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  Unitizing Tens and Hundreds means grouping small units into bigger units. In our number system, 10 ones make 1 ten, and 10 tens make 1 hundred. This helps us read, write, and understand numbers more easily.


Think of single cubes. One cube is 1 one. If you snap together 10 cubes, you make a ten. If you put together 10 tens, you make a hundred. We are still counting the same amount, but now we are counting it in bigger groups.


This is called unitizing. Unitizing means we treat a group as one new unit. So 10 ones can be thought of as 1 ten. And 10 tens can be thought of as 1 hundred.


Here is the big idea:



  	10 ones = 1 ten

  	10 tens = 1 hundred

  	1 hundred = 100 ones




We can write these ideas with numbers:


10×1=10

10 ones=1 ten

10×10=100

10 tens=1 hundred


When we group by tens, counting gets faster. Instead of counting 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, we can say, “That is 1 ten.” Then 20 is 2 tens, 30 is 3 tens, and so on.


When we group by hundreds, counting gets even faster. Instead of thinking about 100 single ones, we can say, “That is 1 hundred.”


Place value shows the value of a digit by where it is. In a 3-digit number:


  	the right digit tells the number of ones

  	the middle digit tells the number of tens

  	the left digit tells the number of hundreds




For example, in the number 243:


  	2 means 2 hundreds

  	4 means 4 tens

  	3 means 3 ones




So 243 is:

243=2 hundreds+4 tens+3 ones


This also means:

243=200+40+3


Notice how each place is 10 times bigger than the place to its right.


  	1 ten is 10 times as much as 1 one.

  	1 hundred is 10 times as much as 1 ten.




This is why our base-ten system is called base ten. We keep making new units by groups of 10.


Worked Example 1: Make a ten from ones

If you have 10 ones, how many tens is that?

Step 1: Count the ones: 10.

Step 2: Group them into one group of 10.

Step 3: One group of 10 ones is 1 ten.

Answer: 10 ones = 1 ten.


Worked Example 2: Count tens

If you have 6 tens, how many ones is that?

Step 1: Each ten is 10 ones.

Step 2: Multiply or skip-count by 10 six times.

6 tens=6×10=60 ones

Answer: 6 tens = 60 ones.


Worked Example 3: Make a hundred from tens

If you have 10 tens, how many hundreds is that?

Step 1: Count the tens: 10 tens.

Step 2: Group 10 tens together.

Step 3: 10 tens make 1 hundred.

10 tens=1 hundred

Answer: 10 tens = 1 hundred.


Worked Example 4: Read a number using hundreds, tens, and ones

What does 372 mean?

Step 1: Look at each digit and its place.


  	3 is in the hundreds place, so it means 3 hundreds.

  	7 is in the tens place, so it means 7 tens.

  	2 is in the ones place, so it means 2 ones.



Step 2: Write it in expanded form.

372=300+70+2

Step 3: Think about the units.

372=3 hundreds+7 tens+2 ones

Answer: 372 means 3 hundreds, 7 tens, and 2 ones.


Helpful ways to think about unitizing


  	10 pennies can be thought of as 1 group of ten pennies.

  	10 bundles of 10 sticks can be thought of as 1 bundle of one hundred sticks.

  	A number can be made of hundreds, tens, and ones at the same time.




Common mistakes to avoid


  	Do not think that 10 tens is 10. 10 tens = 100.

  	Do not forget the unit. A 4 in the tens place means 4 tens, not 4 ones.

  	Remember that the same digit can have different values in different places.




For example, compare these numbers:


  	In 4, the 4 means 4 ones.

  	In 40, the 4 means 4 tens.

  	In 400, the 4 means 4 hundreds.




Even though the digit is the same, its value changes because its place changes.


Quick check


  	How many tens are in 20? 2 tens

  	How many ones are in 5 tens? 50 ones

  	How many hundreds are in 10 tens? 1 hundred

  	What does 185 mean? 1 hundred, 8 tens, 5 ones




[image: 📋]   Summary

Unitizing helps us group numbers into bigger units. 10 ones make 1 ten, and 10 tens make 1 hundred. This helps us understand place value and read numbers up to 1,000 more easily.


  
  Put what you read to the test

  You've worked through Unitizing Tens and Hundreds. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/211
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  Base-Ten Block Representations


Numbers are made of parts. In our base-ten number system, those parts are ones, tens, and hundreds.


Base-ten blocks help us see these parts. They are special blocks we use to build numbers.



  	One cube = 1 one

  	One long = 10 ones = 1 ten

  	One flat = 100 ones = 10 tens = 1 hundred




When we use base-ten blocks, we are showing the value of each digit in a number.


For example, in the number 243:


  	The 2 means 2 hundreds

  	The 4 means 4 tens

  	The 3 means 3 ones




So 243 can be modeled with:


  	2 flats

  	4 longs

  	3 cubes




This is called a base-ten block representation.


Why do base-ten blocks help?


They help us understand that bigger places are made from smaller places.



  	10 ones make 1 ten

  	10 tens make 1 hundred




We can write that as:

10 ones=1 ten

10 tens=1 hundred


This is why the system is called base ten. Every time we get 10 of something, we can trade it for 1 of the next bigger unit.


How to model a number with base-ten blocks



  	Look at the hundreds digit.

  	Use that many flats.

  	Look at the tens digit.

  	Use that many longs.

  	Look at the ones digit.

  	Use that many cubes.




Let’s practice with some worked examples.


Example 1: Model 16


The number 16 has:


  	1 ten

  	6 ones




So we use:


  	1 long

  	6 cubes




We can also write:

16=10+6


This shows that 16 is made of 1 group of ten and 6 extra ones.


Example 2: Model 34


The number 34 has:


  	3 tens

  	4 ones




So we use:


  	3 longs

  	4 cubes




We can write:

34=30+4


If we counted all the blocks, we would get 34.


Example 3: Model 152


The number 152 has:


  	1 hundred

  	5 tens

  	2 ones




So we use:


  	1 flat

  	5 longs

  	2 cubes




We can write:

152=100+50+2


This helps us see that the digit 5 in 152 does not mean 5 ones. It means 5 tens, or 50.


Example 4: What number do these blocks show?


Suppose you see:


  	3 flats

  	2 longs

  	7 cubes




Let’s find the number:


  	3 flats = 3 hundreds = 300

  	2 longs = 2 tens = 20

  	7 cubes = 7 ones = 7




Add them together:

300+20+7=327


So the blocks show 327.


Important idea: A digit’s place changes its value


Look at the digit 4 in these numbers:


  	4 means 4 ones

  	40 means 4 tens

  	400 means 4 hundreds




Base-ten blocks help us see this clearly:


  	4 = 4 cubes

  	40 = 4 longs

  	400 = 4 flats




Even though the digit is the same, its place changes its value.


Trading blocks


Sometimes we can trade smaller blocks for a bigger block.



  	10 cubes can be traded for 1 long

  	10 longs can be traded for 1 flat




For example, if you have 10 ones, you can trade them for 1 ten.

10=1 ten


If you have 2 tens and 10 ones, you can trade the 10 ones for 1 more ten. Then you have 3 tens.


This helps when building numbers and when adding.


Reading base-ten block representations


When you look at a picture or set of blocks, ask yourself:


  	How many hundreds are there?

  	How many tens are there?

  	How many ones are there?




Then put the digits together in that order: hundreds, tens, ones.


For example:


  	4 flats

  	0 longs

  	6 cubes




This is 406.


The 0 in the tens place is important. It tells us there are no tens.


Common mistakes to avoid



  	Do not count a long as 1. A long is 10.

  	Do not count a flat as 1. A flat is 100.

  	Always check the place: hundreds, tens, then ones.

  	Remember that 0 can be a place holder, like in 406.




Try thinking like this


If you see a number such as 281, you can say:


  	2 hundreds

  	8 tens

  	1 one




And if you want to build it, you would use:


  	2 flats

  	8 longs

  	1 cube




[image: 📋]   Summary


Base-ten blocks help us model numbers by showing ones, tens, and hundreds. A cube stands for 1, a long stands for 10, and a flat stands for 100.


To model a number, match each digit to its place value. To read blocks, count the hundreds, tens, and ones, then write the number.


When you understand base-ten blocks, you can better understand how numbers are built.


  
  Put what you read to the test

  You've worked through Base-Ten Block Representations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/212
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  Standard, Word, and Expanded Forms


Numbers can be written in different ways. In 3rd Grade, it is important to know how to read, write, and understand numbers up to 1,000.


There are 3 main ways to write a number:


  	Standard form – writing the number with digits, like 456

  	Word form – writing the number with words, like four hundred fifty-six

  	Expanded form – showing the value of each digit, like 456=400+50+6




These 3 forms all name the same number. They just show it in different ways.


Why is this important?

When you know all 3 forms, you understand what each digit in a number means. This helps you read numbers, compare numbers, add and subtract, and solve word problems.


Place Value Review

To understand expanded form, you need to know place value. In a 3-digit number, each digit has a place:


  	Hundreds

  	Tens

  	Ones




Look at the number 456.


  	The 4 is in the hundreds place, so it means 400.

  	The 5 is in the tens place, so it means 50.

  	The 6 is in the ones place, so it means 6.




So:

456=400+50+6


1. Standard Form

Standard form is the usual way we write a number using digits.

Examples:


  	23

  	109

  	782




When you see standard form, think: What is each digit worth?


2. Word Form

Word form means writing the number in words.

Examples:


  	23 is twenty-three

  	109 is one hundred nine

  	782 is seven hundred eighty-two




When writing word form:


  	Say the number out loud.

  	Write the hundreds, tens, and ones in order.

  	For numbers like twenty-one or fifty-six, use a hyphen.




3. Expanded Form

Expanded form shows the value of each digit by adding them together.

Examples:


  	23=20+3

  	109=100+9

  	782=700+80+2




Expanded form helps you see how a number is built from hundreds, tens, and ones.


How to Change a Number into Expanded Form


  	Look at each digit.

  	Find its place value.

  	Write its value.

  	Add the values together.




Example with 364:


  	3 hundreds = 300

  	6 tens = 60

  	4 ones = 4



So:

364=300+60+4


What About Zero?

Sometimes a number has a zero in one place. Zero means there are none in that place.

Look at 407:


  	4 hundreds = 400

  	0 tens = 0

  	7 ones = 7




So the expanded form can be written as:

407=400+0+7


Many times, we leave out the zero part and write:

407=400+7


The word form is four hundred seven.


Worked Examples


Example 1: Write 245 in word form and expanded form.

Step 1: Look at each digit.


  	2 hundreds = 200

  	4 tens = 40

  	5 ones = 5



Expanded form:

245=200+40+5

Word form: two hundred forty-five


Example 2: Write six hundred thirty-two in standard form and expanded form.

Step 1: Think about the place values.


  	six hundred = 600

  	thirty = 30

  	two = 2



Put them together in standard form:

632

Expanded form:

632=600+30+2


Example 3: Write 508 in word form and expanded form.

Step 1: Find the value of each digit.


  	5 hundreds = 500

  	0 tens = 0

  	8 ones = 8



Expanded form:

508=500+8

Word form: five hundred eight

Notice that there are no tens.


Example 4: Write the number shown in expanded form, 700+20+9, in standard form and word form.

Step 1: Add the place values together.


  	700 means 7 hundreds

  	20 means 2 tens

  	9 means 9 ones



Standard form:

729

Word form: seven hundred twenty-nine


Tips to Remember


  	Standard form uses digits.

  	Word form uses words.

  	Expanded form shows place value by adding.

  	Always look at the hundreds, tens, and ones places.

  	If a digit is 0, that place has no value to add.




Try Thinking About These


  	What is the word form of 361?

  	What is the expanded form of 914?

  	What is the standard form of eight hundred six?

  	What number is 300+50+1?




Brief Summary

A number can be written in standard form, word form, and expanded form. Standard form uses digits, word form uses words, and expanded form shows the value of each digit. When you understand place value, you can change a number from one form to another.


  
  Put what you read to the test

  You've worked through Standard, Word, and Expanded Forms. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/213
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  Flexible Decomposition of Numbers


Numbers can be broken apart in different ways. This is called decomposing a number.


Sometimes we break a number into hundreds, tens, and ones in the usual way. For example, 456 can be written as 400+50+6.


But numbers can also be broken apart in flexible ways. That means there is more than one correct way to split the same number.


For example, 456 is not only 400+50+6. It can also be:



  	400+40+16

  	300+150+6

  	200+200+50+6




All of these parts still add up to 456. That is why all of them are correct.


Why is this important?


Flexible decomposition helps you understand numbers better. It also helps when you add, subtract, compare numbers, and solve word problems.


When you decompose flexibly, you are taking value from one place and moving it to another place without changing the total number.


For example, 1 ten is the same as 10 ones. So in 456, you can take one ten from 50 and turn it into 10 ones:


456=400+40+16

The total stays the same. Only the parts change.


Remember these place value facts:



  	1 hundred = 10 tens

  	1 ten = 10 ones




These facts help us make new decompositions.


Standard decomposition means breaking a number into hundreds, tens, and ones in the usual way.


For example:


372=300+70+2

Non-standard decomposition means breaking a number into different parts that still make the same total.


For example:


372=300+60+12

Here, one ten was changed into 10 ones. So 70+2 became 60+12.


You can also change one hundred into 10 tens. That helps make even more decompositions.


For example, in 372, the 300 can become 200+100, and that 100 can be thought of as 10 tens. So one correct decomposition is:


372=200+170+2

It still equals 372.


How to decompose a number flexibly



  	Write the number in standard form.

  	Choose one part to break apart.

  	Trade a hundred for 10 tens, or a ten for 10 ones.

  	Check that the parts still add to the original number.




Let’s look at some examples.


Example 1: Decompose 245


First, write it in standard form:


245=200+40+5

Now trade one ten for 10 ones.


Then 40+5 becomes 30+15.


245=200+30+15

This is a flexible decomposition.


Check:


200+30+15=245

Example 2: Decompose 618 in a different way


Standard form:


618=600+10+8

Trade one hundred for 10 tens.


Then 600 can become 500+100, and 100 is the same as 10 tens.


So 500+100+10+8 is the same as 500+110+8.


618=500+110+8

Check:


500+110+8=618

Example 3: Find two ways to decompose 456


Standard form:


456=400+50+6

Way 1: Trade one ten for 10 ones.


456=400+40+16

Way 2: Trade one hundred for 10 tens.


Then 400+50 can be thought of as 300+150.


456=300+150+6

Both are correct because both equal 456.


Example 4: Is this decomposition correct?


Maria says:


582=400+180+2

Let’s check by adding the parts.


400+180+2=582

Yes, it is correct.


How did this happen? The standard form is:


582=500+80+2

Maria traded one hundred for 10 tens. So 500+80 became 400+180.


Helpful thinking tips



  	If you take away 1 ten, add 10 ones.

  	If you take away 1 hundred, add 10 tens.

  	The number does not change if the total stays the same.

  	Always add the parts to check your work.




Watch out for mistakes



  	Do not forget that 1 ten = 10 ones, not 1 one.

  	Do not forget that 1 hundred = 10 tens.

  	Make sure the parts add back to the original number.




For example, 456=400+45+6 is not correct because:


400+45+6=451

The total changed, so the decomposition is wrong.


Let’s practice thinking


If a number is 734, its standard form is:


734=700+30+4

If you trade one ten for 10 ones, you get:


734=700+20+14

If you trade one hundred for 10 tens, you get:


734=600+130+4

Both are correct flexible decompositions.


[image: 📋]   Summary


Flexible decomposition means breaking a number into different parts without changing its value.


You can use place value to do this:



  	Trade 1 hundred for 10 tens.

  	Trade 1 ten for 10 ones.




A number can have many correct decompositions. The most important rule is that all the parts must add up to the original number.


  
  Put what you read to the test

  You've worked through Flexible Decomposition of Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/214
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  Lesson: The Role of Zero as a Placeholder


When we write numbers, each digit has a place. In 3rd Grade, we often work with the ones place, tens place, and hundreds place.


Zero is a very important digit because it can act as a placeholder. A placeholder shows that a place is empty, while keeping the other digits in the correct places.


For example, in the number 405, the 0 means there are no tens. But it also helps the 4 stay in the hundreds place and the 5 stay in the ones place.


Without the zero, the number would look different. If we wrote 45, that would mean 4 tens and 5 ones. That is not the same as 405, which means 4 hundreds, 0 tens, and 5 ones.


Why place value matters


Every digit has a value based on its place:



  	Ones place: groups of 1

  	Tens place: groups of 10

  	Hundreds place: groups of 100




Look at this number:


405=4 hundreds+0 tens+5 ones


That means:


405=400+0+5


The zero does not mean “nothing important.” It means there are no tens, and that information is important.


Zero holds a place


Think of place value like labeled boxes:



  	Hundreds box

  	Tens box

  	Ones box




If one box is empty, we still need to show that it is empty. We use a zero to show the empty place.


For the number “four hundred five”:



  	4 goes in the hundreds place

  	0 goes in the tens place

  	5 goes in the ones place




So we write:


405


We do not write 4005, because that would mean 4 thousands, 0 hundreds, 0 tens, and 5 ones. That is a much bigger number.


Reading and writing numbers with zero


When you hear a number word, listen for the hundreds, tens, and ones.



  	“Three hundred two” means 3 hundreds, 0 tens, and 2 ones: 302

  	“Six hundred forty” means 6 hundreds, 4 tens, and 0 ones: 640

  	“Nine hundred nine” means 9 hundreds, 0 tens, and 9 ones: 909




If a place has no value, use zero as the placeholder.


Worked Example 1


Write “two hundred five” as a number.


Step 1: Find the hundreds. There are 2 hundreds, so put 2 in the hundreds place.


Step 2: Is there a tens number named? No. So put 0 in the tens place.


Step 3: There are 5 ones, so put 5 in the ones place.


205


So, “two hundred five” is written as 205.


Worked Example 2


What does 470 mean?


Look at each digit by place:



  	4 in the hundreds place means 4 hundreds

  	7 in the tens place means 7 tens

  	0 in the ones place means 0 ones




470=400+70+0


So, 470 means four hundred seventy.


The zero shows there are no ones.


Worked Example 3


Write “seven hundred three” as a number.


We have:



  	7 hundreds

  	0 tens

  	3 ones




So we write:


703


Be careful: do not write 73, because that means 7 tens and 3 ones. Do not write 7003, because that means 7 thousands and 3 ones.


Worked Example 4


What is the difference between 405 and 450?


Let’s break them apart:


405=400+0+5


450=400+50+0


In 405, the zero is in the tens place, so there are no tens.


In 450, the zero is in the ones place, so there are no ones.


That is why the numbers are different. The place of the zero matters.


Common mistakes to watch for



  	Writing 45 instead of 405. This leaves out the hundreds place.

  	Writing 4005 instead of 405. This adds a thousands place that does not belong.

  	Forgetting that zero can be in the tens place or the ones place.




Helpful way to check


Ask yourself:



  	How many hundreds are there?

  	How many tens are there?

  	How many ones are there?




If one answer is “none,” write a zero in that place.


For example, “eight hundred one” means:



  	8 hundreds

  	0 tens

  	1 one




So the number is:


801


[image: 📋]   Summary


Zero is a placeholder in our base-ten number system. It shows that a place has no value, but it keeps the other digits in the correct places.


In numbers like 405, the zero tells us there are no tens. This helps us know the number is 4 hundreds and 5 ones, not 45 and not 4005.


When writing numbers, always think about the hundreds, tens, and ones places. If one place is empty, use zero to hold that place.


  
  Put what you read to the test

  You've worked through The Role of Zero as a Placeholder. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/215
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  Skip Counting Sequences and Multiples


Skip counting means counting forward by the same amount each time instead of by 1.


For example, if you count by 2s, you say numbers like 2, 4, 6, 8, and 10. Each number is 2 more than the number before it.


Skip counting helps us notice number patterns. It also helps us get ready for multiplication, because skip counting by the same number again and again is like adding that number over and over.


What are multiples?


A multiple of a number is a number you get when you keep adding that same number.



  	Multiples of 2: 2, 4, 6, 8, 10, 12, ...

  	Multiples of 5: 5, 10, 15, 20, 25, 30, ...

  	Multiples of 10: 10, 20, 30, 40, 50, ...

  	Multiples of 100: 100, 200, 300, 400, ...




When we skip count, we are saying the multiples of that number.


Skip counting by 2s


When you skip count by 2s, you add 2 each time.


Example:


2, 4, 6, 8, 10, 12


We can show the pattern like this:


2→4→6→8


Each jump is +2.


Numbers you say when skip counting by 2s are often called even numbers.


Skip counting by 5s


When you skip count by 5s, you add 5 each time.


Example:


5, 10, 15, 20, 25, 30


Look at the ones digits: 5, 0, 5, 0, 5, 0. That pattern repeats.


This is a helpful clue. Multiples of 5 end in 0 or 5.


Skip counting by 10s


When you skip count by 10s, you add 10 each time.


Example:


10, 20, 30, 40, 50


When counting by 10s, the tens digit changes by 1 each time, and the ones digit stays 0.


All multiples of 10 end in 0.


Skip counting by 100s


When you skip count by 100s, you add 100 each time.


Example:


100, 200, 300, 400, 500


When counting by 100s, the hundreds digit changes by 1 each time. The tens and ones digits stay the same if you start on a full hundred.


You can start from any number


You do not have to start at 0, 2, 5, 10, or 100. You can start at any given number and keep adding the skip-counting amount.


For example, if you start at 7 and count by 2s, you get:


7, 9, 11, 13, 15


If you start at 23 and count by 5s, you get:


23, 28, 33, 38, 43


We are still adding the same amount each time. That is what makes it skip counting.


How to find the next number in a skip-counting pattern



  	Look at how much the numbers are increasing.

  	Keep adding that same amount.

  	Check that the pattern stays the same.




Example: In the pattern 30, 40, 50, 60, the numbers go up by 10 each time. So the next number is 70.


How skip counting connects to repeated addition


Skip counting by 5s means adding 5 again and again.


For example:


5, 10, 15, 20


This is the same as:


5

5+5=10

5+5+5=15

5+5+5+5=20


So skip counting helps us see groups of the same size.


Worked Example 1: Count by 2s


Fill in the missing numbers:


8, 10, □, □, 16


Step 1: Find the pattern. From 8 to 10 is +2.


Step 2: Keep adding 2.


8, 10, 12, 14, 16


Answer: The missing numbers are 12 and 14.


Worked Example 2: Start from any number and count by 5s


Start at 12. Write the next 4 numbers when skip counting by 5s.


Step 1: Start at 12.


Step 2: Add 5 each time.


12+5=17

17+5=22

22+5=27

27+5=32


Answer: 12, 17, 22, 27, 32


Worked Example 3: Count by 10s


What are the next 3 numbers?


46, 56, 66, □, □, □


Step 1: Find the change. From 46 to 56 is +10. From 56 to 66 is +10.


Step 2: Keep adding 10.


66+10=76

76+10=86

86+10=96


Answer: The next 3 numbers are 76, 86, 96.


Notice that the ones digit stayed the same. It stayed 6 the whole time.


Worked Example 4: Count by 100s


Start at 350. Count by 100s for 4 more numbers.


Step 1: Add 100 each time.


350+100=450

450+100=550

550+100=650

650+100=750


Answer: 350, 450, 550, 650, 750


Notice that the last two digits stayed 50. Only the hundreds changed.


Helpful patterns to remember



  	Count by 2s: add 2 each time.

  	Count by 5s: add 5 each time.

  	Count by 10s: add 10 each time.

  	Count by 100s: add 100 each time.





  	Multiples of 2 are even numbers.

  	Multiples of 5 end in 0 or 5.

  	Multiples of 10 end in 0.

  	When counting by 100s, the hundreds digit changes by 1 each time.




Tips for success



  	Say the numbers out loud to hear the pattern.

  	Use a number line if you need to see the jumps.

  	Check that the amount added each time stays the same.

  	If you get stuck, start again and add step by step.




[image: 📋]   Summary


Skip counting means adding the same number again and again. We can skip count by 2s, 5s, 10s, and 100s, and we can start from any number. The numbers we say in skip counting are called multiples. Looking for patterns in the digits can help us extend and create skip-counting sequences.


  
  Put what you read to the test

  You've worked through Skip Counting Sequences and Multiples. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/216






  [image: 📝]   Lesson 7: Relative Magnitude and Number Lines

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/265




  Relative Magnitude and Number Lines helps us understand where numbers belong, which numbers are greater or smaller, and how far apart numbers are.


A number line is a straight line that shows numbers in order. As you move to the right, the numbers get bigger. As you move to the left, the numbers get smaller.


When we talk about relative magnitude, we are comparing the size of numbers. We can ask questions like:


	Which number is greater?

	Which number is smaller?

	Which number is between two other numbers?

	How far apart are two numbers?




Number lines are a great tool because they let us see numbers in order and compare them easily.


Main Idea 1: Numbers go in order on a number line.


Here is a simple number line:


012345


Each step to the right adds 1. So after 3 comes 4, and after 4 comes 5.


Each step to the left subtracts 1. So before 5 comes 4, and before 4 comes 3.


This helps us know the order of numbers.


Main Idea 2: Bigger numbers are farther to the right.


On a number line, the number farther to the right is always greater.



	8 is greater than 5 because 8 is to the right of 5.

	12 is less than 15 because 12 is to the left of 15.




We can write these comparisons like this:


8>5

12<15


Main Idea 3: The spaces between tick marks must be equal.


On a number line, the marks are called tick marks. The distance between each tick mark should be the same. This is important because each step should stand for the same amount.


For example, if one step means 1, then every step means 1. If one step means 10, then every step means 10.


Main Idea 4: Number lines can count by 1s, 10s, 100s, or other equal amounts.


Sometimes a number line shows every number. Sometimes it skips count by equal steps.



	Counting by 1s: 24,25,26,27

	Counting by 10s: 40,50,60,70

	Counting by 100s: 300,400,500,600




To place a number correctly, first figure out what each jump is worth.


Main Idea 5: A number can be placed on empty, partially labeled, or fully labeled number lines.


A fully labeled number line shows many or all of the numbers.

A partially populated number line shows only some numbers, so we must figure out the missing ones.

An empty number line may show no numbers except a start and end, so we use what we know about order and equal spacing.


How to place a number on a number line


	Look at the numbers that are already shown.

	Figure out the pattern or step size.

	Count from one labeled mark to the next.

	Place the number where it belongs.

	Check: Is the number in the right order? Is it the right distance from the other numbers?




Worked Example 1: Fully labeled number line


A number line shows:

101112131415


Where should 13 go?


Step 1: Find 13 in the counting order.

Step 2: 13 comes after 12 and before 14.

Answer: 13 goes on the tick mark between 12 and 14.


This shows that 13 is greater than 12 but less than 14.


Worked Example 2: Partially populated number line


A number line shows 20, 25, and 30 on equally spaced tick marks. What number is halfway between 20 and 30?


Step 1: We see that 25 is in the middle.

Step 2: The distance from 20 to 25 is 5, and from 25 to 30 is also 5.

Answer: The number halfway between 20 and 30 is 25.


This helps us see that numbers in the middle are equally far from both ends.


Worked Example 3: Number line counting by 10s


A number line has equally spaced tick marks labeled 40, 50, 60, 70. Where should 65 go?


Step 1: The number line counts by 10s.

Step 2: 65 is more than 60 but less than 70.

Step 3: 65 is halfway between 60 and 70 because:

60+5=65and65+5=70

Answer: 65 goes halfway between 60 and 70.


This shows that even if a number is not labeled, we can still place it by using what we know about distance.


Worked Example 4: Empty number line


An empty number line has one tick mark labeled 100 and another farther right labeled 200. Where could 150 go?


Step 1: 150 is between 100 and 200.

Step 2: 150 is halfway between them because:

100+50=150and150+50=200

Answer: 150 should be placed halfway between 100 and 200.


This helps us understand the size of 150. It is bigger than 100, smaller than 200, and right in the middle.


Comparing numbers on a number line


We can use a number line to compare numbers quickly.


	If a number is to the right, it is greater.

	If a number is to the left, it is smaller.

	If a number is between two numbers, it is greater than the one on the left and less than the one on the right.




For example, if we see 345, 350, and 355 on a number line, then:


	355>350

	345<350

	350 is between 345 and 355




Using place value to help


Place value helps us know where numbers belong.


For example, think about 472 and 527.


	472 has 4 hundreds.

	527 has 5 hundreds.




Since 5 hundreds is more than 4 hundreds, 527 is greater than 472. On a number line, 527 would be to the right of 472.


Now think about 348 and 352.


	Both have 3 hundreds.

	348 has 4 tens.

	352 has 5 tens.




So 352 is greater and goes to the right of 348.


Common mistakes to watch for


	Forgetting equal spaces: Tick marks must be evenly spaced.

	Ignoring the pattern: Always check if the line counts by 1s, 10s, or another amount.

	Placing a number in the wrong order: Make sure the number is between the correct numbers.

	Guessing without checking distance: A number like 90 should be much closer to 100 than to 50.




Try thinking about these questions:


	Is 78 closer to 70 or 80?

	Which number is greater: 601 or 610?

	What number is halfway between 300 and 400?

	Where would 999 go on a number line from 990 to 1,000?




[image: 📋]   Summary


A number line shows numbers in order from least to greatest. Numbers to the right are greater, and numbers to the left are smaller. We can use number lines to place numbers, compare numbers, and see how far apart numbers are.


When using a number line, always look for equal spacing and the counting pattern. Then use order and distance to decide where each number belongs.


  
  Put what you read to the test

  You've worked through Relative Magnitude and Number Lines. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/217






  [image: 📝]   Lesson 8: Comparing Numbers Using Place Value

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/266




  Comparing Numbers Using Place Value


Numbers can be compared to find out which one is greater, which one is less, or if they are equal.


When we compare numbers, we use what we know about place value. Place value tells us the value of each digit based on where it is in the number.


In 3rd grade, we often compare numbers up to 1,000. That means we look at the hundreds, tens, and ones places.


For example, in the number 452:


  	4 is in the hundreds place, so it means 400

  	5 is in the tens place, so it means 50

  	2 is in the ones place, so it means 2




So, 452=400+50+2.


Symbols we use when comparing:


  	> means greater than

  	< means less than

  	= means equal to




Example:


  	8>5 means 8 is greater than 5

  	3<7 means 3 is less than 7

  	6=6 means 6 is equal to 6




How to compare numbers using place value:


  	Look at the digit in the greatest place value first.

  	If those digits are different, the number with the bigger digit is the greater number.

  	If those digits are the same, move to the next place value to the right.

  	Keep going until you find digits that are different, or until all digits match.




For 3-digit numbers, start with the hundreds place. If the hundreds are the same, compare the tens. If the tens are the same, compare the ones.


Worked Example 1: Compare 324 and 421

Start with the hundreds place.


  	324 has 3 hundreds.

  	421 has 4 hundreds.



Since 4 hundreds is more than 3 hundreds, 421 is greater.

So we write:

324<421


Worked Example 2: Compare 587 and 563

First compare the hundreds place.


  	Both numbers have 5 hundreds.



Since the hundreds are the same, compare the tens place.


  	587 has 8 tens.

  	563 has 6 tens.



Because 8 tens is more than 6 tens, 587 is greater.

So we write:

587>563


Worked Example 3: Compare 746 and 749

Compare the hundreds place first.


  	Both numbers have 7 hundreds.



Now compare the tens place.


  	Both numbers have 4 tens.



The hundreds and tens are the same, so compare the ones place.


  	746 has 6 ones.

  	749 has 9 ones.



Since 9 ones is more than 6 ones, 749 is greater.

So we write:

746<749


Worked Example 4: Compare 608 and 608

Compare each place value.


  	Hundreds: both have 6

  	Tens: both have 0

  	Ones: both have 8



All the digits are the same, so the numbers are equal.

So we write:

608=608


Important idea: A digit can have different values depending on its place.

For example, the digit 5 in 523 means 500, but the digit 5 in 356 means 50.

That is why place value helps us compare numbers correctly.


Let’s look at a place value comparison:

Compare 392 and 389.


  	Hundreds: both have 3

  	Tens: 392 has 9, and 389 has 8



We stop at the tens place because the digits are different there. Since 9 tens is greater than 8 tens, 392 is greater than 389.

392>389


Tips to remember:


  	Always start with the greatest place value.

  	For 3-digit numbers, compare hundreds first.

  	If the hundreds are the same, compare tens.

  	If the tens are the same, compare ones.

  	If every digit matches, use =.




A quick way to think about it:


  	More hundreds means the number is greater.

  	If hundreds match, more tens means the number is greater.

  	If hundreds and tens match, more ones means the number is greater.




[image: 📋]   Summary

To compare numbers using place value, look at the biggest place first. Compare hundreds, then tens, then ones. Use >, <, or = to show whether one number is greater than, less than, or equal to another number.


  
  Put what you read to the test

  You've worked through Comparing Numbers Using Place Value. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/218






  [image: 📝]   Lesson 9: Rounding to the Nearest Ten and Hundred

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/267




  Rounding to the Nearest Ten and Hundred


Sometimes a number has a lot of digits, and we want a number that is close to it but easier to use. This is called rounding.


When we round, we find which ten or hundred a number is closest to.


For example, 47 is close to 50. So, when we round 47 to the nearest ten, it becomes 50.


Rounding helps us:


  	estimate answers,

  	understand how big numbers are,

  	use friendly numbers that are easier to think about.




Part 1: Rounding to the Nearest Ten


When rounding to the nearest ten, we ask: Which ten is the number closest to?


The tens are numbers like 0, 10, 20, 30, 40, 50, and so on.


Every number between two tens belongs somewhere in between. For example, 34 is between 30 and 40.


A helpful way to round is to look at the ones digit.


  	If the ones digit is 0, 1, 2, 3, or 4, round down to the smaller ten.

  	If the ones digit is 5, 6, 7, 8, or 9, round up to the larger ten.




Why does 5 round up? Because 5 is the middle point between two tens. When a number is exactly in the middle, we round up.


Here is the idea on a number line for 34:

3031323334353637383940


Since 34 is less than 35, it is closer to 30 than to 40.


So, 34≈30 when rounding to the nearest ten.


Part 2: Rounding to the Nearest Hundred


When rounding to the nearest hundred, we ask: Which hundred is the number closest to?


The hundreds are numbers like 0, 100, 200, 300, 400, and so on.


For example, 172 is between 100 and 200.


A helpful way to round to the nearest hundred is to look at the tens digit and the number after the hundred.



  	If the number is from 0 to 49 past a hundred, round down.

  	If the number is from 50 to 99 past a hundred, round up.




The midpoint is 50. That means 150 is exactly halfway between 100 and 200, so it rounds up to 200.


Here is the idea on a number line for 172:

100150200


Since 172 is more than 150, it is closer to 200 than to 100.


So, 172≈200 when rounding to the nearest hundred.


How to Round to the Nearest Ten


  	Find the two tens your number is between.

  	Look at the ones digit.

  	If it is 0 to 4, round down.

  	If it is 5 to 9, round up.




How to Round to the Nearest Hundred


  	Find the two hundreds your number is between.

  	Look at whether the number is below or above the midpoint, 50.

  	If it is 0 to 49 past the hundred, round down.

  	If it is 50 to 99 past the hundred, round up.




Worked Example 1: Round 23 to the nearest ten

23 is between 20 and 30.

The ones digit is 3.

Since 3 is less than 5, we round down.

23≈20


Worked Example 2: Round 68 to the nearest ten

68 is between 60 and 70.

The ones digit is 8.

Since 8 is 5 or more, we round up.

68≈70


Worked Example 3: Round 145 to the nearest hundred

145 is between 100 and 200.

The midpoint is 150.

145 is less than 150, so it is closer to 100.

145≈100


Worked Example 4: Round 650 to the nearest hundred

650 is between 600 and 700.

The midpoint is 650.

Because 650 is exactly in the middle, we round up.

650≈700


Tips to Help You Remember


  	To round to the nearest ten, check the ones digit.

  	To round to the nearest hundred, think about the middle number ending in 50.

  	0, 1, 2, 3, 4 means round down.

  	5, 6, 7, 8, 9 means round up.




Common Mistakes to Watch For


  	Do not just pick the bigger number. Always choose the closest ten or hundred.

  	Do not forget that 5 rounds up.

  	When rounding to the nearest hundred, do not look only at the ones digit. Think about where the number is between two hundreds.




Try Thinking About These


  	42 rounded to the nearest ten is 40 because 42 is closer to 40 than 50.

  	97 rounded to the nearest ten is 100 because 97 is closer to 100 than 90.

  	320 rounded to the nearest hundred is 300 because 320 is less than 350.

  	389 rounded to the nearest hundred is 400 because 389 is more than 350.




[image: 📋]   Summary

Rounding means finding the nearest ten or hundred.

To round to the nearest ten, look at the ones digit. To round to the nearest hundred, look at where the number is between two hundreds and use the midpoint of 50.

If the number is less than 5 ones or less than 50 past a hundred, round down. If it is 5 or more ones, or 50 or more past a hundred, round up.

Rounding helps make numbers easier to understand and use.


  
  Put what you read to the test

  You've worked through Rounding to the Nearest Ten and Hundred. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/219






  [image: 📝]   Lesson 10: Parity: Even and Odd Numbers

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/268




  Parity means finding out if a number is even or odd.


This is an important idea in 3rd Grade Maths because it helps us understand how numbers are built. We can tell whether a number can be split into two equal groups or if one is left over.


An even number can be grouped into pairs with no leftovers.


An odd number can be grouped into pairs with one leftover.


Let’s look at small numbers first.



	
2 dots can make 1 pair, so 2 is even.

	4 dots can make 2 pairs, so 4 is even.

	5 dots can make 2 pairs and 1 leftover, so 5 is odd.

	7 dots can make 3 pairs and 1 leftover, so 7 is odd.




A quick way to check parity is to look at the ones digit.


If the ones digit is one of these numbers, the whole number is even:


0,2,4,6,8


If the ones digit is one of these numbers, the whole number is odd:


1,3,5,7,9


This works for numbers up to 1,000 and beyond. The ones digit tells us whether the number can be paired evenly.


For example:


	18 ends in 8, so it is even.

	23 ends in 3, so it is odd.

	140 ends in 0, so it is even.

	999 ends in 9, so it is odd.




Even numbers can also be written as a sum of two equal addends. Equal addends are two parts that are the same size.


For example:



	8=4+4

	12=6+6

	20=10+10




These are all even because the number splits into two equal parts.


Odd numbers cannot be split into two equal whole-number parts without a leftover one.


For example, 9 cannot be written as two equal whole numbers. We can get close with 4+5, but those addends are not equal.


So:


	If a number can be made into pairs with no leftover, it is even.

	If a number has one leftover when making pairs, it is odd.

	If a number can be split into two equal addends, it is even.




Worked Example 1: Use pairing

Is 6 even or odd?

Make pairs: (2,2,2). There are 3 pairs and no leftover.

So 6 is even.

We can also write:

6=3+3


Worked Example 2: Use pairing with a leftover

Is 11 even or odd?

Make pairs from 11 objects. We can make 5 pairs, and 1 object is left over.

So 11 is odd.


Worked Example 3: Use the ones digit

Is 42 even or odd?

Look at the ones digit. The ones digit is 2.

Since 2 is in the even list (0,2,4,6,8), 42 is even.

It can also be split into two equal addends:

42=21+21


Worked Example 4: A larger number

Is 357 even or odd?

Look only at the ones digit. The ones digit is 7.

Since 7 is odd, 357 is odd.

It cannot be split into two equal whole-number addends without a leftover one.


Tips to remember


	Even means pairs fit perfectly.

	Odd means one is left over.

	Check the ones digit for a quick answer.

	Even numbers can be written as two equal addends.




Try thinking about these:


	Does 30 end in an even digit or an odd digit?

	Can 14 be split into two equal addends?

	If 19 is grouped into pairs, is there a leftover?




[image: 📋]   Summary

Numbers are either even or odd. Even numbers can be paired with no leftovers, and odd numbers have one leftover. You can quickly tell by looking at the ones digit. Even numbers can also be written as a sum of two equal addends.


  
  Put what you read to the test

  You've worked through Parity: Even and Odd Numbers. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/220






  
    
  [image: 📖]   Chapter 2

  Additive Reasoning and Fluency



  [image: 📝]   Lesson 11: Part-Part-Whole Relationships

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/269




  Part-Part-Whole Relationships help us understand how numbers go together and come apart.


In math, a whole is the total amount. The parts are the smaller amounts that make the whole.


When we add, we put parts together to make a whole. When we know the whole and one part, we can find the missing part.


This idea helps us solve addition problems and think clearly about numbers.


Think of it like this:


	2 parts can make 1 whole.

	Sometimes 3 or more parts can make 1 whole.

	The whole is always all the parts together.




We can show part-part-whole relationships with number bonds and tape diagrams.


A number bond shows how numbers are connected. The whole is one number, and the parts are the numbers that make it.


For example, if the parts are 3 and 5, the whole is:

3+5=8


So in this number bond:


	Part: 3

	Part: 5

	Whole: 8




A tape diagram is a drawing made of bars. Each bar or section stands for a number. Smaller sections show the parts, and the full bar shows the whole.


If one part is 4 and another part is 6, the whole bar shows:

4+6=10


You can imagine one long bar split into 2 pieces: 4 and 6. Together, they make 10.


Main idea: If you know the parts, add to find the whole.

part+part=whole


Another main idea: If you know the whole and one part, subtract to find the missing part.

whole−part=missing part


This is useful because addition and subtraction work together.


Worked Example 1: Find the whole

There are 7 red apples and 2 green apples. How many apples are there in all?

The parts are 7 and 2.

Add the parts:

7+2=9

Answer: The whole is 9 apples.


You can think of a number bond:


	Part: 7

	Part: 2

	Whole: 9




Worked Example 2: Find the missing part

A class has 12 students. 8 are wearing sneakers. The rest are wearing boots. How many students are wearing boots?

The whole is 12 students.

One part is 8 students.

The missing part is:

12−8=4

Answer: 4 students are wearing boots.


You can check with addition:

8+4=12


Worked Example 3: Use a tape diagram

A ribbon is 15 inches long. One piece is 6 inches long. The other piece is how many inches long?

Draw a tape diagram in your mind:


	The full bar is 15.

	One part is 6.

	The other part is missing.




Find the missing part:

15−6=9

Answer: The other piece is 9 inches long.


Check:

6+9=15


Worked Example 4: More than two parts

Mia has 3 blue stickers, 4 yellow stickers, and 5 pink stickers. How many stickers does she have altogether?

The whole is made from 3 parts: 3, 4, and 5.

Add the parts:

3+4+5=12

Answer: Mia has 12 stickers.


You can add in steps:

3+4=7

7+5=12


How to solve part-part-whole problems


	Read the problem carefully.

	Ask: What is the whole?

	Ask: What are the parts?

	If the parts are known, add.

	If the whole and one part are known, subtract.

	Check if your answer makes sense.




Helpful clues in word problems


	In all, altogether, or total often mean find the whole.

	How many more or how many are left for the other part can mean find a missing part.




Important things to remember


	Parts are smaller amounts.

	The whole is the total amount.

	Adding parts gives the whole.

	Subtracting a part from the whole gives the missing part.

	Number bonds and tape diagrams help you see the math clearly.




Let’s look at one more quick way to think about it:

If you know:

5+3=8

Then you also know:

8−5=3

and

8−3=5


These number sentences all belong to the same part-part-whole relationship.


[image: 📋]   Summary

Part-part-whole relationships show how numbers fit together. The parts join to make the whole. You can use addition to find the whole and subtraction to find a missing part. Number bonds and tape diagrams are helpful tools for seeing these relationships.


  
  Put what you read to the test

  You've worked through Part-Part-Whole Relationships. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/221






  [image: 📝]   Lesson 12: Commutative and Identity Properties

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/270




  Commutative and Identity Properties help us add numbers in smart, easy ways. These properties are special rules about addition.
When we know these rules, we can solve math problems faster and with more confidence. We can also check our work and make mental math easier.
In this lesson, you will learn two important addition rules:
	Commutative Property of Addition: changing the order of the addends does not change the sum.
	Identity Property of Addition: adding zero does not change the number.

Let’s learn what each one means.
1. Commutative Property of Addition
The word commutative means that numbers can switch places when we add, and the answer stays the same.
For example:
3+5=5+3
Both sides equal 8.
This means the order of the addends does not matter in addition.
You can think of it like this: if you have 3 red apples and 5 green apples, you still have 8 apples total. It does not matter which group you count first.
Here is the rule in a general way:
a+b=b+a
The letters just stand for numbers. No matter what numbers you use, switching their order keeps the same sum.
2. Identity Property of Addition
The identity property tells us that when we add zero to a number, the number stays the same.
For example:
7+0=7
and
0+7=7
Zero means nothing is being added. So the number does not change.
Here is the rule in a general way:
a+0=a
If you have 9 blocks and add 0 more blocks, you still have 9 blocks.
Why these properties are useful
These properties help us add in easier ways.
	The commutative property lets us change the order to make a fact easier to solve in our heads.
	The identity property helps us quickly know what happens when zero is added.

For example, if you see:
2+9
You might know the fact more quickly as:
9+2=11
The answer is still 11 because the order does not change the sum.
If you see:
14+0
You can answer right away: 14.
Worked Example 1
Solve:
4+6
Using the commutative property, we can turn it around:
4+6=6+4
Now add:
6+4=10
So:
4+6=10
What we learned: switching the numbers did not change the answer.
Worked Example 2
Solve:
12+0
Use the identity property. Adding zero keeps the number the same.
12+0=12
What we learned: zero does not change the sum.
Worked Example 3
Solve:
0+18
Even when zero is first, the number stays the same.
0+18=18
This is still the identity property of addition.
Worked Example 4
Solve:
7+15
You can use the commutative property to rewrite it:
7+15=15+7
Some students find 15+7 easier to think about.
Now add:
15+7=22
So:
7+15=22
How to tell which property to use
	If the numbers switch places, that is the commutative property.
	If a number is being added to zero, that is the identity property.

Look at these examples:
	8+3=3+8 [image: →] Commutative Property
	25+0=25 [image: →] Identity Property
	0+11=11 [image: →] Identity Property

Tips for mental math
You can use these properties to make addition quicker in your head.
	Turn around an addition fact if it feels easier.
	If you see zero, keep the other number.
	Remember: adding numbers in a different order does not change the total.

For example:
	1+13 can be thought of as 13+1=14
	36+0=36
	5+9 can be thought of as 9+5=14

Let’s compare the two properties
	Commutative Property: numbers switch places.
Example: 2+6=6+2
	Identity Property: zero is added, and the number stays the same.
Example: 2+0=2

Important reminder
These properties are about addition. They help us understand how numbers work and make solving problems easier.
When you practice addition facts, these rules can help you notice patterns. Patterns make math easier to remember.
[image: 📋]   Summary
The commutative property of addition means you can change the order of the addends, and the sum stays the same.
The identity property of addition means adding zero does not change the number.
When you use these properties, you can solve addition problems more quickly and more easily.


  
  Put what you read to the test

  You've worked through Commutative and Identity Properties. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/222






  [image: 📝]   Lesson 13: Associative Property for Mental Math

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/271




  Associative Property for Mental Math helps us add numbers in a smart way.


Sometimes we need to add three or more numbers. The associative property tells us that when we are adding, we can change the grouping of the numbers, and the sum stays the same.


That means we can put parentheses around numbers that are easy to add first.


For example:


(2+8)+5=2+(8+5)=15


Even though the numbers are grouped in a different way, the total is still 15.


This is helpful for mental math, which means solving problems in your head.


When we group numbers in a smart way, we can make friendly numbers like 10, 20, or other easy sums first.


Main Idea: When adding, you can group the addends in different ways.


(a+b)+c=a+(b+c)


You do not need to worry about the letters too much. They just stand for numbers. The important idea is this:



  	The numbers stay the same.

  	The order stays the same.

  	Only the grouping changes.




Grouping helps you look for pairs that are easy to add.


How to use the associative property:



  	Look at all the numbers in the addition problem.

  	Find two numbers that make an easy sum, like 10 or 20.

  	Group those numbers together.

  	Add the grouped numbers first.

  	Add the last number.




Let’s look at some examples.


Example 1: Add 3+7+4


First, look for numbers that make 10. We see that 3+7=10.


So we can group them like this:


(3+7)+4


Now add:


10+4=14


So, 3+7+4=14.


Example 2: Add 6+5+4


If we add from left to right, we get 6+5=11, then 11+4=15.


But mental math is easier if we make 10 first. We notice that 6+4=10.


So we regroup:


(6+4)+5=10+5=15


The answer is still 15, but it is easier to do in your head.


Example 3: Add 9+1+8


We notice that 9+1=10.


Group those first:


(9+1)+8=10+8=18


So, 9+1+8=18.


Example 4: Add 12+8+5


Look for a friendly pair. We see that 12+8=20.


Group those numbers first:


(12+8)+5=20+5=25


So, 12+8+5=25.


Why this works:


When you add numbers, changing the grouping does not change the total.


For example:


(4+6)+3=10+3=13


and


4+(6+3)=4+9=13


Both ways give the same answer, 13.


What to look for when using mental math:



  	Two numbers that make 10

  	Two numbers that make 20

  	Any pair that is quick and easy to add




Be careful:


The associative property is about grouping numbers when adding.


You are not changing the numbers. You are not changing the total. You are just choosing which numbers to add first.


For example, in 5+2+8, you can group it as:


5+(2+8)=5+10=15


That makes the problem easier.


Try thinking like this:



  	"Do any two numbers make 10?"

  	"Do any two numbers make 20?"

  	"Which pair is easiest to add first?"




Summary:


The associative property of addition means you can group addends in different ways without changing the sum.


This helps with mental math because you can make friendly numbers first.


When you see three or more numbers being added, look for an easy pair, group them, and add in a smarter way.


  
  Put what you read to the test

  You've worked through Associative Property for Mental Math. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/223






  [image: 📝]   Lesson 14: Compensation Strategy

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/272




  Compensation Strategy is a smart way to make addition and subtraction easier in your head.
Sometimes a number is close to a friendly number like 10, 20, 50, or 100. A friendly number is easy to work with. With compensation, we change a number a little to make the math easier, and then we fix the answer by changing it back.
For example, adding 9 can be easier if you think, “Add 10, then subtract 1.” That is compensation.
Why does this work? It works because you are keeping the total balanced. If you add too much, you subtract the extra. If you subtract too much, you add back what you took away.
Let’s learn the two main ways to use compensation.
	For addition: Change a number to a nearby friendly number, do the easier math, then fix the answer.
	For subtraction: Change a number to a nearby friendly number, do the easier math, then fix the answer.

Compensation in addition
When you add, one addend might be close to a friendly number.
Examples:
	
9 is close to 10
	
19 is close to 20
	
29 is close to 30
	
49 is close to 50

If you change 9 to 10, you added 1 too much. So after you add 10, you must subtract 1.
Here is the pattern:
a+9=a+10−1
And another one:
a+19=a+20−1
Worked Example 1
Find 27+9.
	Notice that 9 is close to 10.
	Add 10 instead: 27+10=37
	But 10 is 1 more than 9, so subtract 1: 37−1=36

So, 27+9=36
This is called compensation because we changed 9 to 10, then fixed the answer.
Worked Example 2
Find 46+19.
	Notice that 19 is close to 20.
	Add 20 instead: 46+20=66
	We added 1 too much, so subtract 1: 66−1=65

So, 46+19=65
Compensation in subtraction
You can also use compensation when subtracting.
If a number like 9 or 19 is being subtracted, you can subtract a friendly number instead, then fix the answer.
Examples:
	
Subtract 9 by subtracting 10, then adding 1 back.
	
Subtract 19 by subtracting 20, then adding 1 back.

Why add back? Because when you subtracted 10 instead of 9, you took away 1 too much. You need to put that 1 back.
Here is the pattern:
a−9=a−10+1
And:
a−19=a−20+1
Worked Example 3
Find 54−9.
	Notice that 9 is close to 10.
	Subtract 10 instead: 54−10=44
	But you subtracted 1 too much, so add 1 back: 44+1=45

So, 54−9=45
Worked Example 4
Find 72−19.
	Notice that 19 is close to 20.
	Subtract 20 instead: 72−20=52
	You took away 1 too much, so add 1 back: 52+1=53

So, 72−19=53
How to know what to do
Ask yourself these questions:
	Is one number close to a friendly number like 10, 20, 30, 50, or 100?
	Can I use that friendly number to make the math easier?
	Did I use too much or too little?
	How do I fix the answer?

Helpful thinking for addition
	If you add 1 more than needed, subtract 1 at the end.
	If you add 2 more than needed, subtract 2 at the end.

Example:
35+28=35+30−2
Since 28 is close to 30, add 30, then subtract 2.
Let’s solve it:
35+30=65
65−2=63
So, 35+28=63
Helpful thinking for subtraction
	If you subtract 1 more than needed, add 1 back.
	If you subtract 2 more than needed, add 2 back.

Example:
81−29=81−30+1
Since 29 is close to 30, subtract 30, then add 1 back.
Let’s solve it:
81−30=51
51+1=52
So, 81−29=52
When compensation is useful
Compensation is helpful when numbers are close to friendly numbers.
	
