must be used as c.


How to use the converse



  	Write the side lengths in order from smallest to largest.

  	Let the longest side be c.

  	Square the two shorter sides and add them.

  	Square the longest side.

  	Compare the results.





  	If a2+b2=c2, the triangle is a right triangle.

  	If a2+b2≠c2, the triangle is not a right triangle.




This idea is helpful when you are given three side lengths and need to decide what kind of triangle they make.


Worked Example 1


Determine whether a triangle with side lengths 3, 4, and 5 is a right triangle.


Step 1: Identify the longest side. The longest side is 5, so let c=5.


Step 2: Substitute into the equation.


32+42=52

Step 3: Calculate both sides.


9+16=25
25=25

The equation is true, so the triangle is a right triangle.


Worked Example 2


Determine whether a triangle with side lengths 6, 8, and 10 is a right triangle.


Step 1: The longest side is 10, so c=10.


Step 2: Test the side lengths.


62+82=102

Step 3: Compute the squares.


36+64=100
100=100

The equation is true, so this triangle is a right triangle.


Notice that 6, 8, and 10 are a larger version of 3, 4, and 5. Many right triangles follow patterns like this.


Worked Example 3


Determine whether a triangle with side lengths 5, 6, and 7 is a right triangle.


Step 1: The longest side is 7, so c=7.


Step 2: Test the side lengths.


52+62=72

Step 3: Compute the squares.


25+36=49
61=49

The equation is not true, so the triangle is not a right triangle.


Worked Example 4


A triangle has side lengths 9, 12, and 15. Is it a right triangle?


Step 1: The longest side is 15, so c=15.


Step 2: Check the equation.


92+122=152

Step 3: Square each number.


81+144=225
225=225

Since the equation is true, the triangle is a right triangle.


Why the longest side matters


The converse only works correctly if you use the longest side as c. That is because in a right triangle, the hypotenuse is always the longest side.


For example, if the sides are 8, 15, and 17, then 17 must be used as c, not 8 or 15.


82+152=172
64+225=289
289=289

So the triangle is a right triangle.


A common mistake


Some students square the wrong side for c. For example, with side lengths 7, 24, and 25, you should not test 252+72=242. That does not make sense because 24 is not the longest side.


The correct test is:


72+242=252
49+576=625
625=625

So the triangle is a right triangle.


What if the equation does not work?


If the side lengths do not satisfy a2+b2=c2, then the triangle is not a right triangle.


For example, with side lengths 4, 5, and 6:


42+52=62
16+25=36
41≠36

So this is not a right triangle.


Quick check strategy



  	Find the longest side.

  	Square it.

  	Square the other two sides and add them.

  	See if the numbers match exactly.




Practice thinking


When you see three side lengths, ask yourself:



  	Which side is longest?

  	What is the sum of the squares of the two shorter sides?

  	Does that equal the square of the longest side?




If yes, it is a right triangle. If no, it is not.


[image: 📋]   Summary


The converse of the Pythagorean Theorem helps you decide whether a triangle is a right triangle when you know all three side lengths. Put the longest side in the c position, then test whether a2+b2=c2. If the equation is true, the triangle is right; if not, it is not a right triangle.


  
  Put what you read to the test

  You've worked through Converse of the Pythagorean Theorem. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/771
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  Distance on the Coordinate Plane


Sometimes on a coordinate grid, two points are not directly above, below, or beside each other. When that happens, we cannot find the distance by simple counting alone. Instead, we can use the Pythagorean Theorem to find the shortest distance between the points.


This lesson will show how distance on the coordinate plane connects to right triangles, how the distance formula is built, and how to use it step by step.


Review: The Coordinate Plane


A point on the coordinate plane is written as \(x, y)\.



  	The x-coordinate tells how far left or right the point is.

  	The y-coordinate tells how far up or down the point is.




For example, the point \(3, 5)\ is 3 units to the right and 5 units up from the origin.


When Finding Distance Is Easy


If two points have the same y-coordinate, they lie on a horizontal line. Then the distance is just the difference between their x-coordinates.


For example, the distance between \(2, 4)\ and \(7, 4)\ is


∣7−2∣=5

If two points have the same x-coordinate, they lie on a vertical line. Then the distance is the difference between their y-coordinates.


For example, the distance between \(3, 1)\ and \(3, 9)\ is


∣9−1∣=8

But what if the points are diagonal from each other? That is when we use a right triangle.


Using a Right Triangle to Find Distance


Suppose we want the distance between the points \(x_1, y_1)\ and \(x_2, y_2)\.


Imagine drawing a horizontal segment and a vertical segment between the points. This forms a right triangle.



  	The horizontal leg has length \|x_2 - x_1|\.

  	The vertical leg has length \|y_2 - y_1|\.

  	The distance between the two points is the hypotenuse.




Now use the Pythagorean Theorem:


a2+b2=c2

So the distance \\d\\ between the points is


d2=(x2−x1)2+(y2−y1)2

Taking the square root of both sides gives the distance formula:


d=(x2−x1)2+(y2−y1)2

This formula gives the shortest distance between two points on the coordinate plane.


Important Idea


It does not matter which point you call \(x_1, y_1)\ or \(x_2, y_2)\. The answer will be the same, because squaring removes any negative signs.


For example, \(7 - 2)^2 = 5^2\ and \(2 - 7)^2 = (-5)^2\, and both equal 25.


Steps for Using the Distance Formula



  	Write the coordinates of both points.

  	Find the difference in the x-coordinates.

  	Find the difference in the y-coordinates.

  	Square both differences.

  	Add the squares.

  	Take the square root.




Worked Example 1: A Simple Distance


Find the distance between \(1, 2)\ and \(4, 6)\.


Step 1: Use the formula


d=(x2−x1)2+(y2−y1)2

Step 2: Substitute the values


d=(4−1)2+(6−2)2

Step 3: Simplify


d=32+42
d=9+16
d=25
d=5

Answer: The distance is 5 units.


This example makes a 3-4-5 right triangle.


Worked Example 2: Distance with Negative Coordinates


Find the distance between \(-2, 3)\ and \(4, -1)\.


Step 1: Substitute into the formula


d=(4−(−2))2+(−1−3)2

Step 2: Simplify inside the parentheses


d=62+(−4)2

Step 3: Square and add


d=36+16
d=52

Step 4: Simplify the square root if possible


d=4⋅13=213

Answer: The distance is \2\sqrt{13}\ units.


If a decimal is needed, \(2\sqrt{13}) \\approx 7.2\ units.


Worked Example 3: Horizontal and Vertical Changes


Find the distance between \(5, -2)\ and \(-1, 7)\.


Step 1: Find the change in x and y


x-change=−1−5=−6
y-change=7−(−2)=9

Step 2: Use the distance formula


d=(−6)2+92

Step 3: Simplify


d=36+81
d=117

Step 4: Simplify the radical


d=9⋅13=313

Answer: The distance is \3\sqrt{13}\ units.


Worked Example 4: Deciding Whether a Shape Has Equal Sides


Suppose points \\A(1, 1)\\, \\B(5, 1)\\, and \\C(5, 4)\\ are connected. Is triangle \\ABC\\ a right triangle?


We can check the side lengths.


Side \\AB\\:


AB=(5−1)2+(1−1)2=42+02=4

Side \\BC\\:


BC=(5−5)2+(4−1)2=02+32=3

Side \\AC\\:


AC=(5−1)2+(4−1)2=42+32=5

The side lengths are 3, 4, and 5. Since


32+42=52

triangle \\ABC\\ is a right triangle.


This shows that distance on the coordinate plane can help us understand shapes, not just find lengths.


Common Mistakes to Avoid



  	Mixing up x- and y-coordinates: Subtract x-values from x-values and y-values from y-values.

  	Forgetting negative signs: Be careful when subtracting a negative number, such as \(4 - (-2))\.

  	Adding before squaring: You must square each difference first.

  	Not using the square root: After adding the squares, take the square root to get the distance.




Quick Check


Try these on your own:



  	Find the distance between \(0, 0)\ and \(6, 8)\.

  	Find the distance between \(-3, -2)\ and \(1, 1)\.

  	Are the points \(2, 2)\, \(6, 2)\, and \(6, 5)\ the vertices of a right triangle?




Answers:



  	\10\ units

  	\5\ units

  	Yes, because the side lengths are 4, 3, and 5.




[image: 📋]   Summary


The shortest distance between two points on the coordinate plane can be found by making a right triangle and using the Pythagorean Theorem.


If the points are \(x_1, y_1)\ and \(x_2, y_2)\, then the distance is


d=(x2−x1)2+(y2−y1)2

This formula works for any two points. Always subtract carefully, square each difference, add, and then take the square root.


  
  Put what you read to the test

  You've worked through Distance on the Coordinate Plane. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/772
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  Lesson: Pythagorean Theorem in Three Dimensions


So far, you may have used the Pythagorean Theorem to find the missing side of a right triangle in a flat, 2D shape. In this lesson, you will learn how to use that same idea in three dimensions.


We will focus on finding the internal diagonal of a rectangular prism. A rectangular prism is a box-shaped solid with length, width, and height.


Even though the shape is 3D, the main idea is still the same: we use the Pythagorean Theorem more than once.


1. Review: The Pythagorean Theorem in 2D


In a right triangle, if the legs are a and b, and the hypotenuse is c, then:


a2+b2=c2

This theorem only works for right triangles.


For example, if a right triangle has side lengths 3 and 4, then the hypotenuse is:


32+42=c2
9+16=c2
25=c2
c=5

2. Moving from 2D to 3D


Now imagine a rectangular prism with:


	length l

	width w

	height h




There are two important diagonals we can think about:


	The diagonal of the base, which lies flat on the bottom rectangle

	The internal diagonal, which goes from one corner of the prism to the opposite corner through the inside of the solid




To find the internal diagonal, we first find the base diagonal, then use the Pythagorean Theorem again with the height.


3. Step 1: Find the diagonal of the base


The base of the prism is a rectangle. A rectangle can be split into a right triangle by drawing a diagonal.


If the base has length l and width w, then the base diagonal, which we will call db, is:


db2=l2+w2
db=l2+w2

4. Step 2: Use the height to find the internal diagonal


Now picture a right triangle inside the prism:


	one leg is the base diagonal db

	the other leg is the height h

	the hypotenuse is the internal diagonal, which we will call D




Using the Pythagorean Theorem again:


D2=db2+h2

Since db2=l2+w2, we can substitute:


D2=l2+w2+h2

So the formula for the internal diagonal of a rectangular prism is:


D=l2+w2+h2

This is the main formula for 3D Pythagorean problems involving rectangular prisms.


5. Why this formula works


The Pythagorean Theorem is still being used with right triangles. In 3D, we just build one right triangle after another.



	Use length and width to make a right triangle on the base.

	Use the base diagonal and the height to make another right triangle.




That is why all three squared dimensions get added together:


l2+w2+h2

6. Worked Example 1: Finding an internal diagonal


A rectangular prism has length 3 cm, width 4 cm, and height 12 cm. Find the internal diagonal.


Step 1: Use the 3D formula.


D=l2+w2+h2

Substitute the values:


D=32+42+122
D=9+16+144
D=169
D=13

Answer: The internal diagonal is 13 cm.


7. Worked Example 2: Using two steps


A box has length 6 m, width 8 m, and height 5 m. Find the internal diagonal.


Step 1: Find the base diagonal.


db=62+82
db=36+64
db=100
db=10

Step 2: Use the height and base diagonal.


D=102+52
D=100+25
D=125

Simplify if possible:


125=25⋅5=55

Answer: The internal diagonal is 55 m, which is about 11.2 m.


This example shows that answers are not always whole numbers.


8. Worked Example 3: Finding a missing dimension


A rectangular prism has width 4 in, height 12 in, and internal diagonal 13 in. What is the length?


We use:


D2=l2+w2+h2

Substitute the known values:


132=l2+42+122
169=l2+16+144
169=l2+160
9=l2
l=3

Answer: The length is 3 inches.


9. Worked Example 4: A spatial reasoning problem


A spider is at one corner inside a rectangular room shaped like a box. The room is 9 ft long, 12 ft wide, and 8 ft high. What is the straight-line distance from the spider to the opposite corner of the room?


This is the internal diagonal of a rectangular prism.


D=92+122+82
D=81+144+64
D=289
D=17

Answer: The straight-line distance is 17 feet.


10. How to solve 3D Pythagorean problems


When you see a box-shaped solid, follow these steps:



	Identify the three dimensions: length, width, and height.

	Decide whether you need the base diagonal or the internal diagonal.

	If finding the internal diagonal, use:




D=l2+w2+h2


	Substitute carefully.

	Square each value before adding.

	Take the square root at the end.

	Include units in your answer.




11. Common mistakes to avoid



	Forgetting to square all three dimensions. Make sure you compute l2, w2, and h2.

	Adding first, then squaring. Do not do (l+w+h)2. That is not correct.

	Using the theorem when there is no right triangle. The Pythagorean Theorem only works because the edges of a rectangular prism meet at right angles.

	Stopping after finding the base diagonal. If the problem asks for the internal diagonal, you need one more step.

	Forgetting units. Always write cm, m, in, ft, or whatever unit is given.




12. Quick check


Try these on your own:


	A prism has dimensions 2, 3, and 6. Find the internal diagonal.

	A prism has dimensions 5, 12, and 4. Find the internal diagonal.

	A prism has internal diagonal 15, width 8, and height 12. Find the missing length.




Answers:


	22+32+62=4+9+36=49=7

	52+122+42=25+144+16=185

	152=l2+82+122⇒225=l2+64+144⇒225=l2+208⇒l2=17⇒l=17




13. Summary


The Pythagorean Theorem can be used in 3D when working with rectangular prisms. First, think about right triangles inside the solid.


For a prism with length l, width w, and height h, the internal diagonal is:


D=l2+w2+h2

This formula helps you find the straight-line distance from one corner of a box to the opposite corner. It can also help you find a missing dimension when the diagonal is known.


  
  Put what you read to the test

  You've worked through Pythagorean Theorem in Three Dimensions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/773






  
    
  [image: 📖]   Chapter 13

  Two-Dimensional Geometry, Area, and Perimeter
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  Area of Parallelograms and Triangles Review


In this lesson, you will review how to find the area of parallelograms and triangles. You will also learn how to use the area formulas to find a missing base or missing height.


Area tells how much space is inside a flat shape. We measure area in square units, such as square centimeters \cm^2\, square meters \m^2\, or square inches \in^2\.


When finding area, it is very important to use the base and the height. The height is the perpendicular distance, which means it makes a right angle with the base. A slanted side is not the height unless it forms a right angle with the base.


1. Area of a Parallelogram


A parallelogram is a four-sided figure with two pairs of opposite sides that are parallel. To find its area, multiply the base by the height.


Formula:


A=bh

where:


  	\A\ = area

  	\b\ = base

  	\h\ = height




Even if a parallelogram is slanted, the formula is still the same. What matters is using the correct height, not the length of the slanted side.


2. Area of a Triangle


A triangle covers half the area of a parallelogram with the same base and height. That is why the triangle formula includes \\.


Formula:


A=12bh

where:


  	\A\ = area

  	\b\ = base

  	\h\ = height




Just like with parallelograms, the height must go straight up and down, or straight across, to make a right angle with the base.


3. Choosing the Correct Height


One common mistake is using a side length instead of the height. Remember:


  	The base can often be any side you choose.

  	The height must match that base.

  	The height forms a right angle with the base.




If the figure is tilted, the height may be drawn inside or outside the shape. That is okay. As long as it is perpendicular to the base, it can be used in the formula.


4. Finding a Missing Base or Height


Sometimes you know the area and one measurement, and you need to find the missing base or height. To do this, substitute the known values into the formula and solve the equation.


For a parallelogram:


A=bh

If you know \A\ and \b\, then


h=Ab

If you know \A\ and \h\, then


b=Ah

For a triangle:


A=12bh

If you know the area and one measurement, solve carefully. You may need to multiply both sides by 2 first.


For example, if \A = \frac{1}{2}bh\, then:


2A=bh

From there, divide by the known base or height to find the missing value.


Worked Example 1: Find the area of a parallelogram


A parallelogram has a base of 9 cm and a height of 4 cm. Find the area.


Use the formula:


A=bh

Substitute the values:


A=9⋅4

A=36

The area is 36 square centimeters, or \36\,cm^2\.


Worked Example 2: Find the area of a triangle


A triangle has a base of 12 m and a height of 5 m. Find the area.


Use the formula:


A=12bh

Substitute the values:


A=12(12)(5)

A=6⋅5

A=30

The area is 30 square meters, or \30\,m^2\.


Worked Example 3: Find a missing height in a parallelogram


A parallelogram has an area of \54\,in^2\ and a base of 6 in. Find the height.


Start with the formula:


A=bh

Substitute what you know:


54=6h

Now divide both sides by 6:


h=546=9

The height is 9 inches.


Worked Example 4: Find a missing base in a triangle


A triangle has an area of \40\,ft^2\ and a height of 5 ft. Find the base.


Use the triangle formula:


A=12bh

Substitute the known values:


40=12b(5)

Simplify the right side:


40=52b

Now solve for \b\. One way is to multiply both sides by 2:


80=5b

Then divide by 5:


b=16

The base is 16 feet.


Tips to Remember


  	Parallelogram area: \A = bh\

  	Triangle area: \A = \frac{1}{2}bh\

  	Always use the height that is perpendicular to the base.

  	Include square units in your final area answer.

  	If finding a missing value, write an equation and solve step by step.




Common Mistakes


  	Using a slanted side instead of the height

  	Forgetting the \\ in the triangle formula

  	Leaving off units

  	Writing units like cm instead of \cm^2\ for area




Quick Check for Yourself


  	A parallelogram has base 11 cm and height 3 cm. What is its area?

  	A triangle has base 14 in and height 6 in. What is its area?

  	A parallelogram has area \72\,m^2\ and height 8 m. What is its base?

  	A triangle has area \24\,yd^2\ and base 8 yd. What is its height?




Answers


  	\33\,cm^2\

  	\42\,in^2\

  	9 m

  	6 yd




[image: 📋]   Summary


To find the area of a parallelogram, multiply the base by the height. To find the area of a triangle, multiply the base by the height and then divide by 2.


If you know the area and one measurement, you can use the formula to solve for the missing base or height. Always make sure the height is perpendicular to the base, and remember to label area in square units.


  
  Put what you read to the test

  You've worked through Area of Parallelograms and Triangles Review. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/774
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  Area of Trapezoids and Kites


In geometry, area tells how much space is covered inside a flat shape. We measure area in square units, such as square centimeters \,(cm2) or square meters \,(m2).


In this lesson, you will learn how to find the area of two important shapes: trapezoids and kites. We will also see why the formulas work by breaking the shapes into simpler parts.


Understanding where formulas come from helps you remember them and use them correctly. That is especially helpful when problems look different from the examples you have seen before.


1. Area of a Trapezoid


A trapezoid is a quadrilateral with one pair of parallel sides. The parallel sides are called the bases. The distance straight up and down between the bases is called the height.


The area formula for a trapezoid is:


A=12(b1+b2)h

Here:


  	b1 and b2 are the lengths of the two bases

  	h is the height




You can think of this formula as: average of the bases, then multiply by the height.


A=(b1+b22)h

Why does this formula make sense?


Imagine placing two matching trapezoids together to make a parallelogram. The new shape has base \,(b1+b2) and height \,h. The area of that parallelogram is:


(b1+b2)h

Since the parallelogram is made of two equal trapezoids, one trapezoid has half that area:


A=12(b1+b2)h

Important reminder: The height is not just a slanted side. The height must be the perpendicular distance between the two bases.


2. Worked Example: Trapezoid


Find the area of a trapezoid with bases 10 cm and 6 cm, and height 4 cm.


Step 1: Write the formula.


A=12(b1+b2)h

Step 2: Substitute the values.


A=12(10+6)(4)

Step 3: Simplify.


A=12(16)(4)
A=8⋅4
A=32

Answer: The area is 32 cm2.


3. Another Way to Understand Trapezoid Area


You can also break a trapezoid into simpler shapes, such as a rectangle and one or two triangles. Then you add the areas of those parts.


This method is useful when you want to see how the formula connects to shapes you already know well.


For example, if a trapezoid has bases 12 and 8, with height 5, you could think of it as:


  	a rectangle with width 8 and height 5

  	plus two small triangles whose combined extra base length is 12−8=4




The rectangle area is:


8⋅5=40

The two triangles together have total base 4 and height 5, so their combined area is:


12(4)(5)=10

Total area:


40+10=50

This matches the trapezoid formula:


A=12(12+8)(5)=12(20)(5)=50

4. Area of a Kite


A kite is a quadrilateral with two pairs of equal side lengths. The equal sides are next to each other, not opposite each other.


To find the area of a kite, we use its diagonals. A diagonal is a segment connecting opposite vertices.


The area formula for a kite is:


A=12d1d2

Here:


  	d1 is the length of one diagonal

  	d2 is the length of the other diagonal




Why does this formula work?


The diagonals of a kite divide it into triangles. In many kites, one diagonal splits the other into two equal parts, and the diagonals meet at right angles. This creates smaller right triangles inside the kite.


If you put the pieces together, the total area becomes half the product of the diagonals:


A=12d1d2

This is similar to the area formula for some other diagonal-based shapes, but for a kite you should focus on using the two diagonals.


5. Worked Example: Kite


Find the area of a kite with diagonals 14 cm and 10 cm.


Step 1: Write the formula.


A=12d1d2

Step 2: Substitute the values.


A=12(14)(10)

Step 3: Simplify.


A=12(140)
A=70

Answer: The area is 70 cm2.


6. Worked Example: Finding a Missing Height in a Trapezoid


A trapezoid has area 54 square meters. Its bases are 7 m and 11 m. Find the height.


Step 1: Start with the formula.


A=12(b1+b2)h

Step 2: Substitute what you know.


54=12(7+11)h

Step 3: Simplify inside the parentheses.


54=12(18)h
54=9h

Step 4: Solve for h.


h=549=6

Answer: The height is 6 m.


7. Worked Example: Finding a Missing Diagonal in a Kite


A kite has area 96 square inches. One diagonal is 12 in. Find the other diagonal.


Step 1: Use the formula.


A=12d1d2

Step 2: Substitute known values.


96=12(12)(d2)

Step 3: Simplify.


96=6d2

Step 4: Solve.


d2=966=16

Answer: The other diagonal is 16 in.


8. Common Mistakes to Avoid


  	Using a slanted side as the height in a trapezoid. The height must be perpendicular to the bases.

  	Forgetting to add both bases in the trapezoid formula.

  	Forgetting the 12 in both formulas.

  	Using side lengths instead of diagonals for a kite. The kite formula needs diagonals, not the outside sides.

  	Forgetting square units in the final answer.




9. Quick Check: Which Formula Do I Use?


  	If the shape is a trapezoid, use:




A=12(b1+b2)h


  	If the shape is a kite, use:




A=12d1d2

10. Strategy for Solving Area Problems


  	Identify the shape.

  	Write the correct formula.

  	Check which measurements are needed.

  	Substitute carefully.

  	Solve step by step.

  	Write the answer with square units.




11. Brief Summary


The area of a trapezoid is found by averaging the two bases and multiplying by the height:


A=12(b1+b2)h

The area of a kite is found by multiplying the diagonals and taking half:


A=12d1d2

Both formulas can be understood by breaking the shapes into simpler parts. When you understand how a formula is built, it becomes much easier to remember and use correctly.


  
  Put what you read to the test

  You've worked through Area of Trapezoids and Kites. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/775
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  Anatomy of a Circle


A circle is a very important shape in geometry. You see circles in wheels, clocks, coins, pizzas, and rings. To understand circles well, you need to know the names of their parts and how those parts are connected.


In this lesson, you will learn the main parts of a circle: the center, radius, diameter, chord, arc, and circumference. You will also learn the relationships between these parts.


1. What is a circle?


A circle is a set of all points in a plane that are the same distance from one fixed point. That fixed point is called the center.


If point O is the center, then every point on the circle is the same distance from O.


2. The center


The center is the middle point of the circle. It is usually labeled with a capital letter, such as O.


The center is important because many other parts of the circle are described using it.


3. Radius


A radius is a line segment from the center of the circle to any point on the circle.


If the center is O and A is a point on the circle, then segment OA is a radius.


All radii in the same circle have the same length.


If the radius is represented by the letter r, then that length tells you how far the edge of the circle is from the center.


4. Diameter


A diameter is a line segment that goes from one side of the circle to the other side through the center.


The diameter is the longest chord in a circle because it passes through the center.


If the diameter is represented by d and the radius is r, then:


d=2r


and


r=d2


This means the diameter is always twice the radius.


5. Chord


A chord is a line segment with both endpoints on the circle.


A chord does not have to go through the center. If it does go through the center, then it is a diameter.


So, every diameter is a chord, but not every chord is a diameter.


6. Arc


An arc is a part of the circle's edge. It is a curved section of the circle between two points.


For example, if points A and B are on the circle, then the curved part from A to B is an arc.


Arcs can be short or long. A smaller curved part is called a minor arc, and a larger curved part is called a major arc. In 8th Grade, it is most important to understand that an arc is simply a curved part of the circle.


7. Circumference


The circumference is the total distance around the circle. It is like the perimeter of a circle.


The formula for circumference is:


C=2πr


Because the diameter is twice the radius, the circumference can also be written as:


C=πd


Here, π is a special number that is about 3.14.


8. Relationships between circle parts


The parts of a circle are connected in important ways.



  	Center to edge gives a radius.

  	Edge to edge through the center gives a diameter.

  	Edge to edge without needing the center gives a chord.

  	Curved part of the edge gives an arc.

  	Entire distance around gives the circumference.




The most important number relationship is:


d=2r


This means:



  	If you know the radius, multiply by 2 to get the diameter.

  	If you know the diameter, divide by 2 to get the radius.




You can then use either one to find the circumference:


C=2πrorC=πd


9. How to identify parts of a circle


When looking at a diagram, ask yourself these questions:



  	Is the point in the middle? If yes, it is the center.

  	Does the segment go from the center to the circle? If yes, it is a radius.

  	Does the segment go across the circle through the center? If yes, it is a diameter.

  	Does the segment connect two points on the circle? If yes, it is a chord.

  	Is it a curved piece of the circle? If yes, it is an arc.

  	Is it the whole distance around the circle? If yes, it is the circumference.




10. Worked Examples


Example 1: Find the diameter from the radius


A circle has radius 6 cm. What is its diameter?


Use the relationship:


d=2r


Substitute r=6:


d=2(6)=12


Answer: The diameter is 12 cm.


Example 2: Find the radius from the diameter


A circle has diameter 18 inches. What is its radius?


Use the relationship:


r=d2


Substitute d=18:


r=182=9


Answer: The radius is 9 inches.


Example 3: Find the circumference using the radius


A circle has radius 5 m. Find the circumference.


Use the formula:


C=2πr


Substitute r=5:


C=2π(5)=10π


If you use π≈3.14, then:


C≈10(3.14)=31.4


Answer: The circumference is 10π m, or about 31.4 m.


Example 4: Name the parts of a circle


Suppose a circle has center O. Point A and point B are on the circle.



  	Segment OA goes from the center to the circle.

  	Segment AB connects two points on the circle.

  	The curved part from A to B is shown.




What is each part called?



  	OA is a radius.

  	AB is a chord.

  	The curved part from A to B is an arc.




If segment AB also passed through the center O, then AB would be a diameter.


11. Common mistakes to avoid



  	Mixing up radius and diameter: Remember, the diameter is twice the radius.

  	Thinking every chord is a diameter: Only chords that pass through the center are diameters.

  	Confusing arc and chord: An arc is curved, but a chord is straight.

  	Forgetting circumference is the whole way around: It is the circle's perimeter.




12. Quick review



  	Center: the middle point of the circle

  	Radius: from center to circle

  	Diameter: across the circle through the center

  	Chord: straight segment connecting two points on the circle

  	Arc: curved part of the circle

  	Circumference: total distance around the circle




Key formulas:


d=2r


r=d2


C=2πr


C=πd


[image: 📋]   Summary


The anatomy of a circle is about knowing the names and meanings of its parts. The radius goes from the center to the edge, the diameter goes across the circle through the center, and the circumference is the distance around the circle. A chord connects two points on the circle, and an arc is a curved part of the circle. Understanding these parts helps you describe circles clearly and solve geometry problems correctly.


  
  Put what you read to the test

  You've worked through Anatomy of a Circle. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/776
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  Lesson: Circumference and Pi


When you measure around a circle, you are finding its circumference. Circumference is the distance all the way around the outside of a circle.


In this lesson, you will learn what pi means, how it connects to circles, and how to use formulas to find circumference. You will also learn when to give an exact answer using π, and when to give an approximate answer using a decimal like 3.14.


1. Important circle parts


Before finding circumference, it helps to know two important measurements in a circle.



  	Radius: the distance from the center of the circle to the edge.

  	Diameter: the distance across the circle through the center.




The diameter is always twice the radius.


d=2r

And the radius is half the diameter.


r=d2

2. What is pi?


For every circle, if you divide the circumference by the diameter, you get the same number. That number is called pi, written as π.


π=Cd

This means the ratio of circumference to diameter is always constant for all circles.


Pi is an irrational number, which means its decimal goes on forever without repeating. In 8th grade, you will usually use:



  	π for an exact answer

  	3.14 for an approximate answer




A common approximation is:


π≈3.14

3. Circumference formulas


Since π=Cd, multiplying both sides by d gives the formula for circumference:


C=πd

Because d=2r, you can also write the formula as:


C=2πr

So there are two correct circumference formulas:



  	C=πd

  	C=2πr




Use C=πd when you know the diameter.

Use C=2πr when you know the radius.


4. Exact answers and approximate answers


Sometimes a problem asks for the exact circumference. That means you should leave your answer in terms of π.


For example, if the diameter is 8 units:


C=πd=π(8)=8π

The exact answer is 8π units.


If the problem asks for an approximation, replace π with 3.14:


C≈8(3.14)=25.12

The approximate answer is 25.12 units.


5. Worked Examples


Example 1: Find the circumference when the diameter is given


A circle has diameter 10 cm. Find the circumference exactly and approximately.


Step 1: Use the formula C=πd.


C=π(10)

C=10π

Exact answer: 10π cm


Step 2: Approximate using π≈3.14.


C≈10(3.14)=31.4

Approximate answer: 31.4 cm


Example 2: Find the circumference when the radius is given


A circle has radius 7 m. Find the circumference exactly and approximately.


Step 1: Use the formula C=2πr.


C=2π(7)

C=14π

Exact answer: 14π m


Step 2: Approximate using π≈3.14.


C≈14(3.14)=43.96

Approximate answer: 43.96 m


Example 3: Find the circumference when you must first find the diameter


A circle has radius 4.5 in. Find the circumference approximately.


Step 1: Find the diameter.


d=2r=2(4.5)=9

Step 2: Use C=πd.


C=π(9)=9π

Step 3: Approximate.


C≈9(3.14)=28.26

Approximate answer: 28.26 in


You could also have used C=2πr:


C=2π(4.5)=9π

Both methods give the same result.


Example 4: Find the missing measurement


The circumference of a circle is 18.84 ft. Find the diameter.


Step 1: Start with the formula C=πd.


18.84=3.14d

Step 2: Divide both sides by 3.14.


d=18.843.14=6

Answer: The diameter is 6 ft.


If needed, you could then find the radius:


r=d2=62=3

6. Common mistakes to avoid



  	Mixing up radius and diameter: Remember, diameter is twice the radius.

  	Using the wrong formula: If you know the radius, use C=2πr. If you know the diameter, use C=πd.

  	Forgetting units: Circumference is a length, so use units like cm, m, or inches.

  	Rounding too early: Keep π in the calculation until the end for a more accurate approximation.

  	Confusing circumference with area: Circumference is the distance around a circle, not the space inside it.




7. Quick check idea


If the diameter of a circle is about 5, the circumference should be a little more than 15, because:


π⋅5≈3.14⋅5=15.7

This helps you decide whether your answer makes sense.


8. Summary


The circumference of a circle is the distance around it. The number pi, written as π, is the constant ratio of circumference to diameter.


Use these formulas to find circumference:



  	C=πd

  	C=2πr




Leave answers in terms of π for exact answers, and use π≈3.14 for approximate answers. Always check whether the problem gives the radius or the diameter before choosing your formula.


  
  Put what you read to the test

  You've worked through Circumference and Pi. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/777
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  Area of a Circle


In this lesson, you will learn how to find the area of a circle. Area tells us how much space is inside a shape. For a circle, we use a special formula that involves the radius and the number .


A circle is different from shapes like rectangles and triangles because it has no corners or straight sides. Even so, we can still find its area using a pattern that mathematicians discovered.


By the end of this lesson, you should be able to:


  	identify the radius and diameter of a circle,

  	use the formula for area of a circle,

  	solve problems when given the radius or diameter,

  	understand why the formula is A=πr2.




1. Important parts of a circle


Before finding area, lets review two important parts of a circle.


  	Radius: the distance from the center of the circle to the edge.

  	Diameter: the distance across the circle through the center.




The diameter is always twice the radius:

d=2r


So if you know the diameter, you can find the radius by dividing by 2:

r=d2


2. The formula for area of a circle


The formula for the area of a circle is:

A=πr2


In this formula:


  	A means area,

  	r means radius,

  	π (pi) is a special number that is about 3.14.




The expression r2 means radius 	 radius.

So if the radius is 5 cm, then:

r2=52=25


3. Why does the formula work?


One way to understand the formula is to imagine cutting a circle into many thin equal slices, like pieces of a pizza.


If you rearrange those slices by putting some up and some down, the shape starts to look like a parallelogram.


The more slices you make, the closer the rearranged shape gets to a parallelogram.


In that rearranged shape:


  	the height is about the radius, r,

  	the base is about half the circumference, which is πr.




Since area of a parallelogram is base  height, we get:

A=(πr)(r)=πr2


This is why the area formula for a circle is A=πr2.


4. Steps for finding the area of a circle



  	Find the radius.

  	Square the radius: r2.

  	Multiply by π.

  	Write the answer in square units, such as cm2, m2, or in2.




5. Worked Examples


Example 1: Find the area when the radius is given

A circle has radius 4 cm. Find its area.


Step 1: Write the formula.

A=πr2


Step 2: Substitute r=4.

A=π(42)


Step 3: Square the radius.

A=π(16)=16π


Step 4: Write an exact answer or an approximate answer.

Exact form: 16π cm2

Approximate form: 16×3.14=50.24

So the area is about 50.24 cm2.


Example 2: Find the area when the diameter is given

A circle has diameter 10 m. Find its area.


Step 1: Find the radius.

r=d2=102=5


Step 2: Use the area formula.

A=πr2


A=π(52)=25π


Step 3: Approximate using π≈3.14.

A≈25×3.14=78.5


So the area is 25π m2, or about 78.5 m2.


Example 3: A word problem

A circular garden has radius 7 ft. How much ground does it cover?


This asks for the area of the garden.

Use the formula:

A=πr2


Substitute r=7:

A=π(72)=49π


Approximate:

A≈49×3.14=153.86


So the garden covers about 153.86 ft2.


Example 4: Find the radius from the area

The area of a circle is 154 cm2. Find the radius. Use π≈3.14.


Start with the formula:

A=πr2


Substitute the known area:

154=3.14r2


Divide both sides by 3.14:

r2=1543.14≈49.04


Take the square root:

r≈7


So the radius is about 7 cm.


6. Common mistakes to avoid


  	Using the diameter instead of the radius: The formula uses r, not d. If you are given the diameter, divide by 2 first.

  	Forgetting to square the radius: πr2 does not mean π×r×2. It means π×r×r.

  	Mixing up area and circumference: Area measures space inside the circle. Circumference measures distance around the circle.

  	Forgetting square units: Area must be written in units like cm2 or m2.




7. Quick check

Try these on your own:


  	A circle has radius 3 in. What is its area?

  	A circle has diameter 12 cm. What is its area?

  	A circular rug has radius 2.5 m. How much floor space does it cover?




Answers:


  	A=9π in2≈28.26 in2

  	Radius =6, so A=36π cm2≈113.04 cm2

  	A=π(2.5)2=6.25π m2≈19.625 m2




8. Summary


The area of a circle tells us how much space is inside it. To find it, use the formula A=πr2 where r is the radius.


If you are given the diameter, divide by 2 first to get the radius. Then square the radius, multiply by π, and write your answer in square units.


Remember: the formula works because a circle can be cut into slices and rearranged into a shape that looks like a parallelogram with base πr and height r.


  
  Put what you read to the test

  You've worked through Area of a Circle. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/778
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  Area of Composite Figures


A composite figure is a shape made by joining two or more simple shapes together. These simple shapes are usually rectangles, triangles, parallelograms, trapezoids, or parts of circles such as semicircles.


To find the area of a composite figure, we do not need one new formula. Instead, we break the figure into smaller shapes we already know, find the area of each part, and then combine the results.


Sometimes we add areas because the figure is made of parts joined together. Sometimes we subtract areas because a piece has been cut out of a larger shape.


Why this works: Area measures how much flat space is inside a figure. If a figure is built from smaller parts, the total area is the sum of the areas of those parts, as long as the parts do not overlap.


Main idea: Look for familiar shapes inside the composite figure.



  	Rectangles

  	Squares

  	Triangles

  	Parallelograms

  	Trapezoids

  	Semicircles or quarter circles




Here are some area formulas you may need:



  	Rectangle: A=lw

  	Square: A=s2

  	Triangle: A=12bh

  	Parallelogram: A=bh

  	Trapezoid: A=12(b1+b2)h

  	Circle: A=πr2

  	Semicircle: A=12πr2




Important: Area is always measured in square units, such as square centimeters (cm2), square meters (m2), or square inches (in2).


Steps for finding the area of a composite figure



  	Look at the whole figure carefully.

  	Break it into familiar shapes.

  	Label all known side lengths.

  	Find any missing lengths if needed.

  	Use the correct area formula for each part.

  	Add or subtract the areas.

  	Write the answer in square units.




Tip: Draw lines on the figure to split it into easier pieces. A vertical or horizontal line often helps.


Tip: If a shape has a curved part, check whether it is a full circle, semicircle, or quarter circle.


Tip: Be careful with the radius and diameter of a circle. The diameter goes all the way across the circle, and the radius is half of that.


Example 1: Composite figure made of two rectangles


Suppose an L-shaped figure can be split into:


  	Rectangle A: length 8 cm and width 3 cm

  	Rectangle B: length 4 cm and width 5 cm




Find the area of each rectangle.


Rectangle A:

A1=8×3=24

Rectangle B:

A2=4×5=20

Add the areas:

Atotal=24+20=44

The area of the composite figure is 44  cm2.


What to notice: This problem uses addition because the two rectangles together make the whole figure.


Example 2: A large rectangle with a smaller rectangle cut out


A figure is a 12 m by 9 m rectangle with a 4 m by 3 m rectangular corner removed.


First find the area of the large rectangle:

Alarge=12×9=108

Now find the area of the missing rectangle:

Acutout=4×3=12

Subtract the missing part:

Atotal=108−12=96

The area of the composite figure is 96  m2.


What to notice: We subtract because part of the large shape is missing.


Finding missing side lengths


Sometimes a side length is not given directly. You can often find it by using lengths that line up.


For example, if the full width of a figure is 15 cm and one part is 6 cm wide, then the missing width is:

15−6=9

This step is very important. A correct method can still give a wrong answer if a missing side length is found incorrectly.


Example 3: Rectangle and triangle


A composite figure is made from a rectangle and a triangle on top of it.



  	The rectangle has length 10 ft and width 6 ft.

  	The triangle has base 10 ft and height 4 ft.




First find the area of the rectangle:

Arect=10×6=60

Now find the area of the triangle:

Atri=12(10)(4)=20

Add the two areas:

Atotal=60+20=80

The area of the composite figure is 80  ft2.


What to notice: The triangle and rectangle share the same base length, which makes the problem easier.


Example 4: Rectangle with a semicircle


A figure is made of a rectangle with a semicircle attached to one side.



  	The rectangle is 12 in by 8 in.

  	The semicircle has diameter 8 in, so its radius is 4 in.




First find the area of the rectangle:

Arect=12×8=96

Now find the area of the semicircle:

Asemi=12πr2=12π(42)=12π(16)=8π

Using π≈3.14:

Asemi≈8(3.14)=25.12

Add the areas:

Atotal=96+25.12=121.12

The area of the composite figure is about 121.12  in2.


What to notice: The diameter was given, but the circle formula uses the radius, so we had to divide by 2.


Common mistakes to avoid



  	Using perimeter instead of area. Area counts space inside the figure, not distance around it.

  	Forgetting to square the units. Write answers like cm2, not just cm.

  	Adding when you should subtract. If a part is cut out, subtract its area.

  	Using the diameter as the radius. For circles, always check which one you have.

  	Not finding missing side lengths first. Make sure each smaller shape has the measurements you need.




How to decide whether to add or subtract



  	If the composite figure is made by joining pieces, add their areas.

  	If the composite figure is made by removing a piece from a larger shape, subtract.

  	Some problems need both adding and subtracting.




Strategy for difficult figures


If a figure looks confusing, try more than one way to split it. There is often more than one correct method.


For example, an L-shape might be split into:


  	Two rectangles by drawing one line, or

  	A large rectangle minus one small rectangle.




If both methods use correct measurements, they should give the same final area.


Quick practice thinking


Ask yourself these questions:


  	What simple shapes do I see?

  	Do I need to add, subtract, or both?

  	Are all needed lengths given?

  	Is there a circle part, and if so, do I know the radius?

  	Did I label my answer with square units?




[image: 📋]   Summary


A composite figure is made from smaller familiar shapes. To find its area, break it apart, find the area of each piece, and then add or subtract as needed.


Always use the correct formulas, find missing lengths carefully, and check whether a curved part is a semicircle or another part of a circle. Finish by writing the answer in square units.


  
  Put what you read to the test

  You've worked through Area of Composite Figures. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/779
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  Area of Shaded Regions


Sometimes a shape is partly shaded and partly unshaded. To find the area of the shaded region, we usually find the area of the whole shape first and then subtract the area of the part that is not shaded.


This idea is often called subtracting areas. It is very useful when one shape is inside another shape, or when a piece has been cut out of a larger figure.


Main idea:


Area of shaded region=Area of whole shape−Area of unshaded part


To solve these problems, you need to know the area formulas for common 2D shapes.



  	Rectangle: A=l×w

  	Square: A=s2

  	Triangle: A=12bh

  	Circle: A=πr2




In shaded-region questions, the steps are usually the same.



  	Identify the outer shape.

  	Identify the inner shape or cut-out part.

  	Find the area of each shape.

  	Subtract: outer area minus inner area.

  	Write the correct square units, such as cm2, m2, or in2.




Important reminder: Area measures the amount of surface inside a shape. That is why area is always written in square units.


Let’s look at some examples, starting with simple shapes and moving to harder ones.


Example 1: Rectangle with a smaller rectangle inside


A large rectangle has length 12 cm and width 8 cm. Inside it is a smaller unshaded rectangle with length 5 cm and width 3 cm. Find the shaded area.


Step 1: Find the area of the large rectangle.


A=l×w=12×8=96 cm2


Step 2: Find the area of the smaller rectangle.


A=l×w=5×3=15 cm2


Step 3: Subtract.


Shaded area=96−15=81 cm2


Answer: The shaded area is 81 cm2.


Example 2: Square with a circular cut-out


A square has side length 10 m. Inside it is an unshaded circle with radius 3 m. Find the shaded area in terms of π.


Step 1: Find the area of the square.


A=s2=102=100 m2


Step 2: Find the area of the circle.


A=πr2=π(3)2=9π m2


Step 3: Subtract.


Shaded area=100−9π m2


Answer: The shaded area is 100−9π m2.


If you want a decimal answer, use π≈3.14.


9π≈9(3.14)=28.26


100−28.26=71.74 m2


So the shaded area is about 71.74 m2.


Example 3: Circle with a smaller circle inside


A large circle has radius 7 cm. Inside it is a smaller unshaded circle with radius 4 cm. Find the shaded area in terms of π.


This kind of shape is like a ring. We still use the same idea: big area minus small area.


Step 1: Find the area of the large circle.


A=πr2=π(7)2=49π cm2


Step 2: Find the area of the small circle.


A=πr2=π(4)2=16π cm2


Step 3: Subtract.


Shaded area=49π−16π=33π cm2


Answer: The shaded area is 33π cm2.


Notice that because both shapes are circles, both areas have π, so subtracting is simple.


Example 4: Rectangle with a triangular cut-out


A rectangle measures 14 in by 9 in. A triangular piece inside it is unshaded. The triangle has base 6 in and height 4 in. Find the shaded area.


Step 1: Find the area of the rectangle.


A=l×w=14×9=126 in2


Step 2: Find the area of the triangle.


A=12bh=12(6)(4)=12 in2


Step 3: Subtract.


Shaded area=126−12=114 in2


Answer: The shaded area is 114 in2.


Tips for Success



  	Read carefully: Make sure you know which part is shaded and which part is not.

  	Use the correct formula: Different shapes need different area formulas.

  	Check the measurements: For circles, be sure you know whether the number given is the radius or the diameter.

  	Subtract in the right order: Always do larger area minus smaller area.

  	Include units: Your final answer must be in square units.




Common Mistakes



  	Forgetting to subtract and giving only the area of the outer shape.

  	Using perimeter formulas instead of area formulas.

  	Using the diameter as the radius in a circle problem.

  	Forgetting to square the radius in πr2.

  	Leaving off square units.