8, 9 are close to 10
	
18, 19 are close to 20
	
28, 29 are close to 30
	
48, 49 are close to 50

It helps you solve problems faster and more accurately in your head.
Be careful!
The most important part of compensation is the fix.
	If you added too much, subtract the extra.
	If you subtracted too much, add the extra back.

Look at this mistake:
Someone solves 24+9 like this:
24+10=34
But they stop there.
That answer is not correct, because they added 10 instead of 9. They added 1 too much.
The correct fix is:
34−1=33
So, 24+9=33
Try the steps every time
	Find a number close to a friendly number.
	Use the friendly number to solve the easier problem.
	Fix the answer by adding back or subtracting the extra amount.

[image: 📋]   Summary
Compensation is a mental math strategy. You change a number to a nearby friendly number to make the math easier.
Then you compensate, or fix the answer, because you changed the number a little.
	Addition: Add a friendly number, then subtract the extra.
	Subtraction: Subtract a friendly number, then add back the extra.

With practice, compensation can help you solve math problems quickly and confidently.


  
  Put what you read to the test

  You've worked through Compensation Strategy. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/224






  [image: 📝]   Lesson 15: Adding Multiples of 10 and 100

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/273




  Adding Multiples of 10 and 100 means adding numbers like 10, 20, 30, 100, 200, and 300.


These are called round numbers because they end in zero. We can add them quickly in our heads by using place value.


When we add multiples of 10, we are adding tens. When we add multiples of 100, we are adding hundreds.


For example, in the number 40, there are 4 tens. In the number 300, there are 3 hundreds.


Big idea: We do not need to count by ones. We can add the tens to tens and the hundreds to hundreds.


Think about place value



  	10=1 ten

  	20=2 tens

  	50=5 tens

  	100=1 hundred

  	400=4 hundreds

  	700=7 hundreds




If we know how many tens or hundreds are in each number, we can add them easily.


Adding multiples of 10


When both numbers are multiples of 10, add the tens.


Example: 30+20


30 is 3 tens. 20 is 2 tens.


3 tens+2 tens=5 tens


30+20=50


You can also think: 3+2=5, so 30+20=50.


Adding multiples of 100


When both numbers are multiples of 100, add the hundreds.


Example: 400+300


400 is 4 hundreds. 300 is 3 hundreds.


4 hundreds+3 hundreds=7 hundreds


400+300=700


You can also think: 4+3=7, so 400+300=700.


Adding a multiple of 10 to another number


Sometimes only one number is a multiple of 10. You can still use place value.


Example: 46+20


The 46 has 4 tens and 6 ones. The 20 is 2 tens.


Add the tens: 4 tens + 2 tens = 6 tens. The ones stay 6.


46+20=66


Notice that the ones digit did not change. We only added tens.


Adding a multiple of 100 to another number


Example: 245+300


The 245 has 2 hundreds, 4 tens, and 5 ones. The 300 is 3 hundreds.


Add the hundreds: 2 hundreds + 3 hundreds = 5 hundreds. The tens and ones stay the same.


245+300=545


Notice that the tens and ones did not change. We only added hundreds.


Worked Examples



  	
    Example 1: 20+50

    20 is 2 tens. 50 is 5 tens.

    2 tens+5 tens=7 tens

    20+50=70

  

  	
    Example 2: 600+200

    600 is 6 hundreds. 200 is 2 hundreds.

    6 hundreds+2 hundreds=8 hundreds

    600+200=800

  

  	
    Example 3: 37+40

    37 has 3 tens and 7 ones. 40 is 4 tens.

    Add the tens: 3+4=7 tens. Keep the 7 ones.

    37+40=77

  

  	
    Example 4: 128+500

    128 has 1 hundred, 2 tens, and 8 ones. 500 is 5 hundreds.

    Add the hundreds: 1+5=6 hundreds. Keep the 2 tens and 8 ones.

    128+500=628

  




Helpful ways to think



  	If you add tens, the tens digit changes.

  	If you add hundreds, the hundreds digit changes.

  	The other digits stay the same if there is no regrouping.

  	Look at what place value you are adding: tens or hundreds.




Watch out for this mistake


Do not count by ones unless you need to. For 50+30, do not count 51, 52, 53, and so on.


Instead, think: 5 tens + 3 tens = 8 tens, so 50+30=80.


For 160+200, think: 1 hundred + 2 hundreds = 3 hundreds, and keep the 6 tens.


160+200=360


[image: 📋]   Summary


Adding multiples of 10 and 100 is easier when you use place value. Add tens to tens and hundreds to hundreds.


If you add a multiple of 10, the tens change. If you add a multiple of 100, the hundreds change.


You can solve these problems mentally without counting by ones.


  
  Put what you read to the test

  You've worked through Adding Multiples of 10 and 100. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/225






  [image: 📝]   Lesson 16: Regrouping Across Multiple Places

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/195




  Regrouping Across Multiple Places means that when we add, sometimes we make a new ten and a new hundred in the same problem.
This happens when the ones add up to 10 or more, and then the tens also add up to 10 or more after we regroup.
We can solve these problems carefully by going place by place: ones, then tens, then hundreds.
Remember the place values:
	Ones are single cubes.
	Tens are groups of 10.
	Hundreds are groups of 100.

When 10 ones are made, they can be regrouped into 1 ten.
When 10 tens are made, they can be regrouped into 1 hundred.
How to Add with Regrouping Across More Than One Place
	Add the ones. If the sum is 10 or more, write the ones digit and regroup 1 ten.
	Add the tens. Do not forget to add the regrouped ten. If the sum is 10 or more, write the tens digit and regroup 1 hundred.
	Add the hundreds. Include any regrouped hundred.

Tip: Line up the digits by place value. Ones go under ones, tens under tens, and hundreds under hundreds.
Worked Example 1
Add:
58+27
Step 1: Add the ones.

8+7=15. That is 1 ten and 5 ones.
Write 5 in the ones place. Regroup the 1 ten.
Step 2: Add the tens.

5+2+1=8 tens.
So the answer is:
58+27=85
In this problem, we regrouped once.
Worked Example 2
Add:
278+145
Step 1: Add the ones.

8+5=13. That is 1 ten and 3 ones.
Write 3 in the ones place. Regroup 1 ten.
Step 2: Add the tens.

7+4+1=12 tens.
That is 1 hundred and 2 tens.
Write 2 in the tens place. Regroup 1 hundred.
Step 3: Add the hundreds.

2+1+1=4 hundreds.
So the answer is:
1278+11451423
This is regrouping across multiple places because we made a new ten and then a new hundred.
Let’s Look Closely
In Example 2, the regrouping happened like this:
	
8+5=13, so 10 ones became 1 ten.
	Then the tens were 
7+4+1=12, so 10 tens became 1 hundred.

The regrouping moved from the ones place to the tens place, and then from the tens place to the hundreds place.
That is why we call it across multiple places.
Worked Example 3
Add:
396+128
Step 1: Add the ones.

6+8=14. That is 1 ten and 4 ones.
Write 4 in the ones place. Regroup 1 ten.
Step 2: Add the tens.

9+2+1=12 tens.
That is 1 hundred and 2 tens.
Write 2 in the tens place. Regroup 1 hundred.
Step 3: Add the hundreds.

3+1+1=5 hundreds.
So the answer is:
396+128=524
Worked Example 4
Add:
467+356
Step 1: Add the ones.

7+6=13. Write 3 ones and regroup 1 ten.
Step 2: Add the tens.

6+5+1=12 tens.
Write 2 tens and regroup 1 hundred.
Step 3: Add the hundreds.

4+3+1=8 hundreds.
So the answer is:
467+356=823
What to Watch Out For
	Always start with the ones. If you start somewhere else, it is easy to miss regrouping.
	Do not forget the regrouped 1. That extra ten or hundred must be added in the next place.
	Keep digits lined up. If the numbers are not lined up by place value, the answer can be wrong.

A Helpful Way to Think About It
Imagine you have blocks.
	If you get 10 ones, trade them for 1 ten.
	If you get 10 tens, trade them for 1 hundred.

Adding is like making bigger groups when you have enough smaller ones.
[image: 📋]   Summary
Regrouping across multiple places happens when you make a new ten and then a new hundred in the same addition problem.
To solve these problems, add the ones first, then the tens, then the hundreds.
Each time you make 10 of something, regroup it into the next bigger place.
If you work carefully and remember each regrouped 1, you can solve big addition problems correctly.


  
  Put what you read to the test

  You've worked through Regrouping Across Multiple Places. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/146






  [image: 📝]   Lesson 17: Partial Sums Algorithm
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  Partial Sums Algorithm is a way to add bigger numbers by breaking them into parts.
We add the hundreds, tens, and ones separately. Then we put those parts together to get the total.
This strategy helps us see what each digit is worth. It also helps us stay organized when adding multi-digit numbers.
Let’s remember place value first:
	The digit on the right is the ones place.
	The middle digit is the tens place.
	The digit on the left is the hundreds place.

For example, in the number 364:
	3 means 300
	6 means 60
	4 means 4

So, 364=300+60+4.
How the partial sums algorithm works:
	Write the numbers so the place values line up.
	Add the ones.
	Add the tens.
	Add the hundreds.
	Add the partial sums together.

The separate answers you get are called partial sums.
Here is a simple example of the idea:
To add 23+14, we can think:
	Ones: 3+4=7
	Tens: 20+10=30

Then combine the parts:
30+7=37
So, 23+14=37.
Now let’s try bigger numbers.
Worked Example 1
Add 145+123.
First, break each number into hundreds, tens, and ones:
	145=100+40+5
	123=100+20+3

Add each place value:
	Hundreds: 100+100=200
	Tens: 40+20=60
	Ones: 5+3=8

Now add the partial sums:
200+60+8=268
So, 145+123=268.
Worked Example 2
Add 256+132.
Break apart the numbers:
	256=200+50+6
	132=100+30+2

Add each place:
	Hundreds: 200+100=300
	Tens: 50+30=80
	Ones: 6+2=8

Combine the partial sums:
300+80+8=388
So, 256+132=388.
Worked Example 3
Add 347+185.
Break apart the numbers:
	347=300+40+7
	185=100+80+5

Add each place value:
	Hundreds: 300+100=400
	Tens: 40+80=120
	Ones: 7+5=12

Now combine the partial sums:
400+120+12=532
So, 347+185=532.
Notice something important here: sometimes a partial sum can be greater than 9 or greater than 90. That is okay. We still add the parts at the end.
In this example, 40+80=120 and 7+5=12. We do not need to worry. We just add:
400+120+12=532
Worked Example 4
Add 468+257.
Break apart the numbers:
	468=400+60+8
	257=200+50+7

Add each place value:
	Hundreds: 400+200=600
	Tens: 60+50=110
	Ones: 8+7=15

Add the partial sums together:
600+110+15=725
So, 468+257=725.
You can also write the work in a column.
For 468+257, one way is:
468+257600 hundreds110 tens15 ones
Then add those partial sums:
600+110+15=725
Why partial sums is helpful
	It uses place value.
	It helps you see what each digit means.
	It makes big addition problems easier to understand.
	It helps you check your work step by step.

Tips for success
	Line up the ones, tens, and hundreds carefully.
	Say the value of each digit, not just the digit. For example, say 50, not just 5.
	Add one place at a time.
	At the end, add all the partial sums carefully.

Common mistake to watch for
A common mistake is forgetting place value.
For example, in 243, the 4 means 40, not 4. If you forget that, your answer will be wrong.
Another mistake is not lining up the digits correctly. Always make sure hundreds are with hundreds, tens are with tens, and ones are with ones.
Let’s review the steps one more time:
	Line up the numbers by place value.
	Add the hundreds.
	Add the tens.
	Add the ones.
	Add the partial sums to find the total.

[image: 📋]   Summary
The partial sums algorithm is a way to add by parts. We add hundreds, tens, and ones separately, then combine those sums.
This strategy helps us understand place value and solve multi-digit addition problems clearly and carefully. With practice, partial sums can make big addition feel much easier.


  
  Put what you read to the test

  You've worked through Partial Sums Algorithm. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/226






  [image: 📝]   Lesson 18: Standard Addition Algorithm without Regrouping
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  Standard Addition Algorithm without Regrouping


Today we will learn how to add numbers using the standard addition algorithm. This is a careful way to line up numbers and add them by place value.


We will focus on problems without regrouping. That means when we add the digits in each place, the sum is 9 or less, so we do not need to carry to the next place.


For example, in the problem 23+14, the ones digits are 3+4=7, and the tens digits are 2+1=3. Since both sums are 9 or less, there is no regrouping.


What is place value?


Place value tells us what each digit means. In a 2-digit number, the digit on the right is the ones digit. The digit on the left is the tens digit.



  	In 45, the 4 means 4 tens.

  	In 45, the 5 means 5 ones.




When we use the standard algorithm, we must line up the digits so that ones are under ones and tens are under tens. If the numbers are not lined up correctly, the answer will not be correct.


Steps for the standard addition algorithm



  	Write the numbers one above the other.

  	Line up the digits by place value.

  	Start with the ones column.

  	Add the digits in each column.

  	Then add the tens column.

  	Write the sum.




Since we are only working on problems without regrouping, each column will have a sum of 9 or less.


Worked Example 1: Add a 1-digit number to a 2-digit number


Let’s solve 21+6.


First, line up the ones digits. The 6 goes in the ones place.


21+ 6

Now add the ones: 1+6=7.


The tens digit stays the same: 2 tens.


21+ 627

So, 21+6=27.


Worked Example 2: Add two 2-digit numbers


Let’s solve 34+25.


Line up tens under tens and ones under ones.


3425+

It is usually written like this:


34+25

Step 1: Add the ones. 4+5=9.


Step 2: Add the tens. 3+2=5.


34+2559

So, 34+25=59.


Worked Example 3: Another 2-digit addition problem


Let’s solve 42+17.


42+17

Add the ones: 2+7=9.


Add the tens: 4+1=5.


42+1759

So, 42+17=59.


Worked Example 4: Add two 3-digit numbers


Now let’s try a bigger problem: 243+526.


Line up the digits by place value: hundreds, tens, and ones.


243+526

Start with the ones: 3+6=9.


Next add the tens: 4+2=6.


Then add the hundreds: 2+5=7.


243+526769

So, 243+526=769.


How do I know there is no regrouping?


Look at each column before or while you add.



  	If the ones add to 9 or less, no regrouping is needed in the ones place.

  	If the tens add to 9 or less, no regrouping is needed in the tens place.

  	The same is true for hundreds.




For example, in 243+526:



  	Ones: 3+6=9

  	Tens: 4+2=6

  	Hundreds: 2+5=7




Every column is 9 or less, so there is no regrouping.


Common mistakes to watch out for



  	Not lining up place values: Ones must go under ones. Tens must go under tens.

  	Starting in the wrong place: Start with the ones column, then move left.

  	Adding across instead of by columns: Do not add 34+25 by mixing digits in the wrong places.




Helpful tip


If you are not sure whether the numbers are lined up correctly, look straight down each column.



  	ones column

  	tens column

  	hundreds column, if there is one




Each column should contain only one kind of place value.


Let’s review with one more quick check


Solve 56+13.


Line up the numbers:


56+13

Add the ones: 6+3=9.


Add the tens: 5+1=6.


56+1369

So, 56+13=69.


[image: 📋]   Summary


The standard addition algorithm helps us add numbers in an organized way. We line up digits by place value, start with the ones, and add each column. When each column adds to 9 or less, we can solve the problem without regrouping.


  
  Put what you read to the test

  You've worked through Standard Addition Algorithm without Regrouping. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/227






  [image: 📝]   Lesson 19: Standard Addition Algorithm with Regrouping
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  Standard Addition Algorithm with Regrouping


When we add bigger numbers, sometimes the digits in one place add up to 10 or more. When that happens, we need to regroup.


Regrouping means making a new ten from 10 ones, or making a new hundred from 10 tens. In the standard addition algorithm, people sometimes call this a carry. But it is not just a little mark above the number. It shows that we made a new ten or a new hundred.


For example, if we add 8 ones and 7 ones, we get 15 ones. And 15 ones is the same as 1 ten and 5 ones.


15=1 ten +5 ones


That new ten is written in the tens place. This is why regrouping is connected to place value.


Why place value matters



  	Ones are single units.

  	10 ones = 1 ten

  	10 tens = 1 hundred




When a place has 10 or more, we regroup to the next place to the left.


Steps for the standard addition algorithm with regrouping



  	Write the numbers in columns so the ones, tens, and hundreds line up.

  	Start adding from the ones place.

  	If the sum is 10 or more, write the ones digit in that place.

  	Regroup the extra ten to the tens place.

  	Add the tens, including the regrouped ten if there is one.

  	If the tens sum is 10 or more, write the tens digit and regroup a hundred.

  	Add the hundreds.




Worked Example 1: Regrouping ones into a ten


Let us add 27+15.


First, line up the digits by place value.


127+15


Now add the ones: 7+5=12.


12 ones means 1 ten and 2 ones. Write the 2 in the ones place. Regroup the 1 ten to the tens place.


11 ⁣27+1512


Now add the tens: 1+2+1=4 tens.


11 ⁣27+1542


So, 27+15=42.


What happened? We had 12 ones. We kept 2 ones and regrouped 10 ones as 1 ten.


Worked Example 2: Another 2-digit example


Now add 46+38.


146+38


Add the ones: 6+8=14.


14 ones is 1 ten and 4 ones. Write 4 in the ones place and regroup 1 ten.


11 ⁣46+3814


Add the tens: 1+4+3=8 tens.


11 ⁣46+3884


So, 46+38=84.


Worked Example 3: Regrouping into the hundreds


Now let us add 158+67.


It helps to write 67 as 067 so the places line up.


158+ 67


Add the ones: 8+7=15.


15 ones is 1 ten and 5 ones. Write 5 in the ones place and regroup 1 ten.


Add the tens: 1+5+6=12 tens.


12 tens is 1 hundred and 2 tens. Write 2 in the tens place and regroup 1 hundred.


Add the hundreds: 1+1=2 hundreds.


11 ⁣58+ 67225


So, 158+67=225.


Let us see the place value clearly:



  	8+7=15 ones, so regroup to make 1 ten.

  	Then 5 tens plus 6 tens plus the regrouped 1 ten makes 12 tens.

  	12 tens is the same as 1 hundred and 2 tens.




Worked Example 4: Regrouping more than once


Add 286+175.


286175


Add the ones: 6+5=11.


11 ones is 1 ten and 1 one. Write 1 in the ones place and regroup 1 ten.


Add the tens: 1+8+7=16 tens.


16 tens is 1 hundred and 6 tens. Write 6 in the tens place and regroup 1 hundred.


Add the hundreds: 1+2+1=4 hundreds.


11 ⁣286175461


So, 286+175=461.


Important idea: Every regrouped number has a value.



  	The small 1 above the tens place means 1 ten, not just 1.

  	The small 1 above the hundreds place means 1 hundred, not just 1.




This is why we must always pay attention to the place.


Common mistakes to watch out for



  	Not lining up place values. Ones must go under ones. Tens must go under tens.

  	Forgetting to regroup. If a sum is 10 or more, move the extra ten or hundred to the next place.

  	Forgetting to add the regrouped number. That small 1 must be added in the next column.

  	Starting on the left. In the standard algorithm, start with the ones place.




Helpful reminders



  	Start on the right.

  	Add the ones first.

  	If the sum is 10 or more, regroup.

  	The regrouped digit means a new ten or a new hundred.

  	Then add the next place.




Try thinking with place value


Suppose you add 39+24.



  	Ones: 9+4=13 ones

  	13 ones = 1 ten and 3 ones

  	Tens: 3 tens + 2 tens + 1 regrouped ten = 6 tens




So, 39+24=63.


This shows that regrouping is really about making new groups of ten.


[image: 📋]   Summary


The standard addition algorithm helps us add numbers neatly by place value. When the sum in a place is 10 or more, we regroup. That means 10 ones become 1 ten, or 10 tens become 1 hundred.


The little carry mark is important because it shows the new group you made. If you line up the digits, start with the ones, regroup when needed, and add the regrouped value in the next column, you can solve addition problems correctly.


  
  Put what you read to the test

  You've worked through Standard Addition Algorithm with Regrouping. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/228






  [image: 📝]   Lesson 20: Regrouping Across Multiple Places
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  Regrouping Across Multiple Places means that when we add, we may need to make a new ten and a new hundred in the same problem.


This happens when the ones add up to 10 or more, so we regroup into the tens place, and then the tens add up to 10 or more, so we regroup again into the hundreds place.


For example, in 295+18, the ones make a new ten, and then the tens make a new hundred. Let’s learn how to do that step by step.


First, remember place value:


  	Ones are the last digits.

  	Tens are the middle digits.

  	Hundreds are the next digits.




In the number 295:


  	2 means 2 hundreds

  	9 means 9 tens

  	5 means 5 ones




In the number 18:


  	1 means 1 ten

  	8 means 8 ones




How regrouping works


  	Add the ones first.

  	If the ones total is 10 or more, make a new ten and regroup it to the tens place.

  	Add the tens.

  	If the tens total is 10 or more, make a new hundred and regroup it to the hundreds place.

  	Add the hundreds.




When we regroup, we are not changing the value. We are just trading:


  	10 ones for 1 ten

  	10 tens for 1 hundred




Worked Example 1

Add 27+15.

This example has regrouping in just one place, so it helps us get ready.

27+15
Add the ones: 7+5=12.

12 ones means 1 ten and 2 ones. Write the 2 in the ones place, and regroup the 1 ten.

Add the tens: 2+1+1=4 tens.

27+1542
So, 27+15=42.


Worked Example 2

Add 295+18.

295+  18
Step 1: Add the ones.

5+8=13.

13 ones means 1 ten and 3 ones. Write 3 in the ones place, and regroup 1 ten to the tens place.


Step 2: Add the tens.

Now add the tens: 9+1+1=11 tens.

The tens are:


  	9 tens from 295

  	1 ten from 18

  	1 regrouped ten from the ones



11 tens means 1 hundred and 1 ten. Write 1 in the tens place, and regroup 1 hundred to the hundreds place.


Step 3: Add the hundreds.

2+1=3 hundreds.

295+  18313
So, 295+18=313.


Why did we regroup twice?


  	The ones made a new ten.

  	Then the tens made a new hundred.




Worked Example 3

Add 486+27.

486+  27
Step 1: Add the ones.

6+7=13.

Write 3 ones. Regroup 1 ten.


Step 2: Add the tens.

8+2+1=11 tens.

Write 1 ten. Regroup 1 hundred.


Step 3: Add the hundreds.

4+1=5 hundreds.

486+  27513
So, 486+27=513.


Worked Example 4

Add 168+57.

168+  57
Step 1: Add the ones.

8+7=15.

Write 5 ones. Regroup 1 ten.


Step 2: Add the tens.

6+5+1=12 tens.

Write 2 tens. Regroup 1 hundred.


Step 3: Add the hundreds.

1+1=2 hundreds.

168+  57225
So, 168+57=225.


Helpful tips


  	Always line up ones under ones, tens under tens, and hundreds under hundreds.

  	Start adding from the ones place.

  	If a place has 10 or more, regroup to the next place.

  	Check if the tens also need regrouping after you add the regrouped ten.




A place value way to think about it

Look again at 295+18:


  	295=2 hundreds, 9 tens, 5 ones

  	18=1 ten, 8 ones



Add the ones: 5+8=13 ones, which is 1 ten and 3 ones.

Now the tens are 9+1+1=11 tens, which is 1 hundred and 1 ten.

Now the hundreds are 2+1=3 hundreds.

That gives us 3 hundreds, 1 ten, and 3 ones, or 313.


Watch out for these mistakes


  	Forgetting to add the regrouped 1 to the tens place.

  	Writing 13 in the ones place instead of writing 3 and regrouping 1 ten.

  	Forgetting that the tens might also need regrouping.

  	Not lining up the digits by place value.




Let’s review the big idea

Sometimes one regrouping leads to another regrouping. The ones can make a new ten, and then the tens can make a new hundred.

If you go one place at a time and remember your regrouped numbers, you can solve these problems carefully and correctly.


  
  Put what you read to the test

  You've worked through Regrouping Across Multiple Places. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/229






  [image: 📝]   Lesson 21: Result, Change, and Start Unknown Word Problems

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/278




  Result, Change, and Start Unknown Word Problems


Word problems can tell addition stories in different ways. Sometimes we know the two parts and need the result. Sometimes we know the start and the result, and we need the change. Sometimes we know the change and the result, and we need the start.


In this lesson, you will learn how to spot each kind of problem and how to solve it step by step.


There are 3 main kinds of addition word problems:


	Result Unknown: We know the start and the change. We find the total.

Example form: A+B=?

	Change Unknown: We know the start and the total. We find how many more were added.

Example form: A+?=C

	Start Unknown: We know the change and the total. We find what number we started with.

Example form: ?+B=C




Let’s look at what these words mean.


	Start means how many there were in the beginning.

	Change means how many were added.

	Result means how many there are in all at the end.




A helpful way to think about it is:

Start + Change = Result

In math, that looks like:

Start+Change=Result


Step-by-step strategy


	Read the problem slowly.

	Ask: What do I know?

	Ask: What is missing?

	Write an equation with a box or question mark for the missing number.

	Solve.

	Check if your answer makes sense in the story.




1. Result Unknown Problems

In a result unknown problem, we know the start and the change. We need to find the total at the end.


These problems often ask:


	How many are there now?

	How many in all?

	How many altogether?




Worked Example 1

Lena had 7 stickers. Her friend gave her 5 more stickers. How many stickers does Lena have now?


Step 1: Find the start. Lena started with 7 stickers.

Step 2: Find the change. She got 5 more stickers.

Step 3: Find the result. That is the part we do not know.


Equation:

7+5=?


Solve:

7+5=12


Answer: Lena has 12 stickers now.


This is a result unknown problem because the total was missing.


2. Change Unknown Problems

In a change unknown problem, we know the start and the result. We need to find how many were added.


These problems often ask:


	How many more?

	How many were added?

	How many did she get?




Even though this is an addition story, we can use what we know about missing numbers to solve it.


Worked Example 2

Marcus had 9 toy cars. Then he got some more toy cars. Now he has 15 toy cars. How many toy cars did he get?


Step 1: Find the start. Marcus started with 9 toy cars.

Step 2: Find the result. He ended with 15 toy cars.

Step 3: Find the missing change.


Equation:

9+?=15


Think: What number goes with 9 to make 15?

We can count on:


	10, 11, 12, 13, 14, 15



That is 6 numbers.


So:

9+6=15


Answer: Marcus got 6 toy cars.


This is a change unknown problem because the amount added was missing.


3. Start Unknown Problems

In a start unknown problem, we know the change and the result. We need to find the beginning number.


These can feel a little trickier, but the same thinking helps.


These problems often ask:


	How many were there at first?

	How many did she start with?

	What was the beginning number?




Worked Example 3

Ava had some books. She got 8 more books. Now she has 14 books. How many books did Ava have at first?


Step 1: Find the change. Ava got 8 more books.

Step 2: Find the result. Now she has 14 books.

Step 3: Find the missing start.


Equation:

?+8=14


Think: What number goes with 8 to make 14?

We know:

6+8=14


Answer: Ava had 6 books at first.


This is a start unknown problem because the beginning number was missing.


Ways to solve missing-number addition problems

When the result is missing, you can add the two known numbers.

When the change or start is missing, you can:


	Count on

	Use a number line

	Think of a fact you know

	Use the related subtraction idea to check your answer




For example, in 9+?=15, you can think, “What goes from 9 to 15?”

Or you can check with subtraction:

15−9=6

So the missing number is 6.


Worked Example 4

There were some birds in a tree. Then 7 more birds landed in the tree. Now there are 18 birds in the tree. How many birds were in the tree at first?


Let’s find the parts of the story.


	Change: 7 more birds landed.

	Result: 18 birds are in the tree now.

	Start: We do not know.




Equation:

?+7=18


Think: What number plus 7 equals 18?

11+7=18


So the answer is 11.

Answer: There were 11 birds in the tree at first.


How to tell which kind of problem it is

You can ask yourself one simple question:

What is missing?


	If the total at the end is missing, it is result unknown.

	If the amount added is missing, it is change unknown.

	If the beginning amount is missing, it is start unknown.




Look at these forms again:


	Result Unknown: 8+4=?

	Change Unknown: 8+?=12

	Start Unknown: ?+4=12




All 3 are addition stories, but the missing number is in a different place each time.


Helpful clues in word problems

Words like more, got, added, and joined often tell you the story is about addition.


But do not just look for one word. Read the whole story and decide:


	What happened first?

	What was added?

	What is the final amount?




Check your answer

After you solve, put your answer back into the story.

For example, if the problem is:

?+8=14

and you say the answer is 6, then check:

6+8=14

It works, so the answer makes sense.


[image: 📋]   Summary


	Start + Change = Result

	Result unknown: Find the total. Example: A+B=?

	Change unknown: Find how many were added. Example: A+?=C

	Start unknown: Find the beginning number. Example: ?+B=C

	Always ask, What is missing?

	Write an equation to help solve the problem.

	Check that your answer fits the story.




You can solve these problems by reading carefully, finding the missing part, and using addition facts you know. With practice, you will get faster at seeing whether the missing number is the result, the change, or the start.


  
  Put what you read to the test

  You've worked through Result, Change, and Start Unknown Word Problems. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/230






  
    
  [image: 📖]   Chapter 3

  Subtractive Reasoning and Fluency
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  Subtraction as Removal and Difference


Subtraction helps us in two important ways. We can use subtraction when something is taken away, and we can also use subtraction to find how many more or how many fewer one number is than another.


In this lesson, you will learn to tell the difference between these two kinds of subtraction stories:


  	Removal (take-away): Start with an amount, then some are removed.

  	Difference (comparison): Compare two amounts to find how far apart they are.




Both kinds use subtraction, but the story tells us why we subtract.


1. Subtraction as Removal


Subtraction as removal means you start with a group, and then some are taken away. The amount becomes smaller.


Words that often show removal are:


  	took away

  	gave away

  	ate

  	left

  	removed

  	spent




For example, if you have 9 apples and eat 3 apples, you have fewer apples now. You can write:


9−3=6

This means 3 apples were removed from 9 apples, so 6 apples are left.


You can think of removal like this:


  	Start with the whole amount.

  	Take some away.

  	Find what is left.




2. Subtraction as Difference


Subtraction as difference means you compare two amounts. Nothing has to be taken away. You are finding how much more, how much fewer, or how far apart the numbers are.


Words that often show difference are:


  	how many more

  	how many fewer

  	how much greater

  	how much less

  	difference

  	compare




For example, Mia has 8 stickers and Ben has 5 stickers. No one is taking stickers away. We are comparing their amounts.


8−5=3

Mia has 3 more stickers than Ben. The difference between 8 and 5 is 3.


You can think of difference like this:


  	Look at the two amounts.

  	Find which number is greater.

  	Subtract to find how far apart they are.




3. How to Tell Which Kind of Subtraction to Use


Ask yourself these questions when you read a problem:


  	Did the story start with a number and then some were taken away? That is removal.

  	Does the story compare two groups? That is difference.




Here is a helpful way to remember:


  	Removal: “What is left?”

  	Difference: “How many more or fewer?”




4. Worked Examples


Example 1: Removal

Sara had 12 crayons. She gave away 4 crayons. How many crayons does she have now?


We started with 12 crayons, and 4 were taken away. This is removal.


12−4=8

Answer: Sara has 8 crayons left.


Example 2: Difference

Jay has 14 toy cars. Leo has 9 toy cars. How many more toy cars does Jay have than Leo?


Nothing is being taken away. We are comparing 14 and 9. This is difference.


14−9=5

Answer: Jay has 5 more toy cars than Leo.


Example 3: Removal with a Bigger Number

A class had 25 cupcakes. The students ate 7 cupcakes. How many cupcakes are left?


We start with 25 cupcakes, and 7 are removed. This is removal.


25−7=18

Answer: 18 cupcakes are left.


Example 4: Difference with a Bigger Number

A tree is 17 feet tall. A bush is 9 feet tall. How much taller is the tree than the bush?


We are comparing two heights. Nothing is taken away. This is difference.


17−9=8

Answer: The tree is 8 feet taller than the bush.


5. Same Subtraction Sentence, Different Meaning


Sometimes the same subtraction sentence can match two different kinds of stories.


Look at this subtraction sentence:


15−6=9

It can mean:


  	Removal: You had 15 cookies and ate 6. Now 9 are left.

  	Difference: One child has 15 marbles and another has 6 marbles. The difference is 9 marbles.




This shows that subtraction can be used in more than one way.


6. Helpful Strategies


These strategies can help you solve subtraction problems:


  	Use objects: Counters, blocks, or drawings can show what is taken away or compared.

  	Use a number line: You can count back for removal or count the space between numbers for difference.

  	Look for clue words: Words like “left” often mean removal. Words like “how many more” often mean difference.

  	Check the story: Make sure your answer matches what the problem is asking.




7. Let’s Compare the Two Ideas



  
    	Type
    	What it Means
    	Question to Ask
  

  
    	Removal
    	Something is taken away from a group.
    	How many are left?
  

  
    	Difference
    	Two amounts are compared.
    	How many more or fewer?
  




8. Quick Practice Thinking


Read each situation and think: removal or difference?


  	There were 18 birds in a tree. 5 flew away. Removal

  	Lena has 13 shells. Omar has 8 shells. Difference

  	A store had 20 balloons. It sold 6 balloons. Removal

  	A red ribbon is 11 inches long. A blue ribbon is 7 inches long. Difference




[image: 📋]   Summary


Subtraction can mean taking away or comparing two amounts. If something is removed from a group, use subtraction as removal. If you are finding how many more or fewer one amount is than another, use subtraction as difference.


When you read a word problem, think carefully about what is happening in the story. Ask, “Is something being taken away?” or “Am I comparing two amounts?” That will help you choose the right kind of subtraction.


  
  Put what you read to the test

  You've worked through Subtraction as Removal and Difference. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/231
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  Think-Addition to Subtract is a smart way to solve subtraction problems.
Sometimes subtraction can feel tricky. But if you know addition facts well, you can use addition to help you subtract.
When we think-addition to subtract, we ask a new question:
Instead of asking, "What is 14−8?", we ask, "8 plus what equals 14?"
This works because subtraction and addition are related. They are part of the same fact family.
For example:
8+6=14
So:
14−8=6
And also:
14−6=8
Introduction: Why this works
Subtraction can mean finding how many are left. It can also mean finding the missing part or the difference between two numbers.
When we use think-addition, we are finding the missing part.
If you know one part and the whole, you can ask:
"What number do I add to this part to make the whole?"
That missing number is the answer to the subtraction problem.
Main Teaching Point 1: Turn subtraction into a missing-addend problem
Look at the subtraction problem:
13−9
We can turn it into an addition problem:
9+□=13
Now we ask, "What goes in the box?"
Since:
9+4=13
we know:
13−9=4
Main Teaching Point 2: Use what you know about addition facts
If you know your addition facts, this strategy becomes fast and easy.
Here are some related facts:
	7+3=10, so 10−7=3
	6+5=11, so 11−6=5
	4+8=12, so 12−4=8

Each time, subtraction asks for the number that is missing in the addition sentence.
Main Teaching Point 3: Count up to find the missing number
If you do not know the addition fact right away, you can count up.
For example, to solve 15−12, ask:
"12 plus what equals 15?"
Count up from 12:
	13 is 1 more
	14 is 2 more
	15 is 3 more

So:
12+3=15
That means:
15−12=3
Main Teaching Point 4: This strategy is helpful when numbers are close together
Think-addition is especially helpful when the two numbers are close.
For example, in 16−13, the numbers are close together. It is easy to think:
"13 plus what equals 16?"
The answer is 3.
So:
16−13=3
Worked Example 1
Solve:
10−6
Step 1: Rewrite it as a missing-addition problem.
6+□=10
Step 2: Find the missing number.
6+4=10
Step 3: Write the subtraction answer.
10−6=4
Worked Example 2
Solve:
14−8
Step 1: Ask the addition question.
"8 plus what equals 14?"
Step 2: Use an addition fact.
8+6=14
Step 3: Write the answer.
14−8=6
Worked Example 3
Solve:
17−15
Step 1: Turn it into addition.
15+□=17
Step 2: Count up from 15.
	16 is 1 more
	17 is 2 more

So the missing number is 2.
Step 3: Write the subtraction sentence.
17−15=2
Worked Example 4
Solve:
21−18
Step 1: Ask:
"18 plus what equals 21?"
Step 2: Count up.
	19 is 1 more
	20 is 2 more
	21 is 3 more

So:
18+3=21
That means:
21−18=3
How to do think-addition to subtract
	Look at the subtraction problem.
	Start with the smaller number.
	Ask, "This number plus what equals the bigger number?"
	Use an addition fact or count up.
	The missing number is the subtraction answer.

Try to notice the pattern
In each problem, the answer tells how far apart the numbers are.
For example:
	11−9=2 because 9+2=11
	13−10=3 because 10+3=13
	18−14=4 because 14+4=18

The answer is the amount you need to add to get from the smaller number to the larger number.
When should I use this strategy?
Think-addition is a great choice when:
	you know the related addition fact
	the numbers are close together
	you want to solve the problem in your head

Be careful
Make sure you start with the smaller number when you think about the addition question.
For 14−8, ask:
"8 plus what equals 14?"
Do not ask:
"14 plus what equals 8?"
We add from the smaller part up to the whole.
Quick practice ideas
You can practice by turning subtraction into addition:
	12−7 becomes 7+□=12
	16−9 becomes 9+□=16
	19−17 becomes 17+□=19

[image: 📋]   Summary
Think-addition to subtract means using addition to find a subtraction answer.
You change a subtraction problem into a missing-addition problem. Then you find the number that makes the addition sentence true.
For example, if:
8+6=14
then:
14−8=6
This strategy helps you use what you already know about addition to become stronger at subtraction.


  
  Put what you read to the test

  You've worked through Think-Addition to Subtract. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/232






  [image: 📝]   Lesson 24: Constant Difference Strategy

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/281




  Constant Difference Strategy is a smart way to solve some subtraction problems more easily.


When we use this strategy, we change both numbers by the same amount. The difference stays the same, so the answer does not change.


This is helpful when one of the numbers is close to a friendly number like 10, 20, 50, 100, or 200.


For example, if you see 400−199, subtracting 199 can feel tricky. But 199 is very close to 200. So we can add 1 to both numbers:


400−199=401−200

Now the problem is easier, and the answer stays the same.


Why does this work?


Think about two kids standing on a number line. If both kids take the same number of steps to the right, the space between them stays the same.


Subtraction finds the distance between two numbers. If both numbers move the same amount, the distance does not change.


Here is the big idea:



  	Add the same number to both numbers, and the difference stays the same.

  	Subtract the same number from both numbers, and the difference stays the same.




We can show that idea like this:


a−b=(a+n)−(b+n)

and also


a−b=(a−n)−(b−n)

You do not need to memorize the letters. Just remember: move both numbers the same way.


When should you use the constant difference strategy?



  	When the second number is close to a friendly number.

  	When changing both numbers makes the subtraction easier to do in your head.

  	When you want to turn a hard problem into an easier, equal problem.




How to use it



  	Look at the subtraction problem.

  	Find a number that is close to a friendly number.

  	Change both numbers by the same amount.

  	Solve the new, easier problem.




Let’s try some examples.


Example 1: 52−19


The number 19 is close to 20. Add 1 to both numbers.


52−19=53−20

Now subtract:


53−20=33

So,


52−19=33

Why was this easier? Because subtracting 20 is simpler than subtracting 19.


Example 2: 84−27


The number 27 is close to 30. Add 3 to both numbers.


84−27=87−30

Now solve:


87−30=57

So,


84−27=57

Example 3: 300−98


The number 98 is close to 100. Add 2 to both numbers.


300−98=302−100

Now solve:


302−100=202

So,


300−98=202

Example 4: 725−399


The number 399 is close to 400. Add 1 to both numbers.


725−399=726−400

Now solve:


726−400=326

So,


725−399=326

You can also subtract the same amount from both numbers.


Sometimes that makes the problem easier too.


Look at 63−31. We can subtract 1 from both numbers:


63−31=62−30

Now it is easy to solve:


62−30=32

So,


63−31=32

Helpful tip: Try to make the second number a friendly number. That usually makes subtraction faster.


Watch out!



  	You must change both numbers.

  	You must change them by the same amount.

  	If you only change one number, the answer will change.




For example, this is not correct:


52−19≠52−20

If you change 19 to 20, you must also change 52 to 53:


52−19=53−20

Let’s think on a number line.


If the distance from 19 to 52 is 33, then the distance from 20 to 53 is also 33.


Both numbers moved 1 step to the right, so the distance stayed the same.


Try these in your head:



  	61−29=62−30=32

  	150−49=151−50=101

  	500−198=502−200=302




[image: 📋]   Summary


The constant difference strategy helps you solve subtraction problems by changing both numbers by the same amount.


This keeps the difference the same, but it can make the subtraction much easier.


When a number is close to a friendly number, try shifting both numbers and solving the new problem.


  
  Put what you read to the test

  You've worked through Constant Difference Strategy. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/233






  [image: 📝]   Lesson 25: Counting Up on an Open Number Line

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/282




  Counting Up on an Open Number Line is a smart way to subtract. Instead of taking away from a big number, we can start at the smaller number and count up to the bigger number.


This helps us find the difference between two numbers. The difference is how much more one number is than another number.


An open number line is a number line without every number written on it. We only write the numbers we need. Then we draw jumps to count up in parts.


When we count up, we usually make friendly jumps. Friendly jumps are easy jumps like:


	

1s



	

10s



	

100s






These jumps make subtraction easier and faster.


Here is the big idea:

To solve 45−32 by counting up, start at 32 and jump up to 45. Then add the jumps together.


How to count up on an open number line


	
Write the smaller number first. This is where you start.



	
Think of easy jumps to get closer to the bigger number.



	
Use jumps of 10 or 100 when you can.



	
Make a small jump at the end if needed.



	
Add all the jumps. The total is the difference.






Why this works

Subtraction can mean finding the distance between two numbers. On a number line, that distance is the amount you jump from the smaller number to the larger number.


So when we solve 54−38, we are really asking, “How far is it from 38 to 54?”


Worked Example 1

Solve 45−32


Start at 32. Count up to 45.


	
Jump 8 to get from 32 to 40



	
Jump 5 to get from 40 to 45






On the open number line, it looks like this:

32→40→45

Jumps: 8 and 5


Add the jumps:

8+5=13

So, 45−32=13


Worked Example 2

Solve 73−58


Start at 58. Count up to 73.


	
Jump 2 to get from 58 to 60



	
Jump 10 to get from 60 to 70



	
Jump 3 to get from 70 to 73






Open number line:

58→60→70→73

Jumps: 2, 10, 3


Add the jumps:

2+10+3=15

So, 73−58=15


Notice how we used a friendly number, 60, and then another friendly number, 70. That made the subtraction easier.


Worked Example 3

Solve 156−128


Start at 128. Count up to 156.


	
Jump 2 to get from 128 to 130



	
Jump 20 to get from 130 to 150



	
Jump 6 to get from 150 to 156






Open number line:

128→130→150→156

Jumps: 2, 20, 6


Add the jumps:

2+20+6=28

So, 156−128=28


Worked Example 4

Solve 402−187


Start at 187. Count up to 402.


	
Jump 3 to get from 187 to 190



	
Jump 10 to get from 190 to 200



	
Jump 200 to get from 200 to 400



	
Jump 2 to get from 400 to 402






Open number line:

187→190→200→400→402

Jumps: 3, 10, 200, 2


Add the jumps:

3+10+200+2=215

So, 402−187=215


In this example, we used friendly jumps of 10 and 100. That is very helpful when numbers are bigger.


Tips for choosing jumps


	
Try to jump to the next ten first, like from 58 to 60.



	
Then make bigger jumps by tens or hundreds.



	
Make one last small jump to land exactly on the bigger number.



	
You do not need to use the same jumps every time.






For example, to solve 45−32, one student might jump 8 and then 5. Another student might jump 10 and then jump back in their thinking, but using friendly jumps to tens is usually easiest on an open number line.


Check your thinking

After you add your jumps, ask yourself: “Does my answer make sense?”


For example, in 73−58, the numbers are close together. So the difference should not be very large. Our answer, 15, makes sense.


Common mistake to avoid

Do not start at the bigger number when using this method. For counting up, start at the smaller number and move up to the bigger number.


Also, make sure you add all the jumps. If you forget one jump, your answer will be too small.


Lets remember


	
Counting up is a subtraction strategy.



	
Start at the smaller number.



	
Jump up to the bigger number.



	
Use friendly numbers like tens and hundreds.



	
Add the jumps to find the difference.






[image: 📋]   Summary

Counting up on an open number line helps us subtract by finding the distance between two numbers. We start at the smaller number, make easy jumps to friendly numbers, and stop at the bigger number.


Then we add the jumps. That total is the answer to the subtraction problem.


  
  Put what you read to the test

  You've worked through Counting Up on an Open Number Line. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/234






  [image: 📝]   Lesson 26: Partial Differences Strategy

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/283




  Partial Differences Strategy is a way to subtract by working with one place value at a time.
Instead of doing all the subtraction at once, we break the numbers into hundreds, tens, and ones. Then we subtract each part and put the answers together.
This strategy helps us see what the numbers really mean. It helps us understand subtraction, not just memorize steps.
Let’s learn how it works.
What does partial differences mean?
A difference is the answer to a subtraction problem.
A partial difference is a smaller subtraction answer from just one place value. We find the hundreds difference, the tens difference, and the ones difference. Then we combine them.
For example, in 58−24:
	50−20=30
	8−4=4

Now add the partial differences:
30+4=34
So:
58−24=34
Steps for partial differences
	Line up the numbers by place value.
	Subtract the hundreds, tens, and ones.
	Write each partial difference.
	Add the partial differences together.

Example 1: A two-digit problem
Find 67−25.
First, break apart the numbers by place value:
	67=60+7
	25=20+5

Now subtract each part:
	Tens: 60−20=40
	Ones: 7−5=2

Add the partial differences:
40+2=42
So:
67−25=42
Example 2: A three-digit problem
Find 348−123.
Break apart by place value:
	Hundreds: 300−100=200
	Tens: 40−20=20
	Ones: 8−3=5

Add the partial differences:
200+20+5=225
So:
348−123=225
What if one place value is tricky?
Sometimes one part is harder to subtract. We can still think carefully about the place values.
Let’s look at a problem where the tens are tricky.
Example 3: Using a negative partial difference
Find 352−178.
Subtract by place value:
	Hundreds: 300−100=200
	Tens: 50−70=−20
	Ones: 2−8=−6

Now combine the partial differences:
200+(−20)+(−6)
200−20−6=174
So:
352−178=174
This may look different, but it still works. One place value can take away from another place value, and the total answer is correct.
If negative numbers feel new, you can think of it like this:
	Start with 200
	Take away 20, and you get 180
	Take away 6, and you get 174

Example 4: Another three-digit problem
Find 604−251.
Subtract by place value:
	Hundreds: 600−200=400
	Tens: 0−50=−50
	Ones: 4−1=3

Add the partial differences:
400+(−50)+3
400−50+3=353
So:
604−251=353
Why this strategy is helpful
	It helps you see the value of each digit.
	It helps you understand subtraction better.
	It is a good step toward faster subtraction later.
	It can make big numbers feel easier.

Tips to remember
	Always line up the ones, tens, and hundreds.
	Subtract each place value carefully.
	Add all the partial differences at the end.
	Check if your answer makes sense.

Quick check
Try these on your own:
	79−36
	456−214
	521−187

[image: 📋]   Summary
The partial differences strategy means subtracting by place value. We subtract the hundreds, tens, and ones separately, then combine the parts.
This strategy helps us understand what is happening in subtraction. When we work carefully with place value, we can solve both two-digit and three-digit subtraction problems.


  
  Put what you read to the test

  You've worked through Partial Differences Strategy. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/235






  [image: 📝]   Lesson 27: Standard Subtraction Algorithm without Decomposing

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/284




  Standard Subtraction Algorithm without Decomposing


Today we will learn how to subtract using the standard subtraction algorithm when we do not need to decompose.


This means we line up the numbers by place value, then subtract each column. We can do this when the digit on top is greater than or equal to the digit on the bottom in every column.


For example, in 75−23, the tens and ones are lined up like this:


75−23

The ones are lined up under the ones, and the tens are lined up under the tens. This helps us subtract correctly.


What does “without decomposing” mean?


Sometimes in subtraction, the top digit is smaller than the bottom digit in a column. Then we would need to regroup or decompose. But in this lesson, we are only working with problems where that does not happen.


That means:


	In the ones column, the top digit is the same as or bigger than the bottom digit.

	In the tens column, the top digit is the same as or bigger than the bottom digit.

	If there are hundreds, the same rule is true there too.




Steps for the standard subtraction algorithm



	Write the larger number on top.

	Write the smaller number under it.

	Line up the digits by place value: ones under ones, tens under tens, hundreds under hundreds.

	Start at the ones place.

	Subtract each column.

	Write each answer in the correct place.




Important idea: We always subtract straight down by place value.


We usually start with the ones, then move to the tens, then the hundreds.


Worked Example 1: Two-digit subtraction


Solve 64−42.


First, line up the digits by place value.


64−42

Now subtract the ones:

4−2=2


Next subtract the tens:

6−4=2


So the answer is:


64−4222

So, 64−42=22.


Worked Example 2: A zero in the ones place


Solve 90−50.


Line up the digits:


90−50

Subtract the ones:

0−0=0


Subtract the tens:

9−5=4


Write the answer:


90−5040

So, 90−50=40.


Worked Example 3: Three-digit subtraction


Solve 876−253.


Line up the hundreds, tens, and ones.


876−253

Start with the ones:

6−3=3


Next the tens:

7−5=2


Then the hundreds:

8−2=6


Write the answer:


876−253623

So, 876−253=623.


Worked Example 4: When digits are equal in a column


Solve 558−228.


Line up the digits carefully:


558−228

Subtract the ones:

8−8=0


Subtract the tens:

5−2=3


Subtract the hundreds:

5−2=3


Write the answer:


558−228330

So, 558−228=330.


How to know if you can use this method without decomposing


Look at each column before you start.



	If the top digit is bigger, you can subtract.

	If the top digit is the same, you can subtract.

	If the top digit is smaller, then that problem needs decomposing, so it is not the kind we are doing in this lesson.




For example:


	73−21: yes, because 3≥1 and 7≥2

	84−32: yes, because 4≥2 and 8≥3

	52−38: no for this lesson, because in the ones place, 2<8




Common mistakes to watch for



	Not lining up place values. Always put ones under ones and tens under tens.

	Subtracting the wrong way. In the standard algorithm, subtract the bottom digit from the top digit in each column.

	Forgetting a zero. If the answer in a column is 0, write it if it belongs in the answer, like in 330.




Helpful check


You can check your subtraction with addition. If your answer is correct, then:


difference + subtracted number = starting number


For Example 1, we found 64−42=22.

Check: 22+42=64


That means the subtraction is correct.


Let’s remember



	Write the numbers vertically.

	Line up place values.

	Start with the ones.

	Subtract each column straight down.

	This works when the top digit is greater than or equal to the bottom digit in every column.




[image: 📋]   Summary


The standard subtraction algorithm without decomposing is a way to subtract numbers by lining them up by place value and subtracting each column. You can use this method when the top digit in every column is the same as or greater than the bottom digit. Start with the ones place, move left, and write each answer digit in the correct place.


  
  Put what you read to the test

  You've worked through Standard Subtraction Algorithm without Decomposing. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/236






  [image: 📝]   Lesson 28: Standard Subtraction Algorithm with Decomposing
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  Standard Subtraction Algorithm with Decomposing


Sometimes in subtraction, the top digit is too small to subtract the bottom digit. When that happens, we use decomposing.


Decomposing means breaking apart a larger place value into smaller parts. For example, 1 ten can be broken into 10 ones. Also, 1 hundred can be broken into 10 tens.


This is what some people call “borrowing,” but in math we can think of it as unbundling a ten or a hundred.


We use the standard subtraction algorithm to subtract numbers by lining up place values:


  	ones under ones

  	tens under tens

  	hundreds under hundreds




Then we subtract from right to left: ones, tens, then hundreds.


Why do we decompose?

If there are not enough ones to subtract, we decompose 1 ten into 10 ones. If there are not enough tens to subtract, we decompose 1 hundred into 10 tens.


Here is the big idea:


  	
    1 ten = 10 ones
  

  	
    1 hundred = 10 tens
  




So the total amount does not change. We are only changing how the number is grouped.


For example:

52 means 5 tens and 2 ones.

We can decompose it into 4 tens and 12 ones. It is still 52.


52=5 tens 2 ones =4 tens 12 ones

Steps for the standard subtraction algorithm with decomposing


  	Write the numbers in a column. Line up ones, tens, and hundreds.

  	Start with the ones place.

  	If the top digit is smaller than the bottom digit, decompose from the place to the left.

  	Subtract the ones.

  	Move to the tens place and do the same thing.

  	If needed, decompose a hundred into 10 tens.

  	Keep going until all place values are subtracted.




Worked Example 1: Two-digit subtraction with no decomposing

Find 47−25.