Quick Check


Try these on your own:



  	A square has side length 9 cm. Inside it is a smaller square with side length 4 cm. What is the shaded area?

  	A circle has radius 8 m. Inside it is a smaller circle with radius 5 m. What is the shaded area in terms of π?

  	A rectangle is 15 ft by 10 ft. A triangle inside it has base 8 ft and height 5 ft. What is the shaded area?




Quick Check Answers



  	Outer square: 92=81 cm2. Inner square: 42=16 cm2. Shaded area: 81−16=65 cm2.

  	Outer circle: π(82)=64π m2. Inner circle: π(52)=25π m2. Shaded area: 64π−25π=39π m2.

  	Outer rectangle: 15×10=150 ft2. Inner triangle: 12(8)(5)=20 ft2. Shaded area: 150−20=130 ft2.




[image: 📋]   Summary


To find the area of a shaded region, find the area of the whole figure and subtract the area of the part that is not shaded. This works for rectangles, squares, triangles, circles, and many mixed shapes. Always use the correct area formula, subtract carefully, and include square units in your final answer.


  
  Put what you read to the test

  You've worked through Area of Shaded Regions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/780






  
    
  [image: 📖]   Chapter 14

  Surface Area and Volume of Cylinders, Cones, and Spheres
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  Volume of Cylinders


When we find the volume of a 3D shape, we are finding how much space is inside it. You can think of volume as the amount a container can hold.


A cylinder is a solid shape with two matching circular bases and one curved side. Examples of cylinders include soup cans, water bottles, and paper towel rolls.


To understand the volume of a cylinder, it helps to remember a big idea from earlier: for any prism-like solid, volume can be found by multiplying the area of the base by the height.


That means:


V=B⋅h

Here, V is volume, B is the area of the base, and h is the height.


For a cylinder, the base is a circle. The area of a circle is:


B=πr2

So the volume formula for a cylinder becomes:


V=πr2h

This is the main formula you will use for this topic.


What each part means:


  	V = volume

  	π = about 3.14

  	r = radius of the circular base

  	h = height of the cylinder




Important: The radius is the distance from the center of the circle to the edge. If you are given the diameter instead, remember that:


r=d2

Also, volume is measured in cubic units, such as:


  	cubic centimeters: cm3

  	cubic meters: m3

  	cubic inches: in3




Why the formula makes sense


Imagine stacking many thin circles on top of each other until you build a cylinder. Each layer has the same circular area. The number of layers depends on the height. So multiplying the area of one circular base by the height gives the total space inside.


This is the same idea as the prism formula:


Volume=base area×height

For cylinders, the base just happens to be a circle.


Steps for finding the volume of a cylinder


  	Identify the radius r and height h.

  	If needed, change diameter to radius.

  	Use the formula V=πr2h.

  	Square the radius.

  	Multiply by the height.

  	Multiply by π, or use 3.14 if asked for a decimal answer.

  	Write the answer in cubic units.




Worked Example 1: Whole-number radius and height


Find the volume of a cylinder with radius 4 cm and height 7 cm.


Use the formula:


V=πr2h

Substitute the values:


V=π(4)2(7)

Square the radius:


V=π(16)(7)

Multiply:


V=112π

Exact answer:


112π cm3

Approximate decimal answer:


V≈112(3.14)=351.68 cm3

So the volume is 112π cm3 or about 351.68 cm3.


Worked Example 2: Given diameter instead of radius


Find the volume of a cylinder with diameter 10 m and height 8 m.


First find the radius:


r=102=5 m

Now use the formula:


V=πr2h

V=π(5)2(8)

Square the radius:


V=π(25)(8)

Multiply:


V=200π

Approximate:


V≈200(3.14)=628 m3

So the volume is 200π m3 or about 628 m3.


Worked Example 3: Decimal measurements


A can has radius 2.5 in and height 12 in. What is its volume?


Use the formula:


V=πr2h

V=π(2.5)2(12)

Square the radius:


2.52=6.25

Now multiply:


V=π(6.25)(12)=75π

Approximate:


V≈75(3.14)=235.5 in3

So the volume is 75π in3 or about 235.5 in3.


Worked Example 4: Finding a missing measurement


A cylinder has a volume of 314 cm3 and a radius of 5 cm. Find the height. Use π≈3.14.


Start with the formula:


V=πr2h

Substitute the known values:


314=3.14(5)2h

Square the radius:


314=3.14(25)h

314=78.5h

Now divide both sides by 78.5:


h=31478.5=4

So the height is 4 cm.


Common mistakes to avoid


  	Using diameter instead of radius: If the problem gives diameter, divide by 2 first.

  	Forgetting to square the radius: In the formula V=πr2h, only the radius is squared.

  	Mixing units: Radius and height should be in the same unit before calculating.

  	Using square units for volume: Volume must be written in cubic units, like cm3, not cm2.




Helpful tip


If you ever forget the cylinder formula, remember this idea:


Volume=base area×height

Then ask yourself: what is the base of a cylinder? It is a circle. So use the area of a circle, πr2, as the base area.


Quick check questions


  	If a cylinder has radius 3 and height 10, what formula would you use?

  	If the diameter is 14, what is the radius?

  	Why is the answer written in cubic units?




[image: 📋]   Summary


The volume of a cylinder is found by multiplying the area of its circular base by its height. Since the area of a circle is πr2, the formula for cylinder volume is:


V=πr2h

Always make sure you use the radius, square it, multiply by the height, and write your answer in cubic units. This connects directly to the general volume rule for prisms: base area times height.


  
  Put what you read to the test

  You've worked through Volume of Cylinders. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/781
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  Surface Area of Cylinders


In this lesson, you will learn how to find the surface area of a cylinder. Surface area means the total area on the outside of a 3D shape.


A cylinder is a solid shape with:


  	two matching circular bases, and

  	one curved surface that wraps around the sides.




Common examples of cylinders are soup cans, water bottles, and paper towel rolls.


To find the surface area of a cylinder, it helps to break the shape apart into simpler pieces.


A cylinder can be thought of as:


  	2 circles for the top and bottom, and

  	1 rectangle for the curved side when it is unwrapped.




Step 1: Find the area of the two circular bases


The area of one circle is:

A=πr2


Since a cylinder has two circular bases, the total area of both circles is:

2πr2


Here, r is the radius of the base.


Step 2: Find the area of the side


If you cut the curved surface and lay it flat, it becomes a rectangle.


The height of this rectangle is the height of the cylinder, which is h.


The length of this rectangle is the distance around the circle, which is the circumference:

2πr


So the area of the rectangle is:

2πr⋅h=2πrh


Step 3: Add all the parts together


Total surface area:

SA=2πr2+2πrh


This is the formula for the surface area of a cylinder.


You may also see it written as:

SA=2πr(r+h)


Both formulas mean the same thing.


What do the variables mean?


  	SA = surface area

  	r = radius of the circular base

  	h = height of the cylinder

  	π is about 3.14




Important idea: radius vs. diameter


Sometimes a problem gives the diameter instead of the radius.


Remember:

d=2r

So:

r=d2


Always make sure you are using the radius in the formula.


Units


Because surface area measures area, the answer must be in square units.



  	square centimeters: cm2

  	square meters: m2

  	square inches: in2




Worked Example 1: Find the surface area when radius and height are given


A cylinder has radius 3 cm and height 5 cm. Find its surface area.


Use the formula:

SA=2πr2+2πrh


Substitute r=3 and h=5:

SA=2π(32)+2π(3)(5)

SA=2π(9)+30π

SA=18π+30π

SA=48π


Approximate using π≈3.14:

SA≈48(3.14)=150.72


Answer: The surface area is 48π cm2, or about 150.72 cm2.


Worked Example 2: Given the diameter instead of the radius


A cylinder has diameter 10 in and height 8 in. Find its surface area.


First find the radius:

r=102=5


Now use the formula:

SA=2πr2+2πrh

SA=2π(52)+2π(5)(8)

SA=2π(25)+80π

SA=50π+80π

SA=130π


Approximate:

SA≈130(3.14)=408.2


Answer: The surface area is 130π in2, or about 408.2 in2.


Worked Example 3: Finding the parts separately


A cylinder has radius 4 m and height 7 m. Find the surface area by adding the areas of the parts.


Area of the two circles:

2πr2=2π(42)=2π(16)=32π


Area of the rectangle (side):

2πrh=2π(4)(7)=56π


Add them:

SA=32π+56π=88π


Approximate:

SA≈88(3.14)=276.32


Answer: The surface area is 88π m2, or about 276.32 m2.


Worked Example 4: A word problem


A can is shaped like a cylinder. It has a radius of 6 cm and a height of 12 cm. How much metal is needed to make the whole outside of the can?


Since the whole outside includes the top, bottom, and side, we find the total surface area.


Use the formula:

SA=2πr2+2πrh

SA=2π(62)+2π(6)(12)

SA=2π(36)+144π

SA=72π+144π

SA=216π


Approximate:

SA≈216(3.14)=678.24


Answer: The can needs 216π cm2 of metal, or about 678.24 cm2.


When might you not use the whole formula?


Sometimes a problem asks only for the lateral surface area. That means just the curved side, not the top and bottom.


The formula for lateral surface area is:

LSA=2πrh


If a problem asks for the total surface area, include all parts:

SA=2πr2+2πrh


Read each question carefully to see whether it wants:


  	just the side, or

  	the entire outside surface.




Common mistakes to avoid


  	Using diameter when the formula needs radius.

  	Forgetting there are two circular bases.

  	Forgetting to include the side rectangle.

  	Writing units without squaring them.

  	Mixing up surface area with volume.




Quick steps for solving


  	Identify the radius r and height h.

  	If given the diameter, divide by 2 to get the radius.

  	Use SA=2πr2+2πrh

  	Simplify.

  	If needed, use π≈3.14 for a decimal answer.

  	Write the correct square units.




[image: 📋]   Summary


A cylinder’s surface area comes from adding the areas of two circles and one rectangle. The formula is:

SA=2πr2+2πrh


This works because the top and bottom are circles, and the curved side unwraps into a rectangle. If you remember to use the radius, include all parts, and write square units, you can find the surface area of any cylinder.


  
  Put what you read to the test

  You've worked through Surface Area of Cylinders. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/782
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  Volume of Cones


Have you ever seen an ice cream cone or a party hat? Both are shaped like a cone. In math, we often want to know how much space is inside a 3D shape. That amount of space is called volume.


In this lesson, you will learn how to find the volume of a cone and why the formula works. You will also see how cones are connected to cylinders.


What is a cone?


A cone is a three-dimensional shape with:


  	one circular base,

  	a curved surface, and

  	a point at the top called the vertex.




To find the volume of a cone, you need to know two measurements:


  	the radius of the circular base, written as r,

  	the height of the cone, written as h.




The height is the straight distance from the center of the base to the vertex. It is not the slanted side.


The formula for the volume of a cone


The formula is:


V=13πr2h

Here is what each part means:


  	V = volume

  	π = about 3.14

  	r = radius of the base

  	h = height




Why is there a 13 in the formula?


A cone is closely related to a cylinder. If a cone and a cylinder have the same base radius and the same height, then the cone holds exactly one-third of the volume of the cylinder.


The volume of a cylinder is:


V=πr2h

So the volume of a cone is one-third of that:


V=13(πr2h)

That is why the cone formula includes 13.


Steps for finding the volume of a cone


  	Identify the radius r and height h.

  	Square the radius: r2.

  	Multiply by π.

  	Multiply by the height.

  	Multiply by 13, or divide by 3.

  	Write the answer in cubic units, such as cm3, m3, or in3.




Important note about units


Because volume measures space inside a 3D shape, the units are always cubic units. For example:


  	centimeters become cm3

  	meters become m3

  	inches become in3




Worked Example 1: Find the volume of a cone


A cone has radius 3 cm and height 8 cm. Find its volume.


Use the formula:


V=13πr2h

Substitute the values:


V=13π(3)2(8)

Square the radius:


V=13π(9)(8)

Multiply:


V=13π(72)

V=24π

Now approximate using π≈3.14:


V≈24(3.14)=75.36

Answer: The volume is 24π cm3, or about 75.36 cm3.


Worked Example 2: Diameter is given instead of radius


A cone has a diameter of 10 m and a height of 12 m. Find its volume.


Be careful: the formula uses radius, not diameter.


Find the radius:


r=102=5

Now use the formula:


V=13πr2h

V=13π(5)2(12)

Square the radius:


V=13π(25)(12)

Multiply:


V=13π(300)

V=100π

Approximate:


V≈100(3.14)=314

Answer: The volume is 100π m3, or about 314 m3.


Worked Example 3: Compare a cone and a cylinder


A cone and a cylinder have the same radius, 4 in, and the same height, 9 in. Find both volumes.


First, find the volume of the cylinder:


Vcylinder=πr2h

Vcylinder=π(4)2(9)

Vcylinder=π(16)(9)=144π

So the cylinder has volume 144π in3.


Now find the cone volume:


Vcone=13πr2h

Vcone=13(144π)=48π

Answer:


  	Cylinder: 144π in3

  	Cone: 48π in3




This shows that the cone has one-third the volume of the cylinder.


Worked Example 4: A word problem


A paper cone cup has radius 6 cm and height 15 cm. How much liquid can it hold?


Use the volume formula:


V=13πr2h

V=13π(6)2(15)

Square the radius:


V=13π(36)(15)

Multiply:


V=13π(540)

V=180π

Approximate:


V≈180(3.14)=565.2

Answer: The cone cup can hold about 565.2 cm3 of liquid.


Common mistakes to avoid


  	Using diameter instead of radius: Always divide the diameter by 2 first.

  	Forgetting the 13: This is a very common mistake. Without it, you are finding the volume of a cylinder, not a cone.

  	Not squaring the radius: The formula uses r2, not just r.

  	Using the slanted side instead of the height: The formula needs the straight up-and-down height.

  	Forgetting cubic units: Volume answers must be in cubic units.




Quick check


  	If r=2 cm and h=6 cm, then V=13π(2)2(6)=13π(24)=8π cm3

  	If a cone and cylinder have the same radius and height, the cone volume is one-third of the cylinder volume.




[image: 📋]   Summary


The volume of a cone tells how much space is inside it. To find it, use the formula V=13πr2h where r is the radius and h is the height.


A cone with the same base and height as a cylinder has one-third the cylinder’s volume. Remember to use the radius, square it, include the 13, and write your answer in cubic units.


  
  Put what you read to the test

  You've worked through Volume of Cones. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/783
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  Surface Area of Cones


When we talk about surface area, we mean the total area covering the outside of a 3D shape.


A cone has two outside parts:


  	a circular base

  	a curved side




To find the total surface area of a cone, we add the area of the base and the area of the curved side.


This lesson will show you how to:


  	identify the parts of a cone

  	use the formula for surface area

  	find a missing slant height using the Pythagorean theorem

  	solve real examples step by step




1. Parts of a Cone


A cone has three important measurements:


  	radius \r\: the distance from the center of the circular base to the edge

  	height \h\: the straight up-and-down distance from the center of the base to the tip

  	slant height \l\: the distance from the edge of the base to the tip along the side of the cone




The slant height is not the same as the height. The height goes straight up. The slant height goes along the slanted side.


2. Formula for Surface Area of a Cone


The total surface area of a cone is:


SA=πr2+πrl

Here is what each part means:


  	πr2 is the area of the circular base

  	πrl is the area of the curved surface




So you can also think of it as:


Surface Area=base area+curved area

or


SA=πr2+πrl

You can factor this formula if you want:


SA=πr(r+l)

Both forms mean the same thing.


3. Finding the Slant Height


Sometimes a problem gives you the radius and the height, but not the slant height.


To find the slant height, use the Pythagorean theorem. The radius, height, and slant height make a right triangle.


l2=r2+h2

So:


l=r2+h2

This works because:


  	the radius is one leg of the triangle

  	the height is the other leg

  	the slant height is the longest side, or hypotenuse




4. Steps for Solving Surface Area of a Cone



  	Find the radius \r\.

  	Find the slant height \l\.

  	If \l\ is missing, use \l = \sqrt{r^2+h^2}\.

  	Substitute into the formula \SA = \pi r^2 + \pi r l\.

  	Simplify. Leave your answer in terms of \\pi\ or use a decimal approximation.

  	Write the correct square units, such as \cm^2\, \m^2\, or \in^2\.




Worked Example 1: Surface Area When Radius and Slant Height Are Given


A cone has radius \r=4\ cm and slant height \l=7\ cm. Find its total surface area.


Use the formula:


SA=πr2+πrl

Substitute the values:


SA=π(42)+π(4)(7)

SA=16π+28π

SA=44π

Approximate with \\pi \approx 3.14\:


SA≈44(3.14)=138.16

Answer: The total surface area is \44\pi \text{ cm}^2\, or about \138.16 \text{ cm}^2\.


Worked Example 2: Find Slant Height First


A cone has radius \r=3\ m and height \h=4\ m. Find its total surface area.


First find the slant height:


l=r2+h2

l=32+42=9+16=25=5

Now use the surface area formula:


SA=πr2+πrl

SA=π(32)+π(3)(5)

SA=9π+15π

SA=24π

Approximate:


SA≈24(3.14)=75.36

Answer: The total surface area is \24\pi \text{ m}^2\, or about \75.36 \text{ m}^2\.


Worked Example 3: A Larger Cone


A cone has radius \5\ inches and height \12\ inches. Find the total surface area.


Step 1: Find the slant height.


l=52+122

l=25+144=169=13

Step 2: Use the formula.


SA=πr2+πrl

SA=π(52)+π(5)(13)

SA=25π+65π

SA=90π

Approximate:


SA≈90(3.14)=282.6

Answer: The total surface area is \90\pi \text{ in}^2\, or about \282.6 \text{ in}^2\.


Worked Example 4: Real-World Style Question


A party hat is shaped like a cone with radius \6\ cm and slant height \10\ cm. If you want to cover the entire outside of the hat, including the base, what is the surface area?


Use the formula:


SA=πr2+πrl

SA=π(62)+π(6)(10)

SA=36π+60π

SA=96π

Approximate:


SA≈96(3.14)=301.44

Answer: The surface area is \96\pi \text{ cm}^2\, or about \301.44 \text{ cm}^2\.


5. Common Mistakes to Avoid



  	Using height instead of slant height: In the formula \SA = \pi r^2 + \pi r l\, you must use slant height \l\, not height \h\.

  	Forgetting the base: Total surface area includes both the curved surface and the circular base.

  	Using diameter instead of radius: If the problem gives the diameter, divide by 2 to get the radius.

  	Forgetting square units: Surface area is always measured in square units.




6. Quick Check


Try these on your own:


  	A cone has \r=2\ cm and \l=5\ cm. Find the surface area.

  	A cone has \r=8\ ft and \h=15\ ft. First find \l\, then find the surface area.




Answers:


  	SA=π(22)+π(2)(5)=4π+10π=14π cm2

  	l=82+152=64+225=289=17, so \SA=\pi(8^2)+\pi(8)(17)=64\pi+136\pi=200\pi \text{ ft}^2\




[image: 📋]   Summary


The total surface area of a cone is the area of its circular base plus the area of its curved side.


Use the formula:


SA=πr2+πrl

If the slant height is missing, find it with:


l=r2+h2

Always make sure you are using the radius and slant height, and remember to include square units in your final answer.


  
  Put what you read to the test

  You've worked through Surface Area of Cones. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/784
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  Volume of Spheres


In this lesson, you will learn how to find the volume of a sphere. Volume tells us how much space a 3-dimensional object takes up.


A sphere is a perfectly round solid, like a basketball, marble, or globe. When we find the volume of a sphere, we are finding how much space is inside it.


You will also learn about a hemisphere, which is half of a sphere, like half of a ball cut straight through the middle.


1. Important vocabulary


  	Volume: the amount of space inside a solid figure

  	Sphere: a round 3D shape where every point on the surface is the same distance from the center

  	Hemisphere: half of a sphere

  	Radius (�(r)�): the distance from the center of the sphere to the outside

  	Diameter (�(d)�): the distance across the sphere through the center




Remember the relationship between radius and diameter:

d=2r and r=d2


2. Formula for the volume of a sphere

The formula for the volume of a sphere is:


V=43πr3

In this formula:


  	V is the volume

  	r is the radius

  	π is about 3.14

  	r3 means r×r×r




This means you:


  	Find the radius

  	Cube the radius

  	Multiply by π

  	Multiply by 43




3. Formula for the volume of a hemisphere

A hemisphere is half of a sphere, so its volume is half the sphere formula.


V=12(43πr3)=23πr3

So the volume of a hemisphere is:


V=23πr3

4. Units for volume

Since volume measures space inside a solid, the units are always cubic units.



  	cubic centimeters: cm3

  	cubic inches: in3

  	cubic meters: m3




If you forget to use cubic units, your answer is not complete.


5. Worked Example 1: Find the volume when the radius is given

Find the volume of a sphere with radius r=3 cm.


Use the formula:

V=43πr3

Substitute r=3:

V=43π(3)3

Cube the radius:

33=27

Now multiply:

V=43π(27)
V=36π

Using π≈3.14:

V≈36(3.14)=113.04

Answer: The volume is 36π cm3, or about 113.04 cm3.


6. Worked Example 2: Find the volume when the diameter is given

Find the volume of a sphere with diameter 10 inches.


First, find the radius:

r=d2=102=5

Now use the formula:

V=43πr3
V=43π(5)3

Cube the radius:

53=125

Substitute:

V=43π(125)
V=5003π

Now approximate with π≈3.14:

V≈5003(3.14)≈523.33

Answer: The volume is 5003π in3, or about 523.33 in3.


7. Worked Example 3: Volume of a hemisphere

Find the volume of a hemisphere with radius 6 m.


Use the hemisphere formula:

V=23πr3

Substitute r=6:

V=23π(6)3

Cube the radius:

63=216

Multiply:

V=23π(216)
V=144π

Approximate:

V≈144(3.14)=452.16

Answer: The volume of the hemisphere is 144π m3, or about 452.16 m3.


8. Worked Example 4: Solve a word problem

A toy ball has a radius of 4 cm. How much space is inside the ball?


This is asking for the volume of a sphere.


Use the formula:

V=43πr3

Substitute r=4:

V=43π(4)3

Cube the radius:

43=64

Multiply:

V=43π(64)=2563π

Approximate:

V≈2563(3.14)≈267.95

Answer: The ball holds about 267.95 cm3 of space.


9. Common mistakes to avoid


  	Using the diameter instead of the radius: Always check whether the problem gives radius or diameter.

  	Forgetting to cube the radius: r3 means multiply the radius by itself 3 times.

  	Forgetting the 43: It is an important part of the sphere formula.

  	Using square units instead of cubic units: Volume must be written in units like cm3, not cm2.

  	Not halving for a hemisphere: A hemisphere is half a sphere, so use 23πr3.




10. Tips for success


  	Write the formula before substituting numbers.

  	If the diameter is given, divide by 2 first.