47−25

Start with the ones:

7−5=2

Now subtract the tens:

4−2=2


47−2522

So, 47−25=22.


Worked Example 2: Two-digit subtraction with decomposing a ten

Find 52−38.


52−38

Start with the ones place.

We cannot do 2−8 because 2 ones is less than 8 ones.

So we decompose 1 ten from the 5 tens.

The 5 tens become 4 tens, and the 2 ones become 12 ones.


4  12−  3  8

Now subtract the ones:

12−8=4

Now subtract the tens:

4−3=1


4  12−  3  81  4

So, 52−38=14.


What happened?

We did not change 52 into a different number. We only regrouped it.

52=4 tens and 12 ones, so the subtraction still works correctly.


Worked Example 3: Three-digit subtraction with decomposing a hundred

Find 432−158.


432−158

Start with the ones place.

We cannot do 2−8, so decompose 1 ten.

The 3 tens become 2 tens, and the 2 ones become 12 ones.


4  2  12−1  5  8

Now subtract the ones:

12−8=4


Next, subtract the tens.

We cannot do 2−5, so decompose 1 hundred.

The 4 hundreds become 3 hundreds, and the 2 tens become 12 tens.


3  12  12−1  5  8

Now subtract the tens:

12−5=7

Now subtract the hundreds:

3−1=2


3  12  12−1  5  8274

So, 432−158=274.


Worked Example 4: Decomposing across a zero

Find 403−186.


403−186

Start with the ones place.

We cannot do 3−6, and there are 0 tens to decompose from.

So first decompose 1 hundred into 10 tens.

The 4 hundreds become 3 hundreds, and the 0 tens become 10 tens.


Now decompose 1 of those tens into 10 ones.

The 10 tens become 9 tens, and the 3 ones become 13 ones.


3  9  13−1  8  6

Now subtract the ones:

13−6=7

Subtract the tens:

9−8=1

Subtract the hundreds:

3−1=2


3  9  13−1  8  6217

So, 403−186=217.


Helpful reminders


  	Always line up place values correctly.

  	Start subtracting from the right.

  	If the top digit is smaller, decompose from the place to the left.

  	Remember: 1 ten = 10 ones.

  	Remember: 1 hundred = 10 tens.

  	Decomposing changes the grouping, not the value.




Common mistakes to watch for


  	Not lining up digits: ones must be under ones, tens under tens, hundreds under hundreds.

  	Forgetting to reduce the digit on the left: if you take 1 ten, the tens digit becomes 1 less.

  	Subtracting the smaller digit from the larger digit no matter what: always subtract top minus bottom after you decompose.

  	Forgetting zeros matter: if there is a 0, you may need to decompose from the next place value over.




Let’s say it another way

In 52−38, you need to subtract 8 ones, but you only have 2 ones.

So you unbundle 1 ten. Now you have 12 ones. Then you can subtract 8 ones.

This is why decomposing helps the subtraction make sense.


[image: 📋]   Summary

The standard subtraction algorithm helps us subtract larger numbers in order by place value.

When the top digit is too small, we decompose by unbundling a ten into 10 ones or a hundred into 10 tens.

Then we subtract from right to left carefully. If you line up place values and decompose correctly, you can solve many subtraction problems.


  
  Put what you read to the test

  You've worked through Standard Subtraction Algorithm with Decomposing. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/237






  [image: 📝]   Lesson 29: Decomposing Across Zero

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/286




  Decomposing Across Zero is a subtraction skill that helps when you need to subtract from a number like 300, 500, or 402.


Sometimes, the digit you want to subtract from is too small. Then you decompose, which means you break apart a larger place value to make more ones or tens.


The tricky part is when the next digit is 0. A zero means there are no tens or no ones to borrow from right away. So we must move left until we find a place that has something to give.


Let’s remember place value:


  	Ones are the last digit.

  	Tens are the middle digit.

  	Hundreds are the first digit in a 3-digit number.




For example, in 500:


  	5 hundreds

  	0 tens

  	0 ones




If you want to subtract ones from 500, you cannot take them from 0 ones. You also cannot borrow from 0 tens. So you go to the 5 hundreds first.


When you decompose across zero:


  	Start at the ones place.

  	If the top digit is too small, look to the left.

  	If that digit is 0, keep moving left until you find a digit greater than 0.

  	Take 1 from that place value.

  	Turn it into 10 of the next smaller place.

  	Keep going until you can subtract.




This may sound big, but let’s do it step by step.


Example 1: Subtracting from 300

Solve 300−4


Look at the ones place. You need to do 0−4, but you cannot do that.


Look at the tens place. It is 0 tens, so there is nothing to borrow there.


Look at the hundreds place. There are 3 hundreds, so we can decompose 1 hundred.


Take 1 hundred from 3 hundreds. Now there are 2 hundreds left. That 1 hundred becomes 10 tens.


But we still need ones, and the ones place is still 0. So take 1 ten from the 10 tens. Now there are 9 tens, and that 1 ten becomes 10 ones.


Now the number is really:

300=2 hundreds 9 tens 10 ones


Now subtract:


  	Ones: 10−4=6

  	Tens: 9−0=9

  	Hundreds: 2−0=2




So, 300−4=296


Example 2: A number with a zero in the tens place

Solve 402−7


Look at the ones place. You need to do 2−7, but 2 is too small.


Look at the tens place. It is 0, so you cannot borrow from there.


Look at the hundreds place. There are 4 hundreds, so decompose 1 hundred.


4 hundreds becomes 3 hundreds, and 1 hundred becomes 10 tens.


Now use 1 of those tens to help the ones place. 10 tens becomes 9 tens, and 1 ten becomes 10 ones.


Add those 10 ones to the 2 ones already there. Now there are 12 ones.


The number is now:

402=3 hundreds 9 tens 12 ones


Now subtract:


  	Ones: 12−7=5

  	Tens: 9−0=9

  	Hundreds: 3−0=3




So, 402−7=395


Example 3: Subtracting a 2-digit number across zero

Solve 500−26


Start with the ones place: 0−6 does not work.


Look at the tens place: it is 0, so keep moving left.


Look at the hundreds place: there are 5 hundreds. Decompose 1 hundred.


5 hundreds becomes 4 hundreds, and 1 hundred becomes 10 tens.


Now we still need ones. Take 1 ten from the 10 tens. Then there are 9 tens left, and 1 ten becomes 10 ones.


Now the number is:

500=4 hundreds 9 tens 10 ones


Subtract by place value:


  	Ones: 10−6=4

  	Tens: 9−2=7

  	Hundreds: 4−0=4




So, 500−26=474


Example 4: Watch the zeros carefully

Solve 600−58


Ones: 0−8 does not work.


Tens: 0, so there is nothing to borrow.


Hundreds: 6, so we decompose 1 hundred.


6 hundreds becomes 5 hundreds, and 1 hundred becomes 10 tens.


Take 1 ten from the 10 tens to make ones. Then there are 9 tens, and 10 ones.


Now subtract:


  	Ones: 10−8=2

  	Tens: 9−5=4

  	Hundreds: 5−0=5




So, 600−58=542


A helpful way to think about it

When you see a zero, think: “I need to go next door to the left.”


If that digit is also zero, think: “Keep going left until I find a digit that can help.”


Then trade:


  	1 hundred for 10 tens

  	1 ten for 10 ones




Common mistakes to avoid


  	Do not borrow from 0. Zero has nothing to give.

  	Do not forget to change every place value. If you take 1 hundred, the hundreds digit gets smaller by 1.

  	Do not stop too soon. If you need ones, you may have to decompose from hundreds to tens, and then tens to ones.




Quick check questions


  	For 200−3, do you borrow from the tens place first? No, because the tens digit is 0.

  	In 500−9, where do you go to find a digit that can help? The hundreds place.

  	If 1 hundred is decomposed, how many tens does it become? 10 tens.




[image: 📋]   Summary

Decomposing across zero means you move left past any zeros until you find a place value that has something to give.


Then you trade step by step until you have enough tens or ones to subtract. With careful place-value thinking, problems like 300−4 and 500−26 become much easier.


  
  Put what you read to the test

  You've worked through Decomposing Across Zero. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/238
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  Standard Algorithm for Three-Digit Subtraction


Today we will learn how to subtract 3-digit numbers using the standard algorithm. This means we line the numbers up by place value and subtract one place at a time.


When we subtract, we always start on the right. We subtract the ones first, then the tens, then the hundreds.


It is very important to line up the digits correctly:


	ones under ones

	tens under tens

	hundreds under hundreds




For example, in the number 472:


	4 means 4 hundreds

	7 means 7 tens

	2 means 2 ones




When the top digit is smaller than the bottom digit, we need to regroup. Regrouping means taking 1 ten and turning it into 10 ones, or taking 1 hundred and turning it into 10 tens.


Let’s learn the steps.



	Write the numbers vertically.

	Start with the ones.

	If the top digit is too small, regroup from the place to the left.

	Subtract the tens.

	Subtract the hundreds.

	Check that your answer makes sense.




Example 1: No regrouping

Let’s solve 584−231.


584−231

Start with the ones: 4−1=3.

Now the tens: 8−3=5.

Now the hundreds: 5−2=3.


584−231353

So, 584−231=353.


Example 2: Regroup in the ones place

Let’s solve 452−178.


452−178

Start with the ones: 2−8 does not work, because 2 is smaller than 8.

We regroup 1 ten from the 5 tens. The 5 tens become 4 tens. The 2 ones become 12 ones.


4 12452−178

Now subtract the ones: 12−8=4.

Subtract the tens: 4−7 does not work, so we regroup again.

Take 1 hundred from the 4 hundreds. Now there are 3 hundreds, and the 4 tens become 14 tens.

Now subtract the tens: 14−7=7.

Subtract the hundreds: 3−1=2.


452−178274

So, 452−178=274.


In this problem, we regrouped more than once. That is okay. We always regroup from the place just to the left.


Example 3: Regroup from hundreds to tens

Let’s solve 603−245.


603−245

Start with the ones: 3−5 does not work.

Look at the tens. There are 0 tens, so we cannot take 1 ten from there.

So first, regroup 1 hundred into 10 tens. The 6 hundreds become 5 hundreds, and the 0 tens become 10 tens.

Then regroup 1 ten into 10 ones. The 10 tens become 9 tens, and the 3 ones become 13 ones.


Now subtract the ones: 13−5=8.

Subtract the tens: 9−4=5.

Subtract the hundreds: 5−2=3.


603−245358

So, 603−245=358.


This is an important kind of problem. If there are 0 tens, you may need to regroup from the hundreds first.


Example 4: Another subtraction with regrouping

Let’s solve 700−463.


700−463

Start with the ones: 0−3 does not work.

There are 0 tens too, so first regroup 1 hundred into 10 tens. The 7 hundreds become 6 hundreds, and the 0 tens become 10 tens.

Now regroup 1 ten into 10 ones. The 10 tens become 9 tens, and the 0 ones become 10 ones.


Subtract the ones: 10−3=7.

Subtract the tens: 9−6=3.

Subtract the hundreds: 6−4=2.


700−463237

So, 700−463=237.


Helpful Tips


	Always line up hundreds, tens, and ones.

	Always start subtracting on the right.

	If the top digit is smaller, regroup from the place to the left.

	If there is a 0, you may need to regroup more than once.

	Work carefully, one place at a time.




How to Check Your Work

You can check subtraction with addition. Add your answer and the number you subtracted.

For example, in 584−231=353, check by adding:


353+231=584

If the sum matches the top number, your subtraction is correct.


Let’s Remember

The standard algorithm for 3-digit subtraction helps us subtract large numbers in an organized way. We line up place values, subtract from right to left, and regroup when needed.


With practice, you will get faster and more confident. Take your time, follow the steps, and remember that regrouping means trading 1 hundred for 10 tens or 1 ten for 10 ones.


  
  Put what you read to the test

  You've worked through Standard Algorithm for Three-Digit Subtraction. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/149






  [image: 📝]   Lesson 31: Inverse Relationship of Addition and Subtraction

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/287




  Inverse Relationship of Addition and Subtraction


Today we will learn how addition and subtraction are opposites. This is called an inverse relationship.


When we add, we put numbers together. When we subtract, we take away or find what is missing. Because these two operations are opposites, we can use addition to check subtraction, and we can use subtraction to check addition.


This is very helpful when you want to make sure your answer is correct.


What does inverse mean?


Inverse means opposite. Addition and subtraction work together like a team.


Look at these two number sentences:


7+5=12

12−5=7

These two equations are connected. They use the same three numbers: 7, 5, and 12.


If you know one fact, you can use it to find another fact. This is called a fact family.


Fact families


A fact family is a group of math facts that use the same three numbers.


For example, the numbers 4, 6, and 10 make this fact family:



	4+6=10

	6+4=10

	10−4=6

	10−6=4




The addition facts and subtraction facts belong together because addition and subtraction are inverses.


How to check subtraction with addition


When you subtract, you start with a whole amount. Then you take some away. The answer tells how many are left.


To check your subtraction answer, add the answer and the number you took away. If the sum matches the starting number, your subtraction is correct.


Here is the pattern:


whole−part=other part

Check it with addition:


other part+part=whole

Example pattern:


15−8=7

Check:


7+8=15

Since the addition gives us 15, the subtraction is correct.


Think of subtraction as a missing-addend problem


Sometimes subtraction asks, “What number do I add to get the total?”


For example:


13−9=?

You can think:


“9+?=13”


The missing number is 4, so:


13−9=4

This shows again that subtraction and addition are opposites.


Worked Example 1


Solve:


9−3=?

Take 3 away from 9:


9−3=6

Now check with addition:


6+3=9

The check is correct, so the subtraction answer is correct.


Worked Example 2


Solve:


14−8=?

Think: “What number plus 8 equals 14?”


6+8=14

So:


14−8=6

Check:


6+8=14

The subtraction is correct.


Worked Example 3


Solve:


25−17=?

Subtract to find the difference:


25−17=8

Now check with inverse addition:


8+17=25

Since the sum is 25, the subtraction answer is correct.


Worked Example 4


A student solved this problem:


31−12=17

Is the answer correct? Let’s check with addition.


17+12=29

But the starting number was 31, not 29.


So 31−12=17 is not correct.


Let’s find the correct answer:


31−12=19

Check:


19+12=31

Now it is correct.


Steps to use inverse addition to check subtraction



	Solve the subtraction problem.

	Take your answer.

	Add it to the number that was subtracted.

	See if the sum matches the starting number.




Example:



	18−7=11

	Take the answer: 11

	Add it to 7: 11+7=18

	The sum matches 18, so the subtraction is correct.




Why this matters


Using inverse operations helps you:



	check your work

	find mistakes

	understand how numbers are connected

	learn fact families




It also helps with bigger subtraction problems, because you do not have to guess if your answer is right. You can prove it by using addition.


Quick practice to think about



	16−9=7 because 7+9=16

	20−5=15 because 15+5=20

	42−18=24 because 24+18=42




[image: 📋]   Summary


Addition and subtraction are inverse operations, which means they are opposites. If you solve a subtraction problem, you can check it by adding the answer to the number you took away.


When the addition equation gives the starting number, your subtraction is correct. This is how fact families help us understand and prove our answers.


  
  Put what you read to the test

  You've worked through Inverse Relationship of Addition and Subtraction. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/239
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  Take-From and Compare Word Problems are two common kinds of subtraction stories. In this lesson, you will learn how to tell them apart and how to solve them step by step.


Subtraction does not only mean taking away. Sometimes subtraction means finding how many are left, and sometimes it means finding the difference between two amounts.


That is why some word problems sound different, even though they both use subtraction.


There are 2 main kinds to learn:


  	Take-From problems: something is taken away from a group.

  	Compare problems: two groups are compared to find how many more or how many fewer.




Let’s learn each kind.


1. Take-From Problems

In a take-from problem, you start with some amount. Then some are taken away. You need to find how many are left.


These word clues often mean a take-from problem:


  	left

  	remain

  	gave away

  	lost

  	spent

  	ate

  	flew away

  	took away




The math model for a take-from problem is:

start−taken away=left


Example 1: Take-From

Lena had 14 stickers. She gave away 5 stickers. How many stickers does she have left?


Step 1: Find the starting amount. Lena had 14 stickers.

Step 2: Find how many were taken away. She gave away 5 stickers.

Step 3: Subtract.

14−5=9

Answer: Lena has 9 stickers left.


2. Compare Problems

In a compare problem, nothing has to be taken away from a group. Instead, you look at two amounts and find the difference between them.


These word clues often mean a compare problem:


  	how many more

  	how many fewer

  	how many less

  	what is the difference

  	compare




The math model for a compare problem is:

larger amount−smaller amount=difference


Important: In compare problems, the answer tells how much bigger one amount is than the other.


Example 2: Compare with “how many more”

Ben has 12 marbles. Ava has 7 marbles. How many more marbles does Ben have than Ava?


Step 1: Find the two amounts: 12 and 7.

Step 2: Find the larger amount: 12.

Step 3: Subtract the smaller amount from the larger amount.

12−7=5

Answer: Ben has 5 more marbles than Ava.


Example 3: Compare with “how many fewer”

A class read 18 books in September and 11 books in October. How many fewer books did the class read in October than in September?


Step 1: Find the two amounts: 18 and 11.

Step 2: Find the larger amount: 18.

Step 3: Subtract.

18−11=7

Answer: The class read 7 fewer books in October than in September.


Notice something important: even when the question says how many fewer, you still subtract the smaller number from the larger number to find the difference.


How to Tell the Difference

Ask yourself these questions when you read a word problem:


  	Did the story start with one group and then some were taken away?
If yes, it is probably a take-from problem.

  	Does the story tell about two groups and ask how many more or fewer?
If yes, it is probably a compare problem.




Look at these examples:


  	Take-From: Mia had 20 crayons. She lost 3 crayons. How many crayons are left?

  	Compare: Mia has 20 crayons. Noah has 3 crayons. How many more crayons does Mia have than Noah?




Both problems use subtraction, but they tell different kinds of stories.


A Helpful Strategy: Circle the Important Words

When you solve a word problem, look for clue words and the numbers. You can ask:


  	What amount do I start with?

  	Is something taken away?

  	Am I comparing two groups?

  	What is the question asking me to find?




Example 4: A harder problem

There were 35 birds in a tree. Then 17 birds flew away. Later, Maya saw 9 birds in another tree. How many more birds were in the first tree at the start than in the other tree?


This problem has extra information, so let’s read carefully.


The question asks: How many more birds were in the first tree at the start than in the other tree?

So we compare:


  	the first tree at the start: 35 birds

  	the other tree: 9 birds




We do not use 17, because the question is about the first tree at the start.


Now subtract:

35−9=26

Answer: There were 26 more birds in the first tree at the start.


Watch Out for These Mistakes


  	Mistake 1: Using addition when the question asks how many more or how many fewer.
Remember: these questions usually ask for the difference, so use subtraction.

  	Mistake 2: Subtracting in the wrong order.
To find a difference, subtract the smaller number from the larger number.

  	Mistake 3: Using numbers that do not answer the question.
Sometimes a problem has extra information. Read the question again before solving.




Try These Steps Every Time


  	Read the whole problem slowly.

  	Find the numbers.

  	Look for clue words like left, gave away, how many more, or how many fewer.

  	Decide: take-from or compare?

  	Write a subtraction equation.

  	Solve.

  	Write the answer with words.




Let’s Compare the Two Types Side by Side


  	Take-From: Start with one amount, subtract what is taken away, find what is left.
Example: 16−4=12

  	Compare: Look at two amounts, subtract to find the difference.
Example: 16−4=12




Even if the equation looks the same, the story meaning is different.


Quick Practice Thinking


  	“Sofia had 10 apples. She ate 2.”
This is take-from because apples were taken away.

  	“Sofia has 10 apples. Jay has 2 apples.”
This is compare because we are comparing two groups.




[image: 📋]   Summary

Take-from problems happen when something is removed from a group. Compare problems happen when you look at two groups and find how many more or how many fewer.


When you see words like left or gave away, think take-from. When you see words like how many more or how many fewer, think compare.


Both kinds of problems often use subtraction. The most important job is to understand what the story is asking.


  
  Put what you read to the test

  You've worked through Take-From and Compare Word Problems. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/240






  
    
  [image: 📖]   Chapter 4

  Multiplicative Reasoning and Fluency
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  Multiplication as Equal Groups


Sometimes we need to count many things quickly. If the things are in equal groups, we can use multiplication instead of counting one by one.


Equal groups means each group has the same number of items. When groups are equal, multiplication helps us find the total.


For example, if there are 3 bags and each bag has 4 apples, we can count by ones: 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12. But multiplication is faster.


We can say:


There are 3 groups of 4.


That is written as 3×4.


This means:


3×4=12

So, 3 groups of 4 equals 12.


When we multiply equal groups, we are finding the total number of items.


How to think about multiplication as equal groups



  	The first number tells how many groups there are.

  	The second number tells how many items are in each group.

  	The answer tells how many items there are altogether.




So in 5×2:



  	5 = number of groups

  	2 = number in each group

  	10 = total




We can also show multiplication with repeated addition. Repeated addition means adding the same number again and again.


For example:


4×3=3+3+3+3=12

This means 4 groups of 3.


Important idea: the groups must be equal. If one group has 2 items and another has 5 items, those are not equal groups, so that is not a multiplication equal-groups model.


Let’s build the idea step by step.


If you see 2 plates with 5 cookies on each plate, you have 2 equal groups of 5.


You can write:


2×5=10

You can also count by fives: 5, 10.


If you see 4 boxes with 2 crayons in each box, you have 4 equal groups of 2.


You can write:


4×2=8

You can also count by twos: 2, 4, 6, 8.


Worked Example 1


There are 3 baskets. Each basket has 2 pears. How many pears are there in all?


Step 1: Find the number of groups.


There are 3 baskets, so there are 3 groups.


Step 2: Find how many are in each group.


Each basket has 2 pears.


Step 3: Write the multiplication sentence.


3×2


Step 4: Find the total.


3×2=6

Answer: There are 6 pears.


Worked Example 2


There are 5 jars. Each jar has 3 marbles. How many marbles are there in all?


Step 1: Number of groups = 5


Step 2: Number in each group = 3


Step 3: Write the multiplication sentence.


5×3


Step 4: Use repeated addition or skip-counting.


3+3+3+3+3=15

So,


5×3=15

Answer: There are 15 marbles.


Worked Example 3


A teacher puts 4 pencils on each table. There are 6 tables. How many pencils are there altogether?


Step 1: Number of groups = 6 tables


Step 2: Number in each group = 4 pencils


Step 3: Write the multiplication sentence.


6×4


Step 4: Skip-count by 4 six times.


4, 8, 12, 16, 20, 24


So,


6×4=24

Answer: There are 24 pencils.


Worked Example 4


Sam says, “3×5 means 3 groups of 5.” Is Sam correct? How many items are there in all?


Yes, Sam is correct.


3×5 means:



  	3 groups

  	5 items in each group




Add the groups:


5+5+5=15

So,


3×5=15

Answer: Sam is correct, and there are 15 items in all.


How to spot equal groups in a word problem


Look for words and ideas like these:



  	each

  	every

  	same number

  	groups of

  	bags, boxes, baskets, plates, jars, rows, tables




These clues often tell you that multiplication can help.


Example clues:



  	4 bags with 6 oranges in each bag

  	2 rows of 7 chairs

  	8 boxes with 3 toys in each box




Each of these has equal groups.


A helpful way to solve



  	Find how many groups there are.

  	Find how many items are in each group.

  	Write a multiplication sentence.

  	Find the total by skip-counting or repeated addition.




Be careful!



  	Do not just count random objects. Make sure the groups are equal.

  	The total is not one of the numbers you multiply. The total is the answer.

  	If there are 4 groups of 3, write 4×3, not just 4 + 3.




Try thinking about these:



  	7 groups of 2 means 7×2

  	2 groups of 7 means 2×7




Both are multiplication sentences about equal groups. They may describe different group stories, but both can help find a total.


[image: 📋]   Summary


Multiplication helps us count equal groups quickly. The first number tells how many groups there are, and the second number tells how many items are in each group.


You can solve multiplication equal-group problems by using repeated addition or skip-counting. When you see the same number in each group, multiplication is a smart way to find the total.


  
  Put what you read to the test

  You've worked through Multiplication as Equal Groups. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/241
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  Multiplication as Repeated Addition


Sometimes in math, we need to add the same number again and again. Doing that with a long addition sentence can take time.


Multiplication gives us a faster way to show repeated addition. It helps us count equal groups more easily.


For example, if you have 4 groups with 5 stars in each group, you could add:


5+5+5+5=20


We can write that with multiplication as:


4×5=20


This means 4 groups of 5.


What multiplication means


In a multiplication sentence like 3×4, the first number tells how many groups there are. The second number tells how many are in each group.


So 3×4 means 3 groups of 4.


The repeated addition sentence is:


4+4+4=12


So,


3×4=4+4+4=12


How to turn multiplication into repeated addition



  	Look at the first number. That tells how many groups to make.


  	Look at the second number. That tells how many are in each group.


  	Write the second number again and again for the number of groups.


  	Add to find the total.





Example: 2×6



  	2 groups


  	6 in each group


  	Repeated addition: 6+6


  	Total: 12





So, 2×6=6+6=12.


Equal groups are important


We use multiplication when the groups are equal. That means each group has the same number.


If one group has 3 apples and another group has 5 apples, that is not multiplication as repeated addition, because the groups are not equal.


If 3 baskets each have 5 apples, that is multiplication, because the groups are equal.


Worked Example 1


Write 3×2 as repeated addition and find the answer.


Step 1: The first number is 3, so there are 3 groups.


Step 2: The second number is 2, so each group has 2.


Step 3: Write repeated addition.


2+2+2


Step 4: Add.


2+2+2=6


So, 3×2=6.


Worked Example 2


Write 5×3 as repeated addition and find the answer.


There are 5 groups of 3, so we add 3 five times:


3+3+3+3+3=15


So, 5×3=15.


Worked Example 3


There are 4 bags. Each bag has 6 marbles. How many marbles are there in all?


This means 4 equal groups of 6.


Multiplication sentence:


4×6


Repeated addition sentence:


6+6+6+6=24


So there are 24 marbles in all.


Worked Example 4


Write the repeated addition for 6×4, then solve.


6×4 means 6 groups of 4.


So we write 4 six times:


4+4+4+4+4+4=24


So, 6×4=24.


A helpful way to think about it


You can say a multiplication fact as groups of.



  	2×5 = 2 groups of 5 = 5+5


  	4×3 = 4 groups of 3 = 3+3+3+3


  	1×7 = 1 group of 7 = 7





Be careful



  	Do not add different numbers. Repeated addition uses the same number each time.


  	Count the number of groups carefully.


  	Make sure each group has the same amount.





Let’s compare


Look at 4×5.


It means 4 groups of 5, so the repeated addition is:


5+5+5+5


That equals 20.


4×5=5+5+5+5=20


This is much faster than thinking of 20 one by one. Multiplication helps us add equal groups quickly.


[image: 📋]   Summary


Multiplication is a quick way to show repeated addition.


In a×b, the first number tells how many groups there are, and the second number tells how many are in each group.


To solve, write the second number again and again for the number of groups, then add.


When groups are equal, repeated addition can help you understand and solve multiplication problems.


  
  Put what you read to the test

  You've worked through Multiplication as Repeated Addition. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/242
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  Arrays and the Area Model


Multiplication helps us count things faster when they are arranged in equal groups. One helpful way to see multiplication is with arrays.


An array is a set of objects arranged in rows and columns. Rows go across. Columns go up and down.


Arrays help us see multiplication clearly. They also help us understand the area model, which shows multiplication using a rectangle.


Let’s learn how arrays and the area model work.


1. What is an array?


If objects are lined up in equal rows, they make an array. Each row has the same number of objects.


For example, imagine 3 rows of 4 stars:
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This array has:


  	3 rows

  	4 columns




We can write this as:

3×4=12


That means 3 rows of 4 make 12 in all.


We can also think about the same array as 4 columns of 3:

4×3=12


The total stays the same. So arrays show us that when we turn the rows and columns, the product does not change.


2. Rows and columns


It is important to know the difference between rows and columns.


  	Rows go across.

  	Columns go up and down.




Look at this array:
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This array has 4 rows and 3 columns.


So we can write:

4×3=12


We can count by rows or by columns. Either way, there are 12 objects.


3. Arrays show equal groups


An array is another way to show equal groups. Instead of drawing circles with groups inside, we line the objects up in rows and columns.


For example, 2 rows of 5 dots means 2 equal groups of 5.

That is:

2×5=10


Arrays help us count quickly because the objects are organized.


4. What is the area model?


The area model uses a rectangle to show multiplication. We split the rectangle into rows and columns, just like an array.


If a rectangle has 3 rows and 4 columns of square units, it matches the multiplication:

3×4=12


We can show it like this:
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There are 12 square units inside the rectangle. That is the area model.


The area model helps us see that multiplication can describe the space inside a rectangle made of equal squares.


5. Arrays and the area model are connected


An array and the area model are very similar. Both use rows and columns. Both help us multiply.



  	An array can use objects like dots, stars, or counters.

  	An area model uses a rectangle filled with square units.




Both can show the same multiplication sentence.


For example:

5×2=10


This can mean:


  	5 rows of 2 objects in an array, or

  	a rectangle with 5 rows and 2 columns of square units in an area model.




6. Breaking apart arrays


Sometimes a bigger array can be broken into smaller parts. This helps make multiplication easier.


For example, suppose we want to find:

4×6


We can break 6 into 3 and 3.

Then we think:

4×6=4×3+4×3


Now solve each smaller part:

4×3=12

4×3=12


Add them together:

12+12=24


So:

4×6=24


This works with the area model too. We can split one big rectangle into two smaller rectangles.


Worked Example 1


Find the total in an array with 3 rows of 2.


Step 1: Write the multiplication sentence.

3×2


Step 2: Count by rows.

2, 4, 6


Step 3: Write the answer.

3×2=6


So an array with 3 rows of 2 has 6 objects.


Worked Example 2


A rectangle has 2 rows and 7 columns of square units. What is the total number of square units?


Step 1: Write the multiplication sentence.

2×7


Step 2: Multiply or skip count.

7, 14


Step 3: Write the answer.

2×7=14


The rectangle has 14 square units.


Worked Example 3


Look at an array with 5 rows of 4. How many objects are there?


Step 1: Write the multiplication sentence.

5×4


Step 2: Skip count by 4 five times.

4, 8, 12, 16, 20


Step 3: Write the answer.

5×4=20


There are 20 objects in the array.


Worked Example 4


Use breaking apart to solve 3×8.


Step 1: Break 8 into 5 and 3.


Step 2: Write two smaller multiplication facts.

3×8=3×5+3×3


Step 3: Solve each part.

3×5=15

3×3=9


Step 4: Add the parts.

15+9=24


So:

3×8=24


Helpful tips


  	Count rows across and columns up and down.

  	Make sure each row has the same number of objects.

  	Use skip counting to find the total.

  	If a multiplication fact feels hard, break the array into smaller parts.

  	An array of objects and a rectangle of square units can show the same multiplication.




Let’s practice thinking


  	If there are 4 rows of 5, think: 4×5.

  	If there are 6 columns and 2 rows, think: 2×6.

  	If a rectangle is split into smaller rectangles, add the parts to find the whole.




[image: 📋]   Summary


Arrays are arrangements of objects in equal rows and columns. They help us see multiplication as equal groups.


The area model uses a rectangle made of square units to show the same idea. Both arrays and area models help us count, multiply, and break apart bigger problems into smaller ones.


When you see rows and columns, you can think multiplication.


  
  Put what you read to the test

  You've worked through Arrays and the Area Model. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/243
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  Commutative Property of Multiplication


Today we will learn an important multiplication idea: changing the order of the factors does not change the total.


This is called the Commutative Property of Multiplication. That is a big name, but the idea is simple:


4×3=3×4


Both multiplication sentences have the same total, even though the numbers switch places.


We can understand this by thinking about equal groups and arrays.


Equal groups means the same number in each group. For example, 4×3 means 4 groups of 3.


We can also show multiplication with an array. An array is a set of objects arranged in rows and columns.


For 4×3, we can think of 4 rows with 3 in each row:


∙∙∙∙∙∙∙∙∙∙∙∙


This array has 4 rows and 3 columns. There are 12 dots altogether.


Now imagine turning, or rotating, the array 90 degrees. The rows and columns switch jobs.


After the turn, we see 3 rows with 4 in each row:


∙∙∙∙∙∙∙∙∙∙∙∙


Now the multiplication sentence is 3×4. But the total number of dots is still 12.


So we can say:


4×3=3×4=12


The array changed its direction, but it did not change how many objects there were.


This is why the commutative property works. The factors can switch places, and the product stays the same.


Main idea:


  	In multiplication, the numbers being multiplied are called factors.

  	The answer is called the product.

  	When we switch the factors, the product stays the same.




In math, we can write the rule like this:


a×b=b×a


This just means any two factors can switch places.


Why arrays help


Arrays make multiplication easy to see. One way shows rows. Another way shows columns. But both ways count the same total objects.


If an array has 2 rows and 5 columns, it has 10 objects. If you turn it, it becomes 5 rows and 2 columns. It still has 10 objects.


So:


2×5=5×2


Worked Example 1


Show that 2×4 and 4×2 are equal.


Start with 2 rows of 4:


∙∙∙∙∙∙∙∙


Count the dots: there are 8.


Rotate the array. Now we see 4 rows of 2:


∙∙∙∙∙∙∙∙


Count again: there are still 8.


So:


2×4=4×2=8


Worked Example 2


Show that 5×3 and 3×5 are equal.


5×3 means 5 groups of 3. That is:


3+3+3+3+3=15


3×5 means 3 groups of 5. That is:


5+5+5=15


Both have the same total, so:


5×3=3×5


Worked Example 3


A student says, “6×2 is not the same as 2×6 because the numbers are in a different order.” Is the student correct?


No, the student is not correct.


Let’s check:


6×2=12


and


2×6=12


They are equal. The order changed, but the product stayed the same.


You can picture 6 rows of 2 or 2 rows of 6. When the array is turned, the total number of objects stays 12.


Worked Example 4


Complete the sentence:


7×4=□×7


Use the commutative property. Switch the factors.


7×4=4×7


So the missing number is 4.


Things to remember


  	Multiplication can be shown with equal groups.

  	Multiplication can be shown with arrays.

  	Turning an array 90 degrees changes rows into columns.

  	The total number of objects stays the same.

  	So the order of factors does not change the product.




Helpful math facts


  	1×8=8×1=8

  	3×6=6×3=18

  	4×5=5×4=20

  	9×2=2×9=18




Learning one fact can help you know another fact. If you know 3×7=21, then you also know 7×3=21.


Brief Summary


The Commutative Property of Multiplication means you can switch the order of the factors, and the product stays the same.


Arrays help prove this. When you rotate an array 90 degrees, the rows and columns switch, but the total number of objects does not change.


That is why multiplication facts like 4×3 and 3×4 are equal.


  
  Put what you read to the test

  You've worked through Commutative Property of Multiplication. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/244
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  Zero and Identity Properties help us multiply faster and understand what multiplication means.


In this lesson, we will learn two important rules:


  	Identity Property of Multiplication: multiplying by 1 keeps the number the same.

  	Zero Property of Multiplication: multiplying by 0 always gives 0.




These rules are very useful when solving multiplication problems.


First, let’s remember what multiplication means.


Multiplication means equal groups. For example, 3×4 means 3 groups of 4.


If we draw it, it looks like this:


3×4=4+4+4=12

Now let’s use that idea to understand the two properties.


1. Identity Property of Multiplication


When we multiply any number by 1, the answer stays the same.


7×1=7

1×7=7

This is called the Identity Property because the number keeps its identity. It does not change.


Why does this happen?


Think about 5×1. This means 5 groups of 1.


5×1=1+1+1+1+1=5

Now think about 1×5. This means 1 group of 5.


1×5=5

In both cases, the total is still 5.


Here are more examples of the Identity Property:


  	9×1=9

  	1×9=9

  	12×1=12

  	1×12=12




Easy way to remember: multiplying by 1 means the number stays the same.


2. Zero Property of Multiplication


When we multiply any number by 0, the answer is always 0.


8×0=0

0×8=0

This is called the Zero Property of multiplication.


Why does this happen?


Think about 4×0. This means 4 groups of 0.


Each group has nothing in it, so the total is nothing.


4×0=0+0+0+0=0

Now think about 0×4. This means 0 groups of 4.


If there are no groups at all, there is still nothing to count.


0×4=0

Here are more examples of the Zero Property:


  	6×0=0

  	0×6=0

  	15×0=0

  	0×15=0




Easy way to remember: multiplying by 0 always gives 0.


Let’s compare the two properties.



  	Multiply by 1 [image: →] the number stays the same.

  	Multiply by 0 [image: →] the answer is always 0.




Look at these side by side:


6×1=6

6×0=0

The factor 6 is the same in both problems, but multiplying by 1 and multiplying by 0 give very different answers.


Worked Example 1


Solve: 9×1


We are multiplying by 1, so we use the Identity Property.


9×1=9

Answer: 9


Worked Example 2


Solve: 7×0


We are multiplying by 0, so we use the Zero Property.


7×0=0

Answer: 0


Worked Example 3


Solve: 1×12


This means 1 group of 12. One group of 12 is just 12.


1×12=12

Answer: 12


Worked Example 4


Solve: 0×10


This means 0 groups of 10. No groups means nothing to count.


0×10=0

Answer: 0


How to tell which property to use



  	Look at the multiplication problem.

  	If one factor is 1, use the Identity Property.

  	If one factor is 0, use the Zero Property.




Examples:


  	13×1 [image: →] Identity Property [image: →] answer is 13

  	13×0 [image: →] Zero Property [image: →] answer is 0

  	1×3 [image: →] Identity Property [image: →] answer is 3

  	0×3 [image: →] Zero Property [image: →] answer is 0




Be careful!


Sometimes students mix up the two properties.



  	4×1 is not 0. It is 4.

  	4×0 is not 4. It is 0.




A good memory trick is:


  	1 keeps the number alive.

  	0 makes the total zero.




Let’s practice thinking about groups.



  	3×1: 3 groups of 1 = 3

  	1×3: 1 group of 3 = 3

  	3×0: 3 groups of 0 = 0

  	0×3: 0 groups of 3 = 0




[image: 📋]   Summary



  	The Identity Property says multiplying by 1 keeps the number the same.

  	The Zero Property says multiplying by 0 always gives 0.

  	These rules work no matter which side the 1 or 0 is on.




So remember:


a×1=a

1×a=a

a×0=0

0×a=0

When you see a multiplication problem with 1 or 0, you can solve it quickly by using these properties.


  
  Put what you read to the test

  You've worked through Zero and Identity Properties. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/245
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  Multiplicative Comparison means comparing two amounts by telling how many times bigger one amount is than another amount.


For example, if Mia has 3 stickers and Jay has 9 stickers, we can say: Jay has 3 times as many stickers as Mia.


This is different from saying 6 more stickers. In 3rd Grade, it is very important to notice the difference between adding and multiplying when we compare amounts.


Additive comparison tells how many more or fewer.


	Example: 9 is 6 more than 3.




Multiplicative comparison tells how many times as many or as many times bigger.


	Example: 9 is 3 times as many as 3.




Both comparisons can be true for the same numbers, but they mean different things.


Let’s look at the numbers 4 and 12.


	12 is 8 more than 4.

	12 is 3 times as many as 4.




When you see words like times as many, times as much, or as many times, you should think about multiplication.


When you see words like more than or fewer than, you should think about addition or subtraction.


A helpful way to think about multiplicative comparison:

If one group has 3 objects, and another group has 4 times as many, then we need 4 groups of 3.

That means:

4×3=12


So, 12 is 4 times as many as 3.


Use equal groups to help.

If Ben has 2 toy cars and Ava has 5 times as many, picture 5 equal groups of 2.

That is:

5×2=10

Ava has 10 toy cars.


Worked Example 1

Lena has 4 crayons. Max has 3 times as many crayons as Lena. How many crayons does Max have?

Step 1: Find the smaller amount: 4.

Step 2: Multiply by 3 because Max has 3 times as many.

3×4=12

Answer: Max has 12 crayons.


Worked Example 2

Noah has 5 shells. Emma has 15 shells. How can we compare Emma’s shells to Noah’s shells?

We ask: how many times as many is 15 as 5?

15÷5=3

So, Emma has 3 times as many shells as Noah.


We can also make an additive comparison:

15−5=10

Emma has 10 more shells than Noah.


Notice how the two comparison sentences are different:


	Emma has 10 more shells than Noah.

	Emma has 3 times as many shells as Noah.




Worked Example 3

A plant is 2 inches tall. Another plant is 8 inches tall. Which comparison is true?


	8 is 6 more than 2.

	8 is 4 times as many as 2.



Let’s check both:

8−2=6

So 8 is 6 more than 2.

4×2=8

So 8 is also 4 times as many as 2.

Both are true, but one is additive and one is multiplicative.


Worked Example 4

Sam has 6 marbles. Eli has 18 marbles.

Is it correct to say, “Eli has 12 times as many marbles as Sam”?

Let’s check.

If Eli had 12 times as many, we would have:

12×6=72

But Eli has 18 marbles, not 72.

So that sentence is not correct.

Now let’s find the true multiplicative comparison:

18÷6=3

Eli has 3 times as many marbles as Sam.


How to solve multiplicative comparison problems


	Find the amount for one person or one group.

	Look for the words times as many or times as much.

	If you know the smaller amount and the number of times, multiply.

	If you know both amounts and need to find how many times as many, divide.




Watch out for tricky words.


	3 more than means add 3.

	3 times as many means multiply by 3.




Example with 7:


	3 more than 7 is 7+3=10

	3 times as many as 7 is 3×7=21




Those answers are very different, so reading carefully matters.


Try thinking with groups.

If a book has 4 pages in one section, and another section has 3 times as many pages, imagine 3 equal groups of 4.

3×4=12

The other section has 12 pages.


Quick check ideas


	If the problem says times as many, your answer should usually be much bigger than the first amount.

	If you multiply, think about equal groups.

	If you divide, ask: “How many groups of the smaller number make the bigger number?”




[image: 📋]   Summary

Multiplicative comparison tells how many times as many one amount is compared to another amount.

Additive comparison tells how many more or fewer.

To solve multiplicative comparison problems, use multiplication or division and pay close attention to the words in the problem.


  
  Put what you read to the test

  You've worked through Multiplicative Comparison. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/246
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  Deriving Unknown Facts via the Distributive Property


Sometimes a multiplication fact feels hard to remember. The good news is that you can break apart one factor into easier parts and then add the smaller products. This is called using the distributive property.


For example, if you want to solve 7×6, you can think of 7 as 5+2. Then you multiply both parts by 6:


7×6=(5×6)+(2×6)

Now the harder fact becomes two easier facts.


This strategy helps you use facts you already know to find facts you do not know yet. It is like turning one big job into two smaller jobs.


What does “break apart” mean?


To break apart a factor means to split a number into two smaller numbers. The two smaller numbers must still make the original number.



  	7=5+2

  	8=5+3

  	6=4+2

  	9=5+4




Then you multiply each part by the other factor.


So instead of doing one unknown fact, you do two known facts and add them together.


The big idea


If one factor is broken into two parts, multiplication can be shared across both parts:


(a+b)×c=(a×c)+(b×c)

You do not need to memorize the rule with letters. Just remember this:


Break apart, multiply each part, then add.


Why this works


Imagine 7×6 as 7 groups of 6. If you split the 7 groups into 5 groups and 2 groups, you still have the same total number of groups.


So:


7×6=5×6+2×6

You did not change the total. You only changed how you looked at it.


How to use this strategy



  	Look at the multiplication fact.

  	Choose one factor to break into two easier parts.

  	Multiply each part by the other factor.

  	Add the two products.




It often helps to break apart a factor into numbers you know well, like:



  	5+1

  	5+2

  	5+3

  	5+4

  	2+2

  	4+4




Worked Example 1


Find 7×6.


Break apart 7 into 5+2:


7×6=(5×6)+(2×6)

Now solve the easier facts:


5×6=30

2×6=12

Add the products:


30+12=42

So,


7×6=42

Worked Example 2


Find 8×4.


Break apart 8 into 5+3:


8×4=(5×4)+(3×4)

Solve each part:


5×4=20

3×4=12

Add:


20+12=32

So,


8×4=32

Worked Example 3


Find 6×7.


This time, break apart 6 into 4+2:


6×7=(4×7)+(2×7)

Solve the known facts:


4×7=28

2×7=14

Add them:


28+14=42

So,


6×7=42

Notice that 6×7 and 7×6 have the same answer. That is helpful too.


Worked Example 4


Find 9×3.


Break apart 9 into 5+4:


9×3=(5×3)+(4×3)

Solve each part:


5×3=15

4×3=12

Add:


15+12=27

So,


9×3=27

Using arrays to see it


An array is a set of rows and columns. Arrays can help you see how breaking apart works.


Think about 7×4 as 7 rows of 4. You can split the 7 rows into 5 rows and 2 rows.


7×4=(5×4)+(2×4)

The whole array and the two smaller arrays have the same total number of squares.


Helpful choices for breaking apart numbers


When a fact feels tricky, choose a number split that gives you easy facts.



  	For 6, try 5+1 or 4+2

  	For 7, try 5+2

  	For 8, try 5+3 or 4+4

  	For 9, try 5+4




Many students like using 5 because facts with 5 are often easy to remember.


Let’s compare two ways


Suppose you need 8×6.


You could break apart 8 as 5+3:


8×6=(5×6)+(3×6)=30+18=48

Or you could break apart 6 as 5+1:


8×6=(8×5)+(8×1)=40+8=48

Both ways work. Choose the way that feels easiest to you.


Common mistakes to watch out for



  	Do not forget to multiply both parts. If 7=5+2, then 7×6 becomes (5×6)+(2×6), not 5×6+2.

  	Do not forget to add at the end. After finding the two smaller products, put them together.

  	Make sure your parts equal the original number. If you break apart 8, your two parts must add to 8.




Try the thinking


If you wanted to solve 7×8, you might think:


7×8=(5×8)+(2×8)

40+16=56

That means 7×8=56.


Remember



  	Break one factor into two smaller parts.

  	Multiply each part by the other factor.

  	Add the two answers.




This is a smart way to use facts you know to find facts you are still learning.


[image: 📋]   Summary


The distributive property helps you solve harder multiplication facts by breaking one factor into easier parts. Then you multiply each part and add the products. For example, 7×6 can be solved as (5×6)+(2×6)=30+12=42.


  
  Put what you read to the test

  You've worked through Deriving Unknown Facts via the Distributive Property. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/247
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  Doubling and Halving Strategies help us solve multiplication problems in a smart, quick way. Instead of starting from the beginning every time, we can use a fact we already know and then double it or halve it to find a new fact.


This is a great strategy because many multiplication facts are connected. If you know one fact, you may be able to use it to figure out another one.


For example, if you know that 2×8=16, then you can find 4×8 by doubling 16. Since 16 doubled is 32, we get:


4×8=32


Let’s learn how doubling and halving work.


Doubling means making a number 2 times as much. If you double 5, you get 10. If you double 12, you get 24.


Halving means splitting a number into 2 equal parts. If you halve 10, you get 5. If you halve 24, you get 12.


In multiplication, doubling and halving can help when one factor changes in a helpful way.



  	If one factor doubles, the product doubles.

  	If one factor halves, the product halves.




Look at this pattern with 6:



  	2×6=12

  	4×6=24

  	8×6=48




Each time the first factor doubles, the answer also doubles.


This strategy is helpful when you know easier facts like the 2s facts, 5s facts, or 10s facts. Then you can use them to solve harder facts.


How to use doubling:


  	Start with a multiplication fact you already know.

  	Find a new fact where one factor is doubled.

  	Double the product to get the new answer.




Worked Example 1

Find 4×7.

Start with a fact you may know: 2×7=14.

Since 4 is double 2, double the product 14:

14+14=28

So:

4×7=28


Worked Example 2

Find 8×3.

You might know 4×3=12.

Since 8 is double 4, double 12:

12+12=24

So:

8×3=24


How to use halving:


  	Look at a multiplication fact you need to solve.

  	See if one factor can be halved into an easier fact you know.

  	Halve the product of the harder fact’s partner fact, or solve the easier fact first and use it to build back up.




Halving helps us connect facts too. For example, if you know 8×5=40, then you can find 4×5 by halving 40.


Half of 40 is 20, so:

4×5=20


Worked Example 3

Find 6×4.

You may know 3×4=12.

Since 6 is double 3, double 12:

12+12=24

So:

6×4=24


Worked Example 4

Find 5×8.

You may know 10×8=80.

Since 5 is half of 10, take half of 80:

80÷2=40

So:

5×8=40


We can also think about doubling and halving with equal groups.


If you have 2 groups of 9, that is:

2×9=18


If you double the number of groups, you get 4 groups of 9. That doubles the total too:

4×9=36


If you halve 4 groups of 9, you go back to 2 groups of 9, and the total is halved:

36÷2=18


Tips for using this strategy:


  	Use facts you know well, like the 2s, 5s, and 10s.

  	Ask yourself, “Can I double a smaller fact?”

  	Ask yourself, “Can I halve a bigger fact?”

  	Check that only one factor is doubling or halving when you use this strategy.




Be careful:

If both factors change, you cannot just double or halve once and expect the answer to work. Watch which number is changing.


For example:


  	From 2×4=8 to 4×4, only one factor doubles, so the product doubles to 16.

  	But from 2×4=8 to 4×8, both factors changed, so you need a different plan.




A good way to practice is to look for facts that are connected:


  	2×6=12, so 4×6=24

  	4×6=24, so 8×6=48

  	10×3=30, so 5×3=15

  	6×7=42, so 3×7=21




[image: 📋]   Summary

Doubling and halving strategies help you use multiplication facts you already know to find new ones. If one factor doubles, the product doubles. If one factor halves, the product halves.


These strategies make multiplication faster and easier. They help you see how facts are connected, and that is an important part of becoming strong at multiplication.


  
  Put what you read to the test

  You've worked through Doubling and Halving Strategies. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/248
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  Multiplying by Multiples of 10


Sometimes we multiply by numbers like 10, 20, 30, or 40. These are called multiples of 10 because they are made from groups of 10.


When we multiply by a multiple of 10, we can use what we already know about basic multiplication facts. Then we use place value to find the full answer.


For example, 40 means 4 tens. So if we see 3×40, we can think, “What is 3 groups of 4 tens?”


Big Idea: Multiply the one-digit numbers first, then think about tens.


Here is the pattern:


3×40=3×4 tens=12 tens=120

This works because 40 is not just 4. It is 4 tens.


Step-by-step way to solve:


  	Look at the multiple of 10.

  	Find how many tens it has.

  	Multiply the basic fact.

  	Rename the answer in tens, then write the full number.




Let’s look at some multiples of 10:


  	10=1 ten

  	20=2 tens

  	30=3 tens

  	40=4 tens

  	50=5 tens

  	60=6 tens

  	70=7 tens

  	80=8 tens

  	90=9 tens




So when you multiply by one of these numbers, you are really multiplying by tens.


Worked Example 1

Solve 2×30.

First, think of 30 as 3 tens.

Now multiply the basic fact: 2×3=6.

That means 2×30=2×3 tens=6 tens.

And 6 tens is 60.


2×30=60

Worked Example 2

Solve 4×20.

20 is 2 tens.

Multiply the basic fact: 4×2=8.

So we have 8 tens.

8 tens is 80.


4×20=80

Worked Example 3

Solve 6×40.

40 is 4 tens.

Multiply the basic fact: 6×4=24.

This means 24 tens.

24 tens is 240.


6×40=240

Worked Example 4

Solve 9×70.

70 is 7 tens.

Multiply the basic fact: 9×7=63.

So the answer is 63 tens.

63 tens is 630.


9×70=630

Another way to think about it

You may notice a shortcut. First multiply the non-zero digits, then place one zero at the end.


For example:


  	3×40: first do 3×4=12, then write 120

  	5×60: first do 5×6=30, then write 300




This works because the number already has one ten in it.


Be careful!


  	Do not forget that 40 means 4 tens, not just 4.

  	Do not stop at the basic fact. For example, in 3×40, 3×4=12, but the answer is not 12. It is 12 tens, which is 120.




Let’s compare:


  	3×4=12

  	3×40=120




The second answer is bigger because 40 is ten times as much as 4.


Try thinking with groups

If you have 5 groups of 20, that means 5 groups of 2 tens.

5×2=10, so that is 10 tens.

10 tens equals 100.


5×20=100

Helpful strategy


  	Circle the one-digit numbers you know.

  	Multiply those digits.

  	Remember the multiple of 10 means tens.

  	Write the answer with the correct zero.




Practice these on your own:


  	3×20

  	7×30

  	8×50

  	4×90




Answers:


  	3×20=60

  	7×30=210

  	8×50=400

  	4×90=360




[image: 📋]   Summary

Multiples of 10 are numbers like 10, 20, 30, and 40. To multiply by a multiple of 10, multiply the basic fact first, then think about tens. This helps you use place value to find the correct answer.