  	Cube carefully: 23=8, 33=27, 43=64, 53=125.

  	If your teacher wants an exact answer, leave π in the answer.

  	If your teacher wants an approximate answer, use π≈3.14.




11. Quick check

Ask yourself these questions when solving:


  	Is this a sphere or a hemisphere?

  	Do I have the radius, or do I need to find it from the diameter?

  	Did I cube the radius?

  	Did I use cubic units in my answer?




[image: 📋]   Summary

To find the volume of a sphere, use V=43πr3. The most important value is the radius, so make sure you do not confuse it with the diameter.


To find the volume of a hemisphere, use V=23πr3 because a hemisphere is half of a sphere. Always write your final answer in cubic units.


  
  Put what you read to the test

  You've worked through Volume of Spheres. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/785






  [image: 📝]   Lesson 97: Surface Area of Spheres

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/827




  Surface Area of Spheres


Have you ever wondered how much material it would take to cover a basketball, a globe, or a marble? That amount is called the surface area.


The surface area of a sphere is the total area on the outside of the sphere. A sphere is a perfectly round 3D shape, like a ball.


In this lesson, you will learn the formula for the surface area of a sphere, how to use it correctly, and how to solve problems step by step.


1. What is a sphere?


A sphere is a three-dimensional shape where every point on the outside is the same distance from the center.



  	A basketball is shaped like a sphere.

  	A tennis ball is shaped like a sphere.

  	A globe is shaped like a sphere.




The distance from the center of the sphere to the outside edge is called the radius.


The distance all the way across the sphere, through the center, is called the diameter.


Remember:



  	
    diameter=2×radius
  

  	
    radius=diameter2
  




2. Formula for surface area of a sphere


The formula is:


SA=4πr2


  	SA means surface area

  	r means radius

  	π is pi, which is about 3.14




This formula tells us how many square units cover the outside of the sphere.


Important: Surface area is always measured in square units, such as:



  	square inches (in2)

  	square centimeters (cm2)

  	square meters (m2)




3. Steps for finding surface area



  	Find the radius.

  	Square the radius: r2.

  	Multiply by 4π.

  	Write the answer in square units.




If the problem gives you the diameter instead of the radius, divide by 2 first.


4. Worked Examples


Example 1: Radius is given


Find the surface area of a sphere with radius 5 cm.


Use the formula:


SA=4πr2

Substitute r=5:


SA=4π(52)

SA=4π(25)

SA=100π

Using π≈3.14:


SA≈100(3.14)=314

Answer: The surface area is 100π cm2, or about 314 cm2.


Example 2: Diameter is given


A sphere has a diameter of 12 inches. Find its surface area.


First find the radius:


r=122=6

Now use the formula:


SA=4πr2

SA=4π(62)

SA=4π(36)

SA=144π

Using π≈3.14:


SA≈144(3.14)=452.16

Answer: The surface area is 144π in2, or about 452.16 in2.


Example 3: Word problem


A toy ball has a radius of 3.5 cm. How much surface area does it have?


Use the formula:


SA=4πr2

Substitute r=3.5:


SA=4π(3.52)

SA=4π(12.25)

SA=49π

Using π≈3.14:


SA≈49(3.14)=153.86

Answer: The surface area is 49π cm2, or about 153.86 cm2.


Example 4: Comparing two spheres


Sphere A has radius 2 m. Sphere B has radius 4 m. Find the surface area of each sphere.


Sphere A:


SA=4π(22)=4π(4)=16π

SA≈16(3.14)=50.24

So Sphere A has surface area 16π m2, or about 50.24 m2.


Sphere B:


SA=4π(42)=4π(16)=64π

SA≈64(3.14)=200.96

So Sphere B has surface area 64π m2, or about 200.96 m2.


Notice that when the radius doubled from 2 to 4, the surface area became 4 times as large.


5. Common mistakes to avoid



  	Using the diameter instead of the radius
If the formula needs r, make sure you do not plug in the diameter by mistake.

  	Forgetting to square the radius
The formula uses r2, not just r.

  	Forgetting square units
Surface area is measured in units like cm2 or in2.

  	Not using parentheses carefully
When substituting, write values clearly, like 4π(52).




6. Quick check: Which formula do I use?


If the question asks for the area covering the outside of a sphere, use:


SA=4πr2

If you see words like cover, wrap, paint the outside, or outside surface, that means you need surface area.


7. Helpful tip


It can help to remember the formula like this:


Surface Area of a Sphere = 4 times pi times radius squared


Say it aloud:


"4 pi r squared"


8. Practice thinking


Ask yourself these questions when solving:



  	Did I use the radius?

  	Did I square the radius?

  	Did I multiply by 4π?

  	Did I write square units?




[image: 📋]   Summary


The surface area of a sphere is the total area on the outside of the sphere. To find it, use the formula SA=4πr2 where r is the radius.


Always check whether the problem gives the radius or diameter. If you are given the diameter, divide by 2 first. Then square the radius, multiply by 4π, and write your answer in square units.


  
  Put what you read to the test

  You've worked through Surface Area of Spheres. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/786






  [image: 📝]   Lesson 98: Surface Area of Pyramids and Cones

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/694




  Lesson: Surface Area of Pyramids and Cones


When we find the surface area of a 3D shape, we are finding the total area of all the outside surfaces that cover it.


In this lesson, you will learn how to find the surface area of regular pyramids and right cones. You will also learn the difference between lateral surface area and total surface area.


Lateral surface area means the area of the side surfaces only. It does not include the base.


Total surface area means the area of all outside surfaces, including the base.


These shapes often use a measurement called slant height. The slant height is the distance from the top of the shape down along its side, not straight up and down.


Part 1: Surface Area of a Regular Pyramid


A regular pyramid has a base that is a regular polygon, such as a square, and triangular faces that are all the same size.


To find the surface area of a regular pyramid, we often use:



  	the perimeter of the base, written as P

  	the slant height, written as l

  	the area of the base, written as B




The formula for the lateral surface area of a regular pyramid is:


L=12Pl

This works because the side faces are triangles, and their total area can be added together using half the base perimeter times the slant height.


The formula for the total surface area of a regular pyramid is:


SA=12Pl+B

So for pyramids:



  	First find the lateral area: 12Pl

  	Then add the area of the base




Part 2: Surface Area of a Right Cone


A right cone has a circular base and a point directly above the center of the base.


For a cone, we use:



  	the radius of the base, written as r

  	the slant height, written as l




The formula for the lateral surface area of a cone is:


L=πrl

The formula for the total surface area of a cone is:


SA=πrl+πr2

Here, πr2 is the area of the circular base.


Important idea: In both pyramids and cones, the slant height is used in the lateral area formula, not the vertical height.


How to Solve Surface Area Problems



  	Decide whether the problem asks for lateral surface area or total surface area.

  	Identify the measurements you need.

  	Choose the correct formula.

  	Substitute the numbers into the formula.

  	Solve carefully and include square units, such as cm2 or m2.




Worked Example 1: Lateral Surface Area of a Square Pyramid


A regular square pyramid has a base perimeter of 24 cm and a slant height of 7 cm. Find the lateral surface area.


Use the pyramid lateral area formula:


L=12Pl

Substitute the values:


L=12(24)(7)

L=12×7

L=84

The lateral surface area is 84 cm2.


Worked Example 2: Total Surface Area of a Square Pyramid


A regular square pyramid has a base side length of 6 m and a slant height of 5 m. Find the total surface area.


Step 1: Find the perimeter of the square base.


P=4×6=24 m

Step 2: Find the lateral surface area.


L=12Pl

L=12(24)(5)=12×5=60 m2

Step 3: Find the area of the base.


The base is a square, so:


B=62=36 m2

Step 4: Add them together.


SA=L+B=60+36=96 m2

The total surface area is 96 m2.


Worked Example 3: Lateral Surface Area of a Cone


A right cone has radius 4 cm and slant height 9 cm. Find the lateral surface area.


Use the cone lateral area formula:


L=πrl

Substitute the values:


L=π(4)(9)

L=36π

So the exact answer is 36π cm2.


If you use π≈3.14, then:


L≈36(3.14)=113.04

The lateral surface area is about 113.04 cm2.


Worked Example 4: Total Surface Area of a Cone


A right cone has radius 3 in and slant height 8 in. Find the total surface area.


Use the formula:


SA=πrl+πr2

Substitute the values:


SA=π(3)(8)+π(32)

SA=24π+9π

SA=33π

So the exact answer is 33π in2.


Using π≈3.14:


SA≈33(3.14)=103.62

The total surface area is about 103.62 in2.


Common Mistakes to Avoid



  	Mixing up lateral and total surface area. Lateral area does not include the base. Total surface area does.

  	Using height instead of slant height. The formulas here use slant height.

  	Forgetting the base area. This only matters when finding total surface area.

  	Using the wrong base measurement. For a pyramid, you may need the base perimeter. For a cone, you need the radius.

  	Forgetting square units. Surface area is always in square units.




Quick Check


Use what you learned to think about these questions:



  	If a pyramid has P=30 cm and l=6 cm, what is its lateral surface area?

  	If a cone has r=5 m and l=7 m, what is its lateral surface area?

  	What extra piece of information do you need to find the total surface area of a pyramid?




Answers:



  	Pyramid lateral area: L=12(30)(6)=90 cm2

  	Cone lateral area: L=π(5)(7)=35π m2

  	You need the area of the base.




Lesson Summary


Surface area tells us how much space covers the outside of a 3D shape. For pyramids and cones, we often separate the side area from the base area.


For a regular pyramid:


L=12Pl
SA=12Pl+B

For a right cone:


L=πrl
SA=πrl+πr2

Always check whether the question wants lateral surface area or total surface area, and make sure you use the slant height.


  
  Put what you read to the test

  You've worked through Surface Area of Pyramids and Cones. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/653
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  Volume of Composite Solids


Sometimes a 3D shape is made by joining two or more solids together. These are called composite solids.


In this lesson, you will learn how to find the total volume of composite solids made from cylinders, cones, and hemispheres.


Remember: volume tells us how much space is inside a solid. Volume is measured in cubic units, such as cubic centimeters \,cm3 or cubic meters \,m3.


1. The big idea


To find the volume of a composite solid, you usually:


  	Break the solid into simpler parts.

  	Find the volume of each part.

  	Add the volumes if the parts are joined together.

  	Subtract a volume if a piece is missing or cut out.




So the main strategy is:

Volume of composite solid=sum of volumes of parts

or, if there is a hole or missing piece,

Volume of composite solid=whole−missing part


2. Formulas you need


Here are the volume formulas for the solids in this topic.


Cylinder

V=πr2h

where r is the radius and h is the height.


Cone

V=13πr2h

where r is the radius and h is the height.


Sphere

V=43πr3


Hemisphere

A hemisphere is half of a sphere, so its volume is:

V=12(43πr3)=23πr3


3. Important things to watch for



  	Use the same units for every measurement before calculating.

  	Make sure you know the difference between radius and diameter.

  	If you are given the diameter, then the radius is half of it: r=d2.

  	Check whether shapes are being added together or whether one part is removed.

  	Write the final answer in cubic units.




4. How to solve volume of composite solids



  	Look at the solid carefully.

  	Decide which basic solids it is made from.

  	Label the radius and height of each part.

  	Use the correct formula for each part.

  	Add or subtract the volumes.

  	Round only if the problem asks you to.




Worked Example 1: Cylinder with a cone on top


A solid is made from a cylinder with a cone on top. Both parts have radius 3 cm. The cylinder has height 8 cm, and the cone has height 4 cm. Find the total volume.


Step 1: Find the volume of the cylinder.

Vcyl=πr2h

Vcyl=π(3)2(8)=π(9)(8)=72π

So the cylinder volume is 72π cm3.


Step 2: Find the volume of the cone.

Vcone=13πr2h

Vcone=13π(3)2(4)=13π(9)(4)=12π

So the cone volume is 12π cm3.


Step 3: Add the volumes.

Vtotal=72π+12π=84π

Vtotal=84π cm3

Using π≈3.14,

84π≈84(3.14)=263.76

Total volume: 84π cm3 or about 263.76 cm3.


Worked Example 2: Cylinder with a hemisphere on top


A solid is made from a cylinder and a hemisphere. The radius of both parts is 5 m. The cylinder has height 10 m. Find the total volume.


Step 1: Find the cylinder volume.

Vcyl=πr2h

Vcyl=π(5)2(10)=π(25)(10)=250π


Step 2: Find the hemisphere volume.

Vhemi=23πr3

Vhemi=23π(5)3=23π(125)=2503π


Step 3: Add the volumes.

Vtotal=250π+2503π

Write 250π with denominator 3:

250π=7503π

So,

Vtotal=7503π+2503π=10003π

Using π≈3.14,

Vtotal≈10003(3.14)≈1046.67

Total volume: 10003π m3 or about 1046.67 m3.


Worked Example 3: A cone-shaped hole removed from a cylinder


A cylinder has radius 4 cm and height 12 cm. A cone-shaped hole is removed from the top. The cone has the same radius, 4 cm, and height 6 cm. Find the volume left.


This time, we subtract because part of the solid is removed.


Step 1: Find the cylinder volume.

Vcyl=πr2h

Vcyl=π(4)2(12)=π(16)(12)=192π


Step 2: Find the cone volume.

Vcone=13πr2h

Vcone=13π(4)2(6)=13π(16)(6)=32π


Step 3: Subtract.

Vleft=192π−32π=160π

Using π≈3.14,

160π≈160(3.14)=502.4

Volume left: 160π cm3 or about 502.4 cm3.


Worked Example 4: Watch out for diameter


A solid is made from a cylinder and a hemisphere. The diameter is 10 in, so the radius is 5 in. The cylinder height is 7 in. Find the total volume.


Step 1: Find the radius.

r=102=5 in


Step 2: Find the cylinder volume.

Vcyl=πr2h=π(5)2(7)=π(25)(7)=175π


Step 3: Find the hemisphere volume.

Vhemi=23πr3=23π(5)3=23π(125)=2503π


Step 4: Add.

Vtotal=175π+2503π

Convert 175π to thirds:

175π=5253π

Then,

Vtotal=5253π+2503π=7753π

Using π≈3.14,

Vtotal≈7753(3.14)≈811.17

Total volume: 7753π in3 or about 811.17 in3.


5. Common mistakes



  	Using the diameter as the radius by mistake.

  	Forgetting that a cone has the factor 13.

  	Forgetting that a hemisphere is half a sphere.

  	Adding volumes when you should subtract, or subtracting when you should add.

  	Writing square units like cm2 instead of cubic units like cm3.




6. Quick check questions


Try these on your own:


  	A cylinder of radius 2 cm and height 9 cm has a cone on top with the same radius and height 3 cm. What is the total volume?

  	A hemisphere of radius 6 m sits on a cylinder of the same radius and height 4 m. What is the total volume?

  	A cylinder of radius 3 in and height 10 in has a cone-shaped hole with the same radius and height 5 in. What volume remains?




7. Final summary


Composite solids are 3D figures made from simpler solids joined together or with parts removed.


To find volume, split the solid into familiar shapes like cylinders, cones, and hemispheres. Then use the correct formula for each part and add or subtract the volumes.


The most important skills are identifying the parts, using the correct radius and height, and remembering whether the pieces are being combined or taken away.


  
  Put what you read to the test

  You've worked through Volume of Composite Solids. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/787
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  Missing Dimensions in Solids means finding a measurement that is not given, such as a radius, diameter, or height, by using a formula for volume or surface area.


In this lesson, we will focus on cylinders, cones, and spheres. Instead of always plugging numbers into a formula, we will sometimes work backward. That means we will be given the volume or surface area and use inverse operations to solve for the missing dimension.


This is an important skill because many real-world problems do not give every measurement directly. You may know how much a container holds or how much material covers an object, and from that information you need to figure out its size.


Before we begin, remember these words:


  	Radius: the distance from the center of a circle to the edge

  	Diameter: the distance across a circle through the center; it is twice the radius, so d=2r

  	Height: how tall a solid is

  	Inverse operations: operations that undo each other, like multiplying and dividing, or squaring and taking a square root




Step 1: Know the formulas

To find a missing dimension, you must start with the correct formula.


Volume of a cylinder:

V=πr2h


Volume of a cone:

V=13πr2h


Volume of a sphere:

V=43πr3


Surface area of a cylinder:

SA=2πr2+2πrh


Surface area of a sphere:

SA=4πr2


At this grade level, you will most often solve for a missing dimension in these formulas by isolating the variable. That means getting the unknown by itself.


Step 2: Solve by undoing operations

When solving for a missing dimension, follow these steps:


  	Write the correct formula.

  	Substitute the values you know.

  	Use inverse operations to isolate the unknown.

  	If needed, take a square root or cube root.

  	Check whether the question asks for radius or diameter.




Important idea: If the formula has r2, you will usually need a square root. If the formula has r3, you will usually need a cube root.


Working with cylinders

A cylinder has two circular bases and a height. Its volume formula is:

V=πr2h


If the height is missing, divide by πr2:

h=Vπr2


If the radius is missing, divide by πh first:

r2=Vπh

Then take the square root:

r=Vπh


Working with cones

A cone is similar to a cylinder, but its volume is one-third as much when the radius and height are the same.

V=13πr2h


To solve for height:

h=3Vπr2


To solve for radius:

r=3Vπh


Working with spheres

A sphere has no height like a cylinder or cone. Its size is determined by its radius.

V=43πr3


To solve for radius, first isolate r3:

r3=3V4π

Then take the cube root:

r=3V4π3


For the surface area of a sphere:

SA=4πr2

To solve for radius:

r2=SA4π

r=SA4π


Worked Example 1: Find the height of a cylinder

A cylinder has volume 144π cm3 and radius 4 cm. Find its height.


Step 1: Use the cylinder volume formula.

V=πr2h


Step 2: Substitute the known values.

144π=π(4)2h


Step 3: Simplify.

144π=16πh


Step 4: Divide both sides by 16π.

h=144π16π=9


Answer: The height is 9 cm.


Worked Example 2: Find the radius of a cone

A cone has volume 75π in3 and height 9 in. Find the radius.


Step 1: Use the cone volume formula.

V=13πr2h


Step 2: Substitute the known values.

75π=13πr2(9)


Step 3: Simplify 13⋅9.

75π=3πr2


Step 4: Divide both sides by 3π.

r2=75π3π=25


Step 5: Take the square root.

r=5


Answer: The radius is 5 in.


Worked Example 3: Find the radius of a sphere from volume

A sphere has volume 5003π m3. Find its radius.


Step 1: Use the sphere volume formula.

V=43πr3


Step 2: Substitute the known value.

5003π=43πr3


Step 3: Multiply both sides by 3 to clear the fraction.

500π=4πr3


Step 4: Divide both sides by 4π.

r3=500π4π=125


Step 5: Take the cube root.

r=1253=5


Answer: The radius is 5 m.


Worked Example 4: Find the diameter of a sphere from surface area

A sphere has surface area 196π cm2. Find its diameter.


Step 1: Use the sphere surface area formula.

SA=4πr2


Step 2: Substitute the known value.

196π=4πr2


Step 3: Divide both sides by 4π.

r2=196π4π=49


Step 4: Take the square root.

r=7


Step 5: The question asks for diameter, not radius.

d=2r=2(7)=14


Answer: The diameter is 14 cm.


Tips for success


  	Always choose the correct formula first.

  	Be careful about whether the problem gives or asks for radius or diameter.

  	If π appears on both sides, it often cancels out.

  	If you see r2, use a square root at the end.

  	If you see r3, use a cube root at the end.

  	Include units in your final answer.




Common mistakes


  	Using diameter in place of radius without dividing by 2 first

  	Forgetting the 13 in the cone volume formula

  	Stopping after finding r2 instead of finding r

  	Finding the radius when the question asks for the diameter

  	Mixing up surface area formulas and volume formulas




Quick check

Ask yourself these questions when you finish:


  	Did I use the formula for the correct solid?

  	Did I solve for the exact measurement being asked for?

  	Did I use square root or cube root if needed?

  	Does my answer make sense for the size of the solid?




[image: 📋]   Summary

To find a missing dimension in a solid, start with the correct volume or surface area formula and substitute the values you know. Then use inverse operations to isolate the unknown. For cylinders and cones, you may solve for radius or height. For spheres, you often solve for radius from volume or surface area. Finally, always check whether the problem wants radius or diameter.


  
  Put what you read to the test

  You've worked through Missing Dimensions in Solids. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/788






  [image: 📝]   Lesson 101: Volume of Pyramids, Cones, and Spheres

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/696




  Volume of Pyramids, Cones, and Spheres


When we talk about volume, we mean how much space a 3D object takes up inside. Volume is measured in cubic units, such as cubic centimeters \cm^3\, cubic meters \m^3\, or cubic inches \in^3\.


In this lesson, you will learn how to find the volume of three important 3D shapes: pyramids, cones, and spheres. These shapes have special formulas because they are not box-shaped like prisms or cylinders.


A helpful idea in this topic is that these shapes often use a fraction of the volume of a related shape. For example, a pyramid is related to a prism, and a cone is related to a cylinder.


1. Volume of a Pyramid


A pyramid has a base and triangular faces that meet at one point, called the vertex. To find its volume, we use the area of the base and the height.


The formula is:


V=13Bh

In this formula:


  	V = volume

  	B = area of the base

  	h = perpendicular height




The \\frac{1}{3}\ means a pyramid has one-third the volume of a prism with the same base area and height.


Important: The height must be the straight up-and-down distance from the base to the vertex, not the slanted edge.


2. Volume of a Cone


A cone has a circular base and comes to a point. It is like a pyramid with a circle for its base.


The formula is:


V=13πr2h

In this formula:


  	r = radius of the circular base

  	h = perpendicular height

  	πr2 = area of the circular base




A cone has one-third the volume of a cylinder with the same base radius and height.


3. Volume of a Sphere


A sphere is a perfectly round 3D shape, like a basketball or a globe.


The formula for the volume of a sphere is:


V=43πr3

In this formula:


  	r = radius of the sphere




Notice that the radius is cubed, so you must multiply \r \times r \times r\.


Comparing a Sphere to a Bounding Cylinder


A bounding cylinder is a cylinder that fits exactly around the sphere. If a sphere has radius \r\, then the bounding cylinder has:


  	radius \r\

  	height \2r\




The volume of that cylinder is:


Vcylinder=πr2(2r)=2πr3

The volume of the sphere is:


Vsphere=43πr3

Now compare them:


VsphereVcylinder=43πr32πr3=46=23

So a sphere has 23 the volume of its bounding cylinder.


How to Solve Volume Problems



  	Identify the shape.

  	Write the correct formula.

  	Find the measurements you need, especially the radius, base area, and height.

  	Substitute the values into the formula.

  	Solve carefully using the correct order of operations.

  	Write the answer in cubic units.




Worked Example 1: Volume of a Pyramid


A rectangular pyramid has a base that is \6\\,cm\ by \4\\,cm\, and its height is \9\\,cm\. Find the volume.