  
  Put what you read to the test

  You've worked through Multiplying by Multiples of 10. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/249






  [image: 📝]   Lesson 42: Fact Families and Missing Factors

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/298




  Fact Families and Missing Factors


In multiplication, numbers work together in special ways. Sometimes you know all the numbers, and sometimes one number is missing. In this lesson, you will learn how to use fact families to find a missing factor.


A factor is a number that is multiplied by another number. In the equation 5×7=35, the factors are 5 and 7. The answer, 35, is called the product.


A fact family is a group of math facts that use the same numbers. Fact families help us see how multiplication and division are connected.


For example, the numbers 4, 6, and 24 make this fact family:


4×6=24
6×4=24
24÷4=6
24÷6=4

These four equations belong together because they use the same three numbers.


When a factor is missing, you can use what you know about multiplication facts or think about the matching division fact.


For example, in 5×?=35, you are asking, "What number times 5 equals 35?"


You can think:


  	5,10,15,20,25,30,35

  	That is 7 groups of 5.

  	So the missing factor is 7.




You can also use division:


35÷5=7

So:


5×7=35

This is why fact families are so helpful. They let you move between multiplication and division to find the missing number.


How to Find a Missing Factor



  	Look at the multiplication equation.

  	Ask, "What number is missing?"

  	Think of the related division fact, or use a multiplication fact you know.

  	Check your answer by multiplying.




Here is a simple way to think about it:


If


a×?=c

then you can find the missing factor by thinking:


c÷a=?

You do not need to guess. You can use the relationship between the numbers.


Worked Example 1


Find the missing factor:


3×?=12

Think: What number times 3 equals 12?


We know:


3×4=12

So the missing factor is 4.


Check:


12÷3=4

Worked Example 2


Find the missing factor:


?×8=40

Think: How many groups of 8 make 40?


Count by 8s:


  	8

  	16

  	24

  	32

  	40




That is 5 groups of 8.


So:


5×8=40

The missing factor is 5.


Worked Example 3


Find the missing factor:


7×?=56

Use the related division fact:


56÷7=8

So:


7×8=56

The missing factor is 8.


Worked Example 4


The fact family uses 9, 6, and 54.


Write the fact family:


9×6=54
6×9=54
54÷9=6
54÷6=9

Now find the missing factor:


54÷6=?

The answer is 9.


This shows that multiplication and division facts in the same family help each other.


Tips to Remember



  	A fact family uses the same three numbers.

  	Multiplication and division are connected.

  	A missing factor can be found with a related division fact.

  	Always check by multiplying.




Let’s Practice Thinking


If you see 4×?=28, think:


28÷4=7

So the missing factor is 7.


If you see ?×3=18, think:


18÷3=6

So the missing factor is 6.


[image: 📋]   Summary


Fact families help you see how multiplication and division belong together. When a factor is missing, you can use a related division fact to find it. Instead of guessing, use what the numbers tell you. That is a smart math strategy.


  
  Put what you read to the test

  You've worked through Fact Families and Missing Factors. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/250






  
    
  [image: 📖]   Chapter 5

  Division Concepts and Applications



  [image: 📝]   Lesson 43: Partitive Division (Fair Sharing)

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/299




  Partitive Division means fair sharing.
In fair sharing, we know how many groups there are. We need to find out how many items go in each group.
For example, if 12 apples are shared equally into 3 baskets, partitive division helps us find how many apples are in each basket.
We can write that as 12÷3=4.
This means 12 items shared into 3 equal groups gives 4 items in each group.
Think of it like this:
	The total number tells how many items there are altogether.
	The number of groups tells how many equal groups we are making.
	The answer tells how many are in each group.

In partitive division, we ask:
“If I share these items fairly into this many groups, how many will be in each group?”
How to solve fair sharing problems
	Read the total number of items.
	Find the number of groups.
	Share the items equally.
	Count how many items are in each group.

You can solve these problems by:
	drawing pictures,
	using counters or blocks,
	skip counting,
	or using multiplication you already know.

Important idea: Every group must have the same number of items. That is what makes it fair.
Worked Example 1
There are 8 cookies. They are shared equally among 2 children. How many cookies does each child get?
We know:
	Total items: 8 cookies
	Number of groups: 2 children

Share 8 cookies into 2 equal groups:
Child 1: 4 cookies
Child 2: 4 cookies
So, each child gets 4 cookies.
8÷2=4
Check: 2×4=8. That matches the total.
Worked Example 2
15 crayons are shared equally into 3 boxes. How many crayons go in each box?
We know:
	Total items: 15 crayons
	Number of groups: 3 boxes

Share fairly:
Put 1 crayon in each box again and again until all 15 crayons are used.
Each box gets 5 crayons.
15÷3=5
Check: 3×5=15.
Worked Example 3
18 stickers are shared equally among 6 students. How many stickers does each student get?
We know:
	Total items: 18 stickers
	Number of groups: 6 students

We can use multiplication to help:
Ask: What number times 6 equals 18?
Since 6×3=18, each student gets 3 stickers.
18÷6=3
Check: 6×3=18.
Worked Example 4
20 toy cars are shared equally into 4 bags. How many toy cars are in each bag?
We know:
	Total items: 20 toy cars
	Number of groups: 4 bags

Share equally into 4 groups.
Each bag gets 5 toy cars.
20÷4=5
Check: 4×5=20.
Using pictures in your mind
Imagine drawing circles for the groups. Then place one item in each circle until all the items are gone.
If the sharing is fair, every circle will have the same number.
For 12÷3, draw 3 circles. Then place 12 dots into the circles one at a time. You will end with 4 dots in each circle.
How partitive division is different from another kind of division
In this lesson, we know the number of groups first.
We are finding the number in each group.
That is why it is called fair sharing.
Clue words that may help you notice a fair sharing problem are:
	shared equally
	shared among
	put into groups
	each group gets the same

Be careful!
	Do not just guess.
	Make sure the groups are equal.
	Check your answer with multiplication.

Try these questions in your head:
	10÷2=5 because 10 shared into 2 equal groups gives 5 in each group.
	16÷4=4 because 16 shared into 4 equal groups gives 4 in each group.
	21÷7=3 because 21 shared into 7 equal groups gives 3 in each group.

[image: 📋]   Summary
Partitive division means sharing a total amount into a known number of equal groups.
You already know how many groups there are, and you need to find how many are in each group.
To solve, share equally, count what is in each group, and check with multiplication.


  
  Put what you read to the test

  You've worked through Partitive Division (Fair Sharing). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/251






  [image: 📝]   Lesson 44: Quotitive Division (Measurement Grouping)

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/300




  Quotitive Division (Measurement Grouping) means we know how many are in each group, and we need to find how many groups we can make.


This kind of division is called measurement grouping. We are measuring how many equal groups fit into a total.


For example, if you have 12 cookies and put 3 cookies in each bag, the question is: How many bags can you fill?


That is a division problem:


12÷3=4


This means 12 things can be split into groups of 3, and that makes 4 groups.


In quotitive division, we ask:


  	How many groups?

  	How many times does this group size fit into the total?




We are not asking how many are in each group. We already know the group size.


Look for clue words like these:


  	in each group

  	in each bag

  	in each box

  	groups of

  	how many groups

  	how many bags, boxes, teams, or rows




How to solve quotitive division:


  	Find the total number.

  	Find the size of each group.

  	Divide the total by the group size.

  	The answer tells how many groups you can make.




You can also think about skip counting or repeated subtraction.


For example, to solve 15÷5, you can ask: how many times can I count by 5 until I get to 15?


5, 10, 15


That is 3 jumps, so:


15÷5=3


You can also subtract 5 again and again:


15−5=10

10−5=5

5−5=0


You subtracted 5 three times, so there are 3 groups.


Division and multiplication are connected.


If:

4×3=12


then:

12÷3=4


This helps us check our work. If 4 groups have 3 in each group, then there are 12 in all.


Worked Example 1

Sara has 10 crayons. She puts 2 crayons in each cup. How many cups can she fill?


Step 1: Total = 10 crayons

Step 2: Group size = 2 crayons in each cup

Step 3: Divide


10÷2=5


Answer: Sara can fill 5 cups.


You can check with multiplication:

5×2=10


Worked Example 2

There are 18 apples. Each basket holds 6 apples. How many baskets are needed?


Step 1: Total = 18 apples

Step 2: Group size = 6 apples in each basket

Step 3: Divide


18÷6=3


Answer: You need 3 baskets.


Think of it as jumps of 6:

6, 12, 18

There are 3 jumps, so there are 3 groups.


Worked Example 3

A teacher has 20 stickers. She gives out stickers in groups of 4. How many groups can she make?


Step 1: Total = 20 stickers

Step 2: Group size = 4 stickers

Step 3: Divide


20÷4=5


Answer: She can make 5 groups.


Check:

5×4=20


Worked Example 4

There are 14 toy cars. Each shelf can hold 3 toy cars. How many full shelves can be made?


Step 1: Total = 14 toy cars

Step 2: Group size = 3 cars on each shelf

Step 3: Divide


14÷3=4 remainder 2


This means 3 fits into 14 4 full times, with 2 left over.


Answer: You can make 4 full shelves, and 2 cars are left over.


We can see it with subtraction:

14−3=11

11−3=8

8−3=5

5−3=2


We made 4 groups of 3, and 2 are left.


Important idea: In quotitive division, the answer tells the number of groups, not the number in each group.


Let’s compare:


  	Quotitive division: 12 cookies, 3 in each bag. How many bags?

  	The answer is 12÷3=4 bags.




So when the group size is known, division helps us find how many groups can be made.


Tips to remember:


  	Find the total.

  	Find how many are in each group.

  	Use division to find the number of groups.

  	Use multiplication to check.

  	If not all items fit equally, there may be a remainder.




Quick practice questions to think about:


  	16÷4: How many groups of 4 are in 16?

  	21÷7: How many groups of 7 are in 21?

  	13÷5: How many full groups of 5 are in 13? How many are left over?




Summary: Quotitive division means the size of each group is known, and we are finding how many groups can be made. We can solve by dividing, skip counting, or repeated subtraction. We can check our answer with multiplication.


  
  Put what you read to the test

  You've worked through Quotitive Division (Measurement Grouping). Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/252






  [image: 📝]   Lesson 45: Division as Repeated Subtraction

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/301




  Division as Repeated Subtraction means we solve a division problem by taking away the same number again and again until there is nothing left, or until we cannot subtract anymore.
Division asks, "How many equal groups?" Repeated subtraction helps us find the answer by counting how many times we subtract the divisor.
For example, in 12÷3, we keep subtracting 3 from 12:
12−3=9
9−3=6
6−3=3
3−3=0
We subtracted 3 a total of 4 times, so:
12÷3=4
This works because division and subtraction can work together. Each subtraction removes one equal group.
Important words:
	Dividend: the number we start with
	Divisor: the number we subtract each time
	Quotient: how many times we subtract

In 12÷3=4:
	12 is the dividend
	3 is the divisor
	4 is the quotient

How to use repeated subtraction:
	Start with the first number, called the dividend.
	Subtract the second number, called the divisor.
	Keep subtracting the same divisor.
	Count how many times you subtract.
	The number of subtractions is the quotient.

Let’s look at some examples.
Example 1: 10÷2
Start with 10 and subtract 2 each time.
10−2=8
8−2=6
6−2=4
4−2=2
2−2=0
We subtracted 2 5 times.
10÷2=5
Example 2: 15÷5
Start with 15 and subtract 5 each time.
15−5=10
10−5=5
5−5=0
We subtracted 5 3 times.
15÷5=3
Example 3: 14÷4
Now let’s try a problem where we do not reach 0 exactly.
14−4=10
10−4=6
6−4=2
We cannot subtract 4 again from 2, because 2 is smaller than 4.
We subtracted 4 3 times, with 2 left over.
So:
14÷4=3 remainder 2
The 2 left over is called the remainder.
Example 4: A word problem
Lina has 18 stickers. She puts them into groups of 3. How many groups can she make?
We use repeated subtraction:
18−3=15
15−3=12
12−3=9
9−3=6
6−3=3
3−3=0
She subtracted 3 6 times.
18÷3=6
Lina can make 6 groups.
How repeated subtraction connects to multiplication
If 12÷3=4, then 4×3=12.
If 15÷5=3, then 3×5=15.
This shows that division is the opposite of multiplication.
Tips to remember:
	Subtract the same number each time.
	Count each subtraction carefully.
	If you reach 0, the division is exact.
	If a small number is left, that number is the remainder.

Let’s compare two problems:
For 16÷4:
16−4=12
12−4=8
8−4=4
4−4=0
That is 4 subtractions, so:
16÷4=4
For 17÷4:
17−4=13
13−4=9
9−4=5
5−4=1
That is 4 subtractions, with 1 left over, so:
17÷4=4 remainder 1
Why this strategy helps
Repeated subtraction is a great way to understand what division means. It helps you see each equal group being taken away one at a time.
It is especially helpful when you are learning division for the first time, because it shows exactly what is happening in the problem.
[image: 📋]   Summary
Division as repeated subtraction means subtracting the divisor again and again from the dividend.
The number of times you subtract is the quotient.
If you cannot subtract anymore and a small amount is left, that amount is the remainder.
When you use repeated subtraction, you can better understand how division works and how it connects to multiplication.


  
  Put what you read to the test

  You've worked through Division as Repeated Subtraction. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/253






  [image: 📝]   Lesson 46: Inverse Relationship with Multiplication

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/302




  Inverse Relationship with Multiplication


Sometimes division can feel tricky. A helpful way to solve division problems is to remember that division and multiplication are connected.


They are called inverse operations. That means they can help undo each other.


For example, if you know that 4×3=12, then you also know that 12÷4=3 and 12÷3=4.


This is an important idea: when you divide, you can think, “What number times the divisor equals the dividend?”


So instead of only thinking about division, you can turn the problem into a multiplication problem with a missing number.


For example:


18÷3=?

can be thought of as:


3×?=18

If you know that 3×6=18, then 18÷3=6.


Words to know:


  	Dividend: the number being divided

  	Divisor: the number you divide by

  	Quotient: the answer to a division problem




In 18÷3=6:


  	18 is the dividend

  	3 is the divisor

  	6 is the quotient




You do not always need to say these big words, but it is good to know what they mean.


How to use multiplication to solve division


  	Look at the division problem.

  	Change it into a multiplication problem with a missing number.

  	Ask: What number times the divisor gives the dividend?

  	Use what you know about multiplication facts to find the answer.




Here is the pattern:


a÷b=?becomesb×?=a

This means division is like finding a missing factor.


Fact families can help too. A fact family is a group of multiplication and division facts that use the same numbers.


For example, the numbers 5, 7, and 35 make this fact family:


  	5×7=35

  	7×5=35

  	35÷5=7

  	35÷7=5




If you know one multiplication fact, you can use it to help with two division facts.


Worked Example 1

Solve 12÷4.

Think: 4×?=12

We know:


4×3=12

So:


12÷4=3

The quotient is 3.


Worked Example 2

Solve 20÷5.

Turn it into a missing-factor multiplication problem:


5×?=20

We know:


5×4=20

So:


20÷5=4

This means 20 split into groups of 5 makes 4 groups.


Worked Example 3

Solve 42÷6.

Think:


6×?=42

Now use your multiplication facts. Since:


6×7=42

then:


42÷6=7

The missing factor is 7, so the quotient is 7.


Worked Example 4

There are 32 crayons. They are put into 8 equal groups. How many crayons are in each group?

Write the division problem:


32÷8=?

Now think of the matching multiplication problem:


8×?=32

We know:


8×4=32

So:


32÷8=4

There are 4 crayons in each group.


Tips for solving division with multiplication


  	Look for a multiplication fact you already know.

  	Ask yourself, “What number times this divisor makes the dividend?”

  	Use skip-counting if you are not sure. For example, for 24÷6, count by 6: 6, 12, 18, 24. That is 4 counts, so 24÷6=4.

  	Check your answer by multiplying.




Check your answer

After you solve a division problem, multiply to see if it is correct.


Example: If you think 27÷3=9, check it:


3×9=27

It matches, so the answer is correct.


What to remember


  	Division and multiplication are inverse operations.

  	You can solve division by finding a missing factor.

  	a÷b=? can be rewritten as b×?=a.

  	Multiplication facts help you solve division facts.




Let’s try a few more in your head:


  	15÷3 means 3×?=15, so the answer is 5.

  	28÷4 means 4×?=28, so the answer is 7.

  	54÷9 means 9×?=54, so the answer is 6.




[image: 📋]   Summary

When you see a division problem, you can rewrite it as a multiplication problem with a missing number. This works because multiplication and division are opposites that help each other. If you know your multiplication facts, you can use them to solve division problems more easily.


  
  Put what you read to the test

  You've worked through Inverse Relationship with Multiplication. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/254






  [image: 📝]   Lesson 47: Division with 0 and 1 Edge Cases

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/303




  Division with 0 and 1 Edge Cases


Division helps us split things into equal groups or find how many groups we can make. Sometimes division problems have 0 or 1 in them. These are special cases, and they follow important rules.


In this lesson, we will learn three big ideas:


  	Any number divided by 1 stays the same.

  	0 divided by any nonzero number is 0.

  	Division by 0 is not allowed.




Let’s look at each rule step by step.


1. Any number divided by 1 is itself


When we divide by 1, we are asking, “If I put all the items into 1 group, how many items are in that group?” Since there is only one group, it gets all the items.


For example, if you have 7 apples and put them into 1 group, that group has 7 apples.


So:

7÷1=7


This is true for any number:


  	4÷1=4

  	12÷1=12

  	100÷1=100




You can also think about multiplication. Since division and multiplication are connected, we can ask: “What number times 1 equals the starting number?”


For example:

9÷1=9

because

9×1=9


Rule: Dividing by 1 does not change the number.


2. Zero divided by a nonzero number is 0


Now let’s think about dividing 0. If you have 0 cookies and want to share them equally into groups, there is still nothing to share.


If there are 3 groups, each group gets 0 cookies.


So:

0÷3=0


This works with any nonzero number:


  	0÷2=0

  	0÷5=0

  	0÷100=0




We can check with multiplication. We ask, “What number times 3 equals 0?” The answer is 0, because:

0×3=0


So:

0÷3=0


Rule: If the first number is 0 and the second number is not 0, the answer is 0.


3. Division by 0 is not allowed


Now for the trickiest case: dividing by 0.


If you see a problem like:

6÷0


this means, “How many groups of 0 are in 6?” But groups of 0 do not help us make 6 in a normal way. There is no number you can multiply by 0 to get 6, because:


  	1×0=0

  	5×0=0

  	100×0=0




Any number times 0 is always 0, never 6.


So:

6÷0

has no answer. We say it is undefined, which means it is not a number answer we can use.


The same is true for any number divided by 0:


  	3÷0 is undefined

  	10÷0 is undefined

  	100÷0 is undefined




Important: Division by 0 is never allowed.


What about 0÷0?


This one is also not allowed. It may look like the answer should be 0, but it is still a division-by-0 problem.


So:

0÷0

is also undefined.


Helpful ways to remember


  	Divide by 1: Keep the number the same.

  	0 divided by a number: The answer is 0, as long as the number is not 0.

  	Divide by 0: Not allowed.




You can remember it like this:


  	a÷1=a

  	0÷a=0, if a≠0

  	a÷0 is undefined




Worked Example 1

Find:

8÷1


Step 1: Think about the rule for dividing by 1.

Any number divided by 1 stays the same.


Answer:

8÷1=8


Worked Example 2

Find:

0÷4


Step 1: Think about sharing 0 things into 4 groups.

There is nothing to share, so each group gets 0.


Answer:

0÷4=0


Worked Example 3

Find:

15÷0


Step 1: Check the divisor, the number we are dividing by.

The divisor is 0.


Step 2: Use the rule.

Division by 0 is not allowed.


Answer:

15÷0 is undefined.


Worked Example 4

Decide if each statement is true or false:


  	11÷1=11

  	0÷9=9

  	7÷0=0




Step 1: Check each one with the rules.


  	11÷1=11 is true because dividing by 1 keeps the number the same.

  	0÷9=9 is false because 0 divided by a nonzero number is 0.

  	7÷0=0 is false because division by 0 is undefined.




Common mistakes to watch for


  	Thinking 0÷5=5. This is wrong. The answer is 0.

  	Thinking 6÷0=0. This is wrong. Division by 0 is undefined.

  	Forgetting that dividing by 1 keeps the number unchanged.




Quick check


  	13÷1=13

  	0÷7=0

  	9÷0 is undefined




[image: 📋]   Summary

Special division rules help us with 0 and 1. Any number divided by 1 stays the same. Zero divided by any nonzero number equals 0. But dividing by 0 is undefined, which means it does not have a number answer.


  
  Put what you read to the test

  You've worked through Division with 0 and 1 Edge Cases. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/255






  [image: 📝]   Lesson 48: Conceptualizing Remainders

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/304




  Conceptualizing Remainders means understanding what happens when we divide and there are some pieces left over.
Sometimes a number can be divided into equal groups with nothing left. Other times, after making equal groups, a few items remain. Those extra items are called a remainder.
For example, if 10 cookies are shared equally among 3 children, each child gets 3 cookies. That uses 9 cookies. There is 1 cookie left over, so the answer is 3 remainder 1.
We can write that like this:
10÷3=3 remainder 1
A remainder is always smaller than the divisor. The divisor is the number we are dividing by.
In the example above, the divisor is 3. The remainder is 1. Since 1 is smaller than 3, the answer makes sense.
If the remainder were 3 or more, we could make another full group. That means it would not really be a remainder yet.
Here is the big idea:
	Dividend: the total number we start with
	Divisor: the number in each group, or the number of groups
	Quotient: the answer showing how many equal groups or how many in each group
	Remainder: the amount left over

When you divide with remainders, you are asking:
	How many equal groups can I make?
	How many are left after that?

One way to find a remainder is to use multiplication. Multiply the divisor by the quotient. Then subtract from the dividend.
It looks like this:
remainder=dividend−(divisor×quotient)
Let's learn with examples.
Worked Example 1
Divide 14 by 4.
We want to find how many groups of 4 we can make from 14.

4 + 4 + 4 = 12, so we can make 3 full groups of 4.
We started with 14 and used 12.
14−12=2
So 2 are left over.
The answer is:
14÷4=3 remainder 2
Check: Is the remainder smaller than the divisor?
Yes. The remainder is 2, and the divisor is 4. Since 2<4, the answer is correct.
Worked Example 2
Divide 17 by 5.
We make groups of 5.

5 + 5 + 5 = 15, so we can make 3 full groups.
Now subtract:
17−15=2
So the answer is:
17÷5=3 remainder 2
This means 17 items can make 3 equal groups of 5, with 2 left over.
Worked Example 3
Divide 22 by 6.
Let's use multiplication facts.

6×3=18

6×4=24, but 24 is too big because it is more than 22.
So the quotient is 3.
Now find the leftover part:
22−18=4
So:
22÷6=3 remainder 4
Check the remainder: 4<6, so it is correct.
Worked Example 4
There are 19 pencils. They are put into boxes with 4 pencils in each box. How many full boxes can be made, and how many pencils are left?
We are dividing 19 by 4.

4×4=16

4×5=20, and that is too many.
So we can make 4 full boxes.
Now subtract to find the remainder:
19−16=3
So 4 full boxes can be made, and 3 pencils are left.
We write:
19÷4=4 remainder 3
In a word problem, the remainder tells us the leftover amount that does not fit into a full group.
How to Tell if a Remainder Makes Sense
	The remainder must be less than the divisor.
	If the remainder is 0, there is nothing left over.
	If the remainder is the same as the divisor or bigger, make another group.

For example, suppose someone says:
15÷4=2 remainder 7
That cannot be right because the remainder 7 is bigger than the divisor 4.
Since 7 is enough to make another group of 4, we must keep dividing.
Helpful Strategy
	Find the biggest multiplication fact you know that is close to the dividend.
	Make sure it does not go over the dividend.
	Subtract to find the remainder.
	Check that the remainder is smaller than the divisor.

Let's Think About Leftovers
Remainders happen in real life all the time.
	13 apples shared into groups of 5 gives 2 full groups and 3 apples left.
	21 students lining up in rows of 4 gives 5 full rows and 1 student left.
	11 toy cars packed in bags of 2 gives 5 full bags and 1 toy car left.

These leftovers are remainders.
Important Reminder
A remainder is not a mistake. It is part of the answer when things do not divide equally.
When you see a division problem, ask yourself:
How many full groups can I make, and what is left over?
[image: 📋]   Summary
When we divide, sometimes there are items left after making equal groups. Those leftover items are called the remainder.
The remainder must always be smaller than the divisor. If it is not, we can make another full group.
To solve a division problem with a remainder, make as many equal groups as possible, then count what is left over.


  
  Put what you read to the test

  You've worked through Conceptualizing Remainders. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/256
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  Tape Diagrams for Division


Division helps us split a whole into equal parts. A tape diagram is a picture that looks like a long bar. We can break the bar into equal boxes to show how division works.


Tape diagrams help us see 3 important parts of a division problem:


  	Dividend: the whole amount we start with

  	Divisor: the number of equal groups or the number in each group

  	Quotient: the answer to the division problem




When we use a tape diagram, we draw one bar for the whole. Then we split the bar into equal parts. The equal parts help us find the missing number.


For example, in the problem 12÷3, the whole is 12. We split 12 into 3 equal parts. Then we find how much is in each part.


How to Draw a Tape Diagram for Division


  	Read the division problem carefully.

  	Find the whole amount.

  	Draw one long bar to show the whole.

  	Split the bar into equal parts.

  	Use what you know to find the missing number.

  	Write the division equation.




Sometimes we know how many groups there are. Then we split the tape into that many parts.


Sometimes we know how many are in each group. Then we keep making equal parts until the whole is used up. The number of parts tells us the answer.


Division as Sharing


Sharing means we split a whole into equal groups. A tape diagram makes equal sharing easy to see.


Example 1: Sharing equally

There are 12 apples. 3 children share them equally. How many apples does each child get?


We know:


  	Whole amount: 12

  	Number of groups: 3




Draw one bar for 12. Split it into 3 equal parts.


Each part must be:

12÷3=4

So each child gets 4 apples.


We can also check with multiplication:

3×4=12

That means our division answer is correct.


Example 2: Another sharing problem

15 stickers are shared equally among 5 friends. How many stickers does each friend get?


We know:


  	Whole amount: 15

  	Number of groups: 5




Split a tape diagram into 5 equal parts. The whole bar is 15.


Now find the value of each part:

15÷5=3

Each friend gets 3 stickers.


Check:

5×3=15

Division as Finding the Number of Groups


Sometimes we know the whole and the size of each group. We need to find how many groups there are.


Example 3: Finding the number of groups

18 crayons are put into boxes. Each box holds 6 crayons. How many boxes are needed?


We know:


  	Whole amount: 18

  	Each group has: 6




Draw a tape for 18. Make equal parts of 6 until the whole is filled.


The parts are:


  	6

  	6

  	6




There are 3 equal parts, so there are 3 boxes.


The equation is:

18÷6=3

Check:

3×6=18

Example 4: A bigger one

20 cookies are packed into bags. Each bag holds 4 cookies. How many bags are needed?


We know:


  	Whole amount: 20

  	Each group has: 4




Draw one tape for 20. Mark off equal parts of 4.


Count the parts:


  	4

  	4

  	4

  	4

  	4




There are 5 parts, so:

20÷4=5

So 5 bags are needed.


How Tape Diagrams Help


  	They show the whole clearly.

  	They show that the parts must be equal.

  	They help us decide if we are finding the size of each group or the number of groups.

  	They connect pictures to equations.




What to Ask Yourself


  	What is the whole amount?

  	Do I know the number of groups?

  	Or do I know how many are in each group?

  	What does each part of the tape diagram mean?




Common Mistakes to Watch For


  	Do not make parts that are not equal.

  	Do not forget that the whole bar is the total amount.

  	Read the problem carefully so you know what you are finding.

  	Always check with multiplication when you can.




Try to Think About These

If a problem says 16÷4, ask: Am I splitting 16 into 4 equal groups? Or am I making groups of 4 from 16? A tape diagram can help with both. The picture helps you see the same equation in a clear way.


[image: 📋]   Summary

A tape diagram is a bar picture that helps us understand division. We use one bar for the whole and split it into equal parts. Sometimes we know the number of groups, and sometimes we know the size of each group. Tape diagrams help us find the missing number and connect division to multiplication.


  
  Put what you read to the test

  You've worked through Tape Diagrams for Division. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/258






  
    
  [image: 📖]   Chapter 6

  Algebraic Thinking and Equations
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  Lesson: The Relational Meaning of the Equal Sign


When you see the equal sign, = does not mean the answer comes next. It means is the same as.


The equal sign shows that the amount on one side is equal to, or balanced with, the amount on the other side.


You can think of the equal sign like a balance scale. If both sides have the same value, the scale stays level. If the sides are not the same, the scale tips.


For example, in 4+3=7, the left side is 4+3, which is 7. The right side is 7. Both sides are the same, so the equation is true.


We can also write the same idea in a different order: 7=4+3. This is also true because the left side and the right side are still the same amount.


Main Idea: The equal sign tells us that both sides must have the same value.



  	8=8 means both sides are the same.

  	5+2=6+1 means both sides are worth 7.

  	9=4+5 means 9 is the same as 4+5.




Sometimes students think the equal sign means, write the answer now. But in math, it really means is the same as.


That is why an equation like 3+4=2+5 is true. The left side is 7, and the right side is also 7. Both sides match.


How to Check an Equation



  	Look at the left side of the equal sign.

  	Find its value.

  	Look at the right side of the equal sign.

  	Find its value.

  	If both values are the same, the equation is true.




Lets practice with some worked examples.


Worked Example 1


Is this true? 6+2=8


Left side: 6+2=8

Right side: 8

Both sides are 8, so this equation is true.


We can show it like this:


6+2=8

Worked Example 2


Is this true? 9=4+5


Left side: 9

Right side: 4+5=9

Both sides are 9, so this equation is true.


This shows that the answer does not have to be only on the right side. The equal sign just means both sides are the same.


Worked Example 3


Is this true? 7+1=5+2


Left side: 7+1=8

Right side: 5+2=7

The sides are not the same. One side is 8, and the other side is 7.

So this equation is false.


Worked Example 4


Find the missing number: 3+□=8


We want both sides to be the same.

The right side is 8.

On the left side, 3+□ must also equal 8.

Since 3+5=8, the missing number is 5.


3+5=8

Lets try one more with the missing number in a different place.


Worked Example 5


Find the missing number: 10=□+4


The left side is 10.

So the right side must also be 10.

We need a number that makes □+4=10.

Since 6+4=10, the missing number is 6.


10=6+4

Things to Remember



  	The equal sign means is the same as.

  	It does not just mean the answer comes next.

  	You can have numbers or addition on either side of the equal sign.

  	Both sides must have the same value.




Look at these equations:



  	2+6=8  true

  	8=2+6  true

  	1+7=3+5  true

  	4+4=9  false




In each true equation, both sides match. In the false equation, the sides do not match.


[image: 📋]   Summary


The equal sign means is the same as. It tells us that the left side and the right side must be equal, like a balanced scale. When you see an equation, check both sides. If both sides have the same value, the equation is true.


  
  Put what you read to the test

  You've worked through Relational Meaning of the Equal Sign. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/259
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  Evaluating True and False Equations


In math, the equal sign means "is the same as". It does not just mean “the answer is next.”


When we look at an equation, we check whether the amount on the left side is the same as the amount on the right side. If both sides are the same, the equation is true. If the sides are not the same, the equation is false.


You can think of the equal sign like a balance scale. A balance scale is even only when both sides weigh the same. In an equation, both sides must have the same value.


For example, in the equation 4+5=9, the left side is 4+5, and the right side is 9. Since 4+5=9, both sides are the same. The equation is true.


In the equation 4+5=8, the left side is 9, but the right side is 8. Since 9≠8, the equation is false.


How to tell if an equation is true or false



  	Look at the left side of the equal sign.


  	Look at the right side of the equal sign.


  	Find out what each side is worth.


  	Ask: Are both sides the same?





If the two sides match, the equation is true. If they do not match, the equation is false.


Sometimes you can tell without finishing all the adding


Some equations are true because the numbers are just switched around. For example:


4+5=5+4

Both sides use the same two numbers, just in a different order. Both sides equal 9, so the equation is true.


This is helpful because you do not always need to solve everything to know the sides are the same.


Worked Example 1


Is 3+4=7 true or false?


Left side: 3+4=7

Right side: 7

Both sides are 7, so the equation is true.


Worked Example 2


Is 6+2=5+3 true or false?


Left side: 6+2=8

Right side: 5+3=8

Both sides are 8, so the equation is true.


Worked Example 3


Is 10−3=4+2 true or false?


Left side: 10−3=7

Right side: 4+2=6

Since 7≠6, the equation is false.


Worked Example 4


Is 8+1=10−1 true or false?


Left side: 8+1=9

Right side: 10−1=9

Both sides are 9, so the equation is true.


Important idea: The equal sign can be in the middle


Sometimes students think the answer must always come after the equal sign. But equations can be written in different ways.


These are all true equations:



  	2+6=8


  	8=2+6


  	2+6=7+1





In each one, the two sides are the same amount.


Look for balance


When you see an equation, do not just add the numbers on one side. Be sure to check both sides of the equal sign.


For example, in 7+1=6+3:


  	Left side is 8


  	Right side is 9





The sides are not the same, so the equation is false.


Tips for success



  	Remember: the equal sign means the same as.


  	Check the left side and the right side.


  	If both sides match, the equation is true.


  	If both sides do not match, the equation is false.


  	Sometimes you can notice number patterns, like 4+5=5+4.





Let’s try a few quick checks



  	5+5=10 [image: →] true


  	9−2=6 [image: →] false, because 9−2=7


  	3+6=4+5 [image: →] true, because both sides are 9


  	12−4=3+4 [image: →] false, because 8≠7





[image: 📋]   Summary


An equation is true when the value on one side of the equal sign is the same as the value on the other side. An equation is false when the two sides are different.


Always remember that the equal sign means "is the same as". To decide if an equation is true or false, compare both sides and check for balance.


  
  Put what you read to the test

  You've worked through Evaluating True and False Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/260
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  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/309




  Balancing Equations with Unknowns


Sometimes in math, a number is missing. We call that missing number an unknown.


You might see the unknown as a box, a blank, or a question mark. For example, in 8+?=15, the question mark stands for a number we do not know yet.


Our job is to find the number that makes the equation true.


An equation is a math sentence with an equal sign. The equal sign means both sides have the same value. It is like a balance scale. If one side is 15, the other side must also be 15.


For example:


8+7=15

This is true because the left side and the right side are equal.


When there is an unknown, we think: What number makes both sides match?


Important idea: Do not just look at the side with the unknown. Always check that both sides are balanced.


Ways to find the unknown



  	Use what you know about addition and subtraction.

  	Count on or count back.

  	Think about the missing part.

  	Check your answer by putting the number back into the equation.




1. Unknown in addition


If part of an addition sentence is missing, ask: What number goes with the known part to make the total?


Example: 8+?=15


We can think: 8+7=15. So the unknown is 7.


8+7=15

You can also think of subtraction:


15−8=7

So the missing number is 7.


2. Unknown in subtraction


If a subtraction sentence has a missing number, think carefully about where the unknown is.



  	If the unknown is at the end, subtract.

  	If the unknown is at the beginning, think: What number minus the other number gives the answer?




Example: 12=?−4


We need a number that becomes 12 after taking away 4.


Think: if we add 4 back to 12, we get the starting number.


12+4=16

So:


12=16−4

The unknown is 16.


3. The unknown can be on either side


The equal sign does not mean “the answer comes next.” It means is the same as.


These equations both mean the same thing:


6+3=9

9=6+3

So if you see the unknown before the equal sign or after it, that is okay. We still make both sides equal.


4. Use relational thinking


Relational thinking means looking at the whole equation and asking, “How are the two sides the same?”


For example:


10+?=7+5

First, find the value of the right side:


7+5=12

Now the equation is:


10+?=12

What number makes 10 become 12? It is 2.


10+2=7+5

Now both sides equal 12, so the equation is balanced.


Worked Examples


Example 1: Easy addition unknown


Solve:


5+?=9

Step 1: Ask, “What number added to 5 makes 9?”


Step 2: Count on from 5 to 9: 6, 7, 8, 9. That is 4 numbers.


Answer:


5+4=9

The unknown is 4.


Example 2: Unknown at the beginning of subtraction


Solve:


?−3=11

Step 1: We need the starting number.


Step 2: If taking away 3 gives 11, then add 3 back to 11.


11+3=14

Answer:


14−3=11

The unknown is 14.


Example 3: Unknown on the left side


Solve:


?+6=13

Step 1: Ask, “What number plus 6 equals 13?”


Step 2: Use subtraction.


13−6=7

Answer:


7+6=13

The unknown is 7.


Example 4: Compare both sides


Solve:


9+?=4+8

Step 1: Find the value on the right side.


4+8=12

Step 2: Now solve:


9+?=12

Step 3: What number goes with 9 to make 12? It is 3.


Answer:


9+3=4+8

Both sides equal 12, so the equation is balanced.


How to check your answer



  	Put your number into the equation.

  	Solve each side.

  	Make sure both sides are equal.




For example, check 8+?=15 with 7:


8+7=15

The left side is 15 and the right side is 15, so the answer is correct.


Helpful tips



  	If something is missing in an addition equation, you can often subtract to find it.

  	If the starting number is missing in a subtraction equation, add to find it.

  	Remember that the equal sign means both sides are the same.

  	Always check your answer.




Watch out for these mistakes



  	Mistake: Thinking the equal sign means “write the answer.”
 Fix: Remember it means “is the same as.”

  	Mistake: Only looking at one side of the equation.
 Fix: Compare both sides to keep them balanced.

  	Mistake: Using the wrong operation.
 Fix: Ask yourself if you should add or subtract to find the missing number.




[image: 📋]   Summary


Balancing equations with unknowns means finding the missing number that makes both sides equal.


You can solve these equations by thinking about addition and subtraction, counting on or back, and checking that both sides match.


When you see an equation like 8+?=15 or 12=?−4, remember: the equal sign means both sides must stay balanced.


  
  Put what you read to the test

  You've worked through Balancing Equations with Unknowns. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/261
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  Input-Output Function Machines are a fun way to see how numbers change.
Think of a function machine like a special box. A number goes in, the machine follows a rule, and a new number comes out.
For example, if the rule is add 2, then an input of 3 becomes an output of 5 because 3+2=5.
We can show this with a table:
InputOutput354679
Each time, the machine does the same rule. That is very important. A function machine must use one rule again and again.
How to find the rule
	Look at the input number and the output number.

	Ask, What changed?

	Try simple rules like:
	add a number

	subtract a number

	multiply by a number



	Check the rule with the other pairs in the table.


If the same rule works for all the pairs, then you found the rule.
Main rules you may see
	Add: the output is bigger than the input.

	Subtract: the output is smaller than the input.

	Multiply: the input is repeated in equal groups.


Worked Example 1: Find the rule
Look at this table:
InputOutput142536
Let’s compare each input and output.
	1→4: add 3

	2→5: add 3

	3→6: add 3


The same rule works each time.
Rule: add 3
So if the input is 10, the output is:
10+3=13
Worked Example 2: Fill in missing outputs
The rule is subtract 2.
Complete the table:
InputOutput5?8?10?
Use the rule on each input.
	5−2=3

	8−2=6

	10−2=8


The completed table is:
InputOutput5386108
Worked Example 3: Fill in missing inputs
The rule is add 4.
Find the missing inputs:
InputOutput?9?12?15
If the machine adds 4, then we can work backward by subtracting 4 from each output.
	9−4=5

	12−4=8

	15−4=11


So the inputs are 5, 8, and 11.
The completed table is:
InputOutput598121115
Worked Example 4: A multiplication rule
Look at this table:
InputOutput2639412
Let’s check the pattern.
	2→6: multiply by 3

	3→9: multiply by 3

	4→12: multiply by 3


Rule: multiply by 3
If the input is 5, then:
5×3=15
So the output is 15.
How to make your own input-output table
	Pick a rule, like add 5.

	Choose some input numbers.

	Use the rule on each input.

	Write the outputs.


Example with the rule add 5:
InputOutput1627611
Tips for success
	Always check more than one input-output pair.

	The rule must be the same every time.

	If you know the rule and the input, do the rule to find the output.

	If you know the rule and the output, work backward to find the input.


Watch out for mistakes
	Do not change the rule in the middle.

	Do not guess after looking at only one pair.

	Be careful to add, subtract, or multiply correctly.


Let’s review
An input is the number that goes into the machine.
An output is the number that comes out.
A rule tells how the machine changes the number.
We can use tables to find rules, fill in missing numbers, and predict what comes next.
When you solve input-output problems, remember to ask: What rule changes the input to the output every time?


  
  Put what you read to the test

  You've worked through Input-Output Function Machines. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/262
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  Identifying Arithmetic Patterns means looking at numbers and noticing how they change or repeat in a way we can understand.


In 3rd Grade, patterns help us become stronger at addition, multiplication, and problem solving. When we find a pattern, we can make smart guesses about what comes next.


In this lesson, we will look for patterns in addition tables and multiplication tables. We will learn how to spot number rules like doubles, counting on, and even-and-odd patterns.


What is a pattern?


A pattern is something that happens again and again in a rule-based way. In math, a pattern tells us how numbers are connected.


For example, in the number list 2,4,6,8,10, the pattern is add 2 each time.


Patterns can help us:


  	find missing numbers,

  	check if an answer makes sense,

  	learn facts faster,

  	notice number relationships.




Part 1: Patterns in an addition table


An addition table shows what happens when we add numbers from the top row to numbers from the side column.


Here is a small addition table:


+123451234562345673456784567895678910

Let’s notice some patterns.



  	As you move to the right, each number goes up by 1.

  	As you move down, each number also goes up by 1.

  	The table is the same on both sides of the diagonal because 2+4=4+2.




The diagonal of doubles


One very important pattern in an addition table is the diagonal of doubles. These are facts where both addends are the same.


Examples of doubles are:


  	1+1=2

  	2+2=4

  	3+3=6

  	4+4=8

  	5+5=10




These doubles line up in a diagonal across the table. They follow a pattern:


2,4,6,8,10

This pattern increases by 2 each time.


Near doubles are also helpful. If you know 4+4=8, then 4+5 is just one more, so 4+5=9.


Part 2: Patterns in a multiplication table


A multiplication table shows products. A product is the answer to a multiplication problem.


Here is a small multiplication table:


×123451123452246810336912154481216205510152025

We can find many patterns here too.



  	In each row, the numbers grow by the number at the side.

  	In the row for 2, the products go up by 2: 2,4,6,8,10.

  	In the row for 5, the products go up by 5: 5,10,15,20,25.




Even and odd patterns


An even number can be split into 2 equal groups with no leftovers. An odd number has 1 leftover when split into 2 equal groups.


Even numbers are:


  	2,4,6,8,10,12




Odd numbers are:


  	1,3,5,7,9,11




Now look at multiplication patterns:


  	If one factor is 2, the product is always even.

  	In the 3 row, products can alternate between odd and even: 3,6,9,12,15.

  	In the 4 row, all products are even because they are groups of 4.




For example:


  	3×1=3 odd

  	3×2=6 even

  	3×3=9 odd

  	3×4=12 even




So the products in the 3 row make an alternating pattern: odd, even, odd, even.


How to identify a pattern


When you look at a table or a list of numbers, ask yourself these questions:



  	What changes each time?

  	Does the number go up by the same amount?

  	Do numbers repeat in a special way?

  	Are the numbers even, odd, or alternating?

  	Do I see doubles or skip-counting?




These questions help you find the rule.


Worked Example 1: Find the addition pattern


Look at the doubles facts:


1+1=2,2+2=4,3+3=6,4+4=8

What pattern do you see?


Step 1: Look at the answers: 2,4,6,8.

Step 2: Compare each answer to the next one.

Each time, the answer increases by 2.


Answer: The doubles pattern goes up by 2 each time.


Worked Example 2: Find a missing number in an addition table


Suppose part of an addition table shows:


+3452567367?

What number goes where the question mark is?


Step 1: Find the row and column. It is in the row for 3 and the column for 5.

Step 2: Add them: 3+5=8.

Step 3: Check the pattern. The row goes 6,7,8, which increases by 1.


Answer: The missing number is 8.


Worked Example 3: Find the multiplication pattern


Look at this row from a multiplication table:


4,8,12,16,20

What is the pattern?


Step 1: Check how the numbers change.

8−4=4, 12−8=4, 16−12=4.

Step 2: The numbers increase by 4 each time.

Step 3: These are products in the 4 row: 4×1,4×2,4×3,4×4,4×5.


Answer: The pattern is add 4 each time.


Worked Example 4: Even and odd in a multiplication row


Look at the 3 row:


3,6,9,12,15,18

What even-and-odd pattern do you see?


Step 1: Name each number as even or odd.


  	3 is odd

  	6 is even

  	9 is odd

  	12 is even

  	15 is odd

  	18 is even




Step 2: Notice the order.

It goes odd, even, odd, even, odd, even.


Answer: The products alternate between odd and even.


Helpful tips



  	In an addition table, moving right or down usually adds 1 when the headers go up by 1.

  	The diagonal of doubles is important because both numbers are the same.

  	In multiplication rows, products often follow skip-counting patterns.

  	Look for even and odd patterns to help you understand multiplication facts.

  	If you are not sure, say the facts out loud and listen for the pattern.




Let’s practice thinking


If you see the addition answers 4,5,6,7, you can notice they go up by 1.


If you see the multiplication answers 5,10,15,20, you can notice they go up by 5.


If you see 2,4,6,8, you can notice they are all even and they increase by 2.


[image: 📋]   Summary


Arithmetic patterns are number patterns that follow a rule. In addition tables, you can look for rows that increase by 1, matching facts, and the diagonal of doubles.


In multiplication tables, you can look for skip-counting patterns and even-or-odd patterns. When you identify the rule, you can understand the table better and find missing numbers more easily.


  
  Put what you read to the test

  You've worked through Identifying Arithmetic Patterns. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/263






  [image: 📝]   Lesson 55: Translating Scenarios into Equations

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/313




  Translating Scenarios into Equations means turning a story or word problem into a math sentence.


Sometimes a problem tells us about something we know and something we do not know yet. An equation helps us show that information clearly.


An equation is a math sentence with an equals sign, like x+4=9. The equals sign means is the same as.


A variable is a letter or symbol that stands for the unknown part. In 3rd grade, you might use a box, a blank, or a letter like n or x.


When we translate a scenario into an equation, we ask: What is happening in the story? Are things being added, taken away, grouped, or shared equally?


Step 1: Find what you know. Look for the numbers in the story.


Step 2: Find what you do not know. This unknown amount can be shown with a letter or symbol.


Step 3: Find the action words. These words tell which math operation to use.



  	add, more, in all, together often mean addition

  	left, fewer, gave away, minus often mean subtraction

  	groups of, times often mean multiplication

  	shared equally, split into equal groups often mean division




Step 4: Write the equation. Put the unknown, the numbers, and the operation into a math sentence.


Step 5: Check your equation. Ask yourself, “Does this equation match the story?”


Let’s look at some examples.


Example 1: Addition


Lena has 5 stickers. Her friend gives her some more stickers. Now she has 12 stickers. How many stickers did her friend give her?


We know:


  	She started with 5 stickers.

  	She got some more.

  	Now she has 12 stickers.




The unknown is how many she got. Let that be s.


The story becomes:


5+s=12

This equation says: 5 stickers plus some more stickers equals 12 stickers.


Example 2: Subtraction


There were 18 birds in a tree. Some birds flew away. Now there are 11 birds left. How many birds flew away?


We know:


  	There were 18 birds at first.

  	Some flew away.

  	11 birds are left.




The unknown is how many flew away. Let that be b.


The story becomes:


18−b=11

This equation says: 18 birds minus the birds that flew away equals 11 birds.


Example 3: Multiplication


There are 4 bags. Each bag has 6 marbles. How many marbles are there in all?


We know:


  	There are 4 equal groups.

  	Each group has 6 marbles.

  	We want the total.




The unknown is the total number of marbles. Let that be m.


The story becomes:


4×6=m

This equation says: 4 groups of 6 marbles equals the total number of marbles.


Example 4: Division


24 cookies are shared equally among 6 children. How many cookies does each child get?


We know:


  	There are 24 cookies total.

  	They are shared equally among 6 children.

  	We want to know how many each child gets.




The unknown is how many cookies each child gets. Let that be c.


The story becomes:


24÷6=c

This equation says: 24 cookies divided into 6 equal groups equals the number each child gets.


Be Careful! Sometimes the unknown is at the beginning, middle, or end of the equation.


For example:


Some number plus 7 equals 15.


n+7=15

Or:


20 minus some number equals 8.


20−n=8

The letter can go wherever the unknown belongs in the story.


Helpful Thinking Questions



  	What numbers do I see?

  	What is the unknown amount?

  	What words tell me the operation?

  	What does the equals sign show?

  	Does my equation match the story?




Words to Watch For



  	Addition: more, in all, total, together

  	Subtraction: left, remain, fewer, took away

  	Multiplication: groups of, each, times

  	Division: shared equally, each group, split




Let’s translate one more story together.


Jada has 3 rows of chairs. There are 5 chairs in each row. How many chairs are there?


The words 3 rows and 5 in each row tell us there are equal groups. That means multiplication.


If c is the total number of chairs, the equation is:


3×5=c

Another one:


Malik had 14 crayons. He gave 6 crayons to his sister. How many crayons does he have now?


The words gave 6 tell us to subtract.


If r is the number of crayons left, the equation is:


14−6=r

[image: 📋]   Summary


To translate a scenario into an equation, read the story carefully and find the numbers, the unknown, and the action.


Use a letter or symbol for the unknown. Then write a math sentence that matches the story.


Remember: the equals sign means both sides are the same. A good equation shows the story clearly and correctly.


  
  Put what you read to the test

  You've worked through Translating Scenarios into Equations. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/265






  [image: 📝]   Lesson 56: Two-Step Problem Solving Framework

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/314




  Two-Step Problem Solving Framework means solving a word problem in two parts.
Sometimes a problem does not ask for the answer right away. First, you must find a hidden question. Then you use that answer to solve the final question.
This is called a two-step problem because you do Step 1 and then Step 2.
Why is this important?
Some word problems give extra details that must be used in order. If we try to do everything at once, we can get confused. A two-step plan helps us think clearly.
How to solve a two-step word problem
	Read the whole problem carefully.
	Ask: “What is the problem really asking me to find?”
	Look for the hidden question. Ask: “What do I need to know first?”
	Solve Step 1. Find the intermediate answer.
	Solve Step 2. Use the answer from Step 1 to find the final answer.
	Check your work. Make sure your answer makes sense.

Helpful clue words
These words can help, but always read the whole problem.
	Add: in all, altogether, total, sum, more
	Subtract: left, remain, fewer, how many more, difference
	Multiply: groups of, each, equal groups
	Divide: shared equally, split, each group

The hidden question
A hidden question is a question the problem does not say directly, but you must answer it first.
For example, if a problem asks how many apples are left after some are eaten, you may first need to find how many apples there were in all.
So the hidden question comes before the final question.
Think of it like a path:
First answer this: What do I need to know first?
Then answer this: Now what can I find?
Example 1: Add, then subtract
Mia has 12 stickers. Her aunt gives her 5 more stickers. Then Mia gives 4 stickers to her friend. How many stickers does Mia have now?
Step 1: Find the hidden question.
How many stickers does Mia have after her aunt gives her more?
12+5=17
Now Mia has 17 stickers.
Step 2: Find the final answer.
Mia gives away 4 stickers.
17−4=13
Answer: Mia has 13 stickers now.
How we know: We could not subtract 4 until we knew the new total first.
Example 2: Multiply, then add
There are 3 bags of marbles. Each bag has 4 marbles. Sam finds 2 more marbles on the floor. How many marbles are there in all?
Step 1: Find the hidden question.
How many marbles are in the 3 bags?
3×4=12
There are 12 marbles in the bags.
Step 2: Find the final answer.
Add the 2 marbles Sam found.
12+2=14
Answer: There are 14 marbles in all.
Example 3: Add, then compare
Lena read 8 pages on Monday and 7 pages on Tuesday. Her brother read 10 pages total. How many more pages did Lena read than her brother?
Step 1: Find the hidden question.
How many pages did Lena read in all?
8+7=15
Lena read 15 pages.
Step 2: Find the final answer.
How many more than 10 is 15?
15−10=5
Answer: Lena read 5 more pages than her brother.
Example 4: Multiply, then subtract
A teacher has 5 boxes of pencils. Each box has 6 pencils. She gives 8 pencils to students. How many pencils are left?
Step 1: Find the hidden question.
How many pencils are there at first?
5×6=30
There are 30 pencils at first.
Step 2: Find the final answer.
She gives away 8 pencils.
30−8=22
Answer: 22 pencils are left.
How to spot a two-step problem
	The problem has more than one action.
	You need to find one amount before you can answer the question.
	The final question depends on another answer first.

Try asking yourself these questions:
	What is the final question?
	What information do I already know?
	Is there something I need to find first?
	What operation should I use first: add, subtract, multiply, or divide?
	What operation should I use next?

Using a box for the hidden answer
Sometimes it helps to write the hidden answer in a box or blank.
Example:
First: 9+6=□
Then: □−5=10
This shows that the answer from the first step is used in the second step.
Be careful!
	Do not just use the numbers in the order you see them.
	Do not choose an operation only because of one clue word.
	Always think: What do I need to know first?

Check your answer
After solving, read the problem again.
	Did you answer the final question?
	Did you use the answer from Step 1 in Step 2?
	Does your answer make sense?

For example, if someone starts with 17 stickers and gives away 4, the answer should be less than 17. So 13 makes sense.
[image: 📋]   Summary
A two-step word problem has two parts. First, find the hidden question. That gives you the intermediate answer. Then use that answer to solve the final question.
When you slow down, look for what you need to know first, and solve one step at a time, two-step problems become much easier.


  
  Put what you read to the test

  You've worked through Two-Step Problem Solving Framework. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/266






  [image: 📝]   Lesson 57: Two-Step Word Problems

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/125




  Two-Step Word Problems


Sometimes a math story has two things to do. You cannot solve it in just one step. You need to do one step first, and then do another step.


These are called two-step word problems.


For example, you might need to add first and then take away. Or you might need to take away first and then add.


When you solve a two-step word problem, it helps to go slowly and think about the story.


How to solve a two-step word problem



  	Read the story carefully.

  	Ask: What happens first?

  	Solve the first part.

  	Ask: What happens next?

  	Solve the second part.

  	Check: Does my answer make sense?




Words that can help



  	Add words: in all, altogether, now has, got more, joined

  	Take away words: left, gave away, ate, went away, how many remain




Be careful. The most important thing is not just one word. The most important thing is what happens in the story first and next.


Let’s look for the two steps


If a story says:


"Mia had 4 apples. Her dad gave her 3 more. Then she ate 2 apples."


We can ask:


  	What happened first? She got 3 more apples, so we add.

  	What happened next? She ate 2 apples, so we take away.




So the steps are:

4+3=7

7−2=5


Mia has 5 apples left.


You can also show the steps with a number sentence


Sometimes we write both steps like this:

4+3=7

7−2=5


This shows the answer from the first step becomes the starting number for the second step.


Worked Example 1


Ben has 5 toy cars. His friend gives him 2 more toy cars. Then Ben gives 1 toy car to his brother. How many toy cars does Ben have now?


Step 1: Ben gets 2 more, so add.

5+2=7


Step 2: Ben gives 1 away, so take away.

7−1=6


Answer: Ben has 6 toy cars now.


Worked Example 2


There are 9 birds in a tree. 3 birds fly away. Then 2 more birds come to the tree. How many birds are in the tree now?


Step 1: 3 birds fly away, so take away.

9−3=6


Step 2: 2 birds come, so add.

6+2=8


Answer: There are 8 birds in the tree now.


Worked Example 3


Lila has 6 crayons. She gets 4 more crayons. Then she gives 3 crayons to her friend. How many crayons does Lila have left?


Step 1: She gets 4 more, so add.

6+4=10


Step 2: She gives 3 away, so take away.

10−3=7


Answer: Lila has 7 crayons left.


Worked Example 4


There are 10 cookies on a plate. Sam eats 2 cookies. Then Mom puts 5 more cookies on the plate. How many cookies are on the plate now?


Step 1: Sam eats 2, so take away.

10−2=8


Step 2: Mom puts 5 more, so add.

8+5=13


Answer: There are 13 cookies on the plate now.


How to know which step comes first


Read the story in order. Do not just grab numbers and start. Ask yourself:



  	What is the starting number?

  	What happens first?

  	What happens after that?




Let’s try this thinking:

"Noah had 8 stickers. He gave 2 away. Then he got 3 more."



  	Start with 8.

  	First, give away 2: 8−2=6

  	Next, get 3 more: 6+3=9




Noah has 9 stickers.


A helpful way to model the story


You can use circles, marks, or drawings to help.


For 7 balloons, then 2 more, then 1 pops:


  	Start with 7 marks

  	Add 2 marks

  	Cross out 1 mark




Then count what is left.


This is a good way to check your math.


Common mistakes to watch out for



  	Doing only one step. Remember, the story has two parts.

  	Using the wrong order. Do what happens first in the story.

  	Forgetting the new number. Use the answer from step 1 in step 2.




Let’s practice thinking


Problem: Ava has 3 flowers. She picks 4 more flowers. Then she gives 2 flowers to her grandma. How many flowers does Ava have now?



  	Start with 3.

  	First she picks 4 more: 3+4=7

  	Then she gives away 2: 7−2=5




Ava has 5 flowers now.


Remember



  	A two-step word problem has two math actions.

  	You may add and then subtract.

  	You may subtract and then add.

  	Read carefully and solve in order.




Quick summary


Two-step word problems are math stories with two parts. First, find what happens at the beginning. Next, solve what happens after that. Use the answer from the first step to solve the second step.


If you read carefully, work in order, and check your answer, you can solve two-step word problems step by step.


  
  Put what you read to the test

  You've worked through Two-Step Word Problems. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/61






  
    
  [image: 📖]   Chapter 7

  Fractional Reasoning and Equivalence



  [image: 📝]   Lesson 58: Defining the Whole and Equal Partitions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/315




  Defining the Whole and Equal Partitions


Fractions help us describe parts of something. But before we can name a fraction, we must know the whole.


A whole is the entire object, set, length, or amount we are talking about. If the whole changes, the fraction can change too.


Fractions also only work when the whole is split into equal parts. Equal parts are parts that are the same size.


If the parts are not equal, we cannot correctly name them as fractions like halves, thirds, or fourths.


For example, if a sandwich is cut into 2 pieces, but one piece is much bigger than the other, the pieces are not halves. Halves must be 2 equal parts.


Main Idea 1: First define the whole


Sometimes the whole is one shape, like one pizza. Sometimes the whole is a group, like 12 counters. Sometimes the whole is a length, like one ribbon.


We always ask: What is the whole?



  	If the whole is 1 cookie, then part of that cookie can be a fraction of 1 cookie.

  	If the whole is 3 cookies together, then 1 cookie is only part of the whole group.

  	If the whole is a strip of paper, then each equal section is a fraction of that strip.




This means the same piece can have a different name if the whole changes.


Main Idea 2: Fractions need equal partitions


A partition means to split something into parts. A fraction is made when a whole is partitioned into equal parts.


Here are some common equal partitions:



  	2 equal parts = halves

  	3 equal parts = thirds

  	4 equal parts = fourths

  	6 equal parts = sixths




If 1 whole is split into 4 equal parts, each part is one-fourth, written as 14.


The bottom number tells how many equal parts the whole has. The top number tells how many of those equal parts we are talking about.


So in 34:



  	the 4 means the whole is split into 4 equal parts

  	the 3 means we have 3 of those equal parts




Main Idea 3: Equal does not always mean same shape


Equal parts must be the same amount, but they do not always have to look exactly the same.


For example, a rectangle can be split into 2 equal parts up and down, or into 2 equal parts side to side. The parts may look different from another drawing, but if they are the same size, they are equal.


Sometimes shapes are cut in different ways and still make equal parts. What matters is that each part is the same size as the others.


Main Idea 4: Fractions can describe area, sets, and lengths


Fractions are not only for shapes.



  	Area model: a shape split into equal parts

  	Set model: a group of objects split into equal groups

  	Length model: a strip, line, or number line split into equal lengths




In every model, the rule stays the same: first define the whole, then make sure the parts are equal.


Worked Example 1: One shape split into equal parts


A square is split into 4 equal small squares. What fraction is one small square?


Step 1: Define the whole. The whole is 1 square.


Step 2: Count the equal parts. The whole square is split into 4 equal parts.


Step 3: Name one part. One of 4 equal parts is 14.


Answer: One small square is 14 of the whole.


We can write:


1 part out of 4 equal parts =14


Worked Example 2: Unequal parts are not fractions


A circle is cut into 3 pieces, but one piece is large and the other 2 pieces are smaller. Can we say each piece is a third?


Step 1: Ask if the parts are equal.


They are not equal because the pieces are different sizes.


Step 2: Decide if a fraction name works.


No. We cannot call the pieces thirds because thirds must be 3 equal parts.


Answer: No, these pieces are not thirds.


Important: Just counting 3 pieces is not enough. The 3 pieces must be equal.


Worked Example 3: The whole changes the fraction


There are 8 crayons in a box. 4 are blue. What fraction of the crayons are blue?


Step 1: Define the whole. The whole is all 8 crayons.


Step 2: Look at how many equal items are in the whole. Each crayon is 1 equal item in the set.


Step 3: Count the blue crayons. There are 4 blue crayons.


Step 4: Write the fraction. 4 out of 8 crayons are blue, so the fraction is 48.


Answer: 48 of the crayons are blue.


Now imagine only the 4 blue crayons are the whole group. Then 1 blue crayon would be 14 of that new whole.


This shows why defining the whole is so important.


Worked Example 4: Fractions on a length


A strip of paper is split into 5 equal parts. How much of the strip is 2 parts?


Step 1: Define the whole. The whole is the entire strip of paper.


Step 2: Count the equal parts. There are 5 equal parts.


Step 3: Count the parts we have. We have 2 of those parts.


Step 4: Write the fraction. 2 out of 5 equal parts is 25.


Answer: 2 parts of the strip is 25 of the whole strip.


How to check if a fraction makes sense



  	Ask, What is the whole?

  	Ask, Is the whole split into equal parts?

  	Count the total number of equal parts.

  	Count how many parts you are talking about.

  	Write the fraction.




Things to remember



  	A fraction names equal parts of a whole.

  	You must know what the whole is first.

  	Parts must be equal in size or amount.

  	If parts are not equal, the fraction name is not correct.

  	The whole can be a shape, a set of objects, or a length.




Quick Compare


Look at these two situations:



  	A pizza cut into 4 equal slices: each slice is 14.

  	A pizza cut into 4 uneven slices: the slices are not fourths.




The number of pieces alone does not make a fraction. The pieces must be equal.


[image: 📋]   Summary


Fractions tell about parts of a whole. To name a fraction correctly, you must first know the whole. Then check that the whole is split into equal parts. Equal partitions let us use fraction names like halves, thirds, fourths, and fifths correctly.


  
  Put what you read to the test

  You've worked through Defining the Whole and Equal Partitions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/267






  [image: 📝]   Lesson 59: Unit Fractions as Building Blocks

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/316




  Unit Fractions as Building Blocks


Fractions help us talk about parts of a whole. A unit fraction is a fraction with a numerator of 1, like 12, 13, or 14.


A unit fraction means one equal part of a whole. The denominator tells how many equal parts the whole is cut into.


For example:


  	12 means 1 out of 2 equal parts.

  	13 means 1 out of 3 equal parts.

  	15 means 1 out of 5 equal parts.




Unit fractions are called building blocks because we can put them together to make other fractions.


If we have several copies of the same unit fraction, we can name the fraction by counting how many copies we have.


For example, if a whole is split into 4 equal parts, then one part is 14. Two of those parts make 24. Three of those parts make 34.


We can think of it like this:


14+14=24

14+14+14=34

The denominator stays the same because the whole is still split into the same number of equal parts. The numerator tells how many parts we have.


Important idea: Fractions must come from equal parts. If the parts are not equal, they do not make a correct fraction of the whole.


Unit fractions also help us on a number line. If the distance from 0 to 1 is split into equal parts, each part is a unit fraction.


For example, if 0 to 1 is split into 3 equal jumps, each jump is 13. Starting at 0:


  	1 jump is 13

  	2 jumps is 23

  	3 jumps is 33=1




This shows that larger fractions can be made by joining unit fractions again and again.


Main Teaching Points


  	A unit fraction has a numerator of 1.

  	The denominator tells how many equal parts make the whole.

  	One equal part is the unit fraction.

  	Other fractions are made by putting unit fractions together.

  	The numerator tells how many unit fractions we have.




Here is a helpful pattern:


1n

This means 1 part when the whole is split into n equal parts.


Then we can build more fractions:


1n+1n=2n

1n+1n+1n=3n

You do not need to memorize that pattern. Just remember: count how many same-size parts you have.


Worked Example 1: Naming a unit fraction

A sandwich is cut into 4 equal pieces. You have 1 piece. What fraction of the sandwich do you have?

Step 1: Count the total equal parts. There are 4.

Step 2: Count how many parts you have. You have 1.

So the fraction is 14.

This is a unit fraction because the numerator is 1.


Worked Example 2: Building a fraction from unit fractions

A pizza is cut into 8 equal slices. You eat 3 slices. What fraction of the pizza did you eat?

One slice is 18.

If you eat 3 slices, you have 3 copies of 18:


18+18+18=38

So you ate 38 of the pizza.


Worked Example 3: Using a number line

The space from 0 to 1 is split into 5 equal parts on a number line. What fraction is at the second mark after 0?

Each jump is 15.

The first mark is 15.

The second mark is 2 jumps of 15:


15+15=25

So the second mark is 25.


Worked Example 4: Finding how many unit fractions make a fraction

How many 16 pieces are in 46?

The denominator is 6, so the unit fraction is 16.

The numerator is 4, so there are 4 pieces of size 16.


46=16+16+16+16

So 46 is made of 4 unit fractions of size 16.


Things to Remember


  	Look at the denominator to know the size of each equal part.

  	Look at the numerator to know how many parts there are.

  	14 means one fourth-size piece.

  	34 means three fourth-size pieces.

  	Fractions are built from unit fractions.




Quick Check


  	If a whole is split into 3 equal parts, what is one part called?

  	If you have 2 pieces and each piece is 17, what fraction do you have?

  	On a number line split into 4 equal parts from 0 to 1, what fraction is the third mark?




Answers


  	One part is 13.

  	You have 27.

  	The third mark is 34.




[image: 📋]   Summary

A unit fraction is a fraction with a numerator of 1. It names one equal part of a whole.


We use unit fractions as building blocks to make other fractions. For example, 35 means 3 pieces, and each piece is 15.


When you see a fraction, think: What is the unit fraction? Then count how many of those equal parts there are.


  
  Put what you read to the test

  You've worked through Unit Fractions as Building Blocks. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/268






  [image: 📝]   Lesson 60: Composing Non-Unit Fractions

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/317




  Composing Non-Unit Fractions means building a fraction by putting together equal fractional parts.


A unit fraction is a fraction with 1 on top, like 12, 13, or 14. It means one equal part of a whole.


A non-unit fraction has a number bigger than 1 on top, like 23, 34, or 56. It means more than one equal part of the same size.


When we compose a non-unit fraction, we are putting unit fractions together. For example, 34 means three copies of 14.


We can write that like this:


34=14+14+14


This is an important idea: the bottom number tells the size of each part, and the top number tells how many of those parts we have.


So in 34:


  	the 4 means the whole is split into 4 equal parts,

  	the 3 means we have 3 of those parts.




All the parts must be equal. Fractions only work correctly when the whole is divided into equal pieces.


Think of a pizza. If a pizza is cut into 4 equal slices, then each slice is 14. If you have 3 slices, you have 34 of the pizza.


You can also think about fractions on a number line. If the space from 0 to 1 is split into 4 equal jumps, each jump is 14. Three jumps of 14 land on 34.


14+14+14=34


This shows that a non-unit fraction is made by repeating the same unit fraction.


How to compose a non-unit fraction


  	Look at the denominator, the bottom number.

  	That tells the size of each unit fraction.

  	Look at the numerator, the top number.

  	That tells how many times to use that unit fraction.




For example, to make 56:


  	the denominator is 6, so each part is 16,

  	the numerator is 5, so we need 5 parts of 16.




So:

56=16+16+16+16+16


Worked Example 1

Compose 25.

Step 1: The denominator is 5, so each part is 15.

Step 2: The numerator is 2, so we need 2 parts.

Step 3: Put them together.

25=15+15

So 25 is two copies of 15.


Worked Example 2

Compose 43 using unit fractions.

The denominator is 3, so each part is 13.

The numerator is 4, so we need 4 parts of 13.

43=13+13+13+13

This fraction is more than 1 whole, because 3 thirds make 1 whole, and there is 1 more third left.


Worked Example 3

A ribbon is cut into 8 equal parts. Mia uses 3 parts. What fraction of the ribbon does she use?

Each part is 18.

Mia uses 3 parts, so she uses:

18+18+18=38

Mia uses 38 of the ribbon.


Worked Example 4

On a number line from 0 to 1, the whole is split into 6 equal parts. You make 5 jumps of size 16. Where do you land?

Each jump is 16.

After 5 jumps, you have:

16+16+16+16+16=56

You land on 56.


Important ideas to remember


  	A unit fraction has 1 on top.

  	A non-unit fraction is made of more than one unit fraction.

  	The denominator tells the size of each equal part.

  	The numerator tells how many equal parts you have.

  	34 means 3 copies of 14.




Common mistake

Sometimes students think 34 means 3 and 4 are separate numbers that do not work together. But in a fraction, the numbers have jobs:


  	4 tells the whole is split into 4 equal parts,

  	3 tells how many of those parts are chosen.




Another mistake is adding unlike parts, such as saying 14+13=27. That is not how composing works. When we compose a non-unit fraction here, we are adding the same unit fraction again and again.


For example:

15+15+15=35


All the parts are fifths, so the result is still in fifths.


Try thinking this way


  	27 is 2 copies of 17

  	68 is 6 copies of 18

  	32 is 3 copies of 12




We can write these as:

27=17+17

68=18+18+18+18+18+18

32=12+12+12


[image: 📋]   Summary

Composing non-unit fractions means building a fraction by joining equal unit fractions. A fraction like 34 is made from three 14 parts. If you know the size of one part and how many parts there are, you can understand and build any non-unit fraction.


  
  Put what you read to the test

  You've worked through Composing Non-Unit Fractions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/269






  [image: 📝]   Lesson 61: Fractions of Continuous vs. Discrete Quantities

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/318




  Fractions of Continuous vs. Discrete Quantities


Fractions help us talk about parts of a whole. Sometimes the whole is one thing, like a pizza, a ribbon, or a rectangle. Sometimes the whole is a group of objects, like 12 marbles or 8 apples.


In this lesson, we will learn the difference between finding a fraction of a continuous quantity and finding a fraction of a discrete quantity.


Continuous quantity means one whole thing that can be divided into equal parts. Examples are a cake, a bar of soap, a strip of paper, or a shape.


Discrete quantity means a set of separate objects that can be counted. Examples are crayons, blocks, cookies, or toy cars.


No matter what kind of whole we have, fractions only work correctly when the whole is split into equal parts.


Remember: In a fraction, the denominator tells how many equal parts the whole is split into, and the numerator tells how many of those parts we are talking about.


For example, in 34:


  	The 4 means the whole is split into 4 equal parts.

  	The 3 means we are using 3 of those parts.




1. Fractions of a Continuous Quantity


When we find a fraction of a continuous quantity, we start with one whole object or shape.


If we want 12 of a rectangle, we divide the rectangle into 2 equal parts and take 1 part.


If we want 34 of a strip of paper, we divide the strip into 4 equal parts and take 3 parts.


The parts must be equal in size. If one part is bigger than another part, the fraction model is not correct.


2. Fractions of a Discrete Quantity


When we find a fraction of a discrete quantity, we start with a set of countable objects.


If we want 13 of 12 marbles, we split the 12 marbles into 3 equal groups. Then we take 1 of those groups.


Because 12÷3=4, each group has 4 marbles. So 13 of 12 is 4.


For sets of objects, we are not cutting the objects into pieces. We are making equal groups of whole objects.


How are they different?



  	Continuous quantity: one whole thing is divided into equal parts.

  	Discrete quantity: a group of separate objects is split into equal groups.




How are they the same?



  	Both need a clear whole.

  	Both must use equal parts or equal groups.

  	Both use the numerator and denominator in the same way.




Worked Example 1: Continuous Shape


A rectangle is divided into 4 equal parts. 3 parts are shaded. What fraction of the rectangle is shaded?


Step 1: Count the total equal parts. There are 4.

Step 2: Count the shaded parts. There are 3.

Answer: The shaded fraction is 34.


We can write:

shaded partstotal equal parts=34


Worked Example 2: Discrete Set


There are 10 stars. What is 15 of 10 stars?


Step 1: The denominator is 5, so split the 10 stars into 5 equal groups.

Step 2: Find how many are in each group.

10÷5=2

Step 3: The numerator is 1, so take 1 group.

Answer: 15 of 10 stars is 2 stars.


Worked Example 3: Continuous Quantity


A ribbon is split into 8 equal parts. Sara uses 58 of the ribbon. How many parts does she use?


Step 1: The denominator 8 tells us the ribbon is split into 8 equal parts.

Step 2: The numerator 5 tells us to count 5 of those parts.

Answer: Sara uses 5 of the 8 equal parts, so she uses 58 of the ribbon.


This is a continuous model because the ribbon is one whole object.


Worked Example 4: Discrete Quantity


A bag has 16 marbles. What is 34 of 16 marbles?


Step 1: The denominator is 4, so split 16 marbles into 4 equal groups.

16÷4=4

Each group has 4 marbles.

Step 2: The numerator is 3, so take 3 groups.

3×4=12

Answer: 34 of 16 marbles is 12 marbles.


A helpful way to think



  	Ask: Is the whole one object or a group of objects?

  	If it is one object, it is continuous.

  	If it is a group of countable objects, it is discrete.

  	Then make equal parts or equal groups.

  	Use the denominator first, then the numerator.




Watch out for these mistakes



  	Unequal parts: Fractions must show equal parts.

  	Forgetting the whole: You must know what the whole is before naming the fraction.

  	Mixing up numerator and denominator: The denominator tells how many equal parts or groups. The numerator tells how many to take.

  	Cutting objects in a set: For discrete quantities, we usually make equal groups of whole objects, not pieces.




Let's compare


If you see 12 of a pizza, you split one pizza into 2 equal parts and take 1 part.


If you see 12 of 6 cookies, you split 6 cookies into 2 equal groups and take 1 group. Since 6÷2=3, 12 of 6 cookies is 3 cookies.


Both show one-half, but one uses a single whole object and the other uses a set of objects.


[image: 📋]   Summary


A fraction shows equal parts of a whole. A continuous quantity is one whole thing, like a shape or ribbon, divided into equal parts. A discrete quantity is a set of separate objects, like marbles or apples, divided into equal groups.


To find a fraction, look at the denominator first to make equal parts or groups. Then use the numerator to choose how many parts or groups to take. If the parts are equal, the fraction is fair and correct.


  
  Put what you read to the test

  You've worked through Fractions of Continuous vs. Discrete Quantities. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/270






  [image: 📝]   Lesson 62: Fractions as Numbers on a Number Line

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/319




  Fractions as Numbers on a Number Line


Sometimes we see fractions as parts of a pizza or parts of a shape. That is helpful, but fractions are also numbers. A fraction can show an exact place on a number line.


In this lesson, we will learn how to place fractions between 0 and 1 on a number line. We will see that each fraction names one exact point.


What is a number line?


A number line is a straight line that shows numbers in order. Numbers get bigger as we move to the right.


When we work with fractions from 0 to 1, we look at the space between 0 and 1 and split it into equal parts.


Fractions must be made from equal parts


If the space from 0 to 1 is not split into equal parts, then we cannot correctly name the fractions.


For example, to show fourths, the space from 0 to 1 must be divided into 4 equal parts. Then the marks are:


14, 24, 34, and then 1, which is the same as 44.


What do the two numbers in a fraction mean?



  	Denominator: the bottom number tells how many equal parts the whole is split into.

  	Numerator: the top number tells how many of those equal parts we count from 0.




In 35:


  	the 5 means the space from 0 to 1 is split into 5 equal parts,

  	the 3 means we count 3 of those parts from 0.




How to plot a fraction on a number line



  	Find 0 and 1.

  	Look at the denominator. Split the space from 0 to 1 into that many equal parts.

  	Start at 0 and count the number of parts shown by the numerator.

  	Put a point on that mark. That point is the fraction.




Important idea: A fraction is not just a piece of something. It is also a number with a place on the number line.


Example 1: Plot 12


We want to place 12 on the number line from 0 to 1.



  	The denominator is 2, so split the space into 2 equal parts.

  	The numerator is 1, so count 1 part from 0.




That point is 12.


It is right in the middle of 0 and 1.


It can look like this:


0∣1

012


Example 2: Plot 34


Now let’s place 34.



  	The denominator is 4, so split the space from 0 to 1 into 4 equal parts.

  	The numerator is 3, so count 3 equal parts from 0.




The third mark is 34.


The marks are:


01424341


So 34 is close to 1, but it is not at 1 yet.


Example 3: Plot 23


Let’s try thirds.



  	The denominator is 3, so split the space from 0 to 1 into 3 equal parts.

  	The numerator is 2, so count 2 parts from 0.




The second mark is 23.


It looks like this:


013231


This shows that 23 is more than 13 and less than 1.


Example 4: Which fraction is at this point?


Suppose the space from 0 to 1 is split into 5 equal parts. A point is on the 4th mark after 0. What fraction is it?



  	There are 5 equal parts, so the denominator is 5.

  	The point is at the 4th mark from 0, so the numerator is 4.




The fraction is 45.


The number line marks are:


0152535451


How to think about fractions between 0 and 1



  	Fractions closer to 0 are smaller.

  	Fractions closer to 1 are bigger.

  	Each fraction has one exact spot.

  	The whole space from 0 to 1 must be split into equal parts.




Helpful reminders



  	Always check the denominator first.

  	Make equal jumps or equal spaces on the number line.

  	Then count the number of parts named by the numerator.

  	Remember that 1 can also be written as a fraction, like 22, 33, or 44.




Common mistake to avoid


Do not make uneven spaces between 0 and 1. Fractions only work correctly on a number line when the parts are equal.


Another common mistake is mixing up the numerator and denominator. The denominator tells how many equal parts there are in all. The numerator tells how many parts to count from 0.


Let’s review


A fraction is a number that names a point on a number line. To place a fraction between 0 and 1, divide the space into equal parts using the denominator, then count parts from 0 using the numerator.


When you understand fractions on a number line, you can see that fractions are real numbers, just like whole numbers. They show exact places, not just pieces of objects.


  
  Put what you read to the test

  You've worked through Fractions as Numbers on a Number Line. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/271






  [image: 📝]   Lesson 63: Fractions Greater Than One
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  Fractions Greater Than One


We often learn fractions by cutting 1 whole into equal parts. For example, if a pizza is cut into 4 equal slices, then 1 slice is 14.


But fractions do not stop at 1 whole. Sometimes we have more than one whole. A fraction can show that too. These are called fractions greater than one.


For example, 54 means 5 pieces, and each piece is 14 of a whole. Since 4 fourths make 1 whole, 5 fourths is 1 whole and 1 fourth.


This lesson will help you understand fractions greater than 1 using pictures, equal parts, and the number line.


1. Remember what a fraction means


A fraction has two numbers:


  	The top number tells how many parts we have.

  	The bottom number tells how many equal parts make 1 whole.




In 34:


  	3 means 3 parts

  	4 means 4 equal parts make 1 whole




If the top number is bigger than the bottom number, the fraction is greater than 1.


For example:


  	44=1

  	54>1

  	73>1




2. How to know when a fraction is greater than 1


Think about how many parts make 1 whole.


If the denominator is 6, then 6 sixths make 1 whole:

66=1

So:


  	16,26,36 are less than 1

  	66 is exactly 1

  	76,86 are greater than 1




A good way to check is this:


  	If the numerator is smaller than the denominator, the fraction is less than 1.

  	If the numerator is the same as the denominator, the fraction is 1.

  	If the numerator is greater than the denominator, the fraction is greater than 1.




3. Fractions greater than 1 with visual models


Let us use circles, bars, or rectangles split into equal parts.


Suppose each whole is divided into 3 equal parts. Each part is 13.


If we shade 4 thirds, we have:


  	3 thirds = 1 whole

  	1 more third = 13




So 43 means:

43=113

This is called a mixed number. A mixed number has a whole number and a fraction.


Another example: if each whole is split into 5 equal parts and we have 8 parts, then:


  	5 fifths = 1 whole

  	3 fifths are left




So:

85=135

4. Fractions greater than 1 on a number line


A number line helps us see where fractions belong.


Let us count in fourths:

0,14,24,34,44,54,64,74,84

Since 44=1, the next fraction, 54, is one step past 1.


On the number line:


  	44 is at 1

  	54 is just after 1

  	64 is two fourths after 1

  	84 is at 2




This shows that fractions can keep going after 1, just like whole numbers do.


5. Connecting improper fractions and mixed numbers


A fraction greater than 1 can often be written in two ways:


  	as a fraction like 54

  	as a mixed number like 114




These names show the same amount.


To change a fraction greater than 1 into a mixed number:


  	Ask how many parts make 1 whole.

  	Make as many wholes as you can.

  	See how many parts are left.




Example: 94


  	4 fourths = 1 whole

  	Another 4 fourths = 1 more whole

  	That uses 8 fourths

  	1 fourth is left




So:

94=214

Worked Example 1

Is 65 greater than 1?

Step 1: 5 fifths make 1 whole.

Step 2: We have 6 fifths, which is 1 more fifth than 1 whole.

So yes, 65 is greater than 1.

It can also be written as:

65=115

Worked Example 2

Write 73 as a mixed number.

Step 1: 3 thirds make 1 whole.

Step 2: Use 6 thirds to make 2 wholes.

63=2
Step 3: 1 third is left.

So:

73=213

Worked Example 3

Where is 52 on the number line?

Step 1: Count in halves:

0,12,22,32,42,52
Step 2: 22=1 and 42=2.

Step 3: 52 is one half after 2.

So:

52=212

Worked Example 4

Compare 34 and 54.

Both fractions use fourths, so we can compare the numerators.


  	34 is less than 1

  	54 is greater than 1



So:

54>34

6. Tips for thinking about fractions greater than 1


  	First find out how many equal parts make 1 whole.

  	If you have more parts than that, the fraction is greater than 1.

  	Use pictures to group parts into wholes.

  	Use a number line to count equal jumps past 1.

  	Remember: 44=1, 54=114, and 84=2.




7. Common mistakes to avoid


  	Mistake: Thinking all fractions are less than 1.
Fractions can be less than 1, equal to 1, or greater than 1.

  	Mistake: Forgetting that the denominator tells the size of the parts.
In 54, the pieces are fourths, not fifths.

  	Mistake: Not making a full whole first.
Always look for a full set, like 4 fourths or 3 thirds.




[image: 📋]   Summary


A fraction greater than 1 means you have more than one whole. This happens when the numerator is greater than the denominator.


You can show fractions greater than 1 with pictures, by grouping equal parts into wholes, or on a number line by counting past 1.


You can also write a fraction greater than 1 as a mixed number. For example, 54=114 and 73=213.


When you see a fraction, ask: How many parts make one whole? Then see whether the fraction is less than 1, equal to 1, or greater than 1.


  
  Put what you read to the test

  You've worked through Fractions Greater Than One. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/272






  [image: 📝]   Lesson 64: Whole Numbers as Fractions
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  Whole Numbers as Fractions


Sometimes we see fractions and whole numbers as different kinds of numbers. But they are connected! A whole number can be written as a fraction.


This is helpful because it shows that whole numbers and fractions belong to the same number family. It also helps us compare numbers and understand equivalent fractions.


Important idea: A fraction tells how many equal parts we have.


In a fraction, the top number tells how many parts we have, and the bottom number tells what kind of parts they are.


For example, in 34:


  	the 3 means 3 parts,

  	the 4 means the whole is split into 4 equal parts.




Now let’s think about whole numbers.


If we have 1 whole, we can write it as a fraction. One whole means we have 1 out of 1 equal part.


So,

1=11


We can also make 1 whole in other ways. If a whole is split into 2 equal parts and we have both parts, that is still 1 whole.


1=22


If a whole is split into 3 equal parts and we have all 3 parts, that is also 1 whole.


1=33


So any fraction with the same top and bottom number equals 1.


Examples:


  	44=1

  	55=1

  	1010=1




What about other whole numbers?


Every whole number can be written as a fraction with a denominator of 1.


That is because if the whole is split into 1 equal part, then each whole is just one big part.


So:


  	2=21

  	3=31

  	7=71




This means:

whole number=that number1


For example, 5 means 5 wholes. As a fraction, that is 51.


Why does this work?


The denominator of 1 means each whole is divided into 1 equal part. So each part is a whole. If we have 5 of those parts, we have 5 wholes.


51=5


Whole numbers can also be made from fractions greater than 1.


If we have enough equal parts to make full wholes, the fraction can name a whole number.


For example, if each whole is split into 2 equal parts, then 6 halves make 3 wholes.


62=3


Why? Because:


  	2 halves make 1 whole,

  	4 halves make 2 wholes,

  	6 halves make 3 wholes.




Another example:

84=2


That is because 4 fourths make 1 whole, so 8 fourths make 2 wholes.


A helpful pattern:


  	If the numerator and denominator are the same, the fraction equals 1.

  	If the numerator is a multiple of the denominator, the fraction can equal a whole number.

  	Any whole number can be written with denominator 1.




Let’s look at some worked examples.


Worked Example 1

Write 3 as a fraction.

We put 3 over 1:

3=31

Answer: 31


Worked Example 2

What whole number does 44 equal?

The top and bottom numbers are the same. That means the fraction equals 1 whole.

44=1

Answer: 1


Worked Example 3

What whole number does 105 equal?

Since 5 fifths make 1 whole, 10 fifths make 2 wholes.

105=2

Answer: 2


Worked Example 4

Fill in the blank: 2=□1

Any whole number can be written over 1.

So:

2=21

Answer: 2


Let’s compare a few more examples.


  	1=11=22=33

  	4=41

  	123=4

  	155=3




Things to remember


  	A whole number can be written as a fraction.

  	To write a whole number as a fraction, put it over 1.

  	A fraction with the same numerator and denominator equals 1.

  	Some fractions greater than 1 equal whole numbers.




Quick check


  	6=□1

  	77=□

  	93=□




Answers:


  	6=61

  	77=1

  	93=3




[image: 📋]   Summary

Whole numbers and fractions are connected. Every whole number can be written as a fraction with 1 on the bottom, like 4=41. Fractions like 44 equal 1, and fractions like 84 can equal other whole numbers too.


  
  Put what you read to the test

  You've worked through Whole Numbers as Fractions. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/273
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  Generating Equivalent Fractions Visually


Fractions can have different names and still mean the same amount. These are called equivalent fractions.


For example, 12 and 24 are equivalent fractions. They look different, but they cover the same part of a whole and land on the same spot on a number line.


In this lesson, we will learn how to see equivalent fractions by using:


  	Area models, like shaded rectangles or circles

  	Number lines, where fractions are shown as points between 0 and 1




1. What is a fraction?


A fraction shows equal parts of a whole.


In the fraction 12:


  	The bottom number tells how many equal parts the whole is split into.

  	The top number tells how many of those parts we have.




So 12 means 1 out of 2 equal parts.


2. What does equivalent mean?


Equivalent means equal in value. Equivalent fractions may have different numbers, but they name the same amount.


Here are some equivalent fractions:


  	12=24

  	13=26

  	23=46




3. Using area models to see equivalent fractions


An area model is a shape split into equal parts. We can shade parts to show a fraction.


Let’s look at 12 and 24.


Imagine one rectangle split into 2 equal parts. If 1 part is shaded, that shows 12.


Now imagine the same size rectangle split into 4 equal parts. If 2 parts are shaded, that shows 24.


Even though the second rectangle has more pieces, the shaded amount is still the same. Both show half of the whole.


That is why:

12=24

A good way to think about this is: we did not change the whole. We only split the same whole into smaller equal parts.


4. Using number lines to see equivalent fractions


A number line shows fractions as points. Fractions that are equivalent land on the same point.


Think about the distance from 0 to 1.



  	If we split that distance into 2 equal parts, the middle point is 12.

  	If we split that same distance into 4 equal parts, the second point is 24.




Both points are in the same place: halfway between 0 and 1.


So on a number line:

12=24

This helps us prove that equivalent fractions are the same size.


5. A helpful pattern


Sometimes we can make an equivalent fraction by making more equal parts.


For example, start with 13. If each third is split into 2 smaller equal parts, the whole now has 6 equal parts. The 1 shaded third becomes 2 shaded sixths.


So:

13=26

We can see this visually because both fractions shade the same amount of the same whole.


Worked Example 1


Are 12 and 24 equivalent?


Step 1: Draw or imagine the same whole two times.


  	Split the first whole into 2 equal parts and shade 1 part.

  	Split the second whole into 4 equal parts and shade 2 parts.




Step 2: Compare the shaded amounts.


Both show the same amount of the whole.


Answer: Yes, they are equivalent.

12=24

Worked Example 2


Are 13 and 26 equivalent?


Step 1: Use area models.


  	Split one shape into 3 equal parts and shade 1 part.

  	Split another same-size shape into 6 equal parts and shade 2 parts.




Step 2: Look at how much is shaded.


The shaded parts cover the same amount.


Answer: Yes, they are equivalent.

13=26

Worked Example 3


Are 23 and 46 equivalent?


Step 1: Think about a rectangle.


  	Split one rectangle into 3 equal parts and shade 2 parts.

  	Split the same-size rectangle into 6 equal parts and shade 4 parts.




Step 2: Compare the shaded amount.


Both show the same amount of the whole.


Step 3: Check on a number line.


Both fractions land at the same point between 0 and 1.


Answer: Yes, they are equivalent.

23=46

Worked Example 4


Are 12 and 34 equivalent?


Step 1: Draw or imagine the same whole.


  	For 12, shade 1 out of 2 equal parts.

  	For 34, shade 3 out of 4 equal parts.




Step 2: Compare the shaded amount.


34 covers more than 12.


Step 3: Check on a number line.


12 is at the middle. 34 is farther to the right.


Answer: No, they are not equivalent.


6. How to tell if fractions are equivalent visually


Ask yourself these questions:


  	Are the wholes the same size?

  	Are the parts split into equal pieces?

  	Do the shaded parts cover the same amount?

  	Do the fractions land on the same point on a number line?




If the answer is yes, the fractions are equivalent.


7. Important things to remember



  	Equivalent fractions have different names but the same value.

  	Area models help us compare shaded parts of the same whole.

  	Number lines help us compare where fractions are located.

  	The whole must be the same size when we compare fractions.

  	The parts must be equal parts.




8. Quick practice to think about


Try these with a drawing or a number line:


  	Is 24 the same as 12?

  	Is 36 the same as 12?

  	Is 26 the same as 13?

  	Is 24 the same as 34?




[image: 📋]   Summary


Equivalent fractions are fractions that are the same size, even if they have different numbers. We can prove this by using area models and number lines.


If two fractions shade the same amount of the same whole, or land on the same point on a number line, they are equivalent fractions.


  
  Put what you read to the test

  You've worked through Generating Equivalent Fractions Visually. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/274
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  Comparing Fractions with Shared Denominators


Fractions tell us about equal parts of a whole. When we compare fractions, we are deciding which fraction is greater, which is less, or if they are equal.


In this lesson, we will learn how to compare fractions that have the same denominator. For example, we might compare 38 and 58.


First, let’s remember what a fraction means.



  	The denominator is the bottom number. It tells how many equal parts the whole is cut into.

  	The numerator is the top number. It tells how many of those equal parts we have.




In the fraction 38:


  	the denominator is 8, so the whole is split into 8 equal parts

  	the numerator is 3, so we have 3 of those parts




What does “shared denominators” mean?


Shared denominators means the fractions have the same bottom number. That means the parts are the same size.


For example, in 26 and 56, both fractions have a denominator of 6. Both wholes are cut into 6 equal parts. Since the parts are the same size, we only need to compare how many parts each fraction has.


The big idea:


When two fractions have the same denominator, the fraction with the greater numerator is the greater fraction.


Why? Because if the pieces are the same size, having more pieces means having more of the whole.


Here is the rule:


For fractions with the same denominator:

Compare the numerators.


  	If the numerator is bigger, the fraction is bigger.

  	If the numerator is smaller, the fraction is smaller.

  	If the numerators are the same, the fractions are equal.




You can also think about a picture.


Imagine two same-sized pizzas, and each pizza is cut into 8 equal slices.


  	38 means 3 slices

  	58 means 5 slices




Since each slice is the same size, 5 slices is more than 3 slices. So:


38<58


You can also compare fractions on a number line.


Fractions with the same denominator can be placed on a number line between 0 and 1. The fraction farther to the right is greater.


If we mark eighths on a number line, 58 is to the right of 38, so 58 is greater.


Worked Example 1


Compare 14 and 34.



  	Look at the denominators: both are 4.

  	That means the parts are the same size.

  	Compare the numerators: 1 and 3.

  	Since 3 is greater than 1, 34 is greater.




So:

14<34


Worked Example 2


Compare 56 and 26.



  	The denominators are both 6.

  	So the parts are the same size.

  	Compare the numerators: 5 and 2.

  	Since 5 is greater than 2, 56 is greater.




So:

56>26


Worked Example 3


Compare 47 and 47.



  	The denominators are both 7.

  	The numerators are both 4.

  	Since both fractions are exactly the same, they are equal.




So:

47=47


Worked Example 4


Compare 610 and 810.



  	The denominators are both 10, so the pieces are the same size.

  	Compare the numerators: 6 and 8.

  	Since 8 is greater than 6, 810 is greater.




So:

610<810


Helpful steps to remember



  	Step 1: Check the denominators.

  	Step 2: If the denominators are the same, compare the numerators.

  	Step 3: Use >, <, or =.




Math symbols


  	> means greater than

  	< means less than

  	= means equal to




Common mistake to avoid


Do not compare the denominators when the denominators are already the same. If the denominators match, the pieces are already the same size. Then you only need to look at the numerators.


For example, with 29 and 79, both fractions are made of ninths. Since 7 parts is more than 2 parts, 79 is greater.


Try thinking with words


35 means “3 fifths.”

45 means “4 fifths.”

If both are fifths, then 4 fifths is more than 3 fifths.


[image: 📋]   Summary


When fractions have the same denominator, they are split into equal parts of the same size. To compare them, look at the numerators. The fraction with more equal parts is greater. If the numerators are the same, the fractions are equal.


  
  Put what you read to the test

  You've worked through Comparing Fractions with Shared Denominators. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/275
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  Comparing Fractions with Shared Numerators


Fractions tell us about parts of a whole. When we compare fractions, we ask: Which fraction is bigger? or Which fraction is smaller?


In this lesson, we will learn how to compare fractions that have the same numerator. The numerator is the top number in a fraction. For example, in 23, the numerator is 2.


When fractions have the same numerator, they are talking about the same number of pieces. The important question is: How big is each piece?


Main Idea: If two fractions have the same numerator, the fraction with the smaller denominator is greater, because the whole is cut into fewer parts, so each part is bigger.


For example, compare 23 and 25.


Both fractions have a numerator of 2, so both mean 2 pieces. But thirds are bigger pieces than fifths, because when you split a whole into 3 equal parts, each part is bigger than when you split it into 5 equal parts.


So:


23>25


Why does this happen?


Think about sharing one sandwich.



	If the sandwich is cut into 3 equal pieces, each piece is pretty big.

	If the sandwich is cut into 5 equal pieces, each piece is smaller.




If you get 2 pieces, you would rather have 2 thirds than 2 fifths, because the thirds are bigger pieces.


Important Rule:



	Same numerator

	Compare the denominators

	Bigger denominator = smaller pieces

	Smaller denominator = bigger pieces




So when the numerators are the same:


smaller denominator→larger fraction


and


larger denominator→smaller fraction


How to Compare Fractions with the Same Numerator



	Look at the numerators. Make sure they are the same.

	Look at the denominators.

	Remember: more parts means smaller pieces.

	The fraction with the smaller denominator is greater.




Worked Example 1


Compare 12 and 14.


The numerators are both 1, so we compare the denominators: 2 and 4.


A whole cut into 2 equal parts gives bigger pieces than a whole cut into 4 equal parts.


So one half is bigger than one fourth.


12>14


Worked Example 2


Compare 34 and 38.


The numerators are both 3, so both fractions mean 3 pieces.


Now compare the denominators: 4 and 8.


Fourths are bigger pieces than eighths. So 3 fourths is bigger than 3 eighths.


34>38


Worked Example 3


Compare 26 and 23.


The numerators are both 2.


Now compare the denominators: 6 and 3.


Sixths are smaller pieces than thirds, because 6 parts make smaller pieces than 3 parts.


So 2 sixths is smaller than 2 thirds.


26<23


Worked Example 4


Compare 56 and 57.


The numerators are both 5, so we look at the denominators: 6 and 7.


Sixths are bigger pieces than sevenths.


So 5 sixths is bigger than 5 sevenths.


56>57


Number Line Thinking


Fractions can also be shown on a number line. Fractions farther to the right are greater.


If you mark 23 and 25 on a number line from 0 to 1, 23 will be farther to the right because 2 thirds is more than 2 fifths.


This matches our rule: when the numerators are the same, the fraction with the smaller denominator is greater.


Try to Think About the Size of the Pieces



	45 means 4 big pieces when the whole is cut into 5 parts.

	49 means 4 smaller pieces when the whole is cut into 9 parts.




Because fifths are bigger than ninths:


45>49


A Quick Comparison Trick


If the top numbers match, look at the bottom numbers.



	Smaller bottom number [image: →] bigger fraction

	Bigger bottom number [image: →] smaller fraction




Be Careful!


Sometimes students think a bigger denominator means a bigger fraction. But that is not true when the numerators are the same.


For example, 28 is not bigger than 24. Eighths are smaller pieces than fourths.


So:


28<24


[image: 📋]   Summary


When two fractions have the same numerator, they have the same number of pieces. To compare them, look at the denominator. The denominator tells how many equal parts the whole is split into.


If the whole is split into more parts, each part is smaller. So with the same numerator, the fraction with the smaller denominator is the larger fraction.


Remember:


Same numerator⇒smaller denominator means bigger fraction


  
  Put what you read to the test

  You've worked through Comparing Fractions with Shared Numerators. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/276






  
    
  [image: 📖]   Chapter 8

  Measurement Systems and Applications
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  Lesson: Iteration of Standard Units


When we measure length, we find out how long something is. To measure correctly, we use standard units. Standard units are measurement pieces that are always the same size, like an inch tile, a centimeter cube edge, or a ruler marked in equal parts.


Iteration of standard units means repeating the same-size unit again and again from one end of an object to the other. We place the units end-to-end to measure the whole length.


This is important because if the units are not the same size, or if they are not lined up correctly, the measurement will be wrong.


Why standard units matter


  	Each unit is the same size.

  	Everyone can measure in the same way.

  	The answer is fair, clear, and easy to compare.




For example, if you use inch tiles, every tile is 1 inch long. If an object takes 5 inch tiles to cover its length, then the object is 5 inches long.


How to measure by iterating units


  	Start at the zero point.

  	Place one standard unit at the beginning of the object.

  	Put the next unit right next to it.

  	Keep placing units end-to-end.

  	Make sure there are no gaps and no overlaps.

  	Count the total number of units.




The zero point is very important. The zero point is where measurement begins. On a ruler, it is the mark labeled 0. If you do not start at 0, your answer may be too big or too small.


Think of the zero point as the starting line. Just like a race starts at the starting line, measuring starts at 0.


No gaps and no overlaps

When units are placed with gaps, the measured length looks longer than it really is. When units overlap, the measured length looks shorter than it really is.


So, to measure correctly, the units must:


  	touch but not cover each other,

  	be in a straight line,

  	begin at 0,

  	and all be the same size.




Worked Example 1: Measuring with inch tiles

A pencil is measured with inch tiles. The tiles are placed end-to-end with no gaps or overlaps. There are 6 tiles from one end of the pencil to the other.

Each tile is 1 inch long, so the pencil measures:

6 inches

Answer: The pencil is 6 inches long.


Worked Example 2: Finding a mistake

A crayon is measured with 4 inch tiles, but there is a small gap between two of the tiles.

This is not correct measuring. The gap adds extra space that is not part of the crayon.

To fix it, move the tiles so they touch end-to-end. Then count again.

Important lesson: Units must have no gaps.


Worked Example 3: Why start at zero?

A book is lined up with a ruler, but the edge of the book starts at 2 instead of 0. The other edge ends at 9.

You should not just say the book is 9 units long. The measurement starts at 2, so we find the distance from 2 to 9:

9−2=7

Answer: The book is 7 units long.

This shows why the zero point matters. If you can start at 0, measuring is easier. If you start somewhere else, you must count only the units between the two ends.


Worked Example 4: Comparing correct and incorrect measuring

Two students measure the same marker.


  	Student A places 5 centimeter tiles end-to-end, starting at 0, with no gaps or overlaps.

  	Student B places 5 tiles, but two tiles overlap.



Student A measured correctly. Student B did not measure correctly because overlapping tiles make the marker seem shorter than it really is.

Correct answer: Trust Student A's measurement.


Things to remember when measuring length


  	Use equal-sized standard units.

  	Start at the zero point.

  	Place units end-to-end.

  	Make sure there are no gaps.

  	Make sure there are no overlaps.

  	Count the number of units carefully.




Try thinking about these questions


  	If you measure with different-size pieces, can your answer be trusted?

  	If your object starts at 1 on a ruler and ends at 8, is the length 8 or 7?

  	If there is a gap between units, is the object really that long?




Brief Summary

Iteration of standard units means measuring by repeating the same unit over and over. The units must be placed end-to-end, starting at 0, with no gaps or overlaps. When we do this carefully, we can find the true length of an object.


  
  Put what you read to the test

  You've worked through Iteration of Standard Units. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/277
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  Precision and Estimation in Length


We measure length to find out how long, tall, or wide something is. In real life, we measure many things, like a pencil, a book, a desk, or a doorway.


Sometimes we need an exact measurement. Other times, a good estimate is enough. In this lesson, you will learn how to choose the right measuring tool and how to read measurements to the nearest whole, half, or quarter unit.


1. What is precision?


Precision means measuring carefully and as closely as you can. When you are precise, you line up the object correctly and read the marks on the tool correctly.


For example, if a crayon is a little longer than 4 inches, you should not just say 4 inches if you can read the ruler more carefully. You might say it is 4 and a half inches, or 4 and a quarter inches, if that matches the marks.


2. What is estimation?


Estimation means making a smart guess that is close to the real measurement. Estimating helps when you do not need an exact answer right away.


For example, before measuring a table, you might estimate that it is about 3 feet long. Then you can measure it to check how close your estimate was.


3. Choosing the right tool


Different tools are better for different objects.



  	Ruler: Good for small, straight objects like pencils, books, papers, and crayons.

  	Measuring tape: Good for longer objects or objects that are hard to move, like a table, bed, wall, or doorway.




A ruler is usually short and stiff. A measuring tape is longer and can bend, so it is helpful for bigger spaces.


4. Standard units of length


We use standard units so everyone measures the same way. In 3rd Grade, common units are:



  	Inches for smaller objects

  	Feet for longer objects




Remember:


1 foot=12 inches

You do not always need to change units, but it is helpful to know that inches and feet are connected.


5. How to measure carefully



  	Choose the right tool.

  	Put the zero mark at the start of the object.

  	Make sure the object is lined up straight with the ruler or tape.

  	Look at where the end of the object lands.

  	Read the measurement to the nearest whole, half, or quarter unit.




Important: Start at the 0 mark, not at the edge of the ruler, unless the edge is exactly at 0.


6. Reading whole, half, and quarter units


On a ruler, some marks show whole numbers, and smaller marks show parts of a unit.



  	Whole unit: 1, 2, 3, 4, ...

  	Half unit: halfway between two whole numbers, like 212

  	Quarter unit: one of four equal parts between whole numbers, like 214 or 234




Between 2 and 3 inches, the quarter-inch marks are:


2, 214, 212, 234, 3

These marks help us be more precise than using only whole numbers.


7. When to use whole, half, or quarter units


Use the closest mark that the lesson or problem asks for.



  	If it says nearest whole unit, choose the closest whole number.

  	If it says nearest half unit, choose the closest whole or half.

  	If it says nearest quarter unit, choose the closest whole, quarter, half, or three-quarter mark.




The more small marks you use, the more precise your measurement is.


8. Estimating before measuring


A good estimator thinks about the size of the object first.


You can ask yourself:



  	Is this object shorter than a ruler?

  	Does it look closer to 5 inches or 10 inches?

  	Should I use inches or feet?

  	Do I need a ruler or a measuring tape?




Estimating first can help you catch mistakes. If you estimate a book is about 10 inches long, but your measurement says 2 inches, something is probably wrong.


Worked Example 1: Choosing a tool


Question: What tool should you use to measure the length of a notebook? A ruler or a measuring tape?


Think: A notebook is a small, straight object.


Answer: Use a ruler.


Why? A ruler is best for smaller objects that can sit flat and straight.


Worked Example 2: Reading to the nearest whole unit


Question: A marker starts at 0 inches and ends a little past 6 inches, but not close to 7. What is its length to the nearest whole inch?


Think: The end is closest to 6.


Answer: The marker is about 6 inches long.


To the nearest whole unit, we pick the closest whole number.


Worked Example 3: Reading to the nearest half unit


Question: A pencil starts at 0 and ends exactly halfway between 4 inches and 5 inches. What is its length?


Think: Halfway between 4 and 5 is 412.


Answer: The pencil is 412 inches long.


This is more precise than saying just 4 inches or 5 inches.


Worked Example 4: Reading to the nearest quarter unit


Question: A crayon ends at the first quarter mark after 3 inches. What is its length?