Step 1: Find the area of the base.


B=6×4=24 cm2

Step 2: Use the pyramid formula.


V=13Bh

V=13(24)(9)

V=13(216)=72

Answer: The volume is \72\,cm^3\.


Worked Example 2: Volume of a Cone


A cone has radius \3\\,m\ and height \8\\,m\. Find the volume.


Use the formula:


V=13πr2h

Substitute the values:


V=13π(3)2(8)

V=13π(9)(8)

V=13π(72)

V=24π

If you want a decimal approximation, use \\pi \approx 3.14\:


V≈24(3.14)=75.36

Answer: The exact volume is \24\pi\,m^3\, or about \75.36\,m^3\.


Worked Example 3: Volume of a Sphere


A sphere has radius \5\\,in\. Find the volume.


Use the formula:


V=43πr3

Substitute the radius:


V=43π(5)3

V=43π(125)

V=5003π

Approximate using \\pi \approx 3.14\:


V≈5003(3.14)≈523.33

Answer: The exact volume is \\frac{500}{3}\pi\,in^3\, or about \523.33\,in^3\.


Worked Example 4: Comparing a Sphere to Its Bounding Cylinder


A sphere has radius \4\\,cm\. Compare its volume to the volume of the cylinder that just fits around it.


Step 1: Find the cylinder dimensions.


  	radius = \4\\,cm\

  	height = diameter = \8\\,cm\




Step 2: Find the cylinder volume.


Vcylinder=πr2h

Vcylinder=π(4)2(8)=π(16)(8)=128π cm3

Step 3: Find the sphere volume.


Vsphere=43πr3

Vsphere=43π(4)3=43π(64)=2563π cm3

Step 4: Compare them.


VsphereVcylinder=2563π128π=256384=23

Answer: The sphere has 23 the volume of the bounding cylinder.


Common Mistakes to Avoid


  	Forgetting the \\frac{1}{3}\ in the pyramid or cone formula.

  	Using diameter instead of radius in formulas.

  	Confusing base area with just one side length.

  	Using a slanted length instead of the vertical height.

  	Forgetting to write cubic units.




Quick Formula Review


  	Pyramid: \V = \frac{1}{3}Bh\

  	Cone: \V = \frac{1}{3}\pi r^2 h\

  	Sphere: \V = \frac{4}{3}\pi r^3\




Brief Summary


To find the volume of a pyramid or cone, first think about the related prism or cylinder, then take one-third of that amount. For a sphere, use the special formula \V = \frac{4}{3}\pi r^3\. A sphere also has a useful comparison: it fills two-thirds of the volume of the cylinder that just fits around it.


  
  Put what you read to the test

  You've worked through Volume of Pyramids, Cones, and Spheres. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/655






  
    
  [image: 📖]   Chapter 15

  Bivariate Data and Statistics



  [image: 📝]   Lesson 102: Constructing Scatter Plots

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/830




  Constructing Scatter Plots


A scatter plot is a graph that shows pairs of data on a coordinate plane. It helps us see whether two variables might be related.


For example, you might compare:


  	hours studied and test score,

  	height and arm span, or

  	outside temperature and ice cream sold.




Each piece of data comes as an ordered pair, written like (x,y). The first value goes on the horizontal axis, called the x-axis. The second value goes on the vertical axis, called the y-axis.


When we make a scatter plot, we do not connect the points with lines. Each point stands for one pair of data values.


Why scatter plots are useful


Scatter plots help us:


  	organize paired data,

  	see patterns,

  	notice trends, and

  	compare two variables at the same time.




Even before doing any calculations, a scatter plot can show whether values seem to increase together, decrease, or have no clear pattern.


The parts of a scatter plot



  	Title: tells what the graph is about.

  	x-axis: shows the first variable.

  	y-axis: shows the second variable.

  	Scale: the counting pattern on each axis, such as by 1s, 2s, 5s, or 10s.

  	Points: each point represents one ordered pair.




How to construct a scatter plot



  	Read the data carefully. Make sure you know what each variable means.

  	Choose which variable goes on each axis. Usually the first variable or input goes on the x-axis, and the second variable or result goes on the y-axis.

  	Draw and label the axes. Write the variable names and units if there are any.

  	Choose a scale. The scale should fit all the data values and be easy to read.

  	Plot each ordered pair. Move across to the x-value, then up to the y-value, and place a point.

  	Check your work. Make sure every data pair is plotted once and in the correct location.




Choosing a good scale


A good scale makes the graph easy to read. If the x-values go from 1 to 12, counting by 1s or 2s may work well. If the y-values go from 50 to 100, counting by 5s or 10s may be better.


The scale on the x-axis does not have to match the scale on the y-axis. Each axis should be chosen based on the values it needs to show.


Important reminder about ordered pairs


In the ordered pair (x,y):


  	the x-value tells how far to move left or right,

  	the y-value tells how far to move up or down.




So the point (4,7) means move 4 units to the right and 7 units up.


Worked Example 1: Plotting simple data


A student records the number of hours studied and the score earned on a quiz.


Data:


  	(1,65)

  	(2,70)

  	(3,78)

  	(4,85)

  	(5,90)




Step 1: Label the axes.


  	x-axis: Hours Studied

  	y-axis: Quiz Score




Step 2: Choose scales.


  	For hours studied, count by 1s from 0 to 5.

  	For quiz score, count by 5s from 60 to 95.




Step 3: Plot the points.

Place points at (1,65), (2,70), (3,78), (4,85), and (5,90).


What do we notice?

As hours studied increase, quiz scores also increase. The points would rise from left to right.


Worked Example 2: Using a table to make a scatter plot


The table shows the temperature outside and the number of cold drinks sold at a snack stand.



  	Temperature ([image: °]F)	Drinks Sold

  	60	15

  	65	18

  	70	22

  	75	27

  	80	30




Step 1: Write the ordered pairs.

The data becomes:


  	(60,15)

  	(65,18)

  	(70,22)

  	(75,27)

  	(80,30)




Step 2: Label the axes.


  	x-axis: Temperature ([image: °]F)

  	y-axis: Drinks Sold




Step 3: Choose scales.


  	x-axis: count by 5s from 60 to 80

  	y-axis: count by 5s from 0 to 30




Step 4: Plot the points.

Plot all five ordered pairs on the coordinate plane.


What do we notice?

As temperature rises, more drinks are sold. The scatter plot would show an upward pattern.


Worked Example 3: Choosing a scale carefully


A class records the number of books read and the number of minutes spent reading each week.


Data:


  	(1,40)

  	(2,75)

  	(3,90)

  	(4,130)

  	(5,160)




Question: What scale should be used?


Solution:


  	The x-values go from 1 to 5, so counting by 1s is a good choice.

  	The y-values go up to 160, so counting by 10s, 20s, or 25s could work.




A good graph might use:


  	x-axis: 0 to 5 by 1s

  	y-axis: 0 to 160 by 20s




Then plot the points:


  	(1,40)

  	(2,75)

  	(3,90)

  	(4,130)

  	(5,160)




Why this matters:

If you chose a poor scale, such as counting the y-axis by 1s, the graph would be crowded and hard to read. Good scales make patterns easier to see.


Worked Example 4: Avoiding common mistakes


A student wants to plot this data about time spent practicing piano and number of songs learned:


  	(2,1)

  	(4,2)

  	(6,3)

  	(8,4)




The student accidentally plots (2,1) as (1,2).


What went wrong?

The order of the numbers matters. The point (2,1) means 2 units across and 1 unit up. The point (1,2) is in a different location.


Lesson: Always plot the x-value first and the y-value second.


Common mistakes to avoid


  	Switching x- and y-values: Remember, (x,y) means across first, then up.

  	Forgetting to label axes: A graph should show what each axis means.

  	Using a bad scale: Make sure all data fits and the numbers are easy to read.

  	Connecting the points: In a scatter plot, points usually stay separate.

  	Missing points: Check that every ordered pair is plotted.




How to read a scatter plot after constructing it


Once the scatter plot is made, ask questions like:


  	Do the points rise from left to right?

  	Do the points fall from left to right?

  	Are the points spread out with no clear pattern?




You do not need to make a final conclusion right away. First, your job is to build the graph correctly so the data can be seen clearly.


Quick checklist for constructing scatter plots


  	I know what the two variables are.

  	I put the first variable on the x-axis.

  	I put the second variable on the y-axis.

  	I labeled both axes.

  	I chose scales that fit the data.

  	I plotted each ordered pair correctly.

  	I did not connect the points.




[image: 📋]   Summary


A scatter plot shows paired data as points on a coordinate plane. To construct one, label the axes, choose reasonable scales, and plot each ordered pair carefully.


Remember that the first number in (x,y) goes on the x-axis and the second number goes on the y-axis. A well-made scatter plot helps you see possible relationships between two variables.


  
  Put what you read to the test

  You've worked through Constructing Scatter Plots. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/789






  [image: 📝]   Lesson 103: Analyzing Associations
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  Analyzing Associations means looking at two variables and describing how they are related. In 8th grade, we often use scatter plots to study the relationship between two quantitative variables, such as hours studied and quiz score, or temperature and ice cream sales.


When we analyze a scatter plot, we are not just looking at individual points. We are looking for the overall pattern. We want to answer questions like: Do the variables rise together? Does one go up while the other goes down? Do the points follow a straight-line pattern, a curve, or no clear pattern at all?


This lesson will help you recognize and describe different kinds of associations, including positive association, negative association, linear association, nonlinear association, and clustering.


First, remember what a scatter plot shows. A scatter plot has two number lines:


  	The x-axis shows one variable.

  	The y-axis shows the other variable.

  	Each point represents one pair of data values.




For example, a point at (3,70) could mean a student studied for 3 hours and earned a score of 70.


1. Positive Association

A scatter plot shows a positive association when the points tend to go upward from left to right. This means that as one variable increases, the other variable also tends to increase.


Examples of positive association include:


  	More hours studied and higher test scores

  	More time spent practicing and more baskets made

  	Greater height and greater arm span




If you imagine drawing a line through the middle of the points, that line would slant upward.


2. Negative Association

A scatter plot shows a negative association when the points tend to go downward from left to right. This means that as one variable increases, the other variable tends to decrease.


Examples of negative association include:


  	Higher prices and fewer items sold

  	More time since a hot drink was poured and lower temperature

  	Greater speed and less time needed to travel a fixed distance




If you imagine drawing a line through the middle of the points, that line would slant downward.


3. No Clear Association

Sometimes the points do not show a clear upward or downward trend. In that case, there may be no clear association. The variables do not seem to be related in a useful way based on the scatter plot.


For example, a student’s shoe size and the number of books they checked out last month might not show any clear pattern.


4. Linear Association

An association is linear when the points follow a pattern that is close to a straight line. The line does not have to go through every point. It just needs to match the general trend.


A linear association can be:


  	Positive linear: points rise in a straight-line pattern

  	Negative linear: points fall in a straight-line pattern




If the points are scattered around an imaginary straight line, the relationship is likely linear.


5. Nonlinear Association

An association is nonlinear when the points follow a curve or some shape that is not a straight line.


For example, a plant may grow quickly at first and then more slowly over time. The points might curve instead of making a straight path.


When describing a nonlinear association, you can still say whether it generally increases or decreases, but you should also mention that the pattern is not linear.


6. Clustering

A cluster is a group of points that are close together. Scatter plots sometimes have one cluster, two clusters, or several clusters.


Clusters can tell us that the data may contain different groups. For example:


  	One cluster might represent younger students.

  	Another cluster might represent older students.




If points appear in separate groups, it is important to mention that in your description.


7. How to Describe a Scatter Plot

When you are asked to analyze an association, use a step-by-step approach:


  	Look at the overall direction: positive, negative, or no clear association.

  	Decide whether the pattern is linear or nonlinear.

  	Notice whether the points are tightly grouped or widely spread out.

  	Check for clusters or unusual points.




A strong answer often sounds like this: “The scatter plot shows a positive linear association with a cluster near the middle.”


Worked Example 1: Positive Linear Association

Suppose a scatter plot compares hours practiced on the piano and number of songs played correctly. The points are:


  	(1,2)

  	(2,4)

  	(3,5)

  	(4,7)

  	(5,8)




As the number of practice hours increases, the number of songs played correctly also increases. The points move upward from left to right.


The pattern is also close to a straight line, so the association is positive linear.


Answer: The scatter plot shows a positive linear association.


Worked Example 2: Negative Linear Association

A scatter plot compares outside temperature and number of cups of hot chocolate sold. The points are:


  	(30,40)

  	(40,35)

  	(50,28)

  	(60,20)

  	(70,12)




As temperature increases, the number of hot chocolates sold decreases. The points move downward from left to right.


The pattern is close to a straight line, so this is a negative linear association.


Answer: The scatter plot shows a negative linear association.


Worked Example 3: Nonlinear Association

A scatter plot shows time after a ball is thrown and the ball’s height. The points rise at first and then fall:


  	(1,3)

  	(2,7)

  	(3,9)

  	(4,7)

  	(5,3)




The points do not form a straight-line pattern. Instead, they make a curved shape.


This means the association is nonlinear. It increases at first, then decreases.


Answer: The scatter plot shows a nonlinear association.


Worked Example 4: Clustering

A scatter plot compares age and number of push-ups completed. The points form two groups:


  	Group 1: (8,5),(8,6),(9,7),(9,6)

  	Group 2: (13,15),(13,16),(14,18),(14,17)




These points are not spread evenly. They appear in two clusters. One cluster is for younger students with fewer push-ups, and the other is for older students with more push-ups.


Overall, as age increases, the number of push-ups tends to increase, so there is a positive association. The important extra detail is that the data form two clusters.


Answer: The scatter plot shows a positive association with two clusters.


Important Note About Association

Association means there is a pattern or relationship in the data. It does not always mean one variable causes the other to change.


For example, if ice cream sales and swimming pool visits both increase in summer, that does not mean ice cream sales cause people to go swimming. A third factor, like hot weather, may affect both.


Helpful Sentence Starters


  	The scatter plot shows a positive association because...

  	The scatter plot shows a negative association because...

  	The association appears linear because the points are close to a straight line.

  	The association appears nonlinear because the points form a curve.

  	The data show clustering because the points form separate groups.

  	There is no clear association because the points do not show a clear trend.




Common Mistakes to Avoid


  	Looking at only one or two points: Always describe the overall pattern.

  	Confusing positive with negative: Positive goes up left to right; negative goes down left to right.

  	Calling every trend linear: Check whether the points make a straight-line pattern or a curve.

  	Ignoring clusters: If the points form groups, mention it.

  	Assuming cause: Association does not always mean one thing causes the other.




Quick Check

Ask yourself these questions when you see a scatter plot:


  	Do the points go up, go down, curve, or show no pattern?

  	Do they look close to a straight line?

  	Are there groups of points close together?

  	What is the best complete description of the association?




[image: 📋]   Summary

To analyze associations in a scatter plot, look at the direction, shape, and grouping of the data. A positive association rises from left to right, and a negative association falls from left to right. A linear association follows a straight-line pattern, while a nonlinear association follows a curve. Clusters are groups of points close together, and they are important to mention when describing the data.


  
  Put what you read to the test

  You've worked through Analyzing Associations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/790
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  Identifying Outliers




When we look at a scatter plot, we usually try to see the overall pattern in the data. Many points may cluster together or follow a trend, such as going upward from left to right or downward from left to right.




Sometimes, one point is far away from the rest of the data or does not fit the pattern. That point is called an outlier.




Learning to spot outliers is important because an outlier can change how we describe the data. It can affect how strong a pattern looks and may make predictions less accurate.




What is an outlier?




An outlier is a data point that is much higher, lower, or farther away than the other points in a scatter plot. It does not follow the same pattern as most of the data.




In a scatter plot, each point represents a pair of values, written like \,((x,y))\,. An outlier might:






  	be far above the other points,


  	be far below the other points, or


  	be far to the left or right compared with the rest.







How to identify an outlier




To decide whether a point is an outlier, follow these steps:






  	Look for the overall trend. Do the points seem to rise, fall, or cluster in one area?


  	Check for points far from the group. Is one point separated from the others?


  	Ask whether the point fits the pattern. Even if it is not extremely far away, does it still seem different from the trend?


  	Compare carefully. An unusual point is only an outlier if it clearly stands apart from most of the data.







Important idea: An outlier is not just any point near the edge of the graph. It must be noticeably different from the rest of the points.




Outliers and scatter plot patterns




Scatter plots often show one of these patterns:






  	Positive association: as \,x\, increases, \,y\, tends to increase.


  	Negative association: as \,x\, increases, \,y\, tends to decrease.


  	No clear association: the points do not follow a clear trend.







An outlier is easier to notice when most points follow a clear pattern. If almost all the points rise together, but one point is far below them, that point may be an outlier.




Why outliers happen




Outliers can happen for different reasons:






  	a measurement or recording mistake,


  	an unusual event,


  	or a value that is real but uncommon.







For example, if a class usually studies between 20 and 50 minutes and one student studies 180 minutes, that point may be an outlier. It could be a mistake, or it could be a student who studied much longer than everyone else.




Worked Example 1: Finding an obvious outlier




A teacher makes a scatter plot of hours studied and quiz score. Most of the points are near these pairs:






  	(1,62)


  	(2,68)


  	(3,74)


  	(4,81)


  	(5,86)







There is also one point at (4,30).




Step 1: Look for the pattern. As study hours increase, quiz scores increase. This is a positive association.




Step 2: Compare the point (4,30) to the others. When \,x=4\,, the other nearby scores are around the 80s, not 30.




Conclusion: (4,30) is an outlier because it is far below the overall pattern.




Worked Example 2: A point near the edge is not always an outlier




Suppose a scatter plot has these points:






  	(2,5)


  	(3,7)


  	(4,9)


  	(5,11)


  	(6,13)


  	(7,15)







The point (7,15) is the farthest right and near the top.




Does that make it an outlier? No.




All of the points follow the same rising pattern. Even though (7,15) is at the edge, it still fits the trend. So it is not an outlier.




Lesson: Being at the end of a pattern is different from being outside the pattern.




Worked Example 3: Identifying an outlier from a description of a scatter plot




A scatter plot shows the relationship between temperature and hot chocolate sales. Most points are close to a downward trend. As temperature increases, hot chocolate sales decrease.




One point shows a day with high temperature and very high hot chocolate sales.




Step 1: Identify the trend. This is a negative association.




Step 2: Check whether the unusual point fits. A hot day would normally have lower hot chocolate sales, not very high sales.




Conclusion: That point is an outlier because it does not match the overall downward pattern.




Worked Example 4: Deciding which point is the outlier




A scatter plot includes these data pairs:






  	(1,3)


  	(2,5)


  	(3,7)


  	(4,8)


  	(5,11)


  	(6,20)







Most of these points follow a pattern close to \,y\, increasing by about 2 when \,x\, increases by 1.




Let us compare the last point. If the pattern continues, when \,x=6\,, we would expect \,y\, to be close to 13, not 20.




We can see this by the nearby pattern:




3, 5, 7, 8, 11, ?



A value of 20 is much larger than expected.




Conclusion: (6,20) is the outlier.




How outliers affect data




An outlier can change how a scatter plot looks. It can make a relationship seem weaker or stronger than it really is.




For example, if most points form a tight upward pattern and one point is far away, that one point can make the graph look less consistent.




Outliers can also affect predictions. If you use the data to guess a new value, an outlier may pull your thinking away from the main pattern.




Tips for students






  	Do not choose an outlier just because a point is highest or lowest.


  	Look at the whole pattern first.


  	Ask, “Does this point fit with most of the others?”


  	If one point is clearly separated from the rest, it may be an outlier.


  	If all points follow the same trend, there may be no outlier.







Quick check questions






  	If most points on a scatter plot rise from left to right, and one point is far below the others, what is that point likely to be?


  	If a point is on the far right side of the graph but still follows the same trend as the other points, is it an outlier?


  	Why should you look at the overall pattern before deciding?







Answers






  	It is likely an outlier.


  	No. If it fits the trend, it is not an outlier.


  	Because an outlier is a point that does not fit the pattern of most of the data.







[image: 📋]   Summary




An outlier is a point on a scatter plot that stands far away from the rest of the data or does not follow the overall pattern.




To identify an outlier, first look for the trend in the graph. Then find any point that is clearly separated from the group or does not match the pattern.




Remember: a point can be at the edge of a graph and still not be an outlier if it fits the trend. The key question is always, Does this point belong with the pattern, or does it stand apart?


  
  Put what you read to the test

  You've worked through Identifying Outliers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/791






  [image: 📝]   Lesson 105: Line of Best Fit (Trend Line)

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/833




  Line of Best Fit (Trend Line)


When we collect bivariate data, we are looking at two variables for the same group of people or objects. For example, we might compare hours studied and test score, or shoe size and height.


One useful way to display bivariate numerical data is with a scatter plot. A scatter plot shows pairs of values as points on a graph.


Sometimes the points on a scatter plot seem to follow a pattern. When the pattern looks roughly like a straight line, we can draw a line of best fit, also called a trend line.


A line of best fit is a line drawn through a scatter plot that shows the overall direction of the data. It does not need to pass through every point. Instead, it should be placed so that it models the data as closely as possible.


In 8th Grade, you usually draw the line informally. That means you use the graph and your judgment to place the line so that:



  	it follows the general trend of the points,

  	there are about as many points above the line as below it,

  	and the points are not all crowded far away from the line.




Why do we use a line of best fit?



  	It helps us see the relationship between two variables.

  	It helps us make predictions.

  	It shows whether the data has a positive trend, negative trend, or little to no linear trend.




Understanding trends in scatter plots


Before drawing a line of best fit, first look at the trend of the data.



  	Positive trend: As one variable increases, the other tends to increase. The line goes upward from left to right.

  	Negative trend: As one variable increases, the other tends to decrease. The line goes downward from left to right.

  	No clear linear trend: The points do not follow a straight-line pattern, so a line of best fit may not be useful.




For example, if students who study more hours usually get higher scores, the scatter plot would likely show a positive trend.


If a car gets fewer miles per gallon as its weight increases, the scatter plot might show a negative trend.


How to draw a line of best fit



  	Look at the scatter plot and decide whether the pattern is roughly linear.

  	Notice whether the trend is positive or negative.

  	Place a straight line through the middle of the points.

  	Make sure the line has a balance of points above and below it.

  	Try to keep the points as close to the line as possible overall.




Important: The line of best fit does not have to go through the origin \0,0\ unless the data suggests that it should.


Also, the line does not need to go through any actual data point. Its job is to represent the overall pattern.


Using a line of best fit to make predictions


Once a line of best fit is drawn, you can use it to estimate values.


If you know an \x\-value, move up or down to the line, then across to estimate the \y\-value.


If you know a \y\-value, move across to the line, then down or up to estimate the \x\-value.


These predictions are called estimates because the line is a model, not an exact rule for every point.