Think: The first quarter mark after 3 is 314.


Answer: The crayon is 314 inches long.


If it ended at the second quarter mark, it would be 312. If it ended at the third quarter mark, it would be 334.


9. Comparing an estimate and an exact measurement


Suppose you estimate that a book is 8 inches long. Then you measure it and find it is 734 inches long.


Your estimate was close. That means it was a good estimate.


Estimates do not have to be perfect. They just need to be reasonable and close.


10. Common mistakes to avoid



  	Starting at the end of the ruler instead of the 0 mark

  	Using a ruler for something too long, like a room

  	Reading the wrong mark

  	Forgetting whether the problem asks for whole, half, or quarter units

  	Not lining up the object straight




11. Quick check ideas


After you measure, ask:



  	Did I use the best tool?

  	Did I start at 0?

  	Does my answer make sense?

  	Did I read to the nearest whole, half, or quarter unit like the problem asked?




[image: 📋]   Summary


Precision means measuring carefully and closely. Estimation means making a smart guess that is near the real length.


Use a ruler for small objects and a measuring tape for longer objects. Read measurements from the 0 mark and use the nearest whole, half, or quarter unit when needed.


When you estimate first and then measure carefully, you become a stronger and more confident mathematician.


  
  Put what you read to the test

  You've worked through Precision and Estimation in Length. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/278
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  Inverse Relationship of Unit Size


When we measure something, we use units. Units are the pieces we count to find how long, tall, or wide something is.


For example, we might measure with inches or centimeters. Both are units of length.


Here is the big idea for this lesson:


If the unit is smaller, you need more of them. If the unit is larger, you need fewer of them.


This is called the inverse relationship of unit size.


That name sounds big, but the idea is simple. Imagine covering a desk with books.



  	If you use small books, you need more books.

  	If you use big books, you need fewer books.




Measuring length works the same way.


If you measure the same object with small units like centimeters, the number will be bigger. If you measure the same object with larger units like inches, the number will be smaller.


So for one object:



  	smaller unit  bigger number

  	larger unit  smaller number




We are not changing the object. We are only changing the size of the unit we use to measure it.


For example, think about a ribbon. The ribbon stays the same length. But the number you say depends on the unit you use.


If the ribbon is measured with centimeters, it may be about 20 centimeters long. If the same ribbon is measured with inches, it may be about 8 inches long.


The ribbon did not shrink or grow. The unit size changed.


Why does this happen?


Measuring means asking, How many of this unit fit along the object?


If the unit is tiny, lots of them fit. If the unit is bigger, not as many fit.


You can think of it like steps across a room.



  	With tiny steps, you take more steps.

  	With giant steps, you take fewer steps.




The room is still the same size. Only the step size changes.


Important measurement idea: When we compare measurements, we should think about the size of the unit, not just the number.


A bigger number does not always mean a longer object.


For example, 12 centimeters and 12 inches are not the same length, because a centimeter and an inch are not the same size.


Worked Example 1


A pencil is measured two ways:



  	10 inches

  	25 centimeters




Which unit is smaller?


We look at the numbers for the same pencil. The pencil takes 25 centimeters but only 10 inches.


Because it takes more centimeters to measure the same object, centimeters are the smaller unit.


Answer: The centimeter is smaller than the inch.


Worked Example 2


A book is 30 centimeters long. Will the number of inches be more than 30 or less than 30?


Inches are larger than centimeters. Larger units mean fewer units are needed.


So the number of inches must be less than 30.


Answer: Less than 30 inches.


Worked Example 3


Two students measured the same table.



  	Mia said the table is 6 hand spans long.

  	Leo said the table is 8 hand spans long.




Who probably used the smaller hand span?


The same table took 8 hand spans for Leo and 6 hand spans for Mia.


More units means smaller units.


So Leo probably used the smaller hand span.


Answer: Leo used the smaller unit.


Worked Example 4


Fill in the blanks:


For the same object, if the unit gets smaller, the number of units gets ________.


If the unit gets larger, the number of units gets ________.


We use the main rule:



  	smaller unit  more units

  	larger unit  fewer units




Answer:



  	smaller unit  larger number

  	larger unit  smaller number




Let's look at it with a simple picture idea.


Imagine a line that is the same length every time.


If we use big units, only a few fit:


same length=4 big units


If we use smaller units, more fit:


same length=8 small units


The length did not change. Only the unit changed.


Things to remember



  	Always compare the same object.

  	Ask, Which unit is bigger?

  	If the unit is smaller, the measurement number is bigger.

  	If the unit is bigger, the measurement number is smaller.




Common mistake


Sometimes students think a bigger number means a bigger object. That is not always true.


Suppose one ribbon is 12 inches long. Another ribbon is 20 centimeters long.


You cannot decide which ribbon is longer by looking only at 12 and 20. The units are different sizes.


When units are different, think carefully about the size of each unit.


Try these thinking questions



  	If you measure a marker with paper clips and then with tiny cubes, which measurement will probably be greater? The tiny cubes measurement, because tiny cubes are smaller.

  	If a door is 200 centimeters tall, will the number of inches be more or less than 200? Less, because inches are larger than centimeters.

  	If two people measure the same string and one gets 9 units while the other gets 5 units, who used the smaller unit? The person who got 9 units.




[image: 📋]   Summary


The inverse relationship of unit size means that the size of the unit and the number of units move in opposite ways.


When the unit gets smaller, the number gets larger. When the unit gets larger, the number gets smaller.


Remember: for the same object, more units means smaller units, and fewer units means larger units.


  
  Put what you read to the test

  You've worked through Inverse Relationship of Unit Size. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/279
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  Perimeter as Linear Boundary


Have you ever walked all the way around a playground, a garden, or a table? The distance around the outside edge is called the perimeter.


Perimeter is the linear boundary of a shape. That means it measures the length all the way around a flat shape. It is like tracing the outside edge with your finger.


A shape can be big or small, but its perimeter is always found by adding the lengths of its outside sides.


What perimeter means



  	Perimeter = the distance around a shape

  	We only measure the outside boundary

  	Perimeter is measured in length units, such as inches, feet, centimeters, or meters

  	We add side lengths to find it




If a shape has side lengths of 3, 4, 3, and 4 units, then its perimeter is:


3+4+3+4=14

So the perimeter is 14 units.


Important idea: perimeter is about length around, not space inside. We are not counting the inside part of the shape. We are only following the edge.


How to find perimeter



  	Look at the shape.

  	Find the length of each outside side.

  	Add all the outside side lengths together.

  	Write the answer with a length unit.




You can think: around the shape, add the sides.


Worked Example 1: A simple square


A square has 4 sides. Each side is 5 inches long.


Add all 4 sides:


5+5+5+5=20

The perimeter is 20 inches.


Because all sides of a square are equal, you can also think of it as:


4×5=20

Worked Example 2: A rectangle


A rectangle has a length of 7 cm and a width of 3 cm.


A rectangle has 2 long sides and 2 short sides, so we add:


7+3+7+3=20

The perimeter is 20 cm.


You can also group equal sides:


7+7+3+3=14+6=20

Worked Example 3: A shape with different side lengths


A shape has side lengths of 2 m, 6 m, 4 m, and 3 m.


Add every outside side:


2+6+4+3=15

The perimeter is 15 meters.


Even when the sides are different lengths, the job is the same: add all the outside sides.


Worked Example 4: A missing side


A rectangle has one long side labeled 8 ft and one short side labeled 2 ft.


In a rectangle, opposite sides are equal. So the other long side is also 8 ft, and the other short side is also 2 ft.


Now add all the sides:


8+2+8+2=20

The perimeter is 20 ft.


Tips for success



  	Make sure you use only the outside edge.

  	Do not count a side twice unless it really appears twice on the shape.

  	Check that you added all the sides.

  	Always include the unit in your answer.




Common mistakes to avoid



  	Adding only 2 sides instead of all the sides

  	Forgetting a side on an odd-shaped figure

  	Writing square units, like square inches, instead of length units

  	Measuring the inside instead of the boundary




Let’s compare


If you put a fence around a yard, you need to know the perimeter because the fence goes around the outside.


If you wanted to cover the yard with grass, that would be about the inside space, not the perimeter.


So remember:



  	Perimeter tells how far around

  	It is a 1-dimensional length around a 2-dimensional shape




Practice thinking


Ask yourself these questions when finding perimeter:



  	What are the outside side lengths?

  	Did I add every outside side?

  	Did I write the correct unit?




[image: 📋]   Summary


Perimeter is the total distance around the outside of a shape. To find it, add the lengths of all the outside sides. Perimeter is measured in length units like inches, feet, centimeters, and meters.


  
  Put what you read to the test

  You've worked through Perimeter as Linear Boundary. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/280






  [image: 📝]   Lesson 72: Area as a Measure of 2D Space
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  Area as a Measure of 2D Space


When we look at a flat shape, we can ask an important question: How much space is inside it? The answer to that question is called area.


Area is the amount of flat, 2D space inside a shape. A shape can be a rectangle, a square, or another closed shape. If the shape is flat like a page, a floor tile, or the top of a desk, we can talk about its area.


We measure area with square units. A square unit is a tiny square that covers part of the shape. We find the area by covering the inside of the shape completely with these same-size squares.


The squares must fit together with no gaps and no overlaps. That helps us measure fairly and correctly.


Here are some examples of square units:


  	square inch

  	square foot

  	square centimeter




If a shape is covered by 8 square units, then its area is 8 square units.


Think of area like tiling a floor. If you want to know how much floor space there is, you can imagine covering it with square tiles. The number of tiles tells the area.


Main Idea 1: Area is about the inside of a shape


Area measures the space inside the boundary of a shape. It does not tell how long the edges are. It tells how much flat space the shape covers.


For example, a notebook cover has area because it is a flat surface. A tabletop has area. A rug has area. These are all flat spaces that can be covered with square units.


Main Idea 2: Use equal-size square units


To measure area correctly, we use squares that are all the same size. If we used different-size squares, the measurement would not be fair.


Imagine covering one rectangle with big squares and another with tiny squares. The counts would not match unless the square units were the same size. That is why area is always measured with equal square units.


Main Idea 3: Count the square units


One way to find area is to count the number of square units inside a shape.


If a shape has rows of squares, you can count one by one, or you can count the rows to help you. For example, if there are 3 rows with 4 squares in each row, there are 12 square units in all.


That means the area is:


12 square units


Main Idea 4: Shapes can be tiled completely


To find area, the inside of the shape should be covered completely. Every part inside the shape must be included.



  	No empty spaces

  	No squares stacked on top of each other

  	No counting squares outside the shape




This is called tiling the shape with square units.


Worked Example 1: Counting squares in a small rectangle


A rectangle is covered with 6 equal square units. What is its area?


Step 1: Count the squares.


There are 6 squares.


Step 2: Write the unit.


The area is:


6 square units


Answer: The rectangle has an area of 6 square units.


Worked Example 2: Using rows and columns


A rectangle has 3 rows of square units. Each row has 5 square units. What is the area?


Step 1: Count by rows.


There are 3 rows, and each row has 5 squares.


We can add:


5+5+5=15


Step 2: Write the area.


15 square units


Answer: The area is 15 square units.


Worked Example 3: A square shape


A square has 4 rows of square units, and each row has 4 square units. What is the area?


Step 1: Count the rows.


There are 4 rows of 4.


We can add:


4+4+4+4=16


Step 2: Write the area.


16 square units


Answer: The square has an area of 16 square units.


Worked Example 4: Finding the area of a larger rectangle


A rectangle is tiled with square units. It has 4 rows and 7 squares in each row. What is the area?


Step 1: Add the squares in all rows.


7+7+7+7=28


Step 2: Write the area with units.


28 square units


Answer: The area is 28 square units.


Tips for Finding Area



  	Look only at the space inside the shape.

  	Use equal-size square units.

  	Make sure the shape is covered with no gaps and no overlaps.

  	Count carefully.

  	Always write square units after your answer.




Common Mistakes to Avoid



  	Counting squares outside the shape

  	Forgetting to count every square inside

  	Using units like just “inches” instead of “square inches”

  	Thinking area means the edge or border of the shape




Let’s Compare


If Shape A has 10 square units inside it, and Shape B has 14 square units inside it, then Shape B has the greater area because it covers more flat space.


If two shapes have the same number of square units inside, then they have the same area, even if they do not look exactly the same.


Real-Life Examples of Area



  	How much space a rug covers on the floor

  	How much paper is on the front of a poster

  	How much space a garden bed covers

  	How much tabletop space is inside the edges of a desk




Quick Check



  	A shape is covered by 9 square units. What is its area?

  	A rectangle has 2 rows of 6 square units. What is its area?

  	Why do we use square units to measure area?




Answers to Quick Check



  	9 square units

  	6+6=12 square units

  	Because area measures flat space inside a shape, and square units can cover that space completely with no gaps or overlaps.




[image: 📋]   Summary


Area tells us how much 2D flat space is inside a shape. We measure area by covering the shape with equal square units and counting them.


Remember: area is the space inside, not the edge. If you can tile the inside completely with same-size squares and count them, you can find the area.


  
  Put what you read to the test

  You've worked through Area as a Measure of 2D Space. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/281
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  Connecting Area to Multiplication


We use area to tell how much flat space a shape covers.


When we find the area of a rectangle, we can use multiplication to do it quickly.


This works because a rectangle can be filled with equal-size square units arranged in rows and columns, just like an array.


What is area?


Area is the number of square units needed to cover a shape with no gaps and no overlaps.


If a rectangle is covered by 12 little squares, then its area is 12 square units.


We write square units like this: 12 square units.


How does multiplication help?


Think about an array. An array has rows and columns.



  	Rows go across.

  	Columns go up and down.




A rectangle can be seen as an array of square units.


If we know how many rows and how many squares are in each row, we can multiply to find the total number of squares.


That total number of squares is the area.


The area rule for rectangles


For rectangles, we multiply the side lengths to find the area.


One side tells us how many squares fit across. The other side tells us how many squares fit down.


So we use:


Area=length×width


If a rectangle is 4 units long and 3 units wide, then:


4×3=12


The area is 12 square units.


Why square units?


We are counting little squares, not just lines.


That is why area is measured in square units.


For example:



  	square inches

  	square centimeters

  	square feet

  	square units




Picture it in your mind


Imagine a rectangle with 3 rows and 5 squares in each row.


You could count:


5+5+5=15


Or you could multiply:


3×5=15


Both ways give the same area: 15 square units.


Multiplication is faster when there are many squares.


Worked Example 1


A rectangle has 2 rows of 4 squares.


Step 1: Count the rows and columns.



  	Rows: 2

  	Squares in each row: 4




Step 2: Multiply.


2×4=8


Answer: The area is 8 square units.


Worked Example 2


A rectangle is 3 units long and 6 units wide.


This means it can be covered by 3 rows of 6 square units, or 6 rows of 3 square units.


Step 1: Write the multiplication sentence.


3×6=18


Answer: The area is 18 square units.


Worked Example 3


A rectangle has side lengths 5 units and 5 units.


This is a special rectangle called a square, but we still find the area the same way.


Step 1: Multiply the side lengths.


5×5=25


Answer: The area is 25 square units.


Worked Example 4


A classroom rug is 4 feet by 7 feet.


Step 1: Multiply the side lengths.


4×7=28


Step 2: Use the correct unit.


Because the side lengths are in feet, the area is in square feet.


Answer: The area of the rug is 28 square feet.


Repeated addition and multiplication


Area connects to multiplication because multiplication is a quick way to add equal groups.


If a rectangle has 4 rows with 3 squares in each row, then:


3+3+3+3=12


This is the same as:


4×3=12


So the area is 12 square units.


Important things to remember



  	Area tells how much space is inside a flat shape.

  	Rectangles can be covered with square units in rows and columns.

  	To find the area of a rectangle, multiply the side lengths.

  	Always write the answer in square units.




Watch out for these mistakes



  	Do not just add the side lengths. For area, we multiply.

  	Do not forget the unit. Area needs square units.

  	Count rows and columns carefully. The total squares must match the multiplication sentence.




Try thinking about these



  	A rectangle has 3 rows and 4 columns. The area is 3×4=12 square units.

  	A rectangle is 6 units by 2 units. The area is 6×2=12 square units.

  	Both rectangles have the same area, even though they look different.




This shows that different rectangles can have the same area.


[image: 📋]   Summary


Area is the number of square units inside a shape.


A rectangle is like an array, with rows and columns of equal squares.


That is why we can multiply side lengths to find area:


Area=length×width


When you see a rectangle, think: rows times columns or length times width.


Then write your answer with the correct square units.


  
  Put what you read to the test

  You've worked through Connecting Area to Multiplication. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/282
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  Distinguishing Area and Perimeter


When we look at a shape, we can measure it in two different ways: by finding its perimeter or by finding its area.


These two ideas are not the same. Sometimes shapes can have the same perimeter but different areas. Sometimes shapes can have the same area but different perimeters.


Let’s learn how to tell them apart.


What is perimeter?


The perimeter is the distance around a shape. If you walked all the way around the edge of a shape, the total distance you walked would be the perimeter.


To find perimeter, we add the lengths of all the sides.


For example, if a rectangle has side lengths 5 units and 3 units, then its perimeter is:


5+3+5+3=16


So the perimeter is 16 units.


What is area?


The area is the amount of space inside a shape. Area tells how much surface a shape covers.


We often measure area by counting square units. A square unit is a little square that is 1 unit long and 1 unit wide.


For a rectangle, we can find area by multiplying the length and width:


area=length×width


If a rectangle has length 5 units and width 3 units, then its area is:


5×3=15


So the area is 15 square units.


Important clue:



	Perimeter = around the outside

	Area = inside the shape




A good way to remember is:



	Perimeter is like a fence around a yard.

	Area is like the grass covering the yard.




Worked Example 1: Find both perimeter and area


A rectangle is 4 units long and 2 units wide.


Step 1: Find the perimeter.


Add all the sides:


4+2+4+2=12


The perimeter is 12 units.


Step 2: Find the area.


Multiply length times width:


4×2=8


The area is 8 square units.


Notice that the perimeter and the area have different meanings and different units.



	Perimeter: 12 units

	Area: 8 square units




Worked Example 2: Same perimeter, different areas


Look at these two rectangles:



	Rectangle A: 5 units by 1 unit

	Rectangle B: 3 units by 3 units




Rectangle A perimeter:


5+1+5+1=12


Rectangle B perimeter:


3+3+3+3=12


Both rectangles have the same perimeter: 12 units.


Now find the areas.


Rectangle A area:


5×1=5


Rectangle B area:


3×3=9


The areas are different:



	Rectangle A: 5 square units

	Rectangle B: 9 square units




So this proves that two shapes can have the same perimeter but different areas.


Worked Example 3: Same area, different perimeters


Now look at these two rectangles:



	Rectangle C: 4 units by 2 units

	Rectangle D: 8 units by 1 unit




Rectangle C area:


4×2=8


Rectangle D area:


8×1=8


Both rectangles have the same area: 8 square units.


Now find the perimeters.


Rectangle C perimeter:


4+2+4+2=12


Rectangle D perimeter:


8+1+8+1=18


The perimeters are different:



	Rectangle C: 12 units

	Rectangle D: 18 units




So this proves that two shapes can have the same area but different perimeters.


Worked Example 4: How to decide whether to use area or perimeter


Read the problem carefully.



	A gardener wants to put a border all the way around a flower bed.

	A gardener wants to cover the flower bed with soil.




For problem 1, we use perimeter because the border goes around the shape.


For problem 2, we use area because the soil covers the inside of the shape.


Tips for telling them apart



	If the question asks for the distance around a shape, find perimeter.

	If the question asks how much space is inside a shape, find area.

	Perimeter is measured in units.

	Area is measured in square units.




Let’s compare what we learned



	Perimeter	Area

	Around the outside	Inside the shape

	Add side lengths	Count square units or multiply length and width

	Measured in units	Measured in square units




Why this matters


Shapes can look different and still share one measurement.


A long, skinny rectangle and a more square-shaped rectangle might have the same perimeter, but the space inside can be very different.


Also, two shapes can cover the same amount of space, but one shape may need more border around it than the other.


That is why we must always ask: Am I measuring around the shape, or inside the shape?


Brief Summary


Perimeter means the distance around a shape. Area means the space inside a shape.


Shapes can have the same perimeter but different areas, and they can also have the same area but different perimeters.


Remember: around = perimeter and inside = area.


  
  Put what you read to the test

  You've worked through Distinguishing Area and Perimeter. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/283
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  Mass vs. Liquid Volume


We measure many things every day. We might measure how heavy something is, or we might measure how much liquid fits inside a container.


These are not the same kind of measurement. In this lesson, you will learn the difference between mass and liquid volume, the units we use, and how to tell which one to measure.


Mass tells how heavy an object is. We use mass for things like an apple, a book, or a rock.


Liquid volume tells how much liquid a container can hold. We use liquid volume for things like water, milk, or juice.


Main Idea: If you are measuring a solid object, think about mass. If you are measuring a liquid in a container, think about liquid volume.


Units for Mass



  	grams (g) are used for lighter objects.

  	kilograms (kg) are used for heavier objects.




Examples of mass:


  	A paper clip might have a mass of a few grams.

  	A watermelon might have a mass of a few kilograms.




Units for Liquid Volume



  	milliliters (mL) are used for small amounts of liquid.

  	liters (L) are used for larger amounts of liquid.




Examples of liquid volume:


  	A small juice box might hold a few hundred milliliters.

  	A large bottle of water might hold 1 liter or more.




How to Tell the Difference



  	Ask: Am I measuring how heavy something is?
If yes, measure mass.

  	Ask: Am I measuring how much liquid fits in a container?
If yes, measure liquid volume.




Look at these clues:


  	Mass: apple, toy, backpack, dog food bag, rock

  	Liquid volume: cup of milk, bottle of water, fish tank, soup pot, juice carton




Choosing the Right Unit


After you decide whether you need mass or liquid volume, choose the best unit.



  	Use grams for light solid objects.

  	Use kilograms for heavy solid objects.

  	Use milliliters for small amounts of liquid.

  	Use liters for large amounts of liquid.




Quick Think:


  	A feather is very light, so grams make sense.

  	A sack of potatoes is heavy, so kilograms make sense.

  	A spoonful of cough syrup is a small amount of liquid, so milliliters make sense.

  	A bucket of water holds a lot of liquid, so liters make sense.




Worked Example 1


Question: A banana is a solid object. Should you measure it in grams, kilograms, milliliters, or liters?


Step 1: A banana is not a liquid. It is a solid object, so we measure mass.


Step 2: A banana is not very heavy, so we use grams.


Answer: grams (g)


Worked Example 2


Question: A jug of lemonade is being filled. Should you measure it in grams, kilograms, milliliters, or liters?


Step 1: Lemonade is a liquid, so we measure liquid volume.


Step 2: A jug holds a lot more than a tiny amount, so liters is a good unit.


Answer: liters (L)


Worked Example 3


Question: Which is the better unit for a coin: grams or liters?


Step 1: A coin is a solid object, not a liquid.


Step 2: So we measure mass, not liquid volume.


Step 3: A coin is small and light, so grams is the better unit.


Answer: grams (g)


Worked Example 4


Question: A bottle has 500 mL of water. Is this mass or liquid volume?


Step 1: The unit is mL, which means milliliters.


Step 2: Milliliters measure liquid volume.


Answer: It is measuring liquid volume.


Helpful Comparisons



  	Mass = how heavy

  	Liquid volume = how much liquid fits inside

  	g and kg = mass units

  	mL and L = liquid volume units




Be Careful!


Sometimes a container is a solid object, but what you are measuring is the liquid inside it.


For example, a bottle is an object, but if you ask, “How much water does the bottle hold?” you are measuring liquid volume, not the mass of the bottle.


Also, do not mix the units:


  	Do not measure milk in grams or kilograms when the question is asking how much liquid it holds.

  	Do not measure a toy car in milliliters or liters.




Try Thinking About These



  	A bag of rice: mass

  	A cup of soup: liquid volume

  	A puppy: mass

  	A carton of juice: liquid volume




[image: 📋]   Summary


Mass measures how heavy something is. We use grams and kilograms for mass.


Liquid volume measures how much liquid a container can hold. We use milliliters and liters for liquid volume.


To choose the right measurement, ask yourself: Is it a solid object, or am I measuring liquid? That question will help you pick the correct kind of unit every time.


  
  Put what you read to the test

  You've worked through Mass vs. Liquid Volume. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/284
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  Reading Analog and Digital Time


We use clocks every day to know what time it is. Time helps us know when to wake up, go to school, eat lunch, and go to bed.


There are two common ways to show time:


  	Analog clocks have a clock face with numbers and moving hands.

  	Digital clocks show the time with numbers, like 3:15.




In this lesson, you will learn how to read both kinds of clocks and how to match an analog clock to a digital time.


Parts of an Analog Clock


An analog clock usually has numbers from 1 to 12 around a circle. It also has two main hands:


  	The short hand is the hour hand. It tells the hour.

  	The long hand is the minute hand. It tells the minutes.




Some clocks also have a very thin second hand, but for now we will focus on the hour hand and minute hand.


Reading the Hour Hand


The hour hand moves slowly from one number to the next. If the short hand is pointing right at 4, the hour is 4 o'clock.


If the hour hand is between two numbers, the hour is the smaller number it has already passed.


For example, if the short hand is between 7 and 8, the hour is still 7.


Reading the Minute Hand


The minute hand is the long hand. It moves faster around the clock.


When the minute hand points to numbers on the clock, we count by 5s:


  	At 1 = 5 minutes

  	At 2 = 10 minutes

  	At 3 = 15 minutes

  	At 4 = 20 minutes

  	At 5 = 25 minutes

  	At 6 = 30 minutes

  	At 7 = 35 minutes

  	At 8 = 40 minutes

  	At 9 = 45 minutes

  	At 10 = 50 minutes

  	At 11 = 55 minutes

  	At 12 = 0 minutes, or :00




You can think of the clock as having 60 minutes all the way around.


Each number is worth:

12×5=60


How to Read an Analog Clock



  	Look at the short hand to find the hour.

  	Look at the long hand to find the minutes.

  	Put them together as hour:minute.




Be careful: if the minute hand is not at 12, the hour hand may be between two numbers. That is normal.


Reading a Digital Clock


A digital clock shows time with numbers, like 8:27.



  	The number before the colon tells the hour.

  	The number after the colon tells the minutes.




For example:


  	4:00 means 4 o'clock.

  	6:15 means 15 minutes after 6.

  	9:42 means 42 minutes after 9.




When the minutes are less than 10, a digital clock uses a zero first.


For example:


  	2:05 means 5 minutes after 2, not 2:5.

  	7:08 means 8 minutes after 7.




Matching Analog Time to Digital Time


To change an analog clock into digital time:


  	Read the hour hand.

  	Read the minute hand.

  	Write the time with a colon.




Example: If the hour hand is just past 3 and the minute hand points to 4, the minutes are 20. The digital time is 3:20.


To change digital time into an analog clock:


  	Put the minute hand on the correct minute mark.

  	Put the hour hand at the hour, or a little past it if minutes are more than 0.




Example: For 5:30, the minute hand points to 6 because that is 30 minutes. The hour hand goes halfway between 5 and 6.


Knowing AM and PM


A day has 24 hours, but many clocks use 12 hours two times each day.



  	AM is from midnight to before noon.

  	PM is from noon to before midnight.




You can remember:


  	AM is usually when we sleep, wake up, eat breakfast, and go to school.

  	PM is usually when we eat dinner, play after school, and go to bed in the evening.




Examples:


  	7:00 AM might be breakfast time.

  	1:00 PM might be after lunch.

  	8:00 PM might be bedtime for some children.




Special Minute Times


Some times show up often on clocks:


  	:00 means exact hour

  	:15 means 15 minutes after the hour

  	:30 means 30 minutes after the hour

  	:45 means 45 minutes after the hour




These are easy to spot on an analog clock because:


  	:00 minute hand at 12

  	:15 minute hand at 3

  	:30 minute hand at 6

  	:45 minute hand at 9




Worked Example 1


An analog clock has the short hand on 2 and the long hand on 12.


Step 1: The hour hand says 2.

Step 2: The minute hand at 12 means 00 minutes.

Answer: The time is 2:00.


Worked Example 2


An analog clock has the short hand a little past 4 and the long hand on 3.


Step 1: The hour is 4.

Step 2: The minute hand on 3 means 15 minutes.

Answer: The time is 4:15.


Worked Example 3


An analog clock has the short hand between 7 and 8 and the long hand on 8.


Step 1: The hour hand has passed 7, so the hour is 7.

Step 2: The minute hand on 8 means 40 minutes.

Answer: The time is 7:40.


Worked Example 4


A digital clock says 9:05 PM.


Step 1: The hour is 9.

Step 2: The minutes are 05, so the minute hand points to the 5-minute mark.

Step 3: The hour hand is just a little past 9.

Step 4: Because it says PM, it is at night, not in the morning.

Answer: The analog clock would show the minute hand on 1 and the hour hand just past 9.


Tips to Help You



  	Read the hour hand first, then the minute hand.

  	Count minutes by 5s around the clock.

  	If the hour hand is between numbers, use the smaller number.

  	On digital clocks, always read both numbers.

  	Watch for AM and PM so you know morning or afternoon/evening.




Quick Check


  	If the minute hand points to 6, the minutes are 30.

  	If the minute hand points to 9, the minutes are 45.

  	If a digital clock says 3:00, the minute hand on an analog clock points to 12.

  	If a digital clock says 6:25, the minute hand points to the 5 because that is 25 minutes.




[image: 📋]   Summary


An analog clock uses a short hour hand and a long minute hand. A digital clock uses numbers written as hour:minute.


To read analog time, find the hour from the short hand and the minutes from the long hand. To read digital time, read the hour before the colon and the minutes after it.


Remember to count the minute marks by 5s and to notice whether the time is AM or PM.


  
  Put what you read to the test

  You've worked through Reading Analog and Digital Time. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/285
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  Calculating Elapsed Time means finding out how much time passes from a start time to an end time.
We use elapsed time every day. We might ask:
	How long is school?
	How much time is left until dinner?
	How long did a movie last?

In this lesson, you will learn how to find elapsed time by using an open number line. An open number line helps us count forward from the start time to the end time in easy jumps.
What is elapsed time?
Elapsed time is the amount of time that goes by between two times.
For example, if you start reading at 2:00 and stop at 3:00, the elapsed time is 1 hour.
How an open number line helps
An open number line for time is like a path. You begin at the start time and make jumps until you reach the end time.
You can make jumps by:
	hours
	half-hours
	groups of minutes, like 5 minutes, 10 minutes, or 15 minutes

After that, you add all the jumps together to find the total elapsed time.
Steps for finding elapsed time
	Write the start time.
	Write the end time.
	Start at the start time on an open number line.
	Jump forward by hours first, if that helps.
	Then jump forward by groups of minutes.
	Add all the jumps together.

Helpful idea: It is often easiest to jump to the next hour first. Then keep going until you reach the end time.
Worked Example 1
A game starts at 1:00 and ends at 3:00. How much time has passed?
Start at 1:00. Jump to 2:00. That is 1 hour.
Then jump from 2:00 to 3:00. That is 1 more hour.
Open number line jumps:
1:00 [image: →] 2:00 [image: →] 3:00
Add the jumps:
1 hour+1 hour=2 hours
Answer: The game lasted 2 hours.
Worked Example 2
Art class starts at 9:15 and ends at 10:00. How much time has passed?
Start at 9:15. Jump to 10:00.
From 9:15 to 10:00 is 45 minutes.
You can think of it as:
	9:15 to 9:30 = 15 minutes
	9:30 to 10:00 = 30 minutes

Add the minutes:
15 minutes+30 minutes=45 minutes
Answer: The art class lasted 45 minutes.
Worked Example 3
Sam starts homework at 4:20 and finishes at 6:05. How much time has passed?
We will use an open number line and make friendly jumps.
Start at 4:20.
	Jump from 4:20 to 5:00 = 40 minutes
	Jump from 5:00 to 6:00 = 1 hour
	Jump from 6:00 to 6:05 = 5 minutes

Now add the jumps.
First add the minutes:
40 minutes+5 minutes=45 minutes
Then include the hour:
1 hour 45 minutes
Answer: Sam worked for 1 hour 45 minutes.
Worked Example 4
A movie begins at 2:35 and ends at 5:10. How much time has passed?
Start at 2:35.
	2:35 to 3:00 = 25 minutes
	3:00 to 4:00 = 1 hour
	4:00 to 5:00 = 1 hour
	5:00 to 5:10 = 10 minutes

Now add the hours and minutes.
Hours:
1 hour+1 hour=2 hours
Minutes:
25 minutes+10 minutes=35 minutes
So the total elapsed time is:
2 hours 35 minutes
Answer: The movie lasted 2 hours 35 minutes.
Tips for success
	Start at the beginning time and count forward.
	Use easy jumps, like to the next hour.
	Keep hours and minutes organized.
	Add the hours together and the minutes together.
	Check that your ending jump lands exactly on the end time.

Things to watch out for
	Do not count backward unless your teacher asks you to.
	Do not forget to include all jumps.
	Be careful when the start time has minutes, like 4:20 or 2:35.

Try thinking about it this way
If the clock does not start right on the hour, first jump to the next full hour. Then count by hours. At the end, count any extra minutes.
That makes elapsed time easier to see.
[image: 📋]   Summary
Elapsed time tells how long something lasts. To find it, start at the beginning time and jump forward on an open number line.
Use jumps by hours and groups of minutes. Then add all the jumps together to find the total time passed.


  
  Put what you read to the test

  You've worked through Calculating Elapsed Time. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/286






  
    
  [image: 📖]   Chapter 9

  Geometric Attributes and Spatial Reasoning



  [image: 📝]   Lesson 78: Defining vs. Non-Defining Attributes

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/335




  Defining vs. Non-Defining Attributes


When we look at shapes, we can notice many things about them. We might see their color, their size, or which way they are turned. We might also notice how many sides they have or whether they have corners.


In math, some shape attributes are defining attributes. These are the special parts that make a shape the shape it is. Other attributes are non-defining attributes. These are things that can change without changing the shape's name.


This lesson will help you learn how to tell the difference.


What is an attribute?


An attribute is a feature or part of something. Shapes have attributes too.



	A shape may have sides.

	A shape may have corners.

	A shape may be large or small.

	A shape may be blue, red, or green.




Not all of these attributes are equally important in math.


Defining attributes


Defining attributes are the features that tell us what a shape really is. If a defining attribute changes, the shape may become a different shape.


For 2D shapes, defining attributes often include:



	the number of sides

	the number of corners

	whether sides are straight

	whether some sides are the same length

	whether the shape has certain kinds of angles




For example:



	A triangle has 3 sides and 3 corners.

	A rectangle has 4 sides and 4 square corners.

	A hexagon has 6 sides.




These are rules for the shape. That is why they are called defining attributes.


Non-defining attributes


Non-defining attributes are features that do not decide the shape's name. These things can change, but the shape stays the same kind of shape.


Non-defining attributes often include:



	color

	size

	direction or orientation (which way the shape is turned)

	where the shape is placed on the page




For example, a triangle can be:



	small or large

	red or yellow

	pointing up, down, or sideways




It is still a triangle as long as it keeps its defining attributes: 3 sides and 3 corners.


A shape does not change its name just because it turns


Sometimes students think a shape is different when it is turned. But turning a shape does not change the kind of shape it is.


If you turn a square, it is still a square. If you turn a triangle, it is still a triangle.


The defining attributes stay the same even when the shape looks different on the page.


Think: "What must be true?"


To decide whether an attribute is defining, ask this question:


Does this feature have to be true for the shape to have this name?


If the answer is yes, it is probably a defining attribute.


If the answer is no, it is probably a non-defining attribute.


Look at these examples:



	A triangle must have 3 sides. That is defining.

	A triangle does not have to be green. That is non-defining.

	A rectangle must have 4 square corners. That is defining.

	A rectangle does not have to be big. That is non-defining.




Worked Example 1: Finding the defining attribute


A shape is blue. It has 3 sides. Which attribute tells us it is a triangle?


Step 1: Look at the attributes.


	blue

	3 sides




Step 2: Ask which one decides the shape's name.


Color does not decide the name. A triangle can be any color.


But a triangle must have 3 sides.


Answer: 3 sides is the defining attribute. Blue is a non-defining attribute.


Worked Example 2: Same shape, different look


Look at two shapes:



	Shape A is a small square.

	Shape B is a large square turned like a diamond.




Are they both squares?


Step 1: Ignore size and direction. Those may be non-defining.


Step 2: Check the defining attributes of a square.



	4 equal sides

	4 square corners




If both shapes have these attributes, then both are squares.


Answer: Yes. They are both squares. The size and the way the shape is turned do not change its name.


Worked Example 3: Sorting attributes


A rectangle has these attributes:



	4 sides

	red

	4 square corners

	large




Which are defining attributes, and which are non-defining?


Step 1: Think about what a rectangle must have.



	It must have 4 sides.

	It must have 4 square corners.




Step 2: Think about what can change.



	It can be red, blue, or any color.

	It can be large or small.




Answer:


	Defining: 4 sides, 4 square corners

	Non-defining: red, large




Worked Example 4: Is it still the same polygon?


A shape has 6 sides. One is small, one is medium, and one is large, but all have 6 sides. Are they all hexagons?


Step 1: Remember the defining attribute of a hexagon.


A hexagon has 6 sides.


Step 2: Check the other feature.


The shapes are different sizes. Size is a non-defining attribute.


Answer: Yes. They are all hexagons because they all have 6 sides.


How this helps you classify shapes


To classify shapes means to sort them into groups. In math, we group shapes by defining attributes, not by non-defining ones.


For example, if you are sorting shapes, you should group together:



	all shapes with 3 sides as triangles

	all shapes with 4 sides and 4 square corners as rectangles

	all shapes with 6 sides as hexagons




You should not sort them only by:



	color

	size

	whether they are turned




Helpful reminders



	Count sides and corners.

	Look for angle clues, like square corners.

	Ignore color.

	Ignore size.

	Ignore which way the shape points.




Quick check


Decide whether each attribute is defining or non-defining.



	A triangle is yellow. 
Yellow is non-defining.

	A shape has 4 square corners. 
4 square corners is defining for rectangles and squares.

	A hexagon is tiny. 
Tiny is non-defining.

	A polygon has 5 sides. 
5 sides is defining for a pentagon.




[image: 📋]   Summary


Shapes have many attributes, but only some are used to name and classify them. Defining attributes are the important math rules, like number of sides, corners, and certain angles. Non-defining attributes are things like color, size, and direction.


When you study a shape, ask yourself: What must be true about this shape? That will help you find the defining attributes and choose the correct shape name.


  
  Put what you read to the test

  You've worked through Defining vs. Non-Defining Attributes. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/287






  [image: 📝]   Lesson 79: Angle Identification and Right Angles

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/336




  Angle Identification and Right Angles


Angles are all around us. You can see them in the corner of a book, a window, a door, or a picture frame.


In this lesson, you will learn what an angle is, where to find it, and how to tell if an angle is a right angle.


What is an angle?


An angle is made when two lines or sides meet at one point.


The point where they meet is called a vertex.


So, when you look for an angle, look for:


  	two sides or lines

  	meeting at one point

  	to make a corner




That corner is the angle.


What is a right angle?


A right angle is a special angle. It makes a perfect square corner.


A right angle measures:

90[image: °]


You do not need to measure every angle with a tool to notice a right angle. In 3rd Grade, a good way to spot one is to ask: Does it look like the corner of a square or rectangle?


If the answer is yes, it is probably a right angle.


Where can we find right angles?


You can find right angles in many everyday objects:


  	the corner of a sheet of paper

  	the corner of a book

  	the corner of a door

  	the corner of a window

  	the corner of a tile




Squares and rectangles have right angles at their corners.


How to identify an angle


To identify an angle, follow these steps:


  	Find where two sides or lines meet.

  	Look at the corner they make.

  	Name that corner as an angle.

  	Decide if it is a right angle by checking if it looks like a square corner.




Important idea: Not every place where lines cross makes just one angle. Sometimes lines can make more than one angle. But each angle is still found at the point where the lines meet.


Comparing angles


Some angles are smaller than a right angle. Some are larger than a right angle.



  	If an angle looks like a square corner, it is a right angle.

  	If it is smaller than a square corner, it is not a right angle.

  	If it is wider than a square corner, it is not a right angle.




For this lesson, the most important job is to find the angle and tell whether it is a right angle or not.


Worked Example 1


A notebook has a corner where the top side and side edge meet. Is that corner an angle? Is it a right angle?


Step 1: Do two sides meet? Yes.

Step 2: Do they meet at one point? Yes.

Step 3: Does the corner look like the corner of a square or rectangle? Yes.


Answer: It is an angle, and it is a right angle.


Worked Example 2


Look at the tip of a slice of pizza. Two straight sides meet at one point. Is it an angle? Is it a right angle?


Step 1: Do two sides meet? Yes.

Step 2: Do they form a corner? Yes.

Step 3: Does it look like a square corner? No. It looks smaller.


Answer: It is an angle, but it is not a right angle.


Worked Example 3


A rectangle has 4 corners. How many right angles does it have?


A rectangle is made with square corners.


Each corner is a right angle.


So the number of right angles is:

4


Answer: A rectangle has 4 right angles.


Worked Example 4


A shape has 3 corners. One corner looks like a square corner. The other 2 do not. How many right angles does the shape have?


Step 1: Count only the corners that look like square corners.

Step 2: There is 1 such corner.


Answer: The shape has 1 right angle.


Tips for spotting right angles


  	Think of the corner of a square.

  	Think of the corner of a piece of paper.

  	Look for corners that are not too narrow and not too wide.

  	Check if the sides meet like an "L" shape.




Things to remember


  	An angle is made when two lines or sides meet.

  	The meeting point is called the vertex.

  	A right angle is a square corner.

  	A right angle measures 90[image: °].

  	Squares and rectangles have right angles.




Quick Practice


  	Is the corner of a book a right angle?

  	Is the point of a triangle always a right angle?

  	How many right angles does a square have?

  	If two sides meet but do not make a square corner, is it still an angle?




Quick Practice Answers


  	Yes.

  	No, not always.

  	4.

  	Yes, it is still an angle, but not a right angle.




[image: 📋]   Summary


An angle is a corner made when two lines or sides meet at a vertex.


A right angle is a special angle that looks like the corner of a square or rectangle. It measures 90[image: °].


When you look at shapes or objects, find the corners, then decide which ones are right angles.


  
  Put what you read to the test

  You've worked through Angle Identification and Right Angles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/288






  [image: 📝]   Lesson 80: Parallel and Perpendicular Lines

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/337




  Parallel and Perpendicular Lines


In geometry, lines can relate to each other in different ways. Two important kinds of line pairs are called parallel lines and perpendicular lines.


Learning to spot these lines helps us describe shapes, especially polygons like squares, rectangles, and other flat shapes.


Parallel lines are lines that stay the same distance apart and never meet, even if they keep going forever.


You can think of parallel lines like railroad tracks or the two long sides of a rectangle.


Perpendicular lines are lines that cross and make a right angle. A right angle is a square corner. It measures 90[image: °].


You can think of perpendicular lines like the corner of a book, a window, or the place where a wall meets the floor.


How to identify parallel lines:


  	Look to see if the lines go in the same direction.

  	Check if the space between them stays even.

  	Ask: if these lines kept going, would they ever touch? If the answer is no, they are parallel.




How to identify perpendicular lines:


  	Look to see if the lines cross.

  	Check whether they make a square corner.

  	If they make a right angle, then they are perpendicular.




It is important to know that not all crossing lines are perpendicular. Lines can cross without making a right angle.


Also, parallel lines do not cross. If two lines meet, they are not parallel.


Let’s look at these ideas in shapes.


Parallel and perpendicular lines in polygons


A polygon is a flat shape with straight sides. Some polygons have parallel sides, some have perpendicular sides, and some have both.



  	A square has 2 pairs of parallel sides. It also has sides that meet to make right angles, so it has perpendicular sides too.

  	A rectangle also has 2 pairs of parallel sides and 4 right angles, so it has perpendicular sides too.

  	A triangle may or may not have perpendicular sides. A right triangle has one right angle, so it has perpendicular sides. Most triangles do not have parallel sides.

  	A trapezoid can have 1 pair of parallel sides.




Helpful clues in common shapes


  	Opposite sides of a square are parallel.

  	Opposite sides of a rectangle are parallel.

  	Any corner of a square or rectangle shows perpendicular sides.

  	If a shape has a square corner, the two sides making that corner are perpendicular.




Worked Example 1: Finding parallel sides in a rectangle

A rectangle has a top side, bottom side, left side, and right side. Which sides are parallel?

Step 1: Look for sides that go in the same direction and never meet.

Step 2: The top and bottom sides both go across. They stay the same distance apart, so they are parallel.

Step 3: The left and right sides both go up and down. They also stay the same distance apart, so they are parallel.

Answer: The top and bottom sides are parallel, and the left and right sides are parallel.


Worked Example 2: Finding perpendicular sides in a square

A square has 4 corners. Are the side lines perpendicular?

Step 1: Look at one corner of the square.

Step 2: The two sides meet to make a square corner.

Step 3: A square corner is a right angle, and a right angle is 90[image: °].

Answer: Yes. Any two sides that meet at a corner of the square are perpendicular.


Worked Example 3: Looking at a triangle

A triangle has one right angle. Does it have perpendicular sides?

Step 1: A right angle means the corner is 90[image: °].

Step 2: The two sides that meet to make that right angle are perpendicular.

Step 3: Check for parallel sides. In this triangle, no sides stay the same distance apart forever.

Answer: The triangle has one pair of perpendicular sides, but no parallel sides.


Worked Example 4: A trapezoid

A trapezoid has one top side and one bottom side that never meet. The other two sides slant. Which sides are parallel?

Step 1: Look for the pair that stays the same distance apart.

Step 2: The top and bottom sides go in the same direction and never meet.

Step 3: The slanted sides are not parallel because they do not stay the same distance apart.

Answer: The top and bottom sides are parallel.


Let’s compare


  	Parallel lines: never meet

  	Perpendicular lines: meet to form a right angle




Here is a simple way to remember:


  	Parallel = side by side, never touching

  	Perpendicular = crossing to make a square corner




Things to watch out for


  	If two lines cross but do not make a right angle, they are not perpendicular.

  	If two lines look close together but will meet if extended, they are not parallel.

  	In shapes, opposite sides are often parallel, and corners with square corners show perpendicular sides.




Practice thinking


  	In a rectangle, which sides are parallel?

  	In a square, what kind of angle is at each corner?

  	If two lines cross and make a square corner, what are they called?

  	If two sides of a shape never meet, what are they called?




Brief Summary

Parallel lines are lines that never meet and stay the same distance apart. Perpendicular lines are lines that meet and form a right angle, which is 90[image: °]. In polygons, squares and rectangles have both parallel sides and perpendicular sides. Looking for never-meeting lines and square corners helps you identify them correctly.


  
  Put what you read to the test

  You've worked through Parallel and Perpendicular Lines. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/289






  [image: 📝]   Lesson 81: Attributes of 3D Solids

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/339




  Attributes of 3D Solids


We see 3D solids all around us. A 3D solid is a shape that is not flat. It has length, width, and height. You can hold it in your hand, like a box, a ball, or a can.


In this lesson, we will learn how to describe 3D solids by their attributes. Attributes are features we can notice and count. For 3D solids, the most important attributes are faces, edges, and vertices.


Here are the three parts to know:


  	Face: a flat surface on a solid.

  	Edge: the line where two faces meet.

  	Vertex: a corner where edges meet. The plural of vertex is vertices.




Some solids also have curved surfaces. A curved surface is smooth and round, not flat. For example, a sphere has no flat faces, but it does have one curved surface.


Let’s learn the main 3D solids.


1. Prism

A prism is a solid with two matching flat ends and flat side faces. A very common prism is a rectangular prism, like a cereal box.



  	A rectangular prism has 6 faces, 12 edges, and 8 vertices.

  	All of its faces are rectangles.




A cube is a special rectangular prism. All of its faces are squares.


  	A cube has 6 faces, 12 edges, and 8 vertices.




2. Pyramid

A pyramid has one base on the bottom and triangle faces that meet at one top point.


A common example is a square pyramid.


  	It has 5 faces: 1 square face and 4 triangle faces.

  	It has 8 edges.

  	It has 5 vertices.




3. Cylinder

A cylinder looks like a can. It has two flat circular faces and one curved surface around the outside.


  	It has 2 flat faces.

  	It has 1 curved surface.

  	It has 0 vertices because it has no corners.




Some lessons also count the circle borders where the flat faces meet the curved surface as edges. In 3rd Grade, it is usually most helpful to remember that a cylinder has no corners and has 2 flat faces and 1 curved surface.


4. Sphere

A sphere looks like a ball.


  	It has 0 flat faces.

  	It has 1 curved surface.

  	It has 0 edges.

  	It has 0 vertices.




How to count faces, edges, and vertices


  	Look for all the flat faces.

  	Find where faces meet. These are the edges.

  	Find the corners. These are the vertices.

  	If the solid is round, check for curved surfaces too.




It can help to turn the solid in your mind or use a real object. Sometimes not every face can be seen in a picture, so think about the hidden parts too.


Quick shape facts


  	Cube: 6 faces, 12 edges, 8 vertices

  	Rectangular prism: 6 faces, 12 edges, 8 vertices

  	Square pyramid: 5 faces, 8 edges, 5 vertices

  	Cylinder: 2 flat faces, 1 curved surface, 0 vertices

  	Sphere: 0 flat faces, 1 curved surface, 0 edges, 0 vertices




Worked Example 1: A cube

Question: How many faces, edges, and vertices does a cube have?

Think: A cube is like a dice or a small box. It has the same number of faces, edges, and vertices as a rectangular prism.

Answer:


  	Faces: 6

  	Edges: 12

  	Vertices: 8



So, a cube has 6 faces, 12 edges, and 8 vertices.


Worked Example 2: A square pyramid

Question: How many faces does a square pyramid have?

Think: It has 1 square base and 4 triangle sides.

We can add them:

1+4=5

Answer: A square pyramid has 5 faces.


Now let’s count all its parts:


  	Faces: 5

  	Edges: 8

  	Vertices: 5




Worked Example 3: A cylinder

Question: What attributes does a cylinder have?

Think: A cylinder is like a soup can. It has two flat circular ends and one curved side.

Answer:


  	Flat faces: 2

  	Curved surfaces: 1

  	Vertices: 0



A cylinder has no corners, so it has 0 vertices.


Worked Example 4: Guess the solid

Question: A solid has 0 flat faces, 0 edges, and 0 vertices. What solid is it?

Think: A shape with no flat faces and no corners must be completely round.

Answer: It is a sphere.


Tips for remembering


  	Faces are flat.

  	Edges are lines where faces meet.

  	Vertices are corners.

  	A sphere is round all over.

  	A cylinder has round ends and no corners.

  	A pyramid comes to a point.

  	A prism has two matching ends.




Let’s compare solids

A cube and a rectangular prism both have:


  	6 faces

  	12 edges

  	8 vertices




But they are not always the same shape. A cube has all square faces. A rectangular prism has rectangle faces.


A sphere and a cylinder are both round, but they are different too.


  	A sphere has no flat faces.

  	A cylinder has 2 flat faces.




[image: 📋]   Summary

3D solids are shapes that take up space. We can describe them by their faces, edges, vertices, and sometimes curved surfaces.


Remember these important facts:


  	Cube: 6 faces, 12 edges, 8 vertices

  	Rectangular prism: 6 faces, 12 edges, 8 vertices

  	Square pyramid: 5 faces, 8 edges, 5 vertices

  	Cylinder: 2 flat faces, 1 curved surface, 0 vertices

  	Sphere: 0 flat faces, 1 curved surface, 0 edges, 0 vertices




When you look at a 3D solid, ask yourself: How many flat faces do I see? Where do the faces meet? How many corners are there? These questions will help you name and describe the solid correctly.


  
  Put what you read to the test

  You've worked through Attributes of 3D Solids. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/291






  [image: 📝]   Lesson 82: Composing and Decomposing Shapes

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/340




  Composing and Decomposing Shapes means putting shapes together and taking shapes apart.
When we compose shapes, we join smaller shapes to make a bigger shape.
When we decompose shapes, we break a bigger shape into smaller shapes we already know.
This helps us notice how shapes fit together. It also helps us solve problems about shape names, sides, and corners.
Let’s review some basic flat shapes, also called polygons.
	Triangle: 3 sides and 3 corners
	Quadrilateral: 4 sides and 4 corners
	Rectangle: a quadrilateral with 4 right angles
	Square: a rectangle with 4 equal sides
	Pentagon: 5 sides and 5 corners
	Hexagon: 6 sides and 6 corners

We can use these simple shapes like puzzle pieces.
For example, two triangles can be joined to make a bigger shape. A rectangle and a triangle can be joined to make a new shape too.
When shapes are combined, the new shape is called a composite shape.
A composite shape is a shape made from two or more smaller shapes.
How to compose shapes
	Look at the smaller shapes.
	Notice their sides and corners.
	Think about which sides can match up.
	Put the shapes together to make a larger shape.

How to decompose shapes
	Look at the whole shape carefully.
	Try to spot smaller shapes inside it.
	Draw lines inside the shape to split it.
	Name the smaller shapes you made.

When you decompose a shape, there may be more than one correct way to split it.
That means two students can draw different lines and both can be correct, as long as the smaller parts are real shapes.
Important idea: The smaller shapes should fit exactly, with no gaps and no overlaps.
If there is a gap, the pieces do not make the whole shape. If pieces overlap, they are covering the same space twice.
Worked Example 1: Compose two triangles
Suppose you have 2 same-size triangles.
If you join them along one side, you can make a quadrilateral.
Sometimes the new shape is a rectangle. Sometimes it is another 4-sided shape.
We can think of it like this:
triangle+triangle=quadrilateral
The important part is to notice that 2 smaller shapes can make 1 larger shape.
Worked Example 2: Compose a rectangle and a triangle
Imagine a rectangle with a triangle attached to one short side.
This might look like a house shape.
The bottom part is a rectangle, and the roof is a triangle.
Together, they make 1 composite shape.
To describe it, we can say: “This composite shape is made from 1 rectangle and 1 triangle.”
We can write:
1 rectangle+1 triangle=1 composite shape
Worked Example 3: Decompose a hexagon
Now let’s take apart a larger shape.
Suppose you see a hexagon. A hexagon has 6 sides.
You can draw a line inside the hexagon from one corner to another corner.
This can split the hexagon into 2 smaller shapes.
One way is to make 2 trapezoids or other familiar shapes, depending on the hexagon.
Another way, for some hexagons, is to split it into 2 triangles and 1 rectangle.
The key idea is that the whole hexagon can be broken into shapes you know.
Worked Example 4: Decompose an L-shape
An L-shape is a common composite shape.
It looks like two rectangles joined together.
To decompose it, look for a place where you can draw one straight line to split it.
You can often draw a line inside the L-shape to make 2 rectangles.
So we can say: “The L-shape is made of 2 rectangles.”
This is helpful because rectangles are easy to recognize.
Tips for finding smaller shapes inside a larger shape
	Look for corners that make square corners, or right angles.
	Look for long straight sides that can be split into shorter sides.
	Ask yourself, “Do I see a rectangle? A triangle? A square?”
	Try more than one line if the first line does not help.

Let’s think through a few quick questions.
Question 1: If a shape is made from 1 square and 1 triangle, is it a composite shape?
Yes. It is made from more than one smaller shape, so it is a composite shape.
Question 2: Can a rectangle be decomposed?
Yes. You can draw a line from one side to the opposite side and split it into 2 smaller rectangles.
You can also draw a diagonal line from one corner to the opposite corner and split it into 2 triangles.
That shows there can be more than one correct way.
Question 3: If 2 shapes overlap, are they composed correctly?
No. When shapes are composed, they should fit together without overlapping.
What should you say when explaining your thinking?
	“I put these 2 triangles together to make a larger shape.”
	“I drew a line to split the shape into 2 rectangles.”
	“This composite shape is made from a square and a triangle.”
	“There is more than one way to decompose this shape.”

Common mistakes to avoid
	Do not leave gaps between shapes.
	Do not let shapes overlap.
	Do not guess the smaller shapes without checking the sides and corners.
	Do not forget that one shape can sometimes be broken apart in different ways.

Practice thinking
When you see a big shape, ask:
	What smaller shapes do I notice?
	Can I draw a line to split it into familiar shapes?
	Can I put simple shapes together to make this shape?

Composing and decomposing shapes is like working with shape puzzles.
You learn how parts make a whole, and how a whole can be split into parts.
This helps you become stronger at noticing shape patterns and understanding geometry.
[image: 📋]   Summary
To compose shapes means to join smaller shapes to make a larger shape.
To decompose shapes means to break a larger shape into smaller familiar shapes.
A composite shape is made from two or more shapes, and there may be more than one correct way to decompose a shape.
Always make sure the shapes fit exactly, with no gaps and no overlaps.


  
  Put what you read to the test

  You've worked through Composing and Decomposing Shapes. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/292






  [image: 📝]   Lesson 83: Lines of Symmetry

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/341




  Lines of Symmetry are lines that split a shape into two matching halves.
If you could fold the shape on that line and both sides would match up exactly, then that line is a line of symmetry.
This is also called reflective symmetry, because one side looks like a mirror image of the other side.
Let’s learn how to find lines of symmetry in shapes.
What does “matching halves” mean?
The two halves must be the same size and the same shape. When folded, every part on one side must land right on top of the other side.
If even one part does not match, then the line is not a line of symmetry.
How to test for a line of symmetry
	Look at the shape carefully.
	Imagine drawing a line through the shape.
	Pretend to fold the shape on that line.
	Ask: Do both sides match exactly?

If the answer is yes, the line is a line of symmetry.
If the answer is no, it is not.
Lines of symmetry can go in different directions
	Vertical: up and down
	Horizontal: side to side
	Sometimes a shape can also have a slanted symmetry line

A shape can have:
	0 lines of symmetry
	1 line of symmetry
	More than 1 line of symmetry

Important idea: Not every line through the middle of a shape is a line of symmetry. The shape must fold into two perfectly matching parts.
Example 1: A square
A square has 4 equal sides. It has several ways to fold into matching halves.
A square has:
	1 vertical line of symmetry
	1 horizontal line of symmetry
	2 diagonal lines of symmetry

So a square has 4 lines of symmetry.
Worked Example 1
Question: Does a square have a vertical line of symmetry?
Step 1: Imagine a line going straight down the middle.
Step 2: Fold the square on that line.
Step 3: The left half matches the right half exactly.
Answer: Yes. That is a line of symmetry.
Example 2: A rectangle
A rectangle has opposite sides equal. It is not a square unless all 4 sides are equal.
A rectangle has:
	1 vertical line of symmetry
	1 horizontal line of symmetry

So a rectangle has 2 lines of symmetry.
The diagonal lines in a rectangle usually do not make matching halves, so they are not lines of symmetry.
Worked Example 2
Question: Does a rectangle have a diagonal line of symmetry?
Step 1: Imagine folding the rectangle from one corner to the opposite corner.
Step 2: Check whether the two halves match exactly.
Step 3: They do not overlap perfectly.
Answer: No. A rectangle does not have diagonal lines of symmetry.
Example 3: An equilateral triangle
An equilateral triangle has 3 equal sides.
It has 3 lines of symmetry.
Each line goes from a corner straight to the middle of the opposite side.
Worked Example 3
Question: How many lines of symmetry does an equilateral triangle have?
Step 1: Test a line from the top corner to the middle of the bottom side.
Step 2: The two sides match.
Step 3: Do the same from each corner.
Step 4: Each one makes matching halves.
Answer: An equilateral triangle has 3 lines of symmetry.
Example 4: A regular pentagon
A regular pentagon has 5 equal sides and 5 equal corners.
A regular pentagon has 5 lines of symmetry.
Each line goes through a corner and the middle of the opposite side.
Worked Example 4
Question: Does a regular pentagon have more than 1 line of symmetry?
Step 1: Test one line through a corner and the middle across from it.
Step 2: The halves match.
Step 3: Try the same idea for the other corners.
Step 4: There are 5 matching fold lines.
Answer: Yes. A regular pentagon has 5 lines of symmetry.
Shapes with 1 line of symmetry
Some shapes have only one line of symmetry.
	A heart often has 1 vertical line of symmetry.
	An isosceles triangle often has 1 vertical line of symmetry.

Shapes with no lines of symmetry
Some shapes cannot be folded into matching halves at all.
	A scalene triangle has 0 lines of symmetry.
	A shape with one side longer or different from the others may have 0 lines of symmetry.

Tips for finding symmetry
	Look for equal sides and equal parts.
	Check whether the left and right sides match.
	Check whether the top and bottom match.
	Do not guess just because a line goes through the center.
	Use the folding test in your mind.

Let’s compare some common shapes
	Square: 4 lines of symmetry
	Rectangle: 2 lines of symmetry
	Equilateral triangle: 3 lines of symmetry
	Regular pentagon: 5 lines of symmetry
	Scalene triangle: 0 lines of symmetry

Real-life symmetry
You can see symmetry in many places around you.
	Butterflies often have a vertical line of symmetry.
	Some leaves have a line of symmetry.
	Windows and tiles can have symmetrical shapes.

Looking for symmetry in real life can help you understand shapes better.
Things to remember
	A line of symmetry makes two identical halves.
	The halves must match exactly when folded.
	A shape can have 0, 1, or many lines of symmetry.
	Test each possible line carefully.

[image: 📋]   Summary
A line of symmetry is a line that divides a shape into two equal matching halves.
If the shape can fold on the line and both sides overlap perfectly, then the shape has symmetry on that line.
Some shapes, like squares, have many lines of symmetry. Other shapes have only one or none at all.


  
  Put what you read to the test

  You've worked through Lines of Symmetry. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/293






  [image: 📝]   Lesson 84: Partitioning Shapes into Equal Areas

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/342




  Partitioning Shapes into Equal Areas


Sometimes in math, we take one whole shape and break it into smaller parts. This is called partitioning a shape.


When we partition a shape into equal areas, each part must be the same size. The parts may look different in some cases, but for this lesson we will mostly use shapes that are split into parts that are both easy to see and equal in size.


This idea helps us understand fractions. If one shape is split into 2 equal parts, each part is one-half, or 12. If a shape is split into 4 equal parts, each part is one-fourth, or 14.


Big idea: Equal parts means equal size, not just the same shape or the same number of lines.


For example, if a rectangle is cut into 2 parts and one part is larger than the other, those parts are not equal areas. That means the shape was not partitioned fairly.


Words to know


  	Whole – one complete shape

  	Partition – to split a shape into parts

  	Equal areas – parts that are the same size

  	Half – 1 of 2 equal parts, 12

  	Third – 1 of 3 equal parts, 13

  	Fourth – 1 of 4 equal parts, 14




How to tell if parts are equal


  	Look at the whole shape.

  	Count how many parts it has.

  	Check whether all parts are the same size.

  	If all parts are the same size, the shape is partitioned into equal areas.




You can partition many regular shapes, such as squares, rectangles, and circles. A regular shape has a balanced, even look, which often makes it easier to split into equal parts.


Main teaching point 1: Equal parts must be fair parts


If 2 friends share 1 sandwich equally, each friend should get the same amount. Shapes work the same way in math. Equal areas are like fair shares.


If a square is split down the middle, the 2 pieces are equal. But if the line is closer to one side, one piece will be smaller and one piece will be larger. Those are not equal parts.


Main teaching point 2: The number of equal parts tells the fraction name



  	2 equal parts → halves →12

  	3 equal parts → thirds →13

  	4 equal parts → fourths →14




If a shape has 4 equal parts, one part is not called a half. It is called a fourth because there are 4 equal pieces in the whole.


Main teaching point 3: Equal parts can be shown in different ways


A rectangle can be split into 4 equal parts with vertical lines. It can also be split into 4 equal parts with horizontal lines. Both ways are correct if all parts are equal in size.


So, there is often more than one correct way to partition a shape into equal areas.


Worked Example 1: Partition a rectangle into 2 equal parts


Imagine a rectangle. Draw 1 line right through the middle from top to bottom.


Now the rectangle has 2 parts. Because the line is in the middle, both parts are the same size.


Each part is:

12


That means each part is one-half of the whole rectangle.


Worked Example 2: Is this shape split into equal parts?


A square is split into 2 pieces, but one piece is thin and the other piece is wide.


Ask: Are the 2 parts the same size?


No. One part is bigger.


So this square is not partitioned into equal areas.


Even though there are 2 parts, they are not halves because halves must be equal.


Worked Example 3: Partition a square into 4 equal parts


Start with 1 square. Draw 1 line down the middle. Then draw 1 line across the middle.


Now the square is split into 4 small parts.


Because both lines go through the middle, the 4 parts are equal in size.


Each part is:

14


Each small part is one-fourth of the square.


Worked Example 4: Partition a circle into 4 equal parts


Think of a pizza. If you cut the pizza into 4 same-size slices, each slice is an equal part.


There are 4 equal parts, so each slice is:

14


If one slice is much bigger than the others, then the pizza was not cut into equal areas.


Tips for partitioning shapes


  	Try to draw lines through the middle when making halves or fourths.

  	Count the parts after you draw the lines.

  	Check carefully that the parts are the same size.

  	Remember: more parts does not always mean equal parts.




Things to watch out for


  	Do not just count pieces. Make sure the pieces are equal.

  	Do not call parts halves, thirds, or fourths unless the parts are equal.

  	A shape can be divided into parts in different ways and still be correct, as long as the parts are equal in area.




Practice thinking

Ask yourself these questions when you look at a partitioned shape:


  	How many parts are there?

  	Are all the parts the same size?

  	What is the name of one part: half, third, or fourth?




[image: 📋]   Summary


Partitioning shapes into equal areas means splitting one whole shape into parts that are all the same size. When there are 2 equal parts, each part is 12. When there are 3 equal parts, each part is 13. When there are 4 equal parts, each part is 14.


Always remember: the parts must be equal to use fraction names correctly. If the parts are not the same size, the shape is not partitioned into equal areas.


  
  Put what you read to the test

  You've worked through Partitioning Shapes into Equal Areas. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/294






  
    
  [image: 📖]   Chapter 10

  Data Visualization and Statistical Thinking



  [image: 📝]   Lesson 85: Categorical vs. Numerical Data

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/343




  Lesson: Categorical vs. Numerical Data


When we collect information, we call that information data.


Data helps us answer questions. For example, we might ask, “What is the class’s favorite fruit?” or “How tall are the plants?”


There are two important kinds of data we will learn about today:


  	Categorical data

  	Numerical data




Knowing the difference helps us sort, count, compare, and make charts.


1. What is categorical data?


Categorical data is data that is put into groups or categories.


These categories tell what kind of thing something is, not how much.


Examples of categorical data are:


  	favorite color

  	type of pet

  	kind of weather

  	favorite lunch choice




If students say their favorite color is red, blue, or green, those are categories. We can count how many students chose each one.


2. What is numerical data?


Numerical data is data that uses numbers.


These numbers tell how many, how much, or how big.


Examples of numerical data are:


  	height of a plant in inches

  	number of books read

  	how many apples are in a basket

  	how long a jump is




If four plants are 3 inches, 5 inches, 5 inches, and 7 inches tall, that is numerical data because the information is given with numbers.


3. A simple way to tell the difference


Ask yourself this question:


  	Is the data telling which group something belongs to? Then it is categorical.

  	Is the data telling a number that can be counted or measured? Then it is numerical.




Another way to think about it:


  	Categorical = names of groups

  	Numerical = numbers




4. Why does this matter?


Different kinds of data help us answer different questions.


Categorical data helps us compare groups. We might ask, “Which lunch choice is the most popular?”


Numerical data helps us compare amounts or sizes. We might ask, “Which plant is tallest?” or “How many books did students read?”


Both kinds of data can be shown in charts, tables, and pictures. But first, we need to know what kind of data we have.


Worked Example 1: Sorting data by type


Look at each example and decide if it is categorical or numerical.



  	Favorite ice cream flavor

  	Number of crayons in a box

  	Type of shoe

  	Length of a pencil




Step-by-step thinking:


  	Favorite ice cream flavor: This is a group name like chocolate or vanilla. Categorical.

  	Number of crayons in a box: This tells how many. Numerical.

  	Type of shoe: This is a group such as sneakers, boots, or sandals. Categorical.

  	Length of a pencil: This is measured with a number. Numerical.




Answer:


  	1: Categorical

  	2: Numerical

  	3: Categorical

  	4: Numerical




Worked Example 2: Looking at class data


A teacher asks students for their favorite fruit.


The answers are:

apple, banana, apple, orange, banana, apple


Is this categorical or numerical data?


Step-by-step thinking:


  	The answers are names of fruits.

  	Fruit names are categories.

  	So this is categorical data.




We can count each category:


  	apple: 3

  	banana: 2

  	orange: 1




This helps us see that apple is the most chosen fruit.


Worked Example 3: Measuring plant heights


Four plants have heights of 2 inches, 4 inches, 3 inches, and 5 inches.


Is this categorical or numerical data?


Step-by-step thinking:


  	The data uses numbers: 2, 4, 3, and 5.

  	These numbers tell how tall the plants are.

  	Height is something we measure.

  	So this is numerical data.




We can compare the numbers:


  	Shortest plant: 2 inches

  	Tallest plant: 5 inches




We can also find the difference between the tallest and shortest plant:

5−2=3


The tallest plant is 3 inches taller than the shortest plant.


Worked Example 4: One question, two kinds of data


Suppose we study classroom pets.


Question A: What kind of pet is each one?

Answers: fish, hamster, fish, turtle


This is categorical data because the answers are group names.


Question B: How old is each pet?

Answers: 1 year, 2 years, 1 year, 3 years


This is numerical data because the answers use numbers.


This shows that even when we are talking about the same thing, we can collect different kinds of data.


5. Let’s compare categorical and numerical data



  	Categorical data: tells the kind, type, or group

  	Numerical data: tells the number, amount, or size




Here are some more examples:


  	Favorite season [image: →] Categorical

  	Number of students in class [image: →] Numerical

  	Color of a car [image: →] Categorical

  	Weight of a pumpkin [image: →] Numerical

  	Kind of bird seen outside [image: →] Categorical

  	How many steps you walked [image: →] Numerical




6. Watch out for this tricky idea


Sometimes we count categories, but the original data is still categorical.


For example, if students choose favorite colors, the original answers are:

red, blue, red, green, blue


Those answers are categorical because they are color groups.


After we count them, we may write:


  	red: 2

  	blue: 2

  	green: 1




The survey question was about categories, so the data is still categorical data.


7. How this helps with graphs and charts


When data is categorical, we often make a chart to compare how many are in each group.


When data is numerical, we often line up the numbers to compare which are greater, smaller, longer, taller, or heavier.


For example:


  	Categorical data can help us see which choice is most popular.

  	Numerical data can help us see which measurement is greatest.




8. Try these on your own


Decide whether each one is categorical or numerical:


  	Favorite sport

  	Number of pets

  	Size of a T-shirt

  	How many minutes you read




Answers:


  	1: Categorical

  	2: Numerical

  	3: Categorical

  	4: Numerical




[image: 📋]   Summary


Data is information we collect.


Categorical data puts information into groups, like favorite color or type of pet.


Numerical data uses numbers to tell how many or how much, like height, age, or number of books.


If the answer is a group name, it is categorical. If the answer is a number, it is numerical.


Now you can look at data and decide what kind it is!


  
  Put what you read to the test

  You've worked through Categorical vs. Numerical Data. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/295






  [image: 📝]   Lesson 86: Constructing Frequency Tables

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/344




  Constructing Frequency Tables
Sometimes we collect information, like favorite fruits, pets, or the number of books students read. At first, the information may look messy because it is just a list of answers. A frequency table helps us organize that information so it is easy to read.
A frequency table shows what the answers are and how many times each answer appears. The word frequency means how often something happens.
When we make a frequency table, we usually use three parts:
	Category — the answer or item
	Tally — quick marks to count
	Frequency — the total number

Here is what tally marks look like:
	� 1 is |
	2 is ||
	3 is |||
	4 is ||||
	5 is ||||/ because the fifth mark goes across the first four

Grouping tally marks in fives makes counting faster and easier.
How to make a frequency table
	Look at the list of data.
	Find the different categories.
	Make a tally mark each time you see a category.
	Count the tally marks.
	Write the total in the frequency column.

Let us try it step by step.
Example 1: Favorite Pets
A class was asked, “What is your favorite pet?” The answers were:
dog, cat, dog, fish, dog, cat, bird, dog, fish, cat
First, find the categories:
	dog
	cat
	fish
	bird

Now add tally marks.
Dogs: 4 times
Cats: 3 times
Fish: 2 times
Bird: 1 time
Here is the frequency table:
	Category	Tally	Frequency
	Dog	||||	4
	Cat	|||	3
	Fish	||	2
	Bird	|	1

This table helps us see that dog was the most popular pet.
Example 2: Number of Books Read
Here is a list showing how many books some students read last month:

2, 1, 3, 2, 4, 2, 1, 3, 2, 1, 4, 2

The categories are the numbers of books:
	1 book
	2 books
	3 books
	4 books

Now count each one:
	1 appears 3 times
	2 appears 5 times
	3 appears 2 times
	4 appears 2 times

Here is the frequency table:
	Books Read	Tally	Frequency
	1	|||	3
	2	||||/	5
	3	||	2
	4	||	2

We can tell that 2 books happened most often.
Check your work
After making a frequency table, it is smart to check it. Add all the frequencies together. The total should match the number of data items in the list.
In Example 2, the frequencies are:
3+5+2+2=12
There were 12 data items in the list, so the table is correct.
Example 3: Favorite School Lunch
A survey asked 15 students to pick their favorite lunch:
pizza, taco, pizza, sandwich, taco, pizza, pizza, sandwich, taco, salad, pizza, taco, sandwich, taco, pizza
Step 1: Find the categories.
	pizza
	taco
	sandwich
	salad

Step 2: Count with tally marks.
	Pizza: 6
	Taco: 5
	Sandwich: 3
	Salad: 1

Here is the frequency table:
	Lunch	Tally	Frequency
	Pizza	||||/ |	6
	Taco	||||/	5
	Sandwich	|||	3
	Salad	|	1

Check the total:
6+5+3+1=15
That matches the 15 students, so the table is correct.
Tips for making a good frequency table
	Write each category only once.
	Be careful to tally every answer.
	Count tally marks slowly so you do not skip any.
	Use groups of 5 tally marks when needed.
	Check that the total frequency matches the total number of answers.

Example 4: Measuring Pencil Lengths by Group
A teacher sorted pencil lengths into groups. The data showed:
short, medium, short, long, medium, short, medium, medium, long, short, medium, short
The categories are:
	short
	medium
	long

Count each category:
	Short: 5
	Medium: 5
	Long: 2

Frequency table:
	Length	Tally	Frequency
	Short	||||/	5
	Medium	||||/	5
	Long	||	2

Check the total:
5+5+2=12
This tells us there were 12 pencils altogether.
Why frequency tables are helpful
Frequency tables make data easier to understand. They help us answer questions like:
	Which category has the most?
	Which category has the least?
	How many answers are there in all?

They also help us get ready to make picture graphs or bar graphs later.
[image: 📋]   Summary
A frequency table is a chart that shows categories and how many times each one appears. We can make one by listing the categories, using tally marks to count, and writing the total frequency. Always check your work by adding the frequencies to make sure they match the number of data items.


  
  Put what you read to the test

  You've worked through Constructing Frequency Tables. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/296






  [image: 📝]   Lesson 87: Scaled Picture Graphs

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/345




  Scaled Picture Graphs help us show data using pictures. A picture graph uses small icons or drawings to stand for numbers.
Sometimes, one picture stands for just 1 thing. But in a scaled picture graph, one picture stands for more than 1. This is called the scale.
For example, if 1 star means 2 books, then 3 stars mean 6 books. We find the total by multiplying or skip-counting.
3×2=6
Learning to read scaled picture graphs helps us answer questions like:
	How many are there in all?
	Which group has more?
	How many more does one group have than another?

Parts of a Scaled Picture Graph
	Title tells what the graph is about.
	Labels name each group.
	Pictures or icons show the data.
	Key tells what each picture means.

Always look at the key first. The key is very important because it tells the value of each picture.
Here is a small example of a key:
Key: 1 apple picture = 4 apples
If a row has 2 apple pictures, that does not mean 2 apples. It means:
2×4=8
How to Read a Scaled Picture Graph
	Read the title.
	Look at the labels.
	Check the key to see what each picture means.
	Count the pictures in one row.
	Multiply the number of pictures by the scale, or skip-count by the scale.

Worked Example 1: Reading a Simple Scaled Picture Graph
A class keeps track of pets.
Key: 1 picture = 2 pets
	Dogs: 4 pictures
	Cats: 3 pictures
	Fish: 2 pictures

Let’s find how many pets are in each group.
Dogs: 4 pictures, and each picture means 2 pets.
4×2=8
So there are 8 dogs.
Cats: 3 pictures, and each picture means 2 pets.
3×2=6
So there are 6 cats.
Fish: 2 pictures, and each picture means 2 pets.
2×2=4
So there are 4 fish.
Now let’s compare.
	Which group has the most? Dogs
	Which group has the fewest? Fish
	How many more dogs than fish? 8−4=4 So, 4 more dogs.

Worked Example 2: Finding the Total
A snack shop sold fruit cups.
Key: 1 picture = 5 fruit cups
	Monday: 2 pictures
	Tuesday: 4 pictures
	Wednesday: 3 pictures

First, find each day’s total.
Monday:
2×5=10
Monday has 10 fruit cups.
Tuesday:
4×5=20
Tuesday has 20 fruit cups.
Wednesday:
3×5=15
Wednesday has 15 fruit cups.
Now find the total sold on all 3 days.
10+20+15=45
The snack shop sold 45 fruit cups in all.
Worked Example 3: Comparing Two Groups
A library tracked books read by 3 groups.
Key: 1 book picture = 3 books
	Group A: 5 pictures
	Group B: 3 pictures
	Group C: 4 pictures

Find the total for each group.
Group A:
5×3=15
Group B:
3×3=9
Group C:
4×3=12
Now answer some questions.
How many more books did Group A read than Group B?
15−9=6
Group A read 6 more books than Group B.
How many books did Group B and Group C read together?
9+12=21
They read 21 books together.
Worked Example 4: Making a Scaled Picture Graph
Now let’s make one.
Suppose these are the numbers of balloons sold:
	Red: 8
	Blue: 12
	Green: 4

We want to draw a scaled picture graph. Choose a scale that matches all the numbers well.
A good choice is:
Key: 1 balloon picture = 4 balloons
Now divide each total by 4 to find how many pictures to draw.
Red:
8÷4=2
Draw 2 pictures.
Blue:
12÷4=3
Draw 3 pictures.
Green:
4÷4=1
Draw 1 picture.
Your graph would have:
	Red: 2 pictures
	Blue: 3 pictures
	Green: 1 picture

This is a good scaled picture graph because each picture stands for 4 balloons, and the graph is easy to read.
Tips for Success
	Always check the key first.
	Do not just count pictures. Each picture may stand for more than 1.
	Use multiplication or skip-counting to find totals.
	Use subtraction to find how many more or fewer.
	Use addition to find how many in all.

Common Mistakes to Avoid
	Mistake: Saying 3 pictures means 3 items.
Fix: Look at the key. If 1 picture = 2 items, then 3 pictures = 6 items.
	Mistake: Forgetting the scale when comparing groups.
Fix: First find the real total for each group, then compare.
	Mistake: Picking a scale that does not fit the data when making a graph.
Fix: Choose a number that works well with the totals.

Let’s Practice Thinking
If a graph shows 6 sun pictures, and the key says 1 sun = 2 sunny days, then the total is:
6×2=12
So the graph shows 12 sunny days.
If another row shows 4 sun pictures, that means:
4×2=8
To find how many more sunny days the first row has:
12−8=4
The first row has 4 more sunny days.
[image: 📋]   Summary
A scaled picture graph uses pictures to show data, and each picture stands for more than 1 item.
The key tells the scale. To read the graph, count the pictures and multiply by the number in the key.
Then you can add to find totals, subtract to compare groups, and even make your own scaled picture graphs.


  
  Put what you read to the test

  You've worked through Scaled Picture Graphs. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/297






  [image: 📝]   Lesson 88: Creating and Interpreting Scaled Bar Graphs

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/510




  Creating and Interpreting Scaled Bar Graphs


A bar graph is a picture that uses bars to show data. Data means information we collect, count, and compare.


In a bar graph, each bar stands for a category, such as favorite fruit, pets, books read, or types of weather. The height of each bar shows how many are in that category.


Sometimes the numbers in the data are small, so we can count by ones on the side of the graph. But sometimes the numbers are larger. Then we use a scaled bar graph.


A scaled bar graph is a bar graph where the scale does not count by ones. Instead, it might count by 2s, 5s, 10s, or another equal amount.


For example, a graph scale might go:


0, 2, 4, 6, 8, 10


or


0, 5, 10, 15, 20


Using a scale helps us fit larger numbers on a graph and read the data more easily.


Parts of a Scaled Bar Graph



  	Title tells what the graph is about.

  	Categories tell what each bar stands for.

  	Scale shows the counting pattern on the side of the graph.

  	Bars show the amount for each category.




When you look at a scaled bar graph, always ask:



  	What is the graph about?

  	What are the categories?

  	What number does each step in the scale stand for?

  	How high is each bar?




Why the Scale Matters


If the scale counts by 1s, then each line means 1. If the scale counts by 5s, then each line means 5. This changes how we read the height of the bars.


For example, if a bar reaches the line marked 15 on a graph that counts by 5s, then the value is 15, not 3.


How to Read a Scaled Bar Graph



  	Read the title.

  	Look at the labels on the bottom to find the categories.

  	Check the scale on the side.

  	Match the top of each bar to the correct number on the scale.

  	Compare the bars to answer questions.




You can answer many kinds of questions from a graph:



  	Which category has the greatest value?

  	Which category has the least value?

  	How many more is one category than another?

  	How many in all?




How to Make a Scaled Bar Graph



  	Collect the data.

  	List the categories.

  	Choose a scale that fits the largest number.

  	Draw the graph with a title and labels.

  	Draw one bar for each category up to the correct value.




When choosing a scale, pick equal steps that make the graph easy to read. If your greatest number is 24, a scale counting by 2s or 5s could work well.


Worked Example 1: Reading a Simple Scaled Bar Graph


A class asked students which snack they liked best. The bar graph uses a scale counting by 2s.



  	Apples: 8

  	Pretzels: 4

  	Popcorn: 10

  	Crackers: 6




Let’s answer some questions.


1. Which snack was chosen the most?


Popcorn has 10. That is the greatest number, so Popcorn was chosen the most.


2. Which snack was chosen the least?


Pretzels has 4. That is the smallest number, so Pretzels was chosen the least.


3. How many more students chose Popcorn than Crackers?


Find the difference:


10−6=4


So, 4 more students chose Popcorn than Crackers.


4. How many students were asked in all?


Add all the choices:


8+4+10+6=28


So, 28 students were asked.


Worked Example 2: Paying Attention to the Scale


A bar graph shows how many books students read in one month. The scale counts by 5s:



  	Lena: 10

  	Marco: 15

  	Sara: 20

  	Jay: 5




Because the graph counts by 5s, each line stands for 5 books.


1. How many books did Sara read?


Sara’s bar reaches 20, so she read 20 books.


2. How many more books did Marco read than Lena?


15−10=5


Marco read 5 more books than Lena.


3. How many books did Lena and Jay read together?


10+5=15


Together, they read 15 books.


Important reminder: If Jay’s bar goes to the first line on a graph counting by 5s, that means 5, not 1.


Worked Example 3: Making a Scaled Bar Graph


Suppose we have this data about pets owned by students:



  	Dogs: 12

  	Cats: 8

  	Fish: 4

  	Birds: 16




Let’s make a scaled bar graph.


Step 1: Choose a title.


A good title is Pets Owned by Students.


Step 2: Write the categories.


The categories are Dogs, Cats, Fish, and Birds.


Step 3: Choose a scale.


The greatest number is 16. A scale counting by 2s works well:


0, 2, 4, 6, 8, 10, 12, 14, 16


Step 4: Draw the bars to the correct heights.



  	Dogs goes to 12

  	Cats goes to 8

  	Fish goes to 4

  	Birds goes to 16




Now the graph is easy to read and compare.


Which category has the tallest bar?


Birds has 16, so Birds has the tallest bar.


How many more dogs than fish are there?


12−4=8


There are 8 more dogs than fish.


Worked Example 4: Using a Graph to Compare and Find Totals


A graph shows the number of cans collected for a food drive. The scale counts by 10s.



  	Class A: 30

  	Class B: 50

  	Class C: 40

  	Class D: 20




1. Which class collected the most cans?


Class B collected 50 cans, which is the greatest number.


2. Which class collected the fewest cans?


Class D collected 20 cans, which is the least number.


3. How many more cans did Class B collect than Class D?


50−20=30


Class B collected 30 more cans than Class D.


4. How many cans were collected in all?


30+50+40+20=140


So, 140 cans were collected altogether.


Tips for Success



  	Always check the scale first.

  	Make sure the scale goes up by equal amounts.

  	Read the title to know what the graph shows.

  	Look carefully at where the top of each bar ends.

  	Use addition to find totals.

  	Use subtraction to find how many more or how many fewer.




Common Mistakes to Avoid



  	Forgetting the scale: On a graph counting by 5s, the second line is 10, not 2.

  	Unequal scale steps: A scale must be even, like 0, 5, 10, 15.

  	Reading the wrong category: Make sure each bar matches the correct label.

  	Skipping labels: A graph should have a title, categories, and a scale.




Let’s Review


A scaled bar graph uses bars to show data, but the scale may count by numbers other than 1. We can use scaled bar graphs to show larger numbers clearly.


To read a scaled bar graph, look at the title, categories, and scale. Then match each bar to its value.


To make a scaled bar graph, choose a good scale, label the graph carefully, and draw bars to the correct heights.


When you understand the scale, you can compare categories, find differences, and add to find totals.


  
  Put what you read to the test

  You've worked through Creating and Interpreting Scaled Bar Graphs. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/462






  [image: 📝]   Lesson 89: Scaled Bar Graphs

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/346




  Scaled Bar Graphs help us show data when the numbers are too big to count by 1s easily.
In a regular bar graph, each line on the side might stand for 1. But in a scaled bar graph, each line can stand for 2, 5, 10, or another equal amount.
This helps us fit larger numbers on the graph and read the data more quickly.
What is a bar graph?
A bar graph uses bars to show how many are in each group. The length or height of each bar tells the number for that group.
A bar graph usually has:
	A title that tells what the graph is about
	Labels for the groups
	A scale that tells what each mark means
	Bars that show the data

What does scaled mean?
Scaled means the numbers on the graph go up by the same amount each time.
For example, a scale might count:
	, 4, 6, 8, 10
	0, 5, 10, 15, 20
	0, 10, 20, 30, 40

Each time, the graph goes up by an equal step.
If the scale is counting by 5s, then each line stands for 5.
If the scale is counting by 10s, then each line stands for 10.
Why do we use scaled bar graphs?
We use scaled bar graphs when the numbers are large.
Imagine making a graph for 50 books. Counting every line by 1 would take too much space. Counting by 5s or 10s makes the graph neat and easy to read.
How to read a scaled bar graph
	Look at the title.
	Read the labels for each group.
	Check the scale on the side.
	Find where the top or end of each bar reaches.
	Use the scale to tell the number.

Important: Do not just count the lines. You must read what each line stands for.
For example, if the scale goes 0, 5, 10, 15, 20, then a bar reaching 15 means 15, not 3.
How to make a scaled bar graph
	Collect the data.
	Choose a scale that fits the numbers well.
	Draw the side numbers using equal steps.
	Write the group names.
	Draw one bar for each group.
	Make sure each bar matches the correct number.

Choosing a good scale
A good scale should:
	Use equal jumps, like 2, 5, or 10
	Be large enough to fit the greatest number
	Make the graph easy to read

Suppose your data numbers are 4, 8, 12, and 14.
You could count by 2s:
0,2,4,6,8,10,12,14
Suppose your data numbers are 10, 25, 30, and 40.
You could count by 5s or 10s.
Worked Example 1: Reading a simple scaled bar graph
A class counts how many apples, bananas, and oranges students chose for snack.
The graph scale counts by 2s:
0,2,4,6,8,10
The bars show:
	Apples: 6
	Bananas: 8
	Oranges: 4

Questions:
	How many students chose bananas?
	Which fruit was chosen the most?

Answer:
The bananas bar reaches 8, so 8 students chose bananas.
The tallest bar is bananas, so bananas were chosen the most.
Worked Example 2: Comparing amounts
A scaled bar graph shows the number of books read by four students. The scale counts by 5s:
0,5,10,15,20,25
The bars show:
	Ava: 10
	Ben: 15
	Cara: 20
	Diego: 5

Question 1: Who read the most books?
Answer: Cara read the most because 20 is the greatest number.
Question 2: How many more books did Ben read than Diego?

We subtract:
15−5=10
Ben read 10 more books than Diego.
Question 3: How many books did Ava and Diego read altogether?

Add the numbers:
10+5=15
Together, Ava and Diego read 15 books.
Worked Example 3: Making a scaled bar graph
Here is some data about pets owned by students:
	Dogs: 12
	Cats: 8
	Fish: 4
	Birds: 10

Step 1: Choose a scale.
The largest number is 12. A scale counting by 2s works well:
0,2,4,6,8,10,12
Step 2: Write the labels.
The groups are Dogs, Cats, Fish, and Birds.
Step 3: Draw the bars.
	Dogs goes to 12
	Cats goes to 8
	Fish goes to 4
	Birds goes to 10

Step 4: Check your work.
Make sure the scale uses equal steps and each bar ends at the correct number.
Worked Example 4: Be careful with the scale
A graph shows favorite games. The scale counts by 10s:
0,10,20,30,40
The soccer bar reaches 30.
Question: Does that mean 3 students or 30 students?
Answer: It means 30 students, because each line stands for 10.
This is a common mistake. Always read the scale first.
Tips for success
	Always check what the scale counts by.
	Each step must be equal.
	Read the bar all the way to the number it reaches.
	Use addition or subtraction to compare groups.
	If you make a graph, choose a scale that fits the largest number.

Things to watch out for
	Thinking each line means 1 when it really means 2, 5, or 10
	Using a scale that does not go high enough
	Skipping numbers in a way that is not equal
	Reading the wrong bar label

Lets practice thinking
If a graph counts by 5s and a bar reaches 25, then the value is 25.
If one bar is 20 and another is 15, then the difference is:
20−15=5
If two bars are 10 and 30, then the total is:
10+30=40
[image: 📋]   Summary
A scaled bar graph is a bar graph where the scale counts by equal amounts greater than 1, such as 2, 5, or 10.
Scaled bar graphs help us show larger numbers in less space.
To read one correctly, first check the scale, then read where each bar ends.
To make one, choose a good scale, label the graph, and draw each bar to match the data.


  
  Put what you read to the test

  You've worked through Scaled Bar Graphs. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/298






  [image: 📝]   Lesson 90: Line Plots for Fractional Data

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/347




  Line Plots for Fractional Data


Sometimes we measure things, like pencils, leaves, or pieces of string. The measurements are not always whole numbers. A pencil might be �312� inches long, or a leaf might be 214 inches long.


A line plot helps us show this data on a number line. We place an X above each measurement. When more than one item has the same measurement, we stack the Xs.


In this lesson, you will learn how to read and make line plots with halves and quarters.


1. What is fractional data?


Fractional data means measurements that include fractions. In 3rd grade, we often use:


  	halves: 12

  	quarters: 14 and 34




These are the small parts between whole numbers.


Between 1 and 2, the fractional marks are:

1, 114, 112, 134, 2


Each step of 14 is one quarter more.


2. Reading the number line


Before making a line plot, we must read the number line carefully. Look at the spaces between whole numbers.


If there are 4 equal parts between 1 and 2, then each part is worth 14.


That means:


  	the first mark after 1 is 114

  	the second mark after 1 is 112

  	the third mark after 1 is 134




If the number line is marked by halves, then the middle mark between 1 and 2 is 112.


3. How to make a line plot


Follow these steps:


  	Read all the measurements.

  	Look at the number line and make sure you know what each mark means.

  	Put one X above the correct measurement for each item.

  	If the same measurement happens more than once, stack the Xs above each other.




Each X stands for one piece of data.


4. How to read a line plot


To read a line plot:


  	look at where the Xs are placed

  	count how many Xs are above each number

  	find which measurement happens the most

  	find which measurement happens the least

  	find the total number of items




A line plot helps us answer questions about data quickly.


Worked Example 1: Plotting data with halves


Here are the lengths of 5 pencils in inches:

212, 3, 212, 312, 3


We use a number line marked by halves:

2, 212, 3, 312


Now place the Xs:


  	212: 2 pencils

  	3: 2 pencils

  	312: 1 pencil




The line plot would look like this:


2    212    3    312

       X       X

       X       X       X



What do we learn?


  	The most common lengths are 212 inches and 3 inches.

  	There are 5 pencils total.




Worked Example 2: Plotting data with quarters


Here are the lengths of 6 leaves in inches:

114, 134, 112, 114, 2, 112


The number line is marked in quarters:

1, 114, 112, 134, 2


Count each measurement:


  	114: 2 leaves

  	112: 2 leaves

  	134: 1 leaf

  	2: 1 leaf




The line plot would look like this:


1   114   112   134   2

    X         X

    X         X            X      X



What do we learn?


  	114 inch and 112 inch are the most common lengths.

  	There are 6 leaves total.




5. Be careful with the spaces


A very important idea is that the marks on the number line must be equal spaces. If the line is divided into quarters, each jump is 14.


From 2 to 3, the quarter marks are:

2, 214, 212, 234, 3


From 4 to 5, the quarter marks are:

4, 414, 412, 434, 5


Do not guess. Count the spaces carefully.


Worked Example 3: Answering questions from a line plot


A class measures ribbons. The line plot shows:


  	214: 1 ribbon

  	212: 3 ribbons

  	234: 2 ribbons

  	3: 1 ribbon




Question 1: How many ribbons are there in all?

Add the Xs:

1+3+2+1=7

There are 7 ribbons.


Question 2: Which length is most common?

The tallest stack is above 212.

So the most common length is 212 inches.


Question 3: How many ribbons are longer than 212 inches?

Lengths longer than 212 are 234 and 3.

Add those counts:

2+1=3

So 3 ribbons are longer than 212 inches.


Worked Example 4: Making a line plot from measurement data


Here are the lengths of 8 crayons in inches:

414, 412, 414, 434, 412, 5, 412, 434


Step 1: Write the number line marks.

4, 414, 412, 434, 5


Step 2: Count each length.


  	4: 0 crayons

  	414: 2 crayons

  	412: 3 crayons

  	434: 2 crayons

  	5: 1 crayon




Step 3: Plot the Xs.


4   414   412   434   5

     X         X         X

     X         X         X

               X             X



What do we learn?


  	The most common length is 412 inches.

  	There are 8 crayons total.

  	No crayon is exactly 4 inches long.




6. Tips for success


  	Read the scale first. Make sure you know if the line is marked by halves or quarters.

  	Plot one X for each item. Do not skip any data.

  	Stack Xs neatly. This makes the plot easy to read.

  	Count carefully. Check your total number of Xs.

  	Look for patterns. Which measurements happen the most? Which happen the least?




7. What line plots help us do


Line plots help us organize measurement data. They make it easier to compare lengths and answer questions.


With a line plot, we can:


  	find the total number of items

  	find the most common measurement

  	compare two measurements

  	see which measurements are greater or less




[image: 📋]   Summary


A line plot shows data on a number line using Xs. When the data has fractions, we must read the number line carefully to see if it is marked in halves or quarters.


To make a line plot, place one X above each measurement and stack Xs when measurements are the same. To read a line plot, count the Xs and use them to answer questions about the data.


  
  Put what you read to the test

  You've worked through Line Plots for Fractional Data. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/299
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  Extracting Statistical Measures means looking at a graph and finding important facts about the data. We can look for the mode, the range, outliers, and clusters.


These words may sound big, but the ideas are simple. They help us answer questions like: Which number happens the most? How far apart are the smallest and biggest numbers? Is there a number far away from the others? Are many numbers gathered together in one place?


When we study a graph, we are not just reading it. We are also thinking about what the data is telling us.


Let’s learn the 4 main statistical measures.



  	Mode: the number or category that appears the most.

  	Range: the difference between the greatest number and the smallest number.

  	Outlier: a value that is far away from the other values.

  	Cluster: a group of values close together.




1. Finding the Mode


The mode tells us what shows up the most. On a bar graph, it is often the tallest bar. On a picture graph or line plot, it is the value with the most marks.


If we have the numbers 2,3,3,4,5, then 3 is the mode because it appears more than the other numbers.


2. Finding the Range


The range tells us how spread out the data is. To find the range:



  	Find the smallest value.

  	Find the greatest value.

  	Subtract the smallest from the greatest.




For example, if the smallest number is 2 and the greatest number is 8, then:


8−2=6


So the range is 6.


3. Finding an Outlier


An outlier is a value that does not seem to fit with the others because it is much smaller or much greater than most of the data.


For example, in 4,5,5,6,20, the number 20 is an outlier. It is far away from the rest of the numbers.


4. Finding a Cluster


A cluster is a group of data values that are close together. A cluster shows where many of the data points are gathered.


For example, in 2,3,3,4,8, the numbers 2,3,3,4 make a cluster because they are close together.


How to read a graph for these measures


When you look at a completed graph, try these steps:



  	Look for the tallest bar or the most marks to find the mode.

  	Look for the smallest and greatest values to find the range.

  	See if one value is far away from the others to find an outlier.

  	Look for values bunched together to find a cluster.




Worked Example 1: Finding the Mode


A line plot shows how many books students read last month:


1,2,2,3,4


Let’s find the mode.



  	The number 1 appears 1 time.

  	The number 2 appears 2 times.

  	The number 3 appears 1 time.

  	The number 4 appears 1 time.




The number that appears the most is 2.


Mode = 2


This means 2 books was the most common number of books read.


Worked Example 2: Finding the Range


A graph shows the heights of plants in inches:


3,5,5,6,7


Let’s find the range.



  	Smallest value: 3

  	Greatest value: 7




Now subtract:


7−3=4


Range = 4


This means the plant heights are spread across 4 inches.


Worked Example 3: Finding an Outlier


A graph shows how many minutes students spent reading:


10,11,12,12,13,25


Most of the values are between 10 and 13. But 25 is much bigger than the rest.


So 25 is the outlier.


This tells us one student read much longer than most of the others.


Worked Example 4: Finding a Cluster and More Than One Measure


A completed graph shows the number of marbles 6 students have:


4,5,5,6,6,12


Let’s study the data.



  	Mode: 5 and 6 each appear 2 times, so both are most common.

  	Range: greatest is 12, smallest is 4.




12−4=8



  	Outlier: 12, because it is far from the others.

  	Cluster: 4,5,5,6,6, because these values are close together.




This data has a group of values together and one value far away.


Helpful Tips



  	Mode means most. Both words start with m.

  	For range, remember: biggest minus smallest.

  	An outlier looks lonely because it is far from the group.

  	A cluster looks like a bunch of values packed together.




Things to watch out for



  	Do not confuse the greatest value with the mode. The mode is the most common, not always the biggest.

  	Do not find the range by counting all the numbers. Find it by subtracting.

  	Not every set of data has an outlier.

  	A data set can have one cluster, more than one cluster, or no clear cluster.




Let’s Review


When you look at a graph, ask yourself these questions:



  	Which value happens the most? That is the mode.

  	What are the smallest and greatest values? Subtract to get the range.

  	Is one value far away from the others? That may be an outlier.

  	Are many values close together? That is a cluster.




These ideas help us understand data better. They help us describe what a graph is showing in a smart and careful way.


  
  Put what you read to the test

  You've worked through Extracting Statistical Measures. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/300
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  Solving Graph-Based Word Problems means using information from a graph to answer questions.
Graphs help us see data quickly. A graph can show how many books students read, how many apples were sold, or how many votes each pet got.
When we solve graph-based word problems, we often need to:
	read the graph carefully
	find the numbers
	add to find a total
	subtract to find how many more or how many fewer
	compare two or more groups

Let’s learn how to do this step by step.
Step 1: Read the title.
The title tells what the graph is about.
Step 2: Look at the labels.
The labels tell what each bar, picture, or line stands for.
Step 3: Look at the scale.
The scale tells what each mark means. Sometimes each mark means 1. Sometimes each mark means 2, 5, or 10.
For example, if the scale counts by 2s, then the numbers may be:
0,2,4,6,8,10
Step 4: Find the number for each category.
Read the graph carefully so you know the correct amount.
Step 5: Solve the question.
Ask yourself:
	Do I need to add?
	Do I need to subtract?
	Do I need to compare more than two groups?

Main Idea 1: Find the total by adding.
If a problem asks how many in all or how many altogether, you add.
Example: If one bar shows 4 and another bar shows 6, then the total is
4+6=10
Main Idea 2: Find how many more by subtracting.
If a problem asks how many more, subtract the smaller number from the larger number.
Example: If one category has 9 and another has 5, then
9−5=4
So one category has 4 more.
Main Idea 3: Solve multi-step problems.
Sometimes you must do more than one step.
You may need to add two categories first, and then compare that total to another category.
For example:
Category A = 3, Category B = 4, Category C = 10
First add A and B:
3+4=7
Then compare with C:
10−7=3
So Category C is 3 more than Categories A and B together.
Worked Example 1: Reading a simple bar graph
A class made a graph of favorite fruits.
	Apples = 5
	Bananas = 3
	Grapes = 4

Question: How many students chose apples and grapes altogether?
Step 1: Find the two numbers.
Apples = 5 and Grapes = 4
Step 2: Add.
5+4=9
Answer: 9 students chose apples and grapes altogether.
Worked Example 2: How many more
A graph shows how many pets students have.
	Dogs = 8
	Cats = 6

Question: How many more students have dogs than cats?
Step 1: Find both numbers.
Dogs = 8, Cats = 6
Step 2: Subtract.
8−6=2
Answer: 2 more students have dogs than cats.
Worked Example 3: A scale that counts by 2s
A bar graph shows books read during one month. The scale goes up by 2s.
	Liam = 6 books
	Maya = 8 books
	Noah = 4 books

Question: How many books did Liam and Noah read in all?
Step 1: Read the scale carefully.
The graph counts by 2s, so a bar at 6 means 6 books, not 3.
Step 2: Find the numbers.
Liam = 6, Noah = 4
Step 3: Add.
6+4=10
Answer: Liam and Noah read 10 books in all.
Question: How many more books did Maya read than Noah?
Step 1: Find the numbers.
Maya = 8, Noah = 4
Step 2: Subtract.
8−4=4
Answer: Maya read 4 more books than Noah.
Worked Example 4: A multi-step comparison
A graph shows how many cans were collected for recycling.
	Class A = 7
	Class B = 5
	Class C = 15

Question: How many more cans did Class C collect than Class A and Class B together?
Step 1: Add Class A and Class B.
7+5=12
Step 2: Compare that total to Class C.
15−12=3
Answer: Class C collected 3 more cans than Class A and Class B together.
Helpful Tips
	Read the question last and first. First read it to know what to find. Read it again after looking at the graph.
	Circle or say the important numbers.
	Check the scale. If the graph counts by 2s, 5s, or 10s, be careful.
	Look for clue words.

Some clue words are:
	in all, altogether, total 1 add
	how many more, how many fewer, difference 1 subtract

Common Mistakes to Avoid
	Do not forget to read the title and labels.
	Do not use the wrong numbers from the graph.
	Do not forget to check whether the graph scale counts by 1s, 2s, 5s, or 10s.
	Do not add when the question asks how many more.
	For multi-step problems, do one step at a time.

Let’s Practice Thinking
If a graph shows:
	Red balloons = 9
	Blue balloons = 4
	Green balloons = 7

You can answer questions like these:
	How many balloons are red and blue altogether?
9+4=13
	How many more red balloons than blue balloons are there?
9−4=5
	How many balloons are there in all?
9+4+7=20
	How many more green balloons than blue balloons are there?
7−4=3

[image: 📋]   Summary
To solve graph-based word problems, first read the title, labels, and scale. Then find the numbers you need from the graph.
Next, decide whether to add to find a total, subtract to find how many more or fewer, or do more than one step. Work carefully, and always check that your answer matches the question.


  
  Put what you read to the test

  You've worked through Solving Graph-Based Word Problems. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/301






  
    
  [image: 📖]   Chapter 11

  Financial Literacy and Applied Economics
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  Coin Values and Equivalencies


Money helps us buy things. In the United States, we use different coins, and each coin has a value. The value tells how many cents the coin is worth.


In this lesson, you will learn the value of common US coins and how to tell when different groups of coins are equal. This means they have the same total value, even if the coins are different.


Remember: 100 cents equals 1 dollar.


Meet the coins



  	Penny = 1 cent = 1¢

  	Nickel = 5 cents = 5¢

  	Dime = 10 cents = 10¢

  	Quarter = 25 cents = 25¢




It is important to know that the biggest coin is not always worth the most. For example, a dime is smaller than a nickel, but a dime is worth more.


How to compare coin values


To compare coins, look at how many cents each coin is worth. Then you can decide which coin has a greater value or if two groups of coins are equal.



  	1 nickel has the same value as 5 pennies.

  	1 dime has the same value as 2 nickels.

  	1 dime has the same value as 10 pennies.

  	1 quarter has the same value as 5 nickels.

  	1 quarter has the same value as 2 dimes and 1 nickel.

  	1 quarter has the same value as 25 pennies.




These are called equivalencies. That means different coin groups can have the exact same value.


Ways to find equivalencies


You can find coin equivalencies in two simple ways:



  	Count by the value of the coins.

  	Add the cents.




For example, if you have 2 nickels, you can count by 5s: 5, 10. So 2 nickels equal 10 cents.


You can also add: 5+5=10. So 2 nickels equal 1 dime.


Helpful skip-counting patterns



  	Pennies: count by 1s

  	Nickels: count by 5s

  	Dimes: count by 10s

  	Quarters: count by 25s




Skip-counting makes it faster to find the value of a group of coins.