Worked Example 1: Identifying the trend


A scatter plot shows the number of hours a student reads each week and the number of vocabulary words they know. The points rise from left to right.


Question: What kind of trend does the scatter plot show?


Solution:


Because the points go upward from left to right, as reading hours increase, vocabulary words also tend to increase.


So the scatter plot shows a positive trend.


A line of best fit for this data would slope upward.


Worked Example 2: Choosing a reasonable trend line


Suppose a scatter plot has these points:


\(1,2), (2,3), (3,4), (4,4), (5,6)\


Question: Would a line going upward from left to right make sense as a line of best fit?


Solution:


Let us look at the data. As the \x\-values increase from 1 to 5, the \y\-values generally increase from 2 to 6.


That means the data has a positive linear pattern.


A reasonable line of best fit would go upward from left to right and pass through the middle of the points.


It should not be too steep or too flat. It should be placed so that some points are above it and some are below it.


So yes, an upward-sloping line makes sense as a line of best fit.


Worked Example 3: Estimating with a trend line


A teacher draws a line of best fit on a scatter plot relating study time to quiz score. The line passes near the points \(2,70)\ and \(6,90)\.


Question: Use the line to estimate the quiz score for a student who studies 4 hours.


Solution:


The line goes through about \(2,70)\ and \(6,90)\.


From 2 hours to 6 hours is an increase of \4\ hours.


From 70 to 90 is an increase of \20\ points.


That means the score increases about


204=5


points per hour.


Going from 2 hours to 4 hours is 2 more hours, so add about


2⋅5=10


points to 70.


70+10=80


The estimated quiz score is about 80.


Worked Example 4: Deciding if a prediction is reasonable


A scatter plot compares plant height and number of days growing. A line of best fit shows that at 5 days, a plant is about 8 cm tall, and at 10 days, it is about 13 cm tall.


Question: About how tall would the line predict the plant to be at 8 days?


Solution:


From 5 days to 10 days, the height increases from 8 cm to 13 cm.


That is an increase of


13−8=5


cm over


10−5=5


days.


So the plant grows about


55=1


cm per day.


From 5 days to 8 days is 3 days, so add 3 cm to 8 cm.


8+3=11


The predicted height is about 11 cm.


Things to watch out for



  	Do not connect the dots. A line of best fit is not a zigzag line through every point.

  	Do not force the line through all points. Real data usually has some scatter.

  	Do not use a line if there is no linear pattern. If the points are random or curved, a straight trend line may not fit well.

  	Remember that predictions are estimates. They may be close, but not exact.




How line of best fit connects to real life


People use trend lines to study patterns in many situations:



  	hours practiced and sports performance,

  	temperature and ice cream sales,

  	age of a car and its value,

  	time spent exercising and heart rate.




In each case, the line of best fit helps show the general relationship between the two variables.


Quick checklist for students



  	Is the scatter plot roughly linear?

  	Is the trend positive or negative?

  	Did I draw the line through the middle of the data?

  	Are there about the same number of points above and below the line?

  	Am I using the line only to make an estimate?




[image: 📋]   Summary


A line of best fit, or trend line, is a straight line that models the overall pattern in a scatter plot. It is used when the data shows a roughly linear relationship.


To draw one, place the line through the middle of the data so that the points are balanced above and below it. Then use the line to make reasonable estimates and describe whether the relationship is positive, negative, or has no clear linear trend.


  
  Put what you read to the test

  You've worked through Line of Best Fit (Trend Line). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/792
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  Equation of a Trend Line


When we collect data about two variables, we often want to know whether the variables are related. A scatter plot helps us see that relationship.


If the points on a scatter plot seem to follow a general pattern, we can draw a trend line (also called a line of best fit). This line shows the overall direction of the data.


In this lesson, you will learn how to write the equation of a trend line. To do that, you will choose two points on the trend line, find the slope, and then find the y-intercept. Finally, you will write the equation in the form:


y=mx+b


Here, m is the slope and b is the y-intercept.


1. What a trend line tells us


A trend line is a straight line that fits the pattern of the points in a scatter plot as closely as possible. It does not have to go through every point. Instead, it should pass through the middle of the data so that about the same number of points are above the line as below it.


If the line goes upward from left to right, the data show a positive association. If the line goes downward from left to right, the data show a negative association.



	Positive slope: as one variable increases, the other tends to increase.

	Negative slope: as one variable increases, the other tends to decrease.

	Slope near 0: little or no linear trend.




2. Choosing points from the trend line


To find the equation, you should choose two points on the trend line, not just two original data points from the scatter plot unless they lie on the line you drew.


Try to choose points that:



	are easy to read from the graph,

	have coordinates close to whole numbers,

	are far apart on the line, which helps make your estimate more accurate.




Suppose the two points you choose are \(x_1, y_1)\ and \(x_2, y_2)\.


3. Finding the slope


The slope tells how much \)y\ changes when \)x\ increases by 1. Use the slope formula:


m=y2−y1x2−x1


This means:



	rise = change in \)y\

	run = change in \)x\

	slope = \)\frac{\text{rise}}{\text{run}}\




If the slope is positive, the line rises. If the slope is negative, the line falls.


4. Finding the y-intercept


The y-intercept is the value of \)y\ when \)x = 0\. It is where the line crosses the y-axis.


Sometimes you can read the y-intercept directly from the graph. If not, use a point on the line and the slope in the equation \)y = mx + b\.


Substitute the coordinates of one point and the slope, then solve for \)b\.


For example, if the slope is 2 and a point on the line is \(3, 11)\, then:


11=2(3)+b


11=6+b


b=5


So the equation is:


y=2x+5


5. Steps for writing the equation of a trend line



	Draw or look at the trend line on the scatter plot.

	Choose two clear points on the trend line.

	Find the slope using \)m = \frac{y_2-y_1}{x_2-x_1}\.

	Use one point and the slope to find \)b\.

	Write the equation in the form \)y = mx + b\.

	Check whether the equation matches the graph reasonably well.




Worked Example 1: Positive trend line


A scatter plot shows a positive trend. You draw a trend line and choose the points \(2, 4)\ and \(6, 10)\ on the line.


Step 1: Find the slope.


m=10−46−2=64=32


So the slope is \)\frac{3}{2}\, or 1.5.


Step 2: Find the y-intercept.


Use \(2,4)\ in \)y = mx + b\:


4=32(2)+b


4=3+b


b=1


Step 3: Write the equation.


y=32x+1


This equation models the trend in the data.


Worked Example 2: Negative trend line


A trend line slopes downward. You choose the points \(1, 9)\ and \(5, 3)\.


Step 1: Find the slope.


m=3−95−1=−64=−32


The slope is negative, so the line goes down from left to right.


Step 2: Find the y-intercept.


Use \(1,9)\:


9=−32(1)+b


9=−32+b


b=9+32=182+32=212


b=10.5


Step 3: Write the equation.


y=−32x+10.5


Worked Example 3: Using a graph estimate


You draw a trend line on a scatter plot about study time and quiz score. Two easy-to-read points on your line are about \(0, 60)\ and \(4, 80)\.


Step 1: Find the slope.


m=80−604−0=204=5


This means the quiz score increases about 5 points for each extra hour of study.


Step 2: Find the y-intercept.


Since one point is \(0,60)\, the y-intercept is 60.


Step 3: Write the equation.


y=5x+60


Step 4: Interpret the model.


In this situation:



	\)x\ = study time in hours

	\)y\ = quiz score

	slope 5 means each extra hour of study is associated with about 5 more points

	y-intercept 60 means the model predicts a score of 60 when study time is 0 hours




Worked Example 4: Writing a model from two chosen points


A student draws a trend line for a scatter plot of the number of days after planting and plant height. The student chooses the points \(2, 7)\ and \(8, 19)\.


Step 1: Find the slope.


m=19−78−2=126=2


Step 2: Find the y-intercept.


Use \(2,7)\:


7=2(2)+b


7=4+b


b=3


Step 3: Write the equation.


y=2x+3


Step 4: Interpret the model.



	The slope 2 means the plant grows about 2 units each day.

	The y-intercept 3 means the model predicts the plant was about 3 units tall at day 0.




6. How to check if your equation makes sense


After writing your equation, ask yourself these questions:



	Does the sign of the slope match the graph? If the graph rises, the slope should be positive. If it falls, the slope should be negative.

	Does the y-intercept fit where the line crosses the y-axis?

	If you substitute one of your chosen points into the equation, does it work?

	Does the equation seem to match the overall pattern of the data?




7. Common mistakes to avoid



	Using data points instead of points on the trend line: You want the equation of the line you drew, so use points on that line.

	Mixing up the slope formula: Make sure you subtract in the same order in the top and bottom.

	Forgetting negative signs: A downward trend should have a negative slope.

	Stopping after finding the slope: You also need the y-intercept to write the full equation.

	Writing only numbers without meaning: In a real situation, think about what the slope and intercept mean.




8. Quick review


To write the equation of a trend line, use two points on the line. First find the slope, then find the y-intercept, and finally write the equation in slope-intercept form.


Remember:


m=y2−y1x2−x1


y=mx+b


A trend line is a model, so it gives an estimate of the relationship between the two variables. It may not match every data point exactly, but it should describe the overall pattern well.


  
  Put what you read to the test

  You've worked through Equation of a Trend Line. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/793






  [image: 📝]   Lesson 107: Interpreting Model Parameters

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/835




  Interpreting Model Parameters means understanding what the numbers in an equation tell us about a real situation.


When we study bivariate data, we look at how two variables are related. For example, we might compare hours studied and test score, or number of weeks and plant height.


A trend line is a line that shows the general pattern in a scatter plot. It helps us describe how one variable changes when the other variable changes.


Many trend lines can be written in this form:


y=mx+b


In 8th grade, the two most important model parameters to interpret are:



	Slope, which is the rate of change

	y-intercept, which is the starting value




Let’s learn what each one means in context.


1. Slope: the rate of change


In the equation y=mx+b, the slope is the number represented by .


The slope tells us how much the y-value changes when the x-value increases by 1.


If the slope is positive, the trend line goes upward from left to right. This means as x increases, y tends to increase.


If the slope is negative, the trend line goes downward from left to right. This means as x increases, y tends to decrease.


So when you interpret slope, always ask:



	What does x represent?

	What does y represent?

	What does “for every 1 unit of x” mean in this situation?




For example, if y=3x+5 and x is hours and y is dollars, then the slope 3 means:


For every 1 more hour, the amount of money increases by 3 dollars.


2. y-intercept: the initial value


In the equation y=mx+b, the y-intercept is the number represented by b.


The y-intercept tells us the value of y when x=0.


This is often the starting amount or initial value.


For example, in y=3x+5, the y-intercept is 5. That means when x=0, y=5.


If x is hours and y is dollars, then this means:


At 0 hours, the amount is 5 dollars.


This might mean someone started with 5 dollars before earning 3 dollars per hour.


Important: The y-intercept only makes sense if x=0 is reasonable in the situation. If it does not fit the real context, you should be careful about how you interpret it.


How to interpret model parameters step by step



	Write or look at the equation of the trend line.

	Identify the slope and y-intercept.

	Decide what x and y mean.

	Interpret the slope as “for every 1 unit increase in x, y changes by ...”

	Interpret the y-intercept as “when x is 0, y is ...”

	Check whether your interpretation makes sense in the real situation.




Worked Example 1: Saving money


A student records how much money is in a savings jar after several weeks. A trend line is modeled by:


y=4x+10


where x is the number of weeks and y is the amount of money in dollars.


Step 1: Find the slope.


The slope is 4.


Interpretation: For every 1 more week, the amount of money increases by 4 dollars.


Step 2: Find the y-intercept.


The y-intercept is 10.


Interpretation: At week 0, there were 10 dollars in the jar.


Full context statement: The student started with 10 dollars and then saved about 4 dollars each week.


Worked Example 2: Temperature dropping


A model for the temperature of a drink is:


y=−2x+18


where x is time in minutes and y is temperature in degrees.


Slope: The slope is 2.


This means for every 1 more minute, the temperature decreases by 2 degrees.


y-intercept: The y-intercept is 18.


This means at 0 minutes, the temperature was 18 degrees.


Full context statement: The drink started at 18 degrees and cooled by about 2 degrees each minute.


Notice that because the slope is negative, the trend is decreasing.


Worked Example 3: Reading score model


A class studies the relationship between number of books read and reading score. A trend line is:


y=5x+60


where x is the number of books read and y is the reading score.


Slope: 5


Interpretation: For each additional book read, the reading score tends to increase by about 5 points.


y-intercept: 60


Interpretation: If 0 books are read, the model predicts a reading score of 60.


This does not mean every student who reads 0 books will definitely score 60. It means the trend line predicts that starting value based on the data pattern.


This is important because a model gives an estimate, not a guarantee.


Worked Example 4: Taxi fare


A taxi company models the total cost of a ride with:


y=2x+7


where x is miles traveled and y is cost in dollars.


Slope: 2


This means the cost increases by 2 dollars for every 1 mile traveled.


y-intercept: 7


This means the cost is 7 dollars when 0 miles are traveled.


In context, that 7 dollars could be the starting fee just for getting in the taxi.


Full context statement: The taxi charges a starting fee of 7 dollars and then 2 dollars per mile.


How to tell if a student interpretation is correct


A correct interpretation should include the variables and units.


For example, saying only “the slope is 4” is not enough. A better answer is:


For every 1 week, the amount saved increases by 4 dollars.


A correct interpretation of the y-intercept should mention what happens when x=0.


For example:


At 0 weeks, the student had 10 dollars.


Common mistakes to avoid



	Mixing up slope and y-intercept
Remember: slope is the rate of change, and y-intercept is the starting value.

	Forgetting the units
Always say what is changing and by how much. Use words like dollars, miles, weeks, or points.

	Ignoring the sign of the slope
A negative slope means the y-value decreases as x increases.

	Giving a math answer but not a context answer
You should explain what the numbers mean in the situation, not just name them.

	Assuming the model is exact
A trend line shows a pattern or estimate. Real data points may not all lie on the line.




Quick practice thinking


If a trend line is y=6x+2, and x is days and y is pages read:



	The slope 6 means: pages read increase by 6 each day.

	The y-intercept 2 means: at day 0, 2 pages had already been read.




If a trend line is y=−3x+25, and x is hours and y is battery percent:



	The slope 3 means: battery percent drops by 3 percentage points each hour.

	The y-intercept 25 means: at 0 hours, the battery was at 25%.




[image: 📋]   Summary


When interpreting model parameters in a trend line, the slope tells the rate of change, and the y-intercept tells the initial value.


In a line written as y=mx+b:



	 tells how much y changes for every 1-unit increase in x.

	b tells the value of y when x=0.




Always explain these numbers using the meaning of the variables and the units from the data.


  
  Put what you read to the test

  You've worked through Interpreting Model Parameters. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/794
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  Interpolation and Extrapolation are two ways to use data to make predictions.


When we look at bivariate data, we are studying the relationship between two variables. For example, we might compare hours studied and test score, or age of a tree and its height. If the points on a scatter plot follow a pattern, we can use that pattern to make an estimate.


In this lesson, you will learn what interpolation and extrapolation mean, how to use a linear model to make predictions, and why some predictions are more trustworthy than others.


Key idea: A linear model is a line that shows the general trend in the data. We can use that line to estimate values that are not already listed in the data.


1. What is interpolation?


Interpolation means making a prediction between data values that you already have.


Suppose a scatter plot shows data for study times from 1 hour to 5 hours. If you want to predict the test score for 3.5 hours of study, that is interpolation because 3.5 is inside the data range.


Interpolation is usually more reliable because the prediction is based on values that are close to the actual data.


2. What is extrapolation?


Extrapolation means making a prediction outside the data values that you already have.


If the data only goes from 1 hour to 5 hours of study, and you try to predict the score for 8 hours of study, that is extrapolation because 8 is beyond the data range.


Extrapolation is usually less reliable because the pattern may not continue the same way outside the data you collected.


3. Using a linear model


If a scatter plot shows a roughly straight-line pattern, we can model it with a line. Sometimes the line is given. Sometimes you may use a rule in the form


y=mx+b


In this equation:


  	x is the input variable

  	y is the predicted output variable

  	m is the slope, which tells how much y changes when x increases by 1

  	b is the starting value when x=0




To make a prediction, substitute the given value of x into the equation and solve for y.


4. How to tell whether a prediction is interpolation or extrapolation



  	Look at the smallest and largest x-values in the data.

  	Compare the new x-value to that range.

  	If the new value is inside the range, it is interpolation.

  	If the new value is outside the range, it is extrapolation.




5. Why extrapolation can be risky


Real-life data does not always keep following the same pattern forever. A straight-line model may work well for the data you collected, but outside that range, the situation may change.


For example:


  	A plant may grow steadily for a while, but later its growth may slow down.

  	Studying more may help test scores, but scores cannot rise forever past 100%.

  	The cost of an item may increase in a pattern for a short time, then change later.




So, predictions made by extrapolation should be treated carefully, especially when they are far beyond the data range.


Worked Example 1: Identifying interpolation or extrapolation


A data set compares the number of books read (x) and reading score (y) for students. The values of x range from 2 books to 10 books.


Decide whether each prediction is interpolation or extrapolation:


  	Predicting the reading score for 6 books

  	Predicting the reading score for 12 books




Solution:


The data range is from 2 to 10.


  	6 is between 2 and 10, so this is interpolation.

  	12 is greater than 10, so this is extrapolation.




Worked Example 2: Using a linear model for interpolation


A teacher finds that the relationship between hours studied and quiz score can be modeled by


y=5x+60


Here, x is the number of hours studied, and y is the predicted quiz score.


If the data was collected for study times between 1 and 5 hours, predict the score for a student who studies 3 hours.


Step 1: Substitute x=3 into the equation.


y=5(3)+60


Step 2: Multiply.


y=15+60


Step 3: Add.


y=75


The predicted quiz score is 75.


Because 3 is inside the data range from 1 to 5, this prediction is interpolation.


Worked Example 3: Using a linear model for extrapolation


Use the same model:


y=5x+60


Predict the score for a student who studies 7 hours.


Step 1: Substitute x=7.


y=5(7)+60


Step 2: Multiply and add.


y=35+60=95


The predicted score is 95.


But this prediction is extrapolation because 7 is outside the data range of 1 to 5.


This answer may be less reliable. The pattern might not continue in exactly the same way for students who study much longer.


Worked Example 4: Reading a situation carefully


A car rental company records the total cost y for renting a car for x days. A linear model is


y=40x+25


The company collected data for rentals from 1 day to 6 days.


Part A: Predict the cost for 4 days.


y=40(4)+25=160+25=185


The predicted cost is $185.


Since 4 is between 1 and 6, this is interpolation.


Part B: Predict the cost for 10 days.


y=40(10)+25=400+25=425


The predicted cost is $425.


Since 10 is outside the data range, this is extrapolation.


This prediction may not be accurate because the company could give discounts for longer rentals, or extra fees might apply.


6. Interpolation and extrapolation on a scatter plot


On a scatter plot, interpolation happens when you estimate a point between the existing data points along the trend line.


Extrapolation happens when you continue the trend line beyond the plotted data to estimate a value.


If the points make a clear straight pattern, a linear model can be useful. If the points are very spread out or do not follow a line well, predictions are less dependable.


7. Tips for answering questions



  	Always check the data range before deciding if a prediction is interpolation or extrapolation.

  	Use the given equation carefully by substituting the correct value for x.

  	If the prediction is extrapolation, remember to mention that it may be less reliable.

  	The farther outside the data range you go, the less trustworthy the prediction usually is.




8. Common mistakes to avoid



  	Mixing up interpolation and extrapolation

  	Forgetting to compare the new value to the data range

  	Assuming a model is always accurate far beyond the data

  	Making arithmetic mistakes when substituting into the equation




[image: 📋]   Summary


Interpolation is predicting a value within the range of known data, and extrapolation is predicting a value outside the range of known data.


We often use a linear model, such as y=mx+b, to make these predictions. Interpolation is usually more reliable because it stays within the actual data, while extrapolation is riskier because the pattern may change outside the observed range.


  
  Put what you read to the test

  You've worked through Interpolation and Extrapolation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/795
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  Two-Way Frequency Tables help us organize information about two different categories at the same time.




For example, we might want to know whether students prefer soccer or basketball and whether they are in 7th or 8th grade. A two-way table lets us sort that data clearly so we can compare groups.




This lesson will show you how to read, make, and use two-way frequency tables. You will also learn how to find row totals, column totals, and the grand total.




1. What is a two-way frequency table?




A frequency tells how many times something happens. A two-way frequency table shows the number of data values that fit into each combination of two categories.




One category is usually written across the top in columns, and the other category is written down the left side in rows.




Here is the basic structure:




Category B1Category B2TotalCategory A1Category A2Total



Each box inside the table shows how many data values belong to both categories.






	Rows go across.


	Columns go up and down.


	Row total is the sum across a row.


	Column total is the sum down a column.


	Grand total is the total number of all data values.







2. Why do we use two-way tables?




Two-way tables help us:






	organize bivariate categorical data,


	compare two groups,


	see patterns,


	answer questions about totals and parts of the data.







The word bivariate means the data involves two variables. In this lesson, both variables are categorical, which means they are labels or groups, not measurements.




Examples of categorical variables include:




	favorite subject,


	grade level,


	pet type,


	yes or no answers.







3. How to read a two-way frequency table




Suppose a class survey asked students whether they prefer reading fiction or nonfiction.




FictionNonfictionTotalBoys12820Girls15520Total271340



Here is how to read the table:






	12 boys prefer fiction.


	8 boys prefer nonfiction.


	15 girls prefer fiction.


	5 girls prefer nonfiction.


	20 boys were surveyed in all.


	20 girls were surveyed in all.


	27 students prefer fiction altogether.


	40 students were surveyed altogether.







Notice that each inside box belongs to one row and one column. For example, the number 12 is in the row for boys and the column for fiction.




4. How to find row totals, column totals, and the grand total




To find a row total, add the numbers across the row.




To find a column total, add the numbers down the column.




To find the grand total, add all the values in the table, or add the row totals, or add the column totals.




For example, if one row has 9 and 11, then the row total is:




9+11=20



If one column has 9 and 6, then the column total is:




9+6=15



If all four inside values are 9, 11, 6, and 14, then the grand total is:




9+11+6+14=40



5. Worked Example 1: Reading a completed table




A survey asked students whether they walk to school or ride the bus.




WalkBusTotal6th Grade1812307th Grade102030Total283260



Question 1: How many 7th grade students ride the bus?


Look at the row for 7th Grade and the column for Bus. The answer is 20.




Question 2: How many students walk to school?


Look at the total at the bottom of the Walk column. The answer is 28.




Question 3: How many students were surveyed in all?


Look at the bottom-right corner, which is the grand total. The answer is 60.




Question 4: Which is greater: 6th graders who walk or 7th graders who walk?


6th graders who walk: 18


7th graders who walk: 10


Since 18>10, more 6th graders walk.




6. Worked Example 2: Filling in missing totals




A club asked students whether they like art or music better.




ArtMusicTotalBoys149Girls1116Total



We will fill in the missing totals step by step.




Step 1: Find each row total.




Boys total:


14+9=23



Girls total:


11+16=27



Step 2: Find each column total.




Art total:


14+11=25



Music total:


9+16=25



Step 3: Find the grand total.




23+27=50



Now the completed table is:




ArtMusicTotalBoys14923Girls111627Total252550



Always check your work. The row totals and column totals should agree with the grand total.




Here,




	row totals: 23+27=50


	column totals: 25+25=50







Both give the same grand total, so the table is correct.




7. Worked Example 3: Making a table from data




A teacher asked 12 students two questions:




	Do you prefer cats or dogs?


	Are you a student athlete or not?







The results are listed below:






	Athlete, Cat


	Athlete, Dog


	Not Athlete, Dog


	Athlete, Dog


	Not Athlete, Cat


	Not Athlete, Dog


	Athlete, Cat


	Not Athlete, Cat


	Athlete, Dog


	Not Athlete, Dog


	Athlete, Cat


	Not Athlete, Cat







Step 1: Choose rows and columns.




Let the rows be Athlete and Not Athlete.


Let the columns be Cat and Dog.




Step 2: Count each combination.






	Athlete and Cat: 3


	Athlete and Dog: 3


	Not Athlete and Cat: 3


	Not Athlete and Dog: 3







Step 3: Put the counts into the table.




CatDogTotalAthlete336Not Athlete336Total6612



This table shows that the preferences are evenly split in this group.




8. Worked Example 4: Solving with a missing value




Suppose this table shows favorite school lunch choice.




PizzaTacosTotal8th Grade17x257th Grade12921Total2946



We need to find x.




In the 8th Grade row, the total is 25. One part is 17, so the other part must be:




17+x=25



Subtract 17 from both sides:




x=25−17=8



So the missing value is 8.




Now we can also find the Tacos column total:




8+9=17



The completed table is:




PizzaTacosTotal8th Grade178257th Grade12921Total291746



9. Tips for success






	Read the row and column labels carefully before answering a question.


	Make sure each number matches both categories.


	Add across for row totals.


	Add down for column totals.


	Check that the row totals and column totals give the same grand total.







10. Common mistakes to avoid






	Mixing up rows and columns: Trace with your finger if needed.


	Using the wrong total: A row total is different from a column total.


	Forgetting the grand total: The bottom-right corner is important.


	Counting data twice: Each person or item should fit in only one box in the table.







11. Quick practice questions




Use this table:




YesNoTotalHas Pet13720No Pet91120Total221840





	How many students have a pet and answered yes?


	How many students do not have a pet?


	How many students answered no?


	How many students were surveyed in all?







Answers:




	13


	20


	18


	40







12. Summary




A two-way frequency table organizes data for two categorical variables.




The inside boxes show how many data values fit each pair of categories. The numbers at the ends of rows are row totals, the numbers at the bottoms of columns are column totals, and the bottom-right number is the grand total.




If you read the labels carefully and check your totals, two-way tables become a simple and powerful way to understand data.


  
  Put what you read to the test

  You've worked through Two-Way Frequency Tables. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/796






  [image: 📝]   Lesson 110: Relative Frequencies

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/838




  Relative Frequencies help us compare data in a two-way table by turning counts into fractions, decimals, or percents. This makes it easier to see patterns and possible relationships between two categorical variables.


For example, a table might show whether students prefer cats or dogs and whether they are in 7th or 8th grade. The counts tell how many students are in each group, but relative frequencies tell what part or percent of a group each count represents.


This is useful because raw counts can sometimes be misleading. One group may be much larger than another, so comparing percentages is often more fair than comparing just the number of people.


Key idea: A relative frequency compares a part to a total.


The basic formula is:


Relative Frequency=Frequency CountTotal

You can leave the answer as a fraction, change it to a decimal, or write it as a percent.


To turn a decimal into a percent, multiply by 100.


Percent=Decimal×100

In two-way tables, there are three common kinds of relative frequency:



  	Joint relative frequency: compares one cell to the grand total.

  	Row relative frequency: compares one cell to its row total.

  	Column relative frequency: compares one cell to its column total.




Let’s look at what each one means.


1. Joint relative frequency

This tells what fraction of the entire table is in one specific cell.


Formula:


Joint Relative Frequency=Cell CountGrand Total

2. Row relative frequency

This tells what fraction of a row total is in a specific cell. Use this when you want to compare parts within the same row.


Formula:


Row Relative Frequency=Cell CountRow Total

3. Column relative frequency

This tells what fraction of a column total is in a specific cell. Use this when you want to compare parts within the same column.


Formula:


Column Relative Frequency=Cell CountColumn Total

When row or column relative frequencies are very different across categories, that can suggest a possible association between the two variables.


If the relative frequencies are very similar, that suggests there may be little or no association.


Worked Example 1: Finding a simple relative frequency


A class surveyed 20 students. Out of those 20 students, 8 said math is their favorite subject.


Find the relative frequency that chose math.


Use the formula:


820=0.4

Convert to a percent:


0.4×100=40%

Answer: The relative frequency is 0.4, or 40%.


This means 40% of the students chose math.


Worked Example 2: Joint relative frequency in a two-way table


A survey asked 50 students whether they prefer reading fiction or nonfiction.



  
    	
    	Fiction
    	Nonfiction
    	Total
  

  
    	Girls
    	18
    	7
    	25
  

  
    	Boys
    	10
    	15
    	25
  

  
    	Total
    	28
    	22
    	50
  




Find the joint relative frequency for girls who prefer fiction.


The cell count is 18, and the grand total is 50.


1850=0.36

As a percent:


0.36×100=36%

Answer: The joint relative frequency is 0.36, or 36%.


This means 36% of all students surveyed were girls who prefer fiction.


Worked Example 3: Row relative frequencies


Use the same table.


Find the row relative frequencies for the Girls row.


The row total for girls is 25.



  	Girls who prefer fiction: 1825=0.72=72%

  	Girls who prefer nonfiction: 725=0.28=28%




So in the girls row:



  	72% prefer fiction

  	28% prefer nonfiction




Now find the row relative frequencies for the Boys row. The row total for boys is also 25.



  	Boys who prefer fiction: 1025=0.40=40%

  	Boys who prefer nonfiction: 1525=0.60=60%




Now compare the rows:



  	Among girls, 72% prefer fiction.

  	Among boys, 40% prefer fiction.




These percentages are quite different, so there may be an association between gender and reading preference.


Worked Example 4: Column relative frequencies and interpreting association


A school surveyed students about whether they play a sport and whether they ride the bus.



  
    	
    	Ride Bus
    	Do Not Ride Bus
    	Total
  

  
    	Play Sport
    	24
    	16
    	40
  

  
    	Do Not Play Sport
    	6
    	14
    	20
  

  
    	Total
    	30
    	30
    	60
  




Find the column relative frequencies.


Ride Bus column total = 30


  	Play Sport and Ride Bus: 2430=0.80=80%

  	Do Not Play Sport and Ride Bus: 630=0.20=20%




Do Not Ride Bus column total = 30


  	Play Sport and Do Not Ride Bus: 1630≈0.53≈53%

  	Do Not Play Sport and Do Not Ride Bus: 1430≈0.47≈47%




Now compare the columns:



  	Of students who ride the bus, 80% play a sport.

  	Of students who do not ride the bus, about 53% play a sport.




Because these percentages are not close, there appears to be a possible association between riding the bus and playing a sport.


How to decide which total to use


This is one of the most important parts of relative frequency.



  	If the question asks about the whole table, use the grand total.

  	If the question asks about values within a row, use the row total.

  	If the question asks about values within a column, use the column total.




Look for clue words:



  	"Out of all students" means use the grand total.

  	"Of the girls" means use the girls row total.

  	"Of the students who ride the bus" means use the ride bus column total.




Common mistakes to avoid



  	Using the wrong total in the denominator.

  	Forgetting to convert a decimal to a percent.

  	Comparing counts instead of relative frequencies when groups have different sizes.

  	Thinking that a possible association proves one variable causes the other. Relative frequencies only help show patterns.




Quick check


Suppose a table shows that 12 out of 30 students in a row chose pizza.



  	Relative frequency as a decimal: 1230=0.4

  	Relative frequency as a percent: 40%




If another row has 24 out of 60 students choosing pizza, then:


2460=0.4=40%

Even though the counts are different, the relative frequencies are the same. That means the two groups chose pizza at the same rate.


[image: 📋]   Summary


Relative frequencies turn counts into fractions, decimals, or percents so data is easier to compare.


In a two-way table:



  	Joint relative frequency uses the grand total.

  	Row relative frequency uses a row total.

  	Column relative frequency uses a column total.




By comparing row or column relative frequencies, you can look for a possible association between two categorical variables.


Always ask yourself: What total should I compare this count to? Once you choose the correct total, finding the relative frequency is straightforward.


  
  Put what you read to the test

  You've worked through Relative Frequencies. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/797






  
    
  [image: 📖]   Chapter 16

  Probability and Compound Events
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  Theoretical vs. Experimental Probability


Probability helps us describe how likely something is to happen. For example, if you flip a coin, roll a number cube, or pull a colored marble from a bag, probability tells us the chance of each outcome.


There are two important ways to think about probability:


  	Theoretical probability — what we expect to happen based on math.

  	Experimental probability — what actually happens when we do an experiment or collect data.




Understanding the difference between these two ideas helps us compare expected results with real-life results.


1. Theoretical Probability


Theoretical probability is found before doing an experiment. It is based on all the possible outcomes, assuming each outcome is equally likely.


The formula is:


Theoretical Probability=number of favorable outcomestotal number of possible outcomes

A favorable outcome is an outcome you want to happen.


For example, when rolling a fair 6-sided number cube, the possible outcomes are 1, 2, 3, 4, 5, and 6.


If you want the probability of rolling a 3, there is 1 favorable outcome out of 6 possible outcomes.


P(3)=16

If you want the probability of rolling an even number, the favorable outcomes are 2, 4, and 6. That is 3 favorable outcomes out of 6 possible outcomes.


P(even)=36=12

2. Experimental Probability


Experimental probability is found after doing an experiment. It uses the results from actual trials.


The formula is:


Experimental Probability=number of times the event happenedtotal number of trials

A trial is one time you perform the experiment.


For example, suppose you flip a coin 20 times and it lands on heads 13 times.


Then the experimental probability of getting heads is:


P(heads)=1320

This does not match the theoretical probability exactly, even though the theoretical probability of heads on a fair coin is:


P(heads)=12

This difference can happen because real experiments do not always match the expected results perfectly, especially when the number of trials is small.


3. Key Difference Between Theoretical and Experimental Probability


The main difference is:


  	Theoretical probability is based on what should happen mathematically.

  	Experimental probability is based on what did happen in actual trials.




Here is a quick comparison:


  	Theoretical probability uses possible outcomes.

  	Experimental probability uses observed results.

  	Theoretical probability is calculated without testing.

  	Experimental probability is calculated after testing.




4. Why Are They Sometimes Different?


Even if an experiment is fair, the results may not match the theoretical probability exactly.


For example, a fair coin has a theoretical probability of 12 for heads. But if you flip it 4 times, you might get 3 heads and 1 tails.


The experimental probability of heads would then be:


34

That is different from 12. This does not mean the coin is unfair. It just means that with only a few trials, results can vary.


As the number of trials gets larger, the experimental probability usually gets closer to the theoretical probability.


For example:


  	In 10 coin flips, heads might appear 7 times.

  	In 100 coin flips, heads might appear 52 times.

  	In 1,000 coin flips, heads might appear 498 times.




The more trials you do, the more stable the results tend to become.


5. How to Find Theoretical Probability



  	List all possible outcomes.

  	Count how many outcomes are favorable.

  	Write the probability as a fraction.

  	Simplify if possible.




Example: A bag has 5 red marbles, 3 blue marbles, and 2 green marbles. What is the theoretical probability of choosing a blue marble?


Total marbles:


5+3+2=10

Favorable outcomes: 3 blue marbles


P(blue)=310

6. How to Find Experimental Probability



  	Do the experiment or use given data.

  	Count how many times the event occurred.

  	Count the total number of trials.

  	Write the probability as a fraction, decimal, or percent.




Example: A spinner is spun 40 times. It lands on blue 14 times. What is the experimental probability of landing on blue?


P(blue)=1440=720

As a decimal, this is:


720=0.35

As a percent, this is:


0.35=35%

7. Worked Examples


Example 1: Simple Theoretical Probability


A fair number cube is rolled once. What is the theoretical probability of rolling a number greater than 4?


Step 1: List the possible outcomes.


Possible outcomes: 1, 2, 3, 4, 5, 6


Step 2: Find the favorable outcomes.


Numbers greater than 4 are 5 and 6, so there are 2 favorable outcomes.


Step 3: Write the probability.


P(greater than 4)=26=13

Answer: The theoretical probability is 13.


Example 2: Simple Experimental Probability


A coin is flipped 30 times, and tails comes up 17 times. What is the experimental probability of getting tails?


Use the formula:


Experimental Probability=number of times event happenedtotal trials

Substitute the values:


P(tails)=1730

Answer: The experimental probability is 1730.


Example 3: Compare Theoretical and Experimental Probability


A bag contains 4 yellow marbles and 6 purple marbles. A marble is chosen, replaced, and the experiment is repeated 50 times. Yellow is selected 23 times.


Find:


  	the theoretical probability of choosing yellow

  	the experimental probability of choosing yellow




Step 1: Find the theoretical probability.


Total marbles:


4+6=10

Favorable outcomes: 4 yellow marbles


P(yellow)=410=25

Step 2: Find the experimental probability.


Yellow was chosen 23 times in 50 trials.


P(yellow)=2350

Step 3: Compare them.


The theoretical probability is 25=0.4.


The experimental probability is 2350=0.46.


These values are close, but not exactly the same. That is normal in experiments.


Answer:


  	Theoretical probability: 25

  	Experimental probability: 2350




Example 4: Using Data to Predict


A spinner is spun 60 times. It lands on red 18 times. Based on the experimental probability, predict how many times it will land on red in 100 spins.


Step 1: Find the experimental probability.


P(red)=1860=310

Step 2: Use that probability to predict the number of reds in 100 spins.


310×100=30

Answer: Based on the experimental probability, we would predict about 30 red spins out of 100.


8. Important Ideas to Remember



  	Probability can be written as a fraction, decimal, or percent.

  	A probability of 0 means the event is impossible.

  	A probability of 1 means the event is certain.

  	All probabilities are between 0 and 1.

  	Theoretical probability is based on math and possible outcomes.

  	Experimental probability is based on actual results.

  	More trials usually make experimental probability closer to theoretical probability.




9. Common Mistakes



  	Mixing up the formulas: Theoretical uses possible outcomes, while experimental uses actual results.

  	Forgetting the total number of outcomes: Count all possible outcomes carefully.

  	Using too few trials to make a big conclusion: Small samples can give unusual results.

  	Not simplifying fractions: For example, 36 should be simplified to 12.




10. Quick Check for Understanding


Try these on your own:


  	A fair coin is flipped once. What is the theoretical probability of heads?

  	A number cube is rolled 24 times, and a 6 appears 5 times. What is the experimental probability of rolling a 6?

  	A bag has 7 black marbles and 3 white marbles. What is the theoretical probability of choosing a white marble?

  	A spinner lands on green 9 times out of 25 spins. What is the experimental probability of green?




Answers:


  	12

  	524

  	310

  	925




[image: 📋]   Summary


Theoretical probability tells what is expected to happen based on all possible outcomes. Experimental probability tells what actually happened during trials or experiments.


They may not always be equal, especially when the number of trials is small. But as the number of trials increases, the experimental probability often gets closer to the theoretical probability.


When solving problems, always ask yourself: Am I using expected outcomes, or am I using real data? That will help you choose the correct type of probability.


  
  Put what you read to the test

  You've worked through Theoretical vs. Experimental Probability. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/798
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  The Law of Large Numbers is an important idea in probability. It helps us understand what happens when we repeat the same chance experiment many times.
At first, results can look surprising. If you flip a coin only a few times, you might get more heads than tails. But if you keep flipping the coin many, many times, the results usually get closer to what probability predicts.
This idea is called the Law of Large Numbers: as the number of trials increases, the experimental probability gets closer to the theoretical probability.
To understand this well, we need to know the difference between theoretical probability and experimental probability.
Theoretical probability is what we expect to happen based on math, before doing the experiment.
It is calculated by
Theoretical Probability=number of favorable outcomesnumber of possible outcomes
Experimental probability is what actually happens when we do the experiment.
It is calculated by
Experimental Probability=number of times the event happenstotal number of trials
The Law of Large Numbers says that these two probabilities become closer when the number of trials becomes very large.
Why does this happen?
Chance experiments can be uneven in the short term. In a small number of trials, luck can have a big effect.
But over many trials, the ups and downs begin to balance out. The results become more stable, and the experimental probability usually moves closer to the theoretical probability.
This does not mean the results will be exactly equal every time. It means they usually get closer.
Example: Flipping a fair coin
A fair coin has two equally likely outcomes: heads and tails.
So the theoretical probability of getting heads is
P(heads)=12
Now imagine these results:
	After 10 flips, heads happened 7 times.
	After 100 flips, heads happened 54 times.
	After 1,000 flips, heads happened 503 times.

Let us calculate the experimental probability each time.
After 10 flips:
710=0.7
After 100 flips:
54100=0.54
After 1,000 flips:
5031000=0.503
The theoretical probability is
12=0.5
Notice what happens:
	
0.7 is not very close to 0.5
	0.54 is closer
	0.503 is even closer

This is the Law of Large Numbers in action.
Main idea to remember
Small samples can be misleading. Large samples give better estimates.
If you only do an experiment a few times, your results may not match the theoretical probability very well. But if you repeat it many times, the results usually become more reliable.
Worked Example 1: Rolling a number cube
A fair number cube has 6 equally likely outcomes: 1, 2, 3, 4, 5, and 6.
What is the theoretical probability of rolling a 4?
There is 1 favorable outcome out of 6 possible outcomes.
P(4)=16
Suppose a student rolls the number cube 12 times and gets a 4 three times.
The experimental probability is
312=14=0.25
The theoretical probability is
16≈0.167
These are not equal, and that is okay. With only 12 trials, the experimental probability can be quite different.
If the student rolls the cube 600 times and gets a 4 exactly 98 times, then the experimental probability is
98600≈0.163
Now it is much closer to
16≈0.167
This shows that more trials usually give results closer to the theoretical probability.
Worked Example 2: Choosing a colored marble
A bag contains 3 red marbles and 2 blue marbles. One marble is chosen at random, then replaced, and the experiment is repeated.
What is the theoretical probability of choosing a red marble?
There are 3 red marbles out of 5 total marbles.
P(red)=35=0.6
Suppose in 10 trials, red is chosen 8 times.
The experimental probability is
810=0.8
This is higher than 0.6.
Now suppose in 200 trials, red is chosen 121 times.
The experimental probability is
121200=0.605
This is very close to 0.6.
Again, the larger number of trials gives an experimental probability closer to the theoretical probability.
Worked Example 3: Spinner experiment
A spinner is divided into 4 equal sections: 1 green, 1 yellow, 1 blue, and 1 red.
What is the theoretical probability of landing on blue?
Since the sections are equal,
P(blue)=14=0.25
Suppose the spinner is spun 20 times and lands on blue 2 times.
The experimental probability is
220=0.1
That is quite different from 0.25.
Now suppose the spinner is spun 400 times and lands on blue 96 times.
The experimental probability is
96400=0.24
This is much closer to 0.25.
So even though small numbers of spins can give unusual results, many spins usually give results closer to the expected probability.
Important facts about the Law of Large Numbers
	It does not guarantee exact results. Even after many trials, experimental probability may not be exactly the same as theoretical probability.
	It describes a trend. As the number of trials increases, results tend to get closer to the expected value.
	It works for many kinds of probability experiments. Coins, dice, spinners, cards, and marbles can all show this pattern.
	It helps explain fairness. If an experiment is fair, large numbers of trials can show whether the results match what is expected.

A common misunderstanding
Some students think that if a coin lands on heads many times in a row, then tails is "due" next. That is not what the Law of Large Numbers means.
Each flip of a fair coin still has probability
12
for heads and
12
for tails.
The Law of Large Numbers is about the overall results after many trials, not about forcing the next result to be different.
For example, if a fair coin lands on heads 6 times in a row, the next flip is still just as likely to be heads as tails.
How this connects to compound events
In probability, a compound event is an event made of two or more simple events. For example, flipping two coins and getting two heads is a compound event.
The Law of Large Numbers also applies to compound events. If you repeat a compound event many times, the experimental probability should get closer to the theoretical probability.
For example, if you flip two fair coins, the possible outcomes are:
HH,HT,TH,TT
There is 1 outcome with two heads out of 4 possible outcomes.
So the theoretical probability of getting two heads is
P(HH)=14
If you try this only 8 times, you may not get exactly 2 successes. But if you try it hundreds of times, the fraction of times you get two heads will likely be closer to
14
Worked Example 4: Two-coin compound event
A student flips two fair coins 16 times. They get two heads 6 times.
The experimental probability is
616=38=0.375
The theoretical probability of two heads is
14=0.25
These are not very close.
Now imagine the student repeats the experiment 800 times and gets two heads 198 times.
The experimental probability is
198800=0.2475
This is very close to
0.25
This larger sample better matches the theoretical probability.
How to recognize the Law of Large Numbers in a problem
You may be using the Law of Large Numbers when a problem talks about:
	repeating an experiment many times,
	comparing expected results and actual results,
	small samples versus large samples,
	experimental probability getting closer to theoretical probability.

Steps for solving problems
	Find the theoretical probability.
Use the number of favorable outcomes and total possible outcomes.
	Find the experimental probability.
Use the number of times the event happened and the total number of trials.
	Compare the two probabilities.
See how close they are.
	Think about the number of trials.
A larger number of trials usually gives a better estimate of the theoretical probability.

Quick check
Suppose the theoretical probability of an event is
310=0.3
Which experimental result better matches the theoretical probability?
	3 successes in 5 trials: 35=0.6
	61 successes in 200 trials: 61200=0.305

The second result is much closer to 0.3, so it better matches the theoretical probability.
This is what we expect from the Law of Large Numbers.
[image: 📋]   Summary
The Law of Large Numbers says that when a chance experiment is repeated many times, the experimental probability usually gets closer to the theoretical probability.
Small numbers of trials can give results that look strange or uneven. Large numbers of trials usually give more reliable results.
Remember: the results do not have to become exactly equal. They just tend to become closer as the number of trials increases.


  
  Put what you read to the test

  You've worked through The Law of Large Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/799
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  Sample Spaces and the Fundamental Counting Principle




When we study probability, we often want to know all the possible outcomes of an event. For example, if you flip a coin, the outcomes are heads or tails. If you roll a number cube, the outcomes are 1 through 6.