Worked Example 1: Pennies and a nickel


How many pennies are equal to 1 nickel?


A nickel is worth 5¢. A penny is worth 1¢.


So we need 5 pennies to make 5 cents.


1+1+1+1+1=5

Answer: 1 nickel = 5 pennies.


Worked Example 2: Dimes and nickels


Is 1 dime equal to 2 nickels?


Let’s check the values:



  	1 dime = 10¢

  	2 nickels = 5¢+5¢=10¢




Both amounts are 10 cents.


10=5+5

Answer: Yes, 1 dime is equal to 2 nickels.


Worked Example 3: A quarter in different ways


Show two different ways to make 25 cents.


We know 1 quarter is worth 25¢.


Way 1: 5 nickels


5+5+5+5+5=25

Way 2: 2 dimes and 1 nickel


10+10+5=25

Answer: 1 quarter = 5 nickels = 2 dimes and 1 nickel.


Worked Example 4: Are these coin groups equal?


Compare these two groups:



  	Group A: 1 quarter

  	Group B: 3 nickels and 1 dime




Find the value of each group.


Group A:


1 quarter=25¢

Group B:


5+5+5+10=25

Group B is also worth 25 cents.


Answer: Yes, the groups are equal because both are worth 25¢.


Tips for solving coin problems



  	Say the value of each coin out loud.

  	Count carefully using 1s, 5s, 10s, or 25s.

  	Add the coin values to find the total.

  	Compare totals to see if they are equal.

  	If two groups have the same number of cents, they are equivalent.




Common equivalencies to remember



  	5 pennies=1 nickel

  	10 pennies=1 dime

  	2 nickels=1 dime

  	25 pennies=1 quarter

  	5 nickels=1 quarter

  	2 dimes+1 nickel=1 quarter




Try thinking about it this way


If two groups of coins can buy the same thing, then they have the same value. For example, if a snack costs 25¢, you could pay with 1 quarter, or 5 nickels, or 2 dimes and 1 nickel.


Different coins, same value.


[image: 📋]   Summary


US coins have different values: penny 1¢, nickel 5¢, dime 10¢, and quarter 25¢. Coin equivalencies happen when different coins or groups of coins have the same total value.


To find equivalencies, count the value of each coin and add the cents. If the totals match, the coin groups are equal.


  
  Put what you read to the test

  You've worked through Coin Values and Equivalencies. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/302
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  Counting Mixed Coin Collections means finding the total value of a group of different coins.


When coins are mixed together, it can feel confusing at first. A smart way to count them is to organize the coins from highest value to lowest value, then count in order.


In this lesson, you will learn how to count groups of pennies, nickels, dimes, and quarters.


First, remember what each coin is worth:


  	Penny = 1 cent

  	Nickel = 5 cents

  	Dime = 10 cents

  	Quarter = 25 cents




A good rule is to count coins in this order:


  	Quarters

  	Dimes

  	Nickels

  	Pennies




We start with the coin worth the most because it makes counting faster and easier.


Step-by-step strategy:


  	Look at all the coins.

  	Group the same coins together.

  	Put the groups in order from greatest value to least value.

  	Skip-count the quarters, dimes, and nickels.

  	Add the pennies at the end.




Skip-counting means counting by a number again and again. For example:


  	Dimes: 10,20,30,40

  	Nickels: 5,10,15,20

  	Quarters: 25,50,75,100




Let’s practice with some examples.


Worked Example 1

You have 2 dimes and 3 pennies.


Start with the dimes.

Count by tens: 10,20. So, 2 dimes = 20 cents.


Now add the 3 pennies.

20+3=23


So the total value is:

23 cents


Worked Example 2

You have 1 quarter, 2 nickels, and 4 pennies.


Put them in order: quarter, nickels, pennies.


Start with the quarter:

25 cents


Now count the 2 nickels:

25,30,35

So after the nickels, you have 35 cents.


Add 4 pennies:

35+4=39


So the total value is:

39 cents


Worked Example 3

You have 3 quarters, 1 dime, 2 nickels, and 2 pennies.


Start with the quarters.

Count by 25s: 25,50,75

So, 3 quarters = 75 cents.


Add 1 dime:

75+10=85


Add 2 nickels:

Count by fives: 85,90,95

Now you have 95 cents.


Add 2 pennies:

95+2=97


So the total value is:

97 cents


Worked Example 4

You have 4 dimes, 3 nickels, and 6 pennies.


There are no quarters, so start with the dimes.

Count by tens: 10,20,30,40

So, 4 dimes = 40 cents.


Add 3 nickels:

Count by fives: 40,45,50,55

Now you have 55 cents.


Add 6 pennies:

55+6=61


So the total value is:

61 cents


Helpful tips:


  	Do not count every coin by ones if you do not need to. Skip-counting is faster.

  	Always organize first. Mixed-up coins are harder to count.

  	Start with the greatest value. This helps you keep track.

  	Pennies come last because they only add 1 each.




Watch out for these common mistakes:


  	Mixing up a nickel and a dime. A nickel is 5 cents, and a dime is 10 cents.

  	Forgetting to group the same coins together first.

  	Counting the same coin twice.

  	Adding pennies too early and losing track of the total.




Try this thinking:

If you see a pile of coins, ask yourself:


  	How many quarters are there?

  	How many dimes are there?

  	How many nickels are there?

  	How many pennies are there?




Then count in that order.


One more way to show the total is with an addition sentence.

For example, if you have 1 quarter, 2 dimes, 1 nickel, and 3 pennies:

25+20+5+3=53

So the coins are worth 53 cents.


[image: 📋]   Summary

To count mixed coin collections, first group the same coins together. Then put them in order from highest value to lowest value: quarters, dimes, nickels, pennies.


Use skip-counting for quarters, dimes, and nickels. Add the pennies last to find the total number of cents.


  
  Put what you read to the test

  You've worked through Counting Mixed Coin Collections. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/303
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  Translating Dollar and Cent Notation means reading and writing money amounts correctly.


When we write money, we use a dollar sign and a decimal point. The decimal point separates dollars from cents.


For example, in $4.35, the 4 means 4 dollars, and the 35 means 35 cents.


This lesson will help you learn how to read money amounts, write them correctly, and understand what each digit means.


1. Understanding dollars and cents


Money amounts are written with dollars on the left of the decimal point and cents on the right of the decimal point.


Here is the pattern:


$dollars.cents


The cents part always has two digits.



	The first digit after the decimal point shows tens of cents.

	The second digit after the decimal point shows ones of cents.




So:


	$2.50 means 2 dollars and 50 cents.

	$7.08 means 7 dollars and 8 cents.

	$0.99 means 99 cents.




2. Why the decimal point matters


The decimal point is very important. It tells us where the dollars end and the cents begin.


Look at these two amounts:


	$3.25 means 3 dollars and 25 cents.

	325¢ means 325 cents, which is the same as $3.25.




Writing money the right way makes it easy to read and understand.


3. The cents part must have two digits


When you write money, the cents part should always have two digits, even if there is only 1 cent digit to show.


For example:


	5 dollars and 7 cents is written as $5.07, not $5.7.

	9 dollars and 3 cents is written as $9.03, not $9.3.

	6 dollars and 40 cents is written as $6.40.




If there are no dollars, we still write a 0 before the decimal point.


	45 cents = $0.45

	8 cents = $0.08




If there are no cents, we still write two zeros after the decimal point.


	4 dollars = $4.00

	12 dollars = $12.00




4. How to read dollar and cent notation


To read a money amount, follow these steps:


	Look at the number before the decimal point. That tells the dollars.

	Look at the two digits after the decimal point. That tells the cents.

	Say the amount as “___ dollars and ___ cents.”




Examples:


	$8.42 = 8 dollars and 42 cents

	$1.05 = 1 dollar and 5 cents

	$0.60 = 60 cents




5. How to write dollar and cent notation


To write a money amount, follow these steps:


	Write the dollar sign: $

	Write the number of dollars.

	Write the decimal point.

	Write two digits for the cents.




Examples:


	3 dollars and 25 cents = $3.25

	10 dollars and 9 cents = $10.09

	72 cents = $0.72




Worked Example 1


Read: $6.14


Step 1: The number before the decimal is 6, so there are 6 dollars.

Step 2: The number after the decimal is 14, so there are 14 cents.

Answer: 6 dollars and 14 cents


Worked Example 2


Write: 4 dollars and 6 cents


Step 1: Write the dollar sign.

Step 2: Write the dollars: 4

Step 3: Write the decimal point.

Step 4: Write the cents as two digits. 6 cents is 06.

$4.06

Answer: $4.06


Worked Example 3


Write: 93 cents


Step 1: There are no whole dollars, so write 0 dollars.

Step 2: Write the decimal point.

Step 3: Write 93 for the cents.

$0.93

Answer: $0.93


Worked Example 4


Read: $12.00


Step 1: The number before the decimal is 12, so there are 12 dollars.

Step 2: The number after the decimal is 00, so there are 0 cents.

Answer: 12 dollars


6. Watch out for common mistakes



	Do not forget the decimal point.

	Do not forget the dollar sign when writing money.

	Do not write only one digit for cents. Write two digits.

	Remember to use a 0 before the decimal if the amount is less than 1 dollar.




Here are some corrections:


	Wrong: $3.5 [image: →] Right: $3.50

	Wrong: $.75 [image: →] Right: $0.75

	Wrong: $7.4 [image: →] Right: $7.40




7. Quick practice ideas


Try reading and writing these amounts:


	$2.18

	$0.04

	$9.70

	5 dollars and 32 cents

	11 dollars and 1 cent

	67 cents




8. Summary


Money is written with a dollar sign, a number of dollars, a decimal point, and two digits for cents.


The decimal point separates dollars from cents. The digits before the decimal show dollars, and the two digits after the decimal show cents.


Always remember:


	Use two digits for cents.

	Use 0 dollars for amounts less than 1 dollar.

	Use 00 cents when there are no cents.




When you can read and write money amounts correctly, you are using dollar and cent notation the right way.


  
  Put what you read to the test

  You've worked through Translating Dollar and Cent Notation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/304
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  Making Change by Counting Up is a smart and easy way to figure out how much change someone should get back after buying something.
Instead of subtracting, we count up from the price of the item to the amount the customer paid. This is the same way many cashiers think when giving change.
For example, if something costs 63¢ and a customer gives 1 dollar, we can count up from 63¢ to 100¢. The amount we count is the change.
Why counting up helps:
	It matches how money is used in real life.
	It can feel easier than subtraction.
	It helps us use coins and bills in a careful, organized way.

Step 1: Start at the price.
Say the item costs 68¢ and the customer gives 1 dollar.
We start at 68¢.
Step 2: Count up to the next easy number.
Easy numbers are usually the next 10, the next dollar, or both.
From 68¢, the next 10 is 70¢. To get from 68¢ to 70¢, we add 2¢.
Then from 70¢ to 100¢, we add 30¢.
Step 3: Add the jumps together.
We made jumps of 2¢ and 30¢.
2¢+30¢=32¢
So the change is 32¢.
A helpful way to think:
	First, get to the next 10.
	Next, get to the next dollar.
	Then add the jumps.

Sometimes, if the price is already close to a dollar amount, you may only need one or two jumps.
Money facts to remember:
	1 dollar = 100 cents
	A dime = 10¢
	A nickel = 5¢
	A penny = 1¢
	A quarter = 25¢

These facts help us give change using real coins.
Worked Example 1
An apple costs 41¢. The customer pays with 50¢. How much change should the customer get?
Start at 41¢ and count up to 50¢.
From 41¢ to 50¢ is 9¢.
50¢−41¢=9¢
But we found it by counting up, not subtracting.
Change: 9¢
Worked Example 2
A notebook costs 76¢. The customer pays with 1 dollar. How much change should the customer get?
Start at 76¢.
	Count up to 80¢: that is 4¢.
	Count up from 80¢ to 100¢: that is 20¢.

Now add the jumps:
4¢+20¢=24¢
Change: 24¢
Worked Example 3
A toy costs $1.35. The customer pays with $2.00. How much change should the customer get?
Start at $1.35.
	Count up to $1.40: that is 5¢.
	Count up to $2.00: that is 60¢.

Add the jumps:
5¢+60¢=65¢
Change: $0.65
We can also say the customer gets 65¢ back.
Worked Example 4
A game costs $2.47. The customer pays with $5.00. How much change should the customer get?
Start at $2.47.
	Count up to $2.50: 3¢
	Count up to $3.00: 50¢
	Count up to $5.00: $2.00

Now add all the jumps:
3¢+50¢+2 dollars=2 dollars 53¢
Change: $2.53
How to choose coins for change
After you know the total change, you can think about what coins to give.
If the change is 32¢, one way to give it is:
	1 quarter = 25¢
	1 nickel = 5¢
	2 pennies = 2¢

25¢+5¢+2¢=32¢
If the change is 24¢, one way to give it is:
	2 dimes = 20¢
	4 pennies = 4¢

20¢+4¢=24¢
Tips for counting up correctly
	Always start at the price, not the amount paid.
	Count up in small, easy jumps.
	Use friendly numbers like 10s and whole dollars.
	Add all your jumps at the end.
	Check that your start number plus your change equals the amount paid.

Let’s check one:
If an item costs 76¢ and the change is 24¢, then:
76¢+24¢=100¢=1 dollar
That means the answer makes sense.
Common mistakes to avoid
	Do not start counting from the amount paid down to the price. Count up from the price.
	Do not forget one of your jumps.
	Be careful with dollars and cents. $1.00 means 100¢.
	If you jump to the next 10, make sure it really is the next number ending in 0.

Practice thinking
Ask yourself these questions:
	What is the price?
	What amount was paid?
	What easy number can I jump to next?
	How much was each jump?
	What is the total of all the jumps?

[image: 📋]   Summary
Making change by counting up means starting at the price and counting forward to the amount paid.
You can count to the next 10, then the next dollar, and add the jumps together.
This is a useful real-life money skill that helps you find change quickly and carefully.


  
  Put what you read to the test

  You've worked through Making Change via Counting Up. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/305
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  Adding and Subtracting Money


We use money every day when we buy things, save money, or figure out how much change we get back. In this lesson, you will learn how to add money and subtract money correctly.


Money is written with a dollar sign and a decimal point. The number to the left of the decimal point shows dollars. The number to the right shows cents.


For example, $3.45 means 3 dollars and 45 cents.


Remember:


  	100 cents = $1.00

  	The decimal point must stay lined up.

  	Write a zero in any empty place value.




Understanding dollars and cents


When you add or subtract money, think about place value. The digits mean different things depending on where they are.



  	The digit just left of the decimal is the ones or dollars place.

  	The first digit right of the decimal is the tenths place in math, but for money we think of it as dimes or tens of cents.

  	The second digit right of the decimal is the hundredths place in math, but for money we think of it as cents.




Example: In $5.27, the 5 means 5 dollars, the 2 means 2 dimes or 20 cents, and the 7 means 7 cents.


How to add money


To add money amounts, line up the decimal points. Then add from right to left, just like regular addition.



  	Line up the decimal points.

  	Add the cents first.

  	If the cents total 100 or more, regroup 100 cents as 1 dollar.

  	Bring the dollar sign and decimal point down into the answer.




Worked Example 1: Adding two prices


A notebook costs $2.35 and a pencil case costs $1.40. How much do they cost together?


+$2.35+$1.40‾$3.75

Start at the right:


  	5 cents + 0 cents = 5 cents

  	3 dimes + 4 dimes = 7 dimes

  	2 dollars + 1 dollar = 3 dollars




So, the total cost is $3.75.


Worked Example 2: Adding with regrouping


A toy car costs $4.68 and a ball costs $2.57. How much do they cost in all?


+$4.68+$2.57‾$7.25

Let us add step by step:


  	8 cents + 7 cents = 15 cents. Write 5 cents and carry 1 dime.

  	6 dimes + 5 dimes + 1 carried dime = 12 dimes. Write 2 dimes and carry 1 dollar.

  	4 dollars + 2 dollars + 1 carried dollar = 7 dollars.




So, the total is $7.25.


How to subtract money


We subtract money when we want to know:


  	how much change we get back,

  	how much money is left, or

  	how much more money we need.




To subtract money amounts, line up the decimal points. Then subtract from right to left.



  	Line up the decimal points.

  	Subtract the cents first.

  	If needed, regroup from the dollars or tens of cents place.

  	Bring the decimal point straight down.




Worked Example 3: Finding change


You have $5.00. You buy a snack for $2.45. How much money is left?


−$5.00−$2.45‾$2.55

Here is how:


  	We cannot do 0 cents - 5 cents, so we regroup.

  	Think of $5.00 as 4 dollars and 100 cents.

  	100 cents - 45 cents = 55 cents

  	4 dollars - 2 dollars = 2 dollars




So, you have $2.55 left.


Worked Example 4: Money left after two purchases


You have $10.00. You buy a book for $3.29 and markers for $2.56. How much money is left?


First, add the cost of the two items.


+$3.29+$2.56‾$5.85

Now subtract that total from $10.00.


−$10.00−$ 5.85‾$4.15

So, after buying both items, you have $4.15 left.


Helpful tips



  	Always line up decimal points. This keeps dollars under dollars and cents under cents.

  	Write zeros when needed. For example, write $5 as $5.00.

  	Read the question carefully. If it asks for the total, add. If it asks how much is left or how much change, subtract.

  	Check if your answer makes sense. If you buy things, the total should be more than each item. If you subtract, the answer should be less than what you started with.




Words to watch for



  	Add: total, altogether, in all, combined

  	Subtract: left, change, how much more, how much remains




Try thinking about these:



  	If a game costs $6.25 and a puzzle costs $3.50, you would add to find the total cost.

  	If you have $8.00 and spend $5.75, you would subtract to find how much is left.




[image: 📋]   Summary


Adding and subtracting money is like regular addition and subtraction, but you must be careful with decimal points and cents. Line up the decimal points, use zeros when needed, and regroup when necessary.


When you want the total cost, add. When you want change or the amount left, subtract. With practice, you will get faster and more confident with money math.


  
  Put what you read to the test

  You've worked through Adding and Subtracting Money. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/306
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  Profit, Income, and Expenses




Have you ever imagined running a lemonade stand, selling cookies, or making crafts to sell? When you sell something, money comes in. But you may also need to spend money to buy what you need. In math, we can use simple subtraction to find out if we earned money in the end.




In this lesson, you will learn three important money words: income, expenses, and profit. You will also learn how to find profit by subtracting expenses from income.




What is income?




Income is the money you receive. It is the money that comes in. If you sell 5 cups of lemonade and collect money from customers, that money is your income.




What are expenses?




Expenses are the money you spend. It is the money that goes out. If you buy lemons, sugar, and cups, the money you pay for those things is your expense.




What is profit?




Profit is the money left after you pay your expenses. To find profit, subtract expenses from income.




Here is the rule:




Profit=Income−Expenses




If the income is more than the expenses, you have a profit. That means you earned money.




If the income and expenses are the same, the profit is 0. That means you did not earn extra money, but you also did not lose money.




If the expenses are more than the income, then there is no profit. You spent more money than you received.




How to find profit






  	Find the income.


  	Find the expenses.


  	Subtract: income−expenses.


  	The answer is the profit.







Worked Example 1




Lina sells lemonade and collects $10. She spent $4 on lemons and cups. What is her profit?




Step 1: Income = $10


Step 2: Expenses = $4


Step 3: Subtract




10−4=6




Answer: Lina’s profit is $6.




Worked Example 2




Omar sells 8 pencils for a total of $12. He spent $7 to buy the pencils. What is his profit?




Step 1: Income = $12


Step 2: Expenses = $7


Step 3: Subtract




12−7=5




Answer: Omar’s profit is $5.




Worked Example 3




Sara sells homemade bookmarks and gets $9. She spent $9 on paper and markers. What is her profit?




Step 1: Income = $9


Step 2: Expenses = $9


Step 3: Subtract




9−9=0




Answer: Sara’s profit is $0. She did not earn extra money.




Worked Example 4




Ben sells snacks and gets $6. He spent $8 to buy the snacks. Did Ben make a profit?




Step 1: Income = $6


Step 2: Expenses = $8


Step 3: Compare the numbers




Since 6<8, Ben spent more than he received.




You could also subtract:




6−8




For 3rd Grade, it is enough to say Ben has no profit because his expenses are greater than his income.




Helpful money words to remember






  	Income = money in


  	Expenses = money out


  	Profit = money left over







Look at the whole story




Sometimes a word problem gives you a money story. Ask yourself:






  	How much money came in?


  	How much money was spent?


  	What is left after subtracting?







That helps you decide which number is income and which number is expense.




Try thinking about this example




Ava sold juice for $15. She spent $6 on fruit and cups.




Income = $15


Expenses = $6




15−6=9




So Ava’s profit is $9.




Common mistake to avoid




Do not add income and expenses together to find profit. Profit means what is left after spending, so you need to subtract.




For example, if income is $11 and expenses are $3:




11−3=8




The profit is $8, not $14.




[image: 📋]   Summary




Income is the money you get. Expenses are the money you spend. Profit is the money left after you subtract expenses from income.




Remember the math rule:




Profit=Income−Expenses




When income is greater than expenses, you make a profit. When they are equal, the profit is 0. When expenses are greater, there is no profit.


  
  Put what you read to the test

  You've worked through Profit, Income, and Expenses. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/307
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  Needs, Wants, and Budgeting


Money helps us buy things. But we cannot always buy everything we want. That is why it is important to learn about needs, wants, and budgets.


When we understand these ideas, we can make smart choices with money.


What is a need?


A need is something we must have to live safely and stay healthy. Needs are the things that are most important.



	food

	water

	a home or shelter

	clothes

	medicine

	school supplies for learning




If something is a need, we should usually pay for it before we buy other things.


What is a want?


A want is something we would like to have, but we can still live without it. Wants can be fun, tasty, or exciting, but they are not as important as needs.



	toys

	video games

	candy

	stickers

	a new soccer ball when the old one still works




Wants are not bad. It is okay to have wants. But when money is limited, needs come first.


What is a budget?


A budget is a plan for how to use money. A budget helps us decide what we can buy and what we may need to wait to buy later.


If you have only a certain amount of money, you must check whether your choices fit inside that amount.


For example, if you have $10, your total spending must be $10 or less.


We can write that like this:


total cost≤budget


The symbol ≤ means less than or equal to.


How to use a budget



	Find out how much money you have.

	List the things you want or need to buy.

	Decide which items are needs and which are wants.

	Add the prices together.

	Check whether the total is within your budget.

	If the total is too high, take away some wants first.




Main idea: Buy needs first. Then, if there is money left, you may be able to buy some wants.


Worked Example 1: Sorting needs and wants


Mila is going shopping. She sees these items:



	notebook for school

	apple

	toy car

	candy




Let us sort them.



	Needs: notebook for school, apple

	Wants: toy car, candy




The notebook helps with learning, and the apple is food. The toy car and candy are things Mila would like, but does not have to have.


Worked Example 2: Does it fit the budget?


Jayden has $8. He wants to buy:



	a sandwich for $5

	a juice for $2

	a sticker for $1




First, add the costs:


5+2+1=8


Jayden's total cost is $8.


His budget is $8, so:


8≤8


Yes, the items fit the budget. He can buy all three items.


Worked Example 3: Too much money is being spent


Sofia has a budget of $9. She chooses:



	school folder for $3

	pencils for $2

	ice cream for $4

	bouncy ball for $2




Now add the prices:


3+2+4+2=11


Sofia wants to spend $11, but her budget is only $9.


Since $11 is more than $9, the items do not fit the budget.


11>9


What should she do? She should keep the needs first.



	school folder = need

	pencils = need

	ice cream = want

	bouncy ball = want




The needs cost:


3+2=5


After buying the needs, she has:


9−5=4


She has $4 left.


Now she can choose wants that cost $4 or less. She can buy the ice cream for $4, but then she cannot also buy the bouncy ball.


Worked Example 4: Choosing the best plan


Noah has $7. He needs crayons for school that cost $3. He wants one snack and one small toy.


Here are his choices:



	crayons: $3

	snack A: $2

	snack B: $1

	toy A: $4

	toy B: $2




First, Noah buys the need.


Money left:


7−3=4


Now he has $4 for a snack and a toy.


Try choice 1: snack A and toy A


2+4=6


That is too much, because Noah only has $4 left.


Try choice 2: snack A and toy B


2+2=4


This works exactly.


Try choice 3: snack B and toy A


1+4=5


That is too much.


Try choice 4: snack B and toy B


1+2=3


This also works.


So Noah can choose:



	snack A and toy B, or

	snack B and toy B




Both choices fit the budget after he buys the crayons.


Helpful tips for solving problems



	Circle the budget amount first.

	Underline the prices of the items.

	Mark each item as N for need or W for want.

	Add carefully.

	If the total is too high, remove wants before removing needs.

	Check your answer at the end.




Let us remember



	A need is something important that we must have.

	A want is something we would like to have.

	A budget is a plan for spending money.

	We should buy needs first.

	The total cost must be the same as or less than the budget.




When you see a spending problem, ask yourself:



	What is the budget?

	Which items are needs?

	Which items are wants?

	What is the total cost?

	Does the total fit the budget?




Learning to use money wisely is an important math skill. When you know the difference between needs and wants, you can make smart choices and stay within your budget.


  
  Put what you read to the test

  You've worked through Needs, Wants, and Budgeting. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/308






  
    
  [image: 📖]   Chapter 12

  Mathematical Modeling and Proof



  [image: 📝]   Lesson 100: Deconstructing Word Problems

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/357




  Deconstructing Word Problems means taking a story problem apart into small, clear pieces before solving it.
Sometimes a word problem has lots of words, extra details, or numbers that can feel confusing. Good mathematicians do not rush. They slow down, read carefully, and look for what really matters.
When you deconstruct a word problem, you are like a detective. You search for the important clues, ignore extra information, and decide what math action to use.
Why is this helpful? If you understand the problem first, you are more likely to choose the correct numbers and the correct operation.
Here is a simple plan you can use every time.
	Read the whole problem.
	Circle or list the important numbers.
	Underline what the question is asking.
	Cross out or ignore extra details that do not help.
	Choose the math action: add, subtract, multiply, or divide.
	Solve and check if your answer makes sense.

Let’s look at each part more closely.
1. Read the whole problem carefully.
Read all the words once. Then read it again more slowly. On the second reading, look for clues.
2. Find the important numbers.
Not every number in a word problem is needed. Some numbers matter for solving. Some do not.
Ask yourself, “Does this number help answer the question?”
3. Find the question.
The question tells you what you are trying to find. If you do not know what the problem is asking, it is easy to do the wrong math.
You can underline words like how many, how much, how many left, or in all.
4. Ignore extra details.
Some story problems include fun details, like a child’s favorite color, the day of the week, or what someone was wearing. These details may make the story interesting, but they do not help you solve the math.
5. Choose the operation.
	Add when parts are put together or when you find the total.
	Subtract when something is taken away or when you compare to find how many more or fewer.
	Multiply when equal groups are put together.
	Divide when sharing equally or making equal groups.

6. Check your work.
After solving, read the question again. Make sure your answer matches what was asked.
If the question asks, “How many are left?” your answer should tell how many are left, not how many there were at the start.
A helpful annotation strategy
When you annotate a problem, you mark it up to make it easier to understand. You can do this on paper or in your head.
	Circle the numbers you need.
	Underline the question.
	Put a box around clue words like in all, left, each, or shared equally.
	Cross out details that are not needed.

Now let’s practice with worked examples.
Worked Example 1: Finding the total
Lena has 14 stickers. Her friend gives her 8 more stickers. Lena keeps them in a purple box. How many stickers does Lena have now?
Step 1: Important information
	Lena has 14 stickers.
	She gets 8 more stickers.
	The purple box is not important.

Step 2: What is the question?
How many stickers does Lena have now?
Step 3: Choose the operation
She has some stickers, and then she gets more. That means we add.
14+8=22
Answer: Lena has 22 stickers now.
Worked Example 2: Finding how many are left
There were 25 apples in a basket. Mr. Lee used 7 apples to make a pie on Saturday. The basket is brown. How many apples are left?
Step 1: Important information
	25 apples in the basket
	7 apples were used
	Saturday and the brown basket are extra details

Step 2: What is the question?
How many apples are left?
Step 3: Choose the operation
If some apples were used, we subtract.
25−7=18
Answer: There are 18 apples left.
Worked Example 3: Equal groups
A teacher puts 4 pencils on each table. There are 6 tables. The classroom has a big window. How many pencils does the teacher need in all?
Step 1: Important information
	4 pencils on each table
	6 tables
	The big window is not important

Step 2: What is the question?
How many pencils are needed in all?
Step 3: Choose the operation
There are equal groups: 4 pencils on each of 6 tables. That means we multiply.
4×6=24
Answer: The teacher needs 24 pencils.
Worked Example 4: Sharing equally
Marcus has 18 crackers. He shares them equally with 3 friends. Marcus is wearing a red hat. How many crackers does each friend get?
Step 1: Important information
	18 crackers
	Shared equally with 3 friends
	The red hat is not important

Step 2: What is the question?
How many crackers does each friend get?
Step 3: Choose the operation
When sharing equally, we divide.
18÷3=6
Answer: Each friend gets 6 crackers.
How to tell if a detail is extra
Ask yourself these questions:
	Does this fact help me find the answer?
	Does this number connect to the question?
	If I remove this detail, can I still solve the problem?

If the answer is yes, that detail is probably extra.
Clue words can help, but think carefully
Some words often point to an operation.
	in all, total, altogether often mean add
	left, remain, fewer often mean subtract
	each, equal groups often mean multiply
	shared equally, split into groups often mean divide

But do not use clue words only. Always think about the story and what is happening.
Using more than one representation
Good problem solvers show their thinking in different ways. This helps them check their work.
You can represent a word problem by using:
	Words: tell what is happening
	Numbers: write the equation
	Drawings: sketch groups, objects, or boxes

For example, in the pencil problem, you could draw 6 tables with 4 pencils on each table. Then you could count them or write:
4+4+4+4+4+4=24
That matches:
4×6=24
Debugging a mistake
Sometimes students choose the wrong operation because they use the wrong clue. Let’s see an example.
Problem: Sara had 12 balloons. 5 popped. How many balloons are left?
A student writes:
12+5=17
This answer is not correct because balloons popped. The number of balloons went down, not up.
The correct operation is subtraction.
12−5=7
Correct answer: 7 balloons are left.
This is called debugging your work. You look back, find the mistake, and fix it.
Precise thinking matters
When you solve a word problem, try to explain why you chose your operation.
For example:
“I used subtraction because 7 apples were used, so the number of apples became smaller.”
This kind of clear explanation shows strong math thinking.
Try this thinking on your own
	What numbers matter?
	What is the question asking?
	Are there extra details?
	What operation matches the story?
	Does my answer make sense?

[image: 📋]   Summary
Deconstructing word problems means breaking a story problem into important parts. First, find the needed numbers and the question. Next, ignore extra details, choose the right operation, and solve carefully.
Strong mathematicians do not just find answers. They also explain their thinking, use drawings or equations, and check for mistakes.


  
  Put what you read to the test

  You've worked through Deconstructing Word Problems. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/309






  [image: 📝]   Lesson 101: Selecting the Optimal Representation

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/358




  Selecting the Optimal Representation means choosing the best way to show and solve a math problem.
In 3rd Grade math, we do not always solve every problem the same way. Sometimes it is fastest to think in your head. Sometimes it helps to use objects you can move. Sometimes a picture helps. Sometimes writing the steps in order is best.
Good mathematicians ask, "What tool will help me understand this problem best?" That is called choosing the best representation.
Here are four helpful ways to represent a problem:
	Mental strategy: solving in your head
	Physical manipulative: using counters, cubes, or other objects
	Visual tape diagram: drawing bars to show parts and wholes or equal groups
	Formal algorithm: writing steps in order to solve

Let’s learn when each one is a smart choice.
1. Use a mental strategy when the numbers are friendly and you can solve quickly in your head.
Mental math works well when you can count on, make a ten, double, halve, or use facts you already know.
	Example: 25+25
	Example: 30+8
	Example: 45−5

If the problem is simple and you can see the answer without drawing or writing much, mental math may be the best choice.
2. Use physical manipulatives when you need to touch and move objects to understand the problem.
This is helpful when the problem is about counting, making equal groups, sharing, or showing parts.
You might use:
	counters
	connecting cubes
	buttons
	beans
	small blocks

Manipulatives are useful when a problem feels hard to picture in your head.
3. Use a tape diagram when a picture of bars can help you see the math.
A tape diagram is a simple drawing made of rectangles. It helps show:
	parts and a whole
	equal groups
	comparison

For example, if one bar is split into 3 equal parts, it can show 3 groups. If two smaller bars join to make one long bar, it can show addition. If one part is missing, it can help show subtraction.
4. Use a formal algorithm when writing the steps clearly is the easiest way to solve.
An algorithm is a set of math steps written in order. In 3rd Grade, this might mean writing addition, subtraction, multiplication, or division carefully on paper.
This is often best when the numbers are larger or when mental math is harder.
How do I choose the best representation?
Ask yourself these questions:
	Are the numbers easy enough to do in my head?
	Do I need to move objects to understand the problem?
	Would a bar picture help me see parts, groups, or comparison?
	Would writing the steps be the clearest way?

There is not always only one right choice. Sometimes more than one representation can work. But one may be faster, clearer, or easier to understand.
Worked Example 1: Choose a mental strategy
Problem: Mia has 40 stickers. Her friend gives her 10 more. How many stickers does she have now?
The numbers are friendly: 40 and 10.
This is a good time to use mental math.
We can think:
40+10=50
So Mia has 50 stickers.
Why was mental math the best choice? The numbers were easy to add in your head. We did not need objects or a drawing.
Worked Example 2: Choose physical manipulatives
Problem: There are 12 cubes. Put them into 3 equal groups. How many cubes are in each group?
This problem is about sharing equally. It can help to use cubes or counters.
Start with 12 cubes. Make 3 groups. Put one cube in each group until all cubes are used.
Each group gets 4 cubes.
So:
12÷3=4
Why were manipulatives the best choice? We could move the cubes and check that the groups were equal.
Worked Example 3: Choose a tape diagram
Problem: A ribbon is 18 inches long. Sara uses 7 inches. How many inches are left?
This is a part and whole problem. A tape diagram can help.
Draw one long bar for 18. Split it into two parts: one part is 7, and the other part is the missing amount.
We can write:
7+□=18
or
18−7=11
So 11 inches are left.
Why was a tape diagram the best choice? The bar helps us see the whole and the missing part.
Worked Example 4: Choose a formal algorithm
Problem: The school library has 246 books in one room and 137 books in another room. How many books are there in all?
These numbers are bigger. A formal algorithm is a clear choice.
Write the numbers in columns:
246+137383
So there are 383 books in all.
Why was a formal algorithm the best choice? The numbers are large enough that writing the steps helps us stay organized.
Let’s compare choices
Look at each kind of problem and think about the best tool.
	Easy number facts [image: →] mental strategy
	Equal sharing or building groups [image: →] physical manipulatives
	Missing part, whole, or comparison [image: →] tape diagram
	Larger numbers with more steps [image: →] formal algorithm

Important idea: The best representation helps you understand the problem, not just get an answer.
If a problem feels confusing, try a different representation. For example, if mental math feels hard, draw a tape diagram or use objects. If objects take too long, a written method may be better.
Strong mathematicians are flexible. They can choose a tool, test it, and switch if needed.
Practice thinking
When you see a problem, try saying:
	“I can do this in my head.”
	“I should use counters to make equal groups.”
	“A tape diagram will help me see the parts.”
	“I should write the steps carefully.”

That is what selecting the optimal representation means.
[image: 📋]   Summary
Math problems can be shown in different ways. You can use mental math, manipulatives, a tape diagram, or a formal algorithm.
The best choice depends on the problem. Choose the representation that makes the math clear, organized, and easy to understand.


  
  Put what you read to the test

  You've worked through Selecting the Optimal Representation. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/310






  [image: 📝]   Lesson 102: Algorithmic Debugging

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/359




  Algorithmic Debugging means looking at a finished math problem, finding where a mistake happened, and fixing it.
Sometimes a student gets a wrong answer even though some of the work is correct. A good mathematician does not just say, “It is wrong.” A good mathematician asks, “Which step went wrong?”
This is called debugging. It is like being a math detective!
Why is this important?
	It helps us understand math better.
	It helps us learn from mistakes.
	It helps us check our work carefully.

When we debug a math problem, we go step by step.
	Look at the problem.
	Read each step in order.
	Find the first step that is not correct.
	Explain what the mistake is.
	Fix the work from that step on.

Remember: the first wrong step is the most important one. After that, other steps may also be wrong because they used the mistake.
Let’s learn how to do this with examples.
Example 1: Addition
A student solved:
27+1532
Let’s debug it.
Step 1: Add the ones. The ones are 7 and 5.
7+5=12
That means we write down the 2 in the ones place and regroup the 1 ten.
Step 2: Add the tens. The tens are 2 tens, 1 ten, and the regrouped 1 ten.
2+1+1=4
So the correct answer is:
27+1542
What was the mistake? The student forgot to regroup after adding 7+5.
First wrong step: Adding the ones place without regrouping correctly.
Example 2: Subtraction
A student solved:
52−2830
Let’s check step by step.
In the ones place, we need to do 2−8. We cannot do that without regrouping.
So we regroup one ten from the 5 tens.
Then 52 becomes 4 tens and 12 ones.
Now subtract the ones:
12−8=4
Subtract the tens:
4−2=2
So the correct answer is:
52−2824
What was the mistake? The student did not regroup before subtracting.
First wrong step: The ones place subtraction.
Example 3: Multiplication with equal groups
A student solved:
There are 4 bags. Each bag has 3 apples. The student wrote:
4×3=7
Let’s debug it in two ways.
Way 1: Repeated addition
3+3+3+3=12
Way 2: Equal groups picture in words
	Bag 1: 3 apples
	Bag 2: 3 apples
	Bag 3: 3 apples
	Bag 4: 3 apples

Counting all the apples gives 12.
So:
4×3=12
What was the mistake? The multiplication fact was incorrect.
First wrong step: Writing 4×3=7.
This example shows that debugging can mean checking a fact with another model, like repeated addition or equal groups.
Example 4: A two-step check
A student solved:
36+27513
Let’s look carefully.
First add the ones:
6+7=13
Write the 3 in the ones place and regroup 1 ten.
Then add the tens:
3+2+1=6
So the correct answer is:
36+2763
What did the student do? The student put both digits, 1 and 3, at the bottom instead of regrouping the 1 ten.
First wrong step: After finding 6+7=13, the student wrote the digits in the wrong places.
How to spot mistakes
Here are some helpful questions to ask when you debug:
	Did I start in the correct place?
	Did I add or subtract the ones correctly?
	Did I regroup when I needed to?
	Did I use the correct math fact?
	Does the answer make sense?

Make sense check is a powerful tool. For example, if you add 27+15, the answer should be more than 27. If you subtract 52−28, the answer should be less than 52. This helps us notice strange answers.
Try this thinking
If a student says:
45+14=49
You can debug it like this:
	Ones: 5+4=9. That part is correct.
	Tens: 4+1=5. The tens should be 5, not 4.

So the first wrong step is the tens place. The correct answer is 59.
Important idea
Sometimes part of the work is right. We do not throw all of it away. We find the exact step where the mistake begins.
That is what expert mathematicians do. They look closely, think clearly, and explain their reasoning.
[image: 📋]   Summary
Algorithmic debugging means checking a completed math problem step by step to find the first wrong step.
We read the work carefully, explain the mistake, and then fix the answer. We can check with place value, regrouping, math facts, repeated addition, and make-sense thinking.
When you debug, you are not just fixing an answer. You are understanding how the math works.


  
  Put what you read to the test

  You've worked through Algorithmic Debugging. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/311






  [image: 📝]   Lesson 103: Constructing Mathematical Arguments

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/360




  Constructing Mathematical Arguments means telling why your math answer makes sense, not just writing the answer.


In 3rd Grade math, a strong mathematical argument is like being a math detective. You look at the numbers, think carefully, and explain your ideas so another person can understand them.


When you make a mathematical argument, you use:


  	Math words like sum, difference, product, equal, denominator, and numerator

  	Evidence from numbers, pictures, or models

  	Clear sentences that explain why your answer is correct




Good mathematicians do not only say, “The answer is 12.” They also say, “The answer is 12 because I made 3 equal groups of 4, and 3 groups of 4 is 12.”


Why is this important?


  	It helps you understand your own thinking.

  	It helps others understand your idea.

  	It helps you notice mistakes and fix them.

  	It shows that your answer is not just a guess.




Parts of a strong math argument


  	State your answer.

  	Tell how you know.

  	Use math words.

  	Show evidence with numbers, drawings, equations, or models.




You can use sentence starters like these:


  	I know this because...

  	My model shows...

  	The equation tells me...

  	These groups are equal, so...

  	The denominator tells how many equal parts...

  	The product is...




Math words that help explain


  	Sum: the answer to an addition problem

  	Difference: the answer to a subtraction problem

  	Product: the answer to a multiplication problem

  	Equal: the same amount

  	Numerator: the top number in a fraction; it tells how many parts we have

  	Denominator: the bottom number in a fraction; it tells how many equal parts make the whole




You can prove your thinking in more than one way.

Sometimes you can use:


  	a number sentence

  	a drawing

  	equal groups

  	a number line

  	words




Using more than one way makes your argument even stronger.


Worked Example 1: Addition argument

Problem: Mia says that 7+5=12. How can she explain why?

Answer: Mia is correct.

Argument: I know that 7+5=12 because when I start with 7 and count on 5 more—8, 9, 10, 11, 12—I land on 12. The sum is 12.

Another way to show it:

7+5=12

You could also draw 7 dots and then 5 more dots, and count all 12 dots.


Worked Example 2: Multiplication argument

Problem: Sam says that 3×4=12. How can he defend his answer?

Answer: Sam is correct.

Argument: I know that 3×4=12 because it means 3 equal groups of 4. If I add 4 three times, I get:

4+4+4=12

So the product is 12.

Picture idea:


  	Group 1: 4 stars

  	Group 2: 4 stars

  	Group 3: 4 stars



There are 12 stars altogether, so the equation is true.


Worked Example 3: Subtraction argument

Problem: Ava says the answer to 15−6 is 9. How can she explain it?

Answer: Ava is correct.

Argument: I know that 15−6=9 because subtraction finds the difference. If I take 6 away from 15, 9 are left.

Check: I can add the difference and the number taken away:

9+6=15

Since 9+6=15, the difference of 15−6 must be 9.


Worked Example 4: Fraction argument

Problem: Leo says that the shaded part is 34 because 3 out of 4 equal parts are shaded. How can he explain this clearly?

Answer: Leo is correct if the whole is split into 4 equal parts and 3 of those parts are shaded.

Argument: The fraction is 34. The numerator, 3, tells how many parts are shaded. The denominator, 4, tells that the whole is split into 4 equal parts. Since 3 of the 4 equal parts are shaded, the shaded part is 34.


How to make your argument better


  	Say more than just the answer.

  	Use the correct math word.

  	Show your work with a drawing, equation, or model.

  	Make sure your explanation matches the numbers.

  	Read your sentence and ask: “Did I explain why?”




Example of a weak answer:

“It is 8 because I know it.”


Example of a strong answer:

“The answer is 8 because I added 5 and 3. The sum of 5+3 is 8.”


When you disagree in math

Sometimes two students get different answers. In math, we can be respectful and use evidence.

You can say:


  	I disagree because...

  	Can you show your model?

  	I got a different answer. Here is my equation...

  	Let’s check which answer matches the picture.




This is part of constructing a mathematical argument too. You are using math facts, models, and clear words to explain your thinking.


Try this thinking pattern


  	What is the problem asking?

  	What is my answer?

  	How can I prove it?

  	What math words should I use?

  	Can I show it another way?




[image: 📋]   Summary

Constructing mathematical arguments means explaining why an answer is correct. A strong argument includes the answer, math words, and proof from numbers, equations, pictures, or models.


When you explain your reasoning, you become a stronger mathematician. You are not only finding answers. You are showing that your thinking makes sense.


  
  Put what you read to the test

  You've worked through Constructing Mathematical Arguments. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/312






  [image: 📝]   Lesson 104: Estimating for Reasonableness

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/361




  Estimating for Reasonableness means making a quick, close guess before or after solving a math problem.
We use estimating to ask, "Does my answer make sense?"
This is a very helpful math habit. Good mathematicians do not just find an answer. They also stop and check if the answer seems reasonable.
One easy way to estimate is to use round numbers. Round numbers are numbers that are easier to work with in your head, like 10, 20, 50, or 100.
When we estimate, we are not trying to get the exact answer. We are trying to get an answer that is close enough to help us check our work.
Why do we estimate?
	To make a quick guess before solving
	To check if an answer is too big or too small
	To catch mistakes
	To build strong number sense

How to estimate for reasonableness
	Look at the numbers in the problem.
	Round each number to a nearby easy number.
	Do the math with the rounded numbers.
	Compare your estimate to your exact answer.
	Ask, "Is my exact answer close to my estimate?"

Rounding to a nearby ten
Many 3rd Grade problems can be estimated by rounding to the nearest ten.
	
If the ones digit is 0, 1, 2, 3, or 4, round down.
	If the ones digit is 5, 6, 7, 8, or 9, round up.

Examples:
	
23 rounds to 20
	47 rounds to 50
	61 rounds to 60
	88 rounds to 90

Estimate first, then solve
Suppose you are solving 38+21.
First estimate:
38 is close to 40, and 21 is close to 20.
So the estimate is
40+20=60
Now solve exactly:
38+21=59
The exact answer, 59, is close to the estimate, 60. That means the answer is reasonable.
Worked Example 1: Addition
Find 27+34. Then check if the answer is reasonable.
Step 1: Estimate
Round to the nearest ten:
	27→30
	34→30

Estimate:
30+30=60
Step 2: Solve exactly
27+34=61
Step 3: Compare
61 is very close to 60, so 61 is a reasonable answer.
Worked Example 2: Subtraction
Find 72−29. Then check if the answer is reasonable.
Step 1: Estimate
Round to the nearest ten:
	72→70
	29→30

Estimate:
70−30=40
Step 2: Solve exactly
72−29=43
Step 3: Compare
43 is close to 40, so the answer is reasonable.
Worked Example 3: Catching a mistake
A student solved 46+33 and got 19.
Does that answer make sense?
Step 1: Estimate
	46→50
	33→30

Estimate:
50+30=80
Step 2: Compare
The estimate is about 80, but the student got 19.
19 is not close to 80. That tells us the answer is not reasonable.
Let's solve it correctly:
46+33=79
Now the exact answer, 79, is close to the estimate, 80. This makes sense.
Worked Example 4: Estimating in a word problem
A box has 58 crayons. Another box has 24 crayons. About how many crayons are there altogether?
Step 1: Estimate
	58→60
	24→20

Estimate:
60+20=80
So there are about 80 crayons.
Step 2: Exact answer
58+24=82
Step 3: Compare
82 is close to 80, so the exact answer is reasonable.
Helpful thinking questions
When you finish a problem, ask yourself:
	Is my answer close to my estimate?
	Should the answer be bigger or smaller than the numbers I started with?
	Does my answer make sense for the story?

For example:
	If you add, your answer is usually bigger.
	If you subtract, your answer is usually smaller.

Tips for estimating well
	Use numbers that are easy to work with in your head.
	Rounding to the nearest ten is often enough.
	Your estimate does not need to be exact.
	Use the estimate to check your work, not replace your work.

What estimating helps you notice
	If you added when you should have subtracted
	If your answer is far too large
	If your answer is far too small
	If you made a mistake while solving

[image: 📋]   Summary
Estimating for reasonableness means making a quick, close guess using easy numbers.
You can round numbers, solve with the rounded numbers, and then compare that estimate to your exact answer.
If your exact answer is close to your estimate, it is probably reasonable. If it is very far away, you should check your work again.


  
  Put what you read to the test

  You've worked through Estimating for Reasonableness. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/313






  [image: 📝]   Lesson 105: Perseverance in Non-Routine Puzzles

  
  We are always updating and improving these lessons. To get the latest version of this lesson, go to megacub.com/lessons/362




  Perseverance in Non-Routine Puzzles means sticking with a puzzle even when the answer does not pop out right away.
In math, some problems are non-routine. That means there is not one easy, familiar step to follow. You may need to try ideas, look for patterns, make a list, draw a picture, and check your work.
Good mathematicians do not just guess and hope. They work carefully, one step at a time. They know that if one idea does not work, they can try another.
This lesson will help you learn how to keep going when a puzzle feels tricky.
Why perseverance matters
Sometimes a puzzle can feel confusing at first. That is normal. A hard start does not mean you cannot solve it.
Perseverance means:
	trying more than once,
	changing your strategy if needed,
	checking what you already know,
	and not giving up too soon.

When you persevere, you learn more than just one answer. You learn how to think.
Helpful strategies for tricky puzzles
Here are some smart ways to solve non-routine puzzles.
	Understand the problem.
Ask yourself: What is the puzzle asking? What facts do I know?
	Try a simple case.
Start small or use easy numbers first.
	Make a list.
Write choices in order so you do not miss any.
	Draw a picture or model.
A picture, table, or diagram can make the puzzle easier to see.
	Look for a pattern.
See whether something repeats or grows in a regular way.
	Check your work.
Make sure your answer fits all the clues.

Important idea: Trial-and-error can be helpful, but it should be smart trial-and-error. That means you try ideas in an organized way, not in a messy way.
For example, if you are testing numbers, do not pick random numbers. Try them in order: 1, 2, 3, 4, and so on. That is called systematic listing.
Worked Example 1: Systematic listing
Sam has 10 stickers. He wants to put them into 2 groups. Each group must have at least 1 sticker. What different pairs of group sizes can he make?
Let the two groups be Group A and Group B. We can make an organized list.
	 and 9
	2 and 8
	3 and 7
	4 and 6
	5 and 5

After 5 and 5, the pairs would start repeating in a different order, like 6 and 4. So we stop.
Answer: The different pairs are  and 9, 2 and 8, 3 and 7, 4 and 6, and 5 and 5.
What helped? We made a list in order. That helped us find all the answers without missing any.
Worked Example 2: Use clues and keep checking
Three friendsLia, Ben, and Rosaeach have a different favorite fruit: apple, banana, and grape.
Clues:
	Lia does not like apple.
	Ben does not like banana.
	Rosa likes grape.

Who likes each fruit?
Start with the strongest clue: Rosa likes grape.
Now grape is taken, so Lia and Ben must have apple and banana.
Lia does not like apple, so Lia must like banana.
That means Ben must like apple.
Answer:
	Lia  banana
	Ben  apple
	Rosa  grape

What helped? We used one clue at a time and checked that the answer matched all the clues.
Worked Example 3: Look for a pattern
A row of shapes follows a pattern:
triangle, square, triangle, square, triangle, square, ...
What is the 9th shape?
The pattern repeats every 2 shapes:
	1st: triangle
	2nd: square
	3rd: triangle
	4th: square
	5th: triangle
	6th: square
	7th: triangle
	8th: square
	9th: triangle

Answer: The 9th shape is a triangle.
What helped? We noticed the repeating pattern and used it to continue the list.
Worked Example 4: Smart trial-and-error
Mia is thinking of a number. It is more than 10 and less than 20. It is even. The digits add to 7. What is the number?
First, list the even numbers between 10 and 20:
12, 14, 16, 18
Now check the digit sums:
	: 1+2=3
	: 1+4=5
	: 1+6=7
	: 1+8=9

Only 16 has digits that add to 7.
Answer: The number is 16.
What helped? We did not guess wildly. We listed all possible even numbers, then checked each one.
When you get stuck
Getting stuck is part of solving puzzles. If you feel stuck, try one of these moves:
	Read the problem again slowly.
	Circle or say the important facts.
	Draw a picture.
	Make a chart or list.
	Try one idea and see what happens.
	Look for something that repeats.
	Ask, “Does my answer fit all the clues?”

Math habits that help
Strong math thinkers use good habits. These habits make hard puzzles easier.
	Be organized. Keep your list neat.
	Be careful. Check each clue.
	Be patient. Some puzzles take time.
	Be flexible. If one plan does not work, try a new one.

A simple puzzle routine
You can remember these steps:
	Read the puzzle.
	Plan a strategy.
	Try it carefully.
	Check your answer.

This routine can help with many different puzzles, even new ones.
Mini practice ideas
Try asking yourself these questions when you solve:
	Can I make an ordered list?
	Can I draw it?
	Do I see a pattern?
	Did I test every choice?
	Does my answer match all the rules?

[image: 📋]   Summary
Non-routine puzzles do not always have an obvious first step, but you can still solve them.
Use perseverance and smart strategies like systematic listing, trial-and-check, drawing models, and pattern finding.
Most of all, remember: if the puzzle feels hard, that does not mean stop. It means think, try, check, and keep going.


  
  Put what you read to the test

  You've worked through Perseverance in Non-Routine Puzzles. Try answering a few questions to see what stuck — and what might deserve a quick reread before you move on.

  
    
      	
        Check Your Understanding by Clicking Here
      
    

  

  or by going to megacub.com/learning/314
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