A sample space is the complete list of all possible outcomes. Knowing the sample space helps us find probabilities and understand compound events, which are events made of two or more simpler events.




In this lesson, you will learn how to:




  	find a sample space,


  	organize outcomes using lists, tables, and tree diagrams,


  	use the Fundamental Counting Principle, and


  	connect counting outcomes to probability.







1. What is a sample space?




A sample space is the set of every possible outcome of an experiment.




Examples:




  	Flip 1 coin: \,{H,T}


  	Roll 1 number cube: \,{1,2,3,4,5,6}


  	Choose a day of the weekend: \,{Saturday,Sunday}







If an event has more than one step, the sample space includes all combinations of those steps.




For example, if you flip a coin and then roll a number cube, the outcomes are:


{H1,H2,H3,H4,H5,H6,T1,T2,T3,T4,T5,T6}




There are 12 outcomes in that sample space.




2. Ways to generate a sample space




There are several useful ways to organize all possible outcomes:




  	List


  	Table


  	Tree diagram


  	Multiplication using the Fundamental Counting Principle







Each method helps you make sure you do not miss any outcomes or count any outcome twice.




3. Making an organized list




An organized list works well when there are not too many outcomes. The key is to use a pattern.




Worked Example 1: Flip a coin twice




Find the sample space for flipping a coin two times.




Possible outcomes from the first flip: \,H or \,T


Possible outcomes from the second flip: \,H or \,T




List the outcomes in order:


{HH,HT,TH,TT}




So the sample space has:


4 outcomes




Notice that \,HT and \,TH are different because the order matters. The first letter shows the first flip, and the second letter shows the second flip.




4. Using a table




A table is helpful when combining two sets of outcomes. One event can go across the top, and the other can go down the side.




Worked Example 2: Roll a number cube and spin a spinner with colors red, blue, and green




The number cube has outcomes \,1,2,3,4,5,6.


The spinner has outcomes Red, Blue, Green.




We can think of the sample space as pairs:


(1,R),(1,B),(1,G),(2,R),(2,B),(2,G), and so on.




To count them, notice:




  	6 possible number outcomes


  	3 possible color outcomes







So there are:


6×3=18




possible outcomes.




If we listed them all, the sample space would have 18 ordered pairs.




5. Using a tree diagram




A tree diagram shows choices step by step. Each branch stands for one possible outcome at that step.




This is especially useful for compound events with two or three stages.




Worked Example 3: Choose an outfit




A student has:




  	2 shirts: red, blue


  	3 pairs of pants: black, gray, tan







How many different outfits are possible?




Using a tree diagram idea:




  	From red shirt, you can choose black, gray, or tan pants.


  	From blue shirt, you can choose black, gray, or tan pants.







List the outfits:


Red-black, Red-gray, Red-tan, Blue-black, Blue-gray, Blue-tan




There are:


6 outfits




This example also leads us to an important shortcut.




6. The Fundamental Counting Principle




The Fundamental Counting Principle says:




If one event can happen in \,a ways and another event can happen in \,b ways, then the two events together can happen in


a×b


ways.




If there are more than two steps, multiply all the numbers of choices together.




For example, if there are 2 choices for one step, 3 choices for another step, and 4 choices for a third step, then the total number of outcomes is:


2×3×4=24




This principle helps you count quickly without listing every outcome, especially when the sample space is large.




7. When should you list, draw, or multiply?






  	Use an organized list when there are only a few outcomes.


  	Use a table when combining two groups of outcomes.


  	Use a tree diagram when you want to see each step clearly.


  	Use the Fundamental Counting Principle when there are many outcomes and you only need the total number.







Often, these methods give the same answer. The best method depends on the problem.




8. A more challenging counting example




Worked Example 4: Create a meal




A restaurant offers:




  	3 sandwiches


  	2 side dishes


  	4 drinks







If you choose one sandwich, one side dish, and one drink, how many different meals can you make?




There are 3 choices for the sandwich.


For each sandwich, there are 2 choices for the side dish.


For each sandwich-and-side combination, there are 4 drink choices.




Use the Fundamental Counting Principle:


3×2×4=24




So, there are:


24 different meals




9. Connecting sample spaces to probability




Once you know the sample space, you can find probability.




The theoretical probability of an event is:


Probability=number of favorable outcomestotal number of possible outcomes




For example, if you flip a coin twice, the sample space is:


{HH,HT,TH,TT}




Suppose you want the probability of getting exactly one head.




The favorable outcomes are \,HT and \,TH.


That is 2 favorable outcomes out of 4 total outcomes.




So the probability is:


24=12




This shows why sample spaces matter: they help you count all outcomes fairly and correctly.




10. Common mistakes to avoid






  	Forgetting order matters: In some experiments, \,HT is different from \,TH.


  	Missing outcomes: If your list is not organized, you may leave some out.


  	Counting outcomes twice: Be careful not to repeat combinations.


  	Adding instead of multiplying: If you are combining steps, you usually multiply the number of choices.







11. Quick check for understanding




Ask yourself:




  	Did I include every possible outcome?


  	Did I keep the outcomes organized?


  	Does order matter in this situation?


  	Should I list the outcomes, draw a diagram, or multiply?







[image: 📋]   Summary




A sample space is the complete set of all possible outcomes. You can generate sample spaces by making organized lists, tables, or tree diagrams. When an event has several steps, the Fundamental Counting Principle helps you find the total number of outcomes by multiplying the number of choices at each step.




These skills are important because they help you understand compound events and calculate probability correctly. If you can find all possible outcomes in an organized way, you are building a strong foundation for probability.


  
  Put what you read to the test

  You've worked through Sample Spaces and the Fundamental Counting Principle. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/800
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  Probability of Independent Events


Probability helps us describe how likely something is to happen. When we talk about independent events, we mean events where one event does not change the probability of the other event.


For example, if you flip a coin and roll a number cube, the coin result does not affect the number you roll. These are independent events.


In this lesson, you will learn how to recognize independent events and how to find the probability that both events happen.


1. Review: What is probability?


Probability is a number from 0 to 1 that tells how likely an event is.



  	
    0 means the event is impossible.
  

  	
    1 means the event is certain.
  

  	
    A probability between 0 and 1 means the event might happen.




You can find probability with this formula:


Probability=number of favorable outcomestotal number of possible outcomes

For example, the probability of rolling a 4 on a fair number cube is:


P(4)=16

2. What does independent mean?


Two events are independent if the outcome of one event does not affect the outcome of the other event.


Here are some examples of independent events:



  	Flipping a coin and rolling a number cube

  	Choosing a card, putting it back, and then choosing again

  	Spinning a spinner twice, if each spin is separate




Here are some examples that are not independent:



  	Choosing a card and not putting it back before choosing again

  	Taking marbles out of a bag without replacing them




In those cases, the first event changes what is available in the second event.


3. The rule for independent events


To find the probability that two independent events both happen, multiply their probabilities.


P(A and B)=P(A)⋅P(B)

This is the most important rule in this lesson.


If you want the probability of three independent events, you multiply all three probabilities:


P(A and B and C)=P(A)⋅P(B)⋅P(C)

Why do we multiply?


Think of each event as a step. To get the probability that every required step happens, we multiply the chance of each step.


For example, if an event has probability 12 and another has probability 16, then the chance that both happen is smaller than either one alone:


12⋅16=112

This makes sense because getting both events is harder than getting just one.


4. Worked Example 1: Flip a coin and roll a number cube


Question: What is the probability of flipping heads and rolling a 5?


Step 1: Find the probability of heads.


P(heads)=12

Step 2: Find the probability of rolling a 5.


P(5)=16

Step 3: Multiply because the events are independent.


P(heads and 5)=12⋅16=112

Answer: The probability is 112.


5. Worked Example 2: Two spins on a spinner


Question: A spinner has 4 equal sections: red, blue, green, and yellow. What is the probability of landing on red twice in a row?


Each spin is independent, because one spin does not change the next spin.


Step 1: Find the probability of red on one spin.


P(red)=14

Step 2: Multiply for two spins.


P(red twice)=14⋅14=116

Answer: The probability is 116.


6. Worked Example 3: Choosing with replacement


Question: A bag has 3 blue marbles and 2 green marbles. One marble is chosen, then put back. Then a second marble is chosen. What is the probability of choosing a blue marble both times?


Because the first marble is put back, the second choice is not affected. The events are independent.


Step 1: Find the probability of blue on one draw.


There are 5 marbles total, and 3 are blue.


P(blue)=35

Step 2: Multiply for both draws.


P(blue and blue)=35⋅35=925

Answer: The probability is 925.


7. Worked Example 4: Three independent events


Question: What is the probability of rolling an even number, flipping tails, and rolling a number greater than 4?


These are three separate events, and they are independent.


Step 1: Probability of rolling an even number on a fair number cube.


The even numbers are 2, 4, and 6, so there are 3 favorable outcomes out of 6.


P(even)=36=12

Step 2: Probability of flipping tails.


P(tails)=12

Step 3: Probability of rolling a number greater than 4.


The numbers greater than 4 are 5 and 6, so:


P(greater than 4)=26=13

Step 4: Multiply all three probabilities.


P(even and tails and greater than 4)=12⋅12⋅13=112

Answer: The probability is 112.


8. How to tell if events are independent


Ask yourself this question:


Does the first event change the possible outcomes of the second event?



  	If no, the events are probably independent.

  	If yes, the events are not independent.




For example:



  	Roll a die, then roll again: independent

  	Pick a marble and replace it, then pick again: independent

  	Pick a marble and do not replace it, then pick again: not independent




9. Common mistakes to avoid



  	Adding instead of multiplying: For independent events happening together, multiply the probabilities.

  	Forgetting to simplify: Reduce fractions when possible.

  	Not checking independence: Make sure one event does not affect the other.

  	Ignoring replacement: “Put back” or “with replacement” usually means the events are independent.




10. Quick practice thinking


Try these on your own:



  	What is the probability of flipping heads twice?

  Hint: 12⋅12

  	What is the probability of rolling a 2 and then a 6?

  Hint: 16⋅16

  	A bag has 4 red and 1 blue marble. A marble is chosen, replaced, and chosen again. What is the probability of getting blue both times?

  Hint: 15⋅15




11. Summary


Independent events are events where one outcome does not affect the other. To find the probability that independent events happen together, multiply their probabilities.


Remember the rule:


P(A and B)=P(A)⋅P(B)

If there are more than two independent events, keep multiplying. Always check whether the events are truly independent before using this rule.


  
  Put what you read to the test

  You've worked through Probability of Independent Events. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/801
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  Probability of Dependent Events


Sometimes in probability, one event can change what happens next. This is called a dependent event.


Dependent events happen when the outcome of the first event affects the probability of the second event. This often happens in situations described as without replacement.


For example, if you pull a marble out of a bag and do not put it back, the total number of marbles changes. That means the probability for the next draw also changes.


In this lesson, you will learn how to recognize dependent events, how to calculate their probabilities, and how to solve problems where the sample space changes after each event.


1. Review: What is probability?


Probability tells how likely an event is to happen. It can be written as a fraction, decimal, or percent.


The basic probability formula is:


P(event)=number of favorable outcomestotal number of possible outcomes

Example: If a bag has 3 red marbles and 2 blue marbles, then the probability of drawing a red marble is:


P(red)=35

2. What makes events dependent?


Two events are dependent if the first event changes the probability of the second event.


This usually happens when:


  	an item is chosen,

  	it is not replaced, and

  	a second item is chosen.




Because the first choice removes one item, the total number of possible outcomes becomes smaller. Sometimes the number of favorable outcomes changes too.


3. Dependent vs. independent events


It is helpful to compare dependent events with independent events.



  	Independent events: The first event does not affect the second event.

  	Dependent events: The first event does affect the second event.




Example of independent events: Rolling a die, then flipping a coin. The die roll does not change the coin flip.


Example of dependent events: Drawing two cards from a deck without replacement. The first card changes what is left for the second draw.


4. How to find the probability of dependent events


To find the probability of two dependent events both happening, multiply:


  	the probability of the first event, and

  	the probability of the second event after the first event happens.




The formula is:


P(A and B)=P(A)×P(B after A)

This means you must adjust the second probability based on what happened first.


5. Important idea: the sample space changes


In dependent events, the sample space changes after the first event.


If there were 10 objects at first and 1 is removed, then only 9 objects remain for the second event.


This change is the key to solving dependent probability problems correctly.


6. Worked Example 1: Two red marbles


A bag contains 4 red marbles and 3 blue marbles. Two marbles are drawn without replacement. What is the probability that both marbles are red?


Step 1: Find the probability of drawing a red marble first.


There are 4 red marbles out of 7 total marbles.


P(first red)=47

Step 2: Find the probability of drawing a red marble second.


After one red marble is removed, 3 red marbles remain. There are now 6 total marbles left.


P(second red)=36

Step 3: Multiply the probabilities.


P(both red)=47×36=1242=27

Answer: The probability of drawing two red marbles is 27.


7. Worked Example 2: A boy then a girl


A class has 5 boys and 7 girls. Two students are chosen without replacement. What is the probability that the first student is a boy and the second student is a girl?


Step 1: First choose a boy.


There are 5 boys out of 12 students.


P(boy first)=512

Step 2: Then choose a girl.


After one boy is chosen, 11 students remain. The number of girls is still 7.


P(girl second)=711

Step 3: Multiply.


P(boy then girl)=512×711=35132

Answer: The probability is 35132.


8. Worked Example 3: Two cards that are hearts


A standard deck has 52 cards. There are 13 hearts. Two cards are drawn without replacement. What is the probability that both cards are hearts?


Step 1: First heart.


P(first heart)=1352=14

Step 2: Second heart.


After one heart is removed, 12 hearts remain out of 51 cards.


P(second heart)=1251

Step 3: Multiply.


P(both hearts)=1352×1251

Simplify first if you want:


1352=14

So:


P(both hearts)=14×1251=12204=117

Answer: The probability of drawing two hearts is 117.


9. Worked Example 4: Not the same color


A bag contains 6 green marbles and 4 yellow marbles. Two marbles are drawn without replacement. What is the probability that the first marble is green and the second marble is yellow?


Step 1: Probability of green first.


P(green first)=610

Step 2: Probability of yellow second.


After a green marble is removed, 9 marbles remain. The number of yellow marbles is still 4.


P(yellow second)=49

Step 3: Multiply.


P(green then yellow)=610×49=2490=415

Answer: The probability is 415.


10. Steps to solve dependent probability problems



  	Read carefully and look for the words without replacement.

  	Find the probability of the first event.

  	Adjust the total number of items for the second event.

  	Adjust the number of favorable outcomes if needed.

  	Multiply the probabilities.

  	Simplify your answer.




11. Common mistakes to avoid



  	Forgetting to change the total: After one item is removed, the total number gets smaller.

  	Forgetting to change the favorable outcomes: If the removed item is one you wanted, the number of favorable outcomes also decreases.

  	Treating dependent events like independent events: Do not use the same fraction twice if the first event changes the second.




12. Quick comparison


Suppose a bag has 3 red marbles and 2 blue marbles.


If you draw two marbles with replacement, the probability of red both times is:


35×35=925

If you draw two marbles without replacement, the probability of red both times is:


35×24=620=310

The answers are different because the second situation is dependent.


13. Summary


Dependent events happen when one event changes the next event. This is common in problems that say without replacement.


To find the probability of dependent events, multiply the probability of the first event by the probability of the second event after the first one happens.


Always remember to update the sample space. The total number of possible outcomes gets smaller after an item is removed.


When you see a probability problem with items being chosen and not put back, think: the second probability must change.


  
  Put what you read to the test

  You've worked through Probability of Dependent Events. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/802
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  Simulations in Probability


Sometimes in probability, it is easy to find an answer with a formula. For example, the probability of rolling a 3 on a fair number cube is 16.


But some situations are more complicated. Maybe there are several steps, or maybe the event is based on real-world choices. In these cases, we can use a simulation.


A simulation is a model of a real situation that uses random outcomes to estimate probability. It does not give an exact answer every time, but if you repeat it many times, it can give a good estimate.


Simulations help us answer questions like these:


  	What is the chance of getting at least one head when flipping 3 coins?

  	What is the chance that two students have the same birthday month?

  	What is the chance of winning a game with several possible moves?




Why use a simulation?


  	It helps when a problem is too complicated to solve quickly by hand.

  	It shows how probability works through repeated trials.

  	It lets us compare experimental probability to what we expect in theory.




Important idea: A simulation should match the real event as closely as possible. That means the random tool you use must represent the possible outcomes fairly.


For example:


  	A coin can represent two equally likely outcomes.

  	A number cube can represent six equally likely outcomes.

  	Random digits can represent outcomes if each digit is assigned in a fair way.




Parts of a simulation

Every good simulation has a few basic parts:


  	The real event you want to study.

  	A random model to represent the event.

  	Rules for what counts as a success.

  	Many trials so the estimate becomes more reliable.




Experimental probability from a simulation is found by:

Experimental Probability=Number of successful trialsTotal number of trials

The more trials you run, the closer your experimental probability often gets to the theoretical probability.


Choosing a random model

To build a simulation, first identify all possible outcomes and how likely they are.


If outcomes are equally likely, the model is usually simple. For example, if a spinner has 4 equal sections, you can let random digits 1,2,3,4 represent the sections.


If outcomes are not equally likely, your model must show that too. For example, if an event has a 70% chance of happening, then on random digits from 0 to 9, you could let 7 digits mean “yes” and 3 digits mean “no.”


Example 1: Simulating a simple event

A game is won if a coin lands on heads. Use a simulation to estimate the probability of winning.


Step 1: Choose a random model.


  	Heads = win

  	Tails = lose




Step 2: Run trials. Suppose we flip a coin 10 times and get:

H, T, H, H, T, T, H, T, H, H


Step 3: Count successes.


  	Number of wins (heads): 6

  	Total trials: 10




Step 4: Find experimental probability.

610=35=0.6

The simulation estimate is 0.6, or 60%.


This is not exactly 12, but with only 10 trials, that is normal. More trials would usually give a result closer to 0.5.


Example 2: Simulating a compound event with two number cubes

Suppose you want to estimate the probability that the sum of two number cubes is greater than 8.


Step 1: Choose a random model.

Roll two number cubes. Record the sum. A success is any sum greater than 8.


Step 2: Run some trials. Suppose these are 12 simulated rolls:


  	3+4=7

  	6+5=11

  	2+2=4

  	4+6=10

  	1+3=4

  	5+5=10

  	2+6=8

  	6+6=12

  	3+5=8

  	4+4=8

  	5+2=7

  	6+3=9




Step 3: Count successes.

Sums greater than 8 are: 11, 10, 10, 12, 9. That is 5 successes.


Step 4: Find experimental probability.

512

So the simulation estimate is 512, or about 0.417.


This is an estimate of the probability that the sum is greater than 8.


Example 3: Using random digits to simulate a real-world event

A weather report says there is a 30% chance of rain on a day. How can we simulate whether it rains over 10 days?


Step 1: Choose a random model.

Use random digits 0 through 9.


  	Let 0, 1, 2 mean rain.

  	Let 3, 4, 5, 6, 7, 8, 9 mean no rain.




This works because 3 out of 10 digits represent rain, which matches 30%.


Step 2: Use random digits. Suppose the 10 digits are:

4, 1, 8, 0, 6, 2, 9, 3, 1, 7


Step 3: Decide rain or no rain.


  	4 = no rain

  	1 = rain

  	8 = no rain

  	0 = rain

  	6 = no rain

  	2 = rain

  	9 = no rain

  	3 = no rain

  	1 = rain

  	7 = no rain




Step 4: Count rainy days.

There are 4 rainy days out of 10.


Step 5: Find experimental probability.

410=0.4

In this simulation, rain happened on 40% of the days. That is different from 30%, but with more than 10 days, the result would usually move closer to 30%.


Example 4: Designing your own simulation

A school survey shows that about 60% of students prefer pizza for lunch and 40% prefer sandwiches. Design a simulation to estimate the probability that in 3 students chosen at random, at least 2 prefer pizza.


Step 1: Model one student.

Use random digits 0 through 9.


  	0, 1, 2, 3, 4, 5 = pizza

  	6, 7, 8, 9 = sandwiches




This matches the 60% and 40% chances.


Step 2: Model 3 students.

Read random digits in groups of 3. Each group is one trial.


Suppose the digits are:

5 8 2 | 1 6 4 | 7 3 0 | 9 2 8 | 4 5 1


Now check each group:


  	5 8 2 = pizza, sandwiches, pizza [image: →] 2 pizza [image: →] success

  	1 6 4 = pizza, sandwiches, pizza [image: →] 2 pizza [image: →] success

  	7 3 0 = sandwiches, pizza, pizza [image: →] 2 pizza [image: →] success

  	9 2 8 = sandwiches, pizza, sandwiches [image: →] 1 pizza [image: →] not a success

  	4 5 1 = pizza, pizza, pizza [image: →] 3 pizza [image: →] success




Step 3: Count successes.

There are 4 successes out of 5 trials.


Step 4: Find experimental probability.

45=0.8

The simulation estimates that the probability is 0.8, or 80%, that at least 2 of the 3 students prefer pizza.


How to design a simulation step by step


  	Read the problem carefully.

  	Decide what outcome you want to estimate.

  	Choose a fair random tool: coin, spinner, number cube, or random digits.

  	Assign each possible outcome to part of the random tool.

  	Clearly define what counts as a success.

  	Run many trials.

  	Use the results to find experimental probability.




Comparing experimental and theoretical probability

Theoretical probability is what should happen based on math.


Experimental probability is what actually happened in your trials or simulation.


These may not match exactly, especially with a small number of trials. That does not mean the simulation is wrong. Randomness causes results to vary.


As the number of trials increases, the experimental probability often gets closer to the theoretical probability.


For example, if the theoretical probability is 12, a small simulation might give 610, but a much larger simulation might give 49100 or 5011000.


Common mistakes to avoid


  	Using an unfair model: Make sure the simulation matches the real probabilities.

  	Too few trials: Very small samples can give misleading results.

  	Counting successes incorrectly: Be clear about what the event is.

  	Mixing up one trial and many trials: A trial may include several random actions, like flipping 3 coins, not just one action.




Helpful questions to ask yourself


  	What real event am I trying to model?

  	What random tool best matches the outcomes?

  	Are all outcomes represented fairly?

  	What counts as a success?

  	Did I run enough trials to make a good estimate?




[image: 📋]   Summary

A simulation is a way to use random outcomes to estimate the probability of an event. It is especially useful for compound events or real-world situations that are harder to calculate directly.


To make a good simulation, choose a random model that matches the real situation, define success clearly, run many trials, and then find the experimental probability using

successestotal trials.

The more trials you run, the more reliable your estimate usually becomes.


  
  Put what you read to the test

  You've worked through Simulations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/803
